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A CACCIOPPOLI TYPE INEQUALITY

To Yu. G. Reshetnyak
on the occasion of his
75th birthday

M. S. Alborova

A Caccioppoli type inequality for solutions of the quasi-elliptic equations is ostablished.

1. Notations and basic definitions

By = (z1,...,2,) we denote a point in the n-dimensional Euclidean space R". We make
use of the standard notations: for any a = (aq,...,ay), o; > 0 integers,
ol =1+t an, b= biar et b, 2% =l el
D% = *
dzx{™ ... Q-

We give an n-tuple I = (I1,...,1,), l; > 1 integers, fixed throughout the paper.
Now we consider a quasi-homogeneous transformation group of R™:

* *

Hi(z) = (tﬁxl, . ,tmxn>, teRT,

| n 1
where [ D1 T

~n
Instead of the ordinary (homogeneous of degree 1) Euclidean distance we shall use the
distance (quasi-homogeneous of degree 1):
ry: R"/0 — R, ri(Hy(z)) = try(z), z=€R"™

Let Bi,(:c) denotes the ball:

Bl(z) ={y: n(z,y) < p}

and wﬁ) denotes the volume of the unit-ball, i. e. wﬁ) = L"(BY).
We shall also use the lemma (cf. [3]):
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Lemma. Let €2 be a bounded domain in R™ and e C §2 be compact. Then there exists a
function {(x) € C5°(L,[0,1]) such that £(z) =1 in e and
D¢(a)] < ka/d(e) =1
for all multi-indexes o = (1, ..., Qy), where d(e) = iréf ri(z,y).
yzeaeﬂ
Note that we have the elementary estimate

sn By
DO(E™)] < esgrm 0 pT T

The function £(z) is called the cut-off function (the homogeneous case, cf. [4]).
Let F be the set of all polynomials P(z) = 3, < caz®, where [a : I[ = $F + -+ 2.
Let  be a bounded domain in R™. Define the space Lé ={f: D*f e L,(Q), |a:1] =1},

where a = (a1,..., o) is a multi-index with |a : I| = 37" | & = 1. The norm in L. is given
by (ct. [1, 2])
1/p
g = X [10ospas)
la:l]=1 "

2. The main result

We will now consider a weak solution u € Lé(Q) of the equation

Z /aa(aﬁ, D*u)D%pdx =0 (1)
l:l|=1 )
for all ¢ € C§°(B)(x0)).
The coefficients aq(z, Du), |a : I| = 1, are defined on 2. We impose the following
structure conditions:

(A1) [A(w, D*u) — Az, D?)| < ag Xy |D%u — Do}~
(A2) (A(w, D*0) — A(w, D*0))D*(u — 0) > B gy [ID*(u — )P, § > 2;
(A3) |A(, D) — AZ, Du)| < kru(a — &)]*(1 + | D)),
where x, T € Q.
Under these assumptions we prove the following result.

Theorem (A Caccioppoli type Inequality). Let Bé(l’o) C Q, with p < 1. Consider an

arbitrary solution u € Lé(Q) of (1), p > 1, where the structure conditions (Al), (A2) and
(A3) are valid, and an arbitrary polynomial P € F. Then there holds:

P T e (1
/ |D% — DPPdr < ¢ < Z Z <a> p_pl =171,
Y

d=17<x
B}, 5 (@o) st

P

X / |D7(u—P)Pdr+ (1+ P)pPlpsp—lwi)).
Bl (z0)

Here P = E\a:l\:l |Dapk($0)|

(The homogeneous case, cf. [5].)
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3. Proof of the main theorem

We consider a test function ¢ = &P1%(y — P) in (1), where ¢ is a cut-off function, ¢ €
C(‘)’O(Bé(xo)). We have

Z / ao(x, Du) D (u — P)EPIl d:

=1
|l Bé(wo)

=Y Z( > / oz, D*u) D" (u — P)D*7 (ePlo]) dx

|a:l|=17<a BL(a0)

By the definition of ¢ we further have

¥ / aa, DVP) D — PY = 3 Z<> / Gz, DP)

(=15 o) e )
x DY (u — P)D*ePlol dg — Z aq(z, D*P)D%pdz.
IOull:lB,lJ(l’o)
We note
0= Z ao (o, D*P)D%p dz.
la:”:lBé(wo)

Combining these three equations, we arrive at the inequality

> / o (z, DU) — ag(z, DP)] D*(u—P) - P1de < I + I + I (3)

|cl|= 1Bl (z0)

where I, Is, I3 are defined as follows:

h=| Y () [ lote 0% = anl0P)) D= P |
lozl|=17<a Bl (x0)

_[2 = Z (a/a(x; DQP) - aa(x07 DQP)) Da(u _ P)é—p‘oddx 7
lozl|=1p; 1 (o)

h=| S 5 (2) [ (ol 0P - aoleo DP) D7~ PYD e .
|a:l|=1 7<a Bf)(:ro)

Using (A1) we have

<ap Y Z( ) / @y — DOPP~L DY (u — P)| - [IDYVePl| dg

l|=17<a
le:l|= BMI@
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nooo—

<aoes ) Z( > / (D% — Dop [P Lgplol=(al=h) . =" X

|a:l|=17<a

B} (wo
~1
X |DY(u—P)|dx < T > | D% — DYP [P ¢lolp gy
|Oéll|ZlBl (1'0)
(e300)" §~ 3~ ( ) S, / DY(u = PP da.
lo:l|=17<a

Bl (o)

To estimate Iy we use (A3) and Young’s inequality and obtain

L< Y [ laa(@ DP) = aq(wo, D°P)| |D*(u— P)| "] da
|al|lel (-’EO)
< D)k [ry(z — 20)]*(1 + | DP |) | D%(u — P)| [P dar

l|=1
|c:l|= Bé(xo)

<Y il —

/ [ri(z — 20)]7-1 (1 + | D*P|) 71 da

la:l|=1 p B (o)
1
+ - Z / |D%(u — P)|Perlel dy
|CM”ZIB£)(:EO)
» p—1 P s
<Y et TS0 P [ (e - a0 do
|a:l|=1 B (o)
1
+ - Z / D*(u — P)[PeP 1ol dx:
|OLZ”:1BZ (370)
éczkﬁppl(l-i-P)p 1pp lw _|__ Z / |D(u ‘pgpla\dx
|a l| 1Bl

Finally, we estimate I3 using (A3):

Z Z < > / aa(x, DYP) — aq(xo, DO‘P)] DY (u— P)DO‘—V§P|a\dx

|a:l]=1 v<c Bl (Io)
<k Z Z <a> / |7“l(33 — x0)|5(1 + |Dap|))|D7(u _ p)| . |Da—'yé—p\o<|| da
|o:l]=1 < Bl (CC())
Shes Y Z( ) / Iri(z — x0)[*(1 + | DP|) D" (u — P)|
|a:l|=1 7<a Bf)(wo)

w eplel=(lal=) )= KIS g,
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; XX ()

aill=17<a

. p—1 sp p_
X / ]D”(U—P)\pd:ancz(kc;;)Pfl pP—pl(lJrP)Pflwé.
Bl (z0)

Combining these estimates and applying (A2) to the left hand side of (3) we arrive at

5% [ - peprella <L S [t pepygielar

‘Ocll‘:lBl (xO) ‘OL l‘f Bl (730
(€3a0)” <>pl* IR / 1DV (u — PP da » p—1
i — + cokr-1
21;{ p
Bl (x0)
* n Q=4
< P)FT L b S [ D Ppeeldn Z Z( ) e
Poa= 15t o) aill=17<a
s(p—1)
X / |Dw(u—73)|pdas+02(k:03)r’%1 flp g (1+P)#wﬁ,.
BL(z0)

Thus, we have got the desired inequality (2):

[ rumprrpasca( ¥ (0) T

a:l|=17<«
By /(o) |

X / IDY(u—P)|Pdz+ (1+P)7 pP 1wé>

B}, (xo)
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