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УДК 517.5

A CACCIOPPOLI TYPE INEQUALITY

To Yu. G. Reshetnyak

on the occasion of his

75th birthday

M. S. Alborova

A Caccioppoli type inequality for solutions of the quasi-elliptic equations is ostablished.

1. Notations and basic definitions

By x = (x1, . . . , xn) we denote a point in the n-dimensional Euclidean space Rn. We make
use of the standard notations: for any α = (α1, . . . , αn), αi > 0 integers,

|α| = α1 + · · ·+ αn, b · α = b1α1 + · · ·+ bnαn, xα = xα1
1 · · · · · xαnn ,

Dα =
∂α

∂xαn1 · . . . · ∂xαnn
.

We give an n-tuple l = (l1, . . . , ln), li > 1 integers, fixed throughout the paper.
Now we consider a quasi-homogeneous transformation group of Rn:

Ht(x) =
(
t
l∗

l1 x1, . . . , t
l∗

ln xn

)
, t ∈ R+,

where l∗
−1

= 1
n

∑n
i=1

1
li
.

Instead of the ordinary (homogeneous of degree 1) Euclidean distance we shall use the
distance (quasi-homogeneous of degree 1):

rl : Rn/0→ R+, rl(Ht(x)) = trl(x), x ∈ Rn.

Let Bl
ρ(x) denotes the ball:

Bl
ρ(x) = {y : rl(x, y) 6 ρ}

and ωlρ denotes the volume of the unit-ball, i. e. ωlρ = Ln(Bl
1).

We shall also use the lemma (cf. [3]):
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Lemma. Let Ω be a bounded domain in Rn and e ⊂ Ω be compact. Then there exists a

function ξ(x) ∈ C∞0 (Ω, [0, 1]) such that ξ(x) = 1 in e and

|Dαξ(x)| 6 kα/δ(e)
l∗

∑n
i=1

αi
li

for all multi-indexes α = (α1, . . . , αn), where δ(e) = inf
x∈e
y∈∂Ω

rl(x, y).

Note that we have the elementary estimate

|Dβ(ξpm)| 6 c3ξ
pm−|β| · ρ−l

∗
∑n

i=1
βi
li .

The function ξ(x) is called the cut-off function (the homogeneous case, cf. [4]).
Let F be the set of all polynomials P(x) =∑|α:l|61 cαx

α, where |α : l| = α1
l1

+ · · ·+ αn
ln

.

Let Ω be a bounded domain in Rn. Define the space Llp = {f : Dαf ∈ Lp(Ω), |α : l| = 1},
where α = (α1, . . . , αn) is a multi-index with |α : l| =

∑n
i=1

αi
li

= 1. The norm in Llp is given
by (cf. [1, 2])

‖f‖Llp(Ω) =
∑

|α:l|=1

(∫

Ω

|Dαf |pdx
)1/p

.

2. The main result

We will now consider a weak solution u ∈ Llp(Ω) of the equation

∑

|α:l|=1

∫

Ω

aα(x,D
αu)Dαϕdx = 0 (1)

for all ϕ ∈ C∞0 (Bl
ρ(x0)).

The coefficients aα(x,Dαu), |α : l| = 1, are defined on Ω. We impose the following
structure conditions:

(A1) |A(x,Dαu)−A(x,Dαv)| 6 a0
∑
|α:l|=1 |Dαu−Dαv|p−1;

(A2) (A(x,Dαu)−A(x,Dαv))Dα(u− v) > β
∑
|α:l|=1 |Dα(u− v)|p, β > 2;

(A3) |A(x,Dαu)−A(x̃, Dαu)| 6 k[rl(x− x̃)]s(1 + |Dαu|),
where x, x̃ ∈ Ω.

Under these assumptions we prove the following result.

Theorem (A Caccioppoli type Inequality). Let B l
ρ(x0) ⊂ Ω, with ρ 6 1. Consider an

arbitrary solution u ∈ Llp(Ω) of (1), p > 1, where the structure conditions (A1), (A2) and

(A3) are valid, and an arbitrary polynomial P ∈ F . Then there holds:

∫

Bl
ρ/2

(x0)

|Dαu−DαP|p dx 6 c1

( ∑

|α:l|=1

∑

γ<α

(
α

γ

)
ρ
−pl∗

∑n
i=1

αi−γi
li

×
∫

Bl
ρ(x0)

|Dγ(u− P)|p dx+ (1 + P)
p−1
p ρ

s p
p−1ωlρ

)
.

(2)

Here P =
∑
|α:l|=1 |DαPk(x0)|.

(The homogeneous case, cf. [5].)
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3. Proof of the main theorem

We consider a test function ϕ = ξp|α|(u − P) in (1), where ξ is a cut-off function, ξ ∈
C∞0 (Bl

ρ(x0)). We have

∑

|α:l|=1

∫

Bl
ρ(x0)

aα(x,D
αu)Dα(u− P)ξp|α| dx

= −
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

aα(x,D
αu)Dγ(u− P)Dα−γ(ξp|α|) dx.

By the definition of ϕ we further have

−
∑

|α:l|=1

∫

Bl
ρ(x0)

aα(x,D
αP)Dα(u− P)ξp|α| dx =

∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

aα(x,D
αP)

×Dγ(u− P)Dα−γξp|α| dx−
∑

|α:l|=1

∫

Bl
ρ(x0)

aα(x,D
αP)Dαϕdx.

We note

0 =
∑

|α:l|=1

∫

Bl
ρ(x0)

aα(x0, D
αP)Dαϕdx.

Combining these three equations, we arrive at the inequality

∑

|α:l|=1

∫

Bl
ρ(x0)

[aα(x,D
αu)− aα(x,DαP)]Dα(u− P) · ξp |α|dx 6 I1 + I2 + I3 (3)

where I1, I2, I3 are defined as follows:

I1 =

∣∣∣∣
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

[
aα(x,D

αu)− aα(x,DαP)
]
Dγ(u− P)Dα−γξp |α|dx

∣∣∣∣,

I2 =

∣∣∣∣
∑

|α:l|=1

∫

Bl
ρ(x0)

(
aα(x,D

αP)− aα(x0, DαP)
)
Dα(u− P)ξp |α|dx

∣∣∣∣,

I3 =

∣∣∣∣
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

[
aα(x,D

αP)− aα(x0, DαP)
]
Dγ(u− P)Dα−γξp |α|dx

∣∣∣∣.

Using (A1) we have

I1 6 a0
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

|Dαu−DαP |p−1 · |Dγ(u− P)| · |Dα−γξp |α|| dx
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6 a0c3
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

(|Dαu−DαP |p−1ξp |α|−(|α|−|γ|) · ρ−l
∗

∑n
i=1

αi−γi
li

× |Dγ(u− P)| dx 6
p− 1

p

∑

|α:l|=1

∫

Bl
ρ(x0)

|Dαu−DαP |p ξ|α|p dx

+
(c3a0)

p

p

∑

|α:l|=1

∑

γ<α

(
α

γ

)
ρ
−pl∗

∑n
i=1

αi−γi
li

∫

Bl
ρ(x0)

|Dγ(u− P)|p dx.

To estimate I2 we use (A3) and Young’s inequality and obtain

I2 6
∑

|α:l|=1

∫

Bl
ρ(x0)

|aα(x,DαP)− aα(x0, DαP)| |Dα(u− P)| |ξp |α|| dx

6
∑

|α:l|=1

k

∫

Bl
ρ(x0)

[rl(x− x0)]s(1 + |DαP |) |Dα(u− P)| |ξp |α|| dx

6
∑

|α:l|=1

k
p

p−1
p− 1

p

∫

Bl
ρ(x0)

[rl(x− x0)]
sp
p−1 (1 + |DαP |)

p
p−1 dx

+
1

p

∑

|α:l|=1

∫

Bl
ρ(x0)

|Dα(u− P)|pξp |α| dx

6
∑

|α:l|=1

c2k
p

p−1
p− 1

p
(1 + P)

p
p−1

∫

Bl
ρ(x0)

[rl(x− x0)]
sp
p−1 dx

+
1

p

∑

|α:l|=1

∫

Bl
ρ(x0)

Dα(u− P)|pξp |α|| dx

6 c2k
p

p−1
p− 1

p
(1 + P)

p
p−1 ρ

sp
p−1ωlρ +

1

p

∑

|α:l|=1

∫

Bl
ρ(x0)

|Dα(u− P)|pξp |α| dx.

Finally, we estimate I3 using (A3):

I3 6

∣∣∣∣
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

[
aα(x,D

αP)− aα(x0, DαP)
]
Dγ(u− P)Dα−γξp |α|dx

∣∣∣∣

6 k
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

|rl(x− x0)|s(1 + |Dαp|))|Dγ(u− P)| · |Dα−γξp|α|| dx

6 kc3
∑

|α:l|=1

∑

γ<α

(
α

γ

) ∫

Bl
ρ(x0)

|rl(x− x0)|s(1 + |DαP|)Dγ(u− P)|

× ξp|α|−(|α|−|γ|)ρ−l
∗

∑n
i=1

αi−γi
li dx
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6
1

p

∑

|α:l|=1

∑

γ<α

(
α

γ

)
ρ
−pl∗

∑n
i=1

αi−γi
li

×
∫

Bl
ρ(x0)

|Dγ(u− P)|p dx+ c2(kc3)
p

p−1
p− 1

p
ρ

sp
p−1 (1 + P)

p
p−1ωlρ.

Combining these estimates and applying (A2) to the left hand side of (3) we arrive at

β
∑

|α:l|=1

∫

Bl
ρ(x0)

|Dαu−DαP|pξp‖α| dx 6
p− 1

p

∑

|α:l|=1

∫

Bl
ρ(x0)

|Dαu−DαP)ξp|α| dx

+
(c3ao)

p

p

∑

|α:l|=1

∑

γ<α

(
α

γ

)
ρ
−pl∗

∑n
i=1

αi−γi
li

∫

Bl
ρ(x0)

|Dγ(u− P)|p dx+ c2k
p

p−1
p− 1

p

× (1 + P)
p

p−1 ρ
sp
p−1ωlρ +

1

p

∑

|α:l|=1

∫

Bl
ρ(x0)

|Dα(u− P)|pξp|α| dx+
1

p

∑

|α:l|=1

∑

γ<α

(
α

γ

)
ρ
−pl∗

∑n
i=1

αi−γi
li

×
∫

Bl
ρ(x0)

|Dγ(u− P)|p dx+ c2(kc3)
p

p−1
p

p− 1
ρ
s(p−1)

p (1 + P)
p

p−1ωlρ.

Thus, we have got the desired inequality (2):

∫

Bl
ρ/2

(x0)

|Dαu−DαP|p dx 6 c1

( ∑

|α:l|=1

∑

γ<α

(
α

γ

)
ρ
−pl∗

∑n
i=1

αi−γi
li

×
∫

Bl
ρ(x0)

|Dγ(u− P)|p dx+ (1 + P)
p−1
p ρ

sp
p−1ωlρ

)
.
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