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O CIOPBEKTUBHOCTU OIIEPATOPA CBEPTKU B ITPOCTPAHCTBAX
T'OJIOMOP®HBIX B OBJIACTU ®YHKIINN 3AJAHHOT'O POCTA

A. B. Adanun, T. M. AaapeeBa

Ilocsauwaemea 65-aemuro
Anamoanus I'eopeuesuua Kycpaesa

Annaorammsa. B paGore paccmarpmBaiorca (DFS)-npocTpanctsa ToioMopdHbIX GyHKIHNI B OrpaHAIeH-
HOI BBINYKJIOH obsiactu (G koMitekcHO# 1tockoctu C, uMeomux 3aIaHHbId POCT, ONPEeIeadeMblii HEKO-
TODPOI1 IOC/I€I0BATE/IEHOCTHIO BECOB, YIOBIETBOPSIONIMX PsA/Ly OOMMX eCTeCTBEHHBbIX ycjoBuil. [Ipm sTmx
YCAOBUSX M3YYAETCS 337a9a O HEIPEPBIBHOCTH U CIOPBEKTUBHOCTHU OIEPATOPOB CBEPTKH, JAEHCTBYIOIIAX
w3 H(G + K) B (wa) H(G), tne K — dukcuposaunbiii komuakt B C. Pemenune manuoil 3ama4u moy-
WeHO B TepMHWHAX npeobpas3oBanms Jlamnaca JMHEHHOrO (PyHKIMOHAIA, OMpPEIEAIonero oneparop (ero
Ha3BIBAIOT CHMBOJIOM OTMEPATOpPa CBEPTKM). [[/1 TpOCTPAHCTB OOINEro BUAA YCTAHOBJEH (DYHKIMOHAIIH-
HBII KpUTEpHii CIOpbekTUBHOCTH onepaTopa ceeprku u3 H (G + K) ma H(G). Jna npocrpancts GyHKImit
9KCIIOHEHIINAIbHO-CTEIIEHHOI0 POCTa MAKCUMAIBHOIO ¥ HOPMAIBHOI'O THIIOB 101y 9Y€HbI JJOCTATOYHbIE YCII0-
BUS HA TIOBEJEHME CHMBOJIA, IPU KOTOPBIX COOTBETCTBYIOUIHMII €My OIIEPATOpP CIOPHEKTUBEH. DTH YCIOBUS
dopMyupyoTCs B TEpMUHAX OIEHOK CHHU3Y s MOMAYyJs cuMBOJa. KpoMe TOro, mokas3aHO, 9TO 3TH Ke
YCJIOBUS ABJISAIOTCA HEOOXOIMMBIMU MU CIOPBEKTUBHOCTH BCex omeparopos ceeptku m3 H (G + K) ma
H(G), xorga G mpoGeraer COBOKYIIHOCTh BCEX OIDAHMYEHHBIX BHINYKJbIX obsacreil B C. Takum o6pasom,
[OJIyYeH KPUTEPHil CIOPbEKTUBHOCTH OIIEPATOPOB CBEPTKHU B MPOCTPAHCTBAX (DYHKIUN SKCIOHEHIINATBHO-
CTEITEHHOT0 POCTA Ha KJIACCE BCEX OTPAHMYEHHBIX BHIMYKJILIX obsacteit B C. Pamee momobusbe pe3ysibTaTh
OBLIM M3BECTHBI JIMIID JJIsi KOHKPETHOTO IIPOCTPAHCTBA TOJIOMOP(MHBIX B BBIMYKJIBIX OTPAHUIEHHBIX 00J1a-
crax YHKIWI TOTMHOMHAAIBHOTO POCTA.

KuaroueBrie cyioBa: BeCOBOe MPOCTPAHCTBO, TOIOMOpdHAsS (DYHKINA, ONEPATOP CBEPTKH, CIOPHEKTUB-
HOCTbH, TPOCTPAHCTBO IKCITOHEHITNATHLHO-CTETIEHHOTO POCTA.

[Tycts G — BBIMYKJIas OrpanudeHnast 061acTh B KommiekcHoit miockoctu C, H(G) — mpo-
crpaHCcTBO Beex (dyHkuuii, rogomMopdusix B G, a ¥ = (vy,)02; — BO3pacTarolas 1mno n moc/e-
JIOBATEIBbHOCTL HenpephiBHBIX B G dyrkmmii. [locaemoparebHOCTE ¥ 3a7a€T TPOCTPAHCTBO
VH(G) = U,~, Hy, (G) ¢ ecrecTBenHoil TOmOIOrMEH BHYTPEHHENO MHIYKTHBHOTO IIPEJesa
0aHAXOBBIX ITPOCTPAHCTB

H, (G) = {f € HG) : |fllv, = supM < oo}, n € N.
zeG evn(?)
OcHoOBHAS 11e/Tb HACTOSIIEN PAGOTHI — M3y UeHHe 33a Il O CIOPBHEKTHBHOCTH OIIEPATOPA CBEPT-
ku px : VH(G+ K) — YH(G), tne K — Boimykastii komnakt B C, a g — anajmruyaecknii
dbyuximonan ¢ nocurenem B8 K. B «6e3BecoBoit» cuTyaruu, KOrja paccMaTPUBAIOTCS MTPO-
crparcrsa H (G + K) u H(G) Bcex ronomopdusix Ha G + K u G dyukunii, jannas 3aj1ada

© 2018 AbGanuu A. B., Anmapeesa T. M.
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UCCJIeI0BAHA, JJOCTATOYHO MOJIHO, MPUYEM HE TOJIBKO i obiacteil G, HO M /I KOMITAKTOB
U JJIsI TIOJIMHOYKECTB W, KaK CJIeJICTBUE, TPOCTPAHCTB ropaso GoJee obimeil cTpyKTyphl (1mo-
Apo6HBIit 0630p nmeercst B kaure [1], cm. Takxke [2]). Uro Kacaercst BECOBBIX TIPOCTPAHCTB, TO
3/1€Ch TJIABHBIM 0OPa30M M3ydasuch mpocrpancTsa @perre (cMm. craTeio [3| u 6ubmmorpaduio
B meit). [Ipu 3TOM NpUMeHsIach TPAIUIMOHHAS TEXHUKA, 3aK/II09A0NIAsACT B IEPEX0/IE K JIBOH-
CTBEHHON mpobjieMe JieJieHrsl Ha CHMBOJI OTIEPAaTOpa B CONPSZKEHHOM ITPOCTPAHCTBE IEJIBIX
dyuxuit onpegeseHHoro pocra. [IpuHIMIHAIBEHO 9Ta CXeMa He MEHSIeTCs U JJIsi TPOCTPAHCTB
nHaykTuBHOrO Tuna. OJHAKO Ha MyTH ee peau3alliid MMeeTCsl CYIIECTBEHHAs TPYIHOCTH,
KOTOpasi 3aKJ/II0YaeTCs B HEOOXOJAMMOCTH TMOCTPOEHUs TeJbIX (DYHKINM, YIOBIETBOPSIONINX
OECKOHETHOMY YHUCJIY OIEHOK CBEPXY M OJHOBPEMEHHO OJIM3KUM OIEHKAM CHU3Y HA 3aJIaH-
HOI TIOC/IEIOBATEIBHOCTH TOYEK, YXOJASAIMINX B 6ECKOHEYHOCTh. 110-BUINMOMY, BIIEPBBIE TAKUE
HOCTPOEHMsI ObLIIN OCYIIECTBIEHBI B [4—6] mpu rcciej0BaHny 01IEPATOPOB CBEPTKHU B IIPOCTPAH-
cree A~°(@) ananurnaeckux B G pyHKIMI TOTMHOMIAIBHOTO pocTa BO/in3U ee rpanutibl IG.
Ormernm, ato A~°(G) coBnagaer ¢ ¥ H(G) npu ¥ = (n In ﬁ) 0071, rae d(\) — paccrosane
or A € G 10 0G. BaxHy10 poJIh TP 3TOM UTPAIOT AHAJIOTH TeopeMnbY XépMmanepa 0 pa3periu-
MOCTH HEOIHOPOAHOTO ypaBHenus Komu — Pumana B kmaccax QyHKINIA, yI0BIETBOPSIONIAX
cucreMe o1eHOK. Briepsoie Takue anasnoru 6w ycranosiens! O. B. Enudanossiv 7] (cm. Tak-
ke [8]). Ham HenssectHsl apyrue npocrpanctsa suga ¥ H(G), kpome A™°(G), mist KOTOPBIX
UMeJTICh OBl Pe3y/IbTaThl, MoJ00HbIe ycTaHOBAeHHBIM B [4—6|. Omupasice Ha mosydenHoe |9]
onmcanue conpsizkerHoro ¢ ¥ H(G) npocrpancrea n merozpl u3 [5], B Hacrosiei pabore Jyist
npoctpanrcts ¥ H (G) ob1ero Buia mostydeHbl HeoOXouMble u (OTIeIbHO) JOCTATOUHBIE YCJIO-
BUd, a JJId TIPOCTPAHCTB 3KCIIOHEHIINAJIBHO-CTEIIEHHOTO POCTAa — KPUTEPUN CIOPBEKTUBHOCTHU
onepaTopoB cBepTKH. [101pobHbIe 060CHOBAHUS PE3YABTATOB OYIyT NMPUBOIUTHCS JIUIIb B TEX
cJlydasix, KOrja UMeTCs CyIIeCTBeHHbIe oTnanst oT [5].

1. CropbeKTUBHOCTH OIIepaTopa CBEPTKU
JIJIs BECOBBIX MOCJIEA0BATEJIBHOCTEN 00I1Iero BUAa

Bcerony B manHOl pabore OymeM paccMaTpUBaTh BECOBYIO TOCAEIOBATEIBHOCTH ¥ =

(Ur)92 1, ¥y KOTOPOit vy, () 1= ¢y <ln ﬁ), n € N, u nociegoBarensnocts ® = (¢,,)0% | HEOT-

pHIATEIHHBIX BBITYKJIBIX MOHOTOHHO BO3pacrarommx (yHKiwmi Ha (g, +00) (to = 0) yaosie-
TBOPSAET YCJIOBUSAM:

(c1) (¥5 € N) @y1(t) > 0i(t) + 1, £ > to

(2) (V) € N)(Va)(3s = 5(j,)) @;(t+0) < @yaa(t) +5, t > o

(c3) (Vj e N)(3p; > 0) ¢,(t) < ePit + 4}, e §; — HOCTOSHHBIE BEJUYHHEL
OrMmernM, 9TO 3TH YCJIOBUS AHAJOTUYIHBI UCIOJB30BAHHBIM B [10] JJI TBOMCTBEHHOTO TIPO-
eKTUBHOTO CJIydasi, KOTJIa BMECTO YOBIBAIOIIEH IO j TOCTeI0BATETLHOCTH (cpj);?‘;l Hepercst
Bozpacramomas. C [elbl0 TEXHUYECKUX YIPOINEHU B JI0KA3aTEIbCTBAX OYJIeM CuuTaTh 06e3
orpanudenus oorHOCTH, 9T0 tg = 0 u 9T0 007acTh G COMEPKUT HAYAJIO KOOPAUHAT.

B [9, Teopema 1] 6b110 ycTanoBsI€HO, UTO TIpeobpasopanue Jlamniaca ycTaHaBAMBAET TOIO-
noruaeckuit uzomopdusm uz (¥ H(G))' ma npocrpancrso @perte

|f(2)] - evnl2D

() <oo (VneN);,

VHg:=< fe HC): |f|n,:=sup
zeC
rie Hg(z) = supyeq Re Az — onopuas dyukrus obmactu G u

. 1
ot (12]) = infocrey [wwn <1n;>] |



O CcIOpBEKTHBHOCTH OMEPATOPA CBEPTKH 5

Ormvernm, 4TO B CH/Ly YCJIOBHH, HAJOXKEHHBIX Ha nociaenoBareasiocts O, ¥ H(G) sasiasercs
(DFS)-, a ¥ Hg — (FS)-npocrpanctBoMm.

ycts p — anmammrwaeckuit dyukmmonan B C ¢ mocurenem B K, roe K — mexkoTopoe
BBIYKJ/I0€ KOMITAKTHOE TIOJIMHOYKECTBO KOMILIEKCHO# TI0cKoCTH. Tora omepaTop CBEPTKH

px s f = o (f(2 + w))

nenpepbisao otobpaskaer H(G + K) 8 H(G), a npeo6pazosanue Jlamaca fi(¢) := p.(e*),
( € C, z € G, pyukimonaga y TpeacTaB/isieT coOoil 1esyio (PyHKINIO SKCIOHEHITHATBHOTO
tuma taxyto, ato |i(¢)| = O (eflx(©+ell) 5 C nna moboro e > 0. Creyromee mpeso-
JKEHWE COJIEPXKUT HeOOXOJMMBIE U JOCTATOYHbIE YCIOBHs Ha (DYHKINOHAN (i (TOYHee, HA €ro
npeoGpasosanme Jlammaca), mpu KOTOPBIX MOPOXKIAEMbIH UM ONEPATOP CBEPTKH JEHCTBYET
u3 npocrpanctea ¥ H(G + K) B mpocrpancrso ¥ H(G). Bymem ucnonn3oBaTh Cieyormee
obo3nageHme:

o . . |f(O)l
VHE =S HC): (Yn e N) Bm e N) sup o = e

< 00

IIpengioxxenne 1. Bioxkenne pux ¥ H(G+ K) C ¥ H(G) nmeer MecTo Tor1a H TOJBKO TO-
raa, korga i € YV HF. Bosee Toro, jist 1060ro HeTpuBHaIbHOTO (pyHKIHOHAIA (i C i € V HF
CIIPABEIUBBI CJEYIONIHE YTBEPHKICHUS:

(i) omeparop cBeprku pux : VH(G + K) — ¥ H(G) nenpepniBern u 006/1a/Ja€T MIOTHBIM
0bpazom;

(ii) omeparop ymuoxenust Ay, : f € VHg — jif € ¥V Hgyi conpsizKeH ommepaTopy CBepT-
KH.

< JokazareancTBO TPOBOJUTCS MO CTaHIAPTHON cxeme (cM. |5, mpeoxkenue 2.1]), Bo3-
MOXKHOCTbH Peasiu3aluu KOTOPOM OCHOBaHA Ha CJICAYIOIICH ABYCTOPOHHEHN Oll€HKEe HOPM 3KCIO-
uenT (cM. |9, memma 1]):

e~ - oG = (2D 2|, < e - eHa@ ) 5 e ¢, neN, (1)

rJle TIOCTOSHHAS S, 3aBUCUT TOJBKO OT HOMeEpa n. >
W3 mpeanoxkenus: 1 3a cueT coobpakeHuil TBOMCTBEHHOCTH MOy IaeM

Teopema 1. Ilycts p — HeTpHBHAIBHBIH aHaanTHIecKnii pyHknmonar u fi € VHEP.
Omeparop cBeprknu pux : ¥V H(G + K) — ¥ H(G) clopbekTuBeH TOIjja H TOJBKO TOIJa, KOIJIa
obpa3s omeparopa ymuoxenns N, (¥ Hg) 3amxmyr B ¥V Hay k.

IIpex e 1yeM IPOMOJIZKUATH, HAIIOMHHUM, YTO Iejiasd (PYHKIMS ¢ HA3BIBACTCS MYAbMUNAU-
xamopom w3 Y Hg B YV Hgik, ecm g - f € YV Hgig ana moboro f € ¥ Hg. CumBosom
MYV G,G+K 0003HAIUM COBOKYITHOCTB BCEX MYJIBTUIIUKATOPOB U3 ¥ Hi B ¥ Ha k. VI3 pen-
noxxennd 1 caexyer, uro ¥V Hix C MV ¢ c+i. Hama 6amxkaiimas 1mejgp — yCTaHOBHTD, UTO
Ha caMoM Jiejle mMeeT MecTo paBeHCTBO ¥ Hi = MV ¢.g+k. OHO nMeer BaskHOe 3HAUYEHNE
B HCCIEIOBAaHUHU OIEPATOPOB CBEPTKHU M Psfa APYTHUX BOIPOCOB. UTOOBLI €ro J0KA3aTh, HAM
noTpedyeTcst AOMOJTHUTETHHAS TIOATOTOBKA.

Jlemma 1. CrnpaBeqinBbr CIeQyIONIHEe YTBEDIK TEHU:
a) npu so6om n € N
*
vn(l2]) = o(|2])  mpu z — oo;

b) cymecrByer takoe oy > 0, 4TO MpH HEKOTOPHIX ITOCTOSHHBIX iy,

vnio(l2]) —vn(2]) = aoIn(l + |2|) =, 1pum Bcex z € C, n € N.
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a) B cuny ycoosus (¢3) npu 601b1ux || BBINOJIHSIETCSE

* . 1
0 = it [ o ()] < i, (1 )

_1 __Pn_ _Pn__
= (ppn"rl +p Pn+1> |2|PntT + Oy,

OTKYJIa CJeIyeT Tpebyemoe.
b) Do yreepxaenne caenyer us [10, semma 6]. >

Beemem B paccmoTpenue 6aHAXOBBI MPOCTPAHCTBA TEIBIX (DYHKITHI

- evn(lz])
E,=¢fe€HC): |f], ::supM < oo, n €N,
2eC eHG(Z)

u 3amernm, uro ¥ He = (o2, En.
Jlemma 2. s soboro n € N umeercsa rakoe m € N, yro npocrpanctso ¥ Heq 110THO
B E,, mo Hopwme | - |,, mpoctpanctBa E,.

< BozbMem HaTypasibHOE S) HACTOIBLKO OOJIBINM, YTOOBI Sy = 1, T/ie (vg — MOCTOSTHHAS
u3 yTBepKAeHus b) semmbl 1, u mokaxem, 9ro m = n + 289 + 1 yjoBnaeTBopsier TpeboBaHMIM
JIEMMBL.

Iycrs f € Ep,. O6paszyem mo meit dynkumn fy(2) = f(vz), 0 < v < 1. YanursBas, 910
obnacth G COMEpPKUT HAYATO KOOPIUHAT, UMEEM

Hg(z) 2 Ha(vz) + (1 —v)r|z| npm Beex z € C,
rae r:=min{Hg(z) : |z| = 1}. IMosromy
1F(v2)| < | f|m eHE D | flm €002 | fl o)==zl

Orcioa u w3 yrBepKieHus a) jeMmbl 1 oaydaem, uro f(yz) € ¥ Hg npu awobom v € (0, 1).
Jlnsi 3aBeplrenHus J0Ka3aTeabCTBA OCTA€TCs yCTAHOBUTEH, uto f, cxomurcsa K f B E,
upm v — 1.
IMonoxkum R := max{Hg(2) : |z| = 1} u 3amernm, uro |Hg(z) — Hg(¢)| < R|2| npu Bcex
z € C. ITosromy H(z+() < He(2)+ R npu Bcex z € C u (] < 1. Jasee, B cuity ycnosus (c2)
nmeercst rakoe ¢ > 0, aro v _(]z]) < v},(|z] — 1) + ¢ upu Bcex z € C. I3 npusejeHnbIx
OIeHOK cJiefyer, uto mpu Beex z € Cu |¢] < 1

1z + Q)| < |f|m efTeGHO—vnlz+C) < 7, () E=n (2=1) < O | o) 012D
rae C := eftt¢, IIpumenus unterpansuyio dpopmysry Komu, 3akmodaem, uto npu Beex z € C

f'(2)] < %ax|f(z+<)| < O f | eHe @i (2D),

Ucnonbzoras eme 1o, uro f(z) — fwz f'(t) dt, npu Beex z € C nmeem

F(2) = (2 < O =)\ flml2lef @100 = C (1 = )| fln ol 72200,

Bocnonb3oBasimcs yTBepKIeHneM b) jeMMbl 1S9 pas, 3aK/II0YaeM, UTO TPU HEKOTOPOM
D > C un Bcex z € C uMeroT MeCcToO OIEHKH

£(2) = £2(2)] € D(L = )| llle (D200 0H:D & D1 — )| ettt -3 5D,
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OTcrona BeITEKAET
|f - f7|n < D(l _'7)|f|m —0 mpm v —1,

YTO 3aBEPIIAET JOKA3aATEJIHBCTBO. >

3AMEYAHUE 1. B mpormecce 1oka3arebCTBa JIEMMbBI 2 OBLIO YCTAHOBJIEHO, YTO JIJIsT JTI0O0TO
n € N nmeerca Takas nocrosgunas Cp, > 0, 4To

\S(l\l<p1(HG(Z +¢) —vp(lz +¢) + s0a0 (1 + [2]) < Ha(2) = Vpysgao(12]) + Cn (V2 €C).

Tax Kak sgag = 1, To oTCIONA CIEayeT, ITO

|Sl|1p (He(z+¢)—vp(|2+¢])+In(1+]2]) < Ha(2) =450, ([2))+Cn (V2 €C, Vn €eN). (2)
¢I<1

Ipepmnoxxkenuue 2. /s 10605t orpaHudeHHON BhITYKI0H 001actu G KOMILIEKCHOMH I1LJ10C-
KOCTH H JIJIs JTIOOOT0 BBIIYKJIOI0 KOMIIAKTHOTO MHOXKecTBa K BbIMOJIHSIETCS

MY Gark = VHE. (3)

<1 Hamomawnwm, uro mpocrpancrso Ppemte ¥ Hg 3aaercst MOCIEI0BATETFHOCTHIO BECOB
un(2) == Hg(z) —vi(|z]), 2 € C, n € N, u coorBeTcTByIOIIEil €ii yOBIBAIOIIEH IO BIOKEHUIO
[OCJIe/I0BATEBHOCTBIO OaHaxoBbIX npocrpaHcTs (E,)0° . s Takux m0CI€10BaTE/IBHOCTE
IpsIMOe WCII0JIb30BaHue o0umx pe3yabraroB u3 [11] 06 onncanum MyJIbTUILIMKATOPOB B BECO-
BBIX IIpocTpancTBax Ppellre HEBO3MOXKHO, TaK KaK Mbl He MOXKEM IapaHTHPOBAThL, YTO OIPE-
nenstioue ¥ He Beca u,, cybrapmonnansl B C. B ¢Basu ¢ 91um 3amernm, aro u3 onenkn (1)
CJIeJTyeT, UTOo

Un11(2) — $p <sup(Rez¢ —v,(€)) S un(z) +s, (VzeC, VneN). (4)
ced

[Mosnoxkum wy,(2) := sup{Re z( — v,(¢) : ¢ € G}. Kax Bepxuue orubaromine cemeiicTs rapMo-
unueckux dyuakuumit {Re 2z — v,(C) : ¢ € G}, dyukmun w,, cyérapmonnunsr 8 C. Ilpu sT0M
HepaBeHCTBa (4) BIeKyT

E, — H,, (C)— E,11 (VneN). (5)

Mosromy ¥ He = (1 Hu, (C) u, xpome toro, u3 nemmsl 2, Bioxkennit (5) u onenox (2) u (4)
CJIeJLyeT, YTO BBINOJIHEHBI TAKKMe yCJIOBUSI:

1) ana mo6oro n € N cymectsyer m € N rtakoe, aro ¥ H¢g mnorno B Hy,, (C) mo nopme
npocrpancrsa Hy,, (C);

2) mnga mo6oro n € N cymecrsyer C), > 0 Takoe, 9T0

sup wp(z 4+ ¢) + In(1 + |2]) < Wntspap-1(2) + Cn (V2 € C).
I<l<1

Taxum obpasom, st ¥ Hg = (02, Hy, (C) BbIIOIHEHBI BCE HPEAIOIOKEHHS HPEII0XKe-
s 5.3 u3 [11], B coorBeTcTBHN C KOTOPBIM A ¥ G G4+K COBIAJAET C IPOCTPAHCTBOM TeX
neabix GyHKIuUi g, 1uist KOTopbIx Jyist o6oro m € N cymiecrsyer Homep n = n(g) Takoii, 410

l9(2)] = O (exp (Hgyk(2) — v, (2) —wn(2))) B C.
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Eme pas ucnonnzosas (5), 3aK/09aemM, 9To TOCAEIHEE YCIOBUE PABHOCUIBHO TOMY, 9TO /IS
moboro m € N cymmectByer Takoit Homep n = n(g), 94To

lg(2)| = O (exp (Hg (2) — vl (2) +vi(2))) B C.

Jpyrumu ciioBamMu, BBINOJIHSAETCS Tpedyemoe paseHcTso (3). >

Hamomuwnwm, ato nerpuBnanbubii MyastumankaTop g u3 ¥ Hg B ¥V Hg4 ik Ha3wiBaeTCS de-
aumenem n3 ¥V Hoy kB V Hg, ecoiu 71 HErO MMeeT MeCTO TeOpeMa, IeIeHNUs, T. €. UMILTHKAI[IS

fE€VHgig m geH(C) = ge“//Hg.

MmuoxectBo BCex gesmnreneit u3 ¥V Hgyx B ¥ Hg 6ynem obosnauars Y ¢k . B coorser-
CTBUH C TIpeJIokenueM 2 Ygik,qg € MV aiKk,G-

Cureayromasi Teopema J0Ka3bIBATCsl CTAHJAAPTHBIM MeTOJ0M (CM., Hanpumep, [5, npesio-
kerme 2.8 u Teopema 2.9|) Ha OCHOBAHUM TEOPEMBI 1 U MPEJJIOKEHUs 2.

Teopema 2. Ilycts p — ananuTmdeckuii pynknuonasn u fi € ¥V HF. Paccmorpum ciesy-
OIIHE YTBEPK ICHUS:

(i) omeparop ceprku pux : ¥V H(G + K) — ¥ H(G) siBisiercsi ClOpbEKTHBHBIM;

(ii) grst mro6oro n € N cymecrByror m € N u C > 0 rakue, uro

sup O o, RN (¢ f € ¥ He);

eC eHao(z)—v;(12)) ~eC ek (2)—vr,(|2])

(ili) o € 2V a+Kk G-
Torza (iii)=(ii)<(i).

Bo Bcex m3BeCTHBIX Ha, CETOMHSITHUN IEHL Pe3y/abTaTax, MOJ00HBIX Teopeme 2, Jjisd KOH-
KPETHBIX BECOBBIX IMKAJI MMeET MeCTO SKBHBAIEHTHOCTH yciaommit (ii) m (iii). Ogmaxo, pis
OBIIMX KJIACCOB BECOB IPU 9TOM HCIOJIB3YIOTCS JOCTATOYHO YKECTKHe OrpaHudeHusi (CM., Ha-
upumep, [3]), KOTOpBIE He BBHIMOTHSIOTCS sl PACCMATPUBAEMbIX HAMU IIPOCTPAHCTB. B cBs3n
C 9TUM B CJIEJYIONIEM pa3Jiesie Mbl PACCMOTPUM OJHY u3 HamboJIee BayKHBIX BECOBBIX IIKAJI
[POCTPAHCTB, MCCAEyeMbIX B HACTOsIIel paboTe, — IIKajly NPOCTPAHCTB SKCIOHEHIMATBHO-
CTENEeHHOTO POCTA.

2. Kputepun CIOPBbEKTUBHOCTU B TEPMUHAX PETYJISIPHOCTU POCTA
AHAJINTUYECKOTO CUMBOJIA

B namnroM pazzesne 6yayT paceMmorpennl npoctparcta ¥ H(G) sKCIOHEHIINAIBHO-CTEEeH-
HOT'O POCTA MAKCUMAJIHHOTO U HOPMAJIHHOTO TUTOB. [[0CKOIBKY 0KA3aTEILCTBA, PE3YIBTATOB
TIPOBOJIATCA IO OJIHOM CXeMe U Pa3IndaloTCsd JUIb TEXHUYECKUMU JIeTAJSIMU, MBI IIPOBEJIEM
MOAPOOHOE M3JIOKEHWE TOJIBKO JIJId IEPBOTO THUIIA.

2.1. Kpurepun CIOpbEKTUBHOCTH OIIEPATOPOB CBEPTKHU B MIPOCTPAHCTBAX MAKCH-
MaJsibHOTO THma. [Ipocrpancrea ¥ H(G) 9KCIOHEHIIMAIBLHO-CTEIIEHHOIO POCTA MaKCHMAaJIb-
HOTO THIA 33JAI0TCS BECOBBIME HOCIEA0BATEIBHOCTAMA ¥ = (v,)50 1 ¢ vp(A) = n(d(N))™¢,
n €N, me 0 < a < 1. Kak ormeueno B [9], B 9rom ciyuae japoiictentoe npocrpancrso ¥ He
MOZKET OBIThH OMUCAHO CJIETYIONUM 00pa3oM:

f(¢
7/HG = fEH((C) ‘f‘n :igge%‘(gf%<oo (VHEN) y
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TOe Qu = O{LH

YV Hg B VHgikx B TaHHOM CJIy9ae UMEET BUJ

Orcioia, B 9aCTHOCTH, CJAEAYET, 9TO MPOCTPAHCTBO MYJIBTHUILIUKATOPOB W3

VHE = {fEH((C): (I3n eN) SupM<oo}.

cecC eHK (C)+n|<|o¢*

Cravana MBI TIpUBEJIEM JOCTATOYHBIE YCJIOBHS HA HETPUBUAILHBIN MYIBTUILIHKATOP
n3 ¥ H$, ipu KOTOPHIX OH sBisieTcs geqnrenem u3 ¥ Hoy g B ¥ Hg. 3areM mokaykeM, 9T0 HA
KJ1acce Bcex obsiacteit G 9TH yCJIOBHA TaKxKe W HEOOXOAMMBI. B KadecTBe CAEACTBHUS OTCIOIA
Oymer MolydeH KpUTEpUii CIOPBHEKTUBHOCTU OMEPATOpa CBEPTKHU HA KJIACCE BCEX BBIMYKJIBIX
OTpaHUIEHHBIX 00JIaCTEl.

[Mycts ¢(¢) — menasa GyHKIMA SKCIOHEHIMATBLHOTO THMA. Ee (paJnajbHblii) WHIUKATOD

10}5|<ﬁ(7’€)|7 ¢ € C. Byzem roBopuTh, 4TO ©

ompesensercst mo dopmyre hy(¢) = limsup, .,
ydosaemeopaem ycaosuro (S ), ecim cymectByior s, N > 0 takue, 4ro mig kaxjgoro ¢ € C

¢ |¢] > N naiinerca ¢’ € C ¢ |¢' = (| < [{]**, nnst koToporo

log [(¢)] = P () — sI¢I™. (6)

BameTnM, 9TO 3TO TpeGOBaHME CTPOrO CUJILHEE, 9eM YCJIOBUE BIOJHE PETryJSapHOCTH POCTa
nesioit pyHKIMU B KjIaccudeckoM cmbicie Jlesuna — Ildtorepa.

Jokarkem, 91O [jTs TeIbIX (PYHKIUH SKCIOHEHITHAJIHHOTO TUTMA C WHANKATOPAMU, COBIIA-
natommmn ¢ Hy, yenosust (S*) 10cTaTouHO Jjisi CIPABEJIMBOCTH TEOPEMbI JI€IeHNsT B KJ1AC-
cax ¥ H(G). Yenosumcest o6o3uadaTs uepe3 B(z, ) Kpyr pajmyca 1 ¢ IEHTPOM B TOUKe z. Kak
u npexkze, aas muoxecrsa M C C momaraem Rjf:= sup,e)y |z|. Jns gokasarenscrsa Ham
noTpebyeTcst TakKe Cyeyommuii m3sectueiil dhaxr (eMm. [12, remma 3.1]).

Jlemma 3. ITycrs pyakoun ®, F n G = g rosomopuer k kpyre B(0, R). Ecin B B(0, R)

BormoHs0TCs HepapeHcrsa | P (w)| < A u |F(w)| < B, 1o

2|w| RA|w|

Glw)| < BAT|&(0)| 7, w € B(0, R).

Mpennoxenuune 3. Ilycte ¥V = (n(d(/\))*a)zo:l. Ipeamomoxkum, aro ¢ € VH,
hy = Hi 1 ¢ ynosaersopser ycaosuio (S ). Torna ¢ € Y g k.G

< IMycrs s, N > 0 — nocrostaubie u3 ycaosus (6) ais dbyakuum . Taa kaxgoro ¢ € C
¢ [¢] > N Bozbmem (', kak B ycaosuu (6). 3aMerum, 9TO B TAKOM CJydae JJId BCEX TOYEK
¢" € B(¢',2|¢|*) Bepro nepasencrso [ — (| < 3|¢|**.

1
SdlcHo, 4TO 6€e3 orpaHuvYeHud OOIIHOCTH MOXKHO CUATATh, 94T0 N > 61-a« . Torma mjaa Bcex
) )
¢" € B({',2|¢|*) cnpaseanmea onenka

1
S1¢ < 1] < 4i¢) 7
ITockomeky ¢ € ¥ HP, To mmetorca kg € N u A > 0 Takue, 4to

In|p(w)| < A+ Hig(w) + kolw|*, weC. (8)

Iycte dysxmms f € ¥ Hgyx TakoBa, 9TO £ € H(C). To onpexnenennto ¥ Hgy g st

soboro n € N cymectsyer B > 0 Takoe, 94T0

In|f(w)] < B+ Hg+x(w) —njw|*, weC. 9)
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IMosromy, yanreiBasi (7) u (9), nmeem
sup  In|f(¢")]
C//GB(C/’2‘C|Q*)

<B+  sup  (Hgrr(¢") —n|¢"*) (10)
¢ —=CI<3[¢] >

< B+ Hak(C) + (38Rg1r — n27%) [¢[*.
Awnamornuno B cuny (8) mosyuaem

sup  Info(¢") < A+ H(O) + (3Rx +4% ko) ] (11)
¢"eB(¢",2/¢|**)

Teneps Bce HeOGXOAMMOE /IS TPUMeEHeHMsI JieMMbl 3 roToBo. [Ipumenus ee k R := 2|¢|**,
O (w) := p(¢'+w) u F(w) := f({'+w) u ucnonszosas uepasencrsa (10), (11) u yciosue (S*)
na dynknuo @, s w = ¢ — ¢’ nveem

" '%‘ < B+ Heyk(Q) + (3R —n27%) (™

20~ ¢/ oy AL A= o
= 1C= 1 S

< B+24+ Hg(¢) — (n27* =3R4k — 2kod™ — 6Ri — 3s) [¢|*.

_l’_

(A+ Hg(¢) + (3Rk + 4% ko) |

a*)

2|¢

B cuny npowmsBosibHOCTH N OTCIO/IA CAEAYET, YTO £ € ¥ Hg, v npejjloXKeHne J0Ka3aHo. >

N3 Teopembl 2 n peyioKeHNsT 3 BRITEKAET HETTOCPEeICTBEHHO

Ipennoxenne 4. Iycrs ¥ = (n(d(\)) ™) ", 1 p — anajanrudeckuii byHKipmonasnt, s
Koroporo fi € ¥V Hy nhy = Hy. Ecin [i yioBrerBopsier ycaopuio (S“*), To onepaTop CBEpTKH
px : VH(G+ K) — ¥ H(G) saBiasiercss ClOpbeKTHBHbBIM.

Teneps Jokaxkem, 4ro yciaosue (S) sBiasiercs u HEOOXOAMMBIM Jisi TOrO, YTOOBI JIjIst
JII0001 OTpaHUYEHHOM BBHITYKJIOH ob1acTu G omiepaTop CBEpTKU JIeHCTBOBAJ CIOPbEKTUBHO U3
VH(G+ K) B ¥H(G). Cuexnyiomast JieMMa COIEPKUT SKBUBATEHTHYIO 11€PeDOPMYINPOBKY
ycaoBust (S*) u J0KA3bIBAETCS TEM 7Ke MeTOJIOM, 9To u jemma 3.7 B [5].

Jlemma 4. Ilycts ¥ = (n(d(N)™Y)o%,. Pyuknua g € YV HYY ¢ ungukaropom Hy yo-
BireTBopsier yciaoputo (S®*) Torjga u TOJIBKO TOTJA, KOTJa CyIecTByoT dncaa s,j € N, N > 0
TaKme, 4To JJIs JII0OOH TOYKH @ €IHHHIHOH OKDYKHOCTH

sup In|g(tw)| > tHg(a) — st (Vt > N). (12)

1
lw—al <t~ oFT

Jlemma 5. Ilycrs ¥ = (n(d(X))~)o2,. Ilycrs, nanee, g € ¥V HYY yposaersopser yciio-
Buto (il) TeopeMbr 2 st I060r0 OrpaHHIeHHOro BhIIyKJI0oro Mmuoroyroibauka G C C. Torna
urgnkarop hg sroii pynknmn copnagaer ¢ Hi u g yaosiaerBopsier yciaosuio (S).

< Bamerum, 9To u3 ycuaosus (i) Teopembl 2 st g ciaejyer cyinecrBoBanue yucea m € N,
M > 0 Takmx, 9TO

b |f(2)] < M sup l9(2)| - | f(2)] _ (Vfe¥Hg). (13)

X —a_
eC eHa(2) zeC eHa(2)+Hi (2)—m|z|o+T

Bynem paccyxaaTh oT OpOTHBHOTO U IIPEJIIONOXKHUM, UTO HHIUKATOp hy dymKImMm g ne
copniajiaer ¢ Hy wium coBnagiaer ¢ Hy, HO npm 9roM caMa (QyHKIMsS ¢ HE Y/IOBJIETBOPSET
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yeaosuio (S%*). U3 semmbl 4 coejryer, uro B 06oux ciydasix (pyHKIUsS ¢ He YJOBJIETBOPSIET
torga u ycnosuio (12). TlosTomy cymecTsyioT Toduka a € S 1 mOCI€0BATEILHOCTD (t7)724
ct;j >1(jeN), t; = ocomnpu j — oo Takue, 9T0

sup lg(tjw)| < tjHk(a) — 'Qt?‘* (VjeN). (14)

T a+1l

|w_a|<jtj

42

Bes orpanmuenna oOIHOCTH MOXKHO CUMTATh, UTO 1j = j mpu Bcex j € N.

Kax u spime, R = max.ck |z|. onoxnm z; := tja, rj = jlz;|* = jtj* n samernm, uro

Jutst w 3 Kpyra |w—z;j| < r;j BepHo 3|w| < t; < 2|w|. B 9tux o6osnavennsx (14) paBHOCHIBHO
TOMY, 9TO JJIs BCEX W U3 Kpyra |w — z;j| < 1

In|g(w)] < Hi(z;) — 55"
3aMeTuB, 4TO /IS TEX JKE W
wl < Sl n Hicleg) < Hiclw) + i Rac = Hic(w) + 25 R
3aKJII0YaeM, YTO IPU BCEX j, HAUMHasg ¢ HEKOTOPOTO jo,

7
3

Olx

In|g(w)| < Hx(w) + jt;" Ri — th?‘* < Hig(w) —

jw|*, w—2z| <. (15)
Hawm moTpebyercs Takzke riobasbHast ONEHKA ¢, KOTOPasd CAeAyeT M3 TOr0, 9TO ¢ MPUHA/I-
nexut ¥ HpP. B coorBeTcTBUm € 9THM, IPH HEKOTOPOM p > 0

In|g(w)| < Hx(w) + plw|* +p, w e C. (16)

IIycth Temeps G — MPOU3BOJIBHBIN OTPAHUYEHHBIN BBITYKJIbIi MHOTOYTOJBHUK. 3a(UuKCcH-
pYyEM YHCJIOBYIO TIOCEI0BATETHHOCTD (qj);?’;l c % < gj 17 1. Ilpumenus Te ke coobpazkeHwus,
ITO U B J0Ka3aTenbcTBe |5, temma 3.8], n Bocmosbp30BaBmucs gemmoit 1 u3 [13], moctponm mo-
CJIeZI0BATEILHOCTH TaKuX Iesbix dbynkmuii f; u Todex (G ¢ |(j — 2| < %, 9TO MPU HEKOTOPOH
noctoguuoit A > 0 u Bcex j € N UMe0T MecTo Cjieiyromne OIeHKn:

€ . Qlx
I |£5(6))] > 4Ha() + 161, (17)
. Qlx Ty
In|f;(2)] < ¢jHg(2) + (2Raj + 1)|z|* + A, |z —z]| < EJ, (18)
r
In|f;j(2)] < ¢jHa(2) + |2|* + 4, |z —2z| > - (19)

2
U3 (15) u (18) caemyer, uro ecam |z — zj| < &, 10

-2
In |g(=)f;(2)| < He(2) + Hi(2) = 2] + A.

ITosTomy mipm Bcex j > 24/m

@i 4

 GHG () HHy () —mlzor S
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Hanee, B cuiry (16) u (19) npu |z — zj| > & nveem

Ing(2)f;(2)] < Ha(z) + Hk (2) + (p + 1)[z]* — (1 — ¢;) Rglz] + A.
HecnmoxHable BHIYUCIEHUS TTOKA3BIBAIOT, YTO TOTAA JJs BceX j € N

l9(z)] - If;(2)] A 1% —(1—as A+ —C
sup eHG(Z)+HK(Z‘)]*m|Z|a* Se Sglo) el =i fias <e Uy
2=z >+ 52

a®  (mApt1)ett
a+1)aft Rg, :

V13 mpuBeteHHBIX OTEHOK CJIEIYEeT, UTO TIpU BCEX j > 24/m

rae C := 0

l9(2)] - | f5(2)] At =Ty
e (2)+ e (2)—mlor S © -

Aj = sup
2€C €

(20)

13 (18) u (19) memocpescTBenno BhITeKaeT, uto f; € ¥ Hg, j € N. Kpome Toro, u3 (17)
CJIEJIyeT, 9TO

|Jj(z)| |f](CJ)| €0 ;1F Q% (1 —gs )
.- > > ylte] (1-g;j)Re ]
BJ . ilelcp ela(2) = oHa(¢) ~ es ’ T

1
Bosemem ¢j = 1 — 165—1%(;]']@]7‘?1. Torma

(m)a+l% ]'Oé+1a
B;>e 1t REUGT (21)

BaMeTHM, UTO B CHJIy Hamlero sbibopa tj > jOT2 1jot2 o

2J
caesoBaTensHo, ¢; — 1 mpu j — oo. A Torga m3 (20) u (21) momygaem, 9To % — 00 mpH
J

npu Beex j € N. Ilosromy || >

b

J — 00, uto nporusopednt (13). >

13 mpennoxkenna 4, TeopeMbl 2 U JEMMBI D CJIeAyeT TaKOW KPUTEpPWil CIOPHEKTUBHOCTHU
orepaTopoB cBepTKu st npocTpaHcTs ¥ H ((G) 9KCHOHEHIMAILHO-CTEIIEHHOT0 POCTa MAKCH-
MaJILHOTO THUIIA.

Teopema 3. Ilyctes ¥ = (n(d(\))")0%,, p — amammrudecknii ¢yuknuonar B C ¢ mo-
cuTesIeM B BEIITYKJIOM KoMmImakTHOM MHOXectBe K m i € WV HPP. Cnexyromme aBa ycl10BHsS
SKBUBAJIEHTHBI:

1) omeparop px : ¥V H(G + K) — ¥ H(G) cropbeKTuBeH s 10005 BBIITYKJIOH OrpaHH-
yeHHO#H objactu (G;

2) hy = Hi u [i ynosrersopser yciaosmio (S°).

2.2. Kputepumn CIOPpbEKTUBHOCTH OIIEPATOPOB CBEPTKM B IMPOCTPAHCTBAX HOP-
MaJibHOTO THma. [Ipocrpancrea ¥ H(G) 9KCIOHEHIINAIBHO-CTEIIEHHOIO POCTA HOPMAIHHOIO
THIIA 38/1A10TCs1 BECOBBIMHE HOC/Ie0BaTenbHOCTAMI ¥ = (0,)5% 1 ¢ vp(A) := (1 — 1) (d(N) ™,
n > 2. 37eck n HUKe mo-tipexkHeMy 0 < a < 1 u a, 1= GLH B nmamnOM ciygyae mpoCTpaHCTBO
MYJIBTATLIAKATOPOB U3 ¥ Hg B ¥ Hgy i MMeeT BUJT

£ (Ol

VHE = {f € H(C) : sup o oger

<oo (Ve> 0)}

A ycnoBme peryagpHOCTE pOCTa CHUMBOJIA, O0ECTIEYMBAIOIIEE CIOPBHEKTUBHOCTH OMEPATOPOR
CBEPTKHU B MPOCTPAHCTBAX JAHHOTO THUIA, (DOPMYJIUPYETCsT CIAETYIONINM 00pa30M.
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Bynem rosoputh, uto menas ¢(¢) SKCIOHEHIMATBHOTO THUIIA YIOBIETBOPSIET YCJIOBUIO
(S5™), ecnu mast moGoro € > 0 cymecrsytor N > 0 u § > 0 Takue, 9410 JAjisl KayKI0ii TOUKHI
¢ € Cc |¢|> N naiigerca rouxa ¢’ € C ¢ |¢' — | < §|¢|*, anst koTopoii

I [o(¢)] = he(C) —l¢|™.

IIpuBenem popMyIMPOBKY aHAJIOTOB OCHOBHBIX PE3YJIBTATOB ITPEIBIIYIIErO MYHKTA JIJIs
[POCTPAHCTB IKCIOHEHIMATBHO-CTETIEHHOT0 POCTa HOPMAJIBLHOTO THIIA.

Ipensoxenne 5. Iycrs ¥ = ((1— %)(d()\))_o‘)n:2 H i — aHAJIUTHIECKHIT (PYHKIIH-
onau, J1s xKoroporo i € VHP n hy = Hg. Ecmm [i yrosmersopsier yciaosmio (Sg*), 1o
oneparop cBeptkn pux : ¥V H(G + K) — ¥ H(QG) sAB1sieTcs cropbeKTHBHBIM.

(e o]

Teopema 4. Iycrs ¥ = ((1 — %)(d()\))_o‘):}:y p — ananrudeckuii ¢pynkrnuonan B C
¢ HOCHTeJIeM B BBILYKJIOM KOMITAKTHOM MHOkectBe K u i € YV HF . Cienyrorye aBa yc10Bus
SKBHUBaJICHTHBI!

1) omeparop px : ¥V H(G + K) — ¥ H(G) cropbeKkTuBeH s 10005 BBIITYKJIOH OrpaHH-
yeHHO#H obsactu (3;

2) h, = Hg u [i yrosierBopser ycioBmio (Sg*).
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ON THE SURJECTIVITY OF THE CONVOLUTION OPERATOR IN SPACES
OF HOLOMORPHIC FUNCTIONS OF A PRESCRIBED GROWTH

Abanin A. V.12, Andreeva T. M.2

! Southern Federal University;
2 Southern Mathematical Institute — the Affiliate of VSC RAS

Abstract. We consider the weighted (DFS)-spaces of holomorphic functions in a bounded convex domain
G of the complex plane C having a prescribed growth given by some sequence of weights satisfying several
general and natural conditions. Under these conditions the problem of the continuity and surjectivity
of a convolution operator from H (G + K) into (onto) H(G) is studied. Here K is a fixed compact subset
in C. We answer the problem in terms of the Laplace transformation of the linear functional that determines
the convolution operator (it is called the symbol of the convolution operator). In spaces of a general type we
obtain a functional criterion for a convolution operator to be surjective from H(G+ K) onto H(G). In the
particular case of spaces of exponential-power growth of the maximal and normal types we establish
some sufficient conditions on the symbol’s behaviour for the corresponding convolution operator to be
surjective. These conditions are stated in terms of some lower estimates of the symbol. In addition, we
show that these conditions are necessary for the convolution operator to be surjective for all bounded
convex domains G in C. In fact, we obtain a criterion for a surjective convolution operator in spaces
of holomorphic functions of exponential-power growth on the class of all bounded convex domains in C.
Similar previous results were available for only the particular space of holomorphic functions having the
polynomial growth in bounded convex domains.

Keywords: weighted spaces, holomorphic functions, convolution operator, surjectivity, spaces of expo-
nential-power growth.
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MAKCUMAJIBHBIE KOMMYTATHUBHBIE MHBOJIKOTUBHBIE AJITEBPHI
B I'MJIBBEPTOBOM ITPOCTPAHCTBE

®. H. Ap3ukyJios

THocsawaemcesa 65-aemnemy 106uaer0
npopeccopa Anamonus Leopeuesuua Kycpaesa

AnHOTanus. Pabora nmocesnena MHBOJIOTUBHBIM ajredpaM OrpaHUYEeHHBIX JTUHEHHBIX OIIepaTOpPOB B Oec-
KOHEYIHOMEDPHOM TMJIL0ePTOBOM IPOCTPAaHCTBe. V3ydaeTcst mpobeMa OMMcaHus BCeX MOAIPOCTPAHCTB BEK-
TOPHOI'O0 TPOCTPAHCTBA BCEX GECKOHEYHOMEDPHBIX 7. X N-MATPHIl HAJ [0J€M KOMILIEKCHBIX YUCes, JJIsd
0GECKOHEYHOI0 KapAMHAJILHOTO YUC/A 1, ABJIAIOIUXCI WHBOIIOTUBHBbIMU ajreOpamvu. CymiecTByer MHOTO
PA3JIMIHBIX KJIACCOB OMEPATOPHBIX aaredp B IUIb0€PTOBOM IIPOCTPAHCTBE, BKJIIOYAs KJIACCHl ACCOIMATHB-
HBIX aarebp HEOrPAHWYEHHBIX OIEPATOPOB B IMILOEPTOBOM IIPOCTPAHCTBE. BOIBIITMHCTBO MHBOTIOTUBHBIX
anrebp HEOrPAHWYEHHBIX OIEPATOPOB, HAIPUMED, f-aarebpsl, EC*-anre6psr 1 EW*-asre6psl, mEBOMIOTHE-
HbIe aTe6phl M3MEPUMBIX OTIEPATOPOB, TIPUCOCIUHEHHABIX K KOHEYHON (MM TIOTyKOHETHOH) aaredpe ¢GhoH
Heiimana, Mbl MOXKeM IIPEACTaBATH KaK aJredpbl 66CKOHEYHOMEPHBIX MaTpuil. EC/IM MBI CMOXKEM OIUCATH
BCE MAKCUMAJIbHbIE MHBOJIIOTUBHBIE aJre0pbl 0ECKOHEYHOMEPHBIX MATPHUI], TO Pl IPO6JIEM ONePaATOPHBIX
anrebp, BKIIOYAsT WHBOJIIOTHUBHBIE aare0phl HEOTPAHWYEHHBIX OMEPATOPOB MOXKHO CBECTH K IIpOobseMaM
MaKCAMAJIbHBIX WHBOJIOTUBHBIX aaredp OECKOHeYHOMEPHBIX MaTpuil. B maHHOM paboTe 1aeTcs OmucaHue
BCEX MaKCHMAJIbHBIX KOMMYTATHUBHBIX WHBOJIIOTUBHBIX MOAAITe0p aare0pbl OrpaHUYEHHBIX OIEPATOPOB
B rmyib0EPTOBOM IIPOCTPAHCTBE KaK aaredpa OECKOHEUHBIX MATPHIIL.

KuroueBbie cjioBa: WHBOJIIOTHBHas ajarebpa, ajarebpa ornepaTropoB, THIHOEPTOBO TPOCTPAHCTBO, OECKO-
HEYHOMepHas MaTpuila, aareopa ¢pon Heiimana.

PaGora mocBsileHa WHBOJIOTUBHBIM ajredpaM OTPAHUYEHHBIX JIMHEHHBIX ONepaTopoB
B GeCKOHEYHOMEPHOM TuiabbepToBoM npocrpancTse. B [1] Bnepsbie GbL10 HalijeHO JoCTATOY-
HOE YCJIOBHE TIOCTPOEHWUSI WHBOIOTUBHON airebpbl BeeX GECKOHEYHOMEPHBIX OrpAaHUYeHHBIX
n X N-MATPUI HAJ[ T0JIEM KOMILIEKCHBIX YHCeNI. DTy aniredbpy MOXKHO OTOXKJIECTBUTH C ajred-
poit B(l2(E)) Bcex orpaHMYeHHBIX JMHEHHBIX OlEepaTOPOB B GECKOHEYHOMEPHOM THJILOEPTO-
BOM mpocTpancTie lo(Z), rae |E| = n s HeKOTOPOro GECKOHEYHOTO KapIMHAIBLHOTO UHC-
na n. B ocHoBe janHO# craThy jieKUT niest beckonednoro pasioxenust B(la(Z)) no ogHomep-
HBIM KOMIIOHEHTaM, Tipejjioxkentas B [1] u [2]. Biarogaps sromy Begkuit nHeiiHbI onepaTop
B I'mI0EPTOBOM IIPOCTPAHCTBE MIPEJCTABIISIETCsT B BH/Ie OeCKOHeuHOl Marpuisl. B paborax [1]
u [2| mosryueHbl pe3yIbTaThl, KACAIOIINECs] HOPMBI W TI0JIOKUTETLHOCTH OTPAHUIEHHOTO JIH-
HeiliHoro omneparopa. Ha si3plke MaTpuIl 9TH Pe3y/abTaThl MOXKHO CHOPMYIUPOBATH CJIEIYIO-
muM obpazoMm: 1) HOpMa GECKOHEUHON MAaTpPHUIBl PaBHA TOYHON BEpPXHENl TPAaHW HOPM BCEX
KOHEYHOMEDHBIX TMOJMATPUIL HA €€ OCHOBHON Juoranasu; 2) OrpaHudeHHas GeCKOHEUHOMep-
Hasl MaTPUIA TOJOKUTETbHA TOTJIA U TOJBKO TOIVIA KOTJa BCe KOHEYHOMEDHBIE TIOJIMATPHUITBI
Ha ee OCHOBHOI JTMOTAHAJHU TOJIOKHUTENbHB. [IpOIoKast pacCykJIeHnsI B 9TOM HAIPABJICHUN

© 2018 Apsukysos @. H.
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MOKHO PaCCMaTPUBATH BEKTOPHOE MPOCTPAHCTBO BCEX OECKOHETHOMEPHBIX 1 X N-MATPWI] HA
MOJTEM KOMILTIEKCHBIX UUCET W U3YYaTh MpoOIeMy OMUCAHNS BCEX TOAMPOCTPAHCTE 3TOTO BEK-
TOPHOTO TPOCTPAHCTRA, SBJISIONINXCA WHBOJIOTUBHBIMY aareOpaMu.

CyImecTByeT MHOTO Pa3IMYHBIX KJIACCOB OMEPATOPHBIX aaredp B THILOEPTOBOM MPOCTpPAH-
CTBE, BKJIIOYast KJIACCHI aCCONMATUBHBIX aJTe0p HEOTPAHNYEHHBIX OMEPATOPOB B THILOEPTOBOM
MPOCTPAHCTBE. BOMBIMMHCTBO WHBOJIOTHBHBIX aaredp HEOTPAHUYEHHBIX ONMEPATOPOB, HAIPH-
Mep f-anre6ps, ECH-anre6per u EW -anre6ps! [4], nHBOIIOTUBHEIE aareGphl H3MEPHMBIX OIle-
PaTOPOB, NPUCOEIMHEHHBIX K KOHEYHOM (mau nosykonedHoit) anrebpe don Heiimana [5], Mbl
MOKEM TIPEJICTABUTEH KaK aJreOpbl OECKOHEUHOMEDPHBIX MATPHIl. ECTM MBI CMOYKEM ONUCATH
BCE MAKCUMaJIbHBIE WHBOJIOTUEHBIE AJreOphl OECKOHEYHOMEPHBIX MaTPUIl, TO Pl TPobiem
OTIEPATOPHBIX AJNTEOP, BKIIOUAST HHBOJTIOTHBHBIE aIreOphl HEOTPAHUIEHHBIX OMEPATOPOB MOXK-
HO CBECTH K TPobJjieMaM MaKCHMAaJIbHBIX WHBOJIOTUBHBIX anre0p 6ECKOHETHOMEPHBIX MATPWIIL.
B wactrOCTH, psif TpobyieM KOMMYTATUBHBIX OMEPATOPHBIX aareOp, BKII0Uast KOMMYTATHBHBIE
WHBOJIIOTUBHBIE aare0phl HEOTPAHUYEHHBIX OMEPATOPOB MOXKHO CBECTHM K MPOo0JIeMaM MaKCH-
MAJIBHBIX KOMMYTATHBHBIX WHBOJIIOTHBHBIX airebp GeCKOHEUHOMEpPHBIX MaTpwuil. B mannoi
pabore obcyx)gaercs: mpobieMa OMUCaHus BCEX MAKCUMAJIBHBIX KOMMYTATHBHBIX WHBOJIIOTHB-
HBIX ajaredp 0ECKOHETHOMEDPHBIX MATPWHIIL.

Beroay B mannoii pabore n — TpOM3BOIBHOE HECKOHEUHOE KAPIUHAILHOE YUCI0, = — MHO-
JKeCTBO MHZEKCOB Moraoctn n. Janee, mycrs {e; j} — ceMeiicTBO MaTPUIHBIX €JIMHUI] TAKOE,
9TO €;j — M X N-MepHAas MATPHIA, €;j = (ao‘ﬁ)aﬂeg, (i,)-ast KOMIOHEHTa KOTOPOii paBHa 1,
a OCTAJIbHBIE KOMITOHEHTHI PABHBI HYJIIO.

IIycts {m¢} — cemeiicTBO n X N-MEPHBIX MATPHUIL U Mg = (m?ﬁ)aﬁeg JUIST KasKJI0TO MH-
nexca &. Torma gepes Zg Mg 0003HAYMM MaTPUILy, KOMIOHEHTHI KOTOPOi ABIAIOTCA CyMMOil
COOTBETCTBYIOIUX KOMIIOHEHT MATPHI[ U3 ceMeifcTBa {mg}, T. e.

> ome= Y mg”
3 3

B

a,BEE

3J1ech M0JpasyMeBaeTcs, B CymMMe ) . m? YHCJI0 HEHYJIEBBIX YIEHOB HE (0JIee, UeM CUETHO.
O6o3uaunm uepes M, (C) MHOZKECTBO 7 X N-MEpPHBIX MATpHI] (A%7); jez Takoe, 4TO JIA
KaXKJI0f mapbl WHJIEKCOB 4, j w3 =, A"/ € C, u cyImecTByer Takoe HEeOTPHUIATEHHOE UUCIIO

K € R, uro qua seex n € N u {e;, 4}y -y € {€i;} nmeer mecto
n
§ ik,
)\Imleik,il gK?
k=1
n iksllp, . i n iyilp. i O
rae || 3ok =1 A€, i, || aBseTca nopmoit Matpuusl Yy, _q Ae;, i B Koneunomepuoit C
o . n
asreOpe, OPOK/EHHOM cuctemoit MaTputy {€;, ;, . ;- JIerko BujieTs, 4T0 OTHOCHTENILHO CJI0-
JKEHUST MATPUI[ ¥ YMHOMKEHNS MaTPHIBl Ha dncjao MHOKecTBO M, (C) aBisercs BEKTOPHBIM
POCTPAHCTBOM HaJ| TosieM KomiuiekcHbix ancest C.
B BeKTOpHOM TPOCTpAHCTBE

My = {(x‘u’)i,jeE LN € C (Wi, € 5)}

BCEX N X N-MEPHBIX MATPHUI[ HAJI TT0JIeM KOMILIEKCHBIX unces C BBeeM acCONMAaTUBHOE YMHO-
JKeHMe CJIEJYIONM 00pa3oM: It MPOM3BOIBHBIX 31eMeHTOB T = (A7) jez, y = (1"); je=
u3 My, ONpejseuM MPOU3BeJIeHNne T U i KaK

Ty = Z )\i,EM&J’

¢ex i,jEE
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O49eBnIHO, YTO OTHOCUTEIHLHO STOM ONepanuy BeKTOPHOE MPOCTPAHCTRO ., HE ABISAETCT ajl-
re6poii. B 1o ke Bpems, ero noampocrpanctBo M, (C) cranoBuTest accoruaTuBHO aarebpoii u
M, (C) = B(l2(E)), tae l2(E) — xoMILIeKCHOE MIIbGEPTOBO IPOCTPAHCTBO KBAIPATUIHO CyM-
MUDYEMBIX CeMeNcTB {z;}icz, B(l2(Z)) — anrebpa Bcex OrpaHUYeHHBIX JTUHEHHBIX OMEPATOPOB
B rusib6eproBom npocrpancTie lo(Z2). Tlosromy M, (C) sasiercs anrebpoit ¢pon Heiimana seex
(6eckoHETHOMEDHBIX) N X n-MepHbIX MaTpul] Ha C [2].

Hamomunm, 9To rusibbepToBo mpocTpancTBO H — 3T0 6ECKOHEYHOMEPHOE €BKJIMI0BO TPO-
CTPaHCTBO, ABJIAIOIIECECA TTOJITHBIM METPUYECKUM IIPOCTPAHCTBOM OTHOCUTEJIBHO METPUKU I10-
POXKJIEHHO# CKAIFPHBIM MTPOM3BEICHNEM JTaHHOTO €BKJIMI0BA TpocTpancTsa |3, §1.5].

Iycrs o (M) — MHOKECTBO BCEX BEKTOPHBIX MOJIIPOCTPAHCTB BEKTOPHOTO MPOCTPAH-
ctBa My, ABISIONAXCI KOMMYTATUBHBIMU WHBOJIOTHUBHBIMEU ajrebpaMu u < — MOPSAJIOK
B o (My,), onpeseseHHbI CaeayommuM 00pa3oM: Jisi TPOU3BOJILHBIX KOMMYTATHBHBIX WH-
BOJIIOTUBHBIX anredp X, Y uz & (A, numem X <Y, eciim X gBIseTCs TOAMHOKECTBOM Y,
1. e. X C Y. Dror nopsiniok 8 & (My,) ynosnersopsier ycaosusim jemmvbl Llopra. ITostomy, st
KaxkJI0r0 syementa A € of (,,) cymecTByeT MaKCHMAJIbHBIH OTHOCHTEIBLHO STOTO TOPS/IKA
ssiement &/ € of (M) rakoii, uro A < .

ONPEAEJEHUE. MakcuMa/abHBIil OTHOCHTENLHO NOPsjKa < 3JeMeHT &/ MHOXKeCcTBa
o (My,) Bynem HA3BIBATD MAKCUMAALHOT KOMMYMAMUEHOT UHB0A0MUEHOT a.A2e6p0Ti 6 2unb-
bepmosom npocmparcmee la(Z).

IIycts {e;}icz — MakcuMasbHOE OPTOTOHAIBHOE CEMEHCTBO MUHMMAJBHBIX MPOEKTOPOB
anre6bpsl B(l2(2)) u {ej;}ijez — cucTeMa MAaTPUYHBIX €MHUIL IOCTPOEHHAS IO CeMEeHCTBY
{€; }iez. Janee, nycrb a — npon3BoJIbHbI 3eMeHT u3 #,. Mbl Oyuem nmcarhb

a = E )\l’Jei,j,

1,]€EE

ecin e;;ae; j = \"Je; j 118 KaxKJ0# napbl ¢, J Pa3JInIHbIX MHJEKCOB U3 Z.

Teopema 1. MHoxkecTBO BCEX OrpaHWYEHHBIX JIEMEHTOB MAKCHMAaJIbHOH KOMMYTATHB-
HOIl MHBOJIIOTHBHOF aJre€Opbl B THILOEPTOBOM MpOCTpaHcTBe lo(Z) siBasiercss aarebpoii ¢hon
Hetiimana.

< Ilycts of — mMakcuManabHass KOMMYTATHBHAS WHBOJIOTHBHAsST ajredpa B IMIL0EPTOBOM
npocrpancrse lo(Z) n &% — noganrebpa BCcex OrpaHUYeHHBIX 371eMeHToB anredpst o7 . Torya cy-
eCTBYeT MaKCUMAaJIbHasd KOMMYTAaTHBHAS WHBOJIOTUBHAS Tomaarebpa 7, anredpol B(ls(Z)),
cojieprkaiasi anrebpy o,. Bepem nponsBosibHYIO ceThb (a) 2J1eMeHTOB &, yIbTpacaabo cxo-
nanryiocs K snementy a w3 B(l2(Z2)). Torga sjneMenT a JeXUT B .

ITpemonokmum, 9T0 &7, COAEPKAT MAKCUMATLHOE OPTOTOHATILHOE ceMeiicTBO {€;; }icz Mu-
HUMAJIbHBIX TPOEKTOpoB anrebpel B(le(Z)). Torma cmekTpaibHOe pas3IoKeHWe 3JIEeMEHTA a

a=> Nle

€S

uMeeT CiAeAyomuil BU;

T. €. @ gBJIFeTCA yabTpacaabeiM npejgeaoM cetu {A'e;;}icz. Ilycrs mna kaxkmoro o
Z iy
Ao = )\0’{ €i -
€2

Tak Kak cetb (aq) ynabprpacaabo cxogurces K saementy a B B(la(E)), To s Kakmoro i ceTh
ivi i y
{A\a }iez cxomures k AY'. Bepem npowmsposibHbli ssiement b uz of. Umeem anb = bay s
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Kaxkgoro «. Hokaxkem, aro ab = ba. Ilycts

b= Z )\i’jei7j,

7, ES
rae {e;;}ijez — cUCTeMa MATPHYHBIX €JIMHHUI] IIOCTPOEHHAS 110 ceMeicTBY {e; }iez. meem
aab = E )\Zlem‘ E )\Z’Jei,j = E )\QZAZ’JGZ‘J
€2 i,j€E i,jeE

_ PN
baa = E A ’])\ja’](ii,j.
1,JEZ

CnenoBaTebHO, [ KaXK/I0i APl 4, j WHIEKCOB U3 = MMeeM
binGT — \GI\IT
AG A = NN

Tax Kak KOMIIJTIEKCHOE YHCTIO \;; ABJISETCH IIPeesoM CeTH (A\&")as TO OTCIOMA TIOJTyHYAEM, UTO
JUI KQXK 0 mMaphl ¢, j WHIAEKCOB U3 = WMEeM

ABINGT — \GI NI

CnenosarebHO,

ab = E )\”6“‘ E )\mem = E )\Z’z)\l’JeiJ = E )\Z"])\J’JGZ’J’ = ba.

€= ije= i,jE€E ije=

[TosTomy 3/IeMeHT @ JIEXKUT B &/, & BHAYUT @ JIEKUT U B 2. CleI0BaTeNbHO, &, ABIACTCA
yabTpacaabo 3aMKHYTOM, T. €. aBjserca aaredpoit dou Heiimana.

Teneps paccmorpum obmwmii crydaii. CieKTpasbHOE pa3IoKeHne 9JIEMEHTa ¢ UMEET CJIE Y-
oI BUJI: CyIECTBYeT eJMHCTBEHHOEe OrPaHUYeHHOe PasJ/loXKeHWe eJMHUILI A — e (A e R)
BO MHOYKECTBE BCEX MPOEKTOPOB AIreOphl &7, TaKOe, UTO

llall
a= / Ades.

—llall

ITpu s1om muist suemventa x € B(la(Z)) Gyzer a <> £ B TOM M TOJBKO B TOM CJlydae, eCJiu
x < e nna Beex A € R. Ilyers qy1a kaxkaoro o

llaol
Ao = Adef.

—llaall

Bepem oproronanbhoe cemeiictBo {eg g} TPOEKTOPOB M3 &, Takoe, YTO BCAKUIA ITPOEKTOP
&2 a (0%

u3 cemeiicTBa {e$} U (Ua{eS}) mpencrapisiercs KaK TOYHAs BEPXHssS IPAHb HEKOTOPOTO MOJI-

cemeiicTBa cemeiictBa {eg g}. Janee paccykgaem Takke Kak u pamee. >

ITycts {e;}icz — MakcmMasbHOE OPTOTOHATBHOE CEMEHCTBO MUHUMAJBLHBIX ITPOEKTOPOB

anre6per B(lz(Z)). Yepes 352z €;C 0603HAMMM MHOXKECTEO BCEX 3/1EMEHTOB @ u3 .4, TaKuX,

470 e;ae; = 0 A5 KayK A0 Taph 4, ] PA3IAIHBIX HHAEKCOB 13 =. Tor1a MHOKECTRO > & =e;C
1UCy ) €= 1
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SIBJISIETCS WHBOJIIOTUBHON aredpoil OTHOCHTE/ILHO BBEIEHHON BBIIIE ONEPANNN yMHOXKEHUS
U UMeeT MECTO CJIeAYIONasd TeOpeMa.

Teopema 2. Anrebpa Zia e;C sBIsIETCS MaKCUMAIBHOI KOMMYTATHBHON HHBOJIIOTHBHOT

asrebpoii B rusbbeproBoM npocrpancTse ly(E).

< ITycTh b — mMpOMBBOBHBIN 97IEMEHT U3 Ay, TaKOoi, 9T0 ab = ba 1Js KaXKI0TO 3JIeMEHTa,
w3 >0 - e;C. Torga
e;b = be; (V’L S E)

—_

Otciona e;jbe; = beje; = 0 aa Kaxkjaolt mapel ¢, j pa3jIM4HBIX uHJeKcoB u3 E. IlosTomy
3JIEMEHT b JIeXKUT B Z?éz e;C. Beuny npoussoJibHOCTH 3j1eMenTa b asrebpa Z%E e;C asnaer-
cd MAKCUMAaJIbHON KOMMYTATUBHON MHBOJIIOTUBHON ajiredpoit B ruib0EepTOBOM TPOCTPAHCTBE
lg(E). >

Ilycte &/, — wMakcuMajbHas KOMMYTATHBHAs WHBOJIIOTHUBHAsS moJajaredpa aareOpsbl
B(l5(2)), &, — MHOXKECTBO BCEX NPOEKTOPOB U3 anredpbl 47,. Uepes P, (C) oboznaunm
MHOYKECTBO BCEX 3JIEMEHTOB G U3 .y TaKux, 4To eaf = 0 I/ KaxKI0ii mapwl €, f OpTOroHa Ib-
HBIX POEKTOPOB u3 Py . Torma mMuokecTBo Py (C) siBasieTcsi BEKTOPHBIM IPOCTPAHCTBOM
1 UMeeT MECTO CJIeIYIOIIas TeopeMa.

Teopema 3. &, (C) apiasgerca MakcuMaIbHO KOMMYTATHBHOH HHBOJIOTHBHOH aJIre0poii
B rusbbeproBom npocrpascTse lo(Z).

< Cnepsa jokaxkeM, aro P, (C) asngerca amrebpoii. [lycts a, b — mponsBosbHbIe 31e-
menThl U3 Py (C) u e, f — nponsBosibHas napa OPTOrOHAIBHBIX POEKTOPOB u3 Hy . Toraa
110 OTIPEJIeJIEHUI0

eaf = fae =0, ebf = fba=0.

A rakxke 1 —e— f € &P, u no onpegenennio ea(l —e — f) = 0. Orciona
eabf =eale+ f+ (1 —e— f))bf = eaebf +eafbf +ea(l —e — f)bf = eald + 0bf 4+ 0bf = 0.

CrenoBarenbro, mpoussegenne ab jexut B . (C). MoxKHO TpOBEpUTH HEOCPECTBEHHO,
9TO OCTAJIbHBIE AKCHOMBI MHBOJIIOTUBHON aareOpbl TaKyKe MMEIOT MeCTO jiist Py ((C)

Temeps JoKazkeM, 9TO MHBOTIOTHBHAs anrebpa ., (C) mMakcmMaabHa B THILOEPTOBOM
npocrpancrse lo(E). Ilycrs b — npoussosibHBIil d71eMeHT u3 4, Takoii, uro ab = ba js
KazKI0r0 ssteMenTa a n3 Py (C). Torma

eb=be (Vee Py (C)).

Orcrona ebf = bef = 0 jis kax/10it napsel e, f Pa3jInIHBIX TPOEKTOPOB U3 Ky . Ilosromy
snemMeHT b exut B Z, . Beuay npoussospHOCTH 371eMenTa b anrebpa &, ABISETCS MaKCH-
MaJIbHOJ KOMMYTaTHBHON MHBOJIIOTUBHOI aarebpoit B rusibbeproBom npocrpancTse lo(Z). >

Teopema 4. Ilycrs {e;}icz — MakCHMAJIBHOE OPTOrOHAJIBHOE CEMEHCTBO MHHHMAJIBHBIX
npoexTopoB anreopsr B(l2(E)) n o/ — MakcmMasbHAs KOMMYTATHBHAs HHBOJIIOTHBHAS aJl-
re6pa B ruanbeproBoM mpoctpancTe lo(Z), conepskamias seMenT a Takoi, 4To e;ae; = A,
ejae; = M, XN £ N u ejae; = 0 M1 KaxxXJ0i 1apkel ¢, j pasamdHbIX HHAEeKCOB n3 Z. Toraa
o =3P _eC.

<1 Bepem mponssobHbIH 3stemenT b u3 o7 . Umeem ab = ba. Ilycrs

b= Z )\i’jeid,

i,jEE
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rae {e;j}ijez — cucTeMa MATPUYHBIX €IMHWI] TIOCTPOeHHast 110 cemeiicTBy {e;}ic=. Torma
a=> Nley,
1€E

49TO O3HAYACT e;ae; = 0 - e; ; /A KasK10ii mapsl ¢, j Pa3JINIHbIX WHIEKCOB u3 =. meem

ab = (ZAe) < > Aivjei,j) =) NiNe

1€EE 1,]€E 1,j€E

ba= > NINe, ;.

1,JEZ

CrenoBareibHO, i1 KAXKI0W Maphl 4, j WHIEKCOB U3 = MMeeM
ABINGT — \GI NI

Tax kak A" #£ A7 1o A" = 0 jyis KaxK10il apsl 4, j pasandHbix nHjaekcoB n3 =. CremnoBa-
TeJIbHO, e;be; = 0 1719 KaxK 10l maphl ¢, j pa3/JIHIHbIX MHIEKCOB U3 =, T. e. b € Z?;E e;C. Yro
u TpeboBaIOCh J0Ka3aTh. [>

3AMEYAHUE 1. B cuny Teopem 1, 2 u 3 MHOYXKECTBO MAKCUMAJIBHBIX KOMMYTATUBHBIX HHBO-
JEOTUBHBIX nojaaredp aarebpsl B(l3(Z)) nHbEKTUBHO BKJIAIBIBAETCH BO MHOXKeCTBO & (My,).
Heiicteurensno, mycts A4 (B(l2(Z))) — MHOXKeCTBO BCeX MAKCHMATBHBIX KOMMYTATHBHBIX HH-
BOJTIOTHBHBIX T101a/1re6p anrebpsr B(ly(Z2)). Pacemorpum orobpaxkenue ¢ : A (B(12(E))) —
of (My,), onipeJiesIeHHOE KaK

) Ap) = o, Ao € MB(22))), o (M),

ecmn <7, C /. B cuny Teopewm 2, 3 1151 Kaxk10it anre6pet <7, € # (B(l3(E))) cymecTByer eauH-
crBenHas anrebpa o € of (M) conepxamast o7,. [loaromy oTobpazkenne ¢ siBIseTCs WHbEK-
TUBHBIM, U BOOOIIE MBI IPEJIIO/IATAEM, UTO ¢ ABJIAETCS OMEKTUBHLIM OTOOpasKeHUeM, T. €. s
KaK 100t anrebpol &f € of (M) cymecrByer equnHcTBeHHast anrebpa 7, € # (B(l2(E))), co-
nepzkamasgca B 7. Boopoc o ToM, BEPHO 3TO WM HET, OCTAETCS OTKPLITHIM.
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MAXIMAL COMMUTATIVE INVOLUTIVE ALGEBRAS ON A HILBERT SPACE

Arzikulov F. N.!
! Andizhan State University

Abstract. This paper is devoted to involutive algebras of bounded linear operators on an infinite-
dimensional Hilbert space. We study the problem of description of all subspaces of the vector space of all
infinite-dimensional n X n-matrices over the field of complex numbers for an infinite cardinal number n
that are involutive algebras. There are many different classes of operator algebras on a Hilbert space,
including classes of associative algebras of unbounded operators on a Hilbert space. Most involutive
algebras of unbounded operators, for example, f-algebras, FC*-algebras and EWP*-algebras, involutive
algebras of measurable operators affiliated with a finite (or semifinite) von Neumann algebra, we can
represent as algebras of infinite-dimensional matrices. If we can describe all maximal involutive algebras
of infinite-dimensional matrices, then a number of problems of operator algebras, including involutive
algebras of unbounded operators, can be reduced to problems of maximal involutive algebras of infinite-
dimensional matrices. In this work we give a description of maximal commutative involutive subalgebras
of the algebra of bounded linear operators in a Hilbert space as the algebras of infinite matrices.

Key words: involutive algebra, algebra of operators, Hilbert space, infinite matrix, von Neumann algebra.
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DERIVATIONS ON BANACH *IDEALS IN VON NEUMANN ALGEBRAS

A. F. Ber!, V. I. Chilin?, F. A. Sukochev?

! Institute of Mathematics of Republica of Uzbekistan; 2 National University of Uzbekistan;
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Abstract. It is known that any derivation § : .# — .# on the von Neumann algebra .# is an inner,
i.e. 6(z) := da(x) = [a,2] = ax — xza, x € A, for some a € #. If H is a separable infinite-dimensional
complex Hilbert space and ¢ (H) is a C*-subalgebra of compact operators in C*-algebra Z(H) of all
bounded linear operators acting in H, then any derivation 6 : ¢ (H) — J# (H) is a spatial derivation,
i.e. there exists an operator a € Z#(H) such that §(z) = [z,a] for all 2 € K(H). In addition, it has
recently been established by Ber A. F., Chilin V. 1., Levitina G. B. and Sukochev F. A. (JMAA, 2013)
that any derivation § : & — & on Banach symmetric ideal of compact operators & C J# (H) is a spatial
derivation. We show that the same result is also true for an arbitrary Banach *-ideal in every von Neumann
algebra .#. More precisely: If .Z is an arbitrary von Neumann algebra, & be a Banach *-ideal in .# and
0: & — & is a derivation on &, then there exists an element a € .# such that §(z) = [z,a] for all z € &,
i.e. 0 is a spatial derivation.

Key words: von Neumann algebra, Banach *-ideal, derivation, spatial derivation.
Mathematical Subject Classification (2010): 46L57, 46L51, 46L52.

1. Introduction

It is well known [1, Lemma 4.1.3] that every derivation on a C*-algebra A is norm
continuous. In fact, this also easily follows from another well known fact [1, Corollary 4.1.7]
that every derivation on A realized as a #-subalgebra in the algebra Z(H) of all bounded
linear operators on a Hilbert space H is given by a reduction of an inner derivation on a von
Neumann algebra .# = A"’ (the closure of A in the weak operator topology on Z(H)). In the
special setting when A = J# (H) (the ideal of all compact operators on H) and .# = %(H),
the latter result states that for every derivation § on A there exists an operator a € #(H ) such
that 0(z) = [a,z] for every x € J#(H). The ideal J# (H) is a classical example of a Banach
operator ideal in A(H) (see |2, 3, 4, 5]). Any such ideal & # # (H) is a Banach *-algebra
(albeit not a C*-algebra) and a natural question immediately suggested by this discussion is
as follows.

Question 1. Let (&,] - ||s#) C # (H) be a Banach ideal of compact operators on H and
let §: & — & be a derivation on &. Is § continuous with respect to a norm || - || on &7 If
this fact is true, then does there exist an operator a € %(H) such that 6(x) = [a, z] for every
re&7

The positive answer to Question 1 was obtained in the paper [6] (see also [7]).

© 2018 Ber A. F., Chilin V. I., Sukochev F. A.
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Let now .# be an arbitrary von Neumann algebra. An *-ideal & of .# is called a Banach
x-ideal, if & is equipped with a Banach norm || - || ¢, such that

lazblle < llall.z - =lls - 0]~

forall x € & and a,b € .
It is natural to pose the following variant of question 1.

Question 2. Let .# be an arbitrary von Neumann algebra and let (&,||-||¢) be a Banach
x-ideal of # . Let §: & — & be a derivation on &. Is § continuous with respect to a norm ||| &
on &7 If this fact is true, then does there exist an operator a € .4 such that §(z) = [a, x] for
every x € &7

The following theorem, the main result of this paper, gives a positive answer to Question 2.

Theorem 1. Let (&, | -|ls) be a Banach x-ideal of the von Neumann algebra .2/ and let
§: & — & be a derivation on &. Then there exists an element a € & such that §(z) = [a, 2]
for all x € &. Moreover, we can choose such an element a as follows: ||a||.z < ||0|le—e-

2. Preliminaries

For details on the von Neumann algebra theory, the reader is referred to e.g. [1, 8, 9].

Let H be a Hilbert space over the field C of complex numbers, let Z(H) be the x-algebra
of all bounded linear operators on H, let .# be a von Neumann subalgebra in Z(H) and let
P(M) = {p e .M : p*=p=rp*} be the lattice of all projections in .#. The center of a von
Neumann algebra .# will be denoted by Z(.#).

Let A be an arbitrary subalgebra in .#. A linear mapping §: A — .# is called derivation
on A with values in .# if the equality d(zy) = 0(z)y + x0(y) holds for all z,y € A. It is not
difficult to verify that for every a € A the mapping 0,(x) = [a,z] = ax — xza, x € A, defines
a derivation on A, in addition d,(A) C A. Such derivations ¢, are called inner derivations
on A.

If A is a x-subalgebra in .# then a derivation §: A — .# is said to be a x-derivation if
0(z*) = §(z)* for all z € A. For every derivation 6: A — .# of a *-algebra A into .# we
define mappings

0(x) 4+ 6(x*)*

5 , Om(x):=——""2  x€A

6Re(x) =

It is easy to see that dre and Oy, are s-derivations on A, moreover é = dre + 01m-

Let & be a two-sided ideal in .#. Then & is an x*-ideal in .# and the conditions x € .#,
y € &, |z| < |y| imply that z € &.

We need the following property of two-sided ideals in von Neumann algebras.

Proposition 1 [10, Proposition 2.4.22]. If & is wo-closed two-sided ideal in a von Neumann
algebra ./ then there exists a central projection z € % (.#)) such that & = z - M .

A non-zero two-sided ideal & of .4, equipped with a Banach norm ||-||¢, is called a Banach
x-1deal, if
llazblls < llall.z - [10ll.z - llzls
whenever x € & and a,b € A .

It should be observed that any a Banach *-ideal (&, ||-||¢) is *-closed and that x € .4, y €
& and |z| < |y| imply that z € & and ||z]|¢ < ||y &-
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Let A be a C*-subalgebra in the C*-algebra Z(H). By [1, Lemma 4.1.3] every derivation
§: A— Ais a||-| zm)-continuous. The following Theorem gives an extension of the derivation

§ to the von Neumann algebra A"°, where 4" is a wo-closure of C*-subalgebra A in Z(H).

Theorem 2 [10, Proposition 3.2.24], [1, Theorem 4.1.6, Corollary 4.1.7], [11, Theorem 2|.
Let A be a C*-subalgebra in the C*-algebra %(H) and let 6: A — A be a derivation on A.
Then there exists an element a in A“° = .4 such that §(z) = 6,(x) = [a,] for all z € A
and ||6]|asa = ||0a||4—.». Moreover we can choose such an element a € A as follows:

llall.» < % Nbally=.n-

3. Main Results

Throughout this section .# is an arbitrary von Neumann algebra. We recall that
a projection p € P (M) is called an atom if 0 # q € P (M), ¢ < p imply that ¢ = p.
If ¢ is an atom then ¢ .# -q=q-C.

Proposition 2. Let (&, ] - |l¢) be a Banach *-ideal in the von Neumann algebra .# and
let 6: & — & be a derivation on &. Then § is a continuous mapping on (&, || - ||#)-

< Without loss of generality, we may assume that ¢ is a *-derivation. Since (&, || - ||#) is
a Banach space, it is sufficient to prove that the graph of § is closed. Suppose a contrary. Then
there exist a sequence {a,}5>; C & and an element 0 # a € & such that a = a*, [jay||ls — 0
and [|6(ay) —allge — 0 as n — oo.

Let a = a4+ — a— be an orthogonal decomposition of a, that is ay,a_ € &, ay,a_ > 0,
and aya_ = 0. Without loss of generality, we may assume that a4 # 0, otherwise we consider
the sequence {—a,}72 . Since a € &, there exists a projection p € .# such that pap > Ap for
some A > 0. Replacing a,, with 4 we may assume pap > p. Hence, for some operator ¢ € .#,
we have p = c*papc € &.

There are two possible cases:

(7) There exists an atom 0 # g € Z(.#) such that ¢ < p;

(73) The lattice Z(#) does not contain atoms ¢ # 0 such that ¢ < p.

In the case (i), we have ¢ € & and ¢ < qaq. Since ¢ is an atom, it follows ga,q = A,q,
An € C, and we immediately deduce that lim, o, A, = 0 from the assumption ||a,|¢s — 0.
Since

0(qanq) = 6(q)anq + qd(anq)) = 0(q)ang + qé(an)q + qand(q)
it follows that

16(qanq) — qd(an)qlle < 2(16(q)l.zllanlle =0, as n — oo,
and
q<qaq=|-l¢— lim 6(qang) = |- ls — lim §(Anq) = d(q) lim A, =0.
n—oo n—oo n—oo

This contradicts with the assumption that ¢ # 0.

In the case (ii), there exists a pairwise orthogonal sequence {e,}°°, C Z(.#) such that
0 # ey, < p for all n > 1. Clearly, we have {e,}>>; C & and eyae, > e, for any natural
number n € N. Let {m,}>%; be any sequence of positive integers such that

my > (2n+1)/|lenlls, n>1.
Passing to a subsequence if necessary, we may assume without loss of generality that

lanlle < m;12—n’ 10(an) —alle < m;l
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and that
lanlle <27 nmy, 6(en)l,

whenever n > 1 is such that (e, ) # 0. Let us define an element
o
= Zmnenanen €&
n=1

where the series converges in the norm |- || £, since we have ||mpenanen|e < 27". We intend to
obtain a contradiction by showing that the norm ||0(c)||s is larger than any positive integer n.
Indeed, fixing such n > 1, we have [|6(c)||s = |lend(c)en|ls and

llend(c)enlle = [|0(enc)en — d(en)cenlle = mplld(enanen)en — d(en)enanenls
= myllend(enanen)enlls = myllend(an)en + end(en)ane, + enand(en)en||s
= myllen(6(an) — a)en + enaenlle — mnllend(en)anenlle —mnllenand(en)enlls
> mp([lenaenlle — llen(d(an) — a)enlls) — 2manllan|lslld(en) .z
= mp(|lenaenlle — [6(an) —allg) —n > myllenaenlle —1 —n = myllenlle —1 —n > n.

This shows that ¢ is a continuous mapping on (&, - ||¢). >

Proposition 3. Let (&, || - ||#) be a Banach *-ideal in the von Neumann algebra .4 and
let § be a derivation on &. Then 0 is a continuous mapping on (&, | - ||.z) and ||0]cc :=
181l 111La) & 1) < 211011, where [[81] = 16l s 1), 1) -

< By Proposition 2, a derivation §: & — & is a continuous on (&, || - ||¢), in particular,
16]] := (18]l 6~ < oo

Let x € & and d(z) # 0. Let 0 < € < ||0(2)|.» and denote by p, the spectral projection
of the operator |6(z)| corresponding to the segment [||6(z)|.s — &, ||6(2)]|.#]. Using Gelfand—
Naimark theorem, one can obtain that p, # 0.

We have that 0 < (]|0(2)|l.z — €)pz < |0(x)|pz. Then p, € & and

[6(2) pe = (Po|6(2)p2)"/? = (P26 ()" 6(x)ps)"* = |6(2)pal.

Since the norm || - || ¢ is monotone, we obtain that

0@l = &)llpzllse < [6(@)pzlls = [16(zpa) = 26(pa)lle < [0(zpa)lles + ll20(p2)lle
< 16@pe)lls + 12w l6(pa)lle < 5lllzpelle + lzl.zlld]l Pzl
< ollllzlla llpzlle + llzll.a01pzlls = 2181zl lpzlle,

that is
(16(2)]l.r = )llpzlle < 211011zl P2l

Dividing by ||p»||¢# and using arbitrariness of e, we infer that

16() |l < 2[l6]l|x]]. -

Thus the operator ¢ is bounded with respect to the norm || - ||z, in addition, [|d||ec < 2|[0]|. >
Now we give a proof of Theorem 1.

<1 PROOF OF THEOREM 1. Denote by & and & the closure of the ideal & with respect to
the uniform and weak operator topology, respectively. Then & C & C &. 1t is clear that & is
a C*-subalgebra in .# and the derivation ¢ extends by continuity (see Proposition 3) up to
a derivation 6 : & — &, in addition |0]|oe = [|6]/cc.
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Since & is a wo-closed two-sided in .7, it follows, by Proposition 1, that & = 2z for some
central projection z in .#. Then & is a W*-subalgebra with the identity 2. By Theorem 2,
the derivation ¢ extends up to a derivation 5.6 — & , in addition, there exists an element
a € & such that §(z) = 6,(z) = [a,z] for all z € & and ||a||./ < 1[|0alloo = 3/|6]lcc < |0]. >

Corollary 1 (cf. |6, Theorem 3.2|). Let (&,]|-||s) be a Banach ideal of compact operators
in B(H) and let §: & — & be a derivation on &. Then there exists an operator a € %(H)
such that §(z) = [a,x] for all x € &. Moreover, we can choose such an element a as follows:

lall.z < ll6lls—e-

Corollary 2 (cf. [12, Theorem 5.2|). Let .# be a commutative von Neumann algebra
and let (&,] - ||¢) be a Banach *-ideal in .# . Then any derivation 6 on & vanishes.

A detailed study of derivations on the ideals in commutative AW *-algebras is given in
the paper [12]. In particular, it is shown here that if the Boolean algebra Z(.#) of all
projections in the commutative AW *-algebra .# is not o-distributive then there exists a non-
zero derivation on ideals in .# with values in a commutative x-algebra Co(Q) @i - Coo(Q),
where @) is a Stone compactum corresponding to the Boolean algebra &?(.#). An analogous
result for derivations on an algebra C(Q,C) was earlier obtained by A. G. Kusraev [13] for
a general Stone compactum.
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JUNOPEPEHIIMPOBAHUA B BAHAXOBBIX
*MJIEAJIAX AJITEBP ®OH HEIIMAHA

Bep A. ®., Yunmn B. U., Cykoues @. A.

Awnnoramusi. I3Bectro, uro moboe muddepenmmposanne § : M — M na amrebpe don Heiimama 4
SABJSETCA BHyTPEHHHM, T. €. 0(x) := do(2) = [a,2] = ax — za, ¢ € .#, nna mexoroporo a € . Ecrm H
cenapabesibHoe GECKOHEIHOMEPHOE THIbOePTOBO mpocTpancTso u % (H) ects C*-nomanre6pa KOMIIAKT-
HBIX onepaTopos B C*-anre6Gpe J(H) Bcex orpaHUYeHHBIX JIMHEAHBIX OIEPATOPOB, AeiicTByOmMuUX B H, TO
kaxgoe muddepennuposanme § : F (H) — ¢ (H) ectb cnermanbuoe muddepeHnmpoBanue, T. €. CyIie-
cTByeT Takoi oneparop a € Z(H), aro §(z) = [z, a] mna Bcex x € K(H). B nenasueii pabore A. @. Bepa,
B. U. Ynnwna, . B. Jleurunoit, ®. A. Cykouena (JMAA, 2013) ycranosnerno, uto kaxmoe muddepen-
nupoBanme 0: & — & Ha m060M 6AHAXOBOM CMMMETPHYHOM H/I€asle KOMIIAKTHBIX onepatopos & C ¢ (H)
TaK»Ke SBJISETCS TPOCTPAHCTBEHHBIM. MBI TIOKA3bIBA€M, 9TO AHAJIOTUYIHBINA PE3y/TbTAT BEPEH W JJTs TIPO-
M3BOJIbHBIX OAHAXOBBIX *-UIEAJIOB B JII000# ayredbpe ¢pou Heiimana .#. Bonee Touno: Ecim 4 niobas
anrebpa dou Helimana, & Ganaxobiii *-ugean B 4 u §: & — & ecrb nuddepennupoBanve Ha &, TO
CYNIECTBYET TakKOW 31emeHT a € /4, uaro 0(x) = [x,a] ana Bcex € &, T. €. § €CTh MPOCTPAHCTBEHHOE
nud depeHImpoBaHme.

KuaroueBsbie ciioBa: anrebpa ¢don Helimana, 6anaxos x-umeas, quddepeHimpoBaine, IpoCTPAHCTBEHHOE
nud depeHImpoBaHme.
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BOCCTAHOBJIEHUE ITAPAMETPOB B 'PAHUYHBIX YCJIOBUAX
JJId HEOJHOPOHOT'O TUJIMHAPMYECKOI'O BOJTHOBOJA

A. O. Baryasgasn, JI. B. Bacuawses, B. O. FOpos

Hacmosauwasn paboma noceauwaemcsa 65-aemuto co Ona poscoenus
udsecmm020 poccutickozo mamemamura Anamoaus leopeuesuda Kycpaesa,
KOMOPwIli 0Mmoaem Hemaio Cus 0Ad KOHCOAUIGUUY YUEHBLL-MAMEMAMUKOS
na FOze Poccuu, pazsumusa Hayku & 06pa3osanus 6 06Aacmu MaMeMamuUKy
U ee NPUsoICceHUT U NOJIEPIAHCKU MOAOOBLL TNAAGHIMAUCHLL YUEHBLT.

Awunoranusi. Onpeneenne pa3InIHbIX XapaKTEPUCTUK TBEPIBIX TEJI 10 JAHHBIM aKYCTHYECKOTO 30HIU-
pOBaHUs B MOC/IEIHIE TOIBI BCE Yallle TTPUBJIEKAET BHUMaHUE UCCaeaoBaTesneii. B nacrosimeit pabore ucce-
Jlyercs HoBas o0paTHad 3a7a9a 00 OIpe/Ie/IeHnn AByX napaMeTpoB (K03(hUIMEHTOB mOCTe N ), BXOIAIIIX
B FpAHUYHBIE YCJIOBUS JJIsi KpaeBoil 3amaun. KpaeBast 3aa1ua OMMCHIBAET PACTPOCTPAHEHVE BOJIH B TI0JIOM
HEOJHOPOJHOM ITHJIMHIPUIECKOM BOJIHOBOJE, PACIIOJIOKEHHOM B cpeje. PaHee TpOBeIEHO pereHue 3TOw
33139, NCCIEOBAHA CTPYKTYPa AUCIIEPCUOHHOTO MHOKECTBA U MOJIyI€H P (DOPMYJI, yCTAHABINBAIOIINX
B3aMMOCBSI3b CIIEKTPAJIBHBIX TTAPAMETPOB U K03 (DUITMEHTOB TTOCTETN. Pelnenbl BCIoMOoraTeTbHbIe 3a0aYn
Ko, koTopble aBTOMaTHYECKH YAOBAETBOPSOT TPAHUYHBIM YCIOBUAM HA BHYTPEHHEN I'DAHUIIE TIAJIHH-
npa. Pemrenre rpaHnaHON 331291 OTHICKMUBAETCS B BU/IE JIMHEIHOM KOMOMHAIIMY BCIIOMOTATEILHBIX 33/1a4,
VIOBIETBOPSIOTCS TPAHUYHBIE YCJIOBUS Ha BHENTHEH rpanure. /s cymecTBOBaHWS HETPUBUAIBHOTO Pe-
mennsi TpedyeTcss PABEHCTBO HYJIIO OIpPeIeINTe/s BOSHUKAIONENH CUCTEMBbl aJIre0pandecKuX ypaBHEHUN.
Pexoncrpyknus k03¢ duimenToB mocTeM OCyIIeCTBASETCA M0 MHAGOPMAIUN O ABYX TOYKAX JUCIEPCH-
OHHOTO MHOYKECTBA, MPUYEM CTIOCO0 perieHus 0OpaTHON 33JaYd HE WCIOIh3yeT SBHOTO TIPEICTABJICHUS
IUCIEPCUOHHOTO MHOYXKeCTBa. Perrernne 06paTHO 3a7a4n He BCErIa YAOBIETBOPSET allPUOPHOH mHbOpMa-
UK 0 HeoTpunaTeabHOCTU Kodddunmentos nocrenu. C 1eabI0 NOIyYeHns OJHO3HAYHON PEKOHCTPYKIIUN
TapamMeTpoB C(HOPMYTUPOBAHA TEOPEMA €IMHCTBEHHOCTH. TeopeMa TO3BOIIeT Ha HAYAJIbHOM 3TAITe OTCEN-
BaTh TaKWe MaPhl TOYEK IUCIIEPCHOHHOTO MHOYKECTBA, JJIsi KOTOPBIX HET PEIIeHNs NI OHO He eIUHCTBEHHO.
Boruncinrenbabre 3KCIIEPUMEHTHI TTOKA3aJIA PACIIPOCTPAHEHHOCTh CUTYAIlnu, KOTJa Yepe3 aBe 33aHHbIE
TOYKY JUCTIEPCUOHHOTO MHOYKECTBA MOTYT OBITH TPOBEIEHBI TUCTIEPCUOHHBIE KPUBBIE HEETNHCTBEHHBIM
obpazom. B pamkax paboThl ¢ MaJjoil MOrPenrHOCThI0 BXOAHONH mHMOpMammu 3¢hdeKTUBHbIN cocod oT-
6opa mapbl MapaMeTpoB — PACCMOTPEHUE TPEThEHl TOYKU AUCIIEPCUOHHOrO MHOXKecTBa. OQTMedeHo, 4To
TPEJCTABJIEHHBIN CTOCO0 PEKOHCTPYKIIMY TTO3BOJISIET BOCCTAHAB/IMBATH UCKOMBIE TIAPAMETPHI C JOCTATOY-
HO BBICOKOM TOYHOCTBIO.

KuarodyeBrble cjioBa: MuIMHAPUYECKNN BOJTHOBO, YIIPYTO€e 3aKPeIIeHre, JUCITIEPCHOHHOE MHOYXKECTBO, Pe-
KOHCTPYKITHS.

BBenenwue. B criekTpasibHBIX 33/1a9aX, IJIe TPAHUYHBIE YCIOBUAS COJEPXKAT ITapaMeTp, IIpo-
SABJISIETCS 3aBUCUMOCTD TOYEK CIIEKTPa OT 3HAYEHUs 3TOr0 napamMerpa. AHa/In3 BIAUAHUSA CIIEK-
TPAJbHBIX TIAPAMETPOB IIPEICTABIAeT OOJIBINON HHTEPEC, €T0 MOXKHO NCIIOIb30BATH B TOM YHC-
Jie u Jisi pereHnst oOpaTHbix KoabdunmenTHbix 3a1a4 [1, 2]. Pemenust o6parHbix 3aga9 10
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peKoHCTPYKIMK KO3(MDDUINEHTOB B TPAHUIHBIX YCJIOBUAX ObLIN PeaTn30BaHbI paHee B 3aja-
qax s 6aJ0UHBIX CTPYKTYP, IJe TpeO0oBaIoCh ONpeaesaTh 4 mapaMerpa B TPAHUIHBIX YCJI0-
BusX. st cilyvasi TOCTOsIHHOM »KecTKOCTH OajIK¥ pellleHre ¥ YaCTOTHOE yPaBHEHHWe MOYKHO
MOJTy9uTh, UCnoib3yst dynknun Kpbutosa [3, 4|; Ha 0CHOBe SIBHOTO BHJIa YACTOTHOTO YDaB-
HEHWsI CTPOUTCSI U JlasibHedmnii anain3 obparHoii 3agaun. B [5] nokazano, 4ro HEBO3MOXKHO
OJTHO3HAYHO OTPEeJeNTh 4 HEM3BECTHBIX HEOTPUIIATETBLHBIX TTapaMeTpa 10 4 pe30HAHCHBIM Y-
crotaM. B ciiyuae mepeMeHHOMN »KeCTKOCTU DaJKu HEBO3MOXKHO TTPUMEHUTH OIUCAHHBIE BBITIIE
MOJIXO/[bI, & UMEHHO, YaCTOTHOE YPABHEHNE YK€ HeJIb3s 3alNCaTh B BHOM BHUJE, UYTO HE JAeT
BO3MOXKHOCTH HCIIO/IH30BATh METObI, Pa3paboTaHHbIe /s OJHOPOJAHBIX CTPYKTYP. [lomobuas
3a/ia4a 110 BOCCTAHOBJIEHWIO 1MaPAMETPOB B I'PAHUYHBIX YCAOBUSAX JJis yHIPYTOTO HEOIHOPOJ-
HOTO CTEpXKHS TPU HAJUYNN YIPYIUX CBsI3eil Ha rpanure ObLIa paccMoTpeHa panee 6], mpu-
4eM aHaJjIu3 PeIeHus U OlpeJlesieHe NCKOMbBIX KO3 dUIneHToB 6a3upyercs Ha COCTABJIEHUN
BcoMoraTe bHbIX 3a7a4 Komm. Taxkxke ananns BANAHUA TPAHTYHBIX YCIOBUN Ha YaCTOTHBIE
yDaBHEHMUsI IPUMEHSIeTCsT JiUIs MeHTHdUKAIMN MacCchl Tena Ha ero rpanute [7]. Macca yuu-
THIBAETCA TOJTBKO B TPAHUIHBIX YCIOBUIAX WM METOAWKA PEIEHNs SIBISETCS aHAJOTUIHOM.

Bonee croxuoit CTPYKTYpOit ABIsT€TCA BOTHOBO. 3a/1a9a, OMMCHIBAOIIAST BOJIHOBON TPO-
1Iecc, COMEPKUT JBA CIEKTPAJHHBIX IMapaMeTpa. BoHOBBIE TTPOITECCH B OTHOPOIHBIX TLIOCKIX
¥ MWINHAPUYECKUX YIPYTUX BOJHOBOJAX CO CBOOOJHBIMU TPAHUIAME JOCTATOYHO IMTOIPOOHO
WCCJIE0BAHbI B JINTEPATYPE, MOCKOJIBKY [I/IsI HUX BO3MOXKHO TOJIYYNTH JUCIIEPCUOHHBIE COOT-
HOIIeHust B gsBHOM BHJIe [8]. MosemmpoBanue BOTHOBBIX TPOIECCOB B MATMCTPAIBHBIX TPY6HO-
MPOBO/IAX MMOPOXKIAET 334y O BOJHOBOJIE IPH HAJUYUU OKPYIKAIOIIEH CPeJibl, IPUCYTCTBHUE
KOTOPOU MOJETUPYETCS MMIIETAHCHBIMUA TPAHUIHBIMU YCJAOBUAMU WJIW YCIOBUIMU TPETHETO
poJIa, COJEPKAIMMK JIBA NapaMeTpa, U IpeJCTaBiser uHTepec st ucciaegosanus [9]. s
HEOTHOPOJHBIX BOJHOBOJIOB UCIIEPCUOHHBIE COOTHOIIEHNUS W3YU€HbI TOPA3/I0 MEHBINE, UX UC-
cJie/I0BaHuE TIPeCTaBJisieT OOJIBITION MHTEPEeC Jjisd TPUJIOXKEHNI, HAIIPUMED, 1PU OIEHKE CKO-
pOCTeil B CJIOUCTBIX WH (DYHKITMOHATBLHO-TPAINEHTHBIX Tpybomposogax [10, 11].

B pa6ore [12] uzyvena mojenb ynmpyroro HeOJHOPOJHOIO MOJIONO IMJIMHAPA € YIPYTO
3aKpeIJIEHHON BHEITHel TPaHuIell, TpuieM TPAaHWYHbIE YCJOBUS COMEp:KaT JIBa TapaMeTpa.
Nzyueno BausgHUe 3THUX MApaMETPOB HAa, JUCIEPCUOHHOE MHOXKECTBO. B Hactosieit pabore
paccmoTpena obpaTHasi 3aj@a4a O BOCCTAHOBJIEHUM YTUX [1APAMETPOB 110 M3BECTHBIM TOYKAM
JIUCIIEPCUOHHOTO MHOXKecTBa. llocTpoensl 6a30Bble CIEKTpaJbHBIE 33aa4u, HE COJIE€pKAIiue
MCKOMBIX TtapameTpoB. Ha ux ocHoBe chopmympoBanbl HEOOXOIUMbBIE U JTOCTATOIHBIE YCJIO-
BUs, 00ECIIeUnNBAIOIINE €INHCTBEHHOCTh BOCCTAHOBJEHUS MapamMeTpoB. llpeacraBien merosn
BOCCTaHOBJIEHWS, 6a3upyronniicss Ha MeTojie npuctpesku. IIpoBesiena ceprsi BBIYNCINTENb-
HBIX SKCTIEPUMEHTOB TI0 OTIPeIeIeHNI0 NCKOMBIX TTaPaMeTPOB, OCYIIEeCTBIeHa OTleHKa TOUHOCTH
W MIPUMEHUMOCTH B PACUYETaX IIPEJICTABIEHHOIO0 METO/IA.

1. IloctanoBka 3amauu. PaccMoTpuM BOJHBI B HEOJHOPOIHOM IWJIMHIPUIECKOM BOJI-
HOBO/Ie, YIPYTO 3aKPEIJIEHHOM IO BHEIHeN I'paHulle, YTO MOJeJUPYET B3auMOJIEMCTBUE Ma-
IUCTPAIBHOrO TPYGONPOBO/IA € BHEIIHE CpeJloii, a UMEHHO ¢ TIMHUCTBIM TpyHTOM [13], T71€
a, b — BHyTpeHHWIT U BHEITHUN PAINyChl BOJTHOBOJIA.

VpaBHeHUS JBMKEHUS W OIPEIEISIIONINE COOTHOIEHNA UMEIOT BU/T

do, 0oy, n o — 04 d%u, 00, n 0o, n Ors _ &%, (1)
or 0z r =P o2’ or 0z ro p ot?’
B Bur_i_%_i_@um i ou, )y aur+&+aum +2&
or = or r 0z "o 99 = or r 0z e
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Vder KOHTaKTa BOJHOBO/IA C OKPYZKAIOIIEH CPEIOil OCYIIEeCTBJIAETCA B PAMKAX MOIEIN
¢ aByMs K03 punmeHTaMu MOCTEN U MPUBOIUT K CJAEAYIONIAM TDAHUYIHBIM YCJIOBUSIM:

or(a) =0, op(b) = —Gup(b), ors(a) =0, oya(b) = —Fua(b), (3)

IJe 0y, 0, — KOMIOHEHTBl PAJHUAJbHOIO U OCEBOTO HAIPSKEHHil, Oy, 0y — KOMIOHEHTHI
KaCaTeJbHOTO U OKPYKHOTO HANPSIKEHUi, Uy, U, — PaJUAIBHOE U OCEBOE IIEPEMEIICHNUSI.
Pemenns 3amaqan (1)—(3) mmem B Buge Geryimeii BOJIHBL:

up = bUy exp(i(kz — wt)), u, = ibUzexp(i(kz — wt)),

4
or = poTh exp(i(kz — wt)), o, = ipeTsexp(i(kz — wt)). (4)

OTreuM 3KCIIOHEHIINABHBI MHOKUTENL B (4) M MpeacTaBuM 3a/ady B KAaHOHUYECKOM
BHUJE, & UMEHHO B BUJE CUCTeMbl nuddepeHInajbHbIX ypaBHEHNI TEPBOTO TOPSIKA C JIBYMSI
CIeKTPaJIbHbIMU llapaMeTpaMu K U 7y

Ui(z) = —AUL(x)/z + AyUs(x) + Ti(z)/(g1(x) + 292(2));

Us(x) = —yUr(x) + Ts(x)/g2(2); 5)
T|(z) = (B/2* — %) Ui(z) — CyUs(z) — 2DTy (z) + vTs(z);

Ti(x) = (v°B — k%) Us(z) — CyUi(x) — AyTi(z) — T3(x)/x,

e A = gi1(2)/(g91(x) + 2g2(x)), B = 4ga2(x)(g1(x) + g2(2))/(g1(x) + 2g2(2)), C =
2g1(7)g2(z)/(x(g1(z) + 292(2))), D = g2(z)/(x(g91(7) + 292(x))), §o = a/b — HGespazmepubiit
BHyTpeHHUiT pajuyc, x = r/b — paauanbHasi KOOpANHATA.

1 / 5 pwib?
0= x)dx, K- = ,
o= 1% ()

o

T7e [ip — CpejHee 3HAUEHUE MO/ CABWUTA, k — Oe3paszMepHas dactota, 7 = kb — 6Ge3pas-
MepPHOE BOJHOBOE IHCI0, A = [igg1, { = foge — TapameTpsl Jlame, 3aBucarime oT paganaabHOi
KOOpJWHATHI. [ paHNYHbIE YCIOBUS MMEIOT CJIeTYIOIINI BUI, COJIepsKAIlWii TBa MapaMerpa «, [,
npuuem « = 0, S = 0:

T1(&) =0, Ti(1) = —aU(1),

T3(&) =0, T3(1) = —BUs(1).

2. ITocTpoeHune pemieHnsi, aHAJIN3 JUCIIEPCHOHHOTO MHOXKecTBa. Perenne 3a/a-
an (5)-(6) mocTpoeno Ha ocHoBe Meroga mpuctpeskn [14]. OcmoBmas miest 3axjrOIaeTCs

(6)

B (DOPMUPOBAHUE JBYX BCIIOMOTATENbHBIX 3agad Korm, He comepKaliux mapaMerpos «,
JUTSL ICXOAHOM KpaeBoit 3aaun (5)—(6), ITO mMO3BOJISIET OTHICKUBATE €€ DEIeHie B BH/JE JIH-
HeiHO KOMOMHAIINY PEeITeHnit BCIIOMOTaTeIbHBIX 3a1a9. BBegeM B pacCMOTpeHne JBe BEKTOP-
by X (M) = (Ul(m), Ug(m),T 1(m),T ém)), m = 1,2, ynosaersopstomue cucreme (5) u HEOI-
HOPOJHBIM JaHHBIM Kormm

Tgfl)(fo) =0,
T (&) = 0.

vV =1, UM&) =0, TV(%)
vP(g) =0, UP(&) =1, TP (&)

Ob6mee pemenne 3amaun (5)—(6) umerca B Buje jguneitnoi kombunammun X = C1X @+

=0,
(7)
=0,

Co X (2); OTMETHM, YTO 3TO PEIeHUue yJIOBJIETBOPSAET IPaHUIHbIM ycaoBusm (6) mpun x = &.
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VaoBaeTBOpeHre TPAHUYHBIM YCJIOBUSM TPU £ = 1 IPUBOAUT K CJIEIYIONIEH CUCTEME U TT03BO-
JIgeT CTPOUTH NUCIEPCUOHHOE YPaBHEHUWE Yepe3 ee OnpeleuTe b

{aﬂWn+@ﬂWn=—MQWWD+QWan .

T (1) + TP (1) = =g UV (1) + U2 (1)),

Cucrema (5) Bcerma umeer TpuBHaIbHOE perienue. [IpupaBHUBasT HYJIIO OTPEIETUTE b CH-
crembl (8), TOJIly9aeM JMCIEPCUOHHOE COOTHONIEHWE, KOTOPOE CBS3bIBAET Hapamerpwl «, (3,
v, k. HecmoxxuBIM anaam3 mo3BOJUA YCTAHOBUTD, UTO NUCTIEPCUOHHOE YPAaBHEHNE OTHOCUTETh-
HO (v U 3 UMEET CJIeYIONLYI0 CTPYKTYPY:

D(aaﬁvfyv"{) = a/B-Pl(’YaK’) _|_ap2(%,.;) +BP3(77K’) +P4 = 07 (9)

rne P, — dyuknum ot Kk n vy Buga

Pi(y,8) = U (, )OS (7, 8) — U (7, )OS (3, ),

Po(ym) = U (0, )T () = UF (1, )T (0, ), )
Py(y, k) = TV (7, 0)US? (v, 5) = T2 (7, )USY (v, k),

Pi(y, k) = TV (1, )T (4, 8) = T (4, )TV (7, k)

[TpuBoas ypaBuenne (9) K KaHOHHYECKOMY BHJIY, HETPY/JHO MOKA3aTh, YTO MPHU (DUKCH-
POBAHHBIX Y U K OHO OIIPEJIE/IsieT BETBU I'MIEPOO/IbI C ACUMIITOTAMH, MAPAJIEJIBHBIMI OCAM
KOOD/INHAT.

B [12] auist ToUek AMCIIEpCHOHHOIO MHOXKECTBA yCTAHOBJIEHO, YTO TIPH yBeJINYeHnN o 1in 3
mpu BUKCHPOBAHHOM 7y BO3PACTAET TacTOTHBIN mapameTrp k. Caywait o« = § = 0 gis oxmo-
POJIHBIX BOJTHOBOJIOB j1aeT m3BecTHoe ypasuerue [loxramvepa — Kpu [8]. IIpeenbubrii cyqait
o — 00, § — 00 COOTBETCTBYET JAMCIIEPCHOHHOMY YPABHEHUIO I MMINHIPA B KECTKOMH 0001i-
Me.

3. O6parHast 3aza4a. 3a7avqy WACHTU(DUKANAN TTaPAMETPOB B T'PAHUIHBIX YCJIOBUAX
MOYXKHO C(HOPMYJINPOBATD CJIEIYIOMIUM 00Pa30M: MyCTh M3BECTHBI JIBe TOUKHU JUCIEPCUOHHOTO
MHOXKeCTBA BUAA (K1,71), (K2,72), TpeOyercs onpeenuTh HEM3BECTHBIE MapaMerpbl o u 3
B IpaHUYHBIX ycaoBusX (6). Tak Kak HEM3BECTHBIE TTAPAMETPBI COIEPIKATCS TOJBKO B TPAHIY-
HBIX YCJIOBUSIX, TO peraercs cucrema (5) ¢ ycaosusivu (7) guist napbl Touek (Kg,7y;). Takum
obpa3oM, Jisi OTpesiesieHnsi & U 3 CTPOUTCS CUCTeMa U3 JIBYX ypaHeHuil Buga (9) rumepbo-
JINYECKON CTPYKTYPHhI

(11)

affPi1 + aPg + P13 + Py =0
afPy1 + aPog + Po3 + Poy =0,

rae npuaaTo P = Pj(Km,Ym), m=1,2, j =1,2,3,4.

Bynem cumrars, uto a > 0, f > 0. Cucrema (11) moxer umers aBa Habopa perreHmii
(v, Bi), KOTOPBIE COOTBETCTBYIOT TIEPECEUEHUTO JABYX runep0os. Bo3MOXKHBI TakzKe cuTyarmu,
KOTJIa pellenne eIUHCTBEHHO WH BooOIIe oTcyTcTByeT. C IeJbI0 YCTAHOBIEHUS KPUTEpHst
CYIIECTBOBaHUA €AVMHCTBEHHOI'O DEIIEHUA O6paTHOfI 3ala91 TIOJIy9YUM H3 CUCTEMBI ypaBHE-
uwii (11) caemyromyio cucremy:

ape® + aja+az =0, —apa + afB +ajz =0, (12)

e ag = Pos P11 — Po1 P2, a1 = Poy P11 + Poo P13 — Po1Piy — Po3Pra, as = Poy P13 — Pa3 Py,
a1z = Po1 P13 — P11 Pa3, a13 = Po1 Py — PoyPry.
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Bsenewm psi xapakTepucTuK, KOTOPHIE TO3BOISIT CHPOPMYINPOBATH YCIAOBUE €IMHCTBEHHO-
cru pemenns cucrembr (11)
2 2
D =aj —4apaz, S =apaz+aizar + ajs,
a1 +2a13

M=-TEB 0 g
a12 @12a0

CL% + a13a1 — 2 asag (13)

Teopewma. Ilycrs D > 0. Cucrema ypasuennii (11) nmeer exuncrsennoe perenne (o, f3),
yaoBIeTBopstoree ycaoBuio « > 0, § > 0 Torjga m TOJBKO TOTJA, KOIJa BBITOJIHSIETCS OJHO
U3 TPeX yCJIOBUIA:

1. agaz >0, aga; <0, S <O

2. apaz <0, §>0, M>0;

3. apa2 <0, S<0, K>O0.

< Cnyuait 1. TlepBble aBa HEpPaBEHCTBA B CHJIy TeopeMbl Buera rapaHTUpPYIOT HAIUYINE
JIBYX TOJIOKUTETHHBIX KODHE i, (g KBajpaTHOro ypasuenus B (12). Haxons u3 jiuHeitHOTO
ypaenernus B (12) B1 u fa, u gasnee B1y = S/a2y, momyuum, uro yeaosue S < 0 rapanTHpyeT
pasau4Hble 3HAKA Yy 31, [2, U COOTBETCTBEHHO, OIPEIEISeT €IMHCTBEHHOE IIOJIOKHUTEILHOE
perernne (11).

B caygae 2 KopHE v, (ip PA3HBIX 3HAKOB, & COOTBETCTBYIONME (31 m (5 OJHOrO 3HAKA;
B cuy 81+ B2 = M > 0 oba (1, fo MOMOKUTEIBHBI, TAKUM 00Pa30M, PEIlleHrne eIuHCTBEHHO.

B cayuae 3 KOpHEM (1, (9 PA3HBIX 3HAKOB, U COOTBETCTBYIOIME (1 m (9 Pa3HBIX 3HAKOB
(S < 0); Bemny 181 + agfe = K > 0 ogna u3 map «q, (1 wim g, P2 1a€T eINHCTBEHHOE
perienue. >

SAMEYAHUE. O1mesibHO oTMeTuM, 9To Tipu Y = () 3a7a9a pasjiesisieTcss Ha JIBe HEe3aBUCH-
MBIX KPAaeBhIX 3aJa9H /I PASUAILHBIX U OCEBBIX KOJIe6aHmil

Ui(z) = —AUL(z)/x + Ti(2)/(g1(2) + 292(2));
T{(z) = (B/z* — k?)Ui(x) — 2DTy (x); (14)
T1 (&) = 0,T1(1) = —ali(1),

Us(z) = T3(x)/g2();
Ty(x) = —r*Us(x) — T3(z)/; (15)
T5(%) = 0, T5(1) = —BUs(1).
Ucnonssyst (14) mam (15), MOXKHO HE3aBUCMMO ONPEIEIUTH TTapaMeTp « uim (3 COOTBeT-
cTBeHHO. 1151 3TOr0, OHAKO, TIOTPEOYIOTCA He TOJBKO KOOPANHATEI TOUEK PaJIAATBHOTO Pe30-

HaHCa JUCIIEPCUOHHOrO MHOXKecTBa (K1, 0), (ke, 0), HO 1 anpropHas nHbOPMAIUS O TIPUHA/-
JIEZKHOCTH K CeMEHCTBY pafuaabHbIX WA IPOJOILHBIX KOJIeOAHMIA.
4. Pe3yabTaThl BLIYUCINTEIbHBIX IKCIIEPUMEHTOB. [IpoBeiena cepus BEIYUCIATE -

HBIX 3KCIIEpDEMEHTOB II0 BOCCTAHOBJIEHHIO IIapaMETPOB B I'PAHUYHBIX YCJIOBUAX. B Ha4daJie Oj1d
sagannbix a =1, B =1, g1(z) = 1.5fo (2 — 2'9), ga(z) = fo (2 — 2'0), & = 0.76,

fO:(l—fo)//l(2—m10)dm
o

pelajgach mpaMad 3a7avua 10 MOCTPOEHUIO MUCTIePCUOHHBIX KpUBLIX. IlepBhle 1B BeTBU Auc-
MMEPCUOHHOTO MHOYKECTBa M300parkeHbl Ha puc. 1. 3aTeM BBIOPAHBI MSATH TOYEK C KOOPAUHATA-
v Q1(2.213,0.5), QQ2(2.498,1), Q3(2.984,3.479), Q4(2.984,1), Q5(4.753,2.5). danee pemra-

Jack 00paTHas 33Ja4a ¢ BXOJAHBIME JaHHBIME (Q;, Qj, © # j.
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Puc. 1.

TeopeMa TO3BOJISIET YCTAHOBUTH, YTO TOJBKO JIJIS CJIEAYIONMX map Touek (Q1,Q3),
(Q2,Q3), (Q3,Q4), (R3,Qs5) CylleCcTBYeT €ANHCTBEHHOE PellleHne, TIPUYEeM BBITIOIHIETCs [ep-
BOE€ YCJI0BHE TeopeMbl. Jjis OCTaJbHBIX MIECTH TP UMEET MECTO HeeUHCTBEHHOCTD. Jjis maps!
(Q1,Q2), nanpumep, Haiigeno: (o; = 0.99780, B1 = 1.0007), (ag = 0.19957, B = 0.54447).
Tor dakt, at0 a > ag, f1 > P2 MO3BOJILET CIeIaTh BBIBOJA, 4TO TOUKHU (Q1,Q2), MPUHA-
JlezKalye B OpAMOil 3aja4e IepBO JUCIEPCUOHHON KPUBOM, MOI'YT TaKzKe HPUHA/IJIC’KATh
BTOPOIl JIUCIIEPCUOHHOlN KpuBOii. Pemue mpamyro 3amaay mis (ag, f2), yoexaeMcst B 9TOM.
Cpeansist morpentHocTh BoccTanosaenus cocrasaser 0.05% (onpegensimcs ueTpipe 3HAYAIINX
b phl JJ1si KOOPJAMHAT TOYEK JTUCIIEPCHOHHOTO MHOYXKECTBA).

Ilpusegem ntpumep, Korjga CyIIeCTBOBaHWE €IWHCTBEHHOIO PEIEHUs YIAeTCs YCTaHO-
BUTH Uepe3 BTOPOe W TPeThe YCJI0BUEe TeopeMbl. Pemmwm mpamyto 3azady mpu « = 0.001,
5 = 0.01. Beibepem cieayioiire Tpu TOYKU HA BTOPOIl U TPEThel IUCIEPCUOHHBIX BETBSX:
H,(2.10317,1), H2(13.3779,1), H3(13.3779,8.36408). dus napsr rouek (Hy, Hy) BblnoHsieT-
cst Bropoe ycsoBue Teopembl u (o = 0.00097, 51 = 0.01004), (g = —38.2018, B2 = 0.31939).
st maper (Hy, H3) Takske BBIIOJHSETCsE BTOPOe ycjioBue Teopembl. st napst Ttovek (Ha, H3)
BBITIOJIHSAETCST TpeThe ycoBue teopembl u (ap = 0.00125, f; = 0.01004), (ae = —99.3972,
B = —28.8104).

Takum 06paz3oM, TpeCTaB/IeH METO/I BOCCTAHOB/ICHNS TTAPAMETPOB B TPAHUIHBIX YCJIOBUIX
JITsT HEQTHOPOIHOTO IIAINHIPUIECKOTO BOJTHOBOIA, 00€CTIeUnBAONINI JOCTATOUHYIO0 TOIHOCTh
IIPU TOYHOCTH BXOAHOM nHbopMarmy nopsanka 10™4. [Ipy noBbIIeHn: TOYHOCTH OIpeIe/IeHI s
KOOpAWMHAT TOYEK JUCIIEPCHOHHOTO MHO?KECTBa TOYHOCTH BOCCTAHOBJICHHYA TTOBBIIIAJIACH.
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RESTORATION OF PARAMETERS IN THE BOUNDARY CONDITIONS
FOR AN INHOMOGENEOUS CYLINDRICAL WAVEGUIDE

Vatulyan A. O.12, Vasil'ev L. V.2, Yurov V. O.12

! Southern Mathematical Institute — the Affiliate of VSC RAS;
2 Southern Federal University

Abstract. Identification of different characteristics of solid bodies according to the acoustic sounding
data has been increasingly attracting the attention of researchers in recent years. In the present paper,
we investigate a new inverse problem on determining two parameters (bedding values) entering into
the boundary conditions for the boundary-value problem. The boundary problem describes the waves
propagation in a hollow inhomogeneous cylindrical waveguide located in a medium. We have performed
the solution of this problem previously, we have studied the structure of the dispersion set and obtained the
several formulae. These formulae correlate with spectral parameters and bedding values. We have treated
the auxiliary Cauchy problems which automatically satisfy boundary conditions on the cylinder’s internal
boundary. Solution of boundary problem is found in the form of a linear combination of auxiliary problems.
Boundary conditions at the outer boundary are satisfied. For the existence of a nontrivial solution, it is
required that the determinant of the emergent system of algebraic equations is zero. Reconstruction
of bedding values have been carried out from information on two points of the dispersion set; at that, the
approach to solving the inverse problem did not require the explicit representation of the dispersion set.
The solution of the inverse problem does not always satisfy a priori information on the non-negativity
of the bedding values. In order to obtain a unique reconstruction of the parameters, a unicity theorem
is formulated. At the initial stage, the theorem allows to filter out pairs of points of the dispersion
set for which there is no solution or it is not unique. Computational experiments show the prevalence
of the situation when the dispersion curves can be carried out uniquely through two given points of the
dispersion set. Within the framework of the work, an effective method of selecting a pair of parameters
with a small error in the input data is to consider the third point of the dispersion set. It is revealed
that the reconstruction method presented allows to restore the required parameters with a high enough
accuracy.

Key words: cylindrical waveguide, dispersion set, reconstruction, elastic fixing.
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O CTPYKTYPE BYJIEBO3HAYHOTI'O YHUBEPCYMA'!

A. E. 'yrman

Anamoauro T'eopeuesuuy Kycpaesy
8 c6a3u ¢ ez20 65-aemuem

AHHOTaUsA. YTOYHEH JIOTUIECKUN MEXAHU3M, CTOANINHN 33 00bsiBJIeHIEM TUIIOTE3. B ToM 9uce, yaemeHo
BHUMAaHWE TUMIOTE3aM U 3aK/II0YUEHNAM, TIPEACTABALIONUM c000it 6eckonednsre Habopwl dhopmys. IIpusee-
HbI (HOpMaATBLHBIE OTIpeIe/eHs OyIeBO3IHATHOM aJIre0panvecKoil CUCTEMbBI M MOJEJIN TEOPUH, OTIPeIeIeHIe
CcuUCTEMBbI TEPMOB OyJIEBO3BHAYHON OIEHKU UCTUHHOCTH (HOPMYJI, TobemMa U nepememuBanug. Ouucanbl
JIOTMYeCKre B3auMOCBA3U MEXKJIy MPUHIMIIAME II0/IbeMa, [IePEeMeNIuBanus U Makcumyma. Ilokazano, 4ro
TIepeMeIMBaHe C TTPOU3BOJIFHBIMIA BECAMHU MOYKET OBITh TTPeo0pPa30BaHO K TEPEMENTUBAHUIO C TTOCTOSH-
HBIM BECOM. BBEJIEHO U MCCIIe0BAHO [IOHATHUE CYyXKEHUs dJIeMeHTa OyI1eBO3HAYHON ajaredpandecKkoii cucre-
MBI. YCTAHOBJIEHO, YTO BCAKasi Oy/I€BO3HAYHAS MO/I€JIb TEOPUU MHOMKECTB, YIOBIETBOPAIONIAs TTPUHITAITY
TObeMa, UMEET MHOTOYPOBHEBYIO CTPYKTYPY, AHAJIOTUYHYIO KYMYJISTUBHON nepapxun ¢ou Heiimana.

KuarodueBrble ciioBa: Teopus MHOXKECTB, Oy/I€BO3HAYHAS MO/Ie/Ib, YHUBEPCYM, KyMyJISTUBHAS HEPAPXUS.

1. ®opmasiu3M 00'bSABIIEHUS TUIIOTES

B maremaTnueckux T€KCTaX 9acTO UCIOJIB3YIOTCS «00bABICHNS TUTIOTE3» — KOT/IA HA TIPO-
TsKeHnn (pparMenTa paccyKaeHuii (onpeenenuii n JOKa3aTeIbCTB) TPEINOIAralOTCS BBITIO -
HEHHBIMU OTIIpEJe/JIEHHBIE YCJ/JIOBUA WU 3ad KaKI/IMI/I—.HI/I6O TIEPEMEHHBIMU 3aKPETIAeTCA POJIb
00bEKTOB, Y/OBJIETBOPSIOININX OIPeIe/IEHHBIM ycaoBusaM. [Ipumepom 0ObsiBIeHUsT TUTIOTE3bI
cayRuT paza «Bcooay Huke B — moaHas OyseBa anrebpas, ¢ KOTOPO HATHHAETCS CJIETYTO-
muit naparpad maHHOi cTtarhbu. B ompesesienHOM cMmbicye 3Ta dhpasza «pukcupyers 6ykBy B
n jobapiisier «BpemeHHyt0» akcuomy 7y (B), dopmanmsyroniyio yreepxaenne «B — mosHas
OyseBa ajnrebpay.

B nopassstoniem 6obIuHCTBE CaydaeB 3(peKT, Tpon3BOAUMbIN 00bABIECHIEM TUIIOTE-
3bI, BIIOJIHE TOHSTEH HA HeMOPMAJBLHOM YPOBHE, HO MCIOIL30BAHWE DECKOHEYHBIX HaOOPOB
dopMys1 B KaUecTBE TUIIOTE3 WU 3aKTIOUEHUH PUHYK/IAET K ONPEIeIEHHON aKKYpPaTHOCTH.

1.1. PaccmarpuBaemasi HaMu mPOOIEMATAKA XaPAKTEPHA, HAJTMINEM «OECKOHEYIHBIX YTBED-
JKJTEHU», TPEJICTABIAIONNX cOb0il GecKoHeuHble MHOXKECTBA, (opMy/1. TaKOBBIMU ABJISIOTCH,
HAINpUMeEP, YTBEPKIeHUs «cucrema X dABJISIETCS MOAEIbI0 Teopuu 1'» mim «cucrema X yiio-
BJIETBOPSIET TPUHIIAITY MAKCUMyMay.

© 2018 T'yrman A. E.
! PaGoTa BEITIO/IHEHA TIpU TOAIEPIKKE TIPOrpaMMbl (DyHIAMEHTAIBHBIX HayaHbX uccaemosanmi CO PAH
Ne 1.1.2.; mpoexT Ne 0314-2016-0005.
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Jlormueckue CBsI3KM «OECKOHEUHBIX YTBEPKIEHUY 00PETAIOT CMBIC OJIarogaps MexaHu3-
My opMasbHOrO BbIBoZA. Hampumep, ecim xoTs Obl ogHO u3 yTBepxKaenmii I’ maum A Gec-
KOHEYHO, TO mMmIiumKanus I'= A cama 1mo cebe cmbicia He uMmeet, HO (pasa «I' Bireder A
B Teopunu 1'» mommaerca dpopManmsanuu B Buge puisoguMoctu: 1,1 F A,

1.2. ITycte T — kakas-mmb0 Teopusi (MHOXKECTBO TPEIIOKEHNIT) CUTHATYPBI X U MyCTh '
u A — npousBobHbIE MHOKECTBA (hopmyn curaarypsl %. (Muoxecrsa I' 1 A moryT 6BIThH
OEeCKOHEUHBIMU U COJIEPKAIINECT B HUX (DOPMYJIbI MOTYT UMETh BXOXKJIEHUsT CBOOOHBIX TIE€pe-
MeHHBIX.) BeiBogmmocTs 3akmodenuss A u3 runoresst ' B pavkax teopun T 3anuchbiBaeTcs
B Buge 1T, I' F A u oupenensiercss moCpeacTBOM HOHATUS (POPMaIbHOIO BBIBOJA B MCYUC-
JIEHUW TIPEINKATOR: It JI060i (PopMyIbl 6 € A CyIIEeCTBYeT MOCIeI0BATETHHOCTE (DOPMYJT
©1,- -+, Pp TAKASL, UTO @, = § U Kaxkaasa (popmya @; aubo npuaagaexur 1" UL, mubo noryda-
€TCsl W3 TPEIIECTBYIONUX (DOPMYI Y1, ..., P;—1 C TOMOIIBIO KJIACCUIECKNX MPABUI BBIBOJA,
3a MCKJIIOYEHUEM MPABUJI C KBAHTOPAME TI0 CBODOIHBIM ITEPEMEHHBIM, BXOadammM B 1.

1.3. IlpuBenennniit Huxke (PaKT HETOCPEICTBEHHO BHITEKAET U3 TEOPEMBI O TTOJTHOTE.

Cuenyromue yTBEPXKAEHUST PABHOCHIBHBI:

(1) T,T F A;

(2) T,T' F 6 mna Bcex 6 € A;

(3) mrst smroboii popmynsr § € A cyliecTByer Takoii KOHEUHBIH HAOOD Yi,...,7Vn € T,
aro T F (V0)(y1 A+ Ay = 0), 1J1e U — nepedenb CBOOOJHBIX I1€DEMEHHBIX, BXOISIIHX
BYlyenyYn,0;

(4) mrs mo6oii mogenn X reopun T' u smoboro ozuaunBanus v: V — X CBOOOJHBIX mepe-

mernbix V, Bxogsiux B TUA, nz ncruanocrn X E ~y[v] ast Bcex y € I BoITekaer HCTHHHOCTS
X E d[v] g Bcex § € A.

1.4. Mexanu3m o6bsiBIeHNsT KOHEUHOI runore3sl [' = {71,...,7,} moggaercs 6osee mpo-
croit popmamzarmu. B 3T0M cirydae ¢ TOMOIIBIO 3aMEHbI CBOOOIHBIX TTEPEMEHHBIX (DOPMYJIBI
v = 91 A -+ Ay, Had KOHCTAHTBHl MOXKHO OOOUTHUCH (POPMAJHHBIMU BBIBOJAMHU, 3aJEHCTBY-
OIUMU UM Tipeioxkenns. Gopmanusam, crodmmit 3a «pukcarumeity 00beKTOB V1, . . . , Up,
YJIOBJIETBOPSIOIINX YCIOBUIO Y(V1, ..., Uy, ), PACKPBIBAETCS CAEIYIOMUM (DAKTOM, JIETKO TIPO-
BEPAEMBIM C TIOMOIIBIO TEOPEMBI O TIOJTHOTE.

Hycre ¥ := vy,...,0y, — OEpedeHs CBOOOJAHBIX IEPEMEHHBIX, BXOAAMMIX B (hopmyry (V).
Paccmorpum curuatypy 3%, moydeHHYIO U3 3 J00aBJI€HHEM KOHCTAHT C = C1, ..., Cm, H TEO-
puto T* curnarypst X, nosydennyto n3z T nobasiennem akcuombl Y(C).

(1) [Lust siro6oii popmysibt §(U) curnarTypbl ¥
T"Fé(e) < T,v(0)Fd(v) & TH(Vo)(y(v) = 6(v)).

(2) Ecmm T+ (30)y(v), To T* koncepparusuo pacmmpsier T', T. e. JIst 1106010 Ipeio-
JKEeHUS p CHTHATYDbI %
T Fyp & Tk

1.5. Hanpumep, B pamkax runore3nl « B — mosnas OysieBa aarebpay BbIparkeHUe
ZFC F (VP E ZFC),

cumBomM3upytomiee gokazyemocth B ZFC Geckoneunoro yreepxaenust «V® gpnsercs moe-
sbio ZFC», dopMaibHO SKBUBAJIEHTHO BBIBOJUMOCTH

ZFC, B — nosnmas 6yesa anrebpa F (V® & ZFC),
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KOTODAsi, B CBOIO OYEPe/ib, O3HATAET UTO JIsl BCSIKOTO TIPEIOKEHNUs] , SIBJISIIOIErocsl Teope-
moit ZFC, BobimosiHgeTcst Jiro60e U3 CJAeYIOMUX TPEX PABHOCUIBHBIX YCIOBHIA:
) ZFC, B — nosnas 6Gynesa anrebpa = (V& p);

(1
(2) ZFC I (V B)(B — nonnas Gynesa anrebpa = V& E @);
(3) ZFC* | (V&) E ),

rne ZFC* — pacmmpenune ZFC xoncrantoit B m akcuomoii «B — nosimas Gynesa aarebpas.

2. ByneBo3HauHnble ajnredpanvieckre CUCTEMBI

Bceroay auxke B — nosras Oyiesa anredopa.

2.1. Ilycrs X, [=]x, [€]x — ompenensievmbie B ZFC Tepmbl nim Kjaccwl. [oBopgar, 9To
(X, [=]x, [€]x) aBasiercst byaesosnaunot (rounee, B-snaunotll) anzebpauveckol cucmemots
cuznamypu Y := {=, €} unu, 60/ee KOPOTKO, B-cucmemoti, umest B BUY KOHBIOHKIHIO CJI€-
aytormx hopMyII:

X #@, [=]x: X? = B, [€]x: X*— B,
[_]X(x7x) = 1p,

[=lx(@,y) = [=]x (v, 2),

(=lx (@, y) As [=lx (v, 2) <s [=]x (2, 2),
[€lx(z,y) Ne [=]x (¥, 2) <g [E]x (2, 2),
[€lx (@, y) As [=lx (2, 2) <p [€]x(2,y)

1utst Beex x,y, 2z € X. Buecro (X, [=]x, [€]x) mumyT mpocto X.

2.2. Ilpeanosoxum, aro X — B-cucrema. st kax10it bopmysisl ¢(Z) curHaTypbl X, e
T =x1,...,%, — HOJHbIN CINCOK CBOOOHBIX IIEPEMEHHBIX (, BBEJEM N-MECTHBIH (QyHKIMO-
HAJIBHBIN CUMBOJI [p(Z)]x, yCaoBUMCs 3anuceiBaTh TepM [¢(Z)]x (Z) B Buje [¢]x u pacumpum
TEOPHIO OIPE/IeTICHUSIMU

[z =ylx = Flx(z,y), eyl = [Ex(zy),

[eVYlx = [@lx Ve Wlx, (e AYx = [elx As [¥]x, [Pelx = -6 lelx,
(Bz)plx = supg{lply sz € X}, [(Va)glx = infp{lply:z € X},

re ¢ u Y — HOpPMYJIbl CUTHATYPHI Y., -z — OTepalus JOIMoJiHeHus: B OysieBoit anrebpe B.

DopMaTbHO TOBOPsI, TPUBEJEHHDBIE BHIMIE (DOPMYJIbI KOPPEKTHO OMPEIesioT (DYHKITHO-
HaJIbHbIE CUMBOJIBI [p(Z)|x B pamkax reopum, mnoiydennoit u3z ZFC noGasiennem rumores
«B — nonnas 6ynesa anredopay n «X — B-cucremas. OnpesesieHus STUX CUMBOJIOB, B CBOIO
0vepelib, PACHIMPSIOT CUTHATYPY W AaKCMOMATHKY, TIPWUBOAS K KOHCEPBATWBHOMY pacCIImpe-
o ZFC* ucxomuoii Teoprn. (CoorercrByrommuii (hopmanunszM GoJiee moapobHO PACCMOTPEH
B [1].) Ipu srom s s060it dbopmyisl ¢(z) curnarypsr ¥ B ZFC* BoiBogmva dopmysia
(Vz € X) [¢(Z)]x € B. B ganpueitmem Mp1 6ynem nncars ZFC Bmecro ZFC*, HesBrO mpuco-
€INHAA K aKCUOMAaTHUKE BCE C(i)OpMy.HI/IpOBaHHbIe TUTIOTE3bI 1 OIIPpEeJCJICHUA.

2.3. ToBopgar, uto dhopmyna ¢(Z) curaarypbl ¥ ucmunnae 6 X, u mumyt X F o(Z), ecan
[0(Z)]x = 1p. (Ilpu s3T0M TOIPa3yMeBaeTcs BKIOUeHne T € X.)

Cucremy X mazwBaior 6yae603naunol (B-3naunoli) modeavto mroocecmea ® npeioxe-
Huit curHaTypbl 2, u mumyT X F ®, ecoim X F ¢ g Bcex ¢ € ®. Ilon 6yaesoznawnoli
(B-31aunoti) M00eAb10 Meopuy TIOHUMAETCA MOJIE/Ib MHOXKECTBA BCEX TEOPEM 3TOH Teopuu.
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OrmernM, 9T0 B caydae 6eckoredrnoro MHOKecTBa P yemosne X F @ apiasiercst 6eCKOHETHBIM
yrBepxaenuem (cM. § 1), mpeacrasisiionmm coboit Habop dopmyn {X F ¢ : ¢ € O}

KaK M3BECTHO, B 6yﬂeB03Ha“IHOI‘;I CrUCTEME MCTUHHBI BCE TABTOJIOTHUH, & IIPaBHJIa BBIBOJA
COXPaHAIT UCTHHHOCTL. TOUHEe roBOps, B MPEINOJOKeHUH, u4To X sBjsgeTcs B-cucremoii,
CIIPABE/IMBBI CJIeAYIONme (hakThi:

(1) ZFCF (X E @), rge & — COBOKYMHOCTD BCEX TABTOJIOTHIH CHTHATYDHI 3;

(2) ecnmn muOM)ecTBa mpeanoxkennii I' m A curmatypst ¥ taxossr, uro ZFC F (X E T)
uI'FA, to ZFCF (X F A).

Takum obpazom, B 3amucu X F ZFC mog ZFC M0XKXHO MOHUMATH KaK COBOKYITHOCTH CITe-
nuraapHbIX akcnoMm ZFC, Tak u coBokymHOCTE Beex Teopem ZFC.

2.4. I[Iycts X — B-cucrema u myctb p(x,§) — IPOU3BOJIbHAS (POPMYJIA CHTHATYDBI 3, TJ1€
J=Y1,---,Yn. Torma B ZFC morazyemo, aro g obbix x1,22,y € X nbe B

(1= 20 = [p(z1, )] Ab = [p(x2,7)] A D.
< Cornacuo 2.3 (1) cupaBeyIIBO COOTHOIIEHNE
[o(z,9) A(x =) & (i, §) A (T=)] = 15.
CremoBarebHO,

[p(z1, Y] A [z1=22] = [p(22,7)] A [11 = 2],

a BHAYNT, B CJAydae [r1 =2 > b MBI nMeem
(o, IAb = [pler, YA [zr =22 Ab = [p(x2, Y] A [p1=22] Ab = [p(22,7)] Ab. >

2.5. B cayaae ZFC - (X F ZFC) zamucu [p(Z)]x 1 X F ¢(Z) 06peTaioT cMBICT HE TOTBKO
it HOPMYJI ¢ CUTHATYPBI X, HO U Jjisd (DOPMYJI, COAEPIKAIINX BXOKIEHUs JIIOOBIX OIpese-
nsembix B ZFC mpemnkaTHBIX U (yHKIMOHATHHBIX CHMBOJIOB. Ecan ¢ — Takas ¢gpopmyna, To
nof, [¢(Z)]x monumaercs [1(T)]x, e ¥ — pe3yabTraT JMUMUHAYUL OTPEJIeJISIEMbIX CUMBOJIOB,
T. e. Takas ¢dopmynaa i curarypel 3, uro ZFC F (¢ < ). B uwactHocTH, paccmarpuBas
OysepozHauHyi0 Moeab X Teopun ZFC, MBI nMeeM BO3MOXKHOCTH yIOTPEDISITH TaKHe TEPMBbI
u dopmynbl, Kak [z Ny = O)x wm X E(f: 2 — y).

Kpowme Toro, B KoHCTPYKImMsX Buga [---]x u X F (--+) gomnyckaercst HedpopMaibHOe yIo-
TpebJieHne «BHEITHUX» TepMOB, onpejensgembix B ZFC. Hampumep, B xonTekcre f: A— X
sanuck [f(a1) = f(ag)]x = b cayxur cokpamennem GbopmyJIbl

(3 X, 2?2)(:61 = f(al) N XTo = f(CLQ) VAN [1‘1 :1?2])( = b)
2.6. Cucrema X HasbiBaercst omdeaumoti, eciu

Va,ye X)([=lx(zy) =1 = z=y).

B cayuae 2-cucremsr, rie 2 := {0, 1} — mpocreiimas OGyseBa aarebpa, OTIeINMOCTb O3HAYAET
CTAHJIAPTHOCTH MHTEpIpeTanny paBeHcrsa: [=|x(z,y) =1 < =z =y.
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3. IlpuHiunbsl nogbeMa, NePEMENINBAHUSA U MaKCUMyMa

Bceroay mauxke B — mostras OyseBa asredbpa, X — ormesmmas B-3nagnas aarebpamdeckast
cucTeMa CUrHATYPHI % := {=, €}, npuueMm B X HUCTUHHA AKCHOMAa SKCTEHCHOHATHHOCTH:

XEWVz,y)(Ve)(zezezey) = z=y).

Cpa3sy oTMeTnM, 9TO 3JIEMEHTBI T TAKOi cucTeMbl X OJHO3HAYHO OIMPEIE/ISIIOTCS 3HAUCHU-
savu [z€z]x (z € X):ecm x,y € X u [z€x]x = [2€y|x mnst Becex z € X, 10 2 =Y.

Yro6bl 3amucu ObLIM MeHee TPOMO3IKUMME, YCJIOBUMCS OIMyCKaTh WHIEKCH B u X B cuM-
BOJIAX SUDg, Ag, [...|x, ascx, Ty, MiXx ¥ T. 1.

3.1. Ilycts C' — mogmuoKecTBO B X X. Diement x € X HA3BIBAIOT NOJGEMOM COOMBEM-
cmeusa C u obo3HavaT cuMmBoioM asc C', eciin

[z€z] = sup (bA[z=y]) muaBeex z € X.
(by)eC

B cayuae coorercrBusi, 3azannoro napoit cemeiicre (b;)ier C B, (x;)ier C X, BMecTo

asc{(b;,z;) : i € I} ncnonp3yercs 6oiee KOMIAKTHAS 3aMHCh asc b;x;. Takum o6paszom, BeIpa-
el
JKeHre & = asc b;x; o3Hadaer
iel
[z€a] = sup (b A[z=u;]) nas Beex z € X.
el

Hna b e BuY C X nogbem asc({b} x Y) nazwiBaercst nodsemom mmooicecmesa Y ¢ gecom b
u obozHauaercst cuMBOJIOM DY 1. Duiement x = bY 1 onpejensercs COOTHONEHUSIMU

[z€x] = bAsup [z=y] maaBeex z € X.
yey

B ciyuae b = 15 moabem bY 1 obozuauaoT Y1 u HA3BIBAIOT nodsemom muooicecmsa Y .
3.2. ToBopsiT, uT0 X yIOBJIETBOPSIET NPUHUUNY NOIGEMA, €CITH
(VCCBxX)3zeX)(z=ascC),
(Vz e X)(3C C Bx X)(z=ascC).
3.3. Ilycrs Y — nopmuoxkectso mim nogkiace X. Cuvponom Prt(B,Y) ycaosumcst 06o-

3HAYATDH Kjacc Bcex dpyukmmit P: D — Y, onpeeneHHbIX Ha Pa3bueHusIX eIuHUIIbI Oy/1eBOit
anrebpel B, T. e. HAa Takux moaMHOXKecTBax D C B, uT0

sup D = 15, (\V/dl,dz € D)(d1 75 do = di Ndo = OB).

Dnement r € X HaswiBaercs nepemewusanuem Gynkuun P € Prt(B, X) u obosnauaercs
cuMBOJIOM mix P, ecan
[t=P(d)] >d nnsBeex d € D.

Wnorma nos pasbuenneM eIUHUIBI yI0OHO MOHUMATH ceMeiicTBo (d;);c; C B Takoe, 4To

supd; = 1z, (Vi,jel)(i#j = d; Ndj = 05).
i€l
Hns pasbuennst equannpl (d;)ie;r C B wu cemeiicrsa (x;);e;r C X cumposiom mi}( d;x; obo3Ha-
1€
qaeTcsd 3eMeHT £ € X, yI0BJIeTBOPAIONIHIL YCIOBIIO

[t=wx;] > d; nnsBeex i€ 1.

Kax Jierko Bujiers, mi;( dix; = mix{(d;, x;) : i € I, d; # 0}.
1€
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CoBokynHoCTh TiepemernBannii BceBo3MoxkHbIX byukimit P € Prt(B,Y) nasbiBaercs
yuraueckol oboroukoti monmuokectBa Y C X u 0603HAYAETCS CUMBOJIOM CyC Y .

3.4. T'oBopgar, uro X yIOBIETBOPAET NPUHUUNY NEPEMEUUBAHUSA, €CTTT
(VP ePrt(B,X))(Jz € X)(z = mix P).

3.5. Ilycrb ¢(x, y) — dbopmysa curHaTyphl X, Bce CBOOOIHBIE TIEPEMEHHBIE KOTOPOIi COfiep-
JKATCsT B CIUACKE X, Y, TIE § = Y1,---,Yn. Cucrema X yIOBIETBOPSIET NPUHUUNY MAKCUMYME
o hopmyavs @, ecan

(Vg € X)(Bxo € X) [B2)p(z, )] = [p(z0, 7).

Kaxk sterko Bumers, eciiu X yHOBJIETBOPSIET MPUHIIAITY MAKCUMyMa, JJIsI (0, TO
(Vy e X)(X F(@x)e(x,y) = BreX)XE (p(ac,g)).

T'oBopaT, uTo X ymOBIETBOPSET NPUHUUNY MakCuMYMma, ecan X yIOBIETBOPAET TPUHIINAILY
MakcuMyMa Jist 1060t hopmysnbl curaarypsl L. (31€Ch MBI IMEEM JIeJ10 ¢ OUEPETHbIM «6ec-
KOHEYHBIM YTBEPKIeHNeM», cM. § 1.)

3.6. Cormacuo |2, 1.10, 1.11] (cum. Takxe |3, 6.1.7, 6.1.8]) B ZFC nokasyemsl ciieyioniie
COOTHOIIEHUS] MEXKIY CPOPMYJIUPOBAHHBIMU BBINIE TTPUHITUTIAMHU.

Ilycte X — npom3Bonbnas B-cucrema CHTHATYDHI X..

(1) Ecim cucrema X ymoBieTBOpsieT MPHHIHAILY MOJbEMA U B Heli HCTHHHA AKCHOMA 9KC-
TEHCHOHAJILHOCTH, TO X YJIOBJETBOPSIET IPHHIAILY MEePEMEITHBAHUISI.

(2) Ecim X ynoBieTBOpSieT NPUHIAITY MOAbEMA M MPHHIHILY MAKCHMYMAa JIIs (DOPMYJIBI
x €y, 70 X YJIOBIETBOPSIET NPHHITHITY MEPEMEITHBAHUSI.

(3) Ilycre X ynomierBopsier npunnuiy nepemerinBanus. Toryga X ymoBieTBopser mpHH-
IHILY MaKCHMYMa.

3.7. Jlemma. Ecin B-cucrema X ynoBiaeTBOpsieT NPHHIIAILY IT€PEMEITHBAHHUS, TO JJIS
smo0b1x (b;)ier C B 1 (;)ie; C X maiigyres b € B u (y;)ier C cyc{z; : i € I} Takne, uro

sup (b A[z==z;]) = bAsup[z=y,;] a1 Beex z € X.
il icl

< B cinyuae I = @ yrBep:kenne jeMMbl oueBUIHO. [lycth [ # .

IMosnoxum b = sup,er by, I* = I U{I}, df = —b u paccMOTpUM IPOU3BOJILHBIHA /1€MEHT
xr € {z; : 1 € I'}. Cormacro npuniuny ucdepnsiBarust (cm. [3, 2.1.10 (1)]) cymecrsyer Takoe
paszbuenue eguauns! (d;)icr- C B, uto d; < b; ana Beex ¢ € I*. Bamernm, urto sup;c;d; = b.
Baarogaps npunmuny mepemermuBanus B X WMEETCS JIEMEHT & = MiX;cr+ d;T;, XapaKTepu-
3YIOLIUANCA COOTHOIIIEHUAMU

[t=mx;] > d; nnsBeex i€ I (1)

ITo Toii ke npuunne s kaxgoro ¢ € I B X wumeercs snement y; = mix{(b;,x;), (—b;,x)},
YIOBJIETBOPSIONTHI HEPABEHCTBAM

lyi=x) = bi,  [yi=x] = —b;. (2)

[Tokarkem, 4T0 cemeiicTBO (Y;)ies siBJsiercss nckombiM. OuesnuHo, (y;)ier C cyc{z; : i € I}.
Hanee, nig Beskoro siementa z € X ¢ yuerom (2) u 2.4 Mbl nmeeM

sup (bi A [z::l:,]) = sup (bi A [z:yi]) < bAsup[z=y,).
i€l i€l iel
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C npyroii croponst, 6aarogapst (1) n 2.4 cnpaseIMBbI COOTHOIIEHUST
bA[z=x] = sup (di A [z:x]) = sup (di A [z:xi]) < sup (bi A [z:xi]),
el el el
oTkyma ¢ yuerom (2) u 2.4 ciemyer, 9to s Beex i € [

bA[z=vyi] = (bi A [z:yi]) Vv (b/\ =b; A [z:yi])
= (biN[z=zi]) V (bA—b; A [z=1])
< (biA[z=a]) V sup (b Alz=1;]) = sup (b A[z=u1;]),
Jel iel
u mosToMy b A supicr [z =ui] = supjc; (bA [z=yi]) < sup;e; (i A [z=1]). >
3.8. CaeacrBue. Ilycte X — ornenumvasi B-cucrema, B KOTOPOH HCTHHHA AKCHOMa 5KC-
TEHCHOHAJIbHOCTH.

(1) Ecin X yjmoBjaeTBopsieT HpUHIHAILY TIEpeMeIuBaHuUI, TO Jiist Jiioboro coorserctust C' C
B x X naiinyrca b € B u'Y C cycC|[B] rakune, uro B X cymecrsoBanne asc C' paBHOCH/IBHO
cymecrBoBanuto bY T, npuuem asc C' = bY' 1.

(2) Ecin X ynosserBopsier nIpuHIHILY 110J4beMa, TO s ioboro x € X cymecrByror b € B
nY C X rakme, uro x = bY 1. Ilpu stom b = [z # S| u [y€x] = b qia Bcex y €Y.

4. Nepapxuveckasi CTPYKTypa 0y/JI€BO3HAYHOM CUCTEMbI

Bcerony uuxke B — mosinas OyseBa anrebpa, X — ornenumas B-3HauHas ajredpamdeckast
CUCTEMaA CUTHATYPBI E = {:, e}, npuYdeM CucreMa X YAOBJIETBOPSAET TIPUHIUITY TOAbEMa U
B Hell ICTUHHA aKCHOMAa SKCTEHCUOHAIBHOCTH. OTMETHM, 9TO B 3TOM cjiydae X yI0BIETBOPSIET
TaKKe TIPUHOUTIAM TIEPEMEIINBAHNA U MaKCUMYMa (CM. 36)

4.1. Obo3HAYNM CHEMBOJIOM Dy MOAbEM asCy & MycToro coorBercTBua & C B X X. Die-
MeHT @y € X urpaer BHyTpu B-cucrembl X posib mycroro MHOXKecCTBa, T. €. X F (@x = 0)
win, 4ro 1o ke camoe, X F (Vy) —(y € @x).

Hnsa x € X u b € B nepemenmmanue mix{(b, z), (—b, Ix)} ycaoBumes 0603HaAIATE CHMBO-
JIOM |, W Ha3BIBATH CYotCceruem T Ha b:

[$|b:$] > b, [$|b:@] > —b.

4.2. Jlemma. [Lis srobeix a,b,b; € B, x,x;,y,y; € X, Y C X cupaseqimBbsl cOOTHOIITEHUS:

(D) [e(x1y -y Tny Y1y - oo Ym) | Ab = [0(Z1]by - -+ s Tnlos Y1y - -« Ym)] A D, D116 © — IpOH3BOJIB-
Has popMysIa CUTHATYDBI ;

(2) [yezl] =[yea] Ab;
(3) (33|a){b = Z|anb;

(4) zlp=yly & [x=y] = b;
(5) (aSCiEI bixi) ,
(6) (@¥ D]y = (anD)YT.

< Vreepxkaenue (1) caexayer u3 2.4 61arogapss HepaBeHCTBAM [T; = x;|p] = b.
PasencTBo (2) BbITEKAET U3 CJIEAYIOMINX OTEHOK:

= asCjer (bl VAN b)xz = asCjer (bz AN b)xilb;

lyexlp] = [yea]Az=xl)] > [y€x] Ab;
[y € zlp) < [z]p # D] = —[z]p = 2] < ==b =b;
lyex|] =[yezfp] ANb< [yexp] Afzly=2] < [y €a].
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(3) U3 (2) cneayer, aTo [ye (x\a)‘b] =lyczlJAb=lyex]NaAb=[yEx|un)
(4) Ecmm x|y = ylp, TO Gmaromaps (1) mer mmeem [x=y] A b = [z|p=y|ps) A b = b, oTKyzna
[z =y] > b. Haobopor, uz [x =y| > b ciexnyer

(=] Az =yl Aly=yls] = b;
[2]p = 2] A [ylo = 2] > —b,

[]p=yls]
[]p=yls]

AVARY

a sHaunT, (2|, =ylp) = 1 u Tem cambiv x|, = y|p Gaarogapst oTgeMMOCTH.
(5) C yuerom (1) u (2) aia Bcex y € X MBI HIMeeM

{y € (asc b,x,)‘ } = {y € ascbixi] ANb =suply=x;] AbiA\b
el b el icl

- [y e asc(b; /\b)xl} = suply=xils] A b Ab = [y € asc (b AD)zils |-
i€l el i€l
Pagenctro (6) sBisiercss wactabiv caydaem (5). >

4.3. C momormmpio TpanchuanTHOH pekypceun (cm. [3, 1.5.9, 1.6.1]) ompemenmmm wacc-
PYHKIINIO, COMOCTABJISIONIYIO KaXKI0My opanHaTy « € On mogaMmuOkecTBO X, C X, moJsiaras

Xo={ascC : CC Bx Uﬁ<an}.

Kak serxo Buzers, X, C Xg mpn o < 3, Xo = {@x}, Xop1 = {ascC : C C B x X,}
g Beex o € On.

4.4. O6oznaunm kiacce |J X, camBonom X .

a€On
Jlemma. daement x € X npunajne:xkut X, TOraa U TOJAbKO Toraa, korga x = asc C s
nekoroporo C C B X X.

< HeobxogmmocTsh obecreamBaeTcst OnpeaeseHneM Kaacca Xqso. IIOSCHUM JOCTATOIHOCTD.
Ecmu ¢ = ascC, tne C' C B X X4, TO BeIOUpasi /ijist Kaxk0ro sjaementa y € Y = im C op-
suHAT (Y ), YAOBIETBOPSIONTHIT yCioBHio Y € Xy (), 3aKmodaeM, o Y C Uer Xa(y) € Xa;
e 0 = SUPycy a(y), a saaunt, C' C B X X, u Tem camMbiM & € X411 C Xoo. >

4.5. Onpenennm kiiacc-pyuknmo w u3 X B B, nojaras
w(x)=sup{be B:z|, € X}, z€X.

Jlemmva. JLnst mr06pix b € B, x € X mMeer MecTo 3KBHBAJEHTHOCTH

zlp € Xoo & b<w().

< Pacemorpny niponssostbablii amement x € X u nosoxuM (z) ={b€ B : x| € Xoo}-
[Tokazkem, uTo MHOXKeCTBO 2(z) HacwimeHo BHu3: ecan a € Q(x) u b < a, 10 b € Q(z).
HeiictBurensho, mycth a € Q(z), T. €. x|, € Xoo. Coracuo 4.4 cipaBeyInBO Mpe/ICTABICHNE
x|, = asc C' st Hekoroporo C' C B x X . Torpa B cayuae b < a ¢ yuerom 4.2 (3),(5) n 4.4
MBI FIMeeM
x|y = x|app = (x\a){b = (asc C)|, = asc Cp,

e C, = {(c A b,y) : (¢,y) € C} C B X Xo, a 3naunt, x|y € Xoo-

Ocraerca noxazath, uto w(r) € Q(z), T. €. T|yz) € Xooo [as Besxoro b € Q(z) us
BKJIOUeHNS |y € Xop ¢ yuerom 4.4 cremyer, uro x|, = asc Cp mag nekoroporo Cp, C B X Xo.
[Monoxum C = UbEQ(x) Cyp. Acuo, uro C C B X X4, a 3Ha9uT, B cu1y 4.4 st 000CHOBAHUSI
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BKJIOUEHUS T y(5) € Xoo JOCTATOUHO MOKA3aTh, 4T asc C' = T|(,). JeiicTBurensno, ais Beex
z € X c yaerom 4.2 (2) Mbl nMeeM

[z€ascC] = sup (aA[z=y]) = sup sup (aA[z=y]) = sup [z€ ascCh]
(a,y)eC b€Q(2) (a,y)€Ch beQ(x)
= sup [z€xzfp] = sup ([z€x]Ab) = [z€z]A supb = [z€x]Aw(x) = [2€x[4yw)],
beQ(x) beQ(x) beQ(x)

OTKYa ascC = ac]w(x) Osarogapst OTAEIMMOCTH CUCTeMBbl X W MCTWHHOCTH B HEM aKCHOMBI
SKCTEHCHUOHAJHbHOCTHU. >

4.6. Jlemma. s jroboro x € X cyiiectByer z € X Takoi, 4T0
[zez] =2 ~w(r), —w(z)>=>-wx).

< Pacemorpum npomsBosibHbIit 9ement x € X. Cormacuo 3.8 (2) maiigyreas b € BuY C X
takue, 410 r = bY 1, npuduem b = [z # D] u [y€x] =b s Becex y € Y.

ITonoxum ¢ = inf ey w(y). B cuny 4.5 qnig Bcex y € Y cnpaseuBo BKTouenne Y| € Xoo.
Kpowme Toro, u3 4.2 (5) cieayer, aro z|. = ascyey (b A ¢)yle, otkyna x|, € Xo cormacuo 4.4,
a sHaunt, ¢ < w(z). Takum ob6pasom, sup,cy —w(y) = ~w(x).

ITo mpunnumy BcuepnsBanus B Oys1eBoil aarebpe B cymectByer aHTHIEND (dy)ycy TaKad,

9TO SUPyey dy > —w(z) m dy < —w(y) ana seex y € Y. Toxaxkem, 90 2 = miXyey dyy
SIBJISIETCST ICKOMBIM 371eMeHTOM X, T. €. [z € x] 2> ~w(z) 1 ~w(z) = ~w(x).
Jnst Bcex y € Y vt umeem [z2=y| > dy n [y €] =[x # ] > ~w(z), orkyga ¢ yderom 2.4

CJIeJIyeT, 9To
zexz|Ndy = [yex] Ndy = —w(x) Ady.

Bags cynpemym mo y € Y, nonyuaem [z € z] > —w(x).

s jokazaresbcrBa HepaseHcTBa —w(z) = —w(x) mosoxuM a = w(z) A —w(z) u go-
MYCTHM BOTIPEKH JIOKazbiBaeMoMy, uTo a 7# Op. Ilockomeky Op # a < —w(x) < supyey dy,
Halijiercss Taxoit sjement y € Y, uro dy A a # 0p. Cornacuo 4.5 nepaBencTBo dy A a < w(z)
obecrieunBaer BKjHOUeHNE z|g, na € Xoo- C 2pyroit croponsr, u3 0p # dy Aa < —w(y) ciexnyer,
9TO HEepaBeHCTBO dy A a < w(y) He mMeeT MecTa, a 3HAIAT, Y|g,na & Xoo- g momydenma
HPOTUBOPENsT OCTAETCs 3aMeTHTh, 4To B cuiy 4.2(4) u3 [z =y] > d, BbITeKaeT PaBEeHCTBO
Z|dy/\a = y|dy/\a- >

Ornenumyio B-cucremy Ha3bIBAIOT 6yae603nayunvim (B-snaunovim) yrusepcymom (em. [4]),
€CJTM OHA yJIOBJIETBOPSAET MPUHINITY MObeMa W B HEll HCTUHHBI AKCHOMa SKCTEHCUOHATLHOCTH
U akcuoMma peryagpHocTu ((byHIupOBaHMUS ):

(Vm)((ﬂy)(y cxr) = Fyex)(Vz)~(z€xNnz€ y))

umm, uTo 1o xe camoe, (Va)(z # @ = Ay e x)(yNa = 2)).

Kaxk uzsecrro (cM. [3, 4]), mast s1060ii osiHo# GysieBoii anre6psl B cymiectByer B-3HadqHbIii
yuusepcyM. Tounee, nmerorcs rakue onpejensgembie ¢ napamerpoM B kaacest V&, [=] u [€],
9TO0

ZFC F (V B)(B — nosnas 6ynesa anre6pa = (V*,[=], [€]) — B-snaunsiii yausepcym ).
Bouiee Toro, kinaccuueckuit B-znaunbiii ynusepcym V& okaswipaerca mogennsio ZFC:

ZFC, B — nonnag 6ynesa anreépa = (V® E ZFC).

4.7. Teopema. Ecin X — 6yneposnaunsiii yuusepcym, 1o X = Xa.

a€On
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< Paccmorpum B-znaunbiit yausepcymM X U MPEIIOI0KUM BOIIPEKN JOKA3BIBAEMOMY, 9TO
cymecTByer sjeMeHT Yy € X, He npunHaexanmii Xoo. [omoxum b = —w(yy). U3 4.5 cie-
ayer, ato b # 0g. Cornacno 4.6 nmeercst snement yo € X, yJI0BIETBOPAIONINI HEPABEHCTBAM
[y2 €y1] = b u ~w(y2) = b. «repupysi» 9Tu paccyxjenus (a CTpOro roBOps, TPUMEHSIST Pe-
KYPCHIO U aKCHOMY BbIOOpA), T10JIy9YaeM I0CIeA0BaATeIbHOCTD (Y )neN 1eMeHToB X Takyio,
ITO [Ynt1 € Yn| = b 111 Bcex n € N.

Paccmorpum mogbem z := {y,, : n € N}1. Biaarogaps ucruaaoctn B X aKCHOMBI PETyJIsp-
HoCTH U3 [T # @] = 1 cnenyer [(y € z)(yNe = &)] = 15, a3HAYNT, 10 IPUHIAITY MAKCHMYMA
CYIIECTBYeT 3jeMeHT y € X, yIOBIETBOPSIONNIl paBeHcTBaM [y € x| = [y Nz = &) = 15.

ITockommbKy SUp,en|y =yn| = [y € ] = 1, cormacno npuHOMITY HCYePHbIBaHAS B Oy1eBoii
anrebpe B maiigerca pasouenue eauHuibl (dy, )yeN Takoe, 9T0 d, < [y =1yp,] 11 Bcex n € N,
T. €. Y = MiXpeN dpYpn. Honokum 2z = mix,en dpyny1- Toraa ¢ yaerom 2.4 mbl nmeem

[zey] = sup dn A [ZEy] = sup d, A [yn—l—leyn] Z sup d, ANb =b
neN neN neN

[z€x] =supd, AN][z€x] = sup dy A [Yynt1€2] = sup d, = 1z > b,
neN neN neN

otkyJa [yNx # @] > [z € yNzx] = b > 0p, uro nporusopeunt paseHcrsy [yNx = & = 1. >
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Abstract. The logical machinery is clarified which justifies declaration of hypotheses. In particular,
attention is paid to hypotheses and conclusions constituted by infinitely many formulas. The formal
definitions are presented for a Boolean-valued algebraic system and model of a theory, for the system
of terms of the Boolean-valued truth value of formulas, for ascent and mixing. Logical interrelations
are described between the ascent, mixing, and maximum principles. It is shown that every mixing with
arbitrary weights can be transformed into a mixing with constant weight. The notion of restriction of an
element of a Boolean-valued algebraic system is introduced and studied. It is proven that every Boolean-
valued model of Set theory which meets the ascent principle has some multilevel structure analogous to
von Neumann’s cumulative hierarchy.
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Various convergences in vector lattices were historically a subject of deep investigation which stems from
the begining of the 20th century in works of Riesz, Kantorovich, Nakano, Vulikh, Zanen, and many
other mathematicians. The study of the unbounded order convergence had been initiated by Nakano in
late 40th in connection with Birkhoff’s ergodic theorem. The idea of Nakano was to define the almost
everywhere convergence in terms of lattice operations without the direct use of measure theory. Many
years later it was recognised that the unbounded order convergence is also rathe useful in probability
theory. Since then, the idea of investigating of convergences by using their unbounded versions, have
been exploited in several papers. For instance, unbounded convergences in vector lattices have attracted
attention of many researchers in order to find new approaches to various problems of functional analysis,
operator theory, variational calculus, theory of risk measures in mathematical finance, stochastic processes,
etc. Some of those unbounded convergences, like unbounded norm convergence, unbounded multi-norm
convergence, unbounded 7-convergence are topological. Others are not topological in general, for example:
the unbounded order convergence, the unbounded relative uniform convergence, various unbounded
convergences in lattice-normed lattices, etc. Topological convergences are, as usual, more flexible for
an investigation due to the compactness arguments, etc. The non-topological convergences are more
complicated in genelal, as it can be seen on an example of the a.e-convergence. In the present paper
we present recent developments in convergence vector lattices with emphasis on related unbounded
convergences. Special attention is paid to the case of convergence in lattice multi pseudo normed vector
lattices that generalizes most of cases which were discussed in the literature in the last 5 years.

Key words: convergence vector lattice, lattice normed lattice, unbounded convergence.
Mathematical Subject Classification: 46A03, 46A40, 46B42.

1. Introduction

A convergence [s-convergence| ¢ for nets [resp., for sequences| in a set X is defined by the

following two conditions:

(a) o = T = To —> 2 [resp., T, = T = T, — 2];
(b) o —z = zg —= 2 for every subnet xg of x4 [resp., z, = T, —s x for every

subsequence x,, of z,].

A convergence set is a pair (X, c) where ¢ is a convergence in a set X. A mapping f from

. . . . . C
a convergence set (X7,€1) into a convergence set (Xo,C2) is said to be continuous, if zo — x

implies f(zq) — f(z). s-Continuity of f is defined by replacing nets with sequences.

© Dabboorasad A. M., Emelyanov E. Yu.
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A subset A of (X, c) is called: c-closed if A > z, 51 = x € A; c-compact if any net
aq in A possesses a subnet ag such that ag —5 a for some a € A. sc-Closedness and sc-com-
pactness are defined by using sequences. If the set {x} is c-closed for every z € X then c is
called Ti-convergence. It is immediate to see that ¢ € T3 if every constant net x, = x does
not c-converge to any y # x. For further information on convergences we refer to [1, 2|.

In the present paper, we investigate several special convergences in real vector lattices.

Under convergence in a vector lattice X we always understand a convergence € in the set X,
which agrees with the linear and lattice operations in the following way:

X3z0—>2, X3ys—y, Ror, —r

imply
rv-xa—i—yglw'-x—i-y (1)

and

Ty Ta ANYs—T T AY. (2)

In other words, the linear and lattice operations in X are continuous with respect to the
c-convergence in X and to the usual convergence in R. In this case, we say that X = (X,c) is
a convergence vector lattice. s-Convergence vector lattices are defined by using in (1) and (2)
sequences instead of nets.

A net z,, [resp., a sequence z,,| in (X, c) is called a ¢-Cauchy, whenever

(o —28) —0 [resp., (zm —zn) —0 (m,n — o0)]. (3)

A convergence vector lattice (X,c) is said to be c-complete [resp., sc-complete], if every c-
Cauchy net [resp., c-Cauchy sequence| in X is c-convergent.
A Ti-convergence €1 in a vector lattice X is said to be minimal [s-minimal], if for any other
Ti-convergence ¢ in X satisfying o —= 0 = x4 — 0 for all nets z, in X [resp., z, 0=
[} . .
x, — 0 for all sequences x,, in X], it follows that ¢ = ¢;.
A convergence ¢ in a vector lattice X is said to be Lebesgue [resp., s-Lebesgue], if for every
net x, [resp., for every sequence x,| in X

[respectively,
Ty~ 0 =, —0)]. (5)

It follows from (4), (5) that every Lebesgue convergence is s-Lebesgue.

Basic examples of convergence vector lattices are: a locally solid vector lattice X = (X, 1)
with its 7-convergence [3]; a space of Lebesgue measurable functions on [0, 1] with the almost
everywhere convergence, that is a sc-Lebesgue convergence; a vector lattice X with the o-con-
vergence |RU-convergence| [4]; a lattice normed vector lattice (X, p, E') with the P-convergence
[5, 6]. For more details, see [3—10].Recently, o- and vo-convergence were investigated in [7;
11-16] with some further applications in [17-19].

In the present paper, we introduce several further convergence lattices and investigate
corresponding unbounded convergences.

The second author expresses deep gratitude to Prof. Anatoly Kusraev for his decisive
impact on the author’s choice of the functional analysis as his research area 29 years ago.
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2. Examples of convergence vector lattices

In this section, we collect and shortly discuss several examples of convergence vector
lattices. The convergences in Examples 2, 3, and 4 below are topological in the sense that
there is locally solid topology 7 such that the 7-convergence coincided with the corresponding
c-convergence.

EXAMPLE 1. Let X be a vector lattice. Clearly, (X, —2) is a T}-convergence vector lattice.
Furthermore, (X, ~%) is a convergence vector lattice, where “—2” is T} iff X is Archimedean
(cf. 3, 4, 8, 9, 10]).

In a Lebesgue and complete metrizable locally solid vector lattice, x4 piff zy Sz
[20, Proposition 3]. It was also shown in [20, Proposition 4] that, in R?, =57 is equivalent
to “—=” for nets iff Q is countable. Furthermore, it was proved that the o-convergence in X
is topological iff dim(X) < oo [11, Theorem 1|, and that the ru-convergence is topological
iff X has a strong order unit [20, Theorem 5]. It is worth to notice that the so-convergence
in a Banach lattice X of countable type coincides with the norm convergence iff X is lattice

isomorphic to ¢y |21, Theorem 1].

EXAMPLE 2. Let .# = {m¢}¢c= be a family of Riesz seminorms on a vector lattice X.
If, for any 0 # = € X, there is m¢ € .# such that me(x) > 0, (X, .#) is said to be a multi-
normed lattice (cf. |10, Definition 5.1.6]), abbreviated by MNL, with the Riesz multi-norm # .
Convergence in a Riesz multi-norm (1-convergence) was studied recently in [7].

MNLs are also known as Hausdorff locally convex-solid vector lattices (cf. |3, p.59]).
Note that now-days the name “multi-normed space” is also used for quite different class
of spaces [22].

EXAMPLE 3. Given a vector lattice X, a function 7 : X — R is called a Riesz pseudos-
eminorm (cf. [3, Definition 2.27]), whenever:

(a) r(z+y) <r(x)+r(y) for all z,y € X;

(b) limy,—y00 7(apx) = 0 for all z € X and for all R > o, — 0;

(©) Iyl > J2| implies r(y) > r(z).

If r(x) # 0 for any 0 # = € X, r is called a Riesz pseudonorm and (X,r) is said to be
a pseudonormed lattice (abbreviated by PNL).

The convergence in a PNL is rather similar to the norm convergence in a normed lattice
except of possible lack of a locally convex base for the corresponding topology.

The next example presents a convergence which generalizes convergences from Examples 2
and 3.

ExAMPLE 4. We say that a collection # = {r¢}¢cz of Riesz pseudoseminorms on X is
a Riesz multi-pseudonorm, if for any 0 # x € X, there is r¢ € # with 7¢(x) > 0. In this case,
(X, Z) is said to be a multi-pseudonormed lattice (abbreviated by MPNL).

Notice that, by the Fremlin theorem (cf. [3, Theorem 2.28]), MPNLs are exactly the locally
solid vector lattices.

The Riesz multi-pseudonorm convergence (Mp-convergence) in (X, %),

ToBx = (Vre € R) re(z —x4) = 0, (6)

coincides with 7-convergence, where 7 is the corresponding locally solid topology in (X, Z).
ExXAMPLE 5. Given vector lattices X and E, a function p: X — E_ is called an E-valued
Riesz seminorm (cf. [4, 9]), whenever:
(a) p(x +y) < p(z) + p(y) for all z,y € X;
(b) plax) = |af - p(z) for all z € X, a € R;
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(¢) |yl = |=| implies p(y) > p(z).

If, additionally, p(x) # 0 for any 0 # x € X, we say that p is an E-valued Riesz norm.

A vector lattice (X,p, F) equipped with an FE-valued Riesz norm p is called a lattice
normed lattice (abbreviated by LNL).

Several types of convergences in lattice normed lattices were studied recently in [5, 6, 23].
One of the most interesting convergences here is the P-convergence:

Lo -1 <= pla—z4)—=0. (7)

Notice that, the P-convergence in (X, |- |, X) coincides with the o-convergence in X which is
not topological if dim(X) = occ.

EXAMPLE 6. A vector lattice X = (X,.#,FE) equipped with a separating family
M = {p¢}eez of E-valued Riesz seminorms is said to be a lattice multi-normed lattice (ab-
breviated by LMNL). The corresponding convergence:

To By = (Vpe € M) pe(x —x40) —0 (8)

is called the Lr-convergence. Clearly, any LNL is an LMNL.

EXAMPLE 7. Given two vector lattices X and E. A function p : X — FE, is called an
FE-valued Riesz pseudonorm, whenever:

(a) plz +y) < p(x) + p(y) for all z,y € X;

(b) plapz) 230 forall 2z € X and R 3 o, — 0;

(c) |yl > |z| implies p(y) = p(z);

(d) x # 0 implies p(z) # 0.

If condition (d) is dropped, p is said to be an E-valued Riesz pseudoseminorm.

A vector lattice X equipped with an FE-valued Riesz pseudonorm p is called a lattice
pseudonormed lattice (abbreviated by LPNL and denoted by (X, p, E)). The corresponding
convergence:

Lo =2 <= p@—1x4)—0 (9)

is called, as in Example 5, the p-convergence in (X, p, E). Clearly, any LNL is an LPNL.
Our last example presents a convergence which generalizes convergences from all previous
examples except the RU-convergence from Example 1.

EXAMPLE 8. A family #Z = {p¢}ccz of E-valued Riesz pseudoseminorms is said to be
separating whenever, for any 0 # = € X, there is p¢ € % such that pe(z) > 0. If Z is
separating, we call it an E-valued Riesz multi-pseudonorm.

A vector lattice (X, %, E) equipped with an E-valued Riesz multi-pseudonorm % is said
to be a lattice multi-pseudonormed lattice (abbreviated by LMPNL). The corresponding

convergence:

:calm—p>m = (Vpe €R) pe(x —10) =0 (10)

is called the LmP-convergence.

3. Unbounded convergences

Various unbounded convergences have been investigated recently in |5, 7, 11-16, 18, 20, 24—
29, 30-32]. This section is focused on the unification of approaches for unbounded convergences
in different settings. After this, we discuss several types of unbounded convergences related
to examples in Section 2.
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3.1. General facts. Let I be an ideal in a convergence vector lattice (X, ¢). The following
definition is motivated by the definition of wun-convergence with respect to an ideal I of
a normed lattice (X, || - ) [14].

DEFINITION 1. The wunbounded c-convergence w.r. to I (shortly, ujic-convergence)
is defined by
To =Sz if 2o —z|Au——z forall wel,. (11)

It follows directly from (1) and (2), that (X,u;c) is a convergence vector lattice, where
uice Ty <= ceT; and [ is order dense.

Furthermore, the ujc-convergence is coarser than ¢ and uyuyc = uye. Thus, if I is order dense
and ¢ is 77 and minimal, then uv;c = c. If ¢ is topological, then u;cC is topological as well
(cf. [20, 30]). Unbounded c-convergence w.r. to I = X is denoted by uc.

The vo-convergence was studied recently in |11, 13, 16, 18, 27, 28, 31]. The un-convergence
was introduced and investigated in [12] (see also [14, 15, 29, 32]). We refer to [5, 6] for the
UP-convergence; to [7] for the ur-convergence; and to [20, 29, 30, 31, 33] for the uT-convergence.

It may happened that a c-convergence is not topological, yet the uc-convergence is topolo-
gical. For example, if X is an atomic order continuous Banach lattice, then the vo-convergence
in X is topological [12, Theorem 5.3], whereas the o-convergence in X is not topological except
dim(X) < oo [11, Theorem 1].

The following proposition is a uc-version of [13, Proposition 3.15] (cf. also [5, Propositi-
on 3.11] and [30, Proposition 2.12|). Since its proof is similar, we omit it.

Proposition 1. Let ¢ be a Lebesgue Tj-convergence in a vector lattice X and Y a sub-
lattice of X. Y is uc-closed iff it is c-closed.

It was shown in [30, Theorem 6.4] that in a Hausdorff locally solid vector lattice (X, )
the T-convergence minimal iff it is Lebesgue and ur = 7. The question, whether or not any
T1-convergence in a vector lattice is minimal iff it is Lebesgue and uc = ¢, remains open.

Two further questions arise in the case of topological uc-convergence (i. e. UC is a T-conver-
gence for some locally solid 7 in X). Under which conditions the topology 7 is locally convex?
Metrizable? In the case of N-convergence (norm convergence) in a Banach lattice X, it was
proved that: (1) un-topology is metrizable iff X has a quasi-interior point [15, Theorem 3.2];
(2) if X is order continuous, then (X, un) is locally convex iff X is atomic [15, Theorem 5.2].
In the general case, no investigation was conducted yet.

3.2. vo-Convergence and URU-convergence. The vo-convergence was studied deeply
in many recent papers (cf. [11-14, 26-28, 31]), whereas the URU-convergence was investigated
in [5, 7, 11, 20]. It was proved [20, Proposition 3] that in a Lebesgue and complete metrizable
locally sohd vector lattice X, x4 — & <= x4 —> x for every net x,. In [20, Proposition 4],
it was shown that, in X = R®, “25 is equivalent to “—2” for nets iff Q is countable.
Furthermore, it was proved in [11], that the o-convergence is topological iff dim(X) < oo [11,
Theorem 1|, and that the RuU-convergence is topological iff X has a strong order unit [11,
Theorem 5].

3.3. un-Convergence and uT-convergence. Recently, ur-Convergence was studied
in [7], whereas uT-convergence in [7, 29, 30, 33]. Among other things, it was shown that in
a metrizable m-complete MNL (X, .#) the ur-convergence is metrizable iff X has a quasi-
interior point [7, Proposition 4]. In [20, Proposition 5] it was shown that in a complete
metrizable locally solid vector lattice (X, 7) with a countable topological orthogonal system,
the uT-convergence is metrizable.
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Notice that, in the case of the m-convergence in an MNL (X,.#) with the Riesz multi-
norm .# = {mg¢}¢ecz, the ur-convergence in X is the mpP-convergence in the MPNL (X, %),
where # = {m¢ . }eezuex, is given by

meu(x) =me(jz| Au) (E€E, ue Xy). (12)

In the case of a locally solid vector lattice (X, 7), in order to describe the ur-convergence,
we consider a Riesz multi-pseudonorm on X, say &2 = {p¢}ecz, generating topology 7 (such
a Riesz multi-pseudonorm exists by the Fremlin theorem). Now, the ur-convergence in X
is the mP-convergence in the MPNL (X, %), where #Z = {p¢ v }ec=uex, is given by:

peal®) = pellal Aw) (€ €Z, ue X,), (13)

3.4. Unbounded p-, 11-, and LrP-convergences. The up-convergence was introduced
and investigated in [5]. As in (12) above, it can be seen that the uP-convergence in X is the
LiP-convergence in the LMPNL (X, 2, F), where & = {m, }uex, is given by

mu(2) = plz| Au)  (ue Xy). (14)

In the case of an LMNL X = (X, .#, E) with the E-valued Riesz multi-norm .# = {p¢}¢c=,
the vLv-convergence in X is the LvP-convergence in the LMPNL (X, 2, F), where & =
{Wg,u}geaue x, consists of E-valued Riesz pseudoseminorms 7¢ ,, defined by

Teu(®) = pelfz| Au) - (z € X). (15)

Furthermore, in the most general case of the LMP-convergence from Example 8, we have the
following proposition, whose straightforward proof is omitted.

Proposition 2. Let X = (X, %, E) be an LMPNL with the E-valued Riesz multi-pseu-
donorm # = {p¢}ec=. Then the uLmp-convergence in X is the LvP-convergence in the LMPNL
(X, Z,E), where & consists of E-valued Riesz pseudoseminorms ¢ ,,

Teu(®) = pe(|z] Au)  (z € X) (16)

forall ¢ e Z,u e X,

For more results on uUP-convergence we refer to [5, 6, 24, 25].
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HEOI'PAHUYEHHBIE CXOANMOCTU
B KOHBEPTEHTHBIX BEKTOPHBIX PEIITETKAX

Habypacan FO., Emenssinos 9. FO.

Wcropuwecku, pa3zHooOpasHble CXOAUMOCTH B BEKTODHBIX DENMIETKAX SBJISAJINCH MIPEIMETOM TIyOOKUX WC-
CJTeJIOBAHUI BOCXOIAMNX K Hadaay XX Beka. V3ydeHne HeOrpaHWYIEHHON MOPSIKOBON CXOAMMOCTH OBLIO
nannmrpoBano Hakano B komre 40-X romoB, B CBSI3M € 3proamdeckoit Teopemoit Bupkroda. Uaes Haka-
HO 3aKJ/I09aaCh B TOM, YTOOBI OMPEIETUTh CXOAUMOCTD TOYTH BCIOAY B TEPMHUHAX PEMIETOYHBIX OIlepa-
it 6€3 TPSAMOTO WCIOJIb30BAHUs TeOPUU MePbl. MHOTO JieT CIyCTsl BBISICHUJIOCH, 9TO HEOTPAHWYEHHAS
TIOPSAIKOBasi CXOAWMOCTh BEChMa TIOJIE3HA B Teopwu BeposTHOCTel. C Tex Mmop uies WCC/IeI0BAHUS Pa3-
JIMIHBIX CXOJIMMOCTEH C TIOMOIIBIO X HEOTPAHUIEHHBIX BEPCUIN MCITOIB3YeTCS B PAIUIHBIX KOHTEKCTAX.
Hanpumep, HeorpanndeHHbIE CXOAMMOCTA B BEKTOPHBIX PEIIETKAX HPUBJIEK/IN BHUMAHUE MHOTUX KCCJIe-
J0BaTeJIei [jIs TOTO YTOOBl HANTH HOBBIE TIOAXOABI K PA3JIUYHBIM MpobIeMaM (PyHKIIMOHAJIHFHOTO aHAJIU-
3a, TEOPHUHU OIEPATOPOB, BAPUAIMOHHOIO UCYKUCJIEHNS, TEOPUH PUCKOB B (DUHAHCOBON MaTeMaTUKE U T. JI.
HexkoTopbie HEOTpaHWYEHHBIE CXOMMOCTH, TAKWe KAK HEOTPAHWYEHHAs] CXOJAMMOCTH M0 HOPME WJIU MYJIb-
TUHOPME, HEOTPAHUYEHHAS T-CXOAUMOCTD, SIBJSIOTCS TOMOJOTUYEeCKUMU. /Ipyrue mpuBeIeHHbIe CXOTUMO-
CTH He SBJSIOTCH TOIMOJIOTUIECKUMH B OOIIEM Ciiydae, HAIPUMeD: HEOTPAHWYEHHAs! MOPSIIKOBAS CXOIU-
MOCTh, HEOTPAHUYEHHAs OTHOCUTEJIbHAsI PABHOMEPHAS CXOINMOCTH, PA3IUYHBIE HEOTPAHUIEHHBIE CXOIU-
MOCTH B PENI€TOYHO-HOPMUPOBAHHBIX PEIIeTKaX, W T. 1. B HacTosIel paboTe mpeacTaBIeHbl TOC/IETHIE
HanboJIee JaCTO WCIOJIb3yeMble CXOAUMOCTHA B BEKTOPHBIX PeINIeTKaX, ¢ aKIEHTOM HA COOTBETCTBYIOMINX
HEOTPAHWYEHHBIX CcXoauMocTax. Ocoboe BHUMAHUME YIE/ISeTCS CAYyYar CXOAUMOCTH B PEIETOYHO MYJIh-
THUTICEBIOHOPMUPOBAHHBIX BEKTOPHBIX PEIIeTKaX, 0600Ma0mux GOTHITHHCTBO CJIYYAeB, 00CYKIABITUXCS
B JIUTEPAType 33 IOCJIeIHUE 5 JIeT.

Kuarouesbie cjioBa: KOHBEPTE€HTHadA BEKTOPHAd PENIETKa, PEMEeTOYHO-HOPMUPOBAHHOE TIPOCTPAHCTBO,
HeOrpaHu4YeHHad CXOAUMOCTbD.
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TEOPEMA O BJIOKEHIU SJIEMEHTAPHOII CETU

H. A. JI>xxycoesa, C. }FO. UrapoBa, B. A. Koiibaesn

Ilocsauwaemea 65-aemuro
Anamoaus T'eopeuesuua Kycpaesa

Annaoranms. Ilycth A — TpPOM3BOIHEHOE KOMMYTATUBHOE KOJIBIO € €IUHWIIEH, . — HATYPAIbHOE GUCJIO,
n > 2. Cucrema o = (05), 1 < i,j < n, aAQUTUBHBIX TOATPYIII 0;; KOJbIA A HA3BIBAETCH CETHIO (KOBPOM)
HaJ1 KOJIBIOM A mopsiika n, ecinu 0;r0r; C 055 IPU BCEX 3HAYEHHUHAX MHIEKCOB i, 7, j. Cerb, paccmarpu-
Baemasi 0€3 AMArOHAJIM, HA3bIBAETCS SJIEMEHTAPHON CeThI0. DieMeHTapHas ceTb 0 = (0y;), 1 < i # j < n,
Ha3BIBAETCS JIOTIOJTHAEMOMN (10 TIOJIHOH CeTH), €CJIM [IJIg HEKOTOPHIX aIMTUBHBIX TIOATPYTIT (TOYHEE, MO~
Kosten) o;; Kosbna A tabmmna (¢ mmaromannvio) o = (035),1 < 4,7 < n aBmgerca (mommoii) cerpoo. Ipy-
TUMHU CJIOBAMU, 3JIEMEHTAPHAS CETh 0 ABJIAETCA JOTIOJHAEMON, €C/T €€ MOKHO JOTIOHUTE (IMArOHAJIBIO )
mo (mommoit) cerm. Ilycrs 0 = (o) — sneMenTaphaa cerb Has Kombmom A mopaaka n. Paccmorpmm
HA00p w = (w;j) aJJUTUBHBIX TMOArPYII W;j KOIbIA A, ompemeseHHbIX ayia JO0bIX i@ # j dopmystoi
wij = > p_ OikOkj, Tl CyMMHUPOBaHHIE Gepercs 1o BceM k, orymunsim oT ¢ u j. Habop w = (wi;) ammm-
TUBHBIX TOATPYII Wi; KONbIA A sBIAETCA JIEMEHTAPHON CETHIO, KOTOPYIO MbI HA3BIBAEM IAEMEHMAPHOT
nPOU360OHOT cemvro. DIEMEHTAPHYIO CETh W MOXKHO JIOMOJHHUTH 10 (IIOJHOH) CeTH CTaHIAPTHBIM CIIO-
coboM, a Tak¥Ke APYTUM CIOCOGOM, KOTOPBI MBI TIPEJJIATAeM B CTAThe. BBOAWTCA TAKIKe MOHATHE CETH
Q = (€45), KOTOPYIO MBI HA3BIBAEM CEMBI, ACCOUUUPOBAHHOT ¢ dremenmapnoti epynnot E (o). Crnemyro-
nIas TeopeMa sBJIeTCs OCHOBHBIM Pe3y/TbTATOM CTaThbu: DJIeMEeHTAPHAS CETh 0 HHAYIUPYET 3JeMEHTADHY O
npou3BOAHYIO ceTh w = (w;;) U cerhb ) = (§i;), acconuupoBaHHYIO ¢ 3JeMeHTapHOi rpynmoii FE (o), npn-
gem w C 0 C Q. Ecom w = (w;j) AONOJHATH AHATOHAJIBIO A0 IOJIHOH CTAHJAPTHBIM CIIOCOGOM, TO /I
NPOU3BOIBHOTO T H J00bIX © # j Oyaer wirQr; C wij u Qirwr; C wij. Ecm e w = (wij) gomonanTh
JTHaroHaJIbIo 70 IOJIHOH BTOPBIM CIIOCOOOM, TO ITOCJIESHUE BKJIIOYEHUS BBIITOJIHSIOTCS IS JIIOOBIX 1, T, j.

KiroueBbie ciioBa: ceTu, 3jileMEeHTapHBIE CETH, CETEBBIE TPYIMIbI, TPOU3BOIHAS CETh, dJIEMEHTApHAs Ce-
TeBad I'PyNIla, TPAHCBEKINA.

B pabote mpunarsl caemgytomnme cTangapTHbIe obo3Hadenus. [1ycts e — equHUYHasT MaTpH-
Ia mopsagKa n, €;; — MaTPWIa, y KOTOPOi Ha Mo3uIum (7,7) crour 1, a Ha OCTAILHBIX MeCTax
Hym; t;; (o) = e + ae;; — smeMenTapHas TpaHcBekims. [lomoxkum, masee,

tij(A) = {tij(a) NS A}

st snementaproit cern (koepa) o yepes E(o) ob6o3navaercs sjieMeHTapHast cereBasi IpyTi-
ma:

E(O’) = <tij(0ij) 1< 75] < n>

Hanee, ecin 0 — cets, To uepes G(o) obo3nauaercs cereBasi (koBpoBasi) rpymma [1].

© 2018 Ixycoesa H. A., Utapora C. FO., Koiibaes B. A.
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ITycte A — npousBoJIbHOE KOMMYTATHBHOE KOJIBIO C €IUHUIEH, 1 — HATYPAIBLHOE UHUCJIO
n > 2. Cucrema o = (O’ij), 1 <4,7 < n, ayIUTUBHBIX DOATPYII 0;j KOJbIA A naswiBaercs
cemvio (Kospom) [2, 3] Hax KosbroM A nopsika n, ecin

Oir0rj C 045

Py BCEX 3HAYEHUAX MHAEKCOB i, r, j. CeTh, paccMaTpuBaeMas 0e3 QMaroHa/N, HA3BIBAECTCS
anemenmaphnotli cemvio (aaemenmaprvim kospom) |1, 2|, |3, Bompoc 15.46].

ONPEAENEHUE 1. Dnementaphas cetb 0 = (055), 1 < i # j < n, Ha3bIBaeTCs JONOAHA-
emoti (do mnoanoti cemu), ecau st HEKOTOPBIX aJJINTUBHBIX TOATPYII (TOYHEE, MOIKOJIEN)
0i; kombra A tabimia (¢ amaronansio) o = (0y5), 1 < 4,7 < n asasercs (MOJIHOI) CETHIO.
JpyruMu cioBamMu, 3J1€eMEHTapHAS CeTh 0 ABIACTCA JONoAHAEMOT, €CIIA €€ MOXKHO JONOTHATD
(mmaronannio) g0 (mosHOl) cerTn.

XOpoIIo M3BECTHO, UTO 3JIEMEHTApHAs CeThb 0 = (0;;) SBJIA€TCs JOMOIHIEMO TOraa I
TOJIBKO Torza, Korua (cm. [1])
0ij0ji0ij S Oij (1)

JUTst JTIIOOBIX 4 # j. JImaroHajbHBIE TIOATPYIIIIBI 0j; OMPEHeISIOTCs: hOPMYJIoit

Oii =Y Okilin, (2)

ki

r7ie CyMMUpOBaHMe 6epercst o BCeM k OTJIUYHBIM OT i.
Ilycte 0 = (0;;) — syieMenTapHasi ceTh HaJ KOJIbIOM A mopsigika n. Paccmorpum wHabo
ij
ol =w = (wij) aLIMTUBHBIX MOATPYII wWj; KOJbIA A, ONpeJeTeHHBIX IS JIO0BIX i 7# j

CJIETYIOIIAM 00Pa3oM:
n
Wij = ZUikUkj,
k=1

rJ1e, O9eBUIHO (TaK KaK 0 — 39JIEMEHTapHast CeTh), CyMMuUpoBaHue Gepercst mo Bcem k, oTamd-
HBIM OT ¢ 1 j. flcHo, uTo w;ij C 0y, CI€10BATENBHO, IS JIF000 TPOUKHU TOMAPHO PA3IHIHBIX
9mces 4, T, j, Mbl nUMeeM Wirwrj C wjj. Takum obpasom, HAOOp w = (wj;) aJANTHBHBIX TIOJ-
IPYII W;j KOJIBIA A SBJISETCA 5JIeMEHTAPHOI CEeThIO, KOTOPYIO Mbl HAa3bIBAEM IACMEHMAPHOTE
npou3eoonoti cemuwio.

Ecu, HanpuMep, n = 3, TO 31eMeHTAPHAS IPOU3BOJHASL CETh 0

= w = (wjj) UMeeT BUJ

* 013032 012023
023031 * 021013
032021 031012 *

DjeMenTapHas CeTh W = o

SIBJISIETCsI JI0TIOTHsieMOii [4, npejioxkenne 1], . e. jyisi Hee
crpasemuBa ¢opmysa (1), a moromy oHa jomosHSAETCS 70 (MOJHON) ceTu. DIeMeHTapHYTO
CeTh W MOXKHO JIOTIOJHHUTH JI0 (MOJHOM) CeTn CTaHJapPTHBIM CIOCOOOM, TONB3YACH (hOopMy-
qoit (2). OnHako, MBI TIpejIaraeM erne ofuH (HeOOXOAMMBIH HAM JJis JajibHeiineil paboTe!)

crocob JI0TIOJIHEHNS SJIEMEHTAPHON CeTH W JI0 TIOJIHOA.

Wi = Y OikOksOsi, (3)
k#s

rje cymmmpoBanue Begerca no scem 1 < k # s < n (acuo, aro k # i, s £ 1).



Teopema 0 BJIOKEHHH 3JI€MEHTaAPHOH CETH 99

ONPEAEJIEHUE 2. DeMeHTapHast TPOU3BOJIHAS CeTh W, JOTOJHEHHAS JUATOHAIBIO JIU-
60 cranmapTabIM criocoboM (dhopmyra (2)), aubo dopmynoit (3), aBageTcs ceTbio, KOTOpas
HA3BIBAETCA NPOU3E0IHOT cemwio (Oaa o).

IIycts 0 = (0j;) — s/7emMenTapHas ceTh HaJ KOIbIoM A mopsiaka n. Jlast mpon3BOIBHBIX
i # J TIOJOKAM
Qij = 04ij + 0i5%ij)
rae Yij; = o1 (05i04;)™. Tabauna Q = (€;;) ABIsETCS S/IEMEHTAPHOIT CETBIO, IIPUYEM JIONOJI-
HeAEMOM, T. €. cipaBe/uBbl BKIouenust §2;;§2;;€2;; C §;; s mobbIx @ # j 4, npemozkenue 5).
[Monw3ysick dbopmynoii (2), 0MoJTHIM 3/IEMEHTAPHYIO CeTh ) 10 (MOTHOM) ceTn CTaH apTHBIM
CII0co60M, HOJOKUB i = > 4 £ Qi1 Q;, e cymmymupoBanue Gepercs o k, k # i. Herpymmo

BI/I,Z[GT]J7 qT0
n
Qi = Z Vik-
k=1 ki

Tax, manpumep, 211 = Y12 + Y13 + -+ + Y1n. 3ameTuMm, 910 w;i; C 24 Mg Begkoro ¢. Cern €
SIBJISIETCsI HAMMeHbITefi (J0mo/HsiemMoit) ceTblo, cojeprkaiieii s1eMeHTapHyio cetb o [4, nmpe-
noxkenne 6).

ONPEJAENEHUE 3. CeTb §) HA3BIBACTCSA CEMDBIO, ACCOUUUPOSAHHOT C IAEMEHMAPHOT 2PYN-
noti E(o).

Teopema. DjievmeHTapHast CETh 0 HHIYIHPYET SJIeMEHTAPHYIO MPOH3BOAHYIO CeTh W = (w;;)
u cerb Q = (§5), acconuupoBaHHyTO ¢ 37eMeHTapHOI rpymmoii E(o), npudem

wCoCO.

Ecn w = (w;;) 10IOJHATE IHATOHAJIBIO JIO IIOJIHOM CTaHZapTHBIM crocoboM (¢opmyia (2)),
TO JJIs1 IPOU3BOJIBHOTO T U JIFOOBIX 1 £ j

wirlrj C wij, Qipwrj C wyj. (4)

Ecin e w = (w;j) AOMOMHATE HATOHAIBIO JI0 HOJIHON BTOPHIM criocoboM (dopmyna (3)), 1o
BrJIIOUeHHsT (4) BBITOJIHSIIOTCS IS JIIOOBIX 1, T, j.
st cereit w u §) paccMOTPUM MATPUIHBIE KOJIBIIA

M(w) = {CL = (aij) D Qg S wij} - M(Q) = {b = (sz) : bij S QU}

CaencrBue. B ciyuwae jgonosnennst sjementapHoii cern w opmysioii (3) marpudaHoe
kostb1io M (w) siBiIsiercst IByCTOPOHHHM HJieaoM MaTpudHoro kogbia M(€2).
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AN EMBEDDING THEOREM FOR AN ELEMENTARY NET

Dzhusoeva N. Al Ttapova S. Y.!, Koibaev V. A.12

! North-Ossetian State University;
2 Southern Mathematical Institute — the Affiliate of VSC RAS

Abstract. Let A be a commutative unital ring and n € N, n > 2. A set 0 = (0y5), 1 < i,j < n, of additive
subgroups o;; of A is said to be a net or a carpet of order n over the ring A if 4r0.; C 045 for all 4, r, j.
A net without diagonal is called an elementary net. An elementary net o = (045), 1 <@ # j < n, is said to
be complemented (to a full net), if for some additive subgroups (subrings) oi; of A the matrix (with the
diagonal) o = (03;), 1 < 4,5 < n is a full net. Assume that o = (0;;) is an elementary net over the ring
A of the order n. Consider a set w = (w;;) of additive subgroups w;; of the ring A, where i # j defined
by the rule wi; = Y>°)_, oirokj, k # i; k # j. The set w = (wy;) of elementary subgroups w;; of the ring
A is an elementary net called an elementary derived net. An elementary net w can be completed to a full
net by the standard way. In this article we propose a second way to complete an elementary net to a full
net. The notion of a net Q = (2;;) associated with an elementary group E(o) is also introduced. The
following theorem is the main result of the paper: An elementary net o generates an elementary derived
net w = (wij) and a net Q = (Q;) associated with the elementary group E(c) such that w C o C Q.
If w = (wsj) is completed with a diagonal to the full net in the standard way, then for all v and i # j
we have wirQr; C wij and Qirwr; C wij. If w = (wsj) ic completed with a diagonal to the full net in the
second way then the inclusions are valid for all i, 7, j.

Key words: nets, elementary nets, net groups, derivative nets, elementary net groups, transvections.
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O IUKJINYECKHUX IHOJIPYIIIAX IIOJIHON JIMHENHOII IT'PVYIIIIHI
TPETBEN CTEIEHU HAJI IIOJIEM HYJIEBOII XAPAKTEPUCTUKI

Y. M. IlaueB, M. M. UcakoBa

K 65-aemuro Anamoaus leopeuesuywa Kycpaesa

AnHoTaiusa. B pabore ¢ mOMOIIBIO MOHATHS CHEKTPA MATPHIII JA€TCs SBHBIA BHJ 3JIE€MEHTOB JIFO0O0M
[UKJIMYIECKOH TOArPYIIIBL MOIHOI uHeiiHoi rpynmsr G L3 (F') Tperbeii crenenu Haz moseM F HysieBoit xa-
PaKTEepUCTUKH. B OT/IM4dme OT WTEPAIMOHHBIX METOIOB BO3BE/IEHMS MATPHUIl B CTEIEHb KAZXK/IBIA 3IeMEHT
mukIdeckoit moarpymms: (M) rpynmet GL3(F) Boipaxken B Bume amHeiiHol komGmmammm marpmm MO,
M, M?, k03 PUIMeHTH KOTOPBIX BHIUUCISIOTCS Yepe3 OMpe e INTe N TPEThero MOPSIIKA, COCTABICHHBIE
U3 HEKOTOPBIX CTeleHel coOcTBeHHbIX 3uadennit marpuibl M. Ilo cymecTBy Mbl mipesjiaraeM HOBBIH HOI-
X0/, OCHOBAaHHBI! Ha OJIHOM CBOMCTBE XapaKTE€PUCTUYIECKUX KOPHEH MHOrowieHa ot Marpuiibl. Ormerum
Tak’ke, ©UTO M3JIaraeMblil MeTOJ IIPEIIOJIaraeT 3apaHee M3BECTHHIMU COOCTBEHHbIE 3HAYEHUSI MATPHUILHL.
910 TpeboBaHMe, HAIIPUMED, BCETIA BBIIOJIHAETCS JIjI MATPUI] TPEYTOJIHHOIO BUA, TP 3TOM BOIPOC 06
OTBICKAHUY COOCTBEHHBIX 3HAYEHWI MATPHUIl, KOTOPOMY ITOCBSIIEHA JOBOJILHO OOIMIMPHAsS JINTEPATYPA, B
Hamy 3a1a4dy He BxoauT. Hakomer, onmpasich Ha pe3yJIbTaT O SIBHOM BHJIE 3JIEMEHTOB JII000i [UKIMIeCKOi
noarpynmet rpynmbt G L3 (F), BoiBoguTca Takxke GopMysia JUid IUCIa TUKIAIECKUX TOATPYII TPOCTOTO
nopsAaKa p moHOH smnaeiinoi rpymmbt G L3 (K (» )) HaJT p-KPYTrOBBIM 1osieM K () HyJIeBOH XapaKTepPUCTHUKH,
YTO TPECTABISIET CAMOCTOSITETLHBIN WHTEPEC B T€OPUN OECKOHEUHBIX TPYIIIL.

KuaroueBrble cioBa: moHas JuHedHAas IPYIIIA, CIIEKTP MATPUIIH, HATOHAIN3UPYyEMas MATPUIIA, N-KPy-
TOBOE TIOJIe, AIreOpamIecKoe 3aMBIKAHNE TIOJIS.

B pabote maerca siBHBIH Bu JIF060T0 3/1€MEHTA, KAXKIO0M IMIUKJIMIECKON TOATPYIIIIBI TIOJTHOMN
qureiinoil rpynmbl G L3(F') Tperbeii crenenu HaJj MpOU3BOJBHBIM TosieM F' HyseBoit xapakTe-
puctuku. [Ipu srom, onmpasich Ha Takoil pesysabrar, B rpynne GLg(F') naz nosem F ogroro
CIIEIMATLHOTO BUJA BBIIEISIOTCA HEKOTOPbIE KOHEYHBIE NMUK/IWYeCKue moArpymmbl. [lepsoie
UCCJIeIOBAHNS ITUKINIECKUX MOATPYIIIT TOIHOI juHelHoi rpynmsl G Ly, (F') wax nmosem F mnpn
n=2wun=3no0 cuekrpy ee marpur 6bln Havarsl B [1, 2].

Kaxk u B pabore [3] MbI Jlaem ycnsieHne pesysibTaToB u3 [2], OTHOCSIIMXCS TOIBKO K CJIy9ato
ajirebpanvyecKkn 3aMKHYTOro moJig. [Ipu 5ToOM MBI UCTIO/IB3YEM HECKOJIBKO WHOM TOXO0/T, OCHO-
BaHHBIN HA CBOMCTBAX XapaKTePUCTUYECKUX KOPHel MHOrowiena ot marpuisl (cm. [4, ¢. 60],
[5, c. 65]).

Crenyrommii pe3yabTaT, OCHOBAHHBIN Ha CBOMCTBAX CIEKTPAa MHOTOUYJIEHHOW MaTPWIIBI,
TTO3BOJISIET BBIYUCSTH JIIOOON 3JIEMEHT IMUKJINYIECKOH MOATPYIIbI TTOJTHON JUHEHHON rpyI-
usl GL3(F') B caygae char F' = 0 (npeasapuresbhoe coobiienune gano B [6]). Ormernm, 4ro
BBIUNC/IEHNE BBICOKUX CTEIEHell MATPHUIbI UCIOJIB3YETCS TPHU OTMPeIe/IEHUN HAuOOIBIIEro 110
MOJLYJII0 COOCTBEHHOTO 3HauYeHus: MaTpuibl (cm. |7, ¢. 354-355]).

© 2018 ITages V. M., lcakosa M. M.
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Teopema 1. Ecin «, 3, v — xapakrepucrnieckne kopaun marpuibl M € GLs (F), to
nukmaeckas noarpynmna (M), mopoxnennas marpuneii M wa monem F HysmeBoii xapakTe-
PDHCTHKH, ONpeneIsaeTcss PAaBEHCTBAMNA:

)

M= Bl 220 B3 40
w w w
IPH PA3IHIHBIX O, 3, Y;
a? a1
w = 62 /8 1 s
oyl
A; — onpeneanTeib, MOJyIeHHbIH 3aMEHOH 1-10 CTOJIONA ONPEIETHTE W CTOJOI[OM
Ha, 874
2)
n Ay 2 Ay Az 0

— M — M —-—F= M
(a—5) (a—p) (a—p)
r1e o — JBYKPATHBIH KOPEHb; 3 — MpOCTOil KOpeHb; A; — oIpeaeTuTe /b, MOJIyYeHHbIH 3aMe-

HOI 1-T0 CTOJIOIA OTIPETETATEST
2

a® a 1
20 1 0
g Bl

cronbrom H(a™, na" "t f1);
3)
-1 1
n(n2 )an—QMQ + (20 —n?) o™ TM + 3 (n—1)(n—2)a"M",

171e o — TPexXKpaTHbII XapaKTePUCTHIeCKul KOopeHb MaTpurnl M.

M" =

1): Iycte M € GL3 (F) n «, B8, v — pa3JnvHble XapaKTEPUCTUIECKNE KOPHU MATPH-
bl M, BooOIIle rOBOpsi, TpUHAIEXKAIINE KyOudueckomy pacmupenuto monsa F. Ilo Teopeme
TFamumibrona — Kasm (em., nanpumep, [5, ¢. 120]) u o dpopmynam Buera npn n = 3, cnpa-
BEJIJIMBBIM ¥ JIJIi MHOTOYJIEHOB HaJl JII0OBIM 11osieM F umeem

M? = (a4 +7) M? = (a + ay + B7) M + apyM°. (1)

13 pasencrsa (1) ciaemyer, aro M? toxe morxno Bepasuts wepes M2, M u MO, ymuoxas
a1 sroro obe wactu (1) ma M u 3aMeHss TOABIAIONIYIOCS B JIeBOH wyacTh MaTpmiy M3
npagoii gacteio (1), n BOOOIIE, MOBTOPSAS MOCIEI0BATENHLHO ITOT MPOIECC HYKHOE YUCI0 Pas,
MBI TIOJTYyIUM PaBEHCTBO

M"™ = p,M? + ¢, M + r, M°, (2)

IIPU HEKOTOPBIX Pr, Gn,Tn € F, n >3, M? = E — eunudnas MaTpHIA TPETHETO MOPSIKA.
ITycrs A — cobersennoe 3uavenne marpuibl M. Torga, kak ussecto (cM., Hanpumep, |5,
c. 61]), eciim f(M) — muorousnen or Marpuisl M, To cobcrBenHoe 3nadenne marpunsl f (M)
pasro f(\). Hosromy BBUIY (2) 31ementsl ppA? + qu\ + 7y 1 A" SBASTOTCS COOCTBEHHBIMMT
3HAYEHUAMU MaTpuibl M™.
Torga, yawrwsiBasi, aro o', ", v
CUCTEMY YpaBHeHU

" — cobcrBennble 3HaveHus Marpuibl M™ nosaydaem
pna2 + gna + 1 = Q"
pnﬁ2 +qnB + 1 = B", (3)
Py + @Y+ ="
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Ounpenenuress 3TOH CUCTEMBI

a2 a1
w=|p B 1|=(a=B)(a=y)(B-7)#0
7o ov 1

— ecThb onpejieTens BangepMonia Tperbero nopsaka. Pemast cucremy (3) mo npasuny Kpa-
Mepa, HAXOAUM KOI(DMUIMEHTHI Py, Gp, Tt

Ay Ag A3
Pn=—", gn = —» Th = —,
w w w
e
a o 1 a2 a1 a2 a ot
Ar=| " B 1|, Apy=|p* p* 1|, Az=|p* B B[,
oyl 7ol ¥y "

TeM CaMbIM II. 1 JOKa3aH.

2): Cnywait aBykparaoro kopusi. IlycTh «, [3, 7 — XapakTepucTu4ecKne KOPHU MaTpPU-
ubl M, npuyeM o — ABYKPATHBIH, 5 — NPOCTOil KOpeHb U, 3HAYUT, Y = (.

IMycts M ynosnersopsier ypasuennto (2). Torga paccMarpusaeM MHOTOYJIEH

f(z)=2a"— P — qnx — Tp. (4)

Tak Kak « — JABYKpATHBIA KOPEHb STOr0 MHOTOUJIEHA, TO OH SBJISIETCS TaKyKe KOPHeM
MPOM3BOIHON MHOTOWIeHA f(X), T. €.

na™ ' —2p,a0 — g, = 0.
Torpa nosygaem cucremy

pna2 + gna + 1 = ™,

2pna+ g = na” ",

pn62 + Qn/B +rp = /Bn

. 2
Tak Kak 10 yCJOBHIO v # [3, TO omnpejeauTenb 3ot cucrembl —(a — )% # 0, u pemas
OTHOCHUTEJILHO Py, Gn, Tn 10 OpaBuIy Kpamepa, moaydaem

AN | AV As
Pn = — 5y Gn = — 5, I'm = — 2
(a—B) (a—B) (a—B)
e A; — OmpeJeauTeb, TOIYYeHHbI 3aMe 0l i-I0 CTO/I0Ia, OIpeae IUTe s
|
20 1 0
g g1

cronbmom t(a™, na™ 1, B™) u Tem cambiv bopmysia aas M™ B paccMaTPEBaEMOM CTydae J0-
Ka3aHa.

3): Cayuaii TpexkpaTHOro xapakTepucTuueckoro kopusi: « = (3 = . Torma kopenb «
SIBJISIETCS. KODHEM MHOTO4IeHa (4) 1 ero mepsoii u BTopoii npou3soaHoii. Ilosromy ist Koad-
dunmenToB pasencrra (2) mosydaem

-1 1
Dp = %an2’ qn = (2n — n2) anil’ Tn = 5 (n — 1) (Tl,— 2) a’. >



O HUKIHYIECKUX MOJATPYIIax IOJHOH JUHEeHHOH TPYIIbl TPEThel CTEemeHH 65

Jokazannas Teopema 1 1mo3BOJISET MCCIEI0BATH BOMPOC O KOHEYHBIX ITUKJIMIECKUX IT0JI-
rpynnax moJjiHoi jmueitHol rpynnbl GLj (K (”)) HaJ N-KPYTOBBIM mojeM K (") gpsomemes
noJsieM passoxkenns jgpyunena x' — 1 mwax mosem K HysneBoit xapakTepucTuku (CBOHCTBA TaKUX
noteit mastozkens B [8, c. 84]). O6o3maumM vepes E(™ MmoxecTBo KOpHEi MEOrOUIeHa, L™ — 1.
Bregem Takke obozuadenmne Ny (K (")) JJIS 9UCIA TMUKJINYEeCKUX TTOATPYTIT TIOPSAIKA N B TPYII-
e (GLs (K (”)). Torga mMeeT MeCTO CJIeAyIONIAs

Teopema 2. /las sir060ro mpocToro 4mcjia p KOJHIECTBO IUKJIHIECKHX IMOATPYII IT0-
pSAAKa P, MOPOXKIAEMBIX JTHATOHAJIU3UDPYEMBIMH MaTPHI[AMU B IIOJIHOH JIMHEHHOH TpyIIie
GLs (K (p)) nax p — kpyrosov noaem K P) mynepoii xapaxrepucrukn 3agaercs popmyiioi

<1 Crauana OygeM pacCMaTpUBATHL CAyYail MATPUIL C TIPOCTBIM CIIEKTPOM, T. €. MyCTh MaT-
punta M € GLj3 (K (p)) UMeeT pas/IMdHble XapPaKTEPUCTUIECKWe KOPHU «, [3, <y, TPUHAJIIe-
JKalrue, BoobIe roBopsi, anrebpandeckomy 3ambikanmo moas K ). Tlocrpony muKIIIecKyio
noarpymiy (M) < GL3 (K (p)) MIPOCTOTO TOPSIIKA P, MOpoxkAeHuyio marpureit M. Ilns sro-
ro B Teopeme 1 mosoxuM n = p u norpebyem, urobrr |(M)| = p, MP = E, M* # E upn
1<k <p, rae E — eqmHIYHAS MAaTPHUIIA TPETHErO TOPSIIKA.

B cuny Teopembr 1 310 TpeboBaHne paBHOCUIBLHO TOMY, 9TO

Al = 0, Ag = 0, Ag =w. (5)
_ A 2
ITIpw sTOM 3ameTnM, 9TO NIt oslyYenus pasencTsa MP = F npyroe Tpebosanme <M=+

%M =0, rme 0 — HyeBag MaTpuIa, He Oy1eT UMeTh MECTa.
Torga B cuity Teopembl 1 mMeeMm cucreMy ypaBHEHUH

o a1 a? a1 a? a a”
prp 1 |=0, B> pr 1| =0, B> B B | =w. (6)
oy 1 7?1 ? oy "
Pemm 31y cucremy ornocurensuo o, 8", A", monyunm o = " = 4". IlomcraBnss
a? a o
WX B TpeThe paBeHcTBO cuctembl (6), 6yzem umers | 2 B o | = w, orkyna o = 1, HO
2 n

7Y o«
torman 3" =1,~" =1, u snaunr, o, 8,7 € KP), 1ounee a, 3, v € EP). Ho tak kak marpu-
a M 10 yci0BUIO UMeeT mPOCTO# CIEKTP, TO HAJT AIredpandeckoM 3aMblKaHuN oIt K () ona
MPUBOAUTCA K AMaroHaabHOMY Buay. IlosTomy He Hapymras OOIMHOCTH PACCYXKIEHHA MOXKHO

a 0 0
camrate M = | 0 B 0 |, tme o, 8,y € EW.
0 0 v

Paccmorpum Temepns cayuait marpuibl M, mMmeromnieil ABYKPATHBIN XapaKTepPUCTUIECKIi
KOPEHBb (v ¥ TIPOCTOI KOPEHB (3, TIOKA CYNTAst X TPUHAIEKAIIIMEI aJIredpandecKoMy 3aMbIKa-
auio moas K P, [TockompKy /I00YI0 MATPHUITY HAJ AJIreOpanvdecKn 3aMKHYTHIM TIOJIEM MOYKHO

a Ty
MPUBECTH K TPEYTOJBHOMY BHUJY, TO Cpa3y MoxkeMm cumtath, uto M = | 0 o 2z |, rxge z,
0 0 g
Y, 2 — HEKOTOPbIE DJEMEHTHI U3 aJIre0pPanvuecKoro 3aMbIKaHus oIt K (P), Torna mmeem
P p—1, oP=p?
o paPTlx =5y
P_ 3P
MP=| 0 o 207, . (7)

0 0 B8P
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Tpebyst Teneps, urobsr MP = E, Gynem umers, uro paP 'z = 0, orkyga 2 = 0, IOCKOIBKY
noste K®) mveer HYJIEBYIO XapaKTE€PUCTUKY.

a 0 vy
YuautsiBas emre npu 3ToMm, uto of = P = 1, monyaaem MP = E, tine M = 0 a =z
0 0 B
a 0 0
Fcmy=0,2z=0t0oMP=FuM=| 0 a 0 | u3Ha9uT, IUKJIUIECKUE TOITPYIIIIHI
0 0 B

TOPSIKA P, TOPOXKIAEMbIe TAKUMU MATPUIIAMU OyIyT BKJIIOYEHBI B KOHEYHYIO COBOKYITHOCTH
n3 Ny (K (p)) NUKJIMYeCKuX moarpyni rpynmsl G Lg (K (p)).
B ciyuae TpexXKpaTHOrO XapaKTepUCTUIecKoro Kopus « (7) Gyaer nMeThb BH/T

a? 0 paPly
MP = 0 o paPlz
0 O P

Torma marpuma M Oymer mOPOXKIAIONIUM JIEMEHTOM IUKJIMIECKO TOATPYINBI TOPSAIKA P,
TOIBKO Tora, Korma o = 1uy =0, 2=0, . e. a € E®),

Takum 06pa3oM, HAMW YCTAHOBJIEHO, YTO TOpOXKgaiomiasi marpura M # E mukande-
CKO#l oATpy bl Topsiyika p rpynnbl G Lg (K (p)) JIOJIKHA UMETh JTUATOHABHBIN BUJI, TTPUYEM
ee AMArOHAIbHBIE 31eMeHThl prHaexar FP).

Ilepeiiem Temeps K TMOACUETY YUCAA MUKJIUYECKUX MOATPYHH mopsaka p B GLg (K (p)).
Kosmaectso BceBO3MOKHBIX MaTpul] M yKaszaHHBIX BUI0B PABHO YUCJIy PA3MEIIEHUI C I10-
BTOPEHUSIMU Z:; = p3. BriGepeM mpon3BosIbHYI0 MaTpuity M, TOPOXKJAONLYI0 THKIHIECKYIO
noarpymmy (M) mopsaaka p B rpynme GLg (K (p)). CTpouM BTOPYIO IMUKIUIECKYIO TIOATPYII-
ny (Ms) nopsinka p B GL3 (K(p)) Tak, 41066l (M7) N (My) = {E}. IIpogoskast 3ToT nporece,
HA TOCJIEJIHEM TIare CTPOUM TUMKJINYecKyio noarpynmy (M), rme s = N3 (K (p)), TIPU TOM
KaxKJI0i nuk/andeckoii noarpynmne (M;) B3anMHO OJHO3HAYHO CONOCTABJISAETCS YOS I0YeH-
HBI HAGOp Tpex amemenToB u3 EP)| BoobIie roBopsi, ¢ IOBTOPEHUSMI TAKUX 37eMeHToB. Tak
KaK B 9TUX MUKJIUIECKUX MOAIPYIIIAX WMEETCsl TOJIBKO OIUWH OOIIuil dj1eMeHT F, mOBTOPSIO-
muiicss p pas, To u3 0o0IIEero KoJMmiecTBa MaTPUIl, BXOJANIAX BO BCE MUKJIMIECKNE TOATPYIIIBI
HY2KHO UCKII0UnUTH N3 (K (p)) — 1 euanuanbIx MaTpul F U B pe3y/braTe mOIyauM p> MATPHIL,
ITosromy umeem pN, (K(p)) — (N3 (K(p)) — 1) = p3, orxyna N3 (K(")) =p’+p+1l.p>
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ON CYCLIC SUBGROUPS OF A FULL LINEAR GROUP
OF THIRD DEGREE OVER A FIELD OF ZERO CHARACTERISTIC

Pachev U. M.!, Isakova M. M.!
! Kabardino Balkarian State University

Abstract. In this paper, using the concept of the spectrum of a matrix, we give an explicit form for
the elements of any cyclic subgroup in the full linear group GL3(F') of the third degree over the field F’
of characteristic zero. In contrast to iterative methods, each element of the cyclic subgroup (M) of the
group GL3(F) is a linear combination of M°, M, M?, with coefficients easily computed using determinants
of the third order, composed by certain powers of the eigenvalues of the matrix M. In fact, we offer a new
approach based on a property of the characteristic roots of the polynomial of the matrix. Note also that
we present a method that involves the previously known eigenvalues of the matrix. Finally, basing on the
results about the explicit form of the elements of any cyclic subgroup of the group GL3(F) we derive
a formula for the cyclic subgroups of prime order p of linear group GL3(K (p)) over a circular field K®
of characteristic zero that is of interest in their own right in the theory of infinite groups.

Key words: complete linear group, cyclic subgroups, spectrum of a matrix, diagonalizable matrix, n-cir-
cular field, algebraic closure of a field.
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INVITATION TO BOOLEAN VALUED ANALYSIS

A. G. Kusraev', S. S. Kutateladze?

! Vladikavkaz Science Center of the RAS;
2 Sobolev Institute of Mathematics

Abstract. This is a short invitation to the field of Boolean valued analysis. Model theory evaluates and
counts truth and proof. The chase of truth not only leads us close to the truth we pursue but also enables
us to nearly catch up with many other instances of truth which we were not aware nor even foresaw at the
start of the rally pursuit. That is what we have learned from Boolean valued models of set theory. These
models stem from the famous works by Paul Cohen on the continuum hypothesis. They belong to logic and
yield a profusion of the surprising and unforeseen visualizations of the ingredients of mathematics. Many
promising opportunities are open to modeling the powerful habits of reasoning and verification. Boolean
valued analysis is a blending of analysis and Boolean valued models. Adaptation of the ideas of Boolean
valued models to functional analysis projects among the most important directions of developing the
synthetic methods of mathematics. This approach yields the new models of numbers, spaces, and types
of equations. The content expands of all available theorems and algorithms. The whole methodology
of mathematical research is enriched and renewed, opening up absolutely fantastic opportunities. We can
now transform matrices into numbers, embed function spaces into a straight line, yet having still uncharted
vast territories of new knowledge. The article advertised two books that crown our thought about and
research into the field.

Key words: Boolean valued universe, Boolean truth value, transfer principle, maximum principle, mixing,
descending, ascending, Boolean valued reals, Gordon’s theorem.

1. Introduction

Humans definitely feel truth but cannot define truth properly. That is what Alfred Tarski
explained to us in the 1930s. Mathematics pursues truth by way of proof, as wittily phrased
by Saunders Mac Lane. Boolean valued analysis is one of the vehicles of the pursuit, resulting
from the fusion of analysis and model theory.

Analysis is the technique of differentiation and integration. Differentiation discovers trends,
and integration forecasts the future from trends. Analysis opens ways to understanding of the
universe.

Model theory evaluates and counts truth and proof. The chase of truth not only leads us
close to the truth we pursue but also enables us to nearly catch up with many other instances
of truth which we were not aware nor even foresaw at the start of the rally pursuit. That is
what we have learned from Boolean valued models of set theory. These models stem from the
famous works by Paul Cohen on the continuum hypothesis. They belong to logic and yield
a profusion of the surprising and unforeseen visualizations of the ingredients of mathematics.

© 2018 Kusraev A. G., Kutateladze S. S.
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Many promising opportunities are open to modeling the powerful habits of reasoning and
verification.

Logic organizes and orders our ways of thinking, manumitting us from conservatism in
choosing the objects and methods of research. Logic of today is a fine instrument of pursuing
truth and an indispensable institution of mathematical freedom. Logic liberates mathematics,
providing nonstandard ways of reasoning.

Some model of set theory is nonstandard if the membership between the objects of the
model differs from that of the originals. In fact, the nonstandard tools of today use a couple
of set-theoretic models simultaneously. Boolean valued models reside within the most popular
logical tools.

Boolean valued analysis is a blending of analysis and Boolean valued models which
originated and distinguishes itself by ascending and descending, mixing, cycling hulls, etc.

2. Invention of Boolean Valued Analysis

Boolean valued analysis signifies the technique of studying properties of an arbitrary
mathematical object by means of comparison between its representations in two different set-
theoretic models whose construction utilizes principally distinct Boolean algebras. As these
models, we usually take the classical Cantorian paradise in the shape of the von Neumann
universe and a specially-trimmed Boolean valued universe in which the conventional set-
theoretic concepts and propositions acquire bizarre interpretations. Usage of two models for
studying a single object is a family feature of the so-called nonstandard methods of analysis.
For this reason, Boolean valued analysis means an instance of nonstandard analysis in common
parlance. The term Boolean valued analysis was coined by G. Takeuti.

Proliferation of Boolean valued analysis stems from the celebrated achievement
of P. J. Cohen who proved in the beginning of the 1960s that the negation of the continuum
hypothesis, CH, is consistent with the axioms of Zermelo—Fraenkel set theory, ZFC. This
result by Cohen, together with consistency of CH with ZFC established earlier by K. Godel,
proves that CH is independent of the conventional axioms of ZFC.

The genuine value of the great step forward by Cohen could be understood better
in connection with the serious difficulty explicated by J. Shepherdson and absent from
the case settled by Gddel. The crux of the Shepherdson observation lies in impossibility
of proving the consistency of (ZFC) + (= CH) by means of standard models of set theory.
Strictly speaking, we can never find a subclass of an arbitrary chosen representation of the
von Neumann universe which models (ZFC) 4 (= CH) provided that we use the available
interpretation of membership. Cohen succeeded in inventing a new powerful method for
constructing noninternal, nonstandard, models of ZFC. He coined the term forcing.. The
technique by Cohen invokes the axiom of existence of a standard transitive model of ZFC
in company with the forcible and forceful transformation of the latter into an immanently
nonstandard model by the method of forcing. His tricks fall in an outright contradiction with
the routine mathematical intuition stemming “from our belief into a natural nearly physical
model of the mathematical world” as Cohen phrased this himself.

Miraculously, the difficulties in comprehension of Cohen’s results gained a perfect
formulation long before they sprang into life. This was done in the famous talk “Real Function
Theory: State of the Art” by N. N. Luzin at the All-Russia Congress of Mathematicians
in 1927. Then Luzin said: “The first idea that might leap to mind is that the determination
of the cardinality of the continuum is a matter of a free axiom like the parallel postulate
of geometry. However, when we vary the parallel postulate, keeping intact the rest of the
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axioms of Euclidean geometry, we in fact change the precise meaning of the words we write
or utter, that is, ‘point,’ ‘straight line,” etc. What words are to change their meaning if we
attempt at making the cardinality of the continuum movable along the scale of alephs, while
constantly proving consistency of this movement? The cardinality of the continuum, if only
we imagine the latter as a set of points, is some unique entity that must reside in the scale
of alephs in the place which the cardinality of the continuum belongs to; no matter whether
the determination of this place is difficult or even ‘impossible for us, the human beings’ as
J. Hadamard might comment.”

P. S. Novikov expressed a very typical attitude to the problem: “...it might be (and it is
actually so in my opinion) that the result by Cohen conveys a purely negative message and
reveals the termination of the development of ‘naive’ set theory in the spirit of Cantor.”

Intention to obviate obstacles to mastering the technique and results by Cohen led D. Scott
and R. Solovay to constructing the so-called Boolean valued models of ZFC which are not only
visually attractive from the standpoint of classical mathematicians but also are fully capable
of establishing consistency and independence theorems. P. Vopénka constructed analogous
models in the same period of the early 1960s.

The above implies that the Boolean valued models, achieving the same ends as Cohen’s
forcing, must be nonstandard in some sense and possess some new features that distinguish
them from the standard models.

Qualitatively speaking, the notion of Boolean wvalued model involves a new conception
of modeling which might be referred to as modeling by correspondence or long-distance
modeling. We explain the particularities of this conception as compared with the routine
approach. Encountering two classical models of a single theory, we usually seek for a bijection
between the universes of the models. If this bijection exist then we translate predicates and
operations from one model to the other and speak about isomorphism between the models.
Consequently, this conception of isomorphism implies a direct contact of the models which
consists in witnessing to bijection of the universes of discourse.

Imagine that we are physically unable to compare the models pointwise simultaneously.
Happily, we take an opportunity to exchange information with the owner of the other model
using some means of communication, e.g., by having long-distance calls. While communicating,
we easily learn that our interlocutor uses his model to operate on some objects that are the
namesakes of ours, i.e., sets, membership, etc. Since we are interested in ZFC, we ask the
interlocutor whether or not the axioms of ZFC are valid in his model. Manipulating the
model, he returns a positive answer. After checking that he uses the same inference rules as
we do, we cannot help but acknowledge his model to be a model of the theory we are all
investigating. It is worth noting that this conclusion still leaves unknown for us the objects
that make up his universe and the procedures he uses to distinguish between true and false
propositions about these objects.

All in all, the new conception of modeling implies not only refusal from identification of the
universes of discourse but also admission of various procedures for verification of propositions.

This article advertised the books [1] and [2] that crown our thought about and research
into the field.

3. Elements of Set Theory

The credo of naive set theory cherishes a dream about the “Cantorian paradise” which is
the universe that contains “any many which can be thought of as one, that is, every totality
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of definite elements which can be united to a whole through a law” or “every collection into
a whole M of definite and separate objects m of our perception or our thought.’

The contemporary set theory studies realistic approximations to the ethereal ideal which
are appropriate formal systems enabling us to operate on a wide spectrum of particular sets
not leaving the comfortable room of soothing logical rigor. The essence of such a formalism
lies in constructing a universe that “approximates from below” the world of naive sets so as to
achieve the aim of current research. The corresponding axiomatic set theories open up ample
opportunities to comprehend and corroborate in full detail the qualitative phenomenological
principles that lie behind the standard and nonstandard mathematical models of today. ZFC,
Zermelo—Fraenkel set theory, is most popular and elaborate. So, it is no wonder that our
exposition proceeds mostly in the realm of ZFC.

We invite the reader to recall the formal technique for constructing universes of sets by
some transfinite processes that lead to the so-called cumulative hierarchies. This technique is
vital for Boolean valued analysis. Of profound importance is the detailed description of how
the von Neumann universe grows from the empty set. So, we thoroughly analyze the status
of classes of sets within the formal system stemming from J. von Neumann, K. Godel, and
P. Bernays and serving as a conservative extension of Zermelo-Fraenkel set theory.

4. Elements of the Theory of Boolean Algebras

Obnious is the key role of Boolean algebras in the area of analysisi we discuss. In fact,
the influence of Boolean algebras spreads far beyond the theme under presentation. Boolean
algebras penetrate into not only every section of mathematics but also practically all chambers
of the mental treasure trove of mankind. There are ample grounds to assert that the concept
of Boolean algebra reflects something general that is omnipresent in all spheres of human life.

There is a wonderful immanent connection between the “events” of physics and the
“sentences” of logic which was revealed by G. Boole (1815-1864) whose name is made immortal
by the term “Boolean algebra.” Boole algebraized the tribes of events and sentences in a form
so terse and lapidary that it has enjoyed everyone from novice to master for more than 150
years.

It is impossible to appraise Boole’s contribution to culture better than this was done by
his famous compatriot, contemporary, and elder friend A. De Morgan: “Boole’s system of logic
is but one of many proofs of genius and patience combined.... That the symbolic processes of
algebra, invented as tools of numerical calculation, should be competent to express every act
of thought, and to furnish the grammar and dictionary of an all-containing system of logic,
would not have been believed until it was proved.”

The relevant preliminaries to Boolean algebra include the celebrated Stone Theorem. For
the sake of diversity, we demonstrate it by using the Gelfand transform.

5. Elements of Category Theory

Set theory rules in the present-day mathematics. The buffoon’s role of “abstract nonsense”
is assigned in mathematics to category theory. History and literature demonstrate to us that
the relations between the ruler and the jester may be totally intricate and unpredictable.
Something very similar transpires in the interrelations of set theory and category theory and
the dependency of one of them on the other.

Alongside set theory, the theory of categories serves as a universal language of the modern
mathematics. Moreover, it is category theory that one of the most ambitious projects of the
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twentieth century mathematics was realized within, the project of socializing set theory. This
evoked topos theory which provides a profusion of categories of which classical set theory
is an ordinary member. It is worth noting that Boolean valued models were extra stimuli in
search of a category-theoretic foundation of mathematics.

We sketchi the prerequisites of category theory up to the key concepts of topos and Boolean
topos.

6. Boolean Valued Universes

It is the use of various rather unconventional models of set theory that unifies the available
nonstandard methods of analysis. In particular, the technique of Boolean valued analysis bases
on the properties of a certain cumulative hierarchy V(5) whose every successive level comprises
all functions with domain in the preceding levels and range in a complete Boolean algebra B
fixed in advance.

Among our main topics is the construction and study of this hierarchy; i.e., the Boolean
valued universe V&),

The idea behind the construction of V(B) is very simple. We first observe that the
characteristic function of a set is a good substitute for the set itself. Travelling across the
levels of the von Neumann universe and carrying out successive substitutions, we arrive
to another representation of the von Neumann universe which consists only of two valued
functions. Replacing the two element Boolean algebra 2 with an arbitrary Boolean algebra B
and repeating the above construction, we arrive at the desired V(5.

The subtlest aspects, deserving special attention, relate to elaboration of the sense in which
we may treat V(5) as a model of set theory. We expose in full detail the basic technique that
lay grounds for Boolean valued analysis; i.e., the transfer, mixing, and maximum principles.

Considerations of logical rigor and expositional independence have requested an ample
room for constructing a separated universe and interpreting NGB in V). The reader,
interested only in solid applications to analysis, may just cast a casual glance at these rather
sophisticated fragments of exposition while getting first acquaintance with the Boolean valued
analysis.

7. The Apparatus of Boolean Valued Analysis

The transfer and maximum principles enable us to carry out various constructions of
the conventional mathematical practice inside every Boolean valued universe. Therein we
encounter the fields of real and complex numbers, Banach spaces, different operators, etc. The
objects, representing them, may be perceived to some extent as nonstandard representations
of the original mathematical entities.

Therefore, viewing the model V® as a nonstandard presentation of the mathematical
universe of discourse and recalling that V(¥ is constructed within the von Neumann universe,
we may peek in the Boolean valued world, discovering nonstandard objects in a standard
disguise.

Skipping from one B to another, a keen researcher sees many hypostaces of a sole
mathematical idea embodied in a set-theoretic formula. Comparing observations is a method
for studying a concealed meaning of the formula. The method often shows that essentially
different analytical objects are in fact just various appearances of the same concept. This
reveals the endoteric reasons of many facts and enables us to clarify the internal reasons for
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many vague analogies and dim parallelism and also to open new opportunities to study old
objects.

This reminds us of the celebrated cave of Plato. If a casual escapee decided to inform his
fellow detainees on what he saw at large, he might build a few bonfires in the night. Then each
entity will cast several shadows on the wall of the cave (rather than a single shadow suggested
by Plato). Now the detainees acquired a possibility of finding the essence of unknown things
from analyzing the collection of shadows bearing more information than a sole shadow of an
entity.

Comparative analysis with the help of Boolean valued models proceeds usually in two
stages which we may agree to call syntactic and semantic.

At the syntactic stage, the mathematical fragment under study (a definition,
a construction, a property, etc.) is transformed into a formal text of the symbolic language
of set theory, or, to be more precise, into a text in a suitable jargon. In this stage we often
have to analyze the complexity of the text; in particular, it matters whether the whole text
or some of its parts is a bounded formula.

The semantic stage consists in interpretation of a formal text inside a Boolean valued
universe. In this stage we use the terms of the conventional set theory, i.e. the von Neumann
universe V, to interpret (decode or translate) some meaningful texts that contain truth about
the objects of the Boolean valued universe V(&) This is done by using especial operations on
the elements and subsets of the von Neumann universe.

We eleborate the basic operations of Boolean valued analysis, i.e., the canonical
embedding, descent, ascent, and immersion. The most important properties of these operations
are conveniently expressed using the notions of category and functor.

8. Functional Representation of Boolean Valued Universes

Various function spaces reside in functional analysis, and so the intention is natural of
replacing an abstract Boolean valued system by some function analog, a model whose elements
are functions and in which the basic logical operations are calculated “pointwise.” An example
of such a model is given by the class V€ of all functions defined on a fixed nonempty set Q
and acting into the class V of all sets. Truth values in the model V€ are various subsets of Q
and, in addition, the truth value [@(u1,...,u,)] of p(t1,...,t,) at functions uy,...,u, € VO
is calculated as follows:

Lo(ur,...,u)] = {a€Q: o(uilq),...,un(a))}.

We present a solution by A. G. Gutman and G. A. Losenkov to the above problem. To this
end, we introduce and study their concept of continuous polyverse which is a continuous bundle
of models of set theory. It is shown that the class of continuous sections of a continuous
polyverse is a Boolean valued system satisfying all basic principles of Boolean valued analysis
and, conversely, every Boolean valued algebraic system can be represented as the class
of sections of a suitable continuous polyverse.

9. Analysis of Algebraic Systems

Every Boolean valued universe has the collection of mathematical objects in full supply:
available in plenty are all sets with extra structure: groups, rings, algebras, normed spaces,
etc. Applying the descent functor to the established algebraic systems in a Boolean valued
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model, we distinguish bizarre entities or recognize old acquaintances, which leads to revealing
the new facts of their life and structure.

This technique of research, known as direct Boolean valued interpretation, allows us to
produce new theorems or, to be more exact, to extend the semantical content of the available
theorems by means of slavish translation. The information we so acquire might fail to be vital,
valuable, or intriguing, in which case the direct Boolean valued interpretation turns out to be
a leisurely game.

It thus stands to reason to raise the following questions: What structures significant
for mathematical practice are obtainable by the Boolean valued interpretation of the most
common algebraic systems? What transfer principles hold true in this process? Clearly, the
answers should imply specific objects whose particular features enable us to deal with their
Boolean valued representation which, if understood duly, is impossible to implement for
arbitrary algebraic systems.

We show that an abstract B-set U embeds in the Boolean valued universe V(&) so that the
Boolean distance between the members of U becomes the Boolean truth-value of the negation
of their equality. The corresponding element of V(&) is, by definition, the Boolean valued
representation of U. In case the B-set U has some a priori structure we may try to furnish
the Boolean valued representation of U with an analogous structure, intending to apply the
technique of ascending and descending to studying the original structure of U. Consequently,
the above questions may be treated as instances of the unique problem of searching a well-
qualified Boolean valued representation of a B-set furnished with some additional structure.

We then analyze the problem for the main objects of general algebra. Located at the
center of exposition, the notion of an algebraic B-system refers to a nonempty B-set endowed
with a few contractive operations and B-predicates, the latter meaning B-valued contractive
mappings.

The Boolean valued representation of an algebraic B-system appears to be a conventional
two-valued algebraic system of the same type. This means that an appropriate completion
of each algebraic B-system coincides with the descent of some two-valued algebraic system
inside V(®). On the other hand, each two-valued algebraic system may be transformed into
an algebraic B-system on distinguishing a complete Boolean algebra of congruences of the
original system. In this event, the task is in order of finding the formulas holding true in
direct or reverse transition from a B-system to a two-valued system. In other words, we have
to seek here some versions of the transfer principle or the identity preservation principle of long
standing in some branches of mathematics.

10. Analysis of Groups, Rings, and Fields

Continuating the previous research, we illustrate the general facts of Boolean valued
analysis with particular algebraic systems in which complete Boolean algebras of congruences
are connected with the relations of order and disjointness. We restrict exposition mainly to the
descents of the systems under study and demonstrate the opportunities that are opened up
by Boolean valued analysis. One of the main results (due to E. I. Gordon) reads as follows:
Each rationally complete semiprime commutative ring is an interpretation of a field in an
appropriate Boolean valued model.

11. Analysis of Cardinals

This theme occupies an especial place in the whole book. By now we only considered
the Boolean valued universe V(&) over an arbitrary complete Boolean algebra B. Moreover,
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we discussed only those properties and constructions that are practically independent of the
choice of B. In actuality, many delicate mathematical properties of the members of V(&)
depends essentially on the structure of B. We show here how the choice of a Boolean algebra
affects the specific properties of cardinals (and not only cardinals) in the corresponding
Boolean valued universe.

It is shown that the canonical embedding of the von Neumann universe V to V() sends
ordinals to Boolean valued ordinals, preserving the order on ordinals. The same happens
to cardinals provided that B enjoys the countable chain condition. However, the choice
of B is available such that the canonical embedding “glue together” infinite cardinals; i.e.,
the standard names of two distinct infinite cardinals may have the same cardinality in
an appropriate Boolean valued model. This effect is called cardinal collapsing. There are
various mathematical constructions distorted under the canonical embedding. We discuss
a few of them but focus exposition on the classical Gédel-Cohen solution of the continuum
problem.

12. Analysis of Vector Lattices

The Boolean valued inverse V() associated with a fixed complete Boolean algebra B is
one of the arenas of mathematical events. Indeed, by virtue of the transfer and maximum
principles, V(&) contains numbers and groups as well as the Lebesgue and Riemann integrals,
with the Radon—-Nikodym and Hahn-Banach theorems available by virtue of the transfer and
maximum principles.

The elementary technique of ascending and descending which we become acquainted
with when considering algebraic systems shows each of mathematical objects in V&) to
be a representation of an analogous classical object with an additional structure determined
by B. In particular, this is also true in regard to functional-analytical objects. We expose the
facts that are associated with Boolean valued representation of the latter objects.

Our main topic is Banach spaces in Boolean valued universes. It turns out that these
spaces are inseparable from the concepts of the theory of ordered vector spaces and, above
all, with the Dedekind complete vector lattices which were introduced by L. V. Kantorovich
at the beginning of the 1930s under the name of K-spaces. They are often referred to as
Kantorovich spaces nowadays.

The fundamental result of Boolean valued analysis in regard to this aspect
is Gordon’s Theorem which reads as follows: Each universally complete Kantorovich space
is an interpretation of the reals in an appropriate Boolean valued model. Conversely, each
Archimedean vector lattice embeds in a Boolean valued model, becoming a vector sublattice
of the reals viewed as such over some dense subfield of the reals.

Moreover, each theorem about the reals within Zermelo—Fraenkel set theory has an analog
in the original Kantorovich space. Translation of theorems is carried out by appropriate general
operations of Boolean valued analysis. We then illustrate the technique of Boolean wvalued
transfer by deriving the basic properties of Kantorovich spaces: representation as continuous
or spectral functions, the Freudenthal spectral theorem, spectral integration, the functional
calculus, etc.

13. Analysis of Lattice Normed Spaces

Also, we consider the structure and properties of a vector space with some norm
taking values in a vector lattice. Such a vector space is called a lattice normed space.
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The most important peculiarities of these spaces are connected with decomposability. Use
of decomposability allows us in particular to distinguish a complete Boolean algebra of linear
projections in a lattice normed space which is isomorphic to the Boolean algebra of band
projections of the norm lattice. Most typical in analysis are the lattice normed spaces of
continuous or measurable functions.

In much the same way as many structural properties of a Kantorovich space are some
properties of the reals in an appropriate Boolean valued model, the basic properties of a lattice
normed space presents the Boolean valued interpretations of the relevant properties of normed
spaces. The most principal connections are reflected by the three facts:

(1) The internal Banach spaces and external universally complete Banach—Kantorovich
spaces are bijective under the bounded descent from a Boolean valued model.

(2) Each lattice normed space is realizable as a dense subspace of a Banach space viewed
a vector space over some field, e.g. the rationals, in an appropriate Boolean valued model.

(3) Each Banach space X is a result of the bounded descent of some Banach space in
a Boolean valued model if and only if X includes a complete Boolean algebra of norm one
projections which possesses the cyclicity property. In other words, X is a Dedekind complete
lattice normed space with a mixed norm.

These facts lie behind the approach to involutive algebras.

14. Analysis of Banach Algebras

The theory of Banach algebras is one of the most attractive traditional sections
of functional analysis. We presents the basic results of Boolean valued analysis of involutive
Banach algebras and Jordan Banach algebras.

The possibility of applying Boolean valued analysis to operator algebras rests on the
following observation: If the center of an algebra is properly qualified and perfectly located
then it becomes a one dimensional subalgebra after immersion in a suitable Boolean valued
universe. This might lead to a simpler algebra. On the other hand, the transfer principle
implies that the scope of the formal theory of the initial algebra is the same as that of its
Boolean valued representation.

Exposition focuses on the analysis of AW *-algebras and .J B-algebras, i.e. Baer C'*-algebras
and Jordan—Banach algebras. These algebras are realized in a Boolean valued model as AW *-
factors and JB-factors. The problem of representation of these objects as operator algebras
leas to studying Kaplansky—Hilbert modules.

The dimension of a Hilbert space inside a Boolean valued model is a Boolean valued
cardinal which is naturally called the Boolean dimension of the Kaplansky—Hilbert module
that is the descent of the original Hilbert space. The cardinal shift reveals itself: some
isomorphic Kaplansky—Hilbert modules may fail to have all bases of the same cardinality.
This implies that a type I AW *-algebra may generally split in a direct sum of homogeneous
subalgebras in many ways. This was conjectured by 1. Kaplansky as far back as in 1953.

Leaning on the results about the Boolean valued immersion of Kaplansky—Hilbert modules,
we derive some functional representations of these objects. To put it more precisely, we prove
that each AW*-module is unitarily equivalent to the direct sum of some homogeneous AW *-
modules consisting of continuous vector functions ranging in a Hilbert space. An analogous
representation holds for an arbitrary type I AW*-algebra on replacing continuous vector
functions with operator valued functions continuous in the strong operator topology.

We call an AW*-algebra embeddable if it is #-isomorphic with the double commutant
of some type I AW*-algebra. Each embeddable AW*-algebra admits a Boolean valued



78 Kusraev A. G., Kutateladze S. S.

representation, becoming a von Neumann algebra or factor. We give several characterizations
for embeddable AW *-algebras. In particular, we prove that an AW *-algebra A is embeddable
if and only if the center valued normal states of A separate A. We also consider similar
problems for the JB-algebras, a kind of real nonassociative analogs of C*-algebras.

15. Operator Theory via Boolean Valued Analysis

We also show how Boolean valued analysis transforms the theory of operators in vector
lattices, see [2]. We focus on the most recent results not reflected in the monographic literature
yet. We start with the Boolean valued interpretations of order bounded operators with
the emphasis on lattice homomorphisms and disjointness preserving operators. We provide
a complete solution of the Wickstead problem as well as other new results on band preserving
operators. Much attention is paid to various applications of order continuous operators to
injective Banach lattices, Maharam operators, and related topics.

16. Conclusion

Adaptation of the ideas of Boolean valued models to functional analysis projects among
the most important directions of developing the synthetic methods of mathematics. This
approach yields the new models of numbers, spaces, and types of equations. The content
expands of all available theorems and algorithms. The whole methodology of mathematical
research is enriched and renewed, opening up absolutely fantastic opportunities. We can now
transform matrices into numbers, embed function spaces into a straight line, yet having still
uncharted vast territories of new knowledge.

Quite a long time had passed until the classical functional analysis occupied its present
position of the language of continuous mathematics. Now the time has come of the new
powerful technologies of model theory in mathematical analysis. Not all theoretical and applied
mathematicians have already gained the importance of modern tools and learned how to use
them. However, there is no backward traffic in science, and the new methods are doomed to
reside in the realm of mathematics for ever and they will shortly become as elementary and
omnipresent in analysis as Banach spaces and linear operators.
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IIPUTJIAIIIEHUE B BYJIEBO3HAUHBINT AHAJIN3

Kycpaes A. I., Kyrarenamse C. C.

AHHOTamsi. DTO KOPOTKOE TPHUTJIANIEHNE B 0071aCTh OYy/I€BO3ZHAYHOTO aHAIM3a. 1eopusi Mojese ore-
HHUBAET U UCYUCIAET UCTUHHOCTDb M J0Ka3aTe/JIbCTBA. HOI/ICK UCTUHBI HE TOJIBKO HpI/IG.TII/I)KaET HaC K IIpe-
CIIe,HyeMOfI I_IeIII/I, HO TaKXe II03BOJIdeT TTOCTUYHL MHOTHUE ,qpyrne umocracm I/ICTI/IHI)I, K KOTOprM MBI HE
CTpeMI/IIII/ICI) " KOTOpre MBI JaxKe He Hpe,I[BI/I,I[eIII/I B Ha4YaJie Hpe,I[HpI/IHSITOI‘O TIOUCKa. STO TO, 9TO HAM
OTKPBIJIOCH IIPpHU I/I3y‘leHI/II/I 6yﬂeBO3Ha‘IHLIX MO,I[e.TIefI TEeOpUU MHOZKECTB. TaKI/Ie MOAe/Id IIPOUCTEKAIT U3
3uamennTsix pabor I1. Txx. Kosna mo runorese kouTumyyma. OHE OTHOCATCS K MATEMATHUTIECKON JIOTIKE
" Ja10T O6I/IIII/I€ HerI/IBbI‘-IHbIX n Here,I[BI/I,I[eHHbIX I/IHKapHaI_[I/Iﬁ MaTEMATUYECKUX H,I[eﬁ. TeM CaMBbIM OT-
KPBIBAIOTCA HOBbIE€ MOIIMHBbIE BO3MOXKHOCTH /14 MOAETUPOBAHUA ITPUBBIYIHBIX CHOCOGOB yMO3aKJIIO‘IeHI/I$I n
Bepudukanmu. ByjieBo3HAUHBI aHAIN3 — TO CHHTE3 aHA/IN3a W OyJIeBO3HAYHBIX MoOjesel. Amanranms
uaeit 6yJIeBO3HATHOTO MOJIEIMPOBAHUS K (DYHKIIMOHAIFHOMY aHAJIN3Y OTHOCUTCS K HamboJee BaXKHBIM Ha-
IIPpaBJA€HUAM PA3BUTHUA CHHTETHYICCKHX METOJA0B MaTE€MaTHKH. STOT II0aX0a Ja€T HOBBbIE MOJEIH YIHCEI,
TPOCTPAHCTB W TUIIOB ypaBHEHU. PacmupsaeT coiepKuMoe BCeX MMEIONNXCSI TeOpeM M aJaropuTMoB. Bes
METOOO0JIOTUd MaTeMaTHUYIeCKOIr0 MCCIE€I0BaHUA O6OI‘a]J_[aETC$I n O6HOB.TI$I€TC}FI7 OTKPbIBaA d)aHTaCTI/I“IeCKI/Ie
BO3MOXKHOCTH. Termepb Mbl MOKeM TPaHChHOPMHUPOBATH MATPHUIIBI B 9UHCJA, BJIOKUTH (DYHKIIMOHATIHHBIE
HpOCTpaHCTBa B Be]l[eCTBeHHyIO HpﬂMyIO, HO npu 3TOM OCTAIOTCAd HEU3BEITaHHBIMU O6H_II/IpHI>Ie TeppI/ITOpI/II/I
nosoro 3uanus. CtaTbsa npeacTaBiiger coboil JaiKecT ABYX KHUT, COJEPXKAIIUE UTOIM HAIIUX Pa3MbIII-
JIEHUM U UCCJIe0BAaHUM B 3TOH obJiacTu.

Kuro4deBsle ciioBa: 0y/IeBO3HATHBIN YHUBEPCYM, OyJIeBa OIEHKA MCTHHHOCTH, IIPUHIINI TIEPEHOCA, TTPUH-
M MAKCUMyMa, IIePeMeIIMBaHNe, CIIyCK, I0AbeM, OyreBo3HaqHbIe uncia, Teopema ['opaona.
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O BECKOHEYHBIX T'PVIIIIAX ®POBEHUYCA!

. B. JIeitkuna, B. 1. Ma3ypos, A. X. 2KypToB

K 65-aemuro Anamonus Ieopeuesuywa Kycpaesa

AnHoTtanus. B pabore ucciemyercs cTpoeHne IeproudecKoil IPYIIIbL, YAO0BIETBOPSIOMEN CIey FOIIM
yeaosusiv: (F) I'pynna G siBJsieTCsl IOy IPSIMBIM [IPOU3BEI€HNEM TIOArpy sl F' Ha moarpymmy H; (F)
H peiictByer cBobommo na F orHOCHTEIbHO compsxKenus B G, T. e. f" = f nna snementos f € F, h € H
TosbkO B ciaydaax f = 1 mwim h = 1. Unubivu cnoBamu, H pefictByer Ha F' Kak rpynmna peryJsisspHBIX
asromopdusmos. (F3) Ilopsaok Jo6oro simemenra g € G Buga g = fh, tne f € F, 1 # h € H, pasen
nopsiAKy h; MHBIMU CJI0BaMu, JI000H HeTpUBHAJIBHBIA dj1eMeHT U3 H waynupyer npu coupsikernu B G
pacmennsaomuii aBromopdusm noarpynnst F. (Fy) Hoarpynma H mopoxkaaeTcsa 3/1eMeHTaMu MOPIIKa 3.
B wacTHOCTH, TOKA3bIBAETCS, YTO pAHT J1I000T0 ryIaBHOTO (daxkTopa rpynnsl GG BHyTpm F' He mpeBocxonnut
ugersipex. Eciiu G — koneunas rpynna ®pobGenuyca, To ycnosue (F3) — craencrsue ycnosuit (F1) u (Fy).
Hna 6eckoneunsrx rpymm ¢ ycnosuamu (Fi) m (Fh) ycmoBue (F3) MOXKET He BBINOTHATHCHA, W TPYTIION
Dpobernyca MBI 0y1eM Ha3bIBATH IPYIIILY, JIsS KOTOPO BHITOIHEHB! Bee Tpu ycaosust (F1)—(F3). OcHoBHOM
pe3ybTaT CTaThl AaeT onmcanwme nepuommdeckux rpymn @poberunyca, obnamarommx cBoiicrBom (Fy).

Kiro4deBsle ciioBa: mepuoautieckas rpymma, rpymnmna Ppobenmyca, cBOO0IHOE IeiiCTBIE, PACIIETIIS IO
aBToMOpdu3Mm.

1. BeBenenne

B pabore ucciemyercst cTpoenue nepuOANIECKUX T'PYIII, YAOBAETBOPSIONIAX CJIeTYIOIUM
YCJIOBUSIM:

(F1) I'pynna G sipjisiercsi noIynpsiMbIM [Ipou3Be/ieHneM noarpynnsl F' Ha noarpynny H,
i(d

(Fy) H peiictByer cBobomHO Ha F orHOCHTenbHO compswxennsa B G, 1. e. f? = f nna
snementoB f € F', h € H Tonbko B cnyudasx f = 1 win h = 1. Unasivu cnosavu, H pmefictByer
Ha F' Kak rpynmna peryaspHbIX aBTOMOP(U3IMOB.

(F3) Iopsiok siio6oro sueventa g € G Buga g = fh,rne f € F, 1 # h € H, pasen nopsiji-
Ky h; uHBIMU cjI0BaMu, JIO00H HETPUBUAJBHBIN 3/1eMeHT u3 H MHIyIUPYeT MpU COMPSKEHUN
B (G paciiemnyisifonuit aBToMopdu3M moarpynsr F.

(Fy) HMonrpynma H mopoxK1aeTcs s71eMeHTaMu TOpsIIKa 3.

Eciu G — koneunas rpynma, 1o yciosue (F3) — caeacrsue yenosuii (Fy) n (Fy) u rpynna
G aBngercs rpynnoit @pobennyca. g 6eckoneunsix rpymni ¢ yeaopusvu (F) u (Fy) yemo-
Bue (F3) MOXKeT He BBINOJIHATHCs, u rpynnoii @pobennyca mMbl Gy/ieM Ha3bIBATH IPYIIILY, s
KOTOpOIi BBITIOTHEHB! BCe TpH yeaosus (Fh)—(F3).

© 2018 JIeirkuna 1. B., Masypos B. 1., 2Kypros A. X.
! PaGoTa BEITIO/IHEHA TIpU TOAIEPIKKE TIPOrpaMMbl (DyHIAMEHTAIBHBIX HayaHbX uccaemosanmi CO PAH
Ne 1.1.1., mpoext Ne 0314-2016-001.
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OCHOBHBIM PE3YJIHTATOM PAOOTHI SIBJISIETCS CJIEIYIONIAsT TeopeMa.

Teopema. Ilycts G — mepuoamueckass rpymmna, yaopaerBopsitomas ycaopasam (Fy)—(Fy).
Torna

1. Hoarpynna H koneuna, n 6o H ~ SLy(p), rpge p = 3 wiu p = 5, 6o H nukandeckast
mnopsiikKa 3.

2. Ecmm H = (h) — nukiandeckass rpynmna nopsiaka 3, 7o F' mmmipmorentna crymenn 2
(r. e [[f1, f2], f3] = 1 aus Bcex fi, fa, f3 € F) m moboii runasusiii ¢pakrop C rpynmsr G
BHyTpH F aBIsIeTcs s1eMenTapHOi abeseBoii IDYIITOi NMOpsKa p WIH p> /s HEKOTOPOTO
mpocToro p # 3.

3. Ecoim H ~ SLy(3), ro F abenesa u kaxnsiii rnauabii ¢pakrop C rpymnmbl G BHYT-
pu F sassiercs semenTapHoii abe/ieBoii rpyInoii nopsika p2 Jis HEKOTOPOIo IIPOCTOIO THC/IA
p > 3.

4. Ecom H ~ SL9(5), To F abeneBa u jr060ii riaBubli aktop rpynmnsl G BHyTpr F
SIBJISIETCST 9JIEMEHTAPHOH abeIeBOi P-rpyIiioi /isi HEKOTOPOIro MPOCTOro 9ucaa p > 5.

IIpn sTom, ecam p? —1 pemures na 5, To pasmeprocts C kax HGF(p)-monyrs paBra 1ByM,
B IPOTHBHOM cCJiydae pasmepHocTs C' paBHa 4.

OnpPeAEJEHUE 1. Ilycrs F, Fy, F» — HOpMa/bHBIE MOATPYIbl rpytisl G u Fy — co0-
crBernas noarpynna B Fj. @akrtoprpynna V. = F)/F, HasbiBaercs 24a6Muim Pakmopom
rpynnel G, ecsiu Jiobas HOpMasbHas moarpynna Fi rpymmel GG, comepxkarmasica B Fy u co-
nepxkarmmast Fh, copmagaer ¢ Fy nwim Fy. Ecan mipu stom Fy < F, To V HaszwbBaeTcsa 24a6HbIM
daxmopom epynnoe G enympu F.

OnPEAEJEHUE 2. [lycts rpynma H jgefictByer Ha rpymnmne F. 9To jelicTBUE HA3BIBAETCSI
c60600nbIM, ecm 06paz fP snementa f € F mon neiicteuem h € H coBmamaer ¢ f, TOJTBKO
ectu f =1 wm h = 1. JIpyrumu ciaosamu, H jgefictByer Ha F Kak TPyIma peryasapHbIX
aBTOMOPQU3MOB.

ONPEJEJEHUE 3. ABTOMOpdU3M @ KOHEYHOTO MOpSAKa n # 1 rpynmbl F Ha3bIBAeTCS

PACWENAANOUUM AEMOMOPPUMOM, eca f - f@ e fa%1

= 1 mist o6oro sementa f € F.

OnPEAEJEHUE 4. B nacrosiieit pabore ezpynnot @pobenuyca G HAZBIBAETCS TOJIYIPS-
Moe nipomseesnenre G = F' XN\ H serpuBmaibHbix rpynn F u H, s KOTOPBIX BBITTOJTHEHBI
CTeYIOIINE YCIOBUS:

(a) H neiicrByer cB0O0aHO Ha F;

(6) JII00011 OTJIMYHBIN OT eIUHUILI 3jeMeHT h € H KoHedHOro mopsiaka geiicTByer Ha F'
KaK PaCIIEIISIIONINni aBTOMOPMU3M.

I'pynna F' B 3TOM ciaydae HazbiBaeTcs Adpom, a H — donoanenuem rpymnmsr Ppobennyca G.

s xkomeunsix rpynn F' u H 910 onpejesnerne KBUBAJIEHTHO OOBITHOMY OIIPEIEICHUIO
rpymmel Dpobennyca; s 6ECKOHEIHBIX TPYIIN 9aCTO UCIOIB3YIOTCA IPYTUe OMPEIeIeHNUs, He
SKBUBAJIEHTHBIE STOMY.

2. IlpenBapuTtesibHBbIE PE3YJIbTATHI

Jlemma 1. Ilycrp koneunas rpynna H mgetictByer cBobogHO Ha abesreBoii rpymme F'. Torga:

(a) EcrecrBennoe mosynpsimoe npoussegenne G = F'\ H sapisiercss rpynmoii @pobenmyca
¢ stnpom F m gonosrernem H.

(6) Ecim rpynma F nepuogmaeckas, To J1060it rinasupi paxrtop V' rpynnst G BayTpn F
SIBJISIETCST 3JIEMEHTAPHON abesieBod p-rpymIof Jjis HEKOTOPOro IPOCTOr0 UHCJIA P, B3AHMHO
npocroro ¢ |H|, u H neiicrByer ¢Bo601HO 1 Henpupogumo Ha V. npu conpsikennn B G.

< (a): HyxHo Tosbko nposeputs ycosue (F3) uz onpegenenns rpynnsl @pobenunyca.
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Ilycts g = fh, tne f € F, 1 # h € H, u nopsanok h pasen n. Toraga
(fh)n:fhfhfhfh:fhfh_1h2fh_2hfh:ffhnilfh"72fh

h h ph™ ph1 h2
((fR)™) = frfr e ="
B cuiry kommyrtatuBHocTu F'. Tak xkak h geiictByer ma F 6e€3 HENMOABMKHBIX TOYEK, TO

(fh)" =1.
(6) Ilycre Fy/F; — rnasubiii dakrop G Buytpu F. Moxuo cumrars, uro F; = F u
F, # 1. U3 kommyrarunocrn F' u koneunocrn H Beitekaer, uro V = F/Fy — KoHeuHast

3/IeMeHTapHast abejieBa p-rpyImma Jijisi HEKOTOPOTo MPOCTOro uucaa p. Ecau vy, Ug, ..., Uy —
MUHUMAJIbHBIN HAGOP nopoxpatonmx rpymnsl V., Vo = {v1,...,v,} — MHOXKECTBO HEKOTOPBIX
TPOOBPA30B 3IEMEHTOB V1, ..., Up B F, 10 Vi = (ViI!) — komeurno mopoxtennas H-nnBa-

puanTHasi noarpynna B F' u rpynna Vi /ViNFy uzomopdua kak H-moyss rpymie V. ITosromy
MOXKHO CUUTATh, 9T0 F' KOHEYHO MOpoXkaeHa. Tak Kak rpymnmna F 1o yCJIOBUIO TEpUOINIecKas,
TO OHa KOHeuHa, u G — rpynma Ppobennyca. st 37010 Caydast CipaBe/InBOCTh 3aKIIOUEHUS
JIEMMBI XOPOIIO M3BeCTHA. [>

Jlemma 2. Ilycrs HeTpuBuaJjpHasT nepuogudeckas rpynna (G, MOpOoXKAeHHAs JIeMEHTAMHA
nopsiaka 3, gefictByer cBOOOJHO Ha HETpUBHAILHOI abesepoii rpymme. Torga G KoHEYHA U
m3mopcua mbo SLy(5), mmbo SLy(3), 160 MUKIHIECKOI Tpyne nopsaka 3.

< Jlemma siBIsieTCsl 9aCTHBIM Caydaem Teopembl 1 u3 [1]. >

Jlemma 3 |2|. HerpuBnasbnas rpynma X, JOIyCKAOIAas PACIIEILISIONH aBTOMOP(H3M
nopsiika 3, HUJIBIIOTEHTHA CTYII€HH, HE TIPEBOCXOJAIEH ducia 3, U MOPIJIOK KaXKJ0I0 HETPH-
BHAJBHOIO 9JIEMEHTA W3 TPEThEro UIEHa HUXKHEIrO IMEeHTPAJJILHOIO psiga rpymmbl X paBeH 3.

Jlemma 4. Ilycte G — rpynna @pobennyca, mopoxK AeHHAs dj1eMeHTaMu mopsiiaka 3. Torma
Jaubo gonoanerne @pobennyca H rpynnel G sSBASIETCS MUKJIAYECKON TDYHIOH HOpsaAKa 3 U
apu 3toMm sapo F rpynmer G HuabnorentHo crymenu 1 wam 2, jgaubo sapo H wmzomopgrO
SLo(3) mian SLa(5) u F — abesieBa rpymnma.

< Iycte F' — anpo Ppobennyca rpynmsl G, h — snaement mopsiaka 3 u3 H. Torga h
uHaynupyer B F npu conpsizkenuu B G pacmienisitornuit apromopduam. Io memme 3 F auib-
HOTEHTHA U 1epuoJ| Tperbero dinena Fs = [F, F, F| HuKHero meHTpasbHOro psijaa rpymnsl F
pasen 3. Tak kak h npu conpsikenun B G uHAynupyer B F3 peryispHbiii aBToMOpdu3M, TO
F3; = 1, 1. e. ctynens HuibnoTenTHOCTH F' HEe mpeBocxomuT aAByx. lloarpynma H neiicrByer
cBOOOIHO HA TeHTpe Z rpynnbl F, u 1o jemmve 2 H ymoBIE€TBOpSET 3aKJIIOUYEHUIO JIEMMBI.
Ecim H comepxxut snement t nopsaaka 2, To fft = 1 naa moboro snementa f € F, mostomy
ft = f~!, orkyaa BbITeKaeT KOMMYTATHBHOCTL F. [>

Jlemma 5. Ilyctp xomeunas rpynna H meticrByer ma momyme V wmax mosmem P, xapakre-
pucrHKa KoToporo He jgesut |H|. D1o neiicTBue sBaseTcss ¢cBOOOIHBIM TOIJIa U TOJBKO TOIJA,
KOT/Ia JIs JIF000it mukandeckoit moarpynmbl A < H mpocToro mopsiaka BepHO PaBEHCTBO

s=> x(a)=0,

a€A

e X — xapakrep npejicrapiaenns H na V.

< JlokazarejbCTBO TPUBHAJIBLHO, TOCKOJNBKY §/|H| paBHO pa3sMepHOCTH MTPOCTPAHCTBA
HEMOIBVKHBIX TOUYeK moarpymnnsl A B V. >

JIemma 6. IIycte H = SLy(3) (coorBercrBenno, H = SLy(5)) m P — mose, xapakTepn-
cruka koroporo He gesmnt |H|. Torpa cymecrByer equHCTBEHHBIH ¢ TOYHOCTBIO JI0 104001
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(n anrebpamnyeckoii conpsixkennocrn) (abcororHo) Henpupognmbiii H P-monyns V., Ha KoTO-
pom H neiicrByer cBoboguo. Ilpn srom dim (V') = 2 u 3uauenns xapakrepa V na snemenrax H
nexar B ose P (coorsercreenno, B mone P(N), e A — xopens nommaoma 12 + x — 1).

<1 JIokazaTesbCTBO BBITEKAET W3 JIEMMBI 6 U COOTBETCTBYIOIIWX BBIUYUCIEHUN TaOIUITHI
xapakrepos rpymi SLy(3) u SLe(5), nocrynubix B GAP [3] ¢ nomorpio komaH:

H:=SL(2,3); (coorBeTcTBernno, H:=SL(2,5);) C:=CharacterTable(C);
Display(C);

Ta6iuma 1
Xapaxkrepsr SLa(3)
la 2a 4a 3a 6a 3b 6b
X1 1 1 1 1 1 1 1
X2 1 1 1 e € g2 g2
X3 1 1 1 g2 g2 € €
x4 3 -1 .
X5 2 -2 -1 1 -1 1
X6 2 —2 —& & —€% g2
X7 2 -2 . o—e? g2 ¢ ¢
3/ech € — KOpeHb MOJUHOMA, 22+ +1.
Tabauna 2

Xapaxkrepsr SLa(5)

la 10a 10b 2a 5a 50 3a 6a 4da

x1 1 1 1 1 1 11 1
X2 2 c ¢ -2 —0o —0o* -1 1

x3 2 o o -2 —o* -0 -1 1

x4 3 oF c 3 o o -1
X5 3 o oF 3 o o* -1
x¢ 4 -1 -1 4 -1 -1 1 1

x7 4 1 1 -4 -1 -1 1 -1

Xs O 5 -1 -1 1
x9 6 -1 —-1 —6 1 1

31ech 0 U 0¥ — paznHuHBIe KOPHU HoauHOMA 22 + - — 1.

Jnst SLo(3) MCKOMBIM MOJLY/IEM SIBJISIETCS MOJLYJIb, COOTBETCTBYIOIINIT XapakTepy Xs5. 3Ha-
YeHHUs HTOTO XapakKTepa Jiexar B P.

Hnst SLa(5) MCKOMBIM MOJLYJIEM SIBJISIETCSI OJMH W3 MOJLyJIeil, COOTBETCTBYIOIINX XapaK-
TepaM Xo U X3 (OHH ajreGpamvecKu COMPSZKeHbl). 3HAYEHUS €ro XapakTepa JeyKaT B IMoJIe
P(e+¢&71), rae € — NPUMUTHBHBIN KOPEHb TIATOM CTEMEHN W3 eIMHUTIL], T. €. KOPEHb MOIMHO-
Ma

11 1\? 1
sttt o1 =22 <x2+x+1+—+—2>:x2 ((m—i——) —i—(x—f——)—l).
T x x

Mockosbky € +e~ 1 #0, o € + ! — xopens nomuoma 2+ — 1. >
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Jlemma 7. Ilycte x — xapaxTep abCOJIIOTHO HENIPHUBOAUMOIO mpescraBeHuss X KOHEY-
HOH TpyHmsl HAJ MOJIEM MPOCTOH XapaktepucTuku p. Torma X SKBHBAJIEHTHO HEKOTOPOMY
npescrasienuro Haj noaem GF(p)(x).

< JlokazaresbcTBO BhITEKaeT u3 |4, crexctsue 9.23|. >

3. Jloka3aTesibCTBO T€OPEMBI

Ilycte G = F N\ H — rpymmna, yaoBJeTBOPSIONiasi ycjaoBusM Teopemsbl. [1o memme 4 mu6o
|H| = 3 u F — uuibnorentHas rpynna crynesn 1 wam 2, sn6o H ~ SLy(3) win H ~
SLs(5) u F abeneBa. B mo6om cayaae mo iemmve 1 H neiictByer ¢BoGOAHO HA JTIOOOM TTABHOM
dakrope V rpynnsl G BHYyTpHU F', 11 9T0T (DAKTOP SIBJISIETCS JIEMEHTAPHOM abeeBoil p-rpynmnoii
JJIsl HEKOTOPOI'0 TIPOCTOrO YHMC/Ia P, B3aUMHO nipocroro ¢ |H|.

Ecmm H = (h) — nuknndeckasi Tpymnmna mopgaka 3 u v € V, 1o vohh® = 1, oTkyma
oM e (v,v") m V — rpynma nopsika p mi p?. B 3ToM ciydae Teopema Jl0Ka3aHa.

IMycts H ~ SLy(3). Torma V — menpusogumbiii H-moaynb, Ha KoTopoMm H jeiicTByer
cBobono. Ilo stemmam 6 u 7 pazmepuocTs V paBHa 2, u B 9TOM CjIydae TeopeMa J0Ka3aHa.

ITycts H ~ SLy(5). ITo temmam 6 u 7 pasmepHocTs V' paBHA IBYM, €CJIH KOPHU TIOJIHHOMA
22 +x — 1 nexxar 8 GF(p), n paBHA YeTHIpeM B MPOTHBHOM CIydae. ECam € — TpUMATHBHLI
KOPEHb CTEIIeHN 5 U3 eIMHUIIE], TO, KAK TIOKA3aHO BBIIIE, £+£ 1 — KOpeHb moauHoMa 2242 — 1,
u osromy e+e- 1 € GF(p) Toraa m Toamko Tora, Koraa € € GF(p?), T. e. korga 5 — genwTes
yncna p? — 1. To JOKA3BIBAET TEOpEMY.
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ON INFINITE FROBENIUS GROUPS

Mazurov V. D.!, Zhurtov A. K.2, Lytkina D. V.34
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3 Siberian State University of Telecommunications and Information Sciences;
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Abstract. We study the structure of a periodic group G satisfying the following conditions: (F1) The
group G is a semidirect product of a subgroup F' by a subgroup H; (F») H acts freely on F with respect
to conjugation in G, i.e. for f € F, h € H the equality f* = f holds only for the cases f = 1 or h = 1.
In other words H acts on F as the group of regular automorphisms. (F3) The order of every element g € G
of the form g = fh with f € F and 1 # h € H is equal to the order of h; in other words, every non-trivial
element of H induces with respect to conjugation in G a splitting automorphism of the subgroup F'. (Fj)
The subgroup H is generated by elements of order 3. In particular, we show that the rank of every principal
factor of the group G within F is at most four. If G is a finite Frobenius group, then the conditions (F})
and (F) imply (F3). For infinite groups with (F1) and (F:) the condition (F3) may be false, and we say
that a group is Frobenius if all three conditions (F1)—(F3) are satisfied. The main result of the paper gives
a description of a periodic Frobenius groups with the property (Fj).

Key words: periodic group, Frobenius group, free action, splitting automorphism.
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Abstract. In this paper, we give some necessary and sufficient conditions for an Archimedean vector
lattice A to be of finite dimension. In this context, we give three characterizations. The first one contains
the relation between the vector lattice A to be of finite dimension and its universal completion A“. The
second one shows that the vector lattice A is of finite dimension if and only if one of the following
two equivalent conditions holds : (a) every maximal modular algebra ideal in A* is relatively uniformly
complete or (b) Orth(A4, A*) = Z(A, A*) where Orth(A4, A*) and Z(A, A") denote the vector lattice of
all orthomorphisms from A to A* and the sublattice consisting of orthomorphisms 7 with |7(z)| < Alz|
(z € A) for some 0 < X € R, respectively. It is well-known that any universally complete vector lattice A is
of the form C*°(X) for some Hausdorff extremally disconnected compact topological space X. The point
x € X is called o- isolated if the intersection of every sequence of neighborhoods of z is a neighborhood
of z. The last characterization of finite dimensional Archimedean vector lattices is the following. Let A
be a vector lattice and let A*(= C* (X)) be its universal completion. Then A is of finite dimension if
and ounly if each element of X is o-isolated. Bresar in [1] raised a question to find new examples of zero
product determined algebras. Finally, as an application, we give a positive answer to this question.

Key words: hyper-Archimedean vector lattice, f-algebra, universally complete vector lattice.
Mathematical Subject Classification (2000): 47B60, 16E40.

1. Introduction

Throughout the paper, R and C denote real numbers and complex numbers, respectively

and let N = {1,2,...}. For a set A, A™ denotes the cartesian product A x ... xA, n € N.

n times
The Gelfand—Mazur Theorem states that if A is an associative normed real division

algebra, then A is isomorphic to R, C or the quaternion field. For the details, we refer
to [2]. For the case of lattice-ordered algebras, Huijsmans [3| proved that an Archimedean
lattice-ordered algebra with unit element e > 0 in which every positive element has a positive
inverse is lattice and algebra isomorphic to R. Uyar [4] gave an alternative proof to the result
of Huijsmans for Banach lattice algebras. Later on, these two results are generalized and
combined in [5] by using an easy observation as follows:

© 2018 Polat F., Toumi M. A.
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Theorem 1. Let A be an Archimedean lattice-ordered algebra with unit element e > 0.
Then the following statements are equivalent:

(i) Every positive element has a positive inverse.

(ii) A is a d-algebra and every positive element has a positive inverse.

(iii) A is an f-algebra and each positive element has a positive inverse.

(iv) A is an almost f-algebra and each positive element has an inverse.

(v) A is an almost f-algebra and each nonzero element has an inverse.

(vi) A is order and algebra isomorphic to R.
If one of the statements above is satisfied and A is a normed lattice-ordered algebra with
lle]l = 1, then A is also isometric to R.

As far as we know, no attention at all has been paid in the literature to the problem when a
lattice-ordered algebra is of finite dimension. The aim of this paper is to give a positive answer
to this problem. In connection with our problem, Bresar studied the class of finite dimensional
spaces which are zero product determined. Recall that an algebra A over a field K is said to
be zero product determined if for every bilinear map f : A x A — B, where B is an arbitrary
vector space over K, with the property that for all z,y € A, f(x,y) = 0 whenever zy = 0, is
of the form f(x,y) = ®(xy) for some linear map ® : A — B. This concept was introduced
in [1]. The original motivation for this concept was problems on the zero product preserving
linear maps. Recently, Bresar [1] proved the following result.

Theorem 2. A finite dimensional algebra is zero product determined if and only if
it is generated by idempotents.

Bresar pointed out that the main purpose of the paper [1] was to find new examples of zero
product determined algebras, but ultimately it is restricted to an unexpected characterization
of finite-dimensional algebras that are generated by idempotents and the initial problem
of finding new examples still remains open. Moreover, the problem of finding other classes
of algebras for which the characterization of Theorem 1 holds is fully open.

As an application of our study, we will give a new class of non-finite dimensional zero
product algebras for which the characterization of the previous theorem holds.

2. Preliminaries

In order to avoid unnecessary repetitions, we assume that all vector lattices under
consideration are Archimedean.

In the following lines, we recall some definitions and basic facts about vector lattices,
lattice-ordered algebras and multilinear maps.

For the unexplained terminology on vector lattices, lattice-ordered algebras and multilinear
maps, we refer the reader to [6, 7, 8, 9].

Given a vector lattice A, the set AT = {a € A : a > 0} is called the positive cone of A.
Let a,e € A, then e is called a component of a if e A (a — ) = 0.

An algebra A which is simultaneously a vector lattice such that the partial ordering and
the multiplication in A are compatible, that is a,b € AT implies ab € AT, is called lattice-
ordered algebra (briefly a (-algebra). An (-algebra A is called an f-algebra if A verifies the
property that a Ab =0 and ¢ > 0 imply ac Ab = ca Ab= 0. Any f-algebra is automatically
commutative and has positive squares. An £-algebra A is called an almost f-algebra whenever
it follows from a A b = 0 that ab = ba = 0. An (¢-algebra A is called a d-algebra if A verifies
the property that a Ab =0 and ¢ > 0 imply ac A bc = ca A cb = 0.

The vector lattice A is called Dedekind complete if for each non-empty subset B of A
which is bounded above, sup B exists in A. The vector lattice A is called laterally complete
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if every orthogonal system in A has a supremum in A. If A is Dedekind complete and
laterally complete, then A is called universally complete. Every vector lattice A has a universal
completion A", this means that there exists a unique (up to a lattice isomorphism) universally
complete vector lattice A“ such that A can be identified with an order dense sublattice of A“
(see [6, Section 8, Exercise 13| for an interesting approach to the existence of the universal
completion by using orthomorphisms).

A vector lattice A is said to have the countable sup property, if whenever an arbitrary subset
D has a supremum, then there exists an at most countable subset C' of D with sup C = sup D.
A Dedekind complete vector lattice with the countable sup property is called super Dedekind
complete vector lattice.

Let A be a vector lattice. A subset S of A7 is called an orthogonal system of Aif 0 ¢ S
and u Av = 0 for each pair (u,v) of distinct elements in S. It follows from Zorn’s lemma that
every orthogonal system of A is contained in a maximal orthogonal system.

A subset S in a vector lattice E' is called solid if it follows from |u| < |v| in E and v € §
that u € S. A solid vector subspace of a vector lattice is called an ideal. The ideal P in a vector
lattice is prime whenever it follows from inf(a,b) € P that at least one of a € P or b € P
holds. A principal ideal of a vector lattice F is any ideal generated by a singleton {u} denoted
by E,. Clearly, E, ={v € E: 3\ > 0 such that |v| < A|ul}.

An order closed ideal in a vector lattice is called a band. A band B of a vector lattice F is
said to be a projection band if B @ B? = E where B¢ denotes the disjoint complement of B.
A vector lattice has the projection property if every band is a projection band.

Let A be a vector lattice and v € AT. Then the sequence (a,)nen in A is called (v) relatively
uniformly convergent to a € A if for every real number € > 0, there exists a natural number n.
such that |a, — a|] < ev for all n > n.. This will be denoted by a,, — a (v). If a,, — a (v)
for some 0 < v € A, then the sequence (ay,)nen is called (relatively) uniformly convergent
to a, which will be denoted by a,, — a (r.u). The notion of (v) (relatively) uniformly Cauchy
sequence is defined in the obvious way. A vector lattice is called (relatively) uniformly complete
if every relatively uniformly Cauchy sequence in A has a unique limit. Relatively uniformly
limits are unique if A is Archimedean.

Let A and B be vector lattices. A multilinear map ¥ : A™ — B is said to be positive
whenever (aq,...,a,) € (AT)" implies ¥ (ay,...,a,) € BY. A multilinear map ¥ is said to
be orthosymmetric if for all (a1,...,a,) € A" such that a; A a; = 0 for some 1 < 7,57 < n
implies ¥ (ay,...,a,) = 0.

3. Main results

We start with some auxiliary results which will be used in the sequel.

Proposition 1. Let A be a vector lattice and n € N. Then the followings are equivalent:

WA=6L®1®...dD I, for some simple order ideals I, 1I1,...,1I, in A.

2) A=Rzy @ Rxe @ ... ® Ray, for some elements x1,x3,...,x, € A.

< (1)=(2) Since I; is simple for each ¢ = 1,2...,n, and according to [3, Proposition 1|,
it follows that I; = Rx; for some elements z1,xo,...,z, € A. Consequently, A = Rz; ®Rxzo P
... ® Rz, for some n € N and some elements x1,x9,...,x, € A.

(2)=-(1) This direction is trivial. >

DEFINITION 1. The depth of a vector lattice is the supremum (possibly infinite) of the
lengths of maximal orthogonal system.
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Proposition 2. Let A be a vector lattice. Then the followings are equivalent:

1) A has the projection property and its depth is finite;

2) A=Rzy @Ry @ ... ® Ra, for some n € N and some elements x1,xs,...,x, € A.

< (1)=(2): Let n € N be the depth of A and {ej,eq,...,e,} be the maximal orthogonal
system of length n in A. Since A has the projection property, A = {e;}* @ {es}“ ... {e;}“
@ {en}%. Let 1 < i< nbefixed and y € {e;}%. Then y = y* —y~ where yT,y~ € {e;}%.
Let f1 = Ty (e;) and fo = Ty (e;) where Tyyryad and 7 o 1a are the band projections

on {e,es,...,e,} with ranges {yT}9 and {y*}¢, respectively. It is easy to see that the system
{e1,€2,...,€i-1, f1, f2,€it+1,---,€n} is an orthogonal system of length n + 1. Therefore, either
f1 =0 or fg =0.

CAsE 1: If f; =0, thene; = fo € {y+}d. Hence {y+}dd c {e;}™ {y+}d and so yT = 0.

CASE 2: If f, =0, then e; = f1 € {y"}%. Hence {y~ 1™ c {e;}™ c {y"}* c {y~}" and
soy~ =0.

Then, the band {e;}% is totally ordered for all 1 < i < n. By [3, Proposition 1],
{ei}dd =Re; forall 1 <i<n. Then A=Re; PResy & ... D Re, for some n € N.

The implication (2)=-(1) is trivial. >

To clarify next result, we give the following well-known lemma.

Lemma 1. Let A be a universally complete vector lattice with a weak order unit e. Then
there exists a unique multiplication on A such that A is an f-algebra with e as a unit element.

DEFINITION 2. A vector lattice A is said to be hyper-Archimedean if all quotient
spaces E/I, where I is an order ideal in A, are Archimedean.

Several characterizations of hyper-Archimedean vector lattices are known (see, for exam-
ple, [10], [11, Theorem 37.6, 61.1 and 61.2]). We collect some of them in the following lemma.

Lemma 2. A vector lattice A is hyper-Archimedean if and only if any of the following
equivalent conditions holds.

(i) Every prime ideal in A is a maximal ideal.

(ii) Every ideal in A is uniformly closed.

(iii) The span of the set of all components of u is the principal ideal generated by u for
allu e AT,

DEFINITION 3. A lattice-ordered algebra A is called Artinian (respectively, super Artinian)
if A satisfies the descending chain condition on order ideals (respectively, on bands).

DEFINITION 4. A lattice-ordered algebra A is called Noetherian (respectively, super
Noetherian) if A satisfies the ascending chain condition on order ideals (respectively,
on bands).

DEFINITION 5. Let A be a vector lattice. An element x of A is said to be super atomic
if the oder ideal A, generated by x is of finite dimensional.

We now give the following result which shows the relation between the dimensions
of a vector lattice and its universal completion.

Proposition 3. Let A be a vector lattice and A" be its universal completion. Then A
is finite dimension if and only if A" is finite dimension.

<1 Let A be a finite dimension vector lattice. Since A is finite dimension and the elements of
any finite orthogonal system of A are linearly independent, it follows that A has {e1,e2,...,€e,}
as a maximal orthogonal system of length n. Let y € {ei}dd for a fixed index ¢ with 1 < i < n.
Then y = y* —y~ with y*,y~ € {e;}™. If y© % 0 and y~ # 0, it is easy to see that the
system {e1,e2,...,¢i—1,y", ¥y, €it1,...,e,} is an orthogonal system of length n + 1, which
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is a contradiction. Hence, y© = 0 or ¥y~ = 0. Then, the band {ei}dd is totally ordered for all
1 < ¢ < n. By [3, Proposition 1], {ei}dd = Re; for all 1 < i < n. Hence, the band generated
by e; in A" will be equal to Re;. Then A* = Re; ®Res @ ... B Re,, for some n € N. Hence A
is finite dimension. Conversely, if A" is finite dimension, then so is clearly A. >

REMARK 1. If a vector lattice A is finite dimension then A = A".
We now have all ingredients to give the first main result of this section.

Theorem 3. Let A be a vector lattice and A" be its universal completion. Then the
followings are equivalent:
(1) A has the projection property and its depth is finite.
2)A=L&LL®...® I, for some simple order ideals I, Is,...,I, in A, and n € N.
(3) A" is super Dedekind complete and Artinian.
(4) A" is super Dedekind complete and super Artinian.
(5) A" is super Dedekind complete and Noetherian.
(6) A" is super Dedekind complete and super Noetherian.
(7) A" has at least one super atomic weak order unit.
(8)

< (1)= (2) This follows from Propositions 1 and 2.

(2) = (3) Since A = Rx; ® Rxa & ... @ Rz, for some n € N and some elements
x1,Ta,...,Ty € A, it follows that A* = A. Hence, the set of all order ideals of A is finite and
then A is Artinian.

(3)=-(4) This path is trivial.

(4)=(6) Let (By),cy be an increasing sequence of bands in A*. Then (Bg)neN is a dec-
reasing sequence of bands in A“. By the fact that A is super Artinian, it follows that there
exists ng € N such that Bg = Bgo for all n > ng. Consequently, B, = B, for all n > ny.
Therefore A" is super Notherian.

(6)=(7) Let S ={e; :i € I} be a maximal orthogonal system in A*. Then e = sup{e; :
i € I} is a weak order unit of A“. Since A" is super Dedekind complete, it follows that there
exists an at most countable subset 7' = {e,, : n € N} of S such that e = sup {e,, : n € N}.
Let (Byp)nen be an increasing sequence of bands in A* where B,, = {\/Kignei}dd. Since A"
is super Notherian, it follows that there exists ng € N such that B, = B, for all n > ny.
Consequently, {V1<i<noei}dd = {\/Kignei}dd for all n > ng. Therefore, e, = 0 for all n > ng
and then S is a finite set. Let S = {fj,,jn € Jn} be an orthogonal system of A" such that
en = sup {fj,,jn € Jn} for all 1 < n < ng. Since the set S" = {fj,,jn € Jn, 1 < n < ng}
is a maximal orthogonal system of A", it follows that S’ is a finite set. Using the same
argument with each f; , we deduce that there exist mg € N and a maximal orthogonal
system K = {k,,1 < n < mp} of A" with e = sup{k,,1 < n < mg} such that K will be
the finest orthogonal system meaning that we cannot use the decomposition process another
time. Consequently, AY = A%l ® A%z ®...P A’,gmo. Let 1 <n<npandlet 0 <z < k.

Let Hy,, = {y €Al ,y= Zlgz’gm a;h; where o; € R and h; is a component of k:n} It is not
hard to prove that H, is a hyper-Archimedean vector sublattice of A“. Since K is a finest
orthogonal system, it follows that the set of all components of k,, is {0, k, }.

By Freudenthal Spectral Theorem, there exists x,, = Zlgz‘gm a;h; = ok, with x,, —
(r.u). Therefore, there exists a, € R such that x = a,k,. Hence, Hy, = Aj for all
1 <n<ng.

Since any relatively uniformly complete hyper-Archimedean vector lattice is of finite
dimension (see [11, Theorems 37.6, 61.4], [12, Theorem 3|), and A}, is relatively uniformly
complete, it follows that AY is of finite dimension. Therefore, e is super atomic.

A is finite dimension.
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(7)=(8) Let e be a super atomic weak order unit of A*. Then AY is of finite dimension.
Since x Ane — x (r.u) for all 0 < z € A", it follows that A" is of finite dimension.

(8) < (1) This equivalence is trivial.

(1)=-(5) Since A" is of finite dimension, the set of all order ideals of A" is finite and then
A" satisfies the ascending chain condition on ideals and so we are done. >

Let A be a vector lattice and E be a vector sublattice of A. A positive linear operator
m: E — Ais said to be a positive orthomorphism if 7 (x) Ay = 0 whenever z Ay = 0 for each
x,y € E. An orthomorphism is the difference of two positive orthomorphisms. Orth(E, A)
will denote the vector lattice of all orthomorphisms from E to A. Z (E, A) will denote the
sublattice of Orth(E, A) consisting of those 7 for which there is a non-negative real A with

A <7(x) < A\

for all x € ET. Let A be a lattice-ordered algebra. M (A) denotes the set of all maximal two-
sided algebra ideals. We consider a subset m(A) of M (A) consisting of relatively uniformly
closed ideals.

All prerequisites are made for the second main result of this section.

Theorem 4. Let A be a vector lattice and let A" be its universal completion unital
f-algebra. Then the following conditions are equivalent:

(1) A is finite dimension.

(2) Every maximal modular algebra ideal in A" is relatively uniformly closed.

(3) Orth(A4, A%) = Z(A, AY).

< (1)=(2) Since A is of finite dimension, then A" is of finite dimension so that A* becomes
a Banach lattice. It is well-known that any maximal modular algebra ideal of a commutative
Banach algebra is closed. So we are done.

(2) = (3) Since any maximal modular algebra ideal of A" is relatively uniformly closed
and by using the main result of [13], we deduce that Orth(A") = Z(A"). Moreover, it is not
hard to prove that Orth(A") = Orth(A, A*) and Z(A, A*) = Z(A").

(3)= (1) Since Orth(A") = Orth(A, A"), Z(A, A*) = Z(A") and Orth(A4A"%) = Z(A, AY),
it follows that Orth(A") = Z(A") = A". Consequently, A" becomes a Banach lattice and it is
well-known that any Banach universally complete vector lattice is of finite dimension. Hence,
A is of finite dimension and we are done. >

It is well-known that any universally complete vector lattice A is of the form C'* (X) for
some Hausdorff extremally disconnected compact topological space X (i. e. the closure of every
open set of X is also open). The symbol C° (X) denotes the collection of all continuous
functions f : X — [—o00, +0oo] for which the open set dom f = {x € X : —c0 < f (z) < +o0}
is dense in X. It is well-known that C*° (X) can be equipped with a unital f-algebra
multiplication. Moreover, C°°(X) is a Dedekind complete f-algebra with e := xx as
a unit element. The orthomorphisms in C°°(X) are the pointwise multiplications, so
Orth(C*(X)) = C>*(X).

In order to reach our aim, we need the following;

Theorem 5 [14, 15]. Given an extremally disconnected compact space X, the following
properties of a point x € X are pairwise equivalent:

(1) The intersection of every sequence of neighborhoods of = is a neighborhood of x.

(2) x € dom f for all f € C°(X).

(3) If f € C*°(X) and f(x) =0, then f =0 in some neighborhood of x.

DEFINITION 6. The point x is called o-isolated (or a P-point, or bounded) whenever z
enjoys any of the properties in Theorem 5.
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Theorem 6 [14, 15|. The maximal algebra ideals of C*°(X) for x € X are of the form
(C®(X))z :={f € C>®°(X) : f=0 in some neighborhood of x}.

We now have gathered all ingredient for the third result of this section.

Theorem 7. Let A be a vector lattice and let A* (= C* (X)) be universal completion
unital f-algebra of A. Then the following conditions are equivalent:

(1) A is of finite dimension.

(2) Each element of X is o-isolated.

< (1) = (2) Since A is of finite dimension, then A" is of finite dimension; therefore
A" becomes a Banach unital f-algebra and it is well-known that any maximal algebra ideal
of a commutative Banach algebra is closed. By Theorem 6, any maximal algebra ideal is of the
form (Cso(X))s for some z € X and since (Cog (X)) (Coo(X))s is relatively uniformly closed,
then z is o-isolated (see [14, 15]).

(1) = (2) Since any point of X is o-isolated, it follows that any maximal algebra ideal
of A" is relatively uniformly closed (see [14, 15]). By the main result of [13], we deduce
that Orth(A") = Z(A"). Since Orth(A") = Z(A") = A%, A* becomes a Banach lattice and
it is well-known that any Banach universally complete vector lattice is of finite dimension.
Hence, A is of finite dimension and we are done. >

Next, we will give a new class of non-finite dimension zero product algebras for which the
characterization of Theorem 2 holds.

Theorem 8. Let A be an Archimedean unital f-algebra. Then A is zero product deter-
mined if and only if A is hyper-Archimedean.

< For the proof of “only if” part, we will use the same argument as in [16, Theorem 8.
Assume that every bilinear map f : A x A — B, where B is an arbitrary vector space over K,
with the property that for all z,y € A, f(z,y) = 0 whenever zy = 0, is of the form f(z,y) =
® (zy) for some linear map ® : A — B. Suppose, per contra, that A is not hyper-Archimedean.
It follows that there exists a prime ideal I which is not maximal. Hence the quotient A/I is
linearly ordered space that is not isomorphic to R (see [11, Theorem 27.3 and 33.2]). Let T,
y in A/I that are linearly independent. Hence T + 7, T are linearly independent. By using
Zorn’s Lemma, it is not hard to prove that ¥, ¥ are contained in a Hamel basis H; and T+ 7,
T are contained in a Hamel basis Hy such that Hy # Hs. Then there exist two linear maps
f:A/I — Rsuch that f(Z) =1 and f(y) = —1 and g : A/I — R such that g(T +7) =1
and ¢g(7) = —1. Let the bilinear map ¥ : A x A — R be defined by ¥(a,b) = f(@)g(b), for
all a,b € A. Let a,b € A such that ab = 0. Since [ is a prime ideal, it follows that a € [
or b € I. Hence @ = 0 or b = 0. Consequently, f(@) = 0 or g(b) = 0. Therefore ¥(a,b) = 0.
Hence, ¥ is orthosymmetric. Whereas, ¥(z,y) = f(Z)g(y) # f([@)g(T) = ¥(y,z). That is ¥
is not symmetric. Hence W is not of the form ®(xy) for some linear map ® : A — R, which is
a contradiction.

Then “if” part remains. We will use the same argument as in [17, Theorem 1]. Let
VU:Ax A— B, where B is an arbitrary vector space over K, with the property that for
all z,y € A, U(z,y) = 0 whenever zy = 0.

Let z,y € A. It follows that » = >7' | aje; and y = >U, B;f;, where e; and f; are
components of e = |z| + |y|. Then

V(z,y) = Z @iV (ei, f5) - (1)
1<i<n,
1<gsm
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Let efl be the disjoint complement of e;. Hence e = ¢; + egl where e; A efl = 0. Then
fi=fine=fiA (ei+e?) = (fj /\ei) + (fj/\efl).

Since (fj A efl) Ae; =0, then (fj A egl) e; = 0. Consequently,

\I/(el-,fj) = \IJ(ei, (f] A el-) + (f] A 6?)) = \Il(ei,fj A ei).

Moreover e; = e; Ae =¢e; A (fj + f]d) = (fj A ei) + (ei A fjd) Hence,

U(ei, f) = U(ei fi Nei) = U ((f5 Aei) + (e A7), fi ).
Since (ei A fjd) A (fj A ei) = 0, it follows that (el- A fjd) (fj A el-) = 0 and then
Ules, fi) =V (fj Nei, i ANei) = U(fj,e)
By using the same argument, we prove that
(e, fj) = \Il(el-,fj A ei) = \Il(f] Negi, fi A ei) = V(f;,ei).
Therefore, in view of equality (1), we have
U(z,y) = Uy, ). (2)

Let u be the unit of A and let z € A. Then the following bilinear map ¥, : Ax A - B
defined by ¥, (z,y) = ¥ (zz,y), for all z,y € A, satisfies the property that ¥(z,y) = 0
whenever xy = 0. Therefore, by using the argument as for ¥, we deduce that U, (z,y) =
U, (y,x) = ¥, (2,y) = ¥, (y,2), for all z,y € A. In particular if z = w, it follows that
U (z,y) =¥, (y,e) = ¥ (zy,e). Consequently, ¥ is not of the form & (zy) , where ®: A — B
is defined by ® (z) = ¥ (z,¢), for all z € A and we are done. >

It should be noted that a relatively uniformly complete unital hyper-Archimedean f-al-
gebra is of finite dimension (see |11, Theorems 37.6, 61.4|, [12, Theorem 3]). Consequently,
we have the following characterization.

Theorem 9. Let A be a relatively uniformly unital f-algebra. Then the following proper-
ties are equivalent.

(1) A is zero product determined.

(2) A is hyper-Archimedean.

(3) A is of finite dimension.
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XAPAKTEPUSAIINA KOHEYHOMEPHBIX
APXUMEJIOBBIX BEKTOPHBIX PEHIETOK

[onat @., Toymu M. A.

Ansortanus. Crarhs NOCBANIEHA YCIOBUAM KOHEYHOMEPHOCTH aPXMME/I0OBbIX BEKTOPHBIX perrerok. Haii-
JIEHbl TPU HOBBIE XapPAKTEPW3AINU TAKUX PENIeTOK. IlepBasi OMMCHIBAET KOHEYHOMEDHOCTH BEKTOPHOM
pemeTkn A Ha sS3bIKe €e yHWBEpPCAJIhHOro moroJiHerust A“. BTopasi yTBepKIaeT, 9TO BEKTODHAs pe-
nleTKa KOHEYHOMEDHA B TOM M TOJBKO B TOM CJIy4dae, KOIJa BBIIIOJIHEHO OJHO U3 CAEAYIOIIUX JBYX
yemosus: (a) BCAKWI MaKCHMAJTHHBIA MOIYJISIPHBI anre0pamdeckuii maeag B AY paBHOMEPHO TIOJIOH;
(6) Orth(A,A%) = Z(A, A"), tne Orth(A4, A") BexTopHas pemerka Bcex oproMopdusmos u3 A B A",
a Z(A, A*) — nompemerka, coCTOsAMAsA U3 OPTOMOPMU3MOB T, yA0BAETBOpsIommx ycaosmio |7 (x)| < Alz|
(z € A) npu HEKOTOPOM TIOJIOXKUTETHHOM A € R. X0pOIIO N3BECTHO, YTO BCsKasl YHUBEPCAIBHO TIOJIHAS BEK-
TOpHAdA pemeTka npeacrasasgerca B suge C°° (X)) mia HEKOTOPOTO SKCTPEMATHLHO HECBAZHOTO KOMITAKTA, X .
Touky x € X Ha3BIBAIOT 0-U30JIMPOBAHHON, €C/IN TIepeceveHne JTI000H M0CIe0BaTeIbHOCTA OKPECTHOCTEH
TOYKM X SBJISETCS OKPECTHOCTHIO TOYKM Z. TpeThsi XapaKTepu3alus COCTOUT B TOM, 9TO BEKTOPHAsS pe-
mretka A ¢ yamBepcambabiM pacmmpenmem A = C'°°(X) KoHEYIHOMEPHA TOTJIA M TOJIBKO TOTJA, KOTJA
KaxK/Jas Touka B X o-m3o/mpoBaHa. B KauecTBe NPUIIOKEHNS MOy YeH [IOJIOKUTEIBHBIA OTBET Ha BOIPOC
Bpesapa 0 CymecTBOBAHUN HOBBIX TIPUMEDPOB AJITe0p, OMpPeesseMbIX HYJIEBBIMUA TTPOU3BEICHUSIMHY.

KuiroueBsble cJioBa: BeKTOPHas penierka, f-aiaredpa, rumnep-apXuMeI0BOCTb, yHUBEPCATbHA TOJIHOTA.
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OB OIIMCAHUU IMTPOCTPAHCTBA PNCCOBBIX ITOTEHIIMAJIOB
OYHKIINN N3 BAHAXOBBIX ITPOCTPAHCTB
C HEKOTOPBIMU ATTPMOPHBIMUM CBOMCTBAMIM!

C. I'. Camko, C. M. YmapxamaKunes

Hocsauaemesn 65-aemuro npogeccopa
Anamoaus I'eopeuesuua Kycpaesa

Amnnorauus. Paccmarpusaerca 3agaaa onucanuga npocrpanctsa [ (X) dynkuuii, npeacraBuMbix pucco-
BEIM HOTeHIHanaoM [®¢ ¢ IJIOTHOCTRIO (¢ U3 33JaHH0ro mpocTpancTtsa X. Ilpeamomaraerca, ato X C &,
rae ® — mpocTpaHCTBO pacTpeeseHuit Hal OCHOBHBIM Kaaccom ® JIM30pKUHA, MHBAPUAHTHBEIM OTHOCH-
TEJbHO PUCCOBA MHTErpupoBanus, u 06pa3 [*(X) noammaerca B cmbicsie pacnpenenennii. B rakoit o6meit
TIOCTAHOBKE IOSICHSIETCST BOIIPOC, TIPY KAKUX IIPEATIOIOKEHUSIX O TIPOCTPAHCTBE X NPUHAIEKHOCTH 3JIe-
MenTa f u3 obpasa [®(X) sKBHBaJIEHTHA CXOAMMOCTH YCEYEHHBIX TUTIEPCUHTYJSPHBIX MHTerpasos DE f
B pocrpancTse X. [uis 310l niesin BHaYase yKa3aHHBIA BOIIPOC UCCJIELyeTCs B KOHTEKCTE TOIOJIOTUN TIPO-
crpanctBa . VIMeHHO, TOKA3BIBAETCA, YTO M5 JTHOO0TO JIUHEHHOrO moaMHOKecTBa X B O mpunagiex-
HOCTH 37emenTa f obpasy [%(X) sKBUBaIEHTHA CXOAMMOCTH YCEYEHHBIX THIIEPCUHTYJIIPHBIX HHTETPAIOB
Ha MHOXKecTBe X B Tomosioruu rnpoctpanctsa ®. Ecau X — 6aHax0BO IPOCTPAHCTBO, TO IEPEeX0/l OT IIPH-
HAJJIEXKHOCTU 00pa3y K CXOAUMOCTH yCEUEHHBIX TUIIEPCUHTYISPHBIX MHTETPAJIOB TI0 HOPME JOKA3bIBACTCS
C TOYHOCTHIO 10 AJAUTUBHOTO MHOTOYJIEHA B IIPEIIIOIOKEHNN, IYTO HEKOTOPAs CIIeINAIbHAS KOHBOJIIOIS
SABJISETCA aNIIPOKCUMAaIueil equauibl B rnpocTpanctse X . VI3BeCTHO, 4TO TOC/IEHEE BBIMOTHAECTCS I
MHOTHX 0aHAXOBBIX (DYHKIMOHAIBHBIX TPOCTPAHCTB M CIPABEJINBO IS BCEX TeX (YHKIIMOHATIBHBIX TIPO-
cTpaHCcTB X, B KOTOPHIX OTPDAHUYEH MAKCUMAJIbHBIN omepaTtop. OOpaTHBIM Imepexonm JTOKA3bIBAETCS ISt
byHKIIMOHAIBHOTO TTPOCTPaHCcTBa Banaxa X, 00/1a4a011ero TeM CBOMCTBOM, 9TO ACCOIMUPOBAHHOE C HUM
nipocTpancTBo X' COMEPIKUT OCHOBHOI Kjacc JIn3opKuHa.

KuroueBsblie ciioBa: norennmast Pucca, mpocTpaHCTBO PUCCOBBIX MOTEHIMAJIOB, TUIIEPCUHTYIAPHBINA UH-
TerpaJsi, pacrpejiesieHns, TPAHI-IIPOCTPAHCTBO JlebGera, mpocTpancTBO JIM30pKmHA OCHOBHBIX (DYHKITHM,
ANIIPOKCUMATINS €TUHUTIBI, TTPOCTPAHCTBO OpJinda, TPOCTPAHCTBO JleGera mepeMeHHoro mopsaKa.

1. BBenenue

Paccmarpusaercs Bonpoc 06 onmcannu npocrpancrea [4(X) dbyukuumii, npejcraBumbIx
PHUCCOBBIM MOTEHIHATIOM

I = / kalz — y)o(y) dy, o >0, 1)
Rn

© 2018 Cawmko C. I, Ymapxamxues C. M.
! PaGora BemosHena pu ¢puHaHCOBOI IOAIEpKKe Poccuiickoro dbonma GpyHIAMEHTATBHBIX HCCIeI0BAHMI
obomx aBTOpOB, mpoekT Ne 18-01-00094A, a Takyke BTOporo aBropa — mpoekt Ne 17-301-50023 mos-Hp.



96 Camko C. I'., Ymapxapxues C. M.

C IJIOTHOCTBIO (Y U3 TOTO WJIM MHOTO (DYHKIMOHAIBHOIO npoctpancrea X . Puccoso siipo kq ()
OTIPeJEIIeTCsI, KAaK M3BECTHO, PABEHCTBOM

1 ||, a—n#0,246,...;

ko (2) = ——
o(®) Yn () ]m\a*”hﬂ‘—}v‘, a—n=0,2,4,6,...,

e v, () — u3BecTHAas HOPMUPOBOUYHAS KOHCTaHTa (CM., Hampumep, [1]).

Bamerum, 9TO B Caydae Korjga X — MOPOCTPAHCTBO (DYHKIHi, 0O/IaJafommx HEKOTOPOit
raakocTeio, Hampumep, X = HY(R™ (1 + |z|)Y) — BecoBoe 0600IIEHHOE TPOCTPAHCTBO
lénpaepa, onpenensieMoe 3aJaHHBIM MOJYJIEM HEMPEPBIBHOCTH W, TAKOE OMUCAHUE BO3MOXKHO
B TEPMUHAX TPOCTPAHCTB TOM ke cepun, T. e. [*(HY(R™, (1+ |z|)7)) = HY=(R", (1 + |z|)7),
TJI€ Wq U Yo CTPOSITCS TIO W U 7Y COOTBETCTBEHHO; CCBHLIKM Ha PA0OTHI C TAKUMU PE3YJIBTATAMU
mpu « < 1 MoxkHO HaiiTu B 0630pe |2, m. 2.3.1].

B ciayuae, xorma X — mpocTpaHcTBO m3MepuMbIX (DYHKINN, HAMPUMED, TPOCTPAHCTBA
Jlebera, OpJyinvda, UX BECOBbIE BEpCUU WK WHBbIE MOIUMDUKAINY, T0I00HOE TOYHOE OTNMCAHUE
obpaza [*(X) neBo3moxkHO, Tak Kak (yuknun f € [¥(X) 061a1a10T HEKOTOPOI# €1ab0ii TIaT-
KOCTBIO (MHTErpasIbHOrO TUIIA), HEMPUCYINEH, BOOOIIE rOBOPs, MPOCTPAHCTBY X W3 MCXOIHOM
cepud TPOCTPAHCTB. B srom ciayuae ommcanue dyukumii f € I*(X) maerca darrtuueckn
B HEKOTOPBIX auddepeHInaTbHBIX TEPMUHAX TOPSIIKA (, UMEHHO, B TEPMUHAX CXOIUMOCTHU
TUTIEPCUHTYIAPHBIX HHTETPAJIOB 9TOTO TOPSIIKA.

IMono6uoe onucanmne masi X = LP(R™) suepeble 6b110 gano npn o < 2 B [3] mus Gec-
CeJIEBBIX TIOTEHITHAIOB, KOTOPBIE B OTJINYNE OT PUCCOBBIX MOTEHITHAJIOB COXPAHSIOT, BOOOIIE
rOBOPsi, UcxoaHOe mpocTtpancTBo X. [liasg nmpoussoabaoro o > 0 Takoe onmcanue ObLIO JTaHO
B [4], uT0 mOTPE6OBAIIO MCIOIB30BAHIE THIIEPCUHTY/IIPHBIX HHTETPATIOB ¢ PAZHOCTSIMHU BBICIITIX
nopsiiKoB. Jljisi puccoBbIx noTeHnunasios nogobHoe onucanune B caydae X = LP(R™) u a > 0
(cm. B [1]), cMm. Takxke B §5 cebikM HA pabOTHI, OTHOCAIINECT K APYTUM TPOCTpaHCcTBAM X.

B nmammoit pabore npesaraeTcs HEKOTOPBIN OO TOAXO /ISt TOZOOHOTO OIMUCAHMS PaC-
npejeaeHuii f, SIBAAIOMMXCS PUCCOBBIME MOTeHIMaaMu GyHKIni Ha R n3 abCTpakTHOTO
mpocTpancTBa X, yIOBIETBOPSIONIEr0 HEKOTOPHIM alpPHOPHBIM CBoiicTBaM. Pacnpesenenus
paccMaTpUBAIOTCI HAJL OCHOBHBIM KjiaccoM JIm3zopkuna ® u oneparop I TpakTyercss B CMBIC-
Jie 0000IIEeHHBIX (DYHKITHIA.

88 2 u 3 comeprkaT HEOOXOAMMBIE TTPEIBAPUTEIbHBIE CBEIEHNST M BCIIOMOTATEIbHBIE PE3YJIb-
TaThl, B §4 JaHLI OCHOBHBIE Pe3yabTaThl. B §5 paccMaTpuBaercs BOMPOC O BBITOJTHUMOCTH
BBE€ICHHBIX allPUOPHBIX CBOWCTB JJId KOHKPETHBIX d)yHKHI/IOHaJIBHLIX TIPOCTPAHCTB U Ja€TCA
HEKOTOPBI 0630p Pe3y/IbTAaTOB, OTHOCIIINXCA K OMUCAHUIO 00pasza prCCoBa MOTEHIMAA.

2. IlpeaBapuTesibHbIE CBEIEHUS

Knacc JImzopkuna @, mHBapraHTHBIN OTHOCUTETBLHO omlepaTopa I, eCTh TOATIPOCTPAHCTBO
MPOCTPAHCTBA & MIBAPIEBBIX (DYHKIHI, OPTOTOHATBHBIX MHOTOUYIEHAM:

/:Cjw(m)dx:(), 71 =0,1,2,..., 2/ =al" -zl |jl=q 4+ jn
Rn

MmuozxectBo ¢ mnorHO B BecoBoM mpoctpanctse LP(R™, w), w € A, |1, Teopema 7.34].

T'unepcunrynapusiit waterpan D onpegenserca xkak mpegen D = lin% D¢, rne DY —
e—
yCeUeHHBI! TUTIEPCUHTYIAPHBIN WHTErpas
1 (Ayf) (@)
D (x) = | e ao 2)
: dn (@) ly[rre

ly|>e
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l
e Al f(z) = Zk_ o(—1)F ( i ) f(z—kh) — koneunast paznocTs nopsijka ¢ > o dynkmun f
u dy, ¢(ov) — HOPMUPOBOUHAs KOHCTAHTA, BLIOpAHHAs TAK, 9TOOBI IOCTPOEHNE B (2) He 3aBHCETIO
or ¢ (mogpobuocTu cm. B [1]).
ITpu dukcuposanrOoM € > 0 ycedeHHBIE THIEPCUHTY/ISPHBIE HHTETPAIbI HMEIOT BH/T

DEf(x) = C()f(x) + T a Q
[t|>ke

TTOJTy9aeMblil OYEBUIHBIMU TPEOOPA3OBAHUSIMU.
st KOHEUHBIX paszHOCTel (DYHKINU f UMeeT MeCTO NpeICTaBjIeHre

(845) @) = [ (Bea) @ = 90D W)y, >0 (@

R

rae paBeHcTBO Ay o(2,h) = Aﬁka(x) CTIpaBeIMBOE, 10 Kpaiineit mepe, na dpynkmmax f € P,
XOTsI OHO BEPHO [I7is1 GoJiee mupoKoro kjiacca dqpyukmii, cm. |1, (3.64)].

Yceuennble runiepcuHryspable naTerpassl DY f Beipakarorcs uepes cBoit npejest ¢ = D f
C TIOMOIIBIO AMMTPOKCAMAIAN €JIUHUIIBL:

N @ =% [ Ao (L) oy = K2, )
e
Hiallel) = s | heali)dy (©
|yl <|z|

koo(x) = Apo(z,e1), e1 = (1,0,...,0) (em. [1, (3.63)]).
Anpo K o umeer onenky |1, memma 3.16]

|x|min{o¢—n,0}’ o ?é n;
Ko < <1,
Hia()) C{ln%w T .
| Ho(l2))| < ]t npu |z| > 1.
Hns sigpa o (|2|) n3sectna dopmymna [1, (3.66)]
1 (1-— eiﬁy)ﬁ
- [ U=, 8
O =5 g | e ¥
ly[>1

rie (Fo)(z) = p(x) — npeobpazosanne Pypre dyHkImn .
TomnoJsiorns B MIBapIEBOM MIPOCTPAHCTBE . 3a/1a€TCsl CUETHBIM HAGOPOM (IOJIY )HOPM

v, j(w) = sup 1+ |zDk|(Diw)(z)|, ke Ny, jEN}, we.?.
rxeR™

Cx0IMMOCTh TOCIEI0BATETEHOCTH Wy, — W B TOMOJIOTHH . O3HAYAET, 9TO

n%gnoo Vk’]( B w) =0

Jutst JiI0OBIX (PUKCUPOBAHHBIX K T j.
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IIpocrpanctBo JIuzopkuna ® ocuoBHBIX dyHKIUMI U gBOICTBEHHOE TpOCTpaHCTBO ¥ =
F(®) aBnsrorcss 3aMKHYTBIMU TOJNPOCTPAHCTBAME B . OTHOCUTEBHO YKA3aHHOI TOIMOJIO-
TUH, TIPW 9TOM Ha (DYHKINAX W € ¥ 9Ta TOMOJOTHS SKBUBAJTEHTHA TOMOJJOTHH, 33 IaBAEMOIT
TTIOJTyHOPMAaMU

Vk1,;(w) = sup |:U|l(1 + |x|)k‘(D]w)(x) , keNy, leZ jeNy, wes.

TER?

Hanomuuwm, uro @ = '/ P tne '/ P ectb hakTOp-IPOCTPAHCTBO TPOCTPAHCTBA &
10 MHOXKecTBY & Bcex MHOrodsieHos (cu. [1, c. 41]).

Jlemma 2.1. IIpocrparcrso ® mHBapmaHTHO OTHOCHTEIBHO OIEPATOPA YCEUEHHOTO IHIIED-

l
currynaproro uarerpuposannsa D¢, e > 0, u oneparopa ceeprku K%, € > 0.

< JlokazaTesbCTBO JIeMMBI CM. B pabore [5]. >

3. BcnomoraTtesbHbIE yTBEPXKIEHUS

Jlemma 3.1. Omeparop K = Kf’a|€:1 HeNpephIBeH B IpocTpaHncTBe P.

< Tlokazkewm, Tpezke Bcero, uto omeparop K&® coxpamser mpocrpanctso ®. TocraTod-
HO TIOKa3aTh, 9TO YMHOMKEHHE Ha npeoOpasosanne Pypbe sgep 3TUX ONepaTOPOB COXPAHSET
npoiicreennoe npocrpancreo ¥ = F(P).
—_—
O6osnauns m(§) = K q(§), nepexogst B (8) K TOIAPHBIM KOOPAMHATAM, MOCIE 3aMEH
o00MS M BPAIIECHUS MOJTYdaeM

m(€) = pl—fadp, (9)
€l

e E(p) = m Jgno1(1 = €71)t do. Jlerko Bugers, aro m € C*(R™ \ {0}), Bce npomns-
BojHbIe (byHKIHM m crpemstes K 0 mpu [£| — oo u mMeror He GoJiee, UeM CTEMeHHON pPOoCT
npu |[£] — 0, 9T0 M rapaHTHpyeT yKazaHHOe COXpaHeHue npocrpaHcTBa W npH yMHOXKEHUU
Ha m(§).

JlokazarenCTBO HEMPepPBIBHOCTH YMHOXKeHus Ha m(§) Tpebyer Gosiee aKKypPATHBIX pac-
cyxpennii. I[Tycrs mocnenosarensnocts dynkuuit ¥s(x), s € N, u3 ¥ cxogurcs k 0 B TO-
HOJIOTHH TIPOCTpaHcTBa & @ limg o0 Vg j(0s) = 0 mns Bcex k u j. Hyxuo mpoeputs, uTo
limg_ o0 vk j(Mps) = 0 a7t TOrO k€ MHOXKECTBA, MHJIEKCOB k 1 j. lmeem

Ditm(a)in(e) = 3 () D@D 0. (a),

0<i<y

ka— ‘(o) - M Z( ©) D (el 1) D4

|k|= 0<h<i—k

D" (Jz|717%) = lz| 1=~ IM Py (), vne Py, (x) — omropoamsiii Mmuorounen crenenn |h|. Tak kak
|DP (j2]~1-9) | < Cla|~ 1=~ |DIE(Ja])| < Cla]* Y, 1o

’Dzm(x)‘ < C‘:L,’l—a—|h|+€—|z'|+1+|h| < C’l"_a-i_é_lil. (10)
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Orciona |D'm(z)| < Cla| 17+l e [o] — memas wacts umcna «. CremoarensHo,
vy, i(mis) < Zogigj C (i, J)Vke—1—]a]—|i|,j—i(¥s). OTCloOma B cUy SKBUBATEHTHOCTH TOMOJIO-
ruil, 3a7aBaeMbIX TOJYHOPMaMU Vi j W Vg g j, TOIYIUM limg oo Vk,j(mws) = 0, uTo U Tpebdo-
BaJIOCh. >

Caencrsue 3.2. Oneparop DY menpepriBen B npocrpancree ® st moboro € > 0.

<1 JoCTaTo4Ho 3aMeTHTh, 4TO B obpazax Pypbe mmeeMm @(5) = [€|*m(e&)w (&), Tae
|€|9“m () siBasiercss mysbTuIIMKaTOPoM B W, KOJIb CKOPO M SIBJISIETCS TAM MYJIBTHILINKATOPOM
B cmity JieMMBI 3.1. >

Jlemma 3.3. Omeparopsr Kf’a cxonarcsa npu € — (0 B mpoctpanctBe ® Kk eqmamaHOMY
o1epaTopy.

< HyxHo nokazarh, 4TO JiJisi TPOU3BOIBHON DYHKINEN w € ® BRITOTHIETCSA

lim v (K% —w) =0, ke Ny, j €N (11)
E—r

£,
Hamomuuwm, uTo cormacuo jlemme 3.1 omeparopsr K:© coxpangior mpoctpanctBo ®. Tak kak
Tonosiorus B npocrpanctee F(.Y), maaynuposannas u3 npocrpanctsa [IIsapma .7, coBnasaer
¢ Tomosiorueit mpocrpancTsa %, 1o (11) paBHOCHIBHO COOTHOIIEHUAM

lim vy, j([m(ex) —1(2)) =0, k€ No, j € Ny, (12)
&
e m — dyukrus (9) up =w € V.

Paccvorpny cravwama cydait j = 0. Hago nokasats, ato im0 sup,cpn (1+|2])*|m(ex) —
[t ()] = 0. Mreem sup,egn (1 + [2])*|m(ex) — 1[4 (2)] = max {S1(e), S2(e)}, rae

Si(e) = sup (L + [z[)*|m(ex) — Llw(x)],  S2(e) = sup (1 + |z[)"|m(ex) — 1[e(z)].

|z|<1 |z|>1

Hna Si(e) nveem Si(g) < vk j(¥) supjy < [m(ex) — 1]. Tax kaxk m(0) = %(0) =1mn
m(z) menpepsiBHa, To lim._,0 S1(g) = 0.

Hnsi So(e), yuursiBas, 4ro s Jjioboro uucaa g > 0 cnpasepnmba onenka [i(x)] <
Cz|™*=#, t71e BLIGOPOM j1 PACIOPSIUMCS HO32KE, TOTYTHM

_ |m(ex) — 1
So(e) < C sup |z| #|m(ex) — 1| = Ce* sup —————
2(€) S sup [l Hmiew) = 1) = CeF sup =

Ocraerca moKazaTh, 9TO MpU HEKOTOpOM BbIGOpe 1 dyukmus |[m(y) — 1||y|™* orpanuuena.
ITpu |y| > 1 sra orpannvenHocTs ovesuHa s Jioboro > 0. Korpa |y| < 1 Bocniosibzyemcst

dopmymnoit (9) u Tem daxrom, uro 1 = %&\Q(O), B CUJIy 9ero

lyl
my) -1 _ 1 [ E(p)
|y |~ |y |~ / pite

Jlerko BUeTh, 9TO 3/1€Ch TTpaBasi 9aCTh OTPAaHUYEHa TIPU BbIOOpE 1 = £ — «.
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Iepeiinem k caywaio j # 0. Umeem

DI (pm(eo) ~ i) = [mie) - 1)D7v@) + 3 (1 ) aea (3)
0<i<y,
i£0
e Ai(e,x) := ell(D'm)(ex) DI~ (x). Teproe craraemoe B (13) yuxe oreneno Bime To-
ckobky Divp(z) € ¥, j € N dna A(e, ) ¢ yuerom onenku (10) moryuamu

[Ae,2)] < £7Cigla| 1| DI ().

Orciona npuxonuM K onenke vy ;(A(e, x)) < ng_o‘l/kyg_1_[a]_|j|7j_i(1p), re [a] — mesast 9acTh
qHCIa (.
Pestomupys, npuxonnm k (12). >

4. OcHOBHbIE YTBEP2KJI€HUS

4.1. Onucanve B TepMUHAX pacupeaeIeHmil.

OnpEJEJIEHUE 4.1. Tlycte X — siuneiinoe nogmuokectso B ® u f € ®'. Bygem rosoputs,
aro f € IY(X), a > 0, ecin cymecTByer pacmpejiesienne ¢ € X Takoe, 4To

(f7 w) = (@a Iaw) (14)

17151 BeeX w € O (HamoMHMM, 9TO TPOCTPAaHCTBO P HHBAPUAHTHO OTHOCUTEIHHO omepaTropa I%).
B mocnemyromnem ycedeHHble THNEPCUHTY/ISPHBIE MHTErpasbl (2) obomenuoit ¢yHkimn
f € ®' onpenenanorca paBeHCTBOM

(D' f,w) := (f, DEw) (15)

(67

C y4eTOM HMHBapHAHTHOCTH IpocTpaHcTBa P oTHOcuTeapHO omeparopa DY,

My 2.1.

e > 0, cm. Jem-

Teopema 4.2. Ilycts X — jmmeiinoe noamuoxkectso rnpocrpancrsa . Cuepyromme
VTBEPKJI€HUS PABHOCHIbHBI:

(P) f € I°(X);

(Py) cymecrByer snement ¢ € X takoii, uro D f exonmures kK ¢ B D' :

(D2 f,w) = (,0), we,

npu 3TOM 3seMeHT ¢ u daement ¢ u3 (14) copnagaror kak sjemenThr mpocrtpanctsa P

< Tokaxewm, uro (P) = (P2). B cuny (3) n coepcrsust 3.2 npu s1060m GuKCHpoBaHHOM
e > 0 nmveem (Df, w) = (f, D?w) = (f, D2I*D*), rae MBI BOCIOJB30BAIACH TEM, ITO
w=I1*D% mns w € .

Torna B ey dopmyast (5) mveem (D2 f,w) = (f, K59DOw). Tak kak K2°D% € ® B cuy
JeMMbl 2.1 u omepaTopbl Kf’a u D xommyTupyior Ha dyarrugx u3 ¢, To mo ompeaerennio
obpaza [4(X) cymectByer dbyHKIusa ¢ € X, Takas 9To

(D2 f,w) = (p, K2w). (16)

B cuny memmbr 3.3 nomydaem lin%(]D?f,w) = (p, lims(ﬁ? Kf’aw) = (p,w). CuemoBareybHo,
E— 4

¢ = ¢ u (P) nosydeno.



06 onmucaHuu NPOCTPAHCTBA PHCCOBBIX ITOTEHITHAJIOB 101

Hokaxkem (Py) = (Pp). Paccyxkast Kak U B IpeJblIyIIeM IyHKTe, TOJbKO B 00paTHOM
HaIPaBJIEHUN, UMEEM

(¢,w) = lim (D2 f, w) = lim(f, Dfw) = lim(f, D2I*Dw)
= lim(f, KED%) = (f, lim K2°D%W) = (f,D°).

()

Takum o6pasom, (f,Dw) = (¢, w). Caegosarensuo, (¢, [“w) = (f,w), w € ®, 40 3aBepraer
JOKa3aTeJbCTBO T€OPEMBI. >

4.2. O6 anpuoOpPHBIX MPEAIIOJIOKEHUAX 0 DaHaxoBom npocrpancTse X. B cieyio-
meM ImyHKTe Mbl u3ydaem o6pas [*(X) norennnana Pucca, Tpakryemblii B cMbicsie pacipeje-
JieHnit, time X — mpou3BOJIbHOE OAHAXOBO MPOCTPAHCTBO (yHKIuit HA R™, yiaoBieTBopsioiee
HEKOTOPBIM aIllPUOPHBIM TIPEATIOIOZKEHUAM.

B paznuunbIX yTBepkKIEHUSX HUXKe Oy/IeT MCIOJB30BATHCA OJHO WM HECKOJIBKO U3 CJie-
JIYIOIIUX CBOMCTB MPOCTPAHCTBA X :

(S1) Ipocrpancreo X obsamaer cpoiictBom pemierku: ecan ¢ € X u |[¢(x)] < |o(x)],
2R, 10 € X u [[h]x < llplx-

(S2) IIpocrpancTBo X HE COMEPKUT MHOTOUJIEH.

(S3) Makcnmasnpaslii oneparop Mo(x) := W;:rﬂ fB(x ") |o(y)|dy orpannden B X.

(S4) Onepartopsr Kf’a SABJISIIOTCS AIIIPOKCUMAIIMEN eIUHHUIIEL: lim. g ||K£’ag0 —pllx =0
Jutst Beex p € X.
(S5) Ipocrpancreo X', accormuposanuoe ¢ X, comepxkut Kaace P.

Hamomunm, 9To accomuupoBaHHLIM ¢ X HasbBaeTca mpocTpanctso X' dynkmmii ¢ ma R™
TAKWUX, 9TO

/ p@yp(@)dz| <oo (VoeX),  [¢lx = sup / p(@)(z) dz|

llellx=1

n

cm. [6, ¢. 9].

BAMEYAHUE 4.3. [Ipn nanuann csoiicrsa (S1) B coiictse (S2) JocTarouno norpeboBaTh,
ITOObI KOHCTAHTBI, OTJIMIHbIE OT HyJis, He IIPUHAJIEXKAIN OBl IPOCTPAHCTBY X.

Ham monano6siTcst HEKOTOpBIE BCIOMOTATENIbHbIe yTBEPXKIHNsT 00 OrpaHHIeHHOCTH OIe-
PaTOpPOB CBEPTKH B MpoCTpaHcTBe X.

O6o3uaunm gepes K kiacc anuep k(x), yaosnersopsiomux yeaosuam |k(x)| < #(|x]), tae
K (r) € LYR"™), A (r),r € Ry, youiBaer, u

1 r—y
Kop:=— [k dy.
p 5n/ < 5 >s0(y)y
Rn

Xopommo uzsectro (cm., nanpumep, [7, ria. 5, §2.1] noroueunoe nepasencrso |K.p(z)| <
cMo(x), tme k € K. 113 97010 HEPABEHCTBA CJIIYET YTBEPIKICHUE.

IIpensoxenue 4.4. Ilycrs k € K. Oneparopsl K. paBHOMEDPHO OrpaHHYEHBI B JIIOOOM
npocrpancrse X co coiicrBamu (S1) u (S3).

st Hac Gosiee cofiepKaTeIbHBIM SBISETCA CJEAYIONIee YTBEPIK IeHHe:

JIemMma 4.5. Ilycrs 0 < oo < 00 m £ > . Torya K € R,

< YTBepxK/eHue JeMMbI caeayer u3 ornenku (7). >

4.3. OnucaHue B TepMHUHAX CXOAMMOCTH 110 HOpMe npocTpancrBa X. B nanbueii-
mem cauraeM, 9ro X — GaHaxoBo mpocrpaHcTBo ¢yHkuuii Ha R™ ¢ HopMmoiit || - || x.
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ONPEAEJIEHUE 4.6. Bygem rooputh, 9T0 3HadUeHue mapamerpa « > (0 sABJISeTCst ecTe-
CTBEHHO COOTBETCTBYIONTMM mpocTpancTBy X, ecau dbyukmuonan f € [*(X) asiagerca pe-
TYJIAPHBIM M C TOYHOCTBIO JI0 MHOTOYJICHA COBIIQIAECT CO CXONANIMMCA WHTErPAJIOM (1) 1
Beex ¢ € X makux, 9r0 f(x) = [pu ka(z — y)@(y) dy + P(z), ¢ € X. B 910M ciy4ae mepsoe
cjaraemMoe B MPaBoil yacTu Oy/leM HA3BIBATH WHTETPAIBHBIM MPEACTABUTEeM (DYyHKIMOHAIA
fervx).

Hanpuwmep, B caygae X = LP(R™), 1 < p < 00, 3HAYEHUSIMU (v, €CTECTBEHHO COOTBETCTBY-
fomumu ipoctpancTBy LP(R™), apagiores o € (0, %) B cygae BecoBoro mpocTpaHcTBa

I2(R") = wz/mmwu+uwwx<w >,
Rn

yKasaHHbIN nHTEpBas 3ameHsiercss nHTepBasom o € (0, "Tﬂ) B cayuae xorma X ects mpo-
crparcTBo Op/mya MHTEPBAJ JJIsi €CTECTBEHHO COOTBETCTBYIOINIMX 3HAUEHWHA (r MOXKET OBIThH
TIOJIYY€H B TEPMUHAX UHJIECKCOB MaTyLHeBCKOfI - Opﬂl/lqa " yCJIOBUA CXOAMMOCTHU MHTETPaAJIa B
dbopmyse (27) cremyromiero naparpada, Ha YeM Mbl He ocTaHaBauBaeMcs. [lycts Temeps X —
TaK HA3BIBAEMOE I'PAHI-TIPOCTPAHCTBO Jlebera i{;) (R™) ¢ rpanguzaTopom a(z) (cM. ompesese-
are B (22)). Takne npocrpancTsa ucciaenoBanauch B paborax [5, 8, 9, 10]. B arom ciayuae nn-
TepBaJl eCTECTBEHHO COOTBETCTBYIONIUX 3HAUYEHUN (v TOT YK€, UTO U JJisi OOBITHBIX TPOCTPAHCTB
JleGera npu yeaosusx a € LY(R™) n

a® € Ay (17)

mpu HeKOTOpoM d > 0, Time Aso M3BeCTHBIN Kytace MakenxaymTa.

Teopema 4.7 (Heobxomumsie yenosus). Ilycres X ynosrerBopsier npegmosoxkennto (Sy)
u f € I*(X) B cmbicae onpenesnennst 4.1. Torya DS f ecrs peryusipabrtii yHKIHOHA, COBIIA-
Jaromuii ¢ HekoTopoii ¢pyurnuer m3 X ¢ TOYHOCTHIO 40 MHOIOU/ICHA:

D¢f = pe(x) + P-(z), @€ X, (18)
u cymectByer pyHakua o € X Takas, 9To
lim [l¢: — ¢||x = 0. (19)
e—0

Ecnn npoctpancrBo X obamaer coiictBom (S3) u f 03HaYaeT HHTErpaJibHbII TIPECTa-
suress pyaknuonana f € 14(X), 1o

lim [[DEf — ¢l x = 0. (20)
e—0

< Bocmonssyemes nipescrasiennem (16). Yemosue (Sg) mogpasyMeBaeT OrpaHWIEHHOCTD
4, o .
oneparopa K2 B mpoctpanctse X (1o kpaiineit Mepe 1ist Manbix €). [loatomy us (16) nveem
4 4
(D2 f,w) = (K2 %p,w). Tak kak K% siBasiercss peryaspabiv dyHKInoHasom, 1o DS f Tak-
. a £,
ke perynapuelii dysxmmonan. Torma dymkmmm DY f u K% ¢, coBnagamonme Kak 37€MeHTH]
npoctpancTBa P paszmuaroTcs pa3se JIUIb MHOTOUICHOM:

D2 f = KX% + Pa(a). (21)

Orciona cienyer yreepxkaenue (18) ¢ p. = Kf’ago, a TakyKe B CHIy cBoiicTBa (S4) m yTBEp-
xenve (19).
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IIycts Temeph v — 3HAYEHME, €CTECTBEHHO COOTBETCTBYIOMIee mpocTpancTBy X. Tak kax
oTepaTop Kf’a COXpaHsieT MPOCTPAHCTBO X, TO B CuIy cBoiicTBa (S3) dyHKIMOHAT Kf’ago
HE MOXKET COMIEP’KATh TMOJNHOMUAAIBHOTO ciaaraemoro. [Tokaxkem, 9To JleBasg 9acTh TaKyKe HE
COJIEPXKUT TOJTMHOMHUAIBLHOTO CJIaraeMoro, aro oymer ozuavarh P.(z) = 0. Tak kak B JieBoii
qactu f ecrThb MHTErpaibHbIN npejcrasuresb dyukimuonana f € I*(X), To f npexcraBuma
OOBIYHBIM UHTErPAJIOM, T. €. KaK cBepTKa (yukuuu ¢ € X ¢ sapoum k, (z). Torma au npu kakux
a byurmua f(x) He MoxkeT BecTH cebs HAa GECKOHETHOCTH Kak MHOrowieH. CreIoBaTebHO,
paseHcTBO (21) BO3MOXKHO TOBKO KOTgia Po(x) = 0, u Mbl nosryuaem (20). >

PaccmoTpum oTe/IbHO Cirydaii Kora mpocTpancTBO X WHBAPUAHTHO OTHOCHTEIBHO CIBU-
ra: [|mpellx < C(h)|lellx, tme The = @(z — h), h € R, u C(h) nokanbHO OrpaHuYeHa:
sup|p|<n C(h) =: Cn < 0o. B srom caiyuae ana dynxmuit f € I9(X) MOKHO JaTh JTONO/HE-
TeIbHYI0 nHAGOPMAIINIO O TIOBEJIEHNN X KOHEYHBIX pasHocreii. Koneannie paznoctu 006001IeH-
ueIx bynknuit f € &' onpenensarorcs oObLIIHBIM 00pa3OM: (A%f,w) = (f, Aé_hw).

Teopema 4.8. Ilycts npocrpancTBo X HHBaApHAHTHO OTHOCHTEJIBHO CJABHUTA U 00J1a]1aeT
cpoiicrsamn (S1) m (S3). Ecm f € I(X), To xomeunsie pasmoctn ALf nopsanka { > o
SABJIAIOTCS PETYAAPHBIMA DYHKIHOHATAMA T CYIIECTBYeT MHOTOUIeH Py (1) Taroii, uro Af f —
Py(x) € X npwu sirobom h € R™.

< CranmapTHbIME TIepebpocaMu Ha OCHOBHBIE (hyHKIHE ¢ ydaeToM dhopMmysbl (4), nHBApU-
anTHOCTH Kacca $ orrocurensro motenimana Pucca n ceepriu ¢ ssapom Ay o (-, h), momysaem

(ARfrw) = (£, ALjw) = (g, 1°(A%w)
= (@7 Ag—hlaw) = (907 Aé,a('y _h) * w)) = (Aﬁ,a('7 h) * ¢, w)'

CnenosarebHO, Af; fuAyy(-, h)* @ coBmagaor kak o6obmennsle dyukmun u3 O, aTo u 10~
Ka3bIBAET PEryJisipHOCTh PYHKIINOHAIA Afl I

Octaercs nokazaTh, 9T0 Ay o (-, h)*xp € X. OcHOBBIBaeMCs /1751 9TOTO Ha IpeIoKeHnn 4.4,
IPUMEHNMOM TIPH YCIOBHSIX T€OPEMbl. 3aMeTM, 910 sapo Ay o (z, h) npu GonbINX 3HAUEHN-
ax |z| mueer omenxy ([1, (3.51)]) |Apa(z, h)| < c|h|*(|z]+|R])* ™7, |2| = (£+1)|h|. HosTomy
a1p0 Ay o(, h) MOKHO TIPEACTABUTH B BHJE

l
N
_ _1\¢ . . n
Agol(z,h) = z;( 1) < ) )ka(x m)XB@"Qﬂ)(x ih) + J(x), x€R"
1=
r71e X p(o,r)(T) — XapaxTepuctmieckas dbynkmmsa mapa B (0,7), a aapo J(z) nveer omenky
hl
J(2)] < =
k()X 5 (0 1hl )(x) knaccy R ouesnmana. OcTaeTcss COCIaThCsd Ha MHBAPWAHTHOCTH MPOCTPAH-
2

U, CJIeIOBATEIbHO, IPUHAIEKUT Kaaccy K. [IpunaamexHocTh hyHKITUN

crBa X OTHOCHUTEJILHO CIABHUrA. [>

Teopema 4.9 (Tocrarounsie ycaosus). ITyctb a > 0 f € ' u DY f, & > 0, — 0606m1eH-
Hble (pyHKIHH, onpeaeernsie papeactsoM (15). Ecan npocrpancrBo X obagaer cBOHCTBOM
(S5), DYf € X u cymecrByer limg(;;) D¢f =, o f € I%(X) B cmpicte onpenenenns 4.1 n
f=1%.

< Nmeem |(DSf — p,w)] < ||ID2f — ¢|lx||w|lxr — 0 mpn € — 0 B cuay cBoiictBa (S5).
Takum obpasom, lim._,o(DSf,w) = (p,w) aus Bcex w € ® u rorma f € I%X) B cuy
SKBUBaseHTHOCTH yTBep:kaenuii (Py) u (Py) Teopemsr 4.2. >

Caencrsue 4.10. Ilycrs npocrpancrso X obmagaer coricrBamu (S2), (S4) u (Ss). dus
toro, arobrr f € I*(X), mHeobxonumo n gocrarouno, arobsr DY f € X u DS f umeno uyg (18),
e . cxoaurcs B npocrpancree X mpwu € — (.
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Tloguepkuem, aTo B 3TOM maparpade Mbl (PaKTHIECKU TMOJTHOCTHIO MCCAEIOBAIN BOIIPOC
06 ommcaruu obpasza I*(X), a > 0, mug npousBosbHOro poctpancTsa X dyukuumii Ha R™ mpu
BBITIOJTHEHUY HEKOTOPBIX AlPUOPHBIX MPEANOIoKeHuit o npocrpancTee X. OgHAKO, 3TO Cle-
JIAHO TIPU YCJIOBUM, UTO OmepaTop ¢ moHMMaeTcs B CMbICIe pacupemesiennii. CyIecTBeHHbBIMI
WHTEpPEeC TPEeJCTABIIsIeT ONMUCaHne abCOMIOTHO CXOASIMXCcst naTerpanoB [%p, o € X. 910, ox-
HaKo, TpebyeT paboThl B KOHKPETHOM TPOCTPAHCTBE: JOMYCTHMbBIE 3HAUEHNS (v 3aBUCAT TOTIA
ot mpoctpancTtea X. B crmemyromem maparpade Mbl KacaeMcsi 9TOT0 BOTPOCA ST HEKOTOPHIX
KJIACCUYIECKUX W HECTAHIAPTHBHIX (DYHKIMOHAIBHBIX TPpOoCTpaHcTB. Kpome Toro, B cieayromem
naparpade paccMaTpUBAETCsT BOIPOC O BBIMOJHUMOCTH JJist HUX CBOHCTB (S1)—(S5).

5. O BbImOTHUMOCTHU CBOMCTB (S51)—(S5) 1 0 mpocrpancTse [4(X)
CO 3HAYEHUSIMU (v, €CTECTBEHHO COOTBETCTBYIOIUMY IIPOCTPAHCTBY X

B npuBesienHoii HUXKe Teopeme MoKazaHo, 4To Bee cBoiicTBa (S1)—(S5) BHINOJHAIOTCS 115t
IPOCTPAHCTB X; U3 CJEIYIOMIErO CIIMCKA TPU COOTBETCTBYOMINX MTPE/IIONI0KEHATX O TapaMeT-
pax MpOCTPAHCTE:

e kjaccuueckue mpocrpancTsa JleGera X1 = LP(R™), 1 < p < oc;

e Becosble npocrpancrea Xo = LP(R™ w), 1 < p < oo, e w — Bec Makenxaynra;

e rpaH/-ipocTpancTBa Jlebera X3 = IO/Z)’G(R”), 1<p<oo, >0, byakuuit f, yrosse-
TBOPAIOIINX YCJIOBUSM

1
p—e

£l oy = sw 8 [If@P “al@)ido b <oc (22)

O0<e<p—1

u lime 0P [ ]f(a:)]pfga(ac)%dx =0, e a € L'(R™) u a yaosnersopsier ycioruio (17).
R
e mpocrpanctsa JleGera X, = LP()(R™) ¢ mepemennniv mokazaresnem p(x) (en. 11,12, 13]),
rae 1 <infiepn p(x) < sup,epn p(x) < 00, ONpeseIsieMble HOPMOI

p(z)
dr <13,

=i [ 1®)
\Uhmm@—mfA>0./‘A
Rn

rae p(ﬂ?) YAOBJETBOPAET CTaHAAPTHBIM JIJId TaKUX TPOCTPAHCTB YC/IOBUAM:

() —pw) < —C ) Jr—yl<i w lp(e) - ploo) <

,y € R™;
S ln 2 Y
lz—y]

1 b
In p—p

e npocrpancrea Opsmua X5 = LM(R™), tne M — dynxuus FOwura, dynkuus M u jo-
MOJTHUTEThHAS K HEll YI0BJIETBOPSIOT YCJIOBUIO YIBOEHUS.

Teopema 5.1. Kazxkmoe n3 npoctpauctB X1—X5 Opu YKa3aHABIX BHIIIIE MPEITOT0XKEHUIX
obuanaer scemn coricrBamu (S1)—(Ss).

<1 Beinmosrumocts cpoiicrea (S1) ouesuHa.

CsoiictBo (S3) misa mpoctpancTtBa X Takxke odeBuaHo. [ma mpocrpancTBa Xo ¢ yue-
ToM 3aMedanus 4.3 OHO CJielyeT u3 CBOICTBA fR" w(z)dr = oo BecoB Makenxaynra; CM.,
manpumep, [14, memmy 7.5], oTKyma BBIT€KaeT ykazaHHOe CBOiicTBO. /I mpoctpancTBa X3
cBoiicTBo (S2) cieyer u3 BIIOKEHUSsI

i]g),G(Rn) C Lp—e(Rn’a%)’ 0<e< p— 1’ (23)

¢ yaeToMm cBoiicTa (17); 10Ka3aTEIHCTBO STOTO BIOXKeHHs MOKHO Haiitu B [8]. CBoiictso (S2)
JI7IsT TIpOCTPaHCcTB Xy m X5 OUEeBUIHO.
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Cgoiicreo (S3) muist npocrpancts X1 n X XOPOIIO U3BECTHO, CM., Hanpumep, [14, Teope-
my 7.3]. st rpan-mpoctpancTBa X3 cBoicTBO (S3) mokasano B [9], a g npocTpancTBa Xy —
B pabore [15]. st mpocrpancrea X5 cpoiictBo (S3) mokasano B [16], cm. Takxke [17, Teope-
my 2.1.1].

Cgoiicrio (S4) auist npocrpancTs X1 u Xy siBJIsIeTCsI C/I€JCTBHEM U3BECTHBIX TeopeM 00 ari-
IPOKCUMAIINU €JWHUIIBI B BECOBBIX MTPOCTPAHCTBAX, cM. |1, Teopemy 7.31|. CoiicTso (Sy) mis
mpoctpancTBa X3 mokasano B |9]. g mpocrpancrBa Xy cBoiicTBO (Sy) caeayer ¢ ydeTom
JemMMbl 4.5 n3 00111eit TeOpeMBbI 00 aNMPOKCUMAINN eINHUITHI B TTPOCTPaHCcTBax Jlebera ¢ mepe-
MEHHBIM ToKazareseM, ¢M. |11, reopemy 5.11|, a misa npocrparcTtBa X5 ycranosyieHo B [18].

Cgoiicreo (S5) auist npocrpancte X1, Xo, X4 u X5 ouesumno. dns npocrpancrsa X
B CHUTY BJIOKeHHs (23) mMeem

L= (R, 7o) = [+ (Rra5)] € [09(r")] (24

Beugy (17) umeem ar € Ap_. TIDH HEKOTOPOM € U TOTJa 0 PEeD € A(p—ey- Bnoxenue & C

L) (R”, aip(PjS*D) OYEBHUJIHO, ITO B CIJTY BJIOXKeHUs B (24) mokasbiBaer cBoiicTBo (S5). >
Haanm Takke nHGOPMANNIO 00 UMILTUKAIUSIX

fel*(X)=fe X u DYf cxogsarcs B X, (25)

feX* nu DSf cxopsres B X = f € I1%(X), (26)

e X — HEKOTOpOoe MPOCTPAHCTBO, OTPeesaeMoe NCXOTHBIM TPOCTPAHCTBOM X U TapaMeT-
poMm «, juts ipocTpaHcTB X u3 Toro ke crucka. st HUX M3BECTHO CJle/yTolliee:

1.Iycts 0 < a0 < %. Nmvnmkanun (25) u (26) ¢ X = LY(R™), % = — > W3BECTHEI JIABHO,
em. [1, c. 532-538], [19], [20, c. 179-184]. Ormerum Takxke pabory [21], rjge ommcanue mpo-
crpanctsa [*(LP) moly9eHo B TEPMUHAX CXOMMOCTH TUIIEPCHHTYIIIPHBIX HHTEIPAJIOB MAJIOTO

1 «

. a— | y .
TMOPSAZAKA OT CTAPIIAX MPOU3BOAHBIX, T. €. KOHCTPYKIWii Buga Dg el pi Iy 1Jl = [a; B cayuae
1esibix o mpocrpancTBo [¢(LP) cosmagaer ¢ nmpocrpancrsom tuna CoboseBa

WPIR™) = {f € LYR"), D’ f € LP(R") na Beex j Takux, a0 |j| = a} .

2. Anajiormynble pe3ysIbTaThl it IPOCTpaHcTB Jlebera ¢ Becamn MakeHXaynTa Moy deHbl
B [22].

3. Hns rpang-upocrpancrs JleGera i/g)’e(R”), 0 < a < 2, nuymkanuu (25) n (26) ¢
xo = 9 (R™) moxazans! B [9] 1 [5] COOTBETCTBEHHO B IIPEIOIOKEHNH, ITO ¢ YAOBIETBODSIET
yeaosuio (17).

4. s mpocrpascts Jle6era LP()(R™) ¢ mepemenubiM mokazaTenem p(x) murminkammm (25)
o

u (26) ¢ X = LIO(R™), ﬁ = rlx) — 2

Pe3yJIbTaThl MOXKHO HAWTH Takke B Kuure [13].

nosydensl B [23] u [24] coorBercrBenHo. Drtu

5. Iycts M~ (u) obosnagaer dbynxmmio, obparnyio kK dynxmun FOnra M (u), n o TakoBo,
9TO MHTETPAJ fou T IM ~L(t) dt cxomures w bynkrma M, (u) onpesensercst croeit 06paTHOI:
[ M)
_ (t
M 1(U) = W dt. (27)
0
Crentyrormue yTBepK/IeHUST PABHOCUIBHEL cM. |1, c. 220-223], [18]:
1) fe (LM
2) f € LMa(R™) u D*f € LM(R").
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ON A CHARACTERISATION OF THE SPACE OF RIESZ POTENTIAL
OF FUNCTIONS IN BANACH SPACES WITH SOME A PRIORI PROPERTIES

Samko S. G.!, Umarkhadzhiev S. M.23

! Universidade do Algarve Campus de Gambelas;
2Kh. Ibragimov Complex Institute of the Russian Academy of Sciences;
3 Academy of Sciences of the Chechen Republic

Abstract. We consider the problem of describing the space I®(X) of functions representable by the Riesz
potential I®y with density ¢ in the given space X. It is assumed that X C @', where ® is the space of
distributions over the Lizorkin test function space @, invariant with respect to Riesz integration, and the
range [%(X) is understood in the sense of distributions. In this general setting, we study the question
under what assumptions on the space X the inclusion of the element f in to the range I*(X) is equivalent
to the convergence of the truncated hypersingular integrals D¢ f in the space X. For this purpose, this
question is first investigated in the context of the topology of the space ®. Namely, for any linear subset X
in @' it is shown that the inclusion of f into the range I“(X) is equivalent to the convergence of truncated
hypersingular integrals on the set X in the topology of the space ®'. If X is a Banach space, the passage
from the inclusion into the range to the convergence of truncated hypersingular integrals in the norm
is proved up to an additive polynomial term under the assumption that some special convolution is an
identity approximation in the space X. It is known that the latter holds for many Banach function spaces
and is valid for function spaces X where the maximal operator is bounded. The inverse passage is proved
for the Banach function space X enjoying the property that the associated space X’ includes the Lizorkin
test function space.

Key words: Riesz potential, space of Riesz potentials, hypersingular integral, distributions, grand
Lebesgue space, Lizorkin test functions space, identity approximation, Orlicz space, variable order
Lebesgue space.
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MATEMATNYECKA{A 2KN3Hb

A.T. KYCPAEB — YUEHBII 11 TPAYKTAHIH
(K 65-IETUIO)

14 despansg 2018 1. — nenn 65-71€THS BBIIAIOIIE-
rocst poccuiickoro yuernoro Anarosusi ['eopruesuda,
Kycpaesa.

Kycpaes — maremaTuk, B TBOpPYECTBE KOTOPO-
ro 3HAYATEJILHOE MECTO 3aHUMAIOT B3aNMOCBSI3aH-
Hble TPUKJIAIHBIE U (DyHIAMEHTAIbHBIE IPOOIEMBI.
B sTowm on cieayer Tpaaunusam mkosb! JIeorua Bu-
TajabeBnYa KanTopoBmya, akaJIeMuKa 0 MaTeMaTH-
Ke W HOOeamaTa 1o 3KOHOMUKE.

B cdepe ontumuzanuu KycpaeBy npunaiexuT
HamboJee 0o0Iast cxeMa OOIIero IIOJIOXKEHHS CHUCTe-
MBI MHO2KecTB. OO01mee mMoOI0KeHNEe TO3BOJISET IIPH-
MEHATH TeXHI/IKy BbIHyK.HOI‘O aHaJIn3a JJId 9aCTU4-
HO OIIpeIe/IeHHBIX BBIMYKJBIX OmeparopoB. Kycpa-
eB chOPMYIUPOBAJ KOHIIEMIIHIO OOIIETO TOJI0KEHUST
B TOIOJIOTUYECKNX U OOPHOJOTMYECKHX IIPOCTPAH-
crBax. YacTHBIE BAPHAHTHI HECILIIOMIEHHOCTH 0 CUX
MEePEeOTKPHIBAIOTCA B HEKOTOPBIX MPUKJIAJAHBIX HUCCIACTOBAHUAX. KycpaeB IPEIJIOKNII HOBBIE
CXeMBI JIOKAJILHON AIMMIPOKCHMAIIIN IPOM3BOILHBIX OTOOpaXKeHmii B cruje Kouyca Kiapka n
Taj1 oHu 3 HanboJsiee 00X HEOOXOIUMBIX YCAOBUN [JIsl PAAA HEBBITYKJ/IBIX 338 OMTUAMU-
3AIIN.

Bruigaroruiica Bkiia Baecern Kycpaesbiv B ncciietoBanne pa3anvdHbIX KJIACCOB BEKTOPHBIX
PEIeTOK U OmepaTopoB B HuX. OauH m3 HNepBbIX PYHIAMEHTAJIHHBIX €r0 Pe3yJIbTATOB B 9TOM
HapaBeHun — OObSICHEHNE YCJOBHUS PA3JI0KUMOCTH BEKTOPHON HOPMBI, BIIEPBBIE BBEICH-
noe Kamroposmuem. IloToMm 3TO ycmoBrme OTOpPACHIBAJIOCH BBHUIY HE MOHHMAHHUS €r0 0CODOI
pou. Kycpaes mokazast, 9To pasjiokKUMOCTh BEKTOPHON HOPMbI 00€CTIeUnBAET €€ SKCTEHCUO-
HAJIBLHOCTD, T. €. OyJIeBO3HAYHY IO NHTEPIIPETAIINIO PACIINPEHNA 00IaCTH IPUOLITHA BEKTOPHOI
HODPMBI.

UccnemoBanne pasioXKUMOCTH HOPMBI €CTECTBEHHO CBA3aHO C HOBEHIEH MaTeMaTnIecKoi
TeXHOJIOTHel — ammapaToM OyIeBO3HAUHBIX MOJIEJel TeOpU MHOYKECTB, BOSHUKINEH Ha IIyTH
OCMBICTIEHUST 1 OCBOeHusi MeToqa ¢opcuara Kosua. 'opgonom ObLia OTKPBITA CBA3bL yHUBEP-
CAJIbHO IOJHBIX MPOCTPAHCTB KanTopoBrda ¢ OyIeBO3HAYHAMHI MOIEIAME IIOJISI BEIECTBEH-
HBIX YUCEJI. DTO OTKPBLIO TPUHIUIUAIBHO HOBBIE BO3MOXKHOCTHU /st (PYHKIMOHATIBHOTO aHa-
JIN33a W TEOPHH OIEPATOPOB B BEKTOPHBLIX PEIIeTKAX W MHOTHX KJIACCOB OAHAXOBBIX ajredp.
Hosoe nampas/enne moyamnio HauMeHOBaHUe «Oy/meBo3HauHbIN anaan3y. CaM TepMUH BOC-
xoauT K TakeyTu, a HAMETUI HOBYIO 00/1acTh nccaemoBanmii CKOTT, NCIOIb30BABIINI TEPMUH
«OyJsIeB aHAIN3Y.
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Kycpaes Bckope craj ogHmM u3 TPU3HAHHBIX JIAJIEPOB TOTO HAIPABJIEHUs, 000TaTHB
GYHKIMOHATBHBIN aHAIN3 TEOPEMOIl O TPEJICTABIEHUN PA3HBIX KJIACCOB PEIEeTOK, MOJIyJiei
u ayirebp. Ero BkIam B T€OPUIO O1IEPATOPOB CTas (PyHIAMEHTAIBHBIM TOC/IE TTOCTPOSHUS TEO0-
pUN MayKOPUPYEMBIX ONEPATOPOB, BKJaja B mpobjemy Bukcrena u ommcanue MHbLEKTUBHBIX
OanaxoBbIx perreTok. KycpaeBbiM OKa3aHbl JECATKN TEPBOKIACCHBIX TEOPEM 00 9THX 00beK-
Tax, KOTOPBIE ellle OYeHb MAJIO JOCTYIHBI MPEJICTABUTEIAM KJIACCUUECKOTO AaHAJN3a, HE BJia-
JIEIONEro MeTojjaMu Teopun Mojesieit. Pesynbrater KycpaeBa ycTpemiieHbl B OyayIiee u 2KayT
HOBBIX HCCJIeJ0BATEeN, BAJEIONINX COBPEMEHHBIMUA METO/IaMU JIOTUKU.

Kycpaes coderaer HaIpsizKeHHYIO HAYIHYIO PADOTY C OTPOMHO# JeATETbHOCTHIO TI0 PA3BU-
o Hayku Ha CesepHom Kapkaze. On ofqun u3 co3jareeii n becCMeHHBIH pyKoBoauTe b Bia-
nukaBkazckoro nayunoro meaTpa PAH. Kycpaes — aupextop-opranmzarop FOxmoro marema-
TUYIECKOTO MHCTUTYTa, CO3aTe/Ib U TJIaBHBIN pPeaaxTop Bﬂa,Z[I/IKaBKaBCKOI‘O MaATEMATNUYIECKOTO
xxypuana u Becrauka BHII. Tlos ero pykosojcTsoM B pecriybiinke Ceseprasa Ocerus- Aanus
CO3JIaHa, CHCTEMa HEMPEPBIBHOTO MATEMATUIECKOTO 00pa30BaHWsT TAJAHTINBON MOJIOAEKH OT
IITKOJTBI JT0 ACIIUPAHTYPBI, IPOBOJISITCS PETMOHAIbHBIE, BCEPOCCUIICKIE U MEXK Ty HAPOIHBIE KOH-
depeHnImIm.

Kycpaes 3akonuni HoBocubupckuii TocyapCTBEHHBIN YHUBEPCUTET, BOCIPUHSIT TBOPUE-
ckue ycranoBkun HoBOCHOMPCKOTO aKaIeMropo/iKa U MPUMEHWT TIOJIyYeHHbIe 3HAHUS Ha OJ1aro
cBoeit pecriyoimku. Muoro ster Kycpaes moit apyr u coasrop. Bosiee 6/im3koro, Ha1e:kKHOTO,
OTBETCTBEHHOTO U MPEJAHHOTO HAyKe KOJIJIerd MHE TIOBCTPEYaTh He JTOBOJIUJIOCH.

Cepaeuno nozapasiisito Auarosust ['eopruesnda ¢ 106mIeeM U ¥KeJIal0 CYaCThbs U PaJOCTH
eMy U ero Cembe.

C. C. Kymameaadse
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K 65-JIETUIO AHATOJINA TEOPTUEBIIYA KYCPAEBA

14 despana 2018 r. ucnosamIoCH 65 €T U3-
BECTHOMY POCCHUCKOMY MATEMAaTUKYy CIEIUATUCTY
10 pyHKINOHAIBHOMY aHaIn3y, JOKTOPY (DU3UKO-
MaTeMaTHYecKnX Hayk, mpodeccopy Amaronmio Ie-
opruesnyy Kycpaesy.

Anaronmit [eopruesnya — mpejcraBuTe b HAY Y-
HO#1 IITKOJIBI BBIIAIOIIETr0CsT COBETCKOTO0 MaTEMAaTHKA,
snaypeara HobesieBckoii mpeMun 10 9KOHOMUKE aKa-
nemuka JI. B. Kantoposuua. OH gB/isieTcs IepBbIM U
OeccMeHHBIM TIpeacenareeM BiaankaBKa3CcKoro Ha-
YYHOTO TleHTpa Poccuiickoit akajleMun HayK, 3aBe-
nyer Kaeapoit marematuueckoro anagmnsa CeBepo-
Ocerunckoro yausepcurera uMm. K. JI. Xeraryposa.
B rpynusie mist FOxwuoit Ocetun rojbl BO3TJIABIISLI
Ha cBoeil masioit poamae MwuHMCTEPCTBO 00pa3oBa-
HUS ¥ HAYKU.

Amnarosmit T'eopruesnd poguiics: B ceqernn ['pom
HxwuuBambckoro paitona FOro-OceTnHcKoit aBTOHOM-
HOIT obJstacTu B cembe cesibckoro yumrtess. llocite
OKOHYAHUS CpeHell MKoJIbI I. [IXuHBAI TPOIOIKUIT
cBoto yueby cuadana B CeBepo-OceTnHCKOM, a 3aTeM
B HoBocubupckom rocymapcTBEHHOM YHUBEPCUTETE,
B 1975 r. c oT/imYMeM 3aKOHYU MEXaHMKO-MaTeMaTudecknit (paxyaprer HI'Y.

Hayursim pykosogmreniem A. I'. KycpaeBa B cTymendeckme n acmMpaHTCKUE TOABI OBLT
BbImaroruiicsa megaror Iied Ilasmosuy Axkmios, cosmasmuii copmectro ¢ JI. B. Kamroposu-
YeM BCEMWPHO H3BECTHBIN y4uebHMK 110 PyHKIMOHAIBHOMY aHaan3y. B majbreitiiem Hayd-
Hag cyabba cBesa ero ¢ mpodeccopom Cemenom CamconoBuueM Kytarenaaze. MuorosjeTHast
COBMECTHAsI [TeSITeIbHOCT CPOPMHUPOBAJIA 3aMedaTeIbHBIN MaTeMaTrdecknit Tangem «Kycpa-
eB — Kyrarenaazey, KOTOPOMY TPUHAIIEKAT IUKJIBI TJIyOOKMX UCCIEI0BAHMI IO BBITYKJIOMY
aHaJ/IM3y, TEOPUH OTIEPATOPOB, HECTAHIAPTHBIM MeTOJaM aHAJIN3a.

Ceoto nmepsyto pabory A. I. Kycpaes onybsmkosas Oyayau actupaaToM B 1977 1., mocie
Yero HACTYIUJI MEPUOJT aKTUBHOM HAYYIHOU JedaTelbHOCTH. KanauaaTckas nuccepraiius ObLIa
zamuiena B 1979 ., a mokTopckast B 1986 1.

Kycpaesbim A. T'. onybsmmkosanbl 0k0J10 300 HayIHBIX TPYIOB, B TOM yucje 26 Mmonorpadmii
n 27 yuebunix nocobmit. Hayumbie pesyabrarer A. . KycpaeBa 0XBaTBIBAIOT MUPOKUN KPYT
BOIIPOCOB (DYHKIMOHAJIHHOTO aHAJIM3A W ero npujaokenuit. VM mpeioxkensl u pa3paboTaHb
OPUTMHAJIBHBIE METOMBI UCCAEI0BAHUS (DYHKINOHAIBHBIX IPOCTPAHCTB U OMEPATOPOB B HUX:
MEeTO/T OOITEro MOI0YKEHUST, METO/T IINKJINIECKO KOMITAKTHOCTHU, METO/T OYI€BO3HAYHBIX PEAJIH-
zanuii. st paboT mocae Hero 1ecaTuaeTusl XapakKTepHO KOMOMHUPOBAHNE PA3IUIHBIX METO-
JIOB aHAJIN3a, aJIredphl 1 MaTeMaTudeckoil joruku. Ha 970t 0CHOBEe UM TIOJTyYeH Psifi KPYITHBIX



112 Maremarnyeckasa >KHU3HD

pPe3yIbTATOR: TOJIy9YeHO HOBOE perieHue npobiembl D. Bukcrema o TOPSIKOBOW OrpaHUYEH-
HOCTHU HEPaCIIUPSIONINX OIEPaTOPOB B BEKTOPHBIX PeITeTKAaX; YCTAHOBJEHO CYIECTBOBAHUE
HETPUBHUAIBHBIX AuddepeHIMpPOBaHmii B KOJIbIE W3MEPUMBIX (DYHKITUI, 3aBEPIEHA TOTHAL
CTPYKTYpHAas KJIacCH(pUKAINSI HHHEKTHBHLIX OAHAXOBBIX PEINeTOK; HAIEHO ONMCAHnue OImepa-
TOPOB, PAKTOPUIYEMBIX UePe3 WHHLEKTUBHBIE OAHAXOBBI PEIIETKU U JIP. JTH METOIbl BMECTe
C UX MHOTOYUCJEHHBIMU MPUIOKEHUSIMH MOJYUYUIN MUPOBOE TIPU3HAHUE.

Anaronmit ['eopruesny 3aHnMaeTcs megarorudeckoil mesarenbaoctbio. C 1991 1. u mo Ha-
CTOsITIIee BpeMsi OH BoO3TIaB/sieT Kadeapy maremarndeckoro aHamsa Cerepo-OceTnHCKOTO
TOCyTapCTBEHHOTO YHUBepcuTeTa. MHOTO CHJI OT/aeT HAyJYHO-OPraHU3AIMOHHON JedTeTbHO-
¢ty u pabore ¢ Mosonexkbi0. Cpean ero yaeHnkos 23 KaHaugaTa U JOKTOpa HayK. fBjsiercs
TJIaBHBIM peJaKTopoM BiiaInmKaBKazCKOTO MaTeMaTUUYECKOTO YKypHAaJIa, WIEHOM PeIKOJIIernn
MezK/IyHapOoIHOTO KypHasa «Positivitys.

W B cBs3U ¢ HACTYNUBINEH 3HAMEHATEILHON JaTO OT BCEro cepilla Io3apabisgeM AHa-
Tosimsa [eopruesuua. 2Kenaem emy manbHeimx npodeCCHOHATBHBIX YCIEXOB W TBOPYECKUX
ymaa!

1 camoe riaBHOE TIOXKeIaHWEe — MUPA, 3JI0POBbst 1 Oytaronosryunst Anarosmio ['eopruesuay
1 BCEM €ro POAHBIM U OJin3KuM!

A. B. Abanun, E. K. Bacaesa , A. O. Bamyavan, C. K. Bodonvanos,
A. E. 'ymman, B. A. Kotibaes, FO. @. Kopobetinux, C. B. Kaumenmos,
C. C. Kymameanadse, A. A. Maxnes, B. B. Tacoes,

C. M. Ymapzadoicues, M. 3. Xydanros



BaumMmanuio aBTOpOB

Biagukaskazckuiit Mmaremarnuaeckuii kypran (BM2K) — mayunoe nmepmopndeckoe n3a-
HUE, BBIXO/IsIIee YeThipe pasza B rof. 2KypHau usgaercs FOKHbBIM MaTeMaTHuIeCKUM WHCTUTY-
ToM — uanagom BagukaBrazckoro nayuHoro mentpa PAH.

K ny6mmkaruun 8 BM2?K npurumaroTcs cratbu, coaeprkalinre HOBbIE PE3yJIbTAThI B 00j1a-
CTH MaTEMATUKU U CTaThu 0030pHOrO xapakrtepa. CraTbu, paHee OmyO/JUKOBAHHBIE, & TAKKE
MPUHSTHIE K OMYOJNKOBAHUIO B JPYTHUX YKypPHAIAX, peJIKojerneil He paccmarpusatorcs. [1o-
crynuBiiue B peaakiumio BM2?K cratbu mpoxogar ob6s3aTeibHOe HAYIHOE PereH3uPOBAHME.

Tekcr craTbu J0/KEH OBITH HANIUCAH HA PYCCKOM WJIM AHTJIMMCKOM SI3BIKE W TIATETHHO
BhIBepeH. B Havase cratbu ykaswiBaercs ungexc Y/ K, @.11.0. asropa(os), annoranus (ue co-
nepxkarasi (hopMys1) u KiaodeBble cioBa. Hazpanue craten, @.11.0. aBropa(oB), aHHOTAINIO
U KJII0UEBbIe CJIOBA HEOOXOAMMO JIaTh HA aHTIUHCKOM U PYCCKOM SI3BIKAX.

Cnucok JinTepaTyphbl evYaTaeTCs B KOHIIE TEKCTa CTATHU B MOPSIKE TTUTUPOBAHUS WU TI0
asiasuTy. B HeM JO/KHBI ObITH YKa3aHBI: JJjIsl CTaThell — aBTOP, MOJIHOE HAa3BaHUE CTATHU,
JKyPHAJI, TOJT W3/aHWsI, TOM, HOMeD (BBIMYCK ), CTDAHUITBI HAYAJIA U KOHI[A CTATHU; It KHUT —
aBTOP, TOJIHOE HA3BaHWE, TOPOJl, M3JATEJHCTBO, TOJ W3JaHUsl, 00IIee KOJIUIECTBO CTPAHUIL.
CcplIKM HA JIUTEPATYPY B TEKCTE JAIOTCS B KBAJPATHBIX CKOOKAX.

CraThst MOANMUCHIBAETCS aBTOPOM (KOJLIEKTHBOM aBTOPOB) C yKazaHueMm (haMuinu, UMeHn
¥ OTYECTBa, TOJHOTO TIOYTOBOTO aJIpeca, MecTa pPabOThI, JOJKHOCTH, TOJTHOTO CIIyKEeOHOTO
aJipeca, ajpeca 3JIEKTPOHHON MOYThl U HOMepa Tejedona.

O6bem marepuana goskeH ObTh He Gostee 1,4 yen. mew. smcros (~ 12 crp. dopmara A4).
Crarbu 6oJibitiero o0beMa MOTYT OBITH MPUHSTHI K MyOJUKAIUE 110 PEIIEHUI0 PEIKOJIIerun
B MCKJIIOUNATEBHBIX CIydasix.

Crarbio HEOOXOIMMO MOJATOTOBUTH C UCIOb30BaHuEM Makpomnakera LaTeX u odhopmuts
COTJIACHO CTaHJAPTHBIM TPEOOBAHUSIM, IPEIbIBISIEMbIM K aBTOPCKUM opuruHaiaMm. [Ipu mos-
roToBke aitsia ocoboe BHUMAaHUE CJeAyeT OOpaTUTh HA HEXKEJATETbHOCTh HUCIOJIb30BAHUSA
HOBBIX (BBOJIMMBIX aBTOPOM TIPU HAOOPE) KOMAHIHBIX MOCIEI0BATEILHOCTEH, 0COOEHHO ¢ ma-
pamerpamu. Ciie/iyeT UCIOIB30BATH B OCHOBHOM CTaHIAPTHBIE CPEJICTBA MaKponakera. Takxke
KpaifHe HeXKeJaaTelbHO WCIOIh30BaTh 0e3 HeoOXOoAMMOCTH 3HaKW npobena. B pemakmmio cta-
ThU HANPABJATH 10 3JIEKTPOHHOI mouTe B Buje ps- wiu pdf-caitna u tex-caiina, gubo mo
oYTe C MPUJIOKEHNEM 3JIEKTPOHHOI BepCUN.

CraTbu, cojieprKariye PUCYHKN, PACCMATPUBAIOTCS TOJTHKO TIOCTE COTJIACOBAHUS C PeTaK-
et TEXHUYECKUX BOTPOCOB TOJTOTOBKU PUCYHKOB.

IIpungareie k mybaukarmuun 8 BM2?K crarbu mpoxosT peaakiimoOHHYIO MOATOTOBKY, TOC/IE
Yero TeKCT CTAThbU HAIPABJAETCS aBTOPY HA KOppeKTypy. lliara 3a mybsukanuio He B3bIMa-
eTCsl.

ABTOpCKUe TTpaBa Ha JKYpPHAJ B TeJIOM TpuHaTeRaT H)KHOMY MaTeMaTHIeCKOMY WHCTH-
tyry — dumany BHIL PAH u Peakosterun )ypraJja, KOTOpble 00J1aJai0T UCKITIOUUTETEHBIM
MPAaBOM TOJIYYIATh U PACIPEIESITH JIO0bIE TIJIATeXKU, CBI3aHHBbIE C MEPEYCTYIKON aBTOPCKUX
paB Ha XKypPHAJL.

AJTPEC PEAAKINN: 362027, Baaankaska3, Mapkyca, 22
TEJE®OH: (8672) 50-18-06;
E-MAIL: rio@smath.ru

3AB. PEJAKIUEN: Kubu3osa B. B.
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Tom 20

Beimyck 2

3aB. pemaknnmeii B. B. Kubusosa

Baperucrpuposan B PesepaibHoii ciyxkbe 110 HAI30py B cdepe cB#A3n,
nH(GOPMAIIMOHHBIX TEXHOJIOTUH U MACCOBBIX KOMMYHUKAIIHIA.
CsunerensctBo o peructpamyu [TV Ne @C77-70008 ot 31 maz 2017 .

Tlomnucamo B meuars 06.07.2018. Jara Beixoma B ceer 12.07.2018.
®opmar O6ymaru 60x841;. I'apu. mpudra Computer modern.
Vea. . . 13,14, Tupax 100 sx3. Llena cBobomHast.

VYapenurens u u3aaTENbD:
FOxxmbiit MmaremaTmaecknit mactTutyT — duanana PTBYH OHIT
«BagukaBka3ckuil HayIHBIN NeHTp Poccuiickoil akameMun HayKs
362027, r. Bragukaska3, yi1. Mapkyca, 22.

Orneuarano UIT Ionawosoii A. FO.
362000, r. Bragukaska3, nep. [laBmosckmit, 3.
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