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O OYHJIAMEHTAJIbHON ®YHKIINN
HEJIMHENHOI'O TEMIIEPATYPHOI'O I10JIsI

T. 3. Houuesn

PaccmarpuBaeTca cmenmanHas 3a/4a4a HEJIMHEHHOTO TEMIIEPATYPHOTO TOJIA JJIS OAHOPOIHOTO
YIPYyroro noJsrynpocrpanctsa. PyHKIms p(:l?, t), OT KOTODPO# 3aBUCUT HEJIMHENHOCTH TEMIIE-
paTypHOro MOJisl, CBsi3aHA C JIMHEMHbIM TeMneparypHbiM moseM. Qcobblii mHTEpec mpej-
CTaBJISIET CJIyYaii, KOTIa O (PYHKIIAU p(a:, t) Hudero He m3BectHo. llens mawmHON cTaThu —

BBIABUTH MTPUPOJLY ITOM (DYHKIMKA U U3YUUTh 3aKOHBI U3MEHEHMUSI.

1.

PaccmoTpuM 3a/1ad1y HeJTMHEHHOrO TeMeparypHaoro mous (1, 2, 3]

cpaa—f = %(k(T)g—Z) (1.1)

JIJIST OJTHOPOJTHOTO YIIPYTOTO MOJYIIPOCTPAHCTBA, OTPAHTIEHHOTO TOBEPXHOCTHIO & =
0, pu ycJIoBHUsIX

T _«
ox k

rje cp — obbeMHast TeroeMKocThb, k = k(1) — koaddunmenT TenaonpoBogHOCTH,
To — HagajgbHasi TeMmneparypa (Temmeparypa cpeipl), « — Koabdummenr rermn-
JIOOTIAYN Ha TOBEPXHOCTH IMOJYITPOCTPAHCTBA,  — TeMIepaTypa KOHBEKTHBHOTO
TemI000MeHa MeXKTy MMOBEPXHOCTHIO MONyIpOCTpancTBa © = 0 U cpemoii.

[Tpu momorm obosznavennss Kupxroda

T|i—o = To, (T—60) =0 npu =0, (1.2)

T
1
F=— [ k(T)dr
ko
To
ypasuenue (1.1) mpuBoguTCS K BHILY
cp OF _J*F (1.3)
k(T) 0t  0x?’ '

© 2000 Youmen T. 3.



O ¢yrrameHTagpHONH (DYHKIIHH HEJTHHEHHOTO TeMIIepaTypPHOTO IIOJIST 1-31

a Jepe3 NPOMeKyTouHyo (bYHKIUIO A B [4] ycraHaBamBaercs, 9To

oF oF

— =p—, 1.4
ar Lot (14)
rae p = p(z,t) — yHKIMs, OT KOTOPOi 3aBUCHT HEJMHEHHOCTH TEMIIEPATYPHOTO
nosisi. B [4] ee cBA3aI¥ ¢ JTMHEHHBIM TeMIIEPATYDPHBIM TIOJIEM
0%p* cp O ko \ 0p*  cp Op* c *
()02+_p._. _0 i:_p. w;p:_p.% (1.5)
ox ko Ox cp) Ox ko Ot ko -
IIPH YCJIOBUSIX
QO* ('Ta 0) = TO)
O™ alt)
——(¢*—0)=0 upuxz =0,
97 " ke (¢* = 0) p
e kg — KO3 DHUIUEHT TeILIOMPOBOTHOCTH, KOTOPHI COOTBETCTBYET JIMHEHHOMY

TeMIepaTypHOMY HoJifo. Byraromaps 3Toit ¢Ba3u OBLJIO TTOCTPOEHO COOTHOIIEHNE

T

M
1
—/k;(T)dt: /V*da:+—V*dt, (1.6)
To My P

10 KOTOPOMY BCerjja MOXKHO OIPeJeJIUTh HeJMHEHHOe TeMIepaTypHOe MoJie depe3
smueiinoe. IIpejcraisier ocobblii nuTEpEC TOT ciydaii, Korga o p(z,t) HuIero He
M3BECTHO. DTOT BOIPOC paccMarpuBaercs B [4]. 37ech nMeeM IEJbI0 BBISIBUTD
PUPOJLY 5TON (PYHKIMU U U3YIUTh 32KOHBI H3MEHEHHUSI.

Beenem npomexkyrounyio dyukmnuio A(T) (A # 0) cooTHOIIEHIEM

Fd
TF =T*. (%)
0
Torna
LoF ot 10F _or )
Aoz Oz’ Aot ot '
oF  9T*
p(xvt) = g:; = 387?* ’
ot ot

rae T* noka nemssectHa. C yduerom (x) ypasaenue (1.3) mpeobpa3syercst K BHLY

0*F _(cp 3lnp> oF

ozot  \pk oz ) ot’
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u, cjaeaoBaTeJIbHO, OJId 9aCTHBIX ITPOU3BOJHBIX OT F moJIydaeM

oF  po r p oF /ﬂc cp
-7 - = — 1.
5 pexp(/ pkdaU) 5y = PoexP pkdx , (1.8)
0

riae po = po(t) mpousBosbHast dbyHKIUA. 3amerum, uro (1.6) yaoBiaerBopsier He
TOJHKO MCXOAHOMY ypasHenuto (1.3) (mpu ycioBuu, 9T0 TpaBas 9acTh W3BECTHA),
1O u coorHomenuio (1.4). Beemem oboznauenne

V = poexp </ c—Zd:U)
, p

B cBs3u ¢ Tem, aro F(x,t) Temneparypras (DyHKIMsI, HMEET MECTO

0 <V> oV oV oV 10p
Il B W
ox

ot or Yot~ por

CaenmoBaTebHO,

1[0,
V =exp <—5 / 8_57 da> (1) (dr = pdx + dt, do = pdx — dt), (1.9)
0

rie (1) — npousBosbHast GyHKms. CpaBHAM ee IPaBYIO 9acTh C MPABON YaCThIO
(1.8) u mpumewm, aro ¢(7) = po(t),

1 o1

— —p 1.10
5 | Ba (1.10)
U3 (%) BBIBOIMM

dF _ k(T) dF

= = 1.11
dT ko ' dT* ’ ( )
IIPU 3TOM JIOMYCKAETCH, YTO \ = )\%, i (& A_lo YJ0BJIETBOPSIET yPABHEHUIO
O+ O+
Ao Ao
— =0. 1.11
oz ot (L11)y
CuoBa Bo3Bpamaemcs K (1.8)
dF 9 / dF OT /
" po / cp * / cp
_ Do P ). G OET L), 1.12
dT* Ot D exp< pk )T ar - PO pk v (1.12)

0 0



oT*  po r cp pop, O /HECP
— Do P gp) = PPy, L Ly 1.12
o0z )\exp(/ pk $> cp 0z P ok ) (1.12)2
0 0

T po exp / cPd = Podo 2ex /%dx
ot p)\ pk cp Ox P pk )
0

S,D;GCB TaK 2Ke€, KaK 1 BbIIIE, ITPpaBbl€e YaCTHU JOJI2KHbI YJOBJIETBOPDATH YCJIOBUIO

(Vo) W _ Poro O f cp
% - Om (VO— ” 57X /p—k_da: (1.13)
0

nJIn

OTKY/Ja IIOJIy4daeM

rie ¢1(7) — npousBosbHAS (DYHKITHS.
[TpupaBHuBaeM NPaByO dacTh 310l bopmMysibl K npasoii actu (1.13)

0 r cp B 1 r Jlnp
%exp</ Z%dl) —exp<§/ 5 da> (1.14)
0 0

IpU JOMYIIEHUH, 9TO

AnajgoruaabiM 00Pa30M yCTAHABIMBAETCS MMOTEHITUAIHLHOCTH TEMIIEPATYPHOMH (DyHK-
man T'. B cury (1.10) u (1.14) mapajuresibHO MOTy IaeMm:

0 811, Olnp
%exp< 9 da:) exp( / d) (1.14),

I, B HOBBIX II€pEMEHHBIX

o _ (o 0N o_ (o o
3ar_p or 0Ooc)’ Ot or Oo
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(dr = pdz + dt, do = pdx — dt). Vimeem

21 21 21
0% [ npda+28 [Inpdo 0% [Inpdo :3' (1.15)
oT2 do0T 0o p2

[Tonyunnu cinoxxkaoe nuddepeHuaabHOe ypaBHeHne TapaboIndecKoro Tuma, KOTo-
poe SKBUBAJIEHTHO CJIEIYIOIIEil cucreme:

8flnpda+3f1nde:V7 ovr  ove 2 (1.16)
orT do

+ =
or oo p2
Ecau caurars p 3amannoii, 1o (1.16) paBHOCHIBHO quddepeHraibHbIM yDaBHEHN-
SIM

3flnpda+3flnpda_ n 21

or oo F’
ov* ov* V*—np
= 1.1
or + oo /. (1.17)
. 21
vV — b= P7
rae | HemsBecTHast. VI3 mepBBIX ABYX ypaBHEHWI 3allUIIeM
d[Ilnpdo 21
T :I? b,
(1.18)

v :exp<%/ld§> <Cl(n)—%/exp<—%/ld§> -%dﬁ).

[IpaByro JacTb IEPBOTO PABEHCTBA 3aMEHAEM TPETHUM C y4eToM (DOPMYJIbI Jijisd V™

/lnpdaz/exp<%/ld§> <Cl(n) _ %/exp<—%/ld5> -?d&)dﬁ
p= exp(% Uexp</ld5> (Cy(n) — %/exp(—%/ldf) -?di)d&]). (1.18)’

B cuty dopmya s V* u p rperbe cootHorierue (1.17) mepernurmiem Tak:

D d . v
ﬂ+exp<—2%/V df) =5
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Onnako cHoBa obparusmuch K (1.18),

av* l P
=-V*—- = 1.19
d¢ 2 20’ (1.19)

JIETKO yOe uMCs, 9TO TOCIeHee TTPU JOMyIIneHnr, 910 [ = 1, ecTh HE 9TO WHOE KaK
JuddepernuaibHOe COOTHOIIEHNE

2exp< /dv*d§> v —2g

do do’

U3 KOTOPOI'o Cpa3dy HaXOJIHUM dd‘ff .

w1
do 26+ C(n)

. do
v _/2£+C(n)’

rae C(n) — npousBosbHast byHKIUs. Terepn, KOrja HAILIA SIBHOE BHIPAYKEHUE JIJIsT
V*, niist Ipyrux HEM3BECTHBIX (DYHKIUN yCTaHABJIUBAEM:

u, cjaeaoBaTeJIbHO,

26+ C(n),
dV*

—V* 2
p=V i

Haiinenubie dynknuu yaoBiaerBopsior ypasaenuam (1.17) u cucreme (1.16), KoTo-
past paBHOcHIbHA ypaBHernuto (1.15). Tem caMbiM j0Ka3aHa TOXKIECTBEHHAST BBITOJI-
auMocTh (1.14);. Mpl BipaBe caurarh npaByio dacthb (1.14) Brosre onpeeieHHOM
dbyuKImelt, TO3BOJAONIEH 3aMUCATh 3HAYEHUST TACTHBIX MPOU3BOAHBIX (1.8) B Bue

or »

Fre exp(——/a da)

OF _ ¢(7) 1[0

- exp( 2/3$d0 .
0

HO, IIOCKOJIbKY IIpaBbl€ 9aCTHU U3MEHAIOTCA 10 3aKOHY I'DaJUueHTa

o¥%)  av 1 [0k

p’ _ YV — __ _p

o ot <V "O(T)eXp< 2/8$d0>>’
0




1-36 T. 3. Younen

TO

(1.20)

IIpeICTaB/IgeT cOOOil COOTHOIIEHNE, OTKY/Ia MOYKHO OKOHUATEIbHO UCKIIOUHTH TeM-
neparypuyio dyukiuio 1T'. Mbr He pacnonaraeMm sIBHbIM BbIpaskeHneMm k KakK PyHK-
myn ot T, nosromy Bropoe yciosue (1.2) nepenumrem orHocuTeabHO I ciemy o
obpas3om:

oF F Ty — 0
k

i T + e ] =0 mpu z =0, (1.2)y

rie k(T1) ectsb (mo Teopeme o cpenneM 3Hadernn) 3aadenue k(T) B cocrosiaun T =
Tla

T
/k(T) dT = K(T\)(T —Ty), Ty <Ti<T.
To

Coornomenue (1.20) 3anumem B Bijie OUPEAETICHHOIO HHTEIPAJIA

T 1 Ual
F:/('O;T)exp<—5/a—;da>dT—l—Fo, (1.20),
0

70

riae Fy mocrostanast, T|i—o = 7o. g yaobersa Oyjem ere 3a1aBaTh

f 1 [0k 7 1 [0k
F:/('OS—)exp<—§/a—;d0'>dT—/w;T)eXp<—§/a—;d0'>dT+F0- (1.20)2
0 0 0 0

OueBuyiHo, TepBoe ycyoBue Bbipaykenus (1.2) BwimosnHsiercs, eciau npu t = 0
F(z,0) = 0. Ho nocnennee 6yner umers mecro, ecan Fy = 0. [lanee, 3ameda-
eM, 4TO
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Brecem sto 3nadenue u 3umadenue (1.20)2 Bo Bropoe yciosme (1.2);

U puMeM 00O3HAYEHUE

T o 1
0 oo (5 | %% 4 Var = _
/ ’ exp( 5 | 9s do |dr =Q(t) upuz=0.
0 0

Torma monyuaercs auddepeHuaIbHOE COOTHOIIEHHE

Q0  «a g[T0—9+90(0)]7

ot pk(Ty) "ol ko «

13 KOTOPOro HaxoamMm (Q:

Qexr’(k(;a)o] »)
+¢(0)0/T;exp<k(;l) O/TZdT>dT],

e (Qo — TOCTOSHHAS, YOBIETBOPSIONAdA YPABHEHUIO

0Q Q aly—10
= QO+ = .
87’ pk(Tl)Q p ko

U3 o6ozuavenust s pynknun (Q Haiimem o(7):

(2

o(r) = exp(% / %da>a<k(%) + Tokg 9) (1.21)

0

nostarast (0) =0u Q = Qo mpu ¢t = 0.
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Torna u3 (1.21) cpa3y HaxommM:

0 — T,
Qo = k(T1) : 2.
0
Hanee u3 (1.12); u (1.14) umeem:
oT* oT*
o = pVo, ot Vo,
1 Ualnp
Vo = <P1(7')6XP<§ 5 d0>7
0
A
p1(7) = pzpov

rie )\—10 HEKOTOpOe JacTHOe perrenue ypasHenus (1.11);.
[TokazkeMm Temepb, 9To (GpyHKIHUA 1', OIpPEJeIeHHAL U3 yPABHEHUS

F:kio Tk(T)dT:]”;T)exp<—%/0%da>m (T =w(F)),  (1.22)

oyner pemenuem (1.1):

or ., OF T .,  OF 1
o w2 Oy F (k(T) (F)).

[Mogcrasus st 3uavenus B (1.1) npumem K ypapueruto (1.3),

cpOF _ O°F

kot 0x?’

KOTOPO€e BBITIOJIHSETCsT TOXK 1ecTBeHHO. OTMmernM, 9To coracHo dopmymram (1.10),
(1.14) n coorromenuto (1.20) MoxKeT MOKa3aThCs, 9TO KOIDMOUIMEHT TETIOIPOBO/I-
vocru k(T) ompenensiercss we omuHo3HawHO. OMHAKO 3TO HE Tak. JIErkKo JOKA3bI-

BaeTCd, 9TO BCe IIepedYrCJICeHHbIC BbIDaK€HUA Jal0T OAWH W TOT 2K€ DE3YyJibTaT IJId
1

(T)*
1 p Vo
kK(T) XV’
Haxkonern, dynkims p(x, t) HE 3aBUCUT HU OT HAYAJBHBIX JIAHHBIX, HU OT KPaeBbIX
yeaoBmii u camoit T. Ognako, Kak caeayer u3 (1.15), oHa omuchIBaeT HeJIMHEHHOE
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napabosmmaeckoe noe.! Ono ympomaercs, ecin gomnyctuts, 9o k(T) = ky. B srom
caygae F(T) =T wu u3 (1.10) momyaum:

cp 9 (1 _13_2/1
k030</pd0> 2007 | %

[Ipu cocrasmennn (1.15) 6b1m0 momyrmeno orpanudenue ¢(7) = po(t), aro B 00-
meM caydae He Tak, ubo dpakrudecku Mbl umesn 661 He (1.14)q, a Gosee caoxkHOE

COOTHOIIEHWE
0 (1) 1/08% 1/081np
g [ 2245 ) ) =exp| = d
ox <p0 (t) exp< 2] 92" P 2 ot )
0 0

KOTOpOEe TOJIOOHBIM ITpeobpa30BaHueM MPUBOIUTCA K BUJLY

(1.23)

32f001npd0+232f001npd0 82flnpda:2<i+gi’>'

or? 0001 o2 p2p
OThicKaTh JJIsi HETO YaCTHOE pereHne, NoIydIuTh s ¢(7) dopmymay 1mogobHyo
(1.21), me ymamnocs.

[Tocrpoennoe Boime st (1.15) gacTHoe pererne Ha3Baau GyHIAMEHTATHHO
dbyukumeii, a coorBercTBytomiee eil pemenue F(x,t), niusa ypasaenus: (1.3), Hazpain
dbyHIAMEHTATEHBIM PEIIEHTEM.

Pacemorpum npuvep: k(T') = T?. Torna F(T) = 5-T°.

Ypasuenua (1.1) u (1.3) npuaEMAarOT B

or 0 [, ,0T
Pt~ ow (T %) (124)
cp OF 0*F
T2 o0 —3332. (1.25)

Tax kak k(T') memssecrna, To dynknus p oupepesnsiercss u3 (1.14); (cm. (1.17)), F
onpegensiercs: mo dpopmyiie (1.20), u yposierBopser ypasaenuto (1.25). ITokaxkem,

970
T = ~/3koF

1 B obmewm ciryuae sTo me Tak. Mbl ¢ienanm orpanntenne jomymennem (1) =
po- OHO u moBsIMSIO HA P(T,1).
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yaosiersopsier (1.24):

8T__©GEJ, L OF 0T _ ool 1 OF
ot 03 F2 ot O0x 03 Y2 ox

CaenmoBaTebHO,

cp 5|3ko OF 0 (/3ko 1 T23F cp OF  0°F
3V F2 ot  Ox 3 JYF2 Oz (BkoF)2 0t 0x?’
HO 3TO ecTh ypaBHenue (1.25), KOTOpoe BBIMOIHSIETCS TOXKIeCTBeHHO. Jlasee, 3amu-
nieM yCJ1oBHE€ KOHBEKTUBHOI'O TeHHOO6MeHa

T «
%—E(T—Q)ZOHPI/IZEZO. (1.26)
B cuy (1.20)4, Oyaer

(0 = —7 mpu t = 0).
Tak kaxk T = /3koF’, TO
oT  3ko 1 OF
or 3 YF20x’

OF | [ o 1 [0k
i <p(7')exp<—§0/%da> - <g0(7')exp<—§0/a—da>d7'>t:0,

OF 1 [0k
%H:O = @(T)exp<—5 / 8—;@:) dr — ¢(0) (1.28)
0

- . (1.28);
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T o 1
_ [eln) _1/3_5
Q—/ . exp< 5 amda dr,
0

0

[Tyctn

CJIeJOBATEJLHO,
0Q of, %)

3/ — ) =0. 1.2

5 ( 3koQ — 0 + ) 0 (1.29)

[To ycroBuio ¢(0) HeM3BECTHO, MOITOMY C Iejbio ymporenus (1.28); mpumewm:
©(0) = af («a cauraercsi MOCTOSHHOIT), TOrIA

QR  «a, dQ  «
E_E\/gkOQ: \S/G—EdT,

o (85 [ )’
0

Bamedaem, 9TO

23k [ d A

3_6,2: 30&/—T+Q0 -—33kog.

or 3 P 2 P
0

13 (1.29) maiinem ¢(7):

a Tak Kak ©(0) = af, To

[Tess sToro maparpada npuectu ypasHenue (1.15) K BHIY, OTKyja MOMKHO
OTBICKATh (pyHJAMEHTAJIbHYIO (DyHKIMIO. B wacTHOCTH, IyCTH

r ou

Inpdo = P = — 2.1
/np oc=u= exp<80>, (2.1)
0
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rorya (1.15) npumer Buj:

32u+232u +32u_2 2@
ot2 ordoc  Oo2 eXp 0o )’

WJIH, TPEJIIOJIOKHUB, UTO U eCTh caoxkHas byukiusa: u = u(y(7, o))

0y 2 0y 0y 0y 2 0%y 0%y 0%y oy
" o orroy o / _ 1977
U [(87’) +237’30+ e +u +2 + 2exp 2u8 .

oT2 0100  0Oo? o
[TpoBejig IPyNIUPOBKY IOC/IEJHEee ypaBHEHUE MOXKHO HePenucarh TaK:

0 1 0 1 0y 1
U”“/{&_<67+87>+80<87+87>]26XP<2UI30>< >2- (2.2)
or o or do

9y 4 Oy
or do

Ecim dynknuio v nomodparsh TakuM 00pa3oM, 4TOObI OHA YJIOBJIETBOPSJIA ypaBHE-

HUIO 52
(g o ()
o\ ) o\ )T

oy 1 Oy
TO yMHOXKEB 00e gacTh (2.2) ma 25T exp <—2u %>, HOJTy daeM

5 oy 24
o T () G+ 37

oy 4 9y
87’+8U

[Tostyunim nudpdepennuanbHoe ypaBHeHUE, B KOTOPOM BCE TPYAHOCTHU 110 HAXOXK-
JIEHUIO Y O4YeBUIHBI. EC/IU W3 9TOr0 ypaBHEHUS yJAacTcs HaiTh v, To u3 (2.1) cpa-
3y HaxoauM dyHgaMenTaabayo dbyHKIuo p(7,0). B anamoruunoit dhopme mMoxker
OBITH IpeJcTaBieno u ypasaenue (1.23).
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