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OIIEPATOPBI CYIIEPTIO3UIINN B IPOCTPAHCTBAX JIEBETA
1 TU®PEPEHIIMPYEMOCTD
KBA3VAUINTUBHBIX OYHKIINN MHOXKECTBA

C. K. BogonbsinoB, A. JI. YxJjioB

B pabore npuBoguTcs onmcaHue OnepaTopoB CyNepIio3uluy B npocTrpaHcTrBax Jlebera. B Tom ciy-
Jae, KOrJa ONepaTop MOHHKAET CYMMHUDPYEMOCTh, CYIIECTBEHHYIO DOJIb IPHU OMUCAHHU TAKUX OIEPa-
TOPOB UIPAIOT CBONCTBA KBA3UALIUTUBHBIX (DYHKIUMIA, OIIPE/IEJIEHHBIX HA OTKPBITHIX MTOAMHOXKECTBAX
OIHOPOIHBIX MPOCTPAHCTB. B mepBoil yacTu paboThl JTOKA3aHA OLEHKA [JIs MHTErpajia OT BepXHEH
MPOU3BOIHON (DYHKIIMM MHOXKECTBA, U3 KOTOPOH BBITEKAET MPOCTOE JIOKA3ATEIBCTBO Teopembl Jlebera
o auddepeHnIrpPyeMOCTH UHTErpaJia U CyIIeCTBOBAHUE IJIOTHOCTU MOYTH BCloay. llosiyueHsbl Takike

NPUJIOXKEHUA K M'€OMETPUYECKON T€OPUU MepbI.

BBeaenue

0.1. B paborax [1,2] ecTrecTBeHHBIM 00PAa30M BO3HUKAET (KBa3W)aJAUTHBHAS (DYHK-
orug MHO2KECTBa, OIpenesIeHHad Ha OTKPBITHIX ITOAMHOXKECTBAaX €BKJINJ0BA HITPOCTPAHCT-
Ba R"”. Hamomuuwm [2], uyTo meorpunarenbHas yHkims P, onpejeseHHas HA OTKPHITHIX
moaMuOXKecTBax obmactn D C R w mpuHUMAONAs KOHEUHBIE 3HAYEHWSI, HA3BIBAETCSI
(Koneuno-)keasuaddumuehot (adoumueHow), ecu JjIst BCIKOTO HAGOPa OTKPBITHIX TOTAP-
HO Henepecekatomuxca Maoxects U; C U, 1 =1,... ,k, U C D — 0TKpBITOE MHOXKECTBO,
BBITTOJTHACTCA HEPABEHCTBO

k k
(coornomenue Y, ®(U;) = CP(U Ui> < ®(U); B pabore [2] umeercst onedyarka: MpaBoe
i=1 i=1

HEPABEHCTBO B 9TOM COOTHOLIeHMH orcyrcrByer). Takum obpaszom, (KBa3u)aquTuBHAS
(byHKIMS MHOXKECTBA MOHOTOHHA TI0 OIIPEJICJICHUIO.

B [1, 2] (kBa3u)amauruBHas GyHKIus MHOXKeCTBA I dEPeHIUPYeTCst U UCIOJIb3YeTCsI
(dbopMysia BOCCTAHOBIJIEHUS €e abCOIIOTHO HENPEPLIBHOM YacTu:

1) B mourm kaxzoii (B sieberopckom cmbicie) touke x € D cymecrByer KoHedHasi
[IPOU3BOIHAS

o)
2B ®

Pabora BbImosiHeHA Npu 4acTUIHON nojaepxkke Poccuiickoro donma GyHAaMEHTAIBHBIX HUCCIEI0BA-

uwii, CoBera rocy1apCTBEHHOM MOIIEPXKKHU BeAy X HaydHbix mKoys u INTAS-10170.

(© 2002 Bomonssinos C. K., ¥Yxjos A. JI.
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(3mech B, (z) — OTKPBITHIN map ¢ MEHTPOM B T pajmyca r, a CUMBOI | - | obo3HaTaeT Mepy
Jlebera na R™);
2) gurst moboro orkperToro muoxecrBa U C D cupaBeJyiaBO HEPABEHCTBO

/ ' (z) dz < B(U). @)
U

B esksmoBom npocrpancrse coiicra (1) u (2) mokazausl B [3, Teopema 1, c. 209]. Oue-
BUJIHO, PACCyKeHus u3 [3] MoryT 6bITh 0OOOIIEHBI Ha METPHYECKUE CTPYKTYPBI bosee 06-
nieil TpupoIBl, 9TO, B 4ACTHOCTH, OnpasasiBaeT npumenenne dhopmya (1) u (2) ma rpynmax
Kapuo B pabore aBropos [2]. Huzke mbr BoiBomum dopmyssl (1) u (2) u3 Gomee obiux
pe3yabTaToB (CM. CJIegcTBHE 5).

B macrogmieit pabore MBI HCCIeayeM CBOKCTBA OOODIIEHHON KBAa3UAIINTHBHON (DyHK-
I[N, OTIPEIEJIEHHON HA OTKPBHITHIX MMOAMHOXKeCTBaX objactr [ OZHOPOIHOTO METPUIECKOTO
npocTpaHcTBa X (TOYHOE ONpeIesIeHre OJHOPOHOTO METPUIECKOrO MIPOCTPAHCTBA CM. HH-
XKe), J0Ka3biBaeM Jyis Hee anajoru cBoicTs (1) m (2). OcobernocTh HAIIETO MOAXOAA CO-
CTOMT B TOM, YTO CBOHCTBO (1) MBI mOIy9YaeM Kak CJIEJICTBHE aHAJIOTa HepaBeHCTBa (2) s
BepxHeit mpousBoanoit (Teopembr 1 u 3). B wacTHOCTH, MBI IOy YaeM yCJIOBHS HA MepPY, IPU
KOTOPBIX MOXKHO TOJIy9UTh T€ WjiM uHble 0000menus csoiicrs (1) m (2) ma mpocrpancTBax
OJHOPOJHOTO TUMNA. B KavecTBe CJeJCTBUSA MBI MOJIYYAEM MPOCTOE JOKA3ATEIHCTBO KJIAC-
cuueckoii reopembr JleGera o nuddepennuposanun uarerpasa (creacrsue 3). Bo Bropoii
9acTu paboOThl MBI IPUMEHsIEM IIOJIyIeHHbIE PE3yJIbTATHl K TeOPUH IpocTpaHcTs Jlebera u
reOMeTPUYECKON TeOPUHU MEPHI.

0.2. HamomuwuMm ompejiesieHne TPOCTPAHCTBA OAHOPOAHOrO Tuia. Keazumempurol Ha
X, rme X — HEKOTOpOe HeIyCcTOe MHOXKECTBO, HA3bIBAETCsS HeoTpunareabHas GyHkiums d :
X x X — Rt U {0}, obnagaomast ciepyommmu ceoiicteamu 1-3.

CsoiictBo 1. /lna Bcex Touek x,y € X papencrso d(x,y) = 0 BbmosHsI€TCS TOTAA M
TOJIBKO TOTJA, KOLJA T = Y.

CsoiicrBo 2. CymiecTByeT 1OJOXKHUTEIbHAS TTOCTOSHHAS ¢ TAKAS, YTO HEPABEHCTBO
d(z,y) < cd(y,z) BbIIOIHEHO /1T BCEX TOYEK T M Y, HPUHAIEKAIIHX X.

CsotictBo 3. CyiecTByer MOJOXHUTEIbHAS MOCTOSIHHAS ¢ TAKAsl, 9TO HEPABEHCTBO
d(z,y) < c(d(z,z) + d(y,z)) BbmONHEHO JJIST BCEX TOYEK L, Y W Z, NPHHAJJIEKAIIAX X
(0b600IIIEHHOE HEPABEHCTBO TPEYTOTHHHUKA,).

Mpsr npegnosiaraem Takke, 9To GpyHKIH d TOJIYHEITPEPHIBHA CBEPXY II0 MEPBOIi mepe-
MenHo#. U3 sToro TpebGoBanus BoiTekaet, uro mapsl Bs(z) = {y € X : d(y,z) < 0}, 0 < 4,
orkpeiThl. (B panbreiiniem Mbr Takxke Gyaem ucnonb3osarh oboznadenue rad(Bs(x)) = 9.)
Takum 06pazoM, Juis Kaxk 1ol Touky & € X onpesesena cucrema { Bs () }s OTKPBITHIX MIAPOB
B X, mapamMerpu3oBaHHbIX 0, 0 < § < 00. OUeBMHO, YTO MAPH MOHOTOHHBI 110 BKJIIOYEHUIO
OTHOCHTENHHO 0, T. €., By, (z) C Bs,(x) npu 61 < 02, 1 00JIAQTAIOT C60UCMEOM NOZAOUEHUA

[4]:
CaoticrBo 4. CymecrByer nocrostaaast ¢ > 0 Takast, 90
Bs(z) N Bs(y) # @ = Bs(y) C Be,s()

Jtst Beex x,y u 0 > 0.
MpbI npemosiaraeM, 9To Ha X OompejiesieHa 60pesieBCKas Mepa, i, COTJIACOBAHHAS C MeT-
PUKOIi d B CIELyIOIEM CMBICTIE:
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CsorictBo 5. /I moboro mapa Bs(z) C X somonneno 0 < p(Bs(r)) < oo, u
CYIECTBYET MOCTOSHHAS Co > ) Takas, 4To

1(Beys(7)) < cop(Bs(x))

aisg Beex x € X m d > 0.

Opnopoguoe mpocrpanctso (X, d, 1) COCTOMT M3 KBa3MMETPHYECKOTO ITPOCTPAHCTBA
(X,d) u ompenenenHoii Ha HEM GOPEIEBCKOIl MepHI i, KOTOpBIE OBJIAIAIOT ONHUCAHHBIMA
BBIIIIE CBOMCTBAMH 1-5.

HamomunwMm, aro muOX)ecTBO F C X HA3BIBAETCS £-cembio ajia MHOXKecTBa A C X, £ —
HEKOTOPOE TOJIOKUTEHLHOE YHUCI0, eCIU JJIst JII000i Touku x € A Haligercst XoTst OBl O/IHA,
trouka y € E rakas, aro d(z,y) < e.

Jlemma 1. Ilycrs (X, d, ) — oxmopommoe mpoctpancrBo. Torma B KaxKaoMm mape
B C X cymecrByer kone4dHas e-cerb st jiroboro € > 0.

< Paccmorpum npousBonbHbiil map B(z, ), conepxamuiica B X. Ilokaxkem, aro s
JM000r0 HATYPAJIBHOTO Yucia k cymecTByer He bosee deM m (1M 3aBUCUT TOJBLKO OT YUCIIA
k ¥ TOCTOSHHBIX €] W C3) TOYEK I1,..., T, COmepKammxca B mape B(x,r), Takux, 9To
d(zi,x;) > 55 upn i # j. Ouxcupyem uncio k, rorna B(z;, 57) C B(z,2cr) u

T T . .
B(ai grvra) VB i) =@ wom i

r7ie ¢ — TMOCTOSHHAS U3 000OIEHHOTO HEepaBeHCTBA TpeyroibHuKa. ClenoBaresibHo,

(B, 20r) > 3 (B (e s ) )

=1

C apyroii croponst, B(x;,2cr) D B(x,r), n Tak KaK CBOHCTBO 5 9KBUBAJEHTHO HEPABEHCTBY

u(B(a.1) < esn (B 55)).

rJie ¢3 — HEKOTOpas MOCTOSHHAS, 3aBUCAIIAS OT ¢, ¢1 U ¢y [4], TO

p(B(a,7)) < p(Bls 2e1) < &20(B(71, 3075 ) ).

s TOCJIEAHUX HEPABEHCTB MOJIy1aeM, ITO

i r m
cap(B(,1)) > p(Blw,20r)) > 3 w(B (2, 5775 ) ) > T Ba@))
=1
U, 3HAYUT, M < c§+3. Takum 06pa3zoM, MHOXKECTBO {Z1,...,T;,} 00pa3yerT KOHEUHYIO

27 F_cers nyrar mapa B(z,7), 1 TaK KaK HATYPaJbHOE YMCIO k GBIIO BHIGPAHO TIPOU3BOJILHO,
TO JIEMMa JOKa3aHa. >

Cuexcrue 1. Ilomroe omroposuoe npocrpanctso (X, d, (1) JOKAIBHO KOMIIAKTHO.

B panbmeiimem, mbl ipeamonaraem, 9o (X, d) — moaHoe METPUIECKOe TPOCTPAHCTEO.
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[TpuMepsl OJHOPOJHBIX IMPOCTPAHCTB CM., HampuMep, B [4]. B gacTHOCTH, TAaKOBBIMHU
SIBJITFOTCSL €BKJIMIOBBI TPOCTPAHCTBA, rpynnsl KapHo u npocrpancTa Kaprao — Kapareo-
nmopu. Hanomuum, aro epynnot Kapro [5], Ha3biBaeTcsl CBI3HAS OJHOCBA3HAS HUJIBIOTEHT-
vag rpymma Jlu G, anrebpa Jlu G koropoit passaraercss B npsamMyio cymmy Vi @ -+ @ Vi,
dimV; > 2, BekTopHBIX mpocTpaHcTB TakuX, 9r0 [Vi, Vi] = Vipp a1l < k< m —1u
Vi, Vin] = {0}.

1. (I)YHKI_[I/II/I MHO2KECTBAa Ha CUCTEME€ OTKPBITBIX IMOAMHOXKECTB

[Iycre D — orkpbiToe MHOXKecTBO B X. Orobpaxkenue P, ompeieseHHoe Ha OT-
KPBITBIX TTOAMHO2KECTBAX U3 D " IPpUHUMAIOIIEEe HEOTPUIIATECJIbHBIC 3HAYCHU A, HA3hIBACTCA
q-k6asuaddumueroti PYHKIHMEH MHOXKECTBA, rae q > 1 — (PUKCHpPOBAHHOE YUCTIO, €CIU

1) Husa Beakoii roukun x € D cymecrsyer 0, 0 < § < dist(z,0D), Takoe, aro 0 <
®(Bs(z)) < oo

2) ®(Uy) < ®(Us), ecsiim Uy C Uy C D — OTKPBIThIE MHOXKECTBA;

1) S 2), 1 2 ;

3) murst Besikoro komewnoro wabopa U; C U, 1 =1,... , k, nomapHo Henepecekaromumxcst

OTKPBITBIX MHOXKeCTB, U C DD — OTKpPBITOE MHOXKECTBO,

B nanpreiimem, 1-kBa3zua uTuBHy0 (GyHKIMIO Oy/1eM TaKKe Ha3bIBATh KBA3UAIUTUBHOM
dynkpeii.

1.1. Ilycrs @ — meorpunarenvHasg GbYHKIHU, ONpeJeIeHHAS HA OTKPBITHIX ITOJIMHO-
xectBax obmactu D. Ompenenum (0THOCHTENBHYIO) MakcuMaTbiyio dbynkmmo ME mo
MIPABUILY

D)= sup 2D
(M) = 28 u(B)

rIe BEepXHsds IPaHb Oepercs mo BCceM OTKPBITHIM mapam B C D, comepKaiiuM TO9KY I .

ITpenroxxenne 1. Ilycts ® — HeoTpuiiaTespHas (OyHKIHs, ONMPEIETEHHAS HA OTKPbI-
ThIX oaMHOKecTBax obaactu D C X. Torma

a) Makcumagbaas pyaxmus M, q? HOJIyHEIPEPBIBHA, CHU3Y;

b) muoxecrso Ey = {z € D : (M§)(z) > t} orxprrro;

¢) MY — 6openesckas pynxmmns.

< a) Ourcupyem ToUKy o € D. Ilo onpeaenennio MaKCUMAaIbHOM (DYHKIMA JJIsT TPO-

u3BOJILHOTO € > () maiimerca map B, C D, conepxkaliuii TOYKY L(, TAKOH, ITO BHITOJTHEHDI
HEPaBEHCTBA,

i

(B:)
n(B:)

Paccmorpum nocienosaresbHOCTD ToUeK {Z, }5°, cxousiyocs K Touke To. Bribepem Hary-
panbHOe unciio N Tak, 9To mpu Bcex n > N BoImonHsgercda x, € B.. Torma

< (Mg) (20) <

®(B.)
1(Be)

(Mq’?)(xn) > > (Mql?)(xo) — €.
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Tax Kak ¢ BBIOPAHO IPOU3BOILHO, momydaeM liminf(ME)(z,) > (ME)(zo).
n—>00

b) Tak Kak MakCUMAaJIbHAS (DYHKIHS (Mq’)D ) () mosyHenpepbIBHA CHU3Y, TO MHOYKECTBO
E, orkpsiToe.

¢) Tak kak MHEOKecTBO E; OTKpBITO M1t mmoboro t > 0, To MY — Gopenesckas bynk-
uud. >

ITpenmoxxenme 2. Ilycty ® — g-kBa3zuagauTuBHast (DYHKIHS, ONPEICICHHAS HA OT-
KPBITBIX TMOAMHOXecCTBax obsacru D omropomroro mpocrpanctBa X. Torma mas aro6oro
oTkpbiToro maoxectsa U C D wu jgto6oro t > 0

p({zeU: (MY)(z) >1t}) < q%zd)(U).

g moka3aTesbCTBa MPEJIOXKEHUs 2 HaM TOTPEOYeTCs CIIe Iy ot

Jlemma 2 [4, c. 12]. ITycre E — uzmepumoe noavuoxectBo X, sipsitomieecs: 00ben-
HenneM KOHedHOro Habopa mapos {B;}. Torma MoxHO BEIOpATh KOHEIHBIH HAOOD HOIIAPHO
Herepecekalonuxcsi mapos By, ... , By, n3 {B;} rakoii, 4ro

m

> " u(Br) > 3 u(E).
k=1

[Tepeiimem K J10KA3aTEIBCTBY MPEIJIOKEHUS 2.
<1 Onpenenum MEOXKECTBO Fy caempyromum obpas3om:

E,={zeU: (M)(z)>t},

u mycTh F Oymer mpon3BOJbHOE KOMIIAKTHOE IIOJAMHOXKECTBO MHOXKecTBa F;. 3 ompenere-
HUH MaKCUMAJILHON (DyHKIIN Mg u MHOXKeCTBa F; cienyer, aro jyia jiioboit Toukm x € F
cymecTtByet map B* C U, comepXRamuii TOUKY &, TAKO#, ITO

®(B) > tu(B"). (3)

Tak xak £ € B”, T0 B cijly KOMIAKTHOCTH MHOXECTBa, F/ MbI MOXKeM BBIOPATH KOHEUHYIO
COBOKYITHOCTh TAKWUX IIapOB, MOKPBIBAIOINLyI0 MHOXKecTBO F. Ilo siemMe 2 M3 Hee MOXKHO
BeIOpaTh KOHEYHBIN HAOOP MOMAPHO PA3JIMYIHBIX MApoB By, ... , B, Takoi, 4ro

m

W(E) < e3> u(By). (4)

k=1
[Tpumensist kK kKaxkgoMy u3 mapos By (3) u 3arem (4), npuxoauM K HEPABEHCTBAM
> @(By) >t u(By) > tey ' u(E).
k k=1
Ucnonbzys ouenky Y ®(By) < q®(U), umeem p(E) < ¢2®(U) s npousBoabHOTO KOM-
k

makTHOrO mogMmHOoXkecTBa ' C E;. llepexoms K TOYHON BepxHell I'paHU MO BCEM TAKUM
E C E;, nonyaaem tpebyemoe yTBepxKaeHue. >
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Beprnas n HuscHAA TPOU3BOJIHBIE -KBA3UAIUTUBHON (DYHKIIUU MHOXKECTBA, 33/IaH-
HOI HA OTKPBITHIX MHOXKECTBaxX m3 D, OnpeesiaioTcs cyieayonum 06pa3om:
-/

(B (B
® (z) = lim sup (Bs) u ®'(r) = lim inf Q,
h—05<h p(Bs) h—08<h (1(Bj)

IJIe TOYHAS BEPXHASA M HUXKHsAS rpanm bepyrcs mo Bcem mapam Bs O x, Bs C D, paguyc §
KOTOPBLIX MeHbIIe h.
3amerum, 9T0 (PYHKIAS

o(B
Mo(z,r)=  sup Do)
0<§<r, t€EB;s ,u(B(;)

MOJTYHEIPEPHIBHA CHU3Y MPHU BCAKOM (hUKCHpOBAHHOM 1 > 0 s Bcex £ € D Takux, 9TO
dist(z, 0D) > 2cr (cM. 10KA3aTENIBCTBO MPEJJIOKEHNs 1), 1 3HAYUT, ABJISIETCA DOPEIEBCKOM
dyukmueii. CremoBaTerbHO, BEPXHAST TPOUIBOTHAS 6,($), KaK MpeJIeN MOCTeI0BATETHHOCTH
bopesieBckux (DYHKIWH, CXOMAMMUXCA TOTOYCIHO, CAMa dABJIgeTCsS OOpesieBCKoi dyHKIuei
([6], c. 595).

Anasnornano nposepsgercs, ato ' () Takke apagerca Gopenesckoii GyHKIEe.

Ouesuno, s J10b6oit rouku £ € U C D, rue U — OTKPBITOE MHOXKECTBO, CIIPABEIJIN-
BO TIOTOYEYHOE HEPABEHCTBO 5/(:15) < MY (z). Tlosromy HemocpeicTBEHHO U3 MPeITIOKEHHST
2 BBITEKAET

Ciencrsue 2. Ilycre ® — g-xBa3zwmaagnruBHas (QyHKIHsI, ONPEACACHHAT HA OTKDbI-
THIX MMOAMHOXKeCTBax obsacrn D omropomgHOro mpocrpanctTsa X. Torga ayast 1r060ro OTKPhI-
toro maOoXxectBa U C D u Jmoboro t > 0

W(E,) < q%q)(U), e By ={zeU:® (z) > t).

-/
B wacraoctn, Bepxusis npousBognas ® (r) < +oo s mourn Beex x € D.

Teopema 1. ITycrs (X,d, 1) — OpOCTPAHCTBO OHOPOAHOTO THITA C ONPEIEJEHHON HA
OTKPBITBIX MOAMHOXKecTBax obnactu D C X g-KBazuamuTuBHOl GyHKIHEH MHOXKecTBa P.
Tora ass r0b6oro oTkpeiToro Muoxkecrsa U C D

/5,(36) du(z) < c2q?®(U).
U

<Ipu 1 <t < oo muokectBo A ={z € U:0< El(x) < 00} HpesCTaBUMO B BUJE 00b-
e/IMHEHWsI HEellePeceKarolMXcsi M3MepuMbIx MHOXKecTB P, = {z € A : {" < 51(:5) < vy
n € Z. PaccMoTpuM mpom3BOILHOE KOMIAKTHOE MHOXKecTBO F, C P, um mna ¢urcupo-
BaHHOrO KoHeuHOoro Habopa K C 7Z pacCMOTPHUM IMPOU3BOJBHBIE OTKPBITHIE IMOMAPHO HeIle-
pecekatoruecss Maoxectsa U, D F,, U, C U, n € K. Torma, npumMenss cieactsue 2 K
muaoxkectBam F,, Bmecro E; u U, Bmecto U, mosydaeM HEPABEHCTBA

@02 Y 60> S R > 3 [T duto)

C
nekK neK 24 neK F
n
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Tax kak muoxecrsa F, C P,, n € Z, uabop K C 7Z wu uuciao t > 1 mpoW3BOJBLHEL, &
p{z e U: 6l(m) = 00}) = 0, To Teopema JOKa3aHA. [>
CuencrBue 3 (reopema Jlebera). Ilycrs X — omaopomnoe mpocrpancrso, D — 06-

aacrs B X. Ilpeamonoxum, uro ¢pyuknust f npunagiexut Ly o(D). Torma mms moarn
Bcex T € D

)| du(y) = 0. (5)

lim
§—0, B(;BCE /,L
< Ang byukmun g € Ll,loc(D) " OTKPBITOro MHOXecTBa U C D mosioxxum
o) = [ o) du(w).
U

Tak kak ® — l-xBazmaaauTrBHAA (DYHKIINA MHOXKECTBA, TO IO TeopeMe 1 /i IMPOu3BOJIb-
HOTrO OTKPBLITOr0 MHOXKEeCTBa U C D BBHINOJIHEHO HEPABEHCTBO

/ 3(y) du(y) < c2 / 9(y) du(y) = 20 (V).

U U

rie

g(z) = lim  sup

h—=03eBs,6<h I

1 .
9(y) du(y) = @ ().
o/

[ockonbky uepasencrso [(g(y) — c29(y)) du(y) < 0 BbImOSHSETCS JUIST BCEX OTKPBITHIX
U

muOoXkectB U C D, 10 g py-nouru Bcex £ € D cupaseyimBo
g(z) < cag(x). (6)

Jasee, 1ist IPOU3BOJILHOIO PAIMOHAIBHOIO YUCIIA P MON0KUM ¢, = |f(y) — p| u, npu-
MeHsisl HepaBeHCTBO (6) K GyHKIHUA g),, MOTyIaeM, ITO JJIs MOITH BCeX - € D

lim

dp
h—*omeBg,5<h w(B | )

< lim  sup

h—)()xeB(S 6<h /J, B

! - B/ (90() + Ip — F(2)]) dis(y)

< 2gp(y) + Ip = f(2)] = (1 + ) |p — f(2)]

Juig moatu Bcex x € D. Tak Kak 9HCIO p MPOU3BOIBHO U MpHU (DUKCHPOBAHHOM T MOXKET

ObITH BHIOPAHO CKOJIL yroaHo Osm3kuM K 3uauennio f(z), To pasencrso (5) mokasano. >
3aMeTuM, UTO IPUBEJIEHHOE JIOKA3ATEIHLCTBO TeopeMbl Jlebera He TpebyeT anmpokcuMa-

i cpeaanvu 1o CTeKJIOBY, ¥ MPUMEHUMO Ha IMTHPOKOM KJIACCE METPAIECKUX ITPOCTPAHCTE.
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1.2. B panbHeiineM, MbI TPEJITONIATaeM, UYTO Mepa 00JIaIaeT CIAEAYIONIUM CBOCTBOM
HEPEPHIBHOCTH:

CoiictBo 6. Oynknusa (0,00) 5 § — u(Bs(z)) menpepbiBHA 1IpH JTI060M PHKCHPO-
BaunaoM T € X.

U3 ceoiicrBa 6 BbITEKaeT, B 4acTHOCTH, 9TO Mepa cdepol paBHa Hymio: u({y € X :
d(z,y) = 0} = 0) nna moboii Toukn z € X u paguyca § > 0.

Jljist MOKa3aTeabeTBa, CICAYIONEro YTBEPXKIACHAS O MPOU3BOAHBIX ¢-KBA3UAIATHBHON
dbyurnuu Ham norpebyercss Goslee TOHKOE YTBEDKJIEHUE O MOKPBITUIX, U3BECTHOE KAK Te-
opema Buranu (cm. Huxke Teopemy 2). Cemeiicrso mapos {B,} Ha3biBaeTcst nokpumuem
Bumaau m3mepumoro mHOX)ectBa F C X, ecnm jaig Kaxjoro ¥ € F m kaxmgoro € > 0
cymecrByer map B,, € {B,} Takoit, uro z € B,, u rad(B,) < e. Ilokpbirue na3biBa-
eTCs 3aMKHYMBLM, €CIIU KaXKJIBIA MIap W3 9TOT0 CeMeHCTBa 3aMKHYT, U OMKPbLIMbIM, €CITH
KaXK/JIbI I1ap U3 3TOTO CeMerCTBa OTKPBHIT.

s xkaxxmoro mapa Bs(z) € X onpenenum ero pacwupenue B (z) cremyromum obpa-

30M. Ilosoxum
B; ((L‘) = U B’Y?

rae obbeauaenne Gepercst o BeeM mapam By, takum, aro B,NBs(z) # @ uy < 0. 3amernm,
9TO W3 CBOUCTB 4 W b CIIe/IyeT yCIoBHUe

p(B5(2)) < c2p(Bs(x))

(cMm., Hanpumep, [4, c. 8]). D10 yciioBHUe SIBJISIETCSI OCHOBHBIM B TEOPEMAaX O MOKPHITHIX THIIA
Buramu. Chopmynupyem B HyRHOI HaM dhopme Teopemy 2.8.17 u3 [7].

Buemmueit mepoii p.(F) muoxecrsa E C X Ha3bIBaeTCs TOYHAS HUXKHAS TPAHUIA MED
BCEBO3MOKHBIX M3MEPHMBIX OTHOCUTEIHHO MEPHI [4 MHOXKECTB, COJEPIKAIAX MHOXKECTBO F:

pe(E) = inf {u(G)}.

GDE
Teopema 2 [7]. IIycrs X — onnoponnoe npocrpancrso u {B,} — 3amkHyTOE I0-
kporrue Burtamm muoxecrsa EE C X. Torma cymecTByeT MOCA€ZOBATEIBHOCTH MOHNAPHO
HEMePEeCEKAaIAXCI 3aMKHYTHIX MIAPOB U3 ITOr0 cemeicrBa By, ..., By,... Tmakas, 910

Me(E\U§k> =0.

N3 teopemsr 2 ciiemyer

Jlemma 3. Ilycrs X — oanoposuoe npocrpancto u {B,} — OTKpbITOE 1IOKpBITHE
Burtann maoxkectBa E C X. Torga HaiaeTcs mMocaea0BaTETFHOCTD MOMAPHO HEMEPECEKAI0-
[MXCSE OTKPBITHIX mapoB By, By, ..., By, ..., By € {B,}, rakas, aro

:“'e(E\UBk> = 0.

[Ipumenenne 1eMMBI 3 TO3BOJIIET YTOTHUTE OMEHKY MePhI MHOXKECTBA Fy, momydenny1o
B TIPEJJIOKEHUH 2.
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ITpenmoxxenme 3. Ilycty ® — g-kBa3zuaauTuBHAsT (DYHKIHS, ONPEICICHHAS HA OT-
KPBITBIX MOoAMHOXKecTBax obmactm D € X, rme X — ogHOpOIHOE NMpOCTpaHCTBO. 'TOr-
J1a, €CJIH B KaXKJIOH TOYKE OTPAHHYEHHOrO MHOXeCTBa, F, C D BBHIIOJIHSIETCS HEPABEHCTBO
-/

& (z) >t > 0, To s sr060r0 orkpsiToro muoxkecrsa U D E, U C D, umeem

pe(B) < J0(U). (7)

< Je#icTBUTEILHO, BO3bBMEM IMPOU3BOJIBHYIO TOUKY x € F. Torna Haligercsa mociaeno-
BaTeabHOCTh mapos B C U, x € B, pajauyCbl KOTOPLIX CTPEMATCA K HYJIIO, TaKasd, 9TO
HEPABEHCTBO
o(By)

—=>t>0
€T
n(By)
sormonaeno mpu Beex k € N, Cewmeiictso |, E(U,C eN B,f) obpa3yeT MOKPBITHE MHOKECTBA
E B cvbicite Butanm, 3HAYIHT, HARIETCS MOCIEIOBATEIHHOCTD TMOTAPHO HETIEPECEKAIOTTIXCS
mapoB B, u3 sroro cemeiictsa Takasi, 910 (£ \ U, Bm) = 0.
Nmeem

pe(E) <> p(Bu),
m
u tp(By,) < ®(B),) npu kaxaom m. CiienoBaresbHo,

1 (B) <t u(Bn) < 3 ®(By) < q0(U)

7 HOTOMY HYy’KHO€ HEPaBEHCTBO YCTaHOBJIEHO. [>

Teopema 3. Ilycrs X — oqHOpPOAHOE TPOCTPAHCTBO, & (-KBA3HUAAUTHBHAS (DYHKIIUS
MHOXKecTBa ® ompemeseHa Ha OTKpBITHIX moaMHOXKecTBax obmactu D C X. Torma murs
J1060r0 OTKpBITOro MHOXKecTBa U C D

/ T () du(z) < ¢2(U). (8)

U

BAMEYAHUE 1. Amajormdmoe HepaBeHCTBO JJId HIDKHeHl mpom3Bommoin ® BmecTto
BepXHEN 3 6uu10 yCTaHOBJIEHO B [8, siemMMa 2.3] npu IPOU3BOIBHOM ¢ B IIPE/IIOIOKEHNH,
9TO ¢-KBA3UAIUTUBHAS (DYHKIUS MHOXKECTBA OIMpe/esieHa Ha OOPEIeBCKUX MOIMHOXKECT-
BaX €BKJIMIOBA mpocTpancTBa R™.

< Ipm 1 <t < oo muokectBo A = {x € U : 0 < 51(:1:) < 00} HpEeJCTABEMO B BHUJIE
obbeIuHeHNsT Hermepecekaomuxcs Maoxects P, = {x € A 1 " < 51(:1:) <t} n e Z.
PaccmorprMm mpousBosibHOE KOMIAKTHOE MHOXKECTBO F),, C P, n mis ¢pukcupoBaHHOTO KO-
megnoro Habopa K C 7Z pacCMOTPUM TPOU3BOIBLHBIE OTKPBITHIE TIONAPHO HEMEPECEeKAIOIH-
eca muoxecrsa U, D F,,, U, C D, n € K. Bo3pmem npousBosibayio Touky x € Fj,. Torna
HaliJleTcd IocaeI0BaTeIbHOCTh mapos By C U,, r € By, paJuycbl KOTOPBIX CTPeMATCA K
HYJIIO, TaKad, 9TO HEPABEHCTBO

(BY) > t"u(Bf) > 0
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BoinostHeHo npu Beex k € N Ilyers F' =, F,, n € K. O4ueBuiHO, 9TO CeMeHCTBO MapOB
xr

User (UkeN Bk) obpasyer nokpeiTre MHOX)eCTBA F B cmbicie Buramm. CremosarennHo,

HAIIETCA MOCTEI0BATEHHOCTD MOMAPHO HEMEPECEKAIOIIUXCA MApOB B, U3 3TOro ceMeiicTa

takast, 9to (F\J,, Bm) = 0. 3amernm, 910 B CHILy BHIOOPA MIAPOB CIIPABEIINBO CBOHCTBO

p(Ey \ U{Bm : B N F,, # @}) = 0 maa moboro n € K. Jlaree umeem

@U)> Y 0B =Y Y 0B (Y uBw)

meN nEK B NFn#2 n€EK  BpNF,£0
=S eulE) > Yt [T ) duta).
nekK nek F,

Tak xkak muOXecTBa F,, C P,, n € 7Z, wabop K C 7Z w auciao t > 1 mpon3BOILHBI, HEPA-
BeHCTBO (8) mokazaHo. >

Caeacreue 4. Ilycrs X — 0aHOPOAHOE IPOCTPAHCTBO, a ¢-KBA3HAJUTHBHAS (DYHK-
s MHOXKecTBa, © ompenesrena Ha OTKPBITHIX moAMHoOXKecTBax obaacru D C X. Torma minsa
moaTu Bcex ¥ € X

-/

T () < q ().
< U3 mepasencra (8) ciemyer, 94To s TpOU3BOIBHOTO 1mapa Bs C D cnpaseminBo

1
11(Bs)

/ F (2) du(z) < —oB(By).

Bs

11(Bs)

[Tepexoast B mocsIegHEM HEPABEHCTBE K HUXKHEMY mpejery npu 0 — 0 U mpuMeHsist CJIeJCT-
BUe 3, HAXOJIUM, ITO 5,(:15) < q®'(z). >

U3 reopembrt 3 u ciregcTBust 4 BHITEKAIOT CBONCTBA, (KBa3u )ayimTUBHON hyHKIMY, Onpe-
JIEJIEHHON Ha OTKPBITHIX ITOAMHOXKECTBAX OIHOPOSHOTO IPOCTPAHCTBA X, 000OIIAOIIHE CO-
oTBeTCTBYOIIME Pe3ysbTarhl u3 [3], B wacrHocTH, coorHourenust (1) u (2) npu X = R”.

Cuaexcrue 5. [Tycrs X — oanOposHOE npocTpancTso, a 1-(kBaszn)agmurusaas GyHk-
st MHOXKecTBa ® ompeneneHa Ha OTKPBITHIX moaMHOX)KecTBax obsactu D C X. Torzga
a) B IMMOYTH KaxKJoi Touke x € D cymiecTByeT KOHEUHAsT MPOU3BOIHAS

lim
6—0, Bsdx N(B(s)

b) mrst mo6oro orkpsrroro muoxkecrsa U C D crnpaBeJinBO HEpABEHCTBO
[ ¥@ duta) < 2.
U
3aMeTuM, 9TO COOTHOIIEHUE MEXKYy BEPXHEH W HUXKHEH TPOM3BOAHBIMU ¢-KBA3UA LM~

TuBHON QyHKIWH (creacTBue 4) MOXKeT ObITH JTOKA3AHO HE3aBUCHUMbBIM 00pazom. [IpuBomu-
MOe HHKe JI0Ka3aTeIbCTBO 00001aer paccyxaenus u3 [3, reopema b, c. 207; 9, c. 33-35].
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ITpenmoxxenmne 4. llycrs ® — g-kBa3zuayiuTuBHAS (DYHKIHS, OIPEACTICHHAS HA KO-
HEYHBIX 00bEIUHEHHSIX OTKPBITHIX IIapoB u3 obmactn D C X, rme X — 0QHOPOIHOE MPOCT-

pancrso. Torza 5/(:15) < ¢®'(z) st nourn Beex x € D.

< IIpencrasum muoxkectso A = {z € D : 6’(35) > q®'(z)} B Bume A = |J Ars, Te
r,8
obbeuHenne Gepercs Mo BCeM HmapaM PalMOHAJIBHBIX 4uced 7 > s, a A, = {# € D :

51(:1:) >7r > s> q®'(r)}. Ourcupyem mapy umcenm r > s um jokaxeMm, uaTo u(Aqs) = 0.
[Tycrs nocnenosarenbnocru mapos By > ¢, B C D u By 3 z, By C D sbibpaHbl Tak, 9TO
O(B; — (B
lim (Bi) u @I(x) = lim ( k)
rad(Bj)—0 /J,(B*) rad(By)—0 ,U(Bk)

' (z) =

Tormna

As = {w € D : Fko(z) Yk > ko(z) (i((gllj)) >r > 5 > q%)}

Bosbmem npoussosbHoe € > (0 U Takoe oTKpbIiTOoe MHOXKecTBO (G, cojepxaiee A,g, 9TO

u(G) < pe(Ars) + . Cemeiicteo B = |J |JBj obpasyer nmokpbiTre Buraniu MHOXKecTBa
r€A, s k
Ays. Ilpumennm K cemeiicTBy B u MHOXKeCTBY A,s JIeMMY 3, MCIOIB3ysT TOIBKO TE TIAPHI

B}, koropsie conepxkarcsa B G. IlomydnM mocie[oBaTeIbHOCTD HEllePeCEeKAIOIUXCS IIAPOB
S}, LISt KOTOPOI [ie (ArS \U S;) = 0. ¢cno, uro
k

ZM Si) = qZ‘I)Sk

3aMeTum, 4TO
pe(Ars) < Z/J'e(Ars N Sk)-
kEN
[TosTomy, mpuMensis mpejyoxenne 3 K MHOXeCTBY A,; U Sy Bmectro E u Sy Bmecro U,
nMeeM

CA

S
pe(Ars) 3 pe(Ars N1 57) < qZ@Sk “u(G) < T (elAr) + ).
keN

Urak,
s

Me(Ars) < 6’/’ s

[TockONbKY € CKOJIb YromHO MaJio, momydaeM ju(A,s) = 0. >

3AMEYAHUE 2. Pesysnprarer maparpadga 1 crupaBesjuBbl TaKKe U B TOM CJIydae, ec-
JI1 BMECTO METPHYECKOT0 npocTpancTia, (X, d) paccMaTpuBaeTcs MHOXKECTBO X TAKOE, UTO
It Kaxkoi Touku x € X ompenenena cucrema {Bs(z)}s HEIycTbIX OrpaHHYEHHBIX MOJI-
MHOXECTB MHOXECTBa, X, MapamMerpu3oBaHHbiXx 0, 0 < 0 < 00, T. €. 3aJaHa CUCTEMA,
{Bs = Bs(z)}s omxpumoir wapos ¢ yenmpom 6 mouke x paduyca 6. Ilpenmonaraercs,
9TO MIAPbl MOHOTOHHBI OTHOCHTENLHO 0: Bj (z) C Bs,(x) npu 61 < 02, yIOBJIETBOPSIOT
cBoiictBaM 4, 5, 6, a Tak¥ke AByM (DOPMYIUDPYEMBIM HUXKE TPEOOBAHUSIM.

CaoiicrBo 7. QB(s(I) ={z}n 9B5($) =

CsotictBo 8. [lng Kaxknoro orkpsiToro Muoxecrsa U u kaxaoro 6 > 0 ¢ynrmusa
x — pu(Bs(z) NU) nenpeppisHa.
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1.3. B sToM nyHKTe MBI cOPMYTHPYEM IIPOCTHIE YCIOBHUS, 00eCIIedrBaIONIAe PABEHCT-
BO B coorHomenun (8). UssecrHo, cm. Hanpumep [7], uro ecsin ® onpemesnena Ha Gopesies-
CKUX MHOXKECTBaX, CUETHO aJIIATHBHA U aBCOIIOTHO HENpEpBbIBHA, TO B COOTHOIIEHUHU (8)
MMeeT MEeCTO PABEHCTBO. B 9TOM IyHKTE MbI [OJyYnM paBeHCTBO B (8) npwu Gosee crabbix
IPe/IIONI0KeHAAX.

CsBoticTBo 9. 1-KBasua quTHBHAS (DYHKIHI MHOXKeCcTBa O, ollpene/leHHAs HA OTKPBI-
ThIx MHOXKECTBax obnactu D C X, HazpiBaercs (koneano) cybajaauTuBHOH, ecim jJ1st T060ro
KOHeYHOTo Habopa oTKpBIThIX MHOXKecTB U; C D, i =1,... ,k, nMeeT MecTo HepaBEHCTBO

CsBotictBo 10. l-kBa3zmamjnruBaas Gynknus maoxkectBa ®, ompenenennast Ha OT-
KDPBITBIX MHOXKecTBax obsactu D C X, Ha3pIBaeTcss abCOTIOTHO HEMPEPHIBHOH OTHOCHTEH-
HO MepBI |1, ecau jist oboro € > 0 mafigercs § > 0 rakoe, uro ®(U) < & s mo6oro
orkpsrroro muoxecrBa U C D, ynosaerBopsomero ycaoputo pu(U) < 0.

Jlemma 4. Ilyctp 1-kBasuaauTtuBHas YyHKIHI MHOXKeCTBa ® ompeneneHa Ha OTKDbI-
Thix MHOXKecTBax obsactu D C X wm ymomersopsier coticrBam 9 m 10. Torma mmsa mee
CIIPABEJINBHI CJICIYIOIIUE Y TBEPK ICHUST:

k k
1) @( U Ui) = > ®(U;) auist m060ro KOHEIHOrO HABOPA MONAPHO HENEPECEKAIOUUXC
oTkpbITeix MaOXKecTtB U; C D, i =1,... k.
o0
2) <I>< U Ui> = lim ®(U;) auna mrob6oii mororonnoii mocaenoareapaocra U;, i € N,
i=1 1—> 00

oTKpbIThIX MHOXKeCTB B D: U; CU;j41 CU C D, i €N, p(U) < oo.
3) lnsz kommakTHOro muoxkecrsa K C D Beenem Bemauny

¢, (K) =inf{®(U) : U — orkpsiroe maoxecrso B D u u(K \ U) = 0}.

Torna ®(V) = sup{®.(K) : K C V, K — KOMIIAKTHOE MHOX€CTBO} IIDH YCJIOBHH, 9TO
mepa (V') orkperroro maoxkecrBa V. C X KoHedHa.

< Hoxka3arenbcTBO yTBepxkaeHus 1 odeBumano. UTOOBI JI0Ka3aTh BTOPOE, (pUKCHPyeM

oo
€ > 0 m Takoe j, JIT KOTOPOTO u( U Ui> < §/2, tme § BBIOpDAHO B COOTBETCTBUU CO
i=j+1
o0
ceoiicreom 10. Bosbmem mpoussosibHOe OTKpbITOe MHOXKecTBO V' O |J U; Takoe, dro
i=j+1
u(V) < 6. Torma mo ceoiictBy 6

00 J
Tak kak wmciao € > 0 TPOU3BOIBLHO, TO Cb( U Ui> < lim (I>( U Ui>. [TpoTuBomonoxRHOE
i=1 J=eo s V=1

HEPABEHCTBO B CUJIY MOHOTOHHOCTH (byHKI[I/II/I MHOXKeCTBa O4Y€BH/IHO.
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Hokaxem mociennee yrBepxaenue. Tak kak (V) < oo, Haiiiercs KOMOAKTHOE MHO-
x)ecrBo K C V rakoe, uro p(V \ K) < § (31ech § BHIGPAHO 110 € B COOTBETCTBUM CO CBONCT-
oM 10). Ilyctes U C V — mpousBosibHOE OTKPBITOE MHOXKeCTBO Takoe, 4to (K \ U) = 0.
Cymecreyer orkpbitoe muoxecrso W O K \ U, W C U, rakoe, aro pu(W) < 4. Ilo
CBOHCTBY 9 mMmeem

(V) < B(U) + (V \ K) + B(W) < B(U) + 2e.

Orciona seirekaer @ (V) < @, (K) + 2. TToCKOIBbKY TIOJIOKATEHHOE YUCIO £ TIPOU3BOIBHO,
to ®(V) < sup ?.(K). Jlemma mokazana. >
KCV

Ilpengmoxxeane 5. Ilyctp X — omHOpOAHOE NMPOCTPAHCTBO, a l-KBa3wa jIuTHBHAS
¢yuknusa muOXkecrBa P onpengesena Ha OTKPBITHIX moAMHOXKecTBax obgactu D C X
(D) < oo, u yrosaerBopser coiicrBam 9 u 10. Torpa st 11060ro OTKPBITOrO MHOXKECTBA,

UcbD
/6’(1«) du(z) = ®(U).

U

< Mpu 1 <t < oo muokectBo A = {x € U : 0 < P'(z) < 00} mIpescTaBUMO B BHJE
obbeuHeHNsT Henepecekaomuxcest Mmaoxects P, = {z € A : 1" < 6,(:1:) < "1} komeunoit
Mepbl, n € 7Z. PaccMoTpuM MpPOM3BOJIBHOE KOMITAKTHOE MHOXKecTBO F,, C P, w gms dpuk-
cupoBaHHOrO KoHEedHOro Habopa K C 7Z paccMOTpUM HTPOU3BOJILHBIE OTKPBHITHIE MOIAPHO
Hemepecekaomuecs MHoxKecTBa U, D F,, U, C D, n € K. Bo3pmeM IpPOU3BOIBHYIO TOUKY
z € F,,. Torpa maiinerca nmociaenosareabHocTs mapos By C Uy, x € B, pajnyChl KOTOPBIX
CTPEMSTCS K HYJIO, TaKas, 9TO HEPABEHCTBO

®(By) < t"*2u(By)

soimostaeno npu Beex k € N Ilyers F = |, F),, n € K. OueBugno, cemeiicTBO mapoB
€T

User (UkeN Bk) obpa3yeT mokpbiTHe MHOX)ecTBa F B cmbicyie Butasnu. CiteroBaTenbHO,

HaWJeTCS TOCIeI0BATEILHOCTD MONAPHO HEMIEPECEKAIOIIUXC s MapoB B, U3 3TOro cemeiicTBa,

takas, 9ro (F\J,, Bm) = 0. 3aMerum, 9To B CHIIy BLIOOPA MIAPOB CIIPABEIIMBO CBOHCTBO

w(Ey \ U{Bm : By N F,, # @}) =0 pas moboro n € K. Jlanee umeem

®,(F) < Z ®(B,,) = Z Z ®(B,y)

meN ne€K B,NF,#2

<Y (Y wBw) <X L),

nekK B,,NF,#92 nekK

Tax orkpoiThie MHOXKecTBA U,, D F), TpOU3BOIbLHBI, OTCIONA BLITEKAET

B.(F) < Y ) < 3¢ [T ) duta) <2 [ F o) duo)

neK nekK F, U

Tax xak muoxecrBa F,, C P,, n € Z, nabop K C 7Z u gucio t > 1 mOpou3BOJILHBI, TO C
ydaeroMm JjieMMbl 4 u Teopembl 3 TpeIoKeHne 5 JI0KA3aHO. >
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2. Oneparop cymneprno3uuumn B npocrpaHcrBax Jlebera

[Tycrs (X, d, ) — omaOopogHOe mpocTpaHcTBO. Jlasee Mbl Gy/IeM HPEIIIONAraTh, ITO
KBasuMeTpuka d u GOpesleBcKas Mepa, (i yJOBJIETBOPAIOT cBoficTBam 1-5 (cBoiicTBO 6 HaM
OBLIO HYXXHO TOJBKO MPH PACCMOTPEHUHU (DYHKIIUNA MHOXKECTBA, 33/IAHHBIX HA OTKPBITHIX
NOJIMHOXKECTBAX MMPOCTPAHCTBA X).

Hamomuauwm, aro orobpaxkenue P, onpemesernnoe Ha GOPESIEBCKUAX TOJMHOXKECTBAX W3
D, D — obaacrs B X, Ha3bIBaETCH ¢-K68a3uaddumusrnoti pyHKIME MHOXKeCTBA, TIe q > 1 —
GUKCHPOBAHHOE UKCIIO, ECIIH

1) 0 < ®(K) < o0, ectmr K C D — KOMIIAKTHOE MHOXKECTBO;

2) ®(Uy) < ®(Us), ecsin Uy C Uy C D — GopesieBCKue MHOXKECTBA;

3) ays Beskoro koneunoro mabopa U; C U, i = 1,... ,k, nonapuo pasiamuanbix Gope-
sieBckux MHOXKecCTB, U C D — GopesieBckoe MHOXKECTBO,

3AMEYAHUE 3. YTBepXkjeuus mepporo maparpada o nud@epeHnupyeMocTd U BOC-
CTAHOBJIEHUW A0OCOJIOTHO HENPEPHIBHON dYacTy (DYyHKIMH MHOXKECTBA CIPABEJIUBBI I
(-KBa3WaIINTUBHBIX (DYHKIIUN MHOXKECTBA, ONPEIEEHHBIX HA OOPEIEeBCKUX MOIMHOXKECT-
Bax obsractu D.

I[Iycts E — wm3MepuMoe MHOXKECTBO Ha OJIHOPOJHOM ITPOCTPAHCTBe X. M3mepumas
dbyukuus f : E — R npunajyexur npocrpaucrsy Jlebera L,(E), 1 < p < oo, eciu

1 1 Ly(E)] = (/ I dum) " < o0, 1< p < o0,
E

|f | Loo (E)|| = esssup|f(x)| < +oo.
r€EFE

2.1. Ilycts D mn D— U3MEpUMbIe MHOKECTBA HA METPUYECKUX NPOCTPaHCTBaX X 1 X
COOTBETCTBEHHO. Bysmem rosoputs, aro orobpaxkenue ¢ : D — D noposicdaem ozpanuver-
nouti onepamop eaodcenus @* 1 L,(D) — Ly(D), 1 < ¢ < p < 00, mo npasuiy ¢*f = fop,
ecIM CymecTByeT mocrogHHas K < oo Takas, 9To H(p*f | Lq(D)H < KHf | LP(IND)H TS
moboit pyurnuu f € Lp(lN)). B sTOM ciiydae 09eBHIHO, UTO ¢ MOPOXKIAET OTPAHUYEHHBIN
omeparop p* : Lp(g) — Lq(go_l(ﬁ)) s mo6oro Gopenesckoro Muoxectsa A C D. Jleiict-
BUTEJIbHO, eciin [ € Lp(g), TO PACCMOTPHUM ITPOJIOJI>KEHTE f by f Ha D momnoxus
f(y) = 0 mue A. Torpa " f(z) = (fo)(w) = " f| 7 (2), # € 7' (A), n novTOMY " —
OrpaHUYEeHHBIN OIEepaTop.

Jlemma 5. Ilycts orobpaxkenwe @ : D — D mopoxmaer OrpaHHIEHHBIH OMEPATOP

saoxennst p* : L,(D) — Ly(D), 1< g <p < oo. Toraa

* 1/ A K pq_
@(E) = sup (HL‘O I LQ((‘O~(A))‘|> . ek = { p—g IpEPp <00,
reL, (@ 171 Ly (A)]
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SBJISIETCS OTPDAHUIEHHOH MOHOTOHHOH CY€THO-a/THTHBHOMH ¢yHKIHEH, onpeneaeHHON Ha
bopesiesckux muoxecrBax A C D, ji(A) > 0.

< Ouepnano, 9TO B(A;) < B(Ay), econ A; C As.

ITycrs Az, 1 € N, — momapHO HemepeceKaomunecs DOpeIeBCKe MHOKECTBA, B D AO
o0
U Ai, A = Lp_l(Ai), i = 0,1,.... Paccmorpum Takyio dpyHKmmo f; € Lp(Ai), 9TOOBI
i=1

~ 1 ~

OJIHOBPEMEHHO BBIIIOJIHSIACE YCIIOBHSI Htp"‘fZ | Ly( H (@(Ai) (1 — 267)) " HfZ | Lp(Ai)H n
Hfz|L Hp—@A)(l—i)anp<oo(Hfz|L i)Hzlanp:oo),ae(O,l).
[Momaras fy = Z fi m npumensig nepasencTso ['énpaepa npu p < 0o (cayuait paBeHcrsa),

i=1
oIy 4aeM

HQD*fN [ (QA> H g (é@@)(l - %))g\lfzv | L,,(,Zi)Hq)l/q
- (Ee(e-)) (0

><§:@(A)—g@(A0)> (@ )H (9)

=1 =

Orcroma cieayer, 910

Il Ly .
@(A"O)% 2 Sup H(,O N (]:}:]_ )H (Z ( 7/) . 6@(2{0)> :
Al

N
rjle TOYHAsl BEPXHssT rpaHb bepercs mo BceM yHkmsM fy € Lp( U Ai> YKa3aHHOTO BHIIIIE

Buga. Tak kak N ¥ € MpOU3BOJILHBI, KBA3UAAUTUBHOCTE (pyHKIMK ¢ mokazana. Cropases-
JINBOCTH 0OPATHOIO HEPABEHCTBA ITPOBEPSIETCS HEIIOCPEJICTBEHHO. >

Cremyrotnee yTBEpKACHUE JIACT OIEHKY MCKAXKEHUS MEePbI ITPU OTOOPAKEHUAX PACCMAT-
pPHUBAEMOTO KJlacca.

IIpeanoxxenne 6. Ilycrs orobpaxenne ¢ : D — D MTOPOXKIAET OTPAHHIEHHBIH OITe-
parop Baoxkenus ¢* : L,(D) — Ly(D), 1 < q < p < co. Torga s Beskoro 60peseBcKoro

muOXKecTBa A C D mpoobpas ¢~ (A) m3MepuM # BHIIOTHEHB HEDABEHCTBA!

ulp~ (A) 7 < B(A)*i(A)7, 1< g <p < oo,

u(e™ (A) < KPfi(4), 1 <q=p < cc.

< Tak kax omeparTop BioXennms @* : L,(D) — Ly(D) orpanudeH, TO Jjisi BCIKOTO
6openeBckoro MHOXKecTBa A C D BBHINOTHAIOTCA HEPABEHCTBA

o™ f | Lo(p~ ()] < B(A)*||f | Ly(A)]| < S(D)*||f | Ly(A)|
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mpu 1l <g<p<oo, u ~ -
le*f | Lo (AN < KNI f | Lp(A)]]

mpu 1 < ¢ = p < co. IloacTaBngsa B 5TH HEPABEHCTBA XAPAKTEPHCTHYECKYIO (DYHKITHIO
f(y) = x ;(y) mmoxkecTsa A, momyqaem Tpebyemoe yTBepKenue. >

Orobpazkenue ¢ : D — D obaadaem N -ceoticmeom Jlyzuna, eciaiu o6pas BCIKOIO MHO-
JKeCTBa HYJIeBOil MepbI €CTh MHOXKECTBO Mepbl HyJIb, 1 obaadaem N ~!-ceoticmeom Jly3una,
ecyim TpooOpPa3 BCAKOTO MHOYKECTBA, HYJIEBOH MEPBI €CTh MHOMKECTBO MEDPBI HYJIb.

CuaeacrBue 6. Ilycrs orobpaxenne ¢ : D — D nopoxiaer orpaHmIeHHblil oneparop
saoxennst ©* : L,(D) — Ly(D), 1 < ¢ < p < oco. Torna ¢pynknus muoxecrsa D D A —
p(p~1(A)) abcomorHo HempepbIBHA OTHOCHTEILHO MEPHI [i, B 9aCTHOCTH, OTOOpasKeHHe @
obnazaer N ~*-cpoiicrsom Jlysuna.

Orobpaxenue @ : D — D HA3BIBAETCI U3MEPUMbBLM, €CIIA TPOOOPA3 W3MEPUMOTO MHO-
JKECTBA, M3MEPUM. 3aMETHM, 9TO B CHJIy HPeIJIokKeHus 6 oroOpakeHue, MOPOXKIAIONIEE
OTrpaHMYeHHEL orepaTop npocrpancTs Jlebera mamepumo. JIna u3MepuMoro oTobparkeHus

@ : D — D onpenenum 06seMHy10 NPou38odHYy0 «00PATHOTO OTOOPAXKEHUST»

u(e~*(B(y,7))) yeD.

K T TR

Teopema 4. Hzmepumoe orobpaskenue o : D — D TTOPOXKAET OTPAHHIEHHBIH O1lepa-
Top Bioxkenus ¢* : L,(D) — Ly(D), 1 < ¢ < p < 00, TOLAa H TOJBKO TOLAA, KOLIA

®'(y) = J,1(y)P—< ama mouru Becex y € D Berysae 1 < g < p < 00,
e & — ¢ynknus MHOXKECTBA W3 JIEMMBI 5, 1

esssup J,-1(y) < oo B arygae 1 < g =p < oo.
yeD

(S )T dirly)) ", 1<q<p<oo,

(esssEpr—l(y))%, 1<g=p< .

< HEOBXOZIUMOCTbD. Tak kak oneparop ¢* orpaHuyeH, To Jjist BCIKOro 60pesieBCKoro
muoxkecTBa A C D u npoussonbuoii bynknun f € L,(A) Bomonusiorcs nepaBeHcTsa |[¢* f |
_ 1 _
Ly (AN < @(A)=[If | Ly(A)]| mpu 1 < ¢ < p < oo, m [lo*f | Ly~ (A < lle*]l -
|f | Lp(A)|| mpu 1 < ¢ = p < oo. IloxcraBisis B 5TM HEPABEHCTBA XapPaKTEPUCTHIECKYIO
dbyukmmo f(z) = xp(z) muoxkecrsa B = B(y,r) C D nomydaem

=

wp~H(Bly,r))7 < ®(B(y,r)*u(B(y,7)#, 1 <q<p< oo,
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u(e~ Y (Bly, ) < ll*IPA(B(y,r)), 1 < q=p < oc.
CremoBaTesIbHO,
we (Bl r))\ ¥ _ (®(By.r)\*
< ﬂ(B(y,'r')) ) (ﬂ(B(y,r))> , 1<g<p<oo

pe B\ _ . -
< (B(y,r)) ) <l 1< g=p < co.

[Iepexonga x mpeneny npu r — 0, moryIaeM

1 -
J;’,l(y) < |l¢*|| mourn Beiony B D

mpu 1 <g=p<oo, u

P

Jp1(y)77 < @'(y) mist mourm Beex y € D

B caydae 1 < g < p < oo.
WNuarerpupysa mociennee HepaBeHCTBO 1m0 obsiactu D W MCHOIb3ysd CBOMCTBA, CIETHO-
aJUIUTUBHON (DYHKIMHM MHOXKECTBa, (JleMMa 5 u Teopema 3), MOIydaeM HYXKHYIO OIEHKY

(f 7 i) <#(B) = ol <comp 1< g <p <

D

esssup J,-1(y) 7' < l¢*||P < oo mpu 1 < g =p < oo.
yeD

J0oCTATOYHOCTS. Ilycrs 1 < ¢ < p < 0o u byukuus f € Ly(D). IIpumensis reopemy
3aMEHbI IEPEMEHHON B WHTErpaJie JIe6era u3 [10, § 39, reopema 4], umeem

" £ | Lo(D II—</|fos0| du) (/m (y)d,z(y)f.

BocnonszoBasmmcsh srasee aepaseacTBom ['€ibmepa, momydaem
1
* £2_ .. ~ P
o' 12l < ([ 275 dit)) " ( [ 156 i)
D D

D
< ( [ ot dﬂ(y)> 1 L)

D

=



1-28 C. K. Bogousstaos, A. JI. Yxi0B

Orciona umeem coorsouenne S(B(y,r)) < [ J,-1(2) 7 djfi(z), ©3 KOTOPOTrO TO TeopemMe
B(y,r)

Jlebera momydaem mepasencTso ®(y) < J,-1 (y)ﬁ Jutd outu Beex y € D. Ilyctp Temepn

1< q¢g=p < o0. Torna

1
P

Io°f | Ly(D)]| = ( [1roer@) dum)
D
- ( [1P@)7.- ) dﬂ(y)>% < K7 | L(D)]l.
D

VI3 BBIBEIEHHBIX HEPABEHCTB MOydaeM OIeHky ||¢*|| < K mis HOpMBI omeparopa .
Teopema mokazana. >
3amerumM, 9TO TIpA ¢ = p Teopema 4 (hakTUUIECKU ObLIa TMOJy9YeHa B paMKax paboThl

11].

Ciencrsue 7. Ilycrp orobpaxenne ¢ : D — D mopoxmaer orpanHuIeHHbBIH O1epaTop
*
paoxeans ¢* : L,(D) — Lqy(D), 1 < ¢ < p < oo. Torga ¢pynknus maoxecrpa ¢ u3 jem-
MBI 5 sABJIsIeTCS AOCOMIOTHO HEMPEPHIBHOH OrPAHUYIEHHONH MOHOTOHHOH CYETHO-Aa i iuTHBHOH
¢yHKIHEH, onpeneeHHON Ha GOPEIeBCKHX MHOXKeCTBax u3 obmacra D.

2.2. AnajioruyHo JemMe 5 JOKA3bIBAETCS yTBEPXKJEHWE JJIsi (DYHKIMH MHOXKECTBA,
OIpeIesIeHHOM Ha 6opeeBCKuX moaMHOXKecTBax obsractu . KoppeKTHOCTDL ompeneieHus
BBOUMOH B jiemMe 6 dbyakimn MHOXKECTBA VU BBITEKAET M3 MpEIjIoxKeHus 6.

Jlemma 6. Ilycrs buekTuBHOE OoTOOpaxenwe ¢ : D — D rTakoe, aro obpa3 bopeses-
CKOrO0 MHOXKECTBA SABJISIETCA OOPEIEBCKHM, IMOPOXKAAECT OrPAHHYEHHBIH OIEPATOD BJIOXKCHHS

©* : Ly(D) — Ly(D), 1 < ¢ < p < 00. Torpma

0" f | Lq(A)|| )” { 2L prp < oo,
U(A) = , — p—q
() f@i‘?&A»(Hf L) " T e mpmp— o,

SIBJISIETCST OIPAHUYIEHHOH MOHOTOHHOH CYE€THO-3 I IHTHBHOH (DyHKIHEH, OIIPEIEIEHHOH Ha
bopeseBckux MHOXKecTBax A C D, u(A) > 0.

It buektuBHOrO OTOOpaxkenus ¢ : D — D, 0b6/a1a0mero TakuM CBORCTBOM, 9TO
0bpa3 6opesIeBCKOro MHOXKECTBA, ABJIIeTCI OOPEIeBCKUM, OIPEIETNM €ro 00bLEMHYIO IIPOU3-
BOJHYIO

_ i ie(B(z,1)))
Jo(x) = lim ————-=.
0 p(Blw.7)

N3 npenmoxxenns 6 BHITEKAET TaK¥Ke

Ciencrsue 8. Ilycrp buekruBaoe orobpazkenune ¢ : D — D Takoe, 9To 0bpa3 bopeses-
CKOTO MHOXKECTBa ABJIACTCS OG0PEJEBCKHM, IOPOXKAAeT OrDAHUICHHBIH OIIePATOpP BJIOKEHUS
©* : Lp(D) = L¢(D), 1 < ¢ < p < oo. Torga obvemuas npousponnas J, > 0 modru Bciogy
B obaactu D.

Uccnemyem BOmpoCHl, CBA3aHHBIE ¢ (POPMYIIOH 3aMEHBI TIEPEMEHHBIX P OUEeK TUBHBIX

0TOOpaKEHUSIX HA METPHIECKHUX MMPOCTPAHCTBAX OJHOPOIHOTO THIIA.
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g mokazaTenbcTBa  CJIEAYIONIEr0 MPEJIOKEHUs HaM ToTpebyercs Cieayroriee
YTBEPKJCHHE O HOKPBITHSX [7].
Jlemma 7. Ilycthb cemeiicTBo mapoB B B OTHOPOJHOM MPOCTPAHCTBE X YIOBJIETBOPSIET

yeaosuio: sup{diam B : B € B} < +00. Torga cymecrByer mocjaes0BaTegbHOCTh HOIAPHO
Herrepecekaromuxcs mapos {B;}7°, rakas, 910

o0
U Bc 5B
i=1

BeB

3nece cumBosa BB obozmagaer map, KoHHEeHTpW4YHBI mapy B, n takoii uro diambB =
5diam B

Ilpengmoxxeaue 7. Ilycte ¢ : D — D — 6uexktuBnoe orobpazkeHue Ttakoe, 910 obpa3
OOpEIEBCKOr0 MHOXKECTBA, sIBIAIETCs bopeneBckuM. 'Torjga cyimecTByer O6OpeaeBCKOe MHO-
JKECTBO X, HyJeBOH MephI TaKoe, 9TO JJIs BCAKOro bopeeBcKkoro Muoxecrsa A u bopeses-

ckoif pyaknun f: D — R cnpasemgimsa popmyia

/ f o (@), () dp() = / F)x(w) dii(y), (10)
A

w(4)

rae x(-) — xapakrepucrmdeckas pyakus maoxectsa (A '\ X,).

< Hnsa mpousBosibaOro umciia k = 1,2,... ompemesmmMm MHOXKECTBA,
Ay ={z € D: J,(z) < k}.

BaMeTHuM, ITO TakK Kak oObeMHas HpousBonHas J, saBisgercs GopereBckoil dyHkmuei (cM.
nynkt 1.1), To maoxecrsa Ay, k = 1,2,..., 6openesckue.

[TokazkeM, 9To Ha MHOXKecTBe Ay oTobpaxkenme ¢ obmamaer N -cpoiictsom Jlysuna u
BBITIOJITHEHO HEPABEHCTBO

iu(p(A)) < kpu(A)

JIIg Besikoro bopesteBckoro noamuoxectea A C Ag. Ilycre A C Ap, — mpomsBOIBHOE MOJI-
MHOXKECTBO HYJIEBON Mepbl. Be3 orpaHnveHunsa oOIMHOCTH MOKHO CUUTATDH, ITO MHOXKECTBO
A orpannueno. Qukcupyem uuciao € > 0. Torma wmaiimercs orkpbeiToe MaHOX)ecTBO U D A ¢
yemosueM p(U) < e. Hug kaxknoit rouku x € A Haiigercs ducio r, > 0 Takoe, 94ro J060ii
map B = B(x,r), r € (0,7;), yJIOBJIETBOPSIET yCJIOBUSIM

B(z,r)CU u a(p(B(z,r))) < kp(B(z,r)). (11)

[Tpumensgs nemmy 7, Boibepem u3 cemeiicrsa mapos B = {B(z,r/5) : z € A,r € (0,7,)}
nocseaoBaTeabHOCTh mapos {B; 152, Takyio, 4ro:
1) B;NB; = @ upu i # j;
o0
2) AC U 5B;;
i=1
3) mug kaxgoro mapa 5B;, i = 1,2, ..., BemmonaeHo yciosue (11).
Torma mMeeT MecTo OIEHKA

o0 o0

() <D ip(BB)) <k Y p(6B:) < ek Y p(B;) < ckp(U) < che.

=1 =1
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31ech ¢ — HEKOTOpas MOCTOSHHAs, 3aBUCAINAI TOJIBKO OT MOCTOSHHBIX €1 U Cp. Tak Kak
yucao € > 0 66110 BLIGPaHO Tpou3BosIbHO, To N -cBoiicTo Jly3uHna JoKasaHo.
JlokazkeM HepaBEeHCTBO

[i(p(A)) < kp(A).

®uxcupyem IPOU3BOIBHOE U0 € > 0, OTKpBITOe MHOKecTBO U D A Takme, 9T0 p(U) <
p(A)+e. Hyers B ={B(z,r) : 2 € A, r € (0,73), t71e v, > 0 Taxoe wucio, aro B(z,r) C U
u ji(p(B(z,7))) < kp(B(z,r)) nas seex r € (0,7,)} — nokperrue Butamm muoxectsa A.
[Ipumensist Teopemy 2, Boibepem u3 cemeiicrsa B 110cie10BaTebHOCTh 3AMKHYTHIX HIAPOB
{Bi}2, Takymo, uro:

1) B,N B; = @ upwu i # j;

2 u(a\ UB:) <o

=1

3) auist kaskoro mapa By, i = 1,2, ..., semosnaeno mepasenctso ji(¢(B;)) < ku(B;).
CrenoBaresibHO,
o) = (U B ) = X el B) < b3 () = k(D) = K(u() +

Tak kak € > 0 — npoussosibHOE unciio, To HepaseHcTBo [i(p(A)) < ku(A) nokaszano.
Onpenemum muoxkectso X, = D\ |JAg. U3 crencrsust 5 BoiTekaer, uro J, < 400
k

mourtHu Bciogy B obmactu D u, 3magurt, |X,| = 0. Kpome Toro, orobpazkenue ¢ obiagaer
N-cpoiicreom Jlysuna na muoxecrse D \ X,,.

Hoxkaxkem copasemiauBocts (opmynst (10).  JleiicrBurensHo, B 3ToM ciydae (hyHK-
st MHOKecTBa O(A) = [i(p(A \ Ey,)) sBisiercst abCOMIOTHO HENPEPHIBHO a A THBHON
dyHKIHeEl, onpeiesieHHOi Ha OOPEIeBCKUX MOJMHOXKeCTBaxX obsiactu [, mpudeM BBITTOJTHE-
HO HepaBeHCTBO J, > O mourn Beiogy B obmacru D. Ipumensis npeyoxenne 5 (¢ yaerom
3aMevaHus 3) HAXOIUM, UTO

/ T, (@) dulz) > / O'(x) du(z) = O(4) = ilp(A\ 5,)).
A A
CupaBeiuBOCTh OOPATHOTO HEPABEHCTBA BBHITEKAET U3 CJICJICTBUL :
/ T, () dy(x) = / J,(2) dp(z) < ilp(A\ 5,)).
A A\,
OKOHYATESIHHO MOJYYIaeM PABEHCTBO
[ 7@ (o) = o4\ 5,)).
A

Paccyxmas nanmee crangapTHBIM 06pa30oM (JI0Ka3bIBas CIpaBeTuBOCTh hopMmyJiet (10)
JIJIS XAPAKTEPUCTUIECKUX (DYHKIHU, U Jajiee alnmpoKCUMUPY S TPOU3BOILHY IO OOPEIEBCKY 0
dbyukmmo crynenyarbivu QyHKIEAME, ¢M., Hanpumep, [12, 13] ) momydyaem Tpebyembrii
pe3yJbTar. >
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Teopema 5. BuektuBnoe orobpaxeunue ¢ : D — D takoe, aTo 06pa3 60peaeBcKOro
MHOXKECTBa, SIBJISIETCST OOPEJIEBCKUM, TIOPOXKIAET OrPDAHWICHHBIH OMepaTop BJIOXKEHHs (P :

L,(D) = Ly(D), 1< q<p< 00, TOLAa H TOJBKO TOLJA, KOLJA
U'(2) = J,(x) TP ra nouarn Beex x € D B cinygae 1 < ¢ < p < 00,
e V — (pyHKIUS MHOXKECTBA, U3 JeMMbI 6, u

(esssgp J,(z))"' < oo Beaywae 1 < g=p < oo.
T€

IIpu sT0oM HOpMA oneparopa ¢* : L,(D) — L,(D) pasua

([T )T du(@)) ", 1<a<p<oo,
K = D
(esssupr(x))_%, 1<g=p<oo.
x€D

< HEOBXOZUMOCTD. Tak Kak omeparop ¢* OrpaHUteH, TO /IS BCIKOTO OOPEIeBCKOro
muoxkecrBa A C D u npoussonbHoit dyukiun f € L,(p(A)) BBIIONHSIOTCS HEPABEHCTBA
* 1 * *
1" f | Lg(A) | S W(A)=[|f | Lp(o(A)]l mpu 1 < g <p < o0, u [lo*f | Le(A)|| < [le*[l - [If |
Ly(p(A))|| mpr 1 < ¢ = p < oo. IlogcraBnsgs B 3TH HepaBeHCTBA XaPAKTEPHCTHIECKYIO
byuxmuio f(y) = X, () (y) Muoxecrsa p(B), B = B(z,r) C D, noxy4uaem

Bl

u(B(z, 1)) s < U(B(z, 1))~ ule(Blz,r))7, 1<q<p< oo,

w(B(z,7)) < |l IPule(B(z,7))), 1< q=p < .
CremoBaTesIbHO,
w(B(z,r)) \7 _ (U(B(z,r)\*
(N(‘P(B(ZE,T)))> S (M(B(ZE,’F))> , 1< g<p<oo,

( p(B(z,r))
w(p(B(z,r)))

[Iepexong x mpeneny npu r — 0 BLIBOOUM, ITO

1
P
) <le*ll, 1< g=p < oo.

J¢(x)_% < |l¢*|] nourn Bcrogy B D

mpu 1 <g=p<oo, u

q

Jy(z)77 < U'(z) nna nourn Beex © € D

B oarydae 1 < g <p < oo.
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WNurerpupys mociieiHee HEpABEHCTBO MO 00JacTu ) W WCHOIB3Ys CBOWCTBA CUYETHO-
QIATUBHON (DyHKIIMM MHOXKECTBA, BHIBOJUM HYKHYIO OIEHKY

(/Jw(mﬁ dum) (D) = "] < 50, 1< g <p< oo

esssup J, () 7 < [lo* [P < o0, 1< g=p < oo
xr€D

JoCcTATOYHOCTB. Ilyers 1 < ¢ < p < oo u dyukuus f € Ly(D). Ilockombky
J,(z) > 0 mouru Bcrony B D, TO

I 12D = [ 1700l du(x)f
D

1
q

g _a
= ([ 10w @@} 1,0 duto))
D
[Tpumensis nanee nepasencrso ['énbaepa u dopmyiry (10), nmeem

[ LD < </ To(@) 7 de)) : </ |f o plP ()], (2) du(g;))%
b D

< ( / T ()75 du(x)) 1 1 LoDl

D

[Iycts Temeps 1 < g = p < oo. Torma
le"f | Lp(D)|| = (/Ifwl”(w)Jw(w) - Jw(ﬂ:)_ldu(w)> <K | LD
D

U3 BbIBeJEHHBIX HEpPaBEHCTB mosyvaeM oueHky ||¢*|| < K mius HOpMBI oneparopa .
Teopema jokazasa. >

Cuencrsue 9. Ilycrp buekruaoe orobpazkenune ¢ : D — D Takoe, 9To 0bpa3 bopeses-
CKOrO MHOXKECTBa ABJIAETCs OOPEJEBCKHM, MOPOKAACT OrPAHHICHHBIH OepATOD BJIOXKECHHSI
©* : L,(D) — Ly(D), 1 < q <p < oo. Torna Gynknus ¥ u3 jiemmbl 6 siBjistercst abCOMIOTHO
HEIPEPBHIBHOH OrpaHHIEHHOH MOHOTOHHOH CYETHO-a JHTHBHON (DyHKIHEH, OIIPEIeIeHHOH

Ha bopesIeBCKuX MHOXKecTBax obmactu D.
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