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PEINETOYHBIE 'OMOMOP®U3MBI
B PEHIETKAX BAHAXA — KAHTOPOBUYA

N. I. 'anues

Hamsamu FOpus Aaexcandposuma
Abpamosuna noceauaemca

Jaerca onucanue JTUHENHBIX OIPaHMYEHHBIX OIEPATOPOB B pemrerkax Banaxa — Kanroposuua, sBJIsiio-
UXCH PeneTOYHbIMU TOMOMOpdu3MamMu Wi u30Mopdu3MaMu, B BAE M3MEPUMOrO PACCIOEHUs pelle-
TOYHBIX TOMOMOP(})U3MOB GAHAXOBBIX PEIIETOK.

Pemterounnie romoMopdu3Mbl ¥ OTIEPATOPHI, COXPAHAONINE JU3bIOHKTHOCTD, I€HCTBYIO-
e B BEKTOPHBIX W OAHAXOBBIX PEIETKAX, JTABHO MPUBJIEKAIOT BHUMAHUE WCCIEI0BATEIEH
(cm. monorpadun K. Anmunpantuca, O. Bépkunmo [1] u A. T'. Kycpaesa [2]). IIpu sTom og-
HUM U3 IEHTPAJBHBIX BOIIPOCOB ABJIACTCA BO3MO2KHOCTh aHAJIUTUYIECCKOT'O OIIMCaHWA OIIepaTo-
pPOB U3 yKazaHHOrO Kjacca (cMm., Hanpumep, paborsr FO. A. A6pamosuua, A. U. Bekciepa,
A. B. Konunynosa [3], FO. A. A6pamosuua [4], a Takxke smreparypy, ykasauuyio B [1, 2]). Pe-
3yJIBTATH 00 OIepaTopax, COXPAHSIONNX U3 bIOHKTHOCTE, nostydennbie FO. A, A6pamosuyem
B [4], mosyunsin gasbHeiinee pa3BuTre B Pa3IMYHBIX HAlPaBIeHUsX (CM., HapuMep, paboThl
I1. Maknosutnaa u A. Bukcrena [5], A. I'. Kycpaesa (6], A. E. I'yrmana [7] u 1p.)

B macrosmeit pabore maercs onucanue JUHEHHBIX OTPAHUYIEHHBIX OMEPATOPOB B PEIIETKAX
Banaxa — KanTopoBnda, FBJIAIONINXCS PEHIETOYHBIMA FOMOMOP(MUIMAMEI WA U30MOPQU3-
MaMU, B BUJE M3MEPUMOIO PACCIOEHUs PEIIeTOYHBIX TOMOMOP(MHU3IMOB OAHAXOBBIX PEIIETOK.
Pemerkn Banaxa — Kanroposuua Gbliin BBejeHbI B [8], a npejicras/ieHne mocpecTBOM n3Me-
PHMOrO pacciIoeHust 6aHAXOBBIX pernerok moaydeno B [9, 10], em. takxe [11].

[Tycrs (2,3, \) — npocrpancTBo ¢ koHeuHOM Mepoit, Lo = Lo({2) anrebpa knaccos m3me-
pumbix dyukmun Ha (2, 3, ). Paccmorpum BekToproe mpoctpancTtBo E mag momem R eii-
CTBUTEJIBHBIX YHUCEJI.

Orobpaxkenue || - || : E — Lo(2) massBaerca Lg(2)-suaunoti nopmoti na E, ecin s
J06bIx x,y € E, A € R uMmeroT MecTo COOTHOIIEHNSI:

1) |zl = 0;[z]] = 0 <= = = 0;

2) |l = el

3) [z + yll < ll=ll + llyll

[Mapa (E,|| - ||) #assBaerca pewemouno nopmuposanmvim npocmpancmeonm (PHIT) maz
Ly(Q). Tosopsit, uro PHIT E d-pasaootcumo, ecin gst mo6oro x € E u qys m060T0 pasioxke-
uust ||z]] = f + g B cyMMy JM3BIOHTHBIX 3JIEMEHTOB HaiijyTcsa Takue y,z € B, ato z =y + 2

u [yl = f, llzll = g-
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Cerb {zo} smementoB u3 E naswiBaerca bo-crodawetica Kk © € E, ecim cerdb {||zq — x|}
o-cxoamtest K Hysio B Lo(£2).

IIpocmpancmeom Banazxa — Kanwmoposuua (IIBK) mam Lo(§2) masbBaercs bo-momnoe
d-paznoxxumoe PHIT mag Lo(€2).

OnPEAENEHME 1 ([8; crp. 153]). Pewemxoti Banara — Kanmoposuua (PBK) nasbisaercs
taxoe IIBK (U, ||-||), aro U — BekTOpHAas pemerka, a HOpMa ||-|| MoHOTOHHA, T. €. 3 |u1| < |usg]
ceayer [Jur]| < Jlua]l

ITycte X — orobpaskerue, cTaBsIlee B COOTBETCTBUE KaxkI0# TOUKe w € () HEKOTOPYIO,
Gamaxosy pemreTky (X (w), || - [ x(w)). Ceuwenuem X maspBaercss GyHKIHS u, ONpeTeIeHHAs
noutu BCioay B {2 u npuanmaromas 3navenne u(w) € X (w) ans Beex w € dom(u), rae dom(u)
eCcTb 00J1aCTh ONPEEICHUS U.

ITycrs L — nekoropoe muokecTBO cevennii. Caenyst [11], mapy (X, L) nazoBem namepumMbiM
paccioenrem GanaxoBbix perretok (UPBP) mam €2, eciu BBINONTHEHBI yCIOBUS:

a) Adjc1 + Aaca € L nnst Beex A, A9 € Rue,c9 € L, e ey + Aaco : w € dom(cq) N
dom(ca) = Aer(w) + Aaca(w);

6) ¢1 Ve € L pnst mobwix ¢1,¢o € L, riie ¢1Veo : w € dom(ey) Ndom(ce) — ¢1(w) V co(w);

B) bynxmua [|c| : w € dom(c) = ||c¢(w)]| x(w) B3MepIMa Tpu Beex ¢ € L;

r) Uist Kaxka0it Toukn w € ) muokectBo {c(w) : ¢ € Lyw € dom(c)} mrorao B X (w).

Bwmecro (X, L) 6yaem nucarsb nmpocro X.

n
Ceuenne s Ha3pIBAETCS cmynenuamuim, ecin s(w) = Y x4, (w)ci(w), tne ¢; € L, A; € X,
i=1

i=1,...,n. Ceuenne u HA3BIBACTCS UIMEPUMbBLM, €CJTH HANETCS TaKas MOCIeI0BATETHHOCTD
(sn) crynmenuathix cevenuit, uTo ||sp(w) — u(w)l| x(w) — 0 1. B.

ITycts M (2, X)) — MHOXKecTBO Beex m3MepuMbIx cedenuii. CuvosoM Lo (€2, X') o6o3uax M
dakropuzarmio M (2, X) mo oTHOMEHNIO PABEHCTBA MOYTH BCIOAY. epe3 U 0603HaInM KJIacC
w3 Lo(2, X), comepxanmit cedernme u. Ormernm, uto dbymxmma w +— ||lu(w)| x () m3Mepn-
Ma s oboro u € M(Q, X). Knace skusanentrocTn, copepxaimmit byrxmmio [|u(w) || x (w)
obozHaunM depes |al|.

B [11; crp. 144] ycranosneno, uro (Lo(€2, X),| - ||) aeasierca IIBK nax Lo(Q2), a B [9]
nokazano, 910 (Lo($2, X), | - ||) — ects PBK.

[Tycts L£2°(2) anrebpa orpaHuYeHHBIX H3MepuMbIxX byHKIHit Ha (2,3, A), L () — dak-
topusanus L£°°(€2) no orromenunio pasencrsa n. B. O603HaUNM

L2, X) ={u e M(Q,X) : |lu(w)lxw € L)}

Dementsl n3 L°(€, X)) HABBIBAIOTCS 02PAHUNEHHOLMU USMEPUMBLMU cederuamu. MHoKe-
CTBO KJIACCOB 9KBUBAJIEHTHOCTH CYIIECTBEHHO OTPDAHUYEHHBIX CeYeHuil 0003HAYAETCS CHMBO-
aom L*(2, X). Ilycts p : L*°(Q) — L°(Q) mudrunr [7].

ONPEAENEHUE 2. Orobpazxkenue [ : L*°(Q, X) — L£°(Q, X ) Ha3bIBaeTCA 6eKMOPHOZHAY-
HOLM AUPMUHZOM, ACCOTUUPOBAHHBIM C JTUMTUHIOM P, €CJIU OHO YJIOBJIETBOPSIET YCIOBUSAM:

a) nng seex U € L°°(Q, X) Bemonneno (@) € u, dom(l(u)) = Q;

6) 1)L x(w) = p(Ial)(w) a1 Bcex m € L¥(2, X);

B) ecin w, v € L®(Q, X), To I(u +v) = I(u) + 1 (v);

r) ectu u € L(, X) u e € L*(Q), 1o l(ew) = p(e)l(u);

n) ecmn w, v € L®(Q, X), ro l(u Vo) =I1w) VID);

e) muoxecTBo {l(u)(w): uw e L*(Q, X)} mrnorno B X (w) mna Beex w € Q.

OnPEAENEHUE 3. Pemerku Bamaxa — Kawuroposuua U u W HazbIBalOTCSI n0pAdko6o
UBOMEMPUNECKYU, U3OMOPPHBLMU, €CTTU CYIIECTBYET W30METPUIECKUI MOYIbHBIH n30MOpdhu3m
®: U — W, g xoroporo ®(u) > 0 Torga u TonbK0 TOTAa, Korma u > 0.
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Hanomunwm (cm. [11]), uro uzomopduzmom UPBP X u Y nan  nassiBaerca otobparkenune
h, craBsiee B COOTBETCTBHME Kaxk0# Touke w € ) juneitnyio mzomerpuio h(w) : X (w) —
Y (w) Tak, aro A(-)(u(-)) € M(Q,Y) npu u € M(Q,X) u, naobopor, ecim v € M(2,Y), T0
v(-) = h(-)(u(-)) n. B. gus wekoroporo u € M(, X).

OnpPEAEJEHUE 4. UPBP X u Y Hazosem nopadkoso usomopdrvimu, eciv X u Y uso-
mopdus! 1 h(w)(u(w)) = 0 m. B. Torma u ToaBKO TOrAa, Korma u(w) = 0 aisd m. B. w € €.

B pa6orax [9, 10] nonydena ciemyromasi TeopeMa, sIBJISIIOIIASICS PEIeTOUHBIM aHaJI0r0M
teopembl A. E. I'yrmana (cm. [11; cp. 153)).

Teopema 1. /Lna sro6oii PBK U wnax Lo(§) cymecTByer eJHHCTBEHHOE ¢ TOYHOCTBIO
710 nopsiarosoro mzomopgusma UPBP (X, L) ¢ Bekropro3HaYHbIM JtuhTHHIOM Takoe, uro U
mopsakoBo nzoMopguo Lo(€2, X).

Mycre U = Lo(Q, X),V = Ly(,Y) — PBK nopmuposannsie nag Lo(Q), T : U — V —
Lo(Q)-orpannvennoe nuneitnoe orobpaxkenwe (T. e. cymecrByer takoe k € Lg(£2), uro
|ITu|| < E|lu| npu Bcex u € U). Ecim ||Tu|| = |Jul|, To otobpazkenne T Ha3BIBAIOT u30-
mempued. Jluneitnoe orobpaxkenue T : U — V Ha3BIBAETCA PEULEMOUHBIM 20 MOMOPPUSMOM,
ecnim T coxpaHseT perierounbie onepanun. Kcin, npu sTom T — OGuexnus, 70 1 Ha3bIBACTCsI
pewemounvim udomoppusmom U na V.

IIpensnosxkenne 2. Ilycts gano cemeiicTBO JMHEHHBIX OrpanmdeHHbIx oneparopoB T'(w) :
X(w) — Y(w), mpuuem T(w) — pemerounsiii romoMopdusM s jaroboro w € Q u
T(w)(u(w)) € M(Q,Y) g moboro v € M(Q,X) u ||T(-)|| € Lo(R). Torpga smneiinbiii one-
patop T : Lo(2, X) — Lo(R,Y), onpexerennstii paenctsom Tu = T(w)(u(w)), Apasercs
Lo(Q)-orpanmuennsiv penrerounniv romomopuzvom. Ecmn romomopusmbr T'(w) — ubb-
eKTHBHBI JIIs mo4TH BeexX w € , 1o T rtakxke uabekTuBHbIE romomopgmusM. Ecmm T(w) —
pemerounsrii mzomoppusm X (w) wa Y (w) s mourn seex w € Q, n T~ (w)(v(w)) € M (£, X)
st Becex v € M(2,Y), To T aBasiercs penieTouyHbIM H30MOPGhU3IMOM.

< JluneitrocTh onepatopa T odeBmanHa. 3 cooTHOTIEHNS

1Tull = [IT(w) (u(W)lly @) < 1T (@)l[[[u(w)lxw) = IT@)[uw)lxw = IT W)zl

ciaenyer, uato omepatop T — Lgo(2)-orpanuyes.
TMockonbky T'(w) perrerodnslii roMoMOpdU3M, TO UMEEM, ITO

T(u Vo) =T(w)((uVv)w))=Tw(uw)Vo(w))

=T(w)u(w) VT (w)v(w) = T(w)u(w) VT(w)v(w) =T (u) VT (v),

T. €. " IBJASIETCST PEIeTOIHBIM TOMOMOP(MU3MOM.

IMycrs Teneps T'(w) mabekTuBHBl g1 noutn Beex w € (). Torma ecmm uq(w),us(w) €
M(Q,X) u T(uy) = T(ug), To T(w)(u1(w)) = T(w)(uz(w)) m. B. 1 mosTomy u1(w) = ug(w)
. B., T. €. U] = U3.

[Mycts T(w) — pemerounstii mw3omopdusm. Ilo yemoBuio mpesmoxenns, u(w) =
T Y(v(w)) € M(Q, X) nna moboro v € M(Q,Y). Ouesugno, uro T(u) = v. osromy T —
CIOPBEKTUBHO, T. €. T — pemeTo4ynblit u3oMopdusm. >

Teopema 3. Ecmu Lo(Q)-orpanmuennsiii jquneiinsiii onepartop T : U — V apisercs
PeIeTOIHBIM TOMOMOPHU3MOM, TO CYIECTBYET CeMEHCTBO JIMHEHHBIX OrPAHUIEHHBIX OMEPa-
TopoB T'(w) : X(w) = Y(w), w € Q, aABAgromuxcs peneTouHbIMiE TOMOMOPOH3MAMH, TaKoe,
aro T'(u)(w) = T'(w)(u(w)) n. B.

< Iyers [|[TT]| < E||[w|| maa secex u € U u mexotoporo k € Lo(€2). Onpenennm snneiHbIi
oneparop Ty : Lo(Q, X) — Lg(R,Y) pasencrsom Tou = (1 + k) 'Tu. Torga T, moampo-
crpanctBo L(£2, X)) orobpaxkaer B L*(Q,Y) u aBasgerca permerodHbiM roMOphU3MOM U3
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L>*(Q,X) B L*(,Y). Ilycrs | u ' Bekroprosnaunsie sudruaru va L2(Q, X) u L*(Q,Y)
COOTBETCTBEHHO, accolunpoBanublie ¢ gnudrunrom p: L®(Q) — L£°(Q).

Jns kaxzgoro w € Q onpenesanm smHeiinbli oneparop ¢(w) u3 {l(7)(w) : @ € L>®(Q, X)}
B {lI'(7)(w) : w € L™(N,Y)} pasencreom ¢(w)(l(u)(w)) = I'(Ty(w))(w). N3 cooTHOmIEHNS

o) (@) [y ey = 1) @)l = (1) ) < (Tl ) @)

(i ) @)@ = (g ) @l@E

ciemyer, 9To p(w) ONpemeseHo KOPPEKTHO u orpanudeno. [lokaxkem, 9ro ¢(w) pemeTodnbii
romomopdu3M:

p(w)((@1)(w) V i(uz)(w))

p(w)(I(@r vV ag)(w)) = I'(To (a1 V u3))(w)
I'(To(@r) V To(w2)) (w) = I'(To(ar) (w) V I'(To(u2)) (w)
p(w)(I(@1)(w)) V p(w) (1(@z)(w)).

Tak xak {l(7)(w) : @ € L>®(Q, X)} mnorro B X (w) n {I'(7)(w) : ¥ € L*(,Y)} nmorHo B
Y (w), T0 ¢(w) oaHO3HAYHO mpoOmOIKaeTCs 10 oTobpaxkenns ¢(w) Ha X (w). IlockombKy ome-
panus V HempepbIBHA, TO MPOAOZKeHne (w) OyIeT pemeToIHbIM TOMOMOP(MU3MOM PEIIeTOK
X(w) nY(w).

Homoxmm T(w) = (1 4 k)(w)ep(w). Torga T(w) — pemerounsiii romMomopdmam 13 X (w)
B Y(w) mma . B. w € Q. IIpu sTom, ecim mocenoBarensuocts [(Uy,)(w) € {1(T)(w) @ uw €
L>(Q, X)} rakosa, uro (Uy)(w) — u(w), To

~—

~—

T(w)u(w) = (1 + k) (@)p(w) (ww) = (1 + k)(w) lim ow) (@) w))

= (1+ k)W) lim (I'(Tyiim) () = (1+ k)(w) lim (Ty1) ()
- o D)W
= (L4 ) @)W) = (L4 D) g s = TD)

n. B. aig mo6oro u € Lo(Q, X). >

Ciaencreue 4. Ecnn Ly(SQ)-orpanmaennsiii auneiinstii oneparop T : U — U sasaser-
€SI H30METPUIECKUM DEIIeTOYHbIM u30Mopuzmom, 1o omeparopbl T'(w) @ X(w) — X(w),
nocrpoennnie 110 T cornacHo Teopeme 3, TakkKe ABISIOTCI W30METPHIECKHMH DEIeTOIHBIMA
H30MOppHU3MaMH.

< Cornacuo teopeme 3 omeparop T'(w) sBisiercs pemerodnbiM romomopduamonm. IToka-
xem, uto T'(w) — m3omerpus. [ockonbky T — mzomerpus, To k=1 un Ty = %T, MO3TOMY

(@) (@) (@) x @) = 1H(To(@) (W)l x(w) = pUIToul)(w) = %p(l\ﬂl\)(w) = %Hl(ﬂ)(w)llxw)-

U3 5TuX paBeHCTB MMeeM, UTo eC/Iv T10CIe10BaTeIbHOCTD [ (Ty) (w) € {l(u)(w) : u € L=(, X)}
TakoBa, 910 [ (U, )(w) = u(w), T0

1T (@)u(w)lx @) = 2 lim o) @) (@)]lxew =2- %nlggo 12(un) (@)l x (@) = llu(w)llx (@)

7. e. T'(w) — m3omerpus.
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Teneps nokaxkem, uto T'(w) — uzomopdusm. Tak kak T'(w) — m3omerpus, To T(w) WHD-
ektupHO. Ilycth u(w) € X (w), a nocaegosarensuocts [(y)(w) € {l(u)(w) : w e L®(Q, X)}
TakoBa, 910 [(Up)(w) — wu(w). Torma m3 coopbekTuBHOCTH T MOSYYNM, UTO CYIIECTBYET
g, € L>®(Q,Y), nns koropoit Uy, = Tog, n

ulw) = Tim 1) (w) = lim [(Tige)(w) = lim e(w)({(@m) ().

n—oo n—oo

W3 pasencTs

11Fn) (W) = 1(Gm) (W) = llp(w) U(Fr) (@) = (W) (UG) (WD = [[1{Tn) (@) = L(Tm) (W)l x ()

caeayer, aro nocaenosaresbHoctb {1(g,)(w)} dyngavenransra. Tak kak X (w) — moano, TO
1(g,)(w) = g(w) mng mexkoroporo g(w) € X (w). Iosromy

u(w) = lim o(w)(l(Gn)(w)) = P(w)(g(w)),

n—oo

T. e. omepaTop P(w) a, cregoBaTesbHO, U onepaTop T (w) CIOPHLEKTUBHBI. [>
Agrop 6s1arogapen npodeccopy B. U. Hununy 3a nojiesHoe 00CyXKIeHUE PE3YIHTATOB.
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