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Abstract. By studying the dynamics of these operators on the simplex, focusing on the presence of an
interior fixed point, we investigate the conditions under which the operators exhibit nonergodic behavior.
Through rigorous analysis and numerical simulations, we demonstrate that certain parameter regimes
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systems. Also, the nonergodicity of quadratic stochastic operators of Volterra type with an interior fixed
point defined in a simplex introduces additional complexity to the already intricate dynamics of such
systems. In this context, the presence of an interior fixed point within the simplex further complicates the
exploration of the state space and convergence properties of the operator. In this paper, we give sufficiency
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quadratic stochastic operators of Volterra type with an interior fixed point, defined in a simplex.
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1. Preliminaries

It is known that there are many systems which are described by nonlinear operators. One of

the simplest nonlinear case is quadratic one. Quadratic dynamical systems have been proved
to be a rich source of analysis for the investigation of dynamical properties and modeling
in different domains, such as population dynamics (see [1, 2]) physics, mathematics (see [3]).
On the other hand, the theory of Markov processes is a rapidly developing field with numerous
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applications to many branches of mathematics and physics [4, 5]. However, there are physical
and biological systems that cannot be described by Markov processes. One of such system
is given by quadratic stochastic operators (QSO), which are related to population genetics.
The problem of studying the behavior of trajectories of quadratic stochastic operators was
stated in [6]. The limit behavior and ergodic properties of trajectories of quadratic stochastic
operators and their applications to population genetics were studied.

However, such kind of operators and processes do not cover the case of quantum systems.
Therefore, in |7, 9] quantum quadratic operators acting on a von Neumann algebra were
defined and studied. Certain ergodic properties of such operators were studied in [8]. In these
papers, dynamics of quadratic operators were basically defined due to some recurrent rule
which marks a possibility to study asymptotic behaviors of such operators.

This paper is devoted to the study of ergodic properties of quadratic stochastic operators
of Volterra type defined in the standard simplex. The study of the dynamics of such operators
began with the example of Ulam [6]. The non-ergodicity of this operator was proved by
Zakharevich [10]. For a general form of quadratic stochastic operators of Volterra type,
a proof of non-ergodicity in a two-dimensional simplex can be found, for example, in [11].
In the present paper, we prove the non-ergodicity of quadratic stochastic operators of Volterra
type with an internal fixed point. In addition, the notion of a strange tournament is generalized
to the case of r-strange tournaments. The application of the non-ergodicity of such operators
in genetics is shown.

Let

m
Sm_lz{xeRm: x:(ml,...xm):xi20,2xi:1}
i=1

be a standard (m — 1)-dimensional simplex. Put

m
Pjr>0, Pyr=Pir > Pijx=1 ijk=1...,m (1.1)
ij=1
For any € S™ ! and for all k = 1,...,m we consider a mapping V : §™~1 = gm~1
which is defined by
m
(Vm)k = Z Pij,kxixj- (1.2)
i,j=1

Such operator is called a quadratic stochastic operator (Q.S.0.).

For 29 = (29,29,...,29) € S™~! trajectory (orbit) is a sequence of iterations x°, Va0,
V220, .. vl n=0,1,2,...

(Q.S.0.) V is called regular if for any = € int S™~! there exists a unique fixed point
¥ € S (i. e. Va* = %) such that lim, o, V"2 = x*.
(Q.S.0.) V is called ergodic if for any 2 € S™~! there exists a limit

1 n—1
lim - 3"V
n—oo n
k=0

A continuous functional ¢ : ™! — R is called a Lyapunov function if for any initial
point z(©) € §™~1 there exists
lim gp(x(”)).

n— o0
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(Q.S.0.) V defined on S™~! is called a Q.S.0O. Volterra type (Q.S.0.V.T.), if
Pijr=0, k¢{ij}

(Q.S.0.V.T.) V can be reduced to the form

m
V:x;:xk<1+2akixi>, k=1,....,m, (1.3)
i=1

where |ag;| < 1, ag; = —a.

2. Tournaments. Strange Tournaments

Let ax; # 0 for k # i. Consider a complete graph with m vertices labeled 1,2,...,m.
On the edges of the graph, we define directions as the following way: the edge connecting
vertices k and i is directed from k-th vertex to i-th if az; < 0, and has the opposite direction,
if ag; > 0.

The resulting complete directed (oriented) graph is called a tournament and is denoted
by Tp,. Two tournaments 7, and 7)) are called isomorphic if the graphs are isomorphic
graphs.

A tournament is called strong if it is possible to get from any vertex to any other, taking
into account the direction of the edges.

The transitivity of a tournament means that any subtournament of the given tournament
is not strong.

Stock of a transitive tournament is a vertex from which it is impossible to get to any other
vertex, taking into account the direction on the edges. Triangle is a strong tournament with
three vertices.

Let us recall the following well-known results:

Denote by S(k) the number of arcs entering to the k-th vertex, while S(k) is called
the number of points of the k-th vertex. The set of numbers S(1), S(2), ..., S(m) is called
the order of the tournament.

A tournament T, is called strange if there exists a (strange) vertex iy such that

1. S(ig) # S(k) for all k # ig.

2. If S(k) > S(ip) for some k, then the arrow connecting vertices ig and k is directed from
k to io.

3. If S(k) < S(ip), then the arrow has a direction from g to k.

It is easy to check that there are no any strange tournaments in 7, (m = 2,3,...,6).

A tournament T, is called r-strange if there exist vertices 41,2, ...,1%, such that

1.5(5;) # S(k) for all k # iy, [ =1,2,...,7.

2. If S(k) > S(i;) for some k, then the arrow connecting vertices 7; and k is directed from
k to il.

3. If S(k) < S(i;), then the arrow has a direction from 4; to k.

4. S(iy) = S(ig) = ... = S(iy).

It is clear that for » = 1 the tournament becomes an ordinary strange tournament, and
such tournaments appear when r =2 — 1, [ € N.

Lemma 1. 1. Let G = (V, E) be a complete (undirected) graph with |V|=2s+1, s > 1.
The graph G can be exchanged to directed graph G such that the number of entering and
leaving arcs of any vertex of G are the same.
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2. Let G = (V,E) be a complete (undirected) graph with |V| = 2s, s > 1. The graph G
can be exchanged to directed graph G such that the difference of the number of entering and
the number leaving arcs of any vertex of G less than or equal to 1.

< (1) We use method of induction for vertices of the graph G. If |V| = 3 then it will
be a cycle in directed graph. Suppose that for |V| = 2s + 1 the Lemma holds, then we shall
prove the Lemma for the case |V| = 2s + 3. Let V. = {1,2,3,...,2s + 1,25 + 2,25 + 3}
and V7 = {1,2,3,...,2s + 1}. By induction we obtain directed graph G, = {V1, E1} which
the number of entering and leaving arcs of any vertex of G are the same. Now we add
the remaining vertices 2s 4+ 2, 2s 4+ 3 as follows:

Tos42 — T, 1 E {1,3,5,...,28+1},
Tos42 < T3, 1€ {2,4,6, e ,28}.

Similarly,
L2543 < Ty, 16{173757"'728—’_1}7
L2543 — Ty, 1'6{2,4,6,...,284-2}.

Hence, we obtain directed graph G = (V, E) such that the number of entering and leaving
arcs of any vertex of G are the same.

(2) For proving the second part of we use the first part of the Lemma. Let V =
{1,2,3,...,2s + 1,2s + 2} and V; = {1,2,3,...,2s + 1}. By the first part of Lemma we
obtain directed graph G = {V1, E1} which the number of entering and leaving arcs of any
vertex of Gy are the same. We add the remaining vertex 2s + 2 as follows:

Tos42 — T, 1€ {1,3,5,...,28+1},
Tost2 < Ty, 1 E {2,4,6, ce ,28}.

Then S(x;) = s+ 1 for all ¢ € {1,3,5,...,2s + 1} and S(x;) = s for all i € {2,4,6,...,
25,25+ 2}. >

Theorem 1. The following statements hold:

1. Let T}, be a strange tournament with vertices {1,2,3,...,m}. If k € {1,2,3,...,m} is

a strange vertex, then mT‘FE’ <k< 2”3_3, m>=T.

2. Let mTJrE’ <k< 2"?3, m > 7. Then there exists a strange tournament T,, with vertices
1,2,3,...,m} such that k is a strange vertex.
bl bl b g

< (1) In the tournament there are k — 1 vertices (without loss of generality {1,2,3,...,
k —1}) such that S(k) < S(i) for all ¢ € {1,2,3,...,k — 1}. Also, we have S(k) > S(j) for
all j € {k+ 1,k +2,...,m}. The number of all arcs among the vertices {1,2,3,...,k — 1}
is equal to (kgl) The number of arcs entering to the vertex ¢ € {1,2,3,...,k — 1} from
the vertices: k + 1,k + 2,...,m less than or equal to m — k. Then total number of arcs
entering to the vertices: 1,2,3,...,k — 1 is at most (kgl) + (k —1)(m — k). Hence from k is
a strange vertex one gets

(k;1>+(k—1)(m—k>>’f<’f—1)'

By pigeonhole principle, we rewrite the last inequality as follows:

(k;1> =D (m—k) > (k—1)2 (2.1)
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Inequality (2.1) is equivalent to k < 2m_3—3 Also, the number of all arcs among the vertices

{k+1,k+2,...,m} is equal to (m;k) The number of arcs from strange vertex to the vertices:
k+1,k+2,...,mis equal to m — k. Then one gets:

(m;k>+m—kz<k(m—k).

Again we use pigeonhole principle and rewrite the last inequality as follows:

(m;k>+m—kz<(k—1)(m—k). (2.2)

From (2.2), we have k > 22,
(2) Let mT‘FE’ <k < 2”3_3, m > 7. For a fixed k we construct strange tournament. If m — &
is even number (the case even is similar), then by the first part of Lemma 1 we can show
sub-tournament 7" with vertices k + 1,k + 2,...,m such that the number of entering and
leaving arcs of any vertex of 7" are the same. Indeed, by Lemma 1 we can construct directed
. N . .o . . 2m—3

subgraph with S(i) = S(j) for all i,j € {k + 1,k 4+ 2,...,m}. From the inequality k < 5"3
we have S(k) > S(k + 1). Analogously, since the second part of Lemma 1 and k > ™ we

3
obtain S(k) < S(i), for all i € {1,2,...,k —1}. >

Corollary 1. There is not any strange tournament among the tournaments Tg. Indeed,
there is not any integer k with 13—3 <k < % In the case of T, by Theorem 1 (i. e., 4 < k < %)
there is a unique (up to permutation of vertices) strange tournament. Since k = 4 and Lemma 1
we can conclude this strange tournament as follows: (4443222) (see Fig. 1).

Fig. 1.

In genetics, Q.S.0.V.T. V has the following interpretation:

If species 1, 2, 3 dominate in a population under panmixia, and species 5, 6, 7 are on the
verge of extinction, then sometimes species 4 can be found, and it ensures the preservation of
all species.
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Q.S.0.V.T. V corresponding to this weird tournament is:

o = 21(1 — a1202 + 41373 — a1474 + a15T5 + a16T6 + a1727),
xh = x2(1 + a1201 — ag3T3 — a4y + A25T5 + az6T6 + a27x7),
xh = x3(1 — a13%1 + a2 — asaxy + assTs + azeTe + azrry),
@) = x4(1 4 a1421 + 2422 + a34%3 — A45T5 — A46T6 — A47TT), (2.3)
x5 = x5(1 — a1571 — agsTo — a35x3 + A4sT4 — as6T6 + a57L7),
zg = x6(1 — a16T1 — ageT2 — A36T3 + A46T4 + A56T5 — AeTXT),
o = x7(1 — a17w1 — agrre — azrxs + aars — as7Ts + ae7T6),

where ay; € [0;1] or ag; € [—1;0] at the same time.
Consider only the case ay; € [0;1] otherwise the arcs in the tournament get the opposite
direction.

Q.S.0.V.T. (3) except vertices
M, = (1,0,0,0,0,0,0), M, =(0,1,0,0,0,0,0), ..., M;=(0,0,0,0,0,0,1)
has on the boundary, corresponding to cyclic triples, fixed points:

Ci23, Cias, Clias, Crar, Cous, Coss, Cour, Csas, Csap, Caar, Crer.

For some of coefficients ay;, there can be an internal fixed point:

o (AL B2 Ag Ay A5 A A
ANAAAAATA )

where

A1 = agra24a35 + 26047035 + 45027036 + 36024057 + A37024056 + Q46037025
+ Q45067023 + A56047025 + G460230A57 — A56027034 — G25067034
— 34026057 — G46A35027 — A250470436 — 45026037,
Ag = ag5a67013 + a56047013 + 46013057 + Q45016037 + A34016057 + 015067034
+ 456017034 + Q46035017 + Q1504706 — G14056037 — A46037025
— Ag7014A35 — G16A47035 — Q45017436 — G36014057;
A3z = ay7a56012 + 47025016 + A46a12057 + Q45067012 + Q25014067 + A26a14057
+ G45017026 + A56014027 + Q46027015 — Q47015026 — G15067024
— a24016057 — A56A17024 — A46025017 — A45016027,
Ay = aseairazs + a15a67a23 + a23016057 + G67013025 + Q16437025 + 36027015
+ a13aseazy + a3sa17026 + 4260130457 + A35A67G12 + A56037012

+ a36a12a57 — A36A25017 — A35G16027 — 15037026,
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A5 = agrazsa12 + 36047012 + 23016047 + 036024057 + A37024056 + Q46037025
+ G45067023 + A56047025 + G460230A57 — A56027034 — 025067034
— a34G26A57 — 460435027 — 4250470436 — 45026037,
Ag = a17a35024 + a57013024 + 014037025 + Q13045027 + Q15034027 + 417045023
+ 414057023 + 45037012 + A34A57012 — A37Q15024 — A47013025
— 17034025 — 35014027 — Q47015023 — (47035012,
A7 = azsa56a12 + a46012035 + 35026014 + A23015046 + 14023056 + 415036024
+ a56013024 + A34016025 + G25013046 — 45036012 — A13045026

— (34Q15026 — A16445023 — 435024016 — #14A36025,

7
A= Z A,
i=1

At first, we shall construct the functionals

1
ik ) AQij\ N
Pijk = (xij _x?zk 'ka) ik

with respect to the fixed points of Cj; and estimate them by using Young’s inequality [12].

145()
Az

— (a15a46 + a14as56 — a16a45)v6 + (a17045 + a14057 — a15a47)$7],

p1a5(a’) < [A145 — (a12a45 + a14a25 — a15a24) T2 + (@13045 + A15034 — A14035)T3

(A6 — (a12a46 + a26a14 — a16024)T2 + (A13046 + A16034 — A14036)T3
+ (as6a15 + as6a1s — a16a45)Ts — (aara1s + agrars — ar7ass)w7),

90147(@
AN

— (assa17 + as7ais — a15a47)xs + (16047 + agrars — as6a17)Ts)

p1ar(a’) < [A147 — (a12a47 + agraiy — azsa17)z2 + (a13047 + az4a17 — a37014)73

[A245 + (a12a45 + a14a25 — a15a24)T1 — (a23a45 + a35024 — 34a25)T3
— (a46a25 + asea24 — a26045)T6 + (a27a45 + as7024 — a47a25)967]7

©a46(T)
Aoyp

+ (a25a46 + asea24 — as5a26) 5 — (a47026 + A67024 — a27a46)967]7

paus(z') < [A246 + (a12a46 + a14a26 — a16a24)T2 — (a23a46 + a36a24 — A34026)73

paq7(T)
Aogyy

— (a45a27 + as7ags — agsasr)ws + (ag6aa7 + a24a67 — as6027)T6)

par(z') < (A4 + (a12a47 + a14a27 — ar7a24)w1 — (23047 + a37024 — A34a27)T3

[Asss — (a13a45 + a15a34 — a14a35)T1 + (a23a45 + a24a35 — A25034)T2

[Asys — (a13046 + a16a34 — a14a36)T1 + (a23046 + A24a36 — A26034) T2

+ (a46a35 + as6a34 — a35046)T5 — (47036 + A67A34 — a37a46)967]7
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pser(z') < N [A567 — (a15a67 + a16as7 + arrase)r1 — (agsaer + azeasr + azrase) T2

— (assaer + aseasy + asrase)rs + (aa5067 + 46057 + A47a56)L4) -

Denoting the inner brackets, we have

p15(z') < %ﬁ? [A1gs — Kizo + Koxs — Kaze + Ky,
p146(z’) < %i:) [A14s — Kszo + Kgas + Ksas — K],
pur(z') < (pzlﬁj) [A1y7r — Kz + Ko — Kyxs 4+ Krae),
s (') < %i:) [Asss + Ky — Kioxs — Kyxe + Kioar],
paus(z') < %ﬁ? [Agss — K51 — Kisas + Ko — Kiywr],
aur(2') < %ﬁf) [Agyr — Kswy — K503 — Kigas + Kiawe)
P35 (") < %ﬁ;ﬂ) [Asss — Koxy + Kiozg — Kigwg + Ki7w7],
p3u6(2') < %i:) [Asys — Kew1 + Ki3x2 + K5 — Kigar),
p3ar(2’) < %ﬁf) [Asyy — Koz + Kiszo — Ki7ws + Kigwe],
p1a3(2') < %2(:) [A123 — K194 + Kooxs + Ko + Kooy,
pse7(2') < %{Ej) [Aser — Kogzy — Kogwg — Kosws + Kogia).

If there is no Lyapunov function among the functionals ¢;;i(x), then there exists an inte-
rior fixed point C'. We will study only such cases.

Lemma 2. Let z € int S%, x # C, then the limit set of trajectories is infinite and lies on
the boundary of the simplex S°, i. e., w(z) C 0SS.

<1 Now we consider the following functional

1

7 A
p(z) = (H xf’“) -
k=1
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Because
Ay
o(x) = o(@)[1 — a1 + a1373 — a1a24 + a1525 + a1626 + ar7r] & [1+ arpxy — agsas
Ay
— (2474 + A25T5 + G26T6 + a27m7] 4 [1 — Q1371 — A23T2 — A34T4 + A35T5 + A26T6

Ag By
+ a27x7] B [1 — (1471 — A24T2 + A34T3 — A45T5 + A26T6 + a27907] A [1 — ai5T1
Ay
— a25%2 — A35T3 + A45T4 + A26T6 1 a27967] 4 [1 — Q1671 — A26T2 — A36T3 + A46T4
A A7
+asexs — agrer] & [1 — arrw1 — agras — asras + asrTs — asrTs + agrTe) A

p(z)
A
— a3%3 — G244 + A25%5 + G266 + a27x7) + As(l — a13x) — a23T2 — aza®y + a3s5Ts

< [A1(1 — 1222 + 1323 — a14%4 + a15T5 + a16T6 + a1777) + Ao (1 + ajaxy

+ ager6 + agrwr) + Au(l — a1421 — a24%2 + a3473 — au5T5 + a26T6 + aA27T7)
+ As(1 — a15x1 — ags5x2 — 3523 + aa5T4 + aee + azrxr) + Ae(1 — a1

— Q262 — 43673 + Gu6T4 + 5625 — aerx7) + A7(l — a7 — agras

— a3 + asrry — azrTs + a67$6)] = ¢(z),
©(V™z) decreases as n — oo, 1. e.,

lim @(V"z) =0.

n—o0

Hence w(z) C 95°. >
From the invariance of fixed vertices, edges and faces of S%, the limit set cannot be finite.
Thus, (2.3) can be rewritten as following form:

) = 211 — (a12@2 + a1424) + (@13%3 + a1525 + a16x6 + a17ey)] = x1[1 — Ay + Agser],

xh = x3[1 — (agsws + agawq) + (a1221 + agsx5 + agexe + agrrr)] = o[l — Ags + A1se7,

— (a1321 + asaws) + (2322 + assxs + asexe + azrwy)] = x3[l — Arg + Agserl,

— (a1521 + a5 + azsxs + asee) + (aasxs + asrer)] = x5[1 — A2z + Az,

— (a16x1 + agex2 + azexs + agrrr) + (4624 + asexs)] = x6[l — Arazr + Aus),

( )
( )
( )
z) = x4[1 — (a14m1 + a242 + as525) + (azaxs + azgexe + agrry)] = 24|l — A123 + Aspr],
( )
( )
( )

zh = x7[1 — (ar721 + agres + asrxs + as7xs) + (aarzs + agrze)] = x7[1 — Ajass + Agg).

Let us split the S simplex into the following parts:

= {[A2s < Asse7] N [Azs < Agser) N [Arg
N [Ayy

Agser] N [Aser
Aq236) N [Ags

= {[A2s > Asse7] N [Azs < Arser] N [Ars < Agser] N [Aser <
N [Agr < Aqaze] N[Ags <

T3 = {[A24 = Agser) N [Ass < Aser) N [Ars < Aoser] N [Aser
N [As7 > Aq236] N [Ays

A

Ai237] N [Ass < Aqass)},
A
A1z37] N [Ags < Aass)
A
A

1237] N [Age < Ar2ss)},
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Ty = {[A24 = Agser) N [Azs > Aiser) N [Ars < Aoser] N [Aser < Aqaz)N
N [As7 = Arzse] N [Ags < Aqagr] N [Agg < Arass] ),
= {[A24 = Asse7] N [Ass > Ase7] N [A1s < Agser] N [Aser < Args]
N [As7 = Arase) N [Aus > Avagr] N [Asg < Aqass] ),
Ts = {[Ao24 > Asser] N [Asy = Arser] N [Arg > Aoser] N [Aser < Ao
N [As7 = Arase) N [Aus > Avagr] N [Asg < Aqass] ),
Tr = {[A24 > Asser) N [Ass > Aqser] N [Ars = Aoser] N [Aser < Ao
N [Agr = A1236] N [Ags >

A
A
A
A
A1237) N [Ags > Aqags) |,
A
A
A
A

Ts = {[Aoa = Agser) N [Ags = Avser] N [Avs = Aoser] N [Asgr = Aqag]
N [Ag7 = Aqass] N [Ass = Aragr] N [Age > Adass]},

= {[A2s < Asse7r] N[Ass = Arser] N [A1g > Agser] N [Aser = Args)
N [Adr = Avgss] N [Ass = Avagr] N [Asg > Avags)},

Tio = {[A2s < Asser) N [Ass = Arser] N [Arg = Agser) N [Aser = Agag)
N [Agr < Avgzs] N [Ass = Avagr] N [Asg > Avags)},

Ti1 = {[A2s < Asser] N [Asy < Arser] N [Arg > Aoser] N [Asgr = Aas]
N [Agr < Avgzs] N [Ass = Avagr] N [Ase > Avags)},

3

Agser] N [Aser > Aqs)

Tig = {[A2a < Asse7] N [Azs < Ayser] N [Arg >
7 < Aqage] N [Ays < Arasr] N [Age = Arzss) ),

Tiz = {[D21 < Aszser] N [Azs < Arser] N [A
1236) N [Ags < A1237] N [Ays < Atass) |,

Tis = {[A2s < Asser] N [Azs < Auser] N [A
1236) N [Ags < A1237] N [Ays < Adass) )

Lemma 3. For any point = € int S, x # C, its route is given by the diagram
Th—>To =13 — ... — Ty —T7.
< Let € T1. Then
1'/1 >, .%',2 > I9, .%'g > T3, 1‘21 > X4, 1'/5 > s, .%',6 > g, 1'/7 > X7

and after some time the trajectory hits T5. The other cases can be verified similarly. It is clear
that

A A
ATATT
Close to the vertices M; (i =1,7)
A; A,
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which will be denoted by x; = x;. Then the partition of the S8 simplex can be carried out as
follows:

Gi={zeS%: z1 a7 > 20 > 16 > T3 = 5 > 4},
G2={$656:.%'1>—.%'Q>-1'7>-.%'3>-.%'6>-1'4>-1'5},
ng{wGSG:x2>x1>m3>x7>x4>m6>m5},
Gy={zeS%: 29> x3>x) > 24 = 27 = 5 > 76},
Gs={ze€8%: 23> 129> 24 > 21 > 25 = T7 > 76},
G6={1‘€SGZ.%'3>—.%'4>—1‘2>—.%’5>—.%’1>—1‘6>-1'7},
G7={1‘€SG:.%'4>—.%'3>—1‘5>—.%’2>—.%’6>-1'1>-1'7},
Gs={z € 8%: x4 25> 23 > 26 > T3 = T7 > 71},
G9={1‘€SGZ.%'5>—.%'4>—1‘6>-.%'3>-.%'7>-1'2>-1'1},
GlO:{xGSG:w5>x6>w4>w7>x3>x1>m2},
G ={zxe€S%: x> a5 27> 14 =21 > T3 > T3},
Gro={xe€8%: x> 7> 25> 11 = 24 > To > 3},
Glgz{xGSG:x7>x6>x1>x5>x2>x4>x3},
G14:{x656:m7>x1>x6>m2>x5>x3>m4}.

Put
Hi=G1UGy, Hy = G3UGy4, H3 =G5 UGg, Hy = G7 UG,

Hs = Gg UG, He = G11 UG12, Hr = G13UG1a.

Choose a neighborhood Uy of C, Uy C int S% and U; = H;\Up (i = 1,7) so that they are
convex and ﬂz‘7=1 U; = @. These partitions T; and G; are almost the same. For example, in
the partition T;, the hyperplane Agy = Assg7, which defines the boundaries of T3, passes
through the points M, C' and

045 <07 07 07 s ) i ) 07 0)7
a14 +ais a4 +ais

and in the partition G; the system of hyperplane inequalities T) gives a similar part of
the simplex whose boundary passes through M;, C' and

’ A15 A14 >
c(0,0,0, , 0,0).
45( Ag+ A5 A+ A5

We have changed these partitions in order to easily find the ratio of coordinates near the M;
vertices. Still, the number of iteration steps in both divisions is almost the same. >

Lemma 4. Let x ¢ U, VF¥x € U for all k = 1,n and V™" ¢ U, where U is one of
the regions U;, x € int S and = # C. Then

B
n > Alogs —

p(x)’

where A, B are absolute constants.
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< Let, for example, U = Uy. Then x ¢ Uy, x € Gy, i. €.,

X7 > X1 > Tg = T > Ty = T3 »~ T4.

Since 2’ = Vx € Uy, is precisely 2’ € G, then

A R/ R B

A
/ / / / / /
—,72 mln—fzow, —62 mln—?:aﬁ, —?2 mln—?:ag,
x r€G14 T T z€G14 T T z€G14 T
/ / / /
x . x x .z
—f’} min ,5:oz5, —f) mln—f:a4,
iEl r€G14 'Il iEl z€G14 iEl

where we take min in the region G4 C Uz

Since the interior of the simplex is invariant, all coefficients of «; are positive. For example,
if a7 = 0, then there exists z € G4 such that % =0, i. e.,
1

Ty [1 — (a17x1 + ao7x2 + asrrs + a57x5) + (a47x4 + a67x6)] = 0.
If 7 = 0 then from x7 = x1 = xg = X2 = x5 = x3 = x4 follows

$1:$2:...:$6:O,

which is impossible, but

[1 — (a17x1 + a97xo + azrxs + a57m5) + (a47x4 + a67x6)] =0

never done, because it’s never done

(a1771 + a2rz2 + agras + asrzs) = 1
in Gg. Let Vi = (af, 2k .. 2b).
Since V™"*lx ¢ Uy, then V" € Gs:

x?“ - x’f“ - x?“ - x?“ - xff“ - xg“ - x?“.

Whence 25! > 2BA&i — ;. Next,

ah oroabt! s k k k k k k
i, = ;k = H (1 + @107 — Q23T3 — A24%4 + A25X5 + A2 Xg + (l27£l?7) < 2™
k=1 "2 k=1

k k k k k k
12T — A23T3 — A24%4 + G25T5 + A26Tg + A27T7 < 1.
Further,

1
Loty ab? 13
2" > > — = |—
oy Tl | (ah)Ae
1 A
afe - (a))A1 - (xh) 28 - (x)) 2 - ()2 - (ah) AT - (ah)2s rﬂ
(ah)B2 - (a))Ar - (ah)Ba - (ah)Ba - (ah)Bs - (wp)Bo - (af)A7

A1+Ag As Ay Asg Ag Az f
[al Ty iy QO '047] 2

[p(Va)] 22

>

)
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Lemma 5. Let U be one of the domains U;, x € int S, x # C. Let {n;, m; 152, be sequences
of natural numbers such that V"ix ¢ U, V"*tky € U for all k = 1,m; and V™it™mitlg ¢ U,
Then there exists K such that m; > kn,;.

A
Ap= %%%U { [1 — a19%2 + a13T3 — a14x4 + a15x5 + @162 + a17x7] [1 — Q1271 — G2373
m 0

— ap4x4 + A5T5 + Ag6Te + A7) = [1 — a1321 + a3z — azary + azsas + asere + asriy] .
X [1 + @14%1 + G24T3 — @14T4 + G15T5 + G16T6 + a17337]Al [1 — a15%1 — A5%2 — A5T3
+ G45T4 — A56T6 1 a57967] as [1 — a16T1 — A26T2 — A36T3 + A46T4 + A56T6 — a67967] 8
X [1 — a17T1 — Q72 — A37X3 + Aa7T4 — A57T5 + a67x6] A7} < 1.
By Lemma 4
m; > Alog, m > Alog, m = log, % = log, A +n; log, % =kn;. >

Theorem 2. Operator V (defined in (2.3)) is non-ergodic, i. e., for any point x € int S,
x # C, the sequence % Zz;é Vkz has no limit.

< Assume the opposite, i. e., for any point € S there is a limit

lim E VEr = 2*.
n—oo
k=0

Let z* ¢ Uy, {ni,m;} be the same as in Lemma 5. Let d = dist (z*,U;) and

1 d
dist [ — Vkz, ot | < =
(n Z k
k=0
for sufficiently large n. Since m; > kn; for some T € int S, 7 = nim Ziml Vg
n;+m; s 1 n;+m;
e (LS ) (LS
nl—{—mZ nz—l—ml mzkn+1

where the second term in U;, must be dist (Z,z*) < % But it contradicts to dist (Z,z*) >
for large n. >

The first 3-strange tournament occurs among the 713 tournaments, the order of which is

(T777766655555).

Theorem 3. Q.5.0.V.T. corresponding r to strange tournaments is non-ergodic. The proof
is similar to Theorem 1. In general, the following holds:

ENlISH

Theorem 4. V has an interior fixed point, then it is non-ergodic.

Acknowledgements. The work supported by the fundamental project (number: F-FA-2021-425)
of The Ministry of Innovative Development of the Republic of Uzbekistan.

References

1. Fisher, M. E. and Goh, B. S. Stability in a Class of Discrete-Time Models of Interacting Populations,
Journal of Mathematical Biology, 1977, vol. 4, pp. 265-274. DOI: 10.1007/BF00280976.

2. Bernstein, S. N. Solution of a Mathematical Problem Connected with the Theory of Heredity,
The Annals of Mathematical Statistics, 1942, vol. 13, no. 1, pp. 53-61. DOI: 10.1214/aoms/1177731642.



98

Ganikhodzhaev, R. N., Kurganov, K. A., Tadzhieva, M. A. and Haydarov, F. H.

10.

11.

12.

Dohtani, A. Occurrence of Chaos in Higher-Dimensional Discrete-Time Systems, SIAM Journal on
Applied Mathematics, 1992, vol. 52, no. 6, pp. 1707-1721. DOI: 10.1137/0152098.

Hoftbauer, J. and Sigmund, K. The Theory of Evolution and Dynamical Systems, Cambridge University
Press, 1988.

Lyubich, Yu. I. Mathematical Structures in Population Genetics, Springer-Verlag, 1992.

Ulam, S. M. Problems in Modern Mathematics, John Wiley & Sons, New York, 1964.

Ganikhodzhaev, N. N. and Mukhamedov, F. M. On Quantum Quadratic Stochastic Processes and
Ergodic Theorems for Such Processes, Uzbek Mathematical Journal, 1997, vol. 3, pp. 820 (in Russian).
Mukhamedov, F. M. On Expansion of Quantum Quadratic Stochastic Processes into Fibrewise
Markov Processes Defined on von Neumann Algebras, Izvestiya: Mathematics, 2004, vol. 68, no. 5,
pp. 1009-1024. DOI: 10.1070/IM2004v068n05ABEH000506.

Ganikhodzhaev, N. N. and Mukhamedov, F. M. Ergodic Properties of Discrete Quadratic Stochastic
Processes Defined on Von Neumann Algebras, Izvestiya: Mathematics, 2000, vol. 64, no. 5, pp. 873-890.
DOI: 10.1070/IM2000v064n05ABEH000302.

Zakharevich, M. I. The Behavior of Trajectories and the Ergodic Hypothesis for Quadratic Mappings
of a Simplex, Russian Mathematical Surveys, 1978, vol. 33, no. 6, pp. 207-208. DOI: 10.1070/
RM1978v033n06 ABEH003890.

Ganikhodzhaev, N. N. and Zanin, D. V. On a Necessary Condition for the Ergodicity of Quadratic
Operators Defined on a Two-Dimensional Simplex, Russian Mathematical Surveys, 2004, vol. 59, no. 3,
pp. 571-572. DOI: 10.1070/RM2004v059n03ABEH000744.

Ganikhodzhaev R. N. Quadratic Stochastic Operators, Lyapunov Function and Tournaments, Russian
Academy of Sciences. Sbornik. Mathematics, 1993, vol. 76, no. 2, pp. 489-506. DOI: 10.1070/
SM1993v076n102ABEH003423.

Received Jule 1, 2023

RaAsuL N. GANIKHODZHAEV

National University of Uzbekistan,

4 University St., Tashkent 100174, Uzbekistan,
Professor, Department of Mathematics

E-mail: rganikhodzhaev@gmail

https: //orcid.org/0000-0001-6551-5257

Karim A. KUurRGgaNov

National University of Uzbekistan,

4 University St., Tashkent 100174, Uzbekistan,
Associate Professor, Department of Mathematics
E-mail: kurganov.k@mail.ru

https: //orcid.org/0009-0001-3788-1513

MoHBONU A. TADZHIEVA

Tashkent State Transport University,

1 Adilkhodjaeva St., Tashkent 100067, Uzbekistan
Associate Professor, Department of High Mathematics
E-mail: mohbonut@mail.ru

https: //orcid.org/0000-0001-9232-3365

Faruop H. HAyDAROV

National University of Uzbekistan,

4 University St., Tashkent 100174, Uzbekistan,

Associate Professor, Department of Mathematics;

V. I. Romanovsky Institute of Mathematics of the Academy
of Sciences of the Republic of Uzbekistan,

9 University St., Tashkent 100174, Uzbekistan,
Postdoctoral Researcher;

Tashkent International University of Financial Management and Technology,
2 Amir Temur Ave., Tashkent, 100047, Uzbekistan
Associate Professor, Department of High Mathematics
E-mail: haydarov_imc@mail.ru, fa.xaydarov@tift.uz
https: //orcid.org/0000-0001-9388-122X



Dynamics of Quadratic Volterra-Type Stochastic Operators 99

BiajmkaBkazckuii MaTeMaTHIECKHH Ky pPHAJT
2024, Tom 26, Beiyck 1, C. 85-99

JMHAMUKA KBAJIPATTYHBIX CTOXACTUYECKNX OITEPATOPOB
TUITA BOJIBTEPPA, COOTBETCTBYIOIIINX CTPAHHBIM TYPHUPAM

lanuxomxkaes P. H.!, Kypranos K. A1, Tamkuesa M. A.2, Xaiinapos ®. X. 134

! Hanmronamsaerit yausepcurer Y3bexucrana um. Mupso Yayroeka,
Vz6ekucran, 100174, TamxkenT, yia. YHuBepcurerckasi, 4;
b b b b bl
2 TamKeHTCKHIl TOCYIAPCTBEHHBIA TPAHCIIOPTHLIN YHIBEPCUTET,
V36ekucran, 100174, Tamkent, ya. Anpuixomzkaesa 1;
b b b b
3 WNucruryr maremaruku um. B. 1. Pomanosckoro AH PecnyGnuku ¥Y36exkucraw,
V3bekucran, 100174, Tamkenr, yi. YHUBEpCUTETCKAsI, 9;
4 TAIIKeHTCKIH MeKTyHAPOIHBIH YHUBEPCUTET (PUHAHCOBOTO YIIPABICHUS W TEXHOJIOTHIL
b
Vab6ekucran, 100047, Tamkent, ya. Amupa Temypa, 2

E-mail: rganikhodzhaev@gmail.com, kurganov.k@mail.ru,
mohbonut@mail .ru, haydarov_imc@mail.ru, fa.xaydarov@tift.uz

Awnnorarusi. 3yyasi nuHaMuKy Ha3BaHHBIX OMEPATOPOB HA CUMILIEKCE, Yesisi 0cOb0e BHUMaHUE HAJIU-
9HUI0 BHyTPEHHEeH HeNOJBUKHON TOYKH, MBI HUCCJIEyeM YCJIOBUS, IIPU KOTOPBIX OIEePATOPBI IIPOABIAIOT HE3P-
rojuyeckoe mnopejienre. llocpeicTBOM CTPOroro aHa/iM3a U YMCJAEHHOIO MOJIEJIMPOBAHUSA MbI IIOKAa3bIBAEM, ITO
OllpesieIeHHble PEeXKUMBI IIapaMeTPOB IPUBOJAAT K HEIPTOAUYIHOCTHU, XapaKTEPHUIYIOUIelcs CXOAMMOCTBIO Ha-
JaJbHBIX PACHPEIETeHN K OrPAHMYEHHOMY IIOJIMHOYKECTBY CHMILIeKca. Harmm pe3ynbTaThl TPOTUBAIOT CBET
Ha CJIOXKHYIO JUHAMUKY KBaIPATUYHBIX CTOXaCTUIECKUX OIIEPATOPOB C BHYTPEHHUMHU HENIOABUKHBIMYU TOYKaAMU
U JTaIOT IIpeJCTaBJIeHNEe O BO3HUKHOBEHUHN HEIPTOAUIECKOIO IMIOBENEHUS B CJIOXKHBIX JUHAMUYECKUX CHUCTEMaX.
Kpowme Toro, HesproanvHOCTh KBAJIPATUIHBIX CTOXACTUYECKHX OINEPATOPOB TUIA Boibreppa ¢ BHyTpEHHEH
HEIO/IBUYKHON TOYKOIA, ONpPEeJIeJIEHHON B CUMILIEKCE, BHOCUT JIOTIOJHUTEIBHYIO CJI0KHOCTDb B M O€3 TOrO CJIOXK-
HYIO JUHAMHUKY TaKAX CACTEM. B 3TOM KOHTEKCTe HAJIMYNe BHYTPEHHEH HENOJIBUXKHON TOYKH BHYTPU CHM-
IIEKCa erre OOJIbIe YCIOXKHSIET UCCIEOBAHNE TPOCTPAHCTBA COCTOSHUN M CBOMCTBA CXOMMMOCTH OIIEPATOPA.
B nmanHoit crarhe MBI NPUBOAMM JOCTATOYHBIE U HEOOXOIMMBIE YCJIOBUSI CyIIECTBOBAHUsI CTPAHHBIX TYPHU-
poB. Tak>Ke JIOKa3bIBAETCS HEIPTOJIUIHOCTH KBIPATUIHBIX CTOXAaCTUYIECKHUX OIllepaTopoB Tuiia Bosbreppa ¢
BHYTPEHHEHA HENOABUKHOI TOYKON, OIPEIeJICHHBIX B CUMILIIEKCE.

KimroueBble ciioBa: KBaJIpaTUYHBIE CTOXACTUYIECKHE OIlepaTopbl Tuila BoJsibreppa, cUMILIEKC, CTpaHHbIE
TYypHUDPHI, pyHKIWHN JIsmyHOBA.
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