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KOMMYTATUBHAA AJITEBPA CKAJIAPHBIX KBATEPHUOHOB

A. B. CmupHOB

PaccMoTpens! runepKoOMILIEKCHBIE UMC/Ia 00pa3yI0Ine YeThIPeXMEPHOe TPOCTPAHCTBO MOIHOCTHIO CKAJISAP-
HbIX KBaTepHUOHOB. COOTBETCTBYIONAs [IOTIOHUTEIbHAS aaredpa MoCTPOeHa B KAYeCTBE HEBEKTOPHOIO
pacmupeHus Haj NOJeM KOMILIEKCHBIX duces. 110106H0 0ObIYHBIM KOMIIJIEKCHBIM YUCJIaM 3Ta KOMMYTa-
THBHasi ajarebpa 4-ro paHra 00/1a/1aeT CBOMCTBAMU JI€JIEHUS, COMPSKEHVSI, W3BI€UCHUsST KOPHS U (HAKTO-
pu3anmu Hapsily € IPAMbIM aHagIoroMm (opmyisl Ditiepa. IlokazaHo, 4TO BpameHus MPeICTABUMbL B 3TOMH
asirebpe 6e3 HapylleHUs KOMMYTaTUBHOCTU. HeKOTOpble U3 HENOCPEeACTBEHHBIX TPUJIOKEHUN BKIIIOYAIOT
GUBHUKY MMyYKOB, YCKOPUTEJIEH ¥ TEOPUIO BOJIH.

1. Beenenne

OO0OBIvHBIN KBATEPHUOH OBLT BBEJEH KaK BEKTOPHOE PACIITUPEHNE HAJl TOJIEM KOMILIEKCHBIX
qucen |1, 2|. Ero BekTopHas yacth mpejcraBisgeT u3 cebst 0000IIEHHY0 MHUMYTO 9acTh 1 06-
pasyeTr TpexMepHOe KBATEPHUOH-BEKTOPHOE MPOCTPAHCTBO. XOTsI KBATEPHUOHBI U HE BXOIAT B
CTAHAPTHBIM MATEMATUYECKUI AIApaT, OHU HAILIA MHOTOYNCIEHHbIE TIPUMEHEHUsT B BHIUUC-
JIUTEIBHOM MaTeMaTnke (Hampumep, 06paboTka m300parxKeHuii) u MHOTUX 061acTsaX (hU3MKHU
BKJIIOUAsi CIIEIUATBHYIO TEOPUIO OTHOCUTEIBHOCTH U OIITUKY, TEOPUU 3JIEMEHTAPHBIX YACTHIL U
acTpodU3nKy, TEOPUIO MO U MeXaHuky. Hampumep, B puzuke mydIKOB 3apsKEHHBIX JACTHUIL
KBaTEPHUOHBI BeCbMa 3(DEKTUBHBI B PellleHnn podJIeMbl TPAHCIIOPTUPOBKY crinHa |3, 4].

Hepeiko B aHAINTUYECKUX UCCAEIOBAHUSX U MOJEIAX Mbl CTATKIUBAEMCSI C BBIPAKEHUSIMU,
COZIEPZKAINMMHY KaK KOMILJIEKCHBIE YMCIa, Tak 1 (2 X 2)-marpuisl. MaTpuanoe npeacrasienue,
OJTHAKO, MOXKeT UMeThb u Hojiee y100HbIe abTepHATHBLI. KBaHTOBAS MeXaHUKa, K IPUMEPY, MO-
KeT OBITh JIETAHTHO CHOPMYJTUPOBAHA C TIOMOIIBIO TEOMETPUYIECKO airedphl. B HEKOTOPBIX
JIpYyTuX CUTyalnusx Oojee ya00HO MMETh JIe0 € MpeodpPa30BAHUAME TMOJTHOCTHIO CKAJISIPHBIX
BBIPAYKEHUI, YeM C TPAIUINOHHBIMIA KBATEPHUOHAMY — HOCHTEJISIMU BEKTOPHBIX CBOWCTE. B
00I1IeM CIydae MOTYT BCTPEUYAThCS TaKKe U KOMILIeKCHbIE pyHKINN. COOTBETCTBYIOIIUE TPAK-
TUYECKUEe CJIyYaW BKJIOYAIOT, HAPUMED, aHAIN3 COOCTBEHHBIX MOJ HEKOTOPBIX TPAHUYIHBIX
saza4 [5, 6], TPAHCIOPTUPOBKY MydKa 3apsi?KEHHBIX YaCTHI[ ¥ €ro JAUHAMUKY B YCKOPUTEJISIX
[7] m BakyyMHBIX 37€KTPOHHBIX TprbOpax |8, 9]. MoxKHO TPEANONOKNUTh, YTO MPOCTPAHCTBO
TICEBJIOCKAJISIPHBIX UHCEJT MOYKET HESsIBHO BKJIIOYATH U 3JIeMEeHTapHble MaTPUYHBbIE Tpeodpa-
30BaHUs Yepe3 paCIIUpEeHHbIE CBONCTBA CKAJSPHBIX KBATEPHUOHOB. DTO MPOCTPAHCTBO CYTh
00beIMHEHNE JIBYX HE3ABUCHMBIX TOJIEHl OOBIYHBIX KOMILIEKCHBIX YUCEN (ACCOMMMPOBAHHBIX,
HANPUMED, ¢ BpEMEHHON ¥ TPOCTPAHCTBEHHBIMU KOODIMHATAMH).

JI. JleBuH (bakTUUECKU OJHUM W3 TEPBBIX MPUMEHUJ CKAJISPHBIE THIEPKOMILIEKCHBIE Be-
JINYUHBL JJI aHAJN3a 3JeKTPOMATHUTHBIX BOJH PACIPOCTPAHSIONINXCA B PA3JUYHBIX BOJ-
HOBOJHBIX CTPYKTypax [6]: ¢ IW3/IeKTPUKOM ¥ HaMarHWYeHHBbIM (eppUTOM, MOBEPXHOCTHOI
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anmsorponueil u roppamu. OH BBeT (HEHOMEHOTOTHYECKN JOMOJTHATEIBHYI0 MHUMYTO €JIMHU-
my (cum. (1.1)) 9TO6BI pa3IMIUTh KOMILJIEKCHBIE YA, OTBEYAOIINE 38 PA3/TMIHbIE CBOHCTBA
BPEMEHHOI TepeMenHoii (u/mmb0 mpoIoibHOlN (Ha30BOil KOOPAMHATEI) — € OJHOI CTOPOHBI, U
[POCTPAHCTBEHHBIX (/MO0 MONEPEeYHBIX /YIJIOBBIX) MepeMeHHbIX — ¢ apyroit croponbl. Coot-
BETCTBYIOIIE MHUMBIE €JIUHUIBI 00pa3yi0T KOMMYTATUBHYIO IPYIIITY:

i2=—1, j2=-1, ij = ji # —1 wm V—1. (1.1)

Ucnons3ysa stor nmogxosm, JI. JleBun mosyan KOMIAKTHOE CKAJISIPHOE JTUCIIEPCUOHHOE YPaBHE-
HUe /111 HOPMAJIBHBIX MO/ C YeThIPEXKOMITOHEHTHBIMU KOMILIEKCHBIMI YncaaMu. Jlambraeiimnee
paszsuTre 31oro Meroza [10, 11| no3BoamMI0 CTPOro 0xapakTepu30BaTh CAaMOCOTIACOBAHHYIO CH-
CTeMy, B KOTOPO# My4YOK B3aUMOJEHCTBYET C 3aMeJIdolneill CTPYKTYpOil U COIeHOUTAIbHBIM
mojieM. BoLio mokasano [10], 9TO OOBITHBINT MATPUIHBIN TTOAX0 JaeT SKBUBAJIEHTHOE PEITeHNe
CUCTEeMbl JUCTIEPCUOHHBIX YPABHEHUI U MPUBOIUT B KOHEYHOM WTOTE K TOTHO TeM JKe 3Hade-
HUSM WHKPEMEHTA U MOPOTrOBOTO TOKA PEreHEePATUBHON MOTIEPEIHOM HEYCTOWIMBOCTH «O0OPHIBA
Ty9IKa». O.ﬂ;HaKO UCTOJIb30BaHUE CKAJIAPHBIX KBATEPHUOHOB 3HAYUTE/ILHO YIIPOIIIAET BBIKJIA/I-
KN U JaeT ropas3ao Gosiee mpo3padnoe dhuzudeckoe permrenne. Hampumep, KojieKTUBHAS Ya-
CTOTa I, HalifeHHas aaredpanvdeckn M3 eINHCTBEHHOTO THUMEPKOMILIEKCHOTO INCIIEPCUOHHOTO
YPaBHEHNs, UMeeT YeTKHIl CMBIC]I CBOMX KOMIIOHEHTOB: Re; Re;j/ — paccTpoiika KO/LIeKTUBHOM
9aCTOTBI 110 OTHOIIEHUIO K cOOCTBeHHO# wacToTe; Im; Im;r — yrioBas cKOpOCTh BpalleHus
BLIPOK/ICHHOI KOJJIEKTUBHO# IumonbHoit Moabl; a Im; Re;r & Imj; Re; majoT MHKpeMeHTEI
TPpaBO- W JIEBOTIOJIAPU30BaAHHBIX KOJIJIEKTUBHBIX MO/ I‘I/IpOMaFHI/ITHOﬁ HeyCTOﬁqHBOCTI/I. BaMe—
TuM, 9TO B pabore [7| oTCyTCTBHE JOTOTHUTETBHON MHUMOl €TMHUIIBI TPUBEJIO K HEKOPPEKT-
HOMY CMEIMINUBAHUIO ME2XKAY PA3IUIHBIMU CTEIECHAMU CBO60,D;LI n OIHI/I60‘{HOMy peE3yabTaTy IOJId
IIOPOTOBOI'0 TOKA HEYCTONYMBOCTH «OOPBHIBA IMyYKa» B IPUCYTCTBUH IIOMEPETHOrO TBUYKEHNSI.
KOMMyTaTI/IBHaH aﬂre6pa JJIsA COOTBETCTBYIOIIUX TUNMEPKOMIIJIEKCHBIX YUCEJI 6])I.Ha BBeE-
JeHa B [10] JUTsT TIPUJIOYKeHnit (pu3uku mydKoB u yckopureseit. OHa Oblia OmpejeseHa Kak
3aMKHyTOe 0000IIeHne HaJl PA3JUYHBIMA 4- U j-TIOJSIMU KOMILJIEKCHBIX UUCEJ, KOTOphbie 00-
pPa3yioT KOMMYTAaTUBHYIO ajarebpy 4-ro panra C JejeHueM U OCHOBHBIME aTpuOyTamu OOBIU-
HBIX KOMILJIEKCHBIX umnces. B 370l cTaThe MBI PUBOAWM OCHOBHBIE CBOMCTBA W TPOCTeiiIIee
AHAJIUTUYIECKOE TIPOJOJIZ?KEHUE. MLI IOAPA3YyMEBAEM SKBUBAJIEHTHBIMU TaKWE TEPMUHBI KakK:
«9IeTBIPEXKOMIIOHEHTHOE YHC/I0», «TUMEPKOMILIEKCHOE UMCI0» M «CKAJSIPHBIN KBATEPHUOHY.

2. DJjieMeHTapHbIE CBOICTBA KOMMYTATUBHOI ajiredpbl
YeThIPEXKOMMOHEHTHBIX YUCeJT

Brinmumewm YETBIPEXKOMIIOHEHTHOE€ KOMIIJIEKCHOE YHCJI0, KOTOPOE€ BBIIVIAIUT 31€Ch HUJICH-
TUYIHBIM O6bI‘IHOMy KBATEPHUOHY:

a=ag+iog + jog +ijas, (2.1)

rJle KOMTIOHEHTHI (g, ('], (2, (Y3 BEIIIECTBEHHDI; 4, ] — HE3aBUCUMbIE MHUMBbIE €UHUAIII, U 1] —
COCTaBHAsS MHUMAas eIUHUTIA.

Mp1 paccmarpuBaem B JaHHON pabore runepkommekcabie unciaa (1.1), (2.1) kak obua-
JTAfoIIIe KOMMYTATUBHOCTHIO ¥ aCCOIMATUBHOCTDIO, TUCTPUOYTUBHOCTHIO U BAMKHYTOCTHIO 110
OTHOIIIEHWIO K YMHOXKEHNIO U JIeJICHUIO.

B wactmocTn, mpomsBenenre ABYX MPOCTHIX KOMILIEKCHBIX UWCEN W3 PA3AUYIHBIX 4- U j-
MIPOCTPAHCTB 00pa3yeT CKaIAPHBIF KBATEPHUOH:

(a + ’Lb) : (C +jd) =aqqg+ ial + ja2 + ijag, (2.2)
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e ag = ac, a1 = be, as = ad, ag = bd.

MoKHO paccMaTpUBATh MPOCTPAHCTBA OOBIYHBIX KOMIIJIEKCHBIX YHCEJ KaK JBYXMEPHBIE
MPOEKIINY TTPOCTPAHCTBA THUIEPKOMILIEKCHBIX 4Yncesi. 1109ToOMy eCTeCTBEHHO TepeorpeeinTh
OTIepaTOpPHl PEATHHON U MHUMOU YaCTeil CIeIyIoNIuM 00pa3oM:

Re;a = agp + jas, Im;a = a1 + jas, (2.3)

T7Ie UHEKCHI 1 U j 0003HAYAI0T COOTBETCTBYIOIIEE TPOCTPAHCTBO-TIPOEKITHIO KaK 001aCTh JIeii-
CTBUsI COOTBETCTBYIOIIEH OTIEPAIIVH.
Paccmorpum Temeps marpursr [layim

. (01 (0 —j . (10
0'1_10’0'2__70 503_0_1’

KaK OIEepaTophl JefCTBYIONINe, HATPUMED, TOIBLKO B j-TIpOCTpaHCTBe. Torma, mojaras, 9To a

Reja

€CTh MaTpHUIA-CTOJIOeI - ), Mbl MOXKeM TepeifiTh K HallleMy ICeBIOCKAIIPHOMY IIpPO-

Im;a

CTPAHCTBY UCIONB3Ys CJAEAYIOIINe MPaBUia MOJCTAHOBKHU:
61a — ja*, o69a — —a, o630 — av, (2.4)

T. €. MATPUYHBIE OMEPATOPBI MOTYT OBITH MpeJIcTaBaeHbl hopMaTbHO Kak 01 — j(-)*, 69 —
~ *19
—1,mu 03— ()Y.
IMomo6uo anrebpe cnuHOBBIX MaTpull u3 (2.4) MbI UMEEM AHAJTOTUYHBIE COOTHOIICHMUS:

5’15’25’36’4& = 5’16’2& = —ja'gd; 5’25’3& = —j&ld; 5’35’1& = —j&Q&.

Orimame 3aK/II09A€TC B TOM, 9TO 0NnepaTopsl (2.4) KOMMYTATUBHBI B TICEBOCKAISIPHOM ITPO-
crpanctie. Takum 06pazom, MPOU3BOIBHBIN MaTpUUHbI (2 X 2)-oneparop U B j-mpocTpaHcTBe
MO2KeT OBITh TIPE/ICTABJIEH, HATIPUMED, B TAKOM BUJIE:

U = pE — j(A61 + pbs + v63) — p+ju+ (A — jv) (),

re B — eannnanas (2 x 2)-maTpuna, p? + A2+ p? + 12 = det f], ap, A\, [, ¥ — BEIIeCTBEHHbBIE
THCIIA, ONMUCHIBAIOIINE CBSI3AHHBIN C j-IIPOCTPAHCTBOM omeparop U.

Yro6b1 0006IIUTE JeHCTBIE MATPUIHOTO (2 X 2)-0meparopa BMeCTe ¢ COOTBETCTBYIOIIIM
npe/CcTaBIeHreM Bpalennii Ha Bee (4, j)-TuneprnpocTpancTBO Mbl MOKEM 3aMEHUTH (DOPMaJTh-
HO KOMILIEKCHYIO €JIHHHIY j HA 4 B U 1 G (1. e. 69 — ij):

A

U = pE — i(\61 + péa + v63) = p—+ ju — (ijA +iv)(-)*. (2.5)

Ecm U yrumonynaphas matpuna n p? 4+ A2 4+ p? + % = 1, to (2.5) npeacrapiager Bpamenus
B U€TBIPEXMEDPHOM (i, J)-TIPOCTPAHCTBE.

Ilepen Tem, Kak TMepeilTH K ONpeJEEHUIO TIOJHOW JJIWHBI B STOM THIIEPIPOCTPAHCTBE,
OTIpeJIesIUM YACTUIHBIN JeTEPMUHAHT B KayKJOM U3 MPOCTPAHCTB-TTPOEKIIHIA:

det; @ = (Re;a)? + (Im;a)? = a-a™ = |aff = ok + o? — a3 — a2 + 2j(aas + araz).  (2.6)
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U3 mpasuta kommyTarusaocTr (1.1) n onpenenennii (2.1), (2.3), (2.6) BbITEKAIOT CIegyromme
O4YeBUIHBIC TOXKJECTBA:

a-b=b-a,

Re;Reja = RejRe;a = ag = Rejja = Rej;a = Rea,
Im;Reja = Rejlm;a = ay,

Im;Imja = Im;Im;a = a3 = Im;;ja = Imj;a = Ima,

(@)% = @ = g9 = (@) = ap — i1 — jou + ijas, (2.7)
a+a* =2Re;a, a—a* = 2ilm;Reja + 2jRe;Im;Re;d,

(@+a™)+C.C; = (a+a*™) + C.C.j = 4Re;Reji = 4Red,

det;detja = ‘|&|§ 22 = Hdmj = det; det; a.

IIpuBeneHABIE A0 CHX IOP MPABWJIA W COOTHOIIECHHUS ONMCHLIBAIOT IPOCTOE CKAJIAPHOE 00b-
eJIMHEHNe — CYTIEPIIO3NIIO IBYX TOJIEH KOMIUIEKCHBIX 9HCEeJI. DTH COOTHOIIEHUsT MOTYT OKa-
34ThCA IMIOJE3HBIMA I HEKOTODPBIX THIMYHBLIX 3a7ad 3a C4eT NPUBEJCHHA K yIA0OHOI ajre-
6panveckoii ¢hopme (HapuUMep, B TEOPUSIX BOJHOBOJIOB [6], KniabBarepHbix mnose€it [5], nonspu-
METpHUH ¥ aHAJIUTHIECKOM MPEJICTABIEHN MarHuTocTaTndeckux noseii [12]). Oanako, 4To6e!
MOCTPOUTH MOTHYIO aare0py THIMEPKOMILIEKCHOTO TTPOCTPAHCTRA, OHA JIOIKHA ObITh 3aMKHYTa
II0 OTHOIIEHUIO K OIEepalyaM YMHOXKEHHS W JEJICHUs, BO3BEJCHUS B CTEIICHb U M3BJICYCHUS
KODHS.

s 9Toro Mb1 noctysmpyem gonoaanTenbabe K (1.1) npasuna:

ij =ji#g £l ivij=—j, ji-j=—i, i’ =(ji)’ =1 (2.8)

Ocra/ibHBIE CBOCTBA CKAJISIPHBIX KBATEPHUOHOB U COOTBETCTBYIONIME (DYHKINOHAIBHBIE aHA-
JIUTHYECKHE TIPOJIOIKEHNsT MOTYT ObITh BbiBemenbl u3 (1.1, 2.8) mogo6HO Teopmu OOBLIYHBIX
KOMILIEKCHBIX guces. Hampumep, HETPYIHO BHUIETH, UTO:

1/ij =ij; V1=+1, +ij; ij = exp(£(i + j)7/2), (2.9)

T. €. B 3TO0# anrebpe 4-ro paHTa KBaIPATHBIA KOPEHb NMEET YE€THhIPE 3HAYEHU.
pyroii npumep — MpaBUIO YMHOXKEHUSI TUTIEPKOMILIEKCHBIX unuces a u b = [y + 161 + P2 +
ijB3:
a-b=agfy+ asfs — arfi — asfs +i(ar1fo + aofr — asfs — asfs)
+ (2o + aoPo — asPi — a1Ps) + ij(azfo + azfr + a1 f2 + aofs).

3. Comnpsi>keHre n abCOTIOTHOE 3HAUEeHUEe, JeJIeHe U TUIIEePIIOJII0Cca

OrnpeiesinM TOTHOE COTIPSI?KEHNE KaK PaCIIUpPEHne, MOCTPOEHHOE HA YACTUIHBIX COTIPSIZKe-
HUSX:

a* = a*avar i, (3.1)

HpI/IBe,HeM 34€Ch JOIIOITHUTEJIbHO HECKOJIBKO IIOJIESHBIX TOXKIAECTB W HEPABEHCTB IJId COIIPA-
2KEeHHBIX YucCeJI 1 UX KOMIIOHEHT:

a—+a*a”’ +a™ = 4Re; Reja,
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d*z*]d = 0[% + oz% + 0[% + 2ij(a3a3 — 0[10[1), (32)
a+a™ #92Rea, a+a* # 2Rea.

EcrecrBennslii criocob onpeeauTs MOIHBI JeTepMUHAHT (ONpeenTeNb) Yepes3 YacTUuIHbIe
nerepmuHaHThl (2.6):

detd = det; detja = ||a|2[> = aa*a”a*™ =a-a*
2

2

= (a2 +a — a3 — a2)? + 4oy + ajaz) (3.3)

MozkHO 3aMeTuTh, 9TO onpegenTesns (3.3) MoxKeT 06paIAThHCA B HyJIb 11 HEKOTOPBIX HEHY-
JIEBBIX KOMIIOHEHT (v, MBI Oy71eM HAa3bIBATH COOTBETCTBYIOIINE YUCTIA TIOTFOCAME (THIIEPIIOTO-
caMu Win runepHyJisiMu). Mbl nMeeM J1e510 ¢ TaKMM [OJII0COM, HarpuMep, Korja |ag| = |as| # 0
opu a1 = ag = 0, smbo xorga |a1| = |ag| # 0 npu ap = ag = 0.

B ormimume OT 9YACTHYHBIX JIE€TEPMUHAHTOB, TOJIHBIE JIETEPMUHAHTHI BEIIECTBEHHBI W
HeoTputaTeabHbl. [lo3TOMY MBI OmpejesnsgeM abCOTIOTHYIO BEJIUYUHY (WM HOPMY) CKAJISIp-
HOT'O KBAaTEPHUOHA 1Uepe3 apudpmerndecknit KOpeHb 4-ro mopsiaka:

al = N(a) = Vdeta = Vaa“aia = {/|al2[* 3.4
J g

Bamernm, uTo ymcna i+ j, 1 +ij umeror mynesyio mHopmy (um runepgyuny ). Kak mpr yBugum

ke, ancaa 27(i+ j) u w(i £ J) aBasiorca runepnepuogaMu s runepbomaeckux pyHKmit
ch(z), sh(z) u th(z), ctg h(z) Tak xe, xkax 2m(1 +ij) u 7(1 £ ij) ABAAIOTCA rUTIEPIEPUOTAMHE
1UIsl TpUrOHOMeTpryecknx yHkuwii cos(z), sin(z) u tg(z), ctg(Z) coorsercrrenHo.

TTonHbIil JeTepMUHAHT, BBEJIEHHBIN BBINIE, MOXKHO HCIOAB30BATH HEIMOCPEJICTBEHHO I
OTBHICKaHUsT 00PATHON BEJMYMHBI TUIEPKOMILIEKCHOTO YHUC/Ia, C HEHYJIEBON HOPMOii:

1 &
-1

. . 3.5
“ @ deta (3.5)

Mozkuo mosyunts (3.5) U uepes mocsieoBaTEbHBIE TPEOOPA30OBAHNSA B MPOCTPAHCTBAX-
IPOEKIUAX, TPUMEHAA COOTBETCTBYIOIINE TTPpaBUJIa, IPUBEAECHHBIC BBIIIIE:

* *7 ar art . (ad*z)*] arigrd gk a*

|22 a - axt - aa*t - (&d*i)*j = aaxia*d qxixd = |a|4'

Qe
<
n

Q| =

al

S
sl

Ob6parrennble TUTIEPHYIN MOYKHO UHTEPIPETUPOBATH KAK IUMEPOECKOHETHOCTH 1 j-aareOphl.

4. @opmysna Ditnepa, pakTopusanus U U3BJIeUeHEe KOPHSA

IMepes Tem Kak ONMpeIe/IUThL U3BJAEUEHNE KOPHS JIJIs TPOM3BOJIBHOIO CKAJIAPHOTO KBATED-
HUOHA PACCMOTPUM JIBA TACTHBIX CIydas.

IlepBorii caydaii OTHOCHTCS K MPOM3BEAEHHUIO JABYX KOMILIEKCHBIX 4ncen a + 1b u ¢ + jd
NPUHAJIEKAIINX K 4- U J-TIPOCTPAHCTBAM COOTBETCTBEHHO (CM. (2.2)). g Takoro runepuuncia
MBI IMEEM (g3 = (r1(q, T. €. COOTBETCTBYIomAas (2 X 2)-MaTpuria, COCTABJIEHHAS W3 €ro
KOMIIOHEHTOB (Y9, (1, (], (3, BHIPOXKJICHA.

OTmernM, 9TO STOT TPOCTOH CIydail cCoOTBeTCTBYET MaTpudHOMy (2 X 2)-omepaTopy (160
BPAIIEHMNIO ), TPUMEHEHHOMY K «ILJIOCKOMY» BEKTOPY (T. €. 0OBIYHOMY KOMILJIEKCHOMY YHCIY)
npuHa/IeKaneMy K i-mpocrpanctBy (Im; = 0). [eitcrBurensno, u3 (3.3, 2.2) Mbl umeem
@) = Vo + @ + i+ a3 = Va2 + 022 + a2d® + 2%, a w3 (2.5): U — p—iv + ju —ijh,
mojiarast KBaTepHuoH {aq, a1, g, 3} TPOMOPIMOHATBHBIM {p, —V, f4, —A}.
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OLIeBI/I,D;HO, YTO B 3TOM CJIy4Ya€ KOPEHDb M-T'0 IOPAJKa U3BJIEKACTCA TPHUBUAJILHO:

Va= %/(a+ib) - (c+ jd) = /]alexp[(i arctg b/a + j arctg d/c + 2n(ki + 1)) /n], (4.1)

e k, 0 ={0,1,...,n — 1} marypajibHble dnca.

Takum 06pa3om, mepros IKCIOHEHITNAIBHON (DYHKIINY B HAIIEM TMIEPIPOCTPAHCTBE €CTh
27 (ki + 14). B obmem ciyudae 310 gaer n’ smauenuii aas V/a.

Jlpyroit nHTEpECHBI C/Iy4dail eCTh TUITEPKOMILIEKCHOE 9HC/I0, TPEICTABICHHOE JIUIIH By Ms
KoMmmoHeHTAMI: A = a + ijd. 113 (2.8) u paznoxenus Teitjopa MOXKHO MOJTYIUTH OCHOBHYIO
dOpMYITy 9KCIIOHEHIINAILHOTO TPEICTABIEHUS] TAKOTO YNCIIA;

exp(ijp) = chp +ijshp. (4.2)
[Ipu |d/a| # 1 umeer MecTo ceytolee mpeCcTaBIeHue:
bt .. 2 2 .. d
A=a+ijd=|a" —d°|exp | ijarcth — ). (4.3)
a
Bamernm, uto umncio arcth d/a BemecrBenno npu |d/a| < 1, B IpOTUBHOM CIydae OHO KOM-
MIEKCHO Ju60 B 4-, 00 B j-npocrpancTse. CymecTByeT u J0MOTHATENBHOE, «CUMMETPUIHOES

npejicraByenue B (i, j)-mpocrpancrse npu |dfa| > 1:

A=ij(d+ija) =ij|la® — d?| exp <ij arcth g) = |a® — d?|exp <(z +j)g + 4j arcth %)

(4.4)
Mpbr ucnonb3oBau B (4.4) coegyrolee TUIEPKOMILIEKCHOE TTPE/ICTAB/ICHHe:
LN 1
arcth © — —(i 4+ j)= + arcth —, (4.5)
|z[>1 2 x

o _ T 1
KOTOPOE €CTh runeppacimpenue u3pectnoit hopmyiisl arctg x = § sgnx — arctg . Takum 06-
pas3om, 06J1acTh 3HAYMEHUN 0OPATHOTO TUIIEPOOTUIECKOTO TAHTEHCA, PACIIIUPEHA B TPOCTPAHCTBO
CKaJIAPHBIX KBATEPHNOHOB.
Ucnonb3yst (4.3) MBI MOXKEM W3BJI€YH KOPEHBb U3 MPOCTOTO JIBYXKOMIIOHEHTHOTO KBATEPHMU-

ona B= A2 =b+ijc:
/= ol = 2n(ki+1j) 1., c
B = B —_— 4 — th | - 4.
\/_ /| |exp< - +n13arc <b)>’ (4.6)

e |¢/b| #1m k, 1 ={0,1,...,n—1}.
Ipeanonoxus, uro B = A?, M0xHO mpoBeCTH mpoBepOUHOe cpasHenue st A = a + ijd
u V B. Topcrasnsist B (4.6) b= a? + d? u ¢ = 2ad Mb1 nveen:

~ 2ad
\/1_3::|:|a2—d2|- <ch§+ijsh§), rjae @ = arcth <a2aW)' (4.7)

ITpocreie peobpazosanus runepbommaecknx dbyuxnuii B8 (4.7) maor:
= +a +175d
/ 2 _

T7Ie pa3/IndIHble KOMOMHAIINY 3HAKOB JJAI0T BOCEMb 3HAUEHUN JIJIs PAJINKAJIA \/Z OHako TOJb-
KO YeThIPE U3 HUX JIMHEIHO HE3aBUCUMbI B CMBICTE (2.9), B TO BpEMs KAK OCTAJIbHBIE TIO/LY Y€HbI
IIyTeM YMHOXKEHUs Ha 1].
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B obmem ciyuae, korma |f~1| # 0, MBI MOKeM 0006IUTL GOpMyTy Dilepa CJIeTyIonnM
obpazom:

A=a+ib+ je+ijd = exp(ag + iy + jag + ijaz) = exp(a), (4.9)

Ie COOTHOIIEeHNEe MeXKAY A U G MOXKeT ObITh HAlIeHO U3 CHCTEMBI:

by = sina;j cos aq ch ag — cos ay sin aq sh ag,

ag = In ‘A‘ u cN = cos a sinaq ch ag — sinag cos ag sh as, (4.10)
dy = sin g sinaq ch ag,

e by = b/|A|, exy = ¢/|A| u dy = d/|A| sBASIOTCH HOPMATH30BAHHEIMI KOMITOHEHTAM.

IToo6HO TpexMepHOMY BPAIIEHHIO, TPeJICTABIEHHOMY 00bIUHBIM KBaTepHuoHoM [1], (4.9)—
(4.10) mpeaCcTaBAAIOT BpAIlleHUe (1, (1, (3 B TICEBJOCKAISIPHOM THUIEPIPOCTPAHCTBE. Bhipo-
JKJeHHbI ciydaii (2.2), (4.1) MOKHO MHTEPHPETHPOBATH MO aHAIOTMK C nojasecoM Kapiaxa
(korma az =0 B (4.9)).

Bamernm, 9To B OTJIMYME OT OOBIYHBIX KOMILIEKCHBIX uuces u ciaydaes (2.2), (2.5), (4.1),
HOpPMAJIU30BaHHBIE KOMIOHEHTHI by, ¢y, dy B 00IeM CIydae MOTYT W3MEHSATHCS 110 BCeil
BEIECTBEHHOM 001aCcTH 0T —00 0 +00.

Mozkuo npusectn (4.10) kK anrefpamdeckoii cucTeMe IBYX HEU3BECTHBIX tgay U tg aq:

tg? oy —tg2a; = (b?v — C%V) (1 + tg? 041) (1 + tg? 0[2) , (4.11)
by tg? aj tgal + ey tgag tg? oq = dy (tg? a; — tg? ag) )

ag = In(sin(aq + a2) /(en + bn)). (4.12)

Cucrema (4.11) moxker GbITH peleHa B SBHOM BUJIE, OJIHAKO MOy Y€HHbIE HAMU BBIPAZKEHUS
CUMBOJIbHBIMH METOJAMHU OKA3aJIUCh UPE3BBIYANHO TPOMO3IKUMHI, YTOObI TPUBECTH WX 3J1€ChH.

Yro6bt obecneants B (4.12) sin(ay + a2)/(cn + by) > 0, MokHO Beerja BbIGpaTh MOIXO-
ase perennst (4.11) B Buzge a9 + mm Gaarogapst nepuogudHOCTH TaHrerca. Ipn b = —c
dopmanbao MBI TMeeM ocobeHHOCTD B (4.12). OmHAKO 5Ta 0COOEHHOCTD YCTPAHUMA, Ty TeM KOM-
mekcHoro conpsizkenus (4.9)—(4.12) (B 4- wam j-mPOCTPAHCTBE) W NPUMEHEHUST CONMPSIZKEHUS
cHOBa (B TOM 7K€ MPOCTPAHCTBE) K PE3yJILTATY, MOIYUEHHOMY B MPaBOii YacTH.

Jlna w3Biedenns KOPHS MOYKHO TIPEIOKUTEL U JAPYTOH CrOCO6 Pa3J/IOKEHUs CKAJSTPHOTO
KBaTepHNOHA (2.2) HA COMHOKHUTEJIN:

ap + i + jag +ijaz = (a+ib) - (c+ jd) - (e +1ijf), (4.13)

e a, b, ¢, d, e, f Bemecrsennsl. [Tonoxum B (4.13) mag npoctoTsl, uto g = 1 =a =c =e.
Torma (4.13) mpuBoaUT K CJIeyIOIIeli aaredOpandecKoil cucreme:

as = bd(1 — bdf) + f,
as = d(1 — bdf) — bf, (4.14)
a1 = b(1 — bdf) — df.

Pemmenus {b,d, f} cucremsr (4.14) BBIpa)KaroTCs B SIBHOM BHJE TOPa3ao 0ojee KOMIAKTHO,
ueMm perrerne cucrembl (4.11). Moxno nokasars, uro pemrenusi (4.14) cymecTByor Beerga u
OHUl BEIIeCTBEHHBI. J[Ig OMHOrO U3 pelenuii CymecTByeT 0COOEHHOCTh (HampuMmep, mpu oy +
ajaz = 0), koropast siBasiercs: yerpanumoit. Takum obpasoM, ckassipHblii HenyJesoit (|a| #
0) KBATEpHWOH MPEJCTABUM 3JI€MEHTAPHBIMU (KOMIIEKCHBIME) COMHOKHUTEIAMI W U3 HETO
MOXKHO WM3BJI€Yb KOpeHb B coorBercruu ¢ (4.13), (4.9), ambo (4.1) nam (4.6).
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5. ObcyxkaeHue

CrenymoomumMu maraMu B Pa3pabOTKe CKaJISIPHBIX KBATEPHUOHOB MOTYT CTATh TMIIEPKOM-
1iekcHble yHKIMU, nx auddepeHnupoBanne 1 WHTErpupoBanne, KoH(OpPMHbIE 0TOOparke-
HUS U aHAJUTUIECKUE TTPOTOJIKEHNsT (DYHKIINN KOMIIJIEKCHOTO TIEPEMEHHOTO C PACIIUPEHUEM B
pPacCMOTpEHHOE 3/1eCh TMIIEPIIPOCTPAHCTBO. Mbl HA3bIBAEM 3TO MPOCTPAHCTBO TICEBJOCKATISAP-
HBIM, TaK KaK OHO COYeTaeT MPeJCTABJEHNEe BPAIIEHWI CO CBONCTBAMMU KOMILIEKCHBIX UHCEI.
ITosToMy MOXKHO OXKUIATH JTaJbHEHIIEr0 Pa3BUTUsI W HOBBIX MPUJIOKEHUN ITOM %j-aaredpsl,
0cobeHHO B (PU3NKE TYUKOB, JIA3ePOB, ILJIa3Mbl, BRICOKUX SHEPTUIl, & TAKXKE KOCMOJIOTUH.

6. BaaromapaocTn

ArToOp BBRIpaskaeT CBOIO npusHaTebHOCTH Mpod. . B. Bockpecenckomy 3a Kpuruyeckue
obcyxaennst paborst [10].
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