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�®ª §ë¢ ¥âáï, çâ® £àã¯¯  �à®¡¥­¨ãá  G, ¯®à®¦¤¥­­ ï ¤¢ã¬ï í«¥¬¥­â ¬¨ ¯®àï¤ª  3,

ª®­¥ç­ . �¤à® £àã¯¯ë G  ¡¥«¥¢® ¨ ç¨á«® ¥£® ¯®à®¦¤ îé¨å ­¥ ¯à¥¢ëè ¥â ç¨á«  8,  

¤®¯®«­¥­¨¥ «¨¡® æ¨ª«¨ç¥áª®¥, «¨¡® ¨§®¬®àä­® ®¤­®© ¨§ £àã¯¯ SL2(3), SL2(5).

� à ¡®â¥ ¯à®¤®«¦ îâáï ¨áá«¥¤®¢ ­¨ï ­ ç âë¥ ¢ [1] ¨ [2]. � áâì à¥§ã«ìâ -

â®¢ ¯®«ãç¥­ë á®¢¬¥áâ­® á �. �. � §ãà®¢ë¬.

� ¯®¬­¨¬, çâ® £àã¯¯®© �à®¡¥­¨ãá  á ï¤à®¬ F ¨ ¤®¯®«­¥­¨¥¬ H ­ §ë¢ -

¥âáï ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ F �H, ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

 ) H | á®¡áâ¢¥­­ ï ¯®¤£àã¯¯  ¢ G ¨ H\Hf = 1 ¤«ï «î¡®£® ­¥¥¤¨­¨ç­®£®

í«¥¬¥­â  f 2 F ,

¡) F n f1g = G n fHf jf 2 Fg.

�¥®à¥¬  1. �àã¯¯  �à®¡¥­¨ãá  G, ¯®à®¦¤¥­­ ï ¤¢ã¬ï í«¥¬¥­â ¬¨ ¯®-

àï¤ª  3, ª®­¥ç­ . �¤à® £àã¯¯ë G  ¡¥«¥¢® ¨ ç¨á«® ¥£® ¯®à®¦¤ îé¨å ­¥ ¯à¥¢ë-

è ¥â ç¨á«  8,   ¤®¯®«­¥­¨¥ «¨¡® æ¨ª«¨ç¥áª®¥, «¨¡® ¨§®¬®àä­® ®¤­®© ¨§ £àã¯¯

SL2(3), SL2(5).

�®ª § â¥«ìáâ¢ã ¯à¥¤¯®è«¥¬ âà¨ «¥¬¬ë. � ­¨å ¯®¤ ¬®¤ã«¥¬ ¤«ï £àã¯-

¯ë ¨«¨ ª®«ìæ  ¯®­¨¬ ¥âáï «î¡ ï  ¤¤¨â¨¢­® § ¯¨á ­­ ï  ¡¥«¥¢  £àã¯¯ , ­ 

ª®â®à®© ¤ ­­ ï £àã¯¯  ¨«¨ ª®«ìæ® ¤¥©áâ¢ã¥â. �«ï £àã¯¯ë � �-¬®¤ã«ì V ­ -

§ë¢ ¥âáï äà®¡¥­¨ãá®¢ë¬, ¥á«¨ v(x� 1) 6= 0 ¨ V (x� 1) = V ¤«ï ¢á¥å V 3 v 6= 0,

1 6= x 2 A.

�¥¬¬  1. �ãáâì m | ­ âãà «ì­®¥ ç¨á«® ¨ V | ­¥­ã«¥¢®© RA-¬®¤ã«ì,

£¤¥ R | ¯®«¥ ¯à®áâ®£® ¯®àï¤ª  ¨«¨ R = Z[1=m] ¨ ¢ íâ®¬ á«ãç ¥ V ­¥ ¨¬¥¥â

ªàãç¥­¨ï,   A = h i| æ¨ª«¨ç¥áª ï £àã¯¯ . �á«¨ ¬®¤ã«ì V ª®­¥ç­® ¯®à®¦¤¥­

ª ª RA-¬®¤ã«ì, â® áãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«® n â ª®¥, çâ® V (an � 1) 6= V .

C �à¥¤¯®«®¦¨¬ ¢­ ç «¥, çâ® R = Z[1=m] ¨ V | ¯à®â¨¢®à¥ç é¨© ¯à¨¬¥à

á ­ ¨¬¥­ìè¨¬ ç¨á«®¬ s ®¡à §ãîé¨å v1, v2, : : : ; vs. �®áª®«ìªã V (a� 1) = V ,

c
 2000 �ãàâ®¢ �. �.
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â® áãé¥áâ¢ã¥â ­¥­ã«¥¢®© ¯®«¨­®¬ f(x) = �0 + �1x + : : : + �tx
t 2 Z[x] â -

ª®©, çâ® vsf(a) 2 v1S + : : : + vs�1S, £¤¥ S = Rhai. �ë¡¥à¥¬ f ­ ¨¬¥­ìè¥©

áâ¥¯¥­¨ t. �®£¤  �0 6= 0 6= �t ¨ vs�ta
t, vs�0a

�1 2
s�1P

i=1

viS. �â® ®§­ ç ¥â,

çâ® V �
s�1P

i=1

viR1hai + vs
t�1P

j=0

R1a
j = V1, £¤¥ R1 = Z[1=m�0�t], ¨ V1 ï¢«ï¥â-

áï hai-¬®¤ã«¥¬ ­ ¤ R1. � «¥¥, V1(a
n � 1) = V1 ¤«ï «î¡®£® n 2 N . �á«¨

vs(�0 + �1 + : : : + �t�1a
t�1) 2

s�1P

i=1

viR1hai ¤«ï ­¥ª®â®à®£® ­¥­ã«¥¢®£® ¢¥ªâ®-

à  (�0 + �1 + : : : + �t�1) 2 Rt
1, â® ã¬­®¦¨¢ ­  ¯®¤å®¤ïé¥¥ ­ âãà «ì­®¥ ç¨á-

«®, ¬ë ­ ©¤¥¬ ­¥âà¨¢¨ «ì­ë© ¯®«¨­®¬ g 2 Z[x] áâ¥¯¥­¨ ­¥ ¡®«ìè¥ s � 1,

¤«ï ª®â®à®£® vsg(a) 2
s�1P

i=1

viS. �â® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã f . �® ¢ë¡®àã V ,

V1 6=
s�1P

i=1

viR1hai = V2, V3 = V1=V2 | ­¥­ã«¥¢®© ª®­¥ç­®¬¥à­ë© hai-¬®¤ã«ì ¡¥§

ªàãç¥­¨ï ­ ¤ R1 á ®¤­¨¬ ¯®à®¦¤ îé¨¬ v = vs+V2 ¨ V3(a
n� 1) = V3 ¤«ï ¢á¥å

n 2 N . �¥¯¥àì ¬ë ¬®¦¥¬ à áá¬ âà¨¢ âì R1 ª ª R, V3 ª ª V ¨ áç¨â âì, çâ®

V | ª®­¥ç­®¬¥à­ë© ®¤­®¯®à®¦¤¥­­ë© S-¬®¤ã«ì.

� íâ®¬ á«ãç ¥ V ª ª S-¬®¤ã«ì ¨§®¬®àä¥­ ª®«ìæã S0 = S= kerV . �ãáâì

p | ¯à®áâ®¥ ç¨á«®, ­¥ ¤¥«ïé¥¥ m. �á«¨ pV = V , â® pvg(a) = v ¤«ï ­¥ª®â®à®£®

¯®«¨­®¬  g ­ ¤ R áâ¥¯¥­¨ ­¥ ¡®«ìè¥ s� 1, ¨ v(pg � 1) = 0 ¢®¯à¥ª¨ ¢ë¡®àã f .

�®íâ®¬ã pS0 | á®¡áâ¢¥­­ë© ¨¤¥ « ¢ S0 ¨ ç¨á«® jS0=pS0j = jV : pV j ª®­¥ç­®.
�ãáâìM |¬ ªá¨¬ «ì­ë© ¨¤¥ « ¨§ S0 á®¤¥à¦ é¨© pS0. �®£¤  a 62M , S0=M |

ª®­¥ç­®¥ ¯®«¥ ¨ ¯®íâ®¬ã áãé¥áâ¢ã¥â n 2 N , ¤«ï ª®â®à®£® an +M = 1 +M .

�àã£¨¬¨ á«®¢ ¬¨, an � 1 2 M , S0(a
n � 1) � M 6= S0 ¨ V (an � 1) 6= V . �â®

¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â «¥¬¬ã ¤«ï R = Z[1=m]. �¥ ¦¥ à ááã¦¤¥­¨ï (á ­¥-

ª®â®àë¬¨ ®ç¥¢¨¤­ë¬¨ ã¯à®é¥­¨ï¬¨) £®¤ïâáï ¨ ¤«ï ¯®«ï ¯à®áâ®£® ¯®àï¤ª .

�¥¬¬  ¤®ª § ­ . B

�¥¬¬  2. �ãáâì A | £àã¯¯ , ¯®à®¦¤¥­­ ï ¤¢ã¬ï í«¥¬¥­â ¬¨ x; y ¯®-

àï¤ª  3 ¨ V | ®¤­®¯®à®¦¤¥­­ë© äà®¡¥­¨ãá®¢ A-¬®¤ã«ì. �®£¤  V | ª®­¥ç­ ï

 ¡¥«¥¢  £àã¯¯ .

C �ãáâì u0 | ¯®à®¦¤ îé¨© A-¬®¤ã«ï V ¨ T | ¬­®¦¥áâ¢® ¢á¥å í«¥¬¥­-

â®¢ ª®­¥ç­®£® ¯®àï¤ª  ¨§ V . �®£¤  T | A-¯®¤¬®¤ã«ì ¨ V=T | £àã¯¯  ¡¥§

ªàãç¥­¨ï. �á«¨ T = V ¨ m | ¯®àï¤®ª í«¥¬¥­â  u0, â® mV = 0. �á«¨ m = pn,

£¤¥ p | ¯à®áâ®© ¤¥«¨â¥«ì ç¨á«  m, â® V0 = fx 2 V jnx = 0g | á®¡áâ¢¥­­ë©

A-¬®¤ã«ì. �ãáâì V1 = V=V0. �®£¤  V1 | ­¥­ã«¥¢®© ®¤­®¯®à®¦¤¥­­ë© äà®¡¥-

­¨ãá®¢ A-¬®¤ã«ì ­ ¤ ¯®«¥¬ ¯®àï¤ª  p. �á«¨ ¯®àï¤®ª £àã¯¯ë V1 ª®­¥ç¥­, â® ¨

¯®àï¤®ª V ª®­¥ç¥­. � ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ ¤®áâ â®ç­® ¤®ª § âì «¥¬¬ã

¤«ï A-¬®¤ã«ï ­ ¤ ¯®«¥¬ F ¯®àï¤ª  p.

�á«¨ T 6= V , â® V1 = V=T | äà®¡¥­¨ãá®¢ A-¬®¤ã«ì ¡¥§ ªàãç¥­¨ï ¨ ¬ë
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¬®¦¥¬ áç¨â âì, çâ® V1 = V . �â ª, ¬®¦­® ¯à¥¤¯®« £ âì V | RA-¬®¤ã«ì, £¤¥

R = F ¨«¨ R = Z ¨ ¢ íâ®¬ ¯®á«¥¤­¥¬ á«ãç ¥ V ­¥ ¨¬¥¥â ªàãç¥­¨ï.

�¡®§­ ç¨¬ a = xy ¨ ¯®«®¦¨¬ ui = u0a
i, vi = u0a

ix ¤«ï i 2 Z. �®£¤ 

V = hfui; viji 2 Zgi

uix = vi; vix = �ui � vi; uiy = �ui � vi�1; viy = ui+1 (1)

¤«ï ¢á¥å æ¥«ëå ç¨á¥« i. �§ (1) ¢ëâ¥ª ¥â, çâ® ¤«ï «î¡®£® æ¥«®£® i

uia = ui+1; via� 1 = vi�1; uia
�1 = �ui�1;

via
�1 = �ui + ui+1 + vi+1:

(2)

�â® ¯®ª §ë¢ ¥â, çâ® u0; v0 | ¯®à®¦¤ îé¨¥ ¤«ï Rhai-¬®¤ã«ï V . �® «¥¬-

¬¥ 1 áãé¥áâ¢ã¥â n 2 N â ª®©, çâ® V (an � 1) 6= V . �® ãá«®¢¨î an = 1. �®

[1] £àã¯¯  � ª®­¥ç­  ¨ V | ª®­¥ç­® ¯®à®¦¤¥­­ ï £àã¯¯ . �á«¨ R = F , â® V

ª®­¥ç­ . �à¥¤¯®«®¦¨¬, çâ® R = Z. �®£¤  V = V (x� 1)2 = V (�3x) = 3V , çâ®

­¥¢®§¬®¦­®. �¥¬¬  ¤®ª § ­ . B

�¥¬¬  3. �ãáâì A | ª®­¥ç­ ï £àã¯¯  ¯®à®¦¤¥­­ ï ¤¢ã¬ï í«¥¬¥­â ¬¨

x; y ¯®àï¤ª®¢ �4 ¨ V | ª®­¥ç­ ï  ¡¥«¥¢  £àã¯¯  á s ¯®à®¦¤ îé¨¬¨, ª®â®à ï

ï¢«ï¥âáï ®¤­®¯®à®¦¤¥­­ë¬ äà®¡¥­¨ãá®¢ë¬ A-¬®¤ã«¥¬. �®£¤  ¢¥à­® ®¤­® ¨§

á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©:

(1) £àã¯¯  A æ¨ª«¨ç¥áª ï ¯®àï¤ª  2, 3, 4, 6 ¨«¨ 12 ¨ s ­¥ ¯à¥¢®áå®¤¨â

ç¨á«  1, 2, 2, 2 ¨«¨ 4 á®®â¢¥âáâ¢¥­­®;

(2) £àã¯¯  A ¨§®¬®àä­  SL2(3), GL2(3) ¨«¨ SL2(5) ¨ s ­¥ ¯à¥¢®áå®¤¨â

ç¨á«  4, 4 ¨«¨ 8 á®®â¢¥âáâ¢¥­­®;

(3) £àã¯¯  A ¨§®¬®àä­  £àã¯¯¥ SQ2n = hx2n = y4 = 1jxn = y2; xyx = 1i
¯®àï¤ª  4n ¨ s � 4'(n), £¤¥ ' | äã­ªæ¨ï �©«¥à .

C �®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë, ¯® áãé¥áâ¢ã, á®¤¥à¦¨âáï ¢ [1]. B

�¥¯¥àì ¤®ª ¦¥¬ â¥®à¥¬ã 1.

C �ãáâì G = hx; zi = AP , £¤¥ x3 = z3 = 1, F | ï¤à® ¨ � | ¤®¯®«­¥­¨¥

¢ G. �®¦­® áç¨â âì, çâ® x 2 H. �ãáâì z = fy, £¤¥ f 2 F , y 2 H. �®£¤ 

G = hf; x; yi, H = hx; yi, F = hfHi. �ãáâì M | ¬ ªá¨¬ «ì­ ï  ¡¥«¥¢  ¯®¤-

£àã¯¯  ¢ F , á®¤¥à¦ é ï f . �á«¨ ¤«ï ¢á¥å h 2 H ¢ë¯®«­¥­® à ¢¥­áâ¢®Mh = �,

â® F =M |  ¡¥«¥¢  £àã¯¯ . �à¥¤¯®«®¦¨¬, çâ® Mh 6=M ¤«ï ­¥ª®â®à®£® í«¥-

¬¥­â  h 2 H. �®£¤  «¨¡® Mx 6= M , «¨¡® My 6= M . �§-§  á¨¬¬¥âà¨¨ ¬®¦­®

áç¨â âì, çâ® Mx 6= M . �® ¢ë¡®àã M; [Mx;M ] 6= 1. �ãáâì  ; b 2 M . �®£¤ 

1 = (axb)2(axb)x(axb) = abx
2

 x
2

bxaxb = abx
2

(ax
2

ax)(bxb) = abx
2

 �1(b�1)x
2

=

[a�1; (b�1)x
2

] ¨ ¯®íâ®¬ã [a; bx] = 1. �«¥¤®¢ â¥«ì­®, [M;Mx] = 1. �â® ¯à®â¨¢®-

à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® F =M |  ¡¥«¥¢  £àã¯¯ . �¥¯¥àì § ª«îç¥­¨¥ â¥®à¥¬ë

¢ëâ¥ª ¥â ¨§ «¥¬¬ 1, 2, 3. B



2{22 �. �. �ãàâ®¢

�«¥¤áâ¢¨¥. �ãáâì (G;H) | ¯ à  �à®¡¥­¨ãá  ¨ H á®¤¥à¦¨â í«¥¬¥­â x

¯®àï¤ª  3. �á«¨ ¤«ï «î¡®£® í«¥¬¥­â  g 2 G ¯®¤£àã¯¯  hx; xgi | ï¢«ï¥âáï

£àã¯¯®© �à®¡¥­¨ãá , â® G = F �H ¤«ï ­®à¬ «ì­®© ¯¥à¨®¤¨ç¥áª®© ¯®¤£àã¯¯ë

F . �à¨ íâ®¬, «¨¡® ¯®¤£àã¯¯  V = hxhjh 2 Hi ¨§®¬®àä­  ®¤­®© ¨§ £àã¯¯

SL2(3), SL2(5) ¨ ¯®¤£àã¯¯  F |  ¡¥«¥¢ , «¨¡® hxi | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ¢

H ¨ F ¤¢ãáâã¯¥­­® ­¨«ì¯®â¥­â­ .

�® â¥®à¥¬¥ 1 ¢ë¯®«­¥­ë ãá«®¢¨ï (â¥®à¥¬ë 5 ¨§ [2]) f2; 3g-£àã¯¯ë à¥£ã-

«ïà­ëå  ¢â®¬®àä¨§¬®¢. �ãáâì Cp1 | ¡¥áª®­¥ç­ ï, «®ª «ì­® æ¨ª«¨ç¥áª ï

p-£àã¯¯ . �â® ®§­ ç ¥â, çâ®

Cp1 = haija
p
1
= 1; a

p
i+1 = ai; i 2 Ni:

�¥áª®­¥ç­®© ®¡®¡é¥­­®© £àã¯¯®© ª¢ â¥à­¨®­®¢ ­ §®¢¥¬ £àã¯¯ã

Q1 = hC21 ; tj t
2 = a1; a

t
i = a�1i i:

�¥£ª® ¯à®¢¥à¨âì, çâ® ª ¦¤ ï ¯®¤£àã¯¯  Qi = hai; ti ¨§®¬®àä­  ®¡®¡é¥­­®©

£àã¯¯¥ ª¢ â¥à­¨®­®¢ ¯®àï¤ª  2i+1 ¨ Q1 =
S
i2NQi. � ¬¥â¨¬, çâ® N = haij i 2

Ni ¥¤¨­áâ¢¥­­ ï á®¡áâ¢¥­­ ï, ¡¥áª®­¥ç­ ï ¯®¤£àã¯¯  ¨§ Q1 ¨ «î¡®© í«¥¬¥­â

¨§ Q1, ¯®àï¤®ª ª®â®à®£® ¡®«ìè¥ ç¥âëà¥å, «¥¦¨â ¢ N .

�àã¯¯  Q1 ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨ ¯®àï¤ª  4.

�î¡ ï á®¡áâ¢¥­­ ï ¯®¤£àã¯¯  ¨§ Q1 ®â«¨ç­  ®â á¢®¥£® ­®à¬ «¨§ â®à  ¨

«¨¡® ª®­¥ç­  ¨ ï¢«ï¥âáï æ¨ª«¨ç¥áª®© ¨«¨ ®¡®¡é¥­­®© ª¢ â¥à­¨®­­®© £àã¯¯®©,

«¨¡® á®¢¯ ¤ ¥â á N .

�â¢¥à¦¤¥­¨¥. �ãáâì G | £àã¯¯ , ¢ ª®â®à®© «î¡ë¥ ¤¢  í«¥¬¥­â  x; y á®

á¢®©áâ¢®¬ xy = x�1 ¯®à®¦¤ îâ 2-¯®¤£àã¯¯ã á ¥¤¨­áâ¢¥­­®© ¨­¢®«îæ¨¥©. �î-

¡ ï 2-£àã¯¯  á ¥¤¨­áâ¢¥­­®© ¨­¢®«îæ¨¥© «¨¡® ï¢«ï¥âáï «®ª «ì­® æ¨ª«¨ç¥áª®©,

«¨¡® ®¡®¡é¥­­®© £àã¯¯®© ª¢ â¥à­¨®­®¢ (¢®§¬®¦­®, ¡¥áª®­¥ç­®©).

�á«¨ ¢ G ­¥â ­¥âà¨¢¨ «ì­ëå 2-í«¥¬¥­â®¢, â® ¤®ª §ë¢ âì ­¥ç¥£®. � ¯à®â¨¢-

­®¬ á«ãç ¥ G ®¡« ¤ ¥â ¥¤¨­áâ¢¥­­®© ¨­¢®«îæ¨¥© z. �á«¨ ¢ G ­¥â í«¥¬¥­â®¢

¯®àï¤ª  4, â® á­®¢  ¤®ª §ë¢ âì ­¥ç¥£®. �ãáâì ¢ G ¥áâì í«¥¬¥­â ¯®àï¤ª  4. � ¬

¯®âà¥¡ã¥âáï á«¥¤ãîé ï «¥¬¬ .

�¥¬¬  4. �á«¨ y | í«¥¬¥­â ¯®àï¤ª  4 ¨§ G, â® 2-í«¥¬¥­âë ¨§ CG(y)

á®áâ ¢«ïîâ «®ª «ì­® æ¨ª«¨ç¥áªãî ¯®¤£àã¯¯ã C0,   ¢ NG(hyi) 2-í«¥¬¥­âë á®-

áâ ¢«ïîâ ­®à¬ «ì­ãî 2-¯®¤£àã¯¯ã, ¢ ª®â®à®© C0 | ¯®¤£àã¯¯  ¨­¤¥ªá  � 2.

C �ãáâì C0 | ¬ ªá¨¬ «ì­ ï, ­®à¬ «ì­ ï «®ª «ì­® æ¨ª«¨ç¥áª ï 2-

¯®¤£àã¯¯  ¨§ C = CG(y). �á«¨ ­¥ ¢á¥ 2-í«¥¬¥­âë ¨§ C á®¤¥à¦ âáï ¢ C0, â®

­ ©¤¥âáï â ª®© 2-í«¥¬¥­â t ¨§ C, çâ® tC0 | ¨­¢®«îæ¨ï ¢ C=C0.

�á«¨ tcC0 6= tC0 ¤«ï ­¥ª®â®à®£® í«¥¬¥­â  c 2 C, â® ht; tc; yi| ª®­¥ç­ ï ­¥

«®ª «ì­® æ¨ª«¨ç¥áª ï 2-£àã¯¯  á ®¤­®© ¨­¢®«îæ¨¥© ¨ æ¥­âà «ì­®© ¯®¤£àã¯¯®©

¯®àï¤ª  4. �®áª®«ìªã ¢ ª®­¥ç­®© ®¡®¡é¥­­®© £àã¯¯¥ ª¢ â¥à­¨®­®¢ ¯®àï¤®ª
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æ¥­âà  à ¢¥­ ¤¢ã¬, íâ  á¨âã æ¨ï ­¥¢®§¬®¦­  ¨ ht; C0i| ­®à¬ «ì­ ï «®ª «ì­®

ª®­¥ç­ ï ¯®¤£àã¯¯  ¨§ C, á®¤¥à¦ é ï æ¥­âà «ì­ãî ¯®¤£àã¯¯ã ¯®àï¤ª  4. �®-

íâ®¬ã ht; C0i | «®ª «ì­® æ¨ª«¨ç¥áª ï £àã¯¯ , ¢®¯à¥ª¨ ¢ë¡®àã ¯®¤£àã¯¯ë C0.

�â ª C0 á®¤¥à¦¨â ¢á¥ 2-í«¥¬¥­âë ¨§ C. �á«¨ N = NG(hyi 6= C, â® ­ ©¤¥âáï

í«¥¬¥­â x ¨§ N n C, çâ® yx = y�1, ¯®íâ®¬ã x | 2-í«¥¬¥­â.

�á«¨ x ­¥ æ¥­âà «¨§ã¥â C=C0, â® ¯®áª®«ìªã hC0; xi | ­¥ ¡¥«¥¢  £àã¯¯ ,

®­  ®¡®¡é¥­­ ï £àã¯¯  ª¢ â¥à­¨®­®¢, x í«¥¬¥­â ¯®àï¤ª  4 ¨ x2 æ¥­âà «¨-

§ã¥â C0. �ãáâì cC=C0 6= cxC=C0, ¤«ï ­¥ª®â®à®£® í«¥¬¥­â  c 2 C. �®£¤ 

(c�1cx)x = (c�1cx)�1, c�1cx 62 C0 ¨ ¯®íâ®¬ã ­¥ ï¢«ï¥âáï 2-í«¥¬¥­â®¬. �â®

¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �®íâ®¬ã x æ¥­âà «¨§ã¥â C=C0 ¨ hC0; xi ®¡®¡é¥­­ ï
£àã¯¯  ª¢ â¥à­¨®­®¢, ­®à¬ «ì­ ï ¢ N .

�á«¨ ¢ G ­¥â í«¥¬¥­â®¢ ¯®àï¤ª  8, â® «î¡ë¥ ¤¢  í«¥¬¥­â  ¯®àï¤ª  4 ¨§

G ¯¥à¥áâ ­®¢®ç­ë ¯® ¬®¤ã«î hzi ¨ ¯®íâ®¬ã ¢á¥ 2-í«¥¬¥­âë ¯®à®¦¤ îâ £àã¯¯ã

ª¢ â¥à­¨®­®¢ ¯®àï¤ª  8.

�ãáâì x | í«¥¬¥­â ¨§ G ¯®àï¤ª  8 ¨ y = x2. �®£¤  y2 = z. �®«®¦¨¬

C = CG(y), N = NG(hyi). �® «¥¬¬¥ 4 ¢ C áãé¥áâ¢ã¥â «®ª «ì­® æ¨ª«¨ç¥á-

ª ï ­®à¬ «ì­ ï á¨«®¢áª ï 2-¯®¤£àã¯¯  C0,   ¢ N | ­®à¬ «ì­ ï á¨«®¢áª ï

2-¯®¤£àã¯¯  N0 ¨ jN0 : C0j � 2. �á«¨ N0 6= C0, â® N0 | ®¡®¡é¥­­ ï £àã¯¯ 

ª¢ â¥à­¨®­®¢ (¢®§¬®¦­®, ¡¥áª®­¥ç­ ï). �á«¨ ¢á¥ í«¥¬¥­âë ¯®àï¤ª  4 ¨§ G á®-

¤¥à¦ âáï ¢ N , â® ¢ á«ãç ¥ N = C ¯®¤£àã¯¯  C á®¢¯ ¤ ¥â á G,   ¢ á«ãç ¥ N 6= C

¯®¤£àã¯¯  N0 ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨ ¯®àï¤ª  4 ¨, á«¥¤®¢ â¥«ì­®, ­®à¬ «ì­ 

¢ G. �® â®£¤  hyiG ¨ N = G.

�®íâ®¬ã ¯ãáâì áãé¥áâ¢ã¥â í«¥¬¥­â t ¯®àï¤ª  4 ¨§ G, ª®â®àë© ­¥ á®¤¥à¦¨â-

áï ¢ N . �®¤£àã¯¯  hy; xi | ®¡®¡é¥­­ ï £àã¯¯  ª¢ â¥à­¨®­®¢ ¨ yt | í«¥¬¥­â,

¯®àï¤®ª ª®â®à®£® ¡®«ìè¥ ç¥âëà¥å. �ãáâì z = (yt)2
s

| í«¥¬¥­â ¯®àï¤ª  8.

�®£¤  hx; ri ­®à¬ «¨§ã¥â H = hy; r2i ¨ xH; rH | ¨­¢®«îæ¨ï ¢ hx; ri=H. � -

ª¨¬ ®¡à §®¬ hx; ri | ª®­¥ç­ ï 2-¯®¤£àã¯¯  ¨§ G á®¤¥à¦ é ï ¤¢¥ à §«¨ç­ë¥

æ¨ª«¨ç¥áª¨¥ ¯®¤£àã¯¯ë ¯®àï¤ª  8. �â® ­¥¢®§¬®¦­®. B

�¥®à¥¬  2. �ãáâì G | ­¥âà¨¢¨ «ì­ ï f2; 3g-£àã¯¯  à¥£ã«ïà­ëå  ¢â®-

¬®àä¨§¬®¢  ¡¥«¥¢®© £àã¯¯ë. �á«¨ G ª®­¥ç­ , â® ¢¥à­® ®¤­® ¨§ á«¥¤ãîé¨å

ãâ¢¥à¦¤¥­¨©:

(1) G | æ¨ª«¨ç¥áª ï £àã¯¯ ;

(2) G = hx; yjx3
t

= y2
s

= 1; y�1xy = x�1i ¤«ï ­¥ª®â®àëå ­ âãà «ì­ëå

ç¨á¥« t ¨ s, s � 2;

(3) G = hx; yjx2
s
3
t

= y4 = 1; y2 = x2
s�1

3
t

; xy = x�1i ¤«ï ­¥ª®â®àëå

­ âãà «ì­ëå ç¨á¥« t ¨ s, s � 2;

(4) G = hx; y; zjx4 = z3
t

= 1; x2 = y2; yx = y�1; xz = y; yz = xy�1i,
t | ­ âãà «ì­®¥ ç¨á«®; ¤àã£¨¬¨ á«®¢ ¬¨, G | à áè¨à¥­¨¥ £àã¯¯ë ª¢ â¥à-

­¨®­®¢ Q ¯®àï¤ª  8 ¯®áà¥¤áâ¢®¬ æ¨ª«¨ç¥áª®© 3-£àã¯¯ë, ¨­¤ãæ¨àãîé¥© ¢ Q
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­¥âà¨¢¨ «ì­ë©  ¢â®¬®àä¨§¬;

(5)G = hx; y; z; vi, £¤¥ hx; y; zi| £àã¯¯  â¨¯  3, v2 = x2, zv = z�1, xv = y�1,

yv = x�1;

(6) G ¨§®¬®àä­  SL2(5);

(7) G á®¤¥à¦¨â ¯®¤£àã¯¯ã ¨­¤¥ªá  2, ¨§®¬®àä­ãî SL2(5), ¨ á¨«®¢áª ï

2-¯®¤£àã¯¯  ¨§ G | ®¡®¡é¥­­ ï £àã¯¯  ª¢ â¥à­¨®­®¢.

�á«¨ G ¡¥áª®­¥ç­ , â® ¯®¤£àã¯¯  ¨§ G ¯®à®¦¤¥­­ ï ¢á¥¬¨ í«¥¬¥­â ¬¨

¯®àï¤ª  3, ï¢«ï¥âáï æ¨ª«¨ç¥áª®©, ¨ ¢¥à­® ®¤­® ¨§ á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©:

(8) G | à áè¨à¥­¨¥ «®ª «ì­® æ¨ª«¨ç¥áª®© 2-£àã¯¯ë ¨«¨ (¢®§¬®¦­®, ¡¥á-

ª®­¥ç­®©) ®¡®¡é¥­­®© £àã¯¯ë ª¢ â¥à­¨®­®¢ ¯®áà¥¤áâ¢®¬ 3-£àã¯¯ë á ¥¤¨­áâ-

¢¥­­®© ¯®¤£àã¯¯®© ¯®àï¤ª  3;

(9) G | ¯®«ã¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ «®ª «ì­® æ¨ª«¨ç¥áª®© 3-¯®¤£àã¯¯ë R

¨ æ¨ª«¨ç¥áª®© 2-¯®¤£àã¯¯ë hsi ¯®àï¤ª  � 4, rs = r�1 ¤«ï «î¡®£® í«¥¬¥­â 

r 2 R;

(10) G = (U � V )hti, £¤¥ U | «®ª «ì­® æ¨ª«¨ç¥áª ï 2-£àã¯¯  ¨«¨ ª®­¥ç-

­ ï £àã¯¯  ª¢ â¥à­¨®­®¢, V | «®ª «ì­® æ¨ª«¨ç¥áª ï 3-£àã¯¯ , t | í«¥¬¥­â

¯®àï¤ª  4, Uhti | (¢®§¬®¦­®, ¡¥áª®­¥ç­ ï) ®¡®¡é¥­­ ï £àã¯¯  ª¢ â¥à­¨®­®¢

¨ vt = v�1 ¤«ï «î¡®£® í«¥¬¥­â  v 2 V .

�â¬¥â¨¬, çâ® â®«ìª® ¢ á«ãç ¥ 8 £àã¯¯  G ¬®¦¥â ­¥ ¡ëâì «®ª «ì­® ª®­¥ç-

­®© (á¬. ¯à¨¬¥àë 1 ¨ 2 ¢ [3]).

C �á«¨ G ª®­¥ç­ , â® ¥ñ áâà®¥­¨¥ ¨§¢¥áâ­® (á¬. [4, 5, 6]). �ãáâì G |

¡¥áª®­¥ç­  ¨ A-¯®¤£àã¯¯  ¨§ G, ¯®à®¦¤¥­­ ï ¢á¥¬¨ í«¥¬¥­â ¬¨ ¯®àï¤ª  3. �®

[2] A | æ¨ª«¨ç¥áª ï £àã¯¯  ¨«¨ £àã¯¯  ¨§®¬®àä­ ï ®¤­®© ¨§ £àã¯¯ SL2(3),

SL2(5). �® ¢â®à®¬ á«ãç ¥ CG(�) � A ¨ ¯®íâ®¬ã G = NG(A) | ª®­¥ç­ ï

£àã¯¯ . �â ª A | æ¨ª«¨ç¥áª ï £àã¯¯ .

�á«¨ jAj = 1, â® G | 2-£àã¯¯  ¨ ¯® ¯à¥¤«®¦¥­¨î 1 G ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î 8. �®íâ®¬ã ¯ãáâì jAj = 3. �á«¨ B = CG(A), â® ¯® ¯à¥¤«®¦¥­¨î 1 �

ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¯ã­ªâ  8 ¨ ¯à¨ B = G â¥®à¥¬  ¤®ª § ­ .

�á«¨ B 6= G, â® jG : Bj = 2. �ãáâì S = O2(G). �®£¤  G=S | à áè¨à¥­¨¥ 3-

£àã¯¯ë R á ¯®¬®éìî ¯®¤£àã¯¯ë hai ¯®àï¤ª  2, ¨­¤ãæ¨àãîé¥© ¢ R à¥£ã«ïà­ãî

£àã¯¯ã  ¢â®¬®àä¨§¬®¢. �ãáâì r 2 R. �®£¤  [r; a] = ara | í«¥¬¥­â ­¥ç¥â­®£®

¯®àï¤ª  ¨ ¯®íâ®¬ã ¢ har; ai áãé¥áâ¢ã¥â ¨­¢®«îæ¨ï i, ¤«ï ª®â®à®© ari = a. �â®

®§­ ç ¥â, çâ® ri = a, r = ai ¨ ra = r�1. � ª¨¬ ®¡à §®¬, a ¨­¢¥àâ¨àã¥â ª ¦-

¤ë© í«¥¬¥­â ¨§ R, ¯®íâ®¬ã R  ¡¥«¥¢  ¨, á«¥¤®¢ â¥«ì­®, «®ª «ì­® æ¨ª«¨ç¥áª ï.

�ãáâì t | í«¥¬¥­â ¨§ G nB. �®£¤  rt = r�1 ¤«ï «î¡®£® í«¥¬¥­â  r 2 R.

�ãáâì R | á¨«®¢áª ï 3-¯®¤£àã¯¯  ¨§ G, â®£¤  R «®ª «ì­® æ¨ª«¨ç¥áª ï

£àã¯¯  ¨ SR = B. �¥©áâ¢¨â¥«ì­®, ¥á«¨ SR 6= B, â® SR=S | á®¡áâ¢¥­­ ï

¯®¤£àã¯¯  ¢ «®ª «ì­® æ¨ª«¨ç¥áª®© 3-£àã¯¯¥ B=S. �®íâ®¬ã R = hri | æ¨ª-

«¨ç¥áª ï £àã¯¯  ª®­¥ç­®£® ¯®àï¤ª  3a ¨ áãé¥áâ¢ã¥â í«¥¬¥­â r1 ¢ B ¯®àï¤ª 

3a+1.
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�®áª®«ìªã B «®ª «ì­® ª®­¥ç­ , ¯®¤£àã¯¯  hr1i á®¯àï¦¥­  á ¯®¤£àã¯¯®© ¨§
hri ¢ ª®­¥ç­®© £àã¯¯¥ hr; r1i ¨ ¬ë ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥. �á«¨ R ­¥ æ¥­âà -

«¨§ã¥â S, â® S | £àã¯¯  ª¢ â¥à­¨®­®¢ ¯®àï¤ª  8,   R | æ¨ª«¨ç¥áª ï £àã¯¯ .

� íâ®¬ á«ãç ¥ G| ª®­¥ç­ ï £àã¯¯  ¢®¯à¥ª¨ ¯à¥¤¯®«®¦¥­¨î. �á«¨ ¦¥ R æ¥­â-

à «¨§ã¥â S, â® R | ­®à¬ «ì­ ï ¯®¤£àã¯¯  ¢ G ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï ¯ã­ªâ 
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