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� áâ âì¥ ¯®áâ ¢«¥  ¨ à¥è¥  ª®â ªâ ï  ç «ì®-ªà ¥¢ ï § ¤ ç  ª®«¥¡ ¨ï ¯®¢¥àå-

®áâ¨ à §¤¥«  à §®¯«®â®áâëå á«®¥¢ ¢®¤ë ¯à¨ á¥«¥ªâ¨¢®¬ ¢®¤®§ ¡®à¥ ¨§ ¢¥àå¥-

£® á«®ï. �á¯®«ì§®¢   «¨¥© ï â¥®à¨ï ¯®¢¥àå®áâëå ¨ ¢ãâà¥¨å £à ¢¨â æ¨®ëå

¢®« ¬ «®©  ¬¯«¨âã¤ë. �«ã¡¨ë á«®¥¢ ï¢«ïîâáï ª®¥çë¬¨ ¢¥«¨ç¨ ¬¨. �à¨ à¥è¥¨¨

ãç¨âë¢ ¥âáï ¢®«®®¡à §®¢ ¨¥   ¯®¢¥àå®áâ¨ ¢¥àå¥£® á«®ï. �«ï ®¯à¥¤¥«¥¨ï ª®«¥-

¡ ¨© ¯®¢¥àå®áâ¨ à §¤¥«  á«®¥¢ ¢ ï¢®¬ ¢¨¤¥ ¯®«ãç¥® ¢ëà ¦¥¨¥, ª®â®à®¥ ¯®§¢®«ï¥â

ãáâ ®¢¨âì ¨¦¥¥ ªà¨â¨ç¥áª®¥ ¯®«®¦¥¨¥ ¯®¢¥àå®áâ¨ à §¤¥«  á«®¥¢ (â ª  §ë¢ ¥¬®¥

¨¦¥¥ ýáâ®ï¨¥þ).

� ª ¨§¢¥áâ®, ¯à¨ ¢®¤®á ¡¦¥¨¨ ¯à®¬ëè«¥ëå ¯à¥¤¯à¨ïâ¨©, â¥¯«®¢ëå

¨  â®¬ëå í«¥ªâà®áâ æ¨© ¢ àï¤¥ á«ãç ¥¢ ¥®¡å®¤¨¬® ®¡¥á¯¥ç¨âì á¥«¥ªâ¨¢ë©

¢®¤®§ ¡®à, â® ¥áâì § ¡®à ¢®¤ë ¨§ ®¯à¥¤¥«¥®£® á«®ï ¢®¤®¥¬  | ¨áâ®ç¨ª  ¢®-

¤®á ¡¦¥¨ï. � á«ãç ¥ á¨«ì®£® § £àï§¥¨ï ¨¦¨å ¨«¨ ¢¥àå¨å á«®¥¢ ¢®¤®-

¥¬  ¦¨¤ª®áâì § ¡¨à ¥âáï ¨§ â ª®£® á«®ï ¢®¤®¥¬ , £¤¥ ¢®¤  ¡®«¥¥ ç¨áâ ï. �à¨

íâ®¬ ¥®¡å®¤¨¬® ¯à¥¤®â¢à â¨âì ¯®¯ ¤ ¨¥ ¢®¤ë ¨§ ¤àã£¨å á«®¥¢ ¢ ®ª  ¢®¤®§ -

¡®à®£® á®®àã¦¥¨ï. �«ï ®¡¥á¯¥ç¥¨ï á¥«¥ªâ¨¢®£® ¢®¤®§ ¡®à  ¨§ áâà â¨ä¨-

æ¨à®¢ ®£® ¢®¤®¥¬  âà¥¡ãîâáï £¨¤à®¤¨ ¬¨ç¥áª¨¥ à áç¥âë ¯® ®¯à¥¤¥«¥¨î

ªà¨â¨ç¥áª®£® ¯®«®¦¥¨ï ¯®¢¥àå®áâ¨ à §¤¥« , â ª  §ë¢ ¥¬®¥ ýáâ®ï¨¥þ, ¯à¨

ª®â®à®¬ ¥ ¯à®¨áå®¤¨â § å¢ â  ¢®¤ë ¨§ ¤àã£¨å á«®¥¢.

�à¥¤¯®«®¦¨¬, çâ® ç áâì ¯à®áâà áâ¢ , ®£à ¨ç¥ ï ãá«®¢¨ï¬¨ 0 � x �
L; 0 � z � H1, ¯à¥¤áâ ¢«ï¥â á«®© ®á¢¥â«¥®© ¢®¤ë á ¯«®â®áâìî �1,   á«®©

¬ãâ®© ¢®¤ë c ¯«®â®áâìî �2 � �1 : 0 � x � L;�H2 � z � 0. �«®á-

ª®áâì z = 0 | ¥¢®§¬ãé¥ ï £®à¨§®â «ì ï ¯®¢¥àå®áâì à §¤¥«  á«®¥¢,

z = �H2 | ¤® ¢®¤®¥¬ , z = H1 | ¥¢®§¬ãé¥ ï á¢®¡®¤ ï ¯®¢¥àå®áâì

¢¥àå¥£® á«®ï. �  ãç áâª¥ x = 0; z0�a � z � z0+a ¯®¬¥é¥® ®ª® ¢®¤®§ ¡®à-

®£® á®®àã¦¥¨ï, ç¥à¥§ ª®â®à®¥ § ¡¨à ¥âáï ¢®¤  ¨§ ¢¥àå¥£® á«®ï ¢®¤®¥¬  á®

áª®à®áâìî v0. � ¯à¨¡«¨¦¥¨¨ «¨¥©®© â¥®à¨¨ ¯®¢¥àå®áâëå ¨ ¢ãâà¥¨å

£à ¢¨â æ¨®ëå ¢®« ¬ «®©  ¬¯«¨âã¤ë ¤¢¨¦¥¨¥ ¢ á«®ïå ¢®¤ë ¬®¤¥«¨àã¥âáï

c 2000 �ã§ ¥¢ �. �., �ã ¥¢  �. �.
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ª®â ªâ®©  ç «ì®-ªà ¥¢®© § ¤ ç¥© ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¤«ï ¯®â¥æ¨ -

«®¢ áª®à®áâ¥© ¢ ¢¥àå¥¬ ¨ ¨¦¥¬ á«®ïå á®®â¢¥âáâ¢¥®:

@2'1

@x2
+
@2'1

@dz2
= 0 ¯à¨ � h1 < z � 0; (1)

@2'2

@x2
+
@2'2

@z2
= 0 ¯à¨ 0 � z � h2: (2)

�à ¨çë¥ ãá«®¢¨ï ¢ë£«ï¤ïâ á«¥¤ãîé¨¬ ®¡à §®¬:   ¢¥àå¥¬ á«®¥ (ãá«®¢¨¥

�®è¨-�ã áá® ) |

@2'1

@t2
+ g

@'1

@z
= 0 ¯à¨ z = h1; (3)

  ¯®¢¥àå®áâ¨ à §¤¥«  (ãá«®¢¨ï áª«¥©ª¨) |

�1

�@2'2
@t2

+ g
@'2

@z

�
= �2

�@2'2
@t2

+ g
@'2

@z

�
¯à¨ z = 0; (4)

@'1

@z
=

@'2

@z
¯à¨ z = 0; (5)

  ¨¦¥¬ á«®¥ |
@'2

@z
= 0 ¯à¨ z = �h2; (6)

£®à¨§®â «ìë¥ áª®à®áâ¨ |

@'1

@x
= �1(z) =

�
�0; z0 � a � z � z0 + a;

0; z < z0 � a; z > z0 + a
¯à¨ x = 0; (7)

@'1

@x
= 0 ¯à¨ x = L; (8)

@'2

@x
= 0 ¯à¨ x = 0; (9)

@'2

@x
= 0 ¯à¨ x = L: (10)

� ç «ìë¥ ãá«®¢¨ï ¨¬¥îâ ¢¨¤:

'1 =
@'1

@t
= '2 =

@'2

@t
¯à¨ t = 0: (11)
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�®«ë   ¯®¢¥àå®áâ¨ à §¤¥«  á«®¥¢ ®¯à¥¤¥«ïîâáï á«¥¤ãîé¥© § ¢¨á¨-

¬®áâìî:

�(x; t) =
�1

(�1 � �2)g

@'1(x; 0; t)

@t
� �2

(�1 � �2)g

@'2(x; 0; t)

@t
: (12)

� à¥§ã«ìâ â¥ ¯à¨¬¥¥¨ï ¨â¥£à «ì®£® ¯à¥®¡à §®¢ ¨ï � ¯« á  ®â®á¨-

â¥«ì® ¢à¥¬¥¨ t ¢ëà ¦¥¨ï ¢ ¨§®¡à ¦¥¨ïå ¯à¨¨¬ îâ á«¥¤ãîé¨© ¢¨¤:

@2 ~'1

@x2
+
@2 ~'1

@z2
= 0 ¯à¨ � h1 < z � 0; (13)

@2 ~'2

@x2
+
@2 ~'2

@z2
= 0 ¯à¨ 0 � z � h2; (14)

p2 ~'1 + g
@ ~'1

@z
= 0 ¯à¨ z = h1; (15)

�1

�
p2 ~'2 + g

@ ~'2

@z

�
= �2

�
p2 ~'2 + g

@ ~'2

@z

�
¯à¨ z = 0; (150)

@ ~'1

@z
=

@ ~'2

@z
¯à¨ z = 0; (16)

@ ~'2

@z
= 0 ¯à¨ z = �h2; (17)

@ ~'1

@x
=

�1(z)

p
¯à¨ x = 0; (18)

@ ~'1

@x
= 0 ¯à¨ x = L; (19)

@ ~'2

@x
= 0 ¯à¨ x = 0; (20)

@ ~'2

@x
= 0 ¯à¨ x = L; (21)

~�(x; p) =
�1

(�1 � �2)g
p ~'1(x; 0; p)�

�2

(�1 � �2)g
p ~'2(x; 0; p);

£¤¥

~'1(x; z; p) =

1Z
0

'1(x; z; t)e
�ptdt;

~'2(x; z; p) =

1Z
0

'2(x; z; t)e
�ptdt; p 2 C; Re p > 0:
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�à¨¬¥¨¬ ¢ ¢ëà ¦¥¨ïå (13){(21) ª®¥ç®¥ ¨â¥£à «ì®¥ ª®á¨ãá-

¯à¥®¡à §®¢ ¨¥ �ãàì¥ ®â®á¨â¥«ì® ¯¥à¥¬¥®© x. �®«ãç¨¬

d2'n;1

dz2
� a2n'n;1 =

�1(z)

p
¯à¨ � h1 < z � 0; (22)

d2'n;2

dz2
� a2n'n;2 = 0 ¯à¨ 0 � z � h2; (23)

p2'n;1 + g
d'n;1

dz
= 0 ¯à¨ z = h1; (24)

�1

�
p2'n;1 + g

d'n;1

dz

�
= �2

�
p2'n;2 + g

d'n;2

dz

�
¯à¨ z = 0; (25)

d'n;1

dz
=

d'n;2

dz
¯à¨ z = 0; (26)

d'n;2

dz
= 0 ¯à¨ z = �h2; (27)

~�n(p) =
�1

(�1 � �2)g
p'n;1(0)�

�2

(�1 � �2)g
p'n;2(0); (28)

£¤¥

'n;1(z) =

LZ
0

~'1(x; z; p) cos(anx) dx;

'n;2(z) =

LZ
0

~'2(x; z; p) cos(anx) dx (an = n�=L):

�¥è¥¨ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (22) ¨ (23) á £à ¨çë¬¨ ãá«®¢¨-

ï¬¨ (24){(28) ¨¬¥îâ á«¥¤ãîé¨¥ ¯à¥¤áâ ¢«¥¨ï

'n;1(z) = Cn;1 ch(anz) + Cn;2 sh(anz) +
1

pan

zZ
0

�(s) sh(an(z � s)) ds;

'n;2(z) = Cn;2

ch(an(z + h2))

sh(anh2)
;

£¤¥ ¯®áâ®ïë¥ Cn;1, Cn;2 ®¯à¥¤¥«ïîâáï ¨§ à ¢¥áâ¢:

Cn;1 =

�
p2 +

�
1� �1

�2

�
gan th(anh2)

�
Rn

ch(anh2)
�
1 + �1

�2
th(anh1) th(anh2)

�
(p2 + !2

1
)(p2 + !2

2
)
; (29)
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Cn;2 =
p2Rn

�1
�2
th(anh2)

ch(anh2)
�
1 + �1

�2
th(anh1) th(anh2)

�
(p2 + !2

1
)(p2 + !2

2
)
; (30)

Rn = �
p

an

h1Z
0

�(s) sh(an(h1 � s)) ds� g

p

h1Z
0

�(s) ch(an(h1 � s)) ds; (31)

!1 = gan
th(anh1) + th(anh2)�

p
Dn

2
�
1 + �1

�2
th(anh1) th(anh2)

� ;

!2 = gan
th(anh1) + th(anh2) +

p
Dn

2
�
1 + �1

�2
th(anh1) th(anh2)

� ;

Dn = (th(anh1)� th(anh2))
2 + 4

�1

�2
th(anh1) th(anh2)

�
�
1� �1

�2
th(anh1) th(anh2) +

�1

�2

�
:

�«ï z = 0 ¯®«ãç ¥¬, çâ®

'n;1(0) = Cn;1; 'n;2(0) = Cn;2 cth(anh2):

�®¤áâ ¢¨¢ ¯®á«¥¤¨¥ ¢ëà ¦¥¨ï ¢ á®®â®è¥¨¥ (28), ¢ë¢®¤¨¬

~�n(p) =
�1

(�1 � �2)g
pCn;1 �

�2

(�1 � �2)g
pCn;2 cth(anh2): (32)

�á¯®«ì§ãï à ¢¥áâ¢  (29){(31), ¢ëà ¦¥¨¥ (32) ¯¥à¥¯¨è¥âáï ¢ ¢¨¤¥

~�n(p) = �
�1 th(anh2)

�2(p2 + !2
1
)(p2 + !2

2
)

�
� h1Z
0

�(s)(p2 sh(an(h1 � s)) + g ch(an(h1 � s))) ds

�
:

� à¥§ã«ìâ â¥ ¢ë¯®«¥¨ï ®¡à â®£® ¯à¥®¡à §®¢ ¨ï � ¯« á  ¨ ¢ëç¨á«¥-

¨ï ¨â¥£à «®¢ ¢ ¯®á«¥¤¥¬ ¢ëà ¦¥¨¨ ®à¨£¨ « ¯®«ãç ¥âáï ¢ á«¥¤ãîé¥¬

¢¨¤¥

�n =
�1�0 th(anh2)

�2Sn(!
2

2
� !2

1
)

�
Rn;1(!2 sin(!2t)� !1 sin(!1t))
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+Rn;2

�
1

!2
sin(!2t)�

1

!1
sin(!1t)

��
;

£¤¥

Rn;1 =
1

an

e�an(z0+a) � e�an(2h1�z0�a) � e�an(2h1�z0+a)

1 + e�2anh1
;

Rn;2 =
1

an

e�an(z0+a) � e�an(2h1�z0�a) + e�an(2h1�z0+a)

1 + e�2anh1
;

Sn = 1 +
�1

�2
th(anh1) th(anh2):

� à¥§ã«ìâ â¥ ¢ë¯®«¥¨ï ®¡à â®£® ª®á¨ãá-¯à¥®¡à §®¢ ¨ï �ãàì¥ ¯®«ã-

ç ¥âáï ãà ¢¥¨¥ ¤«ï ãáâ ®¢«¥¨ï ¨¦¥£® ¯®«®¦¥¨ï ¯®¢¥àå®áâ¨ à §¤¥« 

á«®¥¢ ¯à¨ á¥«¥ªâ¨¢®¬ ¢®¤®§ ¡®à¥ ¨§ ¤¢ãåá«®©®£® áâà â¨ä¨æ¨à®¢ ®£® ¢®-

¤®¥¬ 

�(x; t) = �2�1�0
�2L

1X
n=1

th(anh2)

Sn(!
2

2
� !2

1
)

�
�
Rn;1(!2 sin(!2t)� !1 sin!1t) +Rn;2

�
1

!2
sin(!2t)�

1

!1
sin(!1t)

��
cos(anx):

�¨á«¥ë¥ à áç¥âë ¯®á«¥¤¥£® ¢ëà ¦¥¨ï ¯®§¢®«ïîâ ãáâ ®¢¨âì § ¢¨á¨-

¬®áâ¨ ª®«¥¡ ¨ï ãà®¢ï ¯®¢¥àå®áâ¨ ®â à §«¨çëå å à ªâ¥à¨áâ¨ª ¢®¤®§ ¡®à-

®£® ®ª . �ç¥¢¨¤®, çâ®  ¬¯«¨âã¤  ¢®«ë ¡ã¤¥â ¯àï¬® ¯à®¯®àæ¨® «ì 

áª®à®áâ¨ ¢®¤®§ ¡®à  �0.

�¨â¥à âãà 
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