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NHTEPIIOJIAIINA [TOJIOZ2KUTEJIBHOI'O N1 PEI'VJIAPHOI'O
JINMHEVHBIX OIIEPATOPOB B I[TPOCTPAHCTBAX OPJIMYA
N3MEPUMBIX BEKTOP-®YHKIINI

K cemudecamunamuisemuro
IOpusa I'pueopvesuya Pewemmnara

B. I'. ®eTucon, B. H. Ko3obpos

B pabore paccmorpen Bompoc 06 MHTEPIOISANIAN MOJIOKATETLHOTO U PETYJISPHOTO OIIEPATOPOB B KBA3MW-
HOPMMPOBAHHBIX IpocTpaHcTBax Opinya m3MepuMbIx 110 Jlebery BeKTOPHO3HAYHBIX (DyHKITHIA.

B o63ope FO. A. Bpyanoro, C. I Kpeitna u E. M. Cemenosa [1| mo Teopun uuTepro-
JISIIUY OTIEPATOPOB OTMEYAJIOCH, YTO <IUKJI PAbOT, MOCBAIIEHHBIX UHTEPIIOJSIIUU JIMHEHHBIX
OIIEPATOPOB B JINHEHHBIX TONOJOTMYECKUX IPOCTPAHCTBAX, BECbMa PA3HOPOJEH 110 METOJaM
U HAIPABJIEHHOCTH». MOXKHO J06AaBUTH, UTO M MJIesl UHTEPIOJSIIUU JIOKATHLHO HEBBIILYKJIbIX
TOMOJIOTHIL e11le JIaJIeKa OT CKOJIb-HUOY/ b TIOTHON peasm3aiu. HacTosmast ctarbst OCBSIIEeHa
3a/1ave MHTEPIIONSINY [T0JI0KUTEILHOTO U PEryJISIPHOTO JIMHEHHBIX OLEPATOPOB B JIOKAJILHO
OrpaHMYeHHbIX IpocTpaHcTBax Opirya U3MepUMbIX BeKTop-pyHKImiA. [Ipu sT0M ncnonb3y-
I0TCSI HEKOTOpBIE CoobpaykeHust Gojiee paHHUX PabOT MEPBOr0 U3 ABTOPOB (CM. CCHLIKH Ha
crarbu |2, 3, 4] Ha crp. 140, 142 u3 BiEyHIOMSIHYTOrO 0630pa [1]).

Cuauaja npuBejieM HeOOXOAUMBIIH anmapar ob03HAUEHUIT, OIpe/eJIeHNll, BCIOMOTATE]b-
HBIX PE3YJIbTATOB, SIBJISAIOIUXCST OA30BBIME JIJIs JaJibHelinero u3joxkenusi. Mbl BO MHOrOM
crleJlyeM cosieprKaHuio TaBbl 2 u3 [5] (cMm. Takrke Monorpadmio [8]).

[Tycrs (T, %, ;1) — NPOCTPAHCTBO ¢ Mepoii, T. €. T — MHOXKeCTBO, X — o-ajrebpa ero 1o/l
MHOKECTB, [/ — CYeTHO-aJINTUBHAsI HEOTPUIaTeIbHasi Mepa Ha Y. Be3 orpannuenus: o6IHO-
CTH MOYKHO IPEJIIOIAraTh, YT0 BCe aTOMBI JUCKPeTHON dactu T siBJisttorcss Toukamu. Ilycrhb
Y (u) (coorBercTBenHO X7 (1)) €CTh KOIBIO (COOTBETCTBEHHO 0-KOJIBIIO) MHOYKECTB U3 Y, NMe-
IOIUX KOHEYHYIO (COOTBETCTBEHHO 0-KOHEYHYIO) Mepy. Beroiy B jasbHeiinem Oyier caurarh,
970:

(a) ectu AC Be ¥ upu(B)=0, 10 A€ X (monHora MephI f1);

(b) ecim jist siroboro B € X(u) umeem BN A€ X, 10 A € %

(c) mst moboro A € ¥ nmeem p(A) =sup{u(B): BC A, B € X(pn)};

(d) cymecrBytor muzblonkTHble MHOXKecTBa {T;} Takue, uro u(T\UT;) =0u 0 < u(T;) <
400 1pu JII0OOM i;

(e) st smoboro A € ¥(u) cymecrBytor MuOKecTBO N MepbI HyJIb U He GoJiee, 4eM CYeTHOe
MHOKecTBO J mHjekcos i Takue, uto A\ N = J;c ;,(ANT;).

Kaxk m3Becrno [1], ycioBusi (a)—(e) BbImosHEeHB! Jist J11000§i [TOIHOM 0-KOHEYHON Mephl U
JJIsl Mepbl, OPOXK/IEHHOM CYIIECTBEHHO BEPXHUM HHTErpajoM Mepbl PajoHa Ha J1i060M JIo-
KaJIbHO KOMIIAKTHOM IIPOCTpaHCTBe. Be3 ymiepba i1l HeTPUBHAJILHOCTH BCErO JAJbHEIIero
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M3JI07KeHnsT MOXKHO cuntarh, 9ro (T, X, 1) ecrb orpesok [0,1] ¢ mepoit Jlebera p miu ke orpa-
HUYeHHBIH KoMakT B R™ ¢ mepoii JleGera p.

[Tycrs E — F-KBa3suHOPMUPOBAHHOE H/JIAJIbHOE TIPOCTPAHCTBO ¢ Mepoii JleGera p (em. [4])
(mampumep, LP, 0 < p < o), X — GamaxoBo ujeatbroe npoctpanctso [5]. Cumpsomom LO(X)
0603HaYaEM TIPOCTPAHCTBO (KJIACCOB KBUBAJIEHTHOCTH) BCeX X -3HAYHBIX U3MEPHUMBIX 10 Jle-
6ery BekTOp-byHKIMIT HA 1.

Yepes E ( ) obozHauum F'- KBa3UHOPMIPOBAHHOE IPOCTPAHCTBO BCEX U3MEPUMBIX BEKTOP-
ymmuit £ T — X maxux, wro |f; ECO| = || Fllxle < +oc.

[Tpobiemaruka Teopun npocTpancTs BekTop-byukimii F(X ) BecbMa obmmpHa. 910 1 BO-
POCHI TEOMETPUHU TPOCTPAHCTB, OIPAHUIEHHBIX OIIEPATOPOB B HUX, TPEJICTABJIEHHS OIIEPATO-
POB, peIlleHne Pa3INIHBIX KJIACCOB yPaBHEHUH U JIp.

MpbI paccmaTpuBaeM B OCHOBHOM J1Ba MOJIE/IbHBIX mpuMepa F(X), a nmeHHO:

(1) LP(X) (wmm LP(T, X)) ecTh HPOCTPAHCTBO BCEX H3MEPHMBIX BekTop-byHkimii f(t)
TaKuX, 9T0 F-KBasmHOpMa syeMeHTa;

1
p
172200l = ([ 170 du(®)" <400, 0<p< o0

(2) wepes L*?(X) (mmm L*?(T, X)) 0o603HAUNM NPOCTPAHCTBO BCEX M3MEPUMBIX BEKTOD-
dbyukuuit f(t) rakux, 410

If5 L (X)|| = int {6 >0: /Tso(llf(t)\lx/s) dp(t) < 6} :

rje ¢ — HeKoTopas @-byHKIWs, npuHaiexkaias kiaccy P(L), em. [6].

[lesns Hameii paboThl, KaK y?K€ OTMEYAJIOCh, — MPOMHTEPIOIUPOBATH JIUHEHHBIH MOJI0-
JKUTEJIbHBIA U PeryJIsipHBIi OllepaTopbl, JeHCTBYIONUE B 33 IJAaHHON YeTBepKe F-KBa3MHOPMU-
poBaHHBIX MpocTpancTB Opiimdya BEKTOPHOZHAYHBIX (DYHKIUIA.

B jasbHeiimemM BaxKHyo poJib UTPAIOT Y-BbIIYKJIbIE (o-(DYHKINU, TOAIAHSIIONecss Ag-yc-
JoBHIO [4], IpuMepaMu KOTOPBIX MOIyT Ciy:kKuTh ¢1(z) = |z|P (0 < v < p < 1), pao(x) =

|z]

——=— u apyrue. Jlna y-BeIIyKJI0# (po-dyHKImn F-KBa3suHOpMa BEKTOP-(DyHKIUN ]F (t) €
In(+/|x|+e€)

L*¥(X) umeer Bu:

17 2o =int fe>0: [ o (”f?” Jaute) <1}

Tak ke, KaK JiJIs CKAJISIPHOTO ciydast |3], MoxkHO 1moKa3arh (cM. [5]), 4T0 MHOXKECTBO Beex
KOHEYHOSHAYHBIX BekTop-byHKIuil Buna f(t) = Sorixa, )z, (Gi € &, GinGj = @,
i,j =1,...,n,tne i # j, v; € X, xq,(t) — nagukarop m3mepumoro MHoxkecrBa G; € X))
wiotHO B F-kBasunopmupoanHoMm npocrpancree Opumua L*¥(X), a ero 3ambikanue B F-
kBasuHOpMe npocrpancTa L*?(X) obosnaunm uepes E¥(X).

CuntaeM 1T OMPEIETEHHOCTH, UTO (p-(DYHKINS o «caabeey, deM o-QpyHKIMSI @1, T. €.

lim % < 400 (K >0,z > 0). ITo 3a1aHHBIM Y-BBIIYKJIbIM @-QYHKIUIM Q) ¥ (0] MOKHO
r—00

IIOCTPOUTDH TAK HA3BIBAEMYIO IIPOMEXKYTOUHYIO (-(DYHKIIUIO CJICLYIOMIM 00pa30M:
a) nyers Wo(z) = wo(lz|Y7) u Wi(z) = ¢1(Jz|'/7) — mexoropsie N-bynxmun 7],
Y(z) — obparmeie x W;(z ) (1=0,1) dynxrmu;
B) obosnaunm uepes Wit (x) = [Wy ()] =2 [W  (2)], tie 0 < a < 1;
)

C) TPOMEXKYTOYIHOMN Y-BBIMYKJIOi ¢-pyHKImel 11t po 1 1 aBiasercs pq(z) = Wo(z7),
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re Wy (z) — obparnas k W, 1(z), 0 < a < 1 (mompobuee cm. [4]). IIpocrpancta E¥(X)
obpasytor npu 0 < a < 1 ceMelcTBO BJIOKEHHBIX JIDYT B JPyra JIOKAJIBHO OIPDAHUIEHHBIX
npocrparcTe Opinda, a Tak KakK B KayKJ0M U3 HUX [IJIOTHO MHOYKECTBO BCEX KOHEYHO3HAYHBIX
dbyukumit, To Kaxpoe uz npocrpancrs E%e2 (X) mwiorho Bioxkeno B E¥1 (X)) upu oy < ag. Ta-
KM o6pasoMm, F-kBasuHopMupoBanHble mpocrpancTBa Oprmaa E¥ (X)) (Oy1y<au HeTpepbIBHO
BJIOZKEHHBIMU B IIPOCTPAHCTBO BCEX M3MEPHUMbIX BEKTODP-(DYHKIHUIT) 00pa3yioT WHTEPIIO/ISII-
OHHYIO IITKAJLY, COeUHSIONIYI0 3aaannubie £¥0(X) n E¥1(X). Ecin ke 06e y-BbITyKbe @-dy-
HKIUK (g, ] NOAUIUHAIOTC Ag-ycsioBuio 4], To momydaem mikany F-KBa3WHOPMUPOBAHHBIX
npocrpancts Opinua L*%e (X)), coepuusitontyro 3ajanuble npocrpancrsa L*¢0(X) u L**1(X).
B wacrHocTu, ecin @g u @1 — Hekoropsle N-dyukuuu [7], To npu 0 < o < 1 cemeiicTBO
E¥>(X) obpasyer mkajy HOpMHPOBaHHBIX IpocrpaHcTB Opinya BekTop-dyHKuuii. OcHOB-
Hble COOTHOMIeHUsT Mexk Iy F-kBaszunopmamu npu 0 < a1 < a < ag < 1 s KaxK10ro sJie-
MEHTa U3 COOTBETCTBYOMUX HpocTpancTB Opinda aHAJOIUYIHBL CKAJIsPHOMY cirydaro 3] (cM.
Takke [4]).

Teopema 1. Ilycrs A — 1H010KUTEIbHBIH JIHHEHHDBLA ollepaTop, JeHCTBYIONHIT HelIPpePhIB-
HO 3 HOpMupoBanHoro npocrparcrsa Opinda Epy, (X) B F-KBA3HHOPMHPOBAHHOE MPOCTPAH-
crBo Opimmaa E¥°(X) nu3 Ey, (X) B E91 (X)), rae

—

IAF; E#(X) < coll 5 Barg (X, IAS; EZH(X)N < eall £ Ban (X)),

—

[IPHYEM €y U €] He 3aBHCST OT BbIOOpa m3MepuMoii Bektop-pyukmmu f(t). Torga mis goboro
a, 0 < a < 1, cupaBeyiInBO HEPABEHCTBO

v

IAF; B (X1 < akg “Kf (1 Ear, COIT VI Ba, (X)),

e a > 0, K;(¢;), 1 =0,1.

<1 HamernM cxeMy mokazarenbcTBa. Ha mepBom sTame paccMaTpuBaeM Cy2KeHHe OTIEpaTopa
A Ha JIMHEHOe MHOTrOOOpa3ue BeeX KOHETHO3HATHBIX U3MEPUMBIX BEKTOpP-(DYHKIINM, U JaJIee,
BTOPOIi 9Tal — MPOJOJIKEHNe 110 HenpepbiBHOCTH onepaTopa A Ha Ejy (X). Ha nepsom stame
6a3OBI)IM ABJIFAETCA HEPaBEHCTBO BUIA:

IAF]x < (AMG Ma(IFION) " - (AT (M (1100,

rme X — 0OaHaxoBO ImpocTpaHcTBO, 0 < ar < 1, ]\41._1 — obparnast Kk N-dyuxmuu M;, ¢ = 0,1,
M, — N-cbynkuus obparnas x (M, 1)1= - (M;1)®. Ins ero nokasaTenbeTsa cHAvama mc-

oJIb3yeM HepaBeHCTBO ['€iibjiepa Jyist ajrebpandeckux cymm (yaurbiBasi, uto f(t) — KoHeu-
HOBHAYHAsT BEKTOP-(DYHKIUS )

n n ) 11— n L o
waﬂ;i < <Z|wz|1“ '5i> . <Z|U1’|55i) ,
i—1 i1 i=1

rae 0 < o < 1. Ilyers npu ¢ = tg Bee 3nadenns Axg, (to) < +oo. Iomaraem

wi = (Mg ' (Ma(|za])) = -sgnai, v = (M (Ma(l2i]))), & = Axg,to.

B cuty nuHeitHOCTH 1 TTOJIOXKUATETBHOCTH onieparopa A 6a30Boe HepaBEHCTBO BBITTOJIHSIETCSI
npu t = t(, & TAaK KaK IIOYTH IIpH Beex 3Hadenusx ¢ € T dyuxun Ay g, (t) KoHedHBI, TO 6a30B0E
HEPABEHCTBO CIIPaBEJINBO TOUTH npu Beex t € 1. Bo3Boaga obe ero gactu B cremneHsb v > 0,
ymuoxkas na ||§(t)| x, tae §(t) € Ev, (X) (Vo — npoiicrennast B cmbicite FOnra N-dyHkitms
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K Wo (em. [6])), a T(g, Vo) = [ Va(l|g(t)]l x)dp(t) < 1, npounrerpuposas obe dacru 6asoBoro

HEpaBeHCTBa U HpI/IMeHHﬂ MHTerpajbHOe HepaBeHCTBO ['€bjiepa ¢ IoKa3aTessiMA p = ﬁ,
/

p = é, 0 < o < 1, mosiy4uM OILIEHKY BUJIA:

11—«
[ nasoi (t)\lxdu(tK( [ A 100 0 Va0 d <t>)

( [ AL L0007 Va0 d <t>)a.

Oynkmus Vy (Vo (]| x)), ouesmmo, npunaeskur npocrpanctsy Ey, (anamormamo, dyHk-
mast Vi (Vo (1]l x)) € Ev,. Mtak, mpuxomy K HepaBeHCTBY

/T[A(Mol(J\LY(Hﬂlx)))]7 (Vo ' (Vallgllx))) dpe(t) < I[AY0]s Eul,

e Yo = My (M, Mo (|| fllx))- Vimeem aHamoruamyio onenKy s Ml_l(Ma(HfHX)) =Y. 3ua-
an

/ IAFOI% - 13 xdu(t) < NAYD]; By I - IAVA]; B |, 0<a < 1.

Ha sTopoM mrare oT1eJbHO paccMaTpuBaeM ClIyan:
) 1A B+ (X)] < 1,
) |AF: B9 (X)] > 1,
C UCIIOJIb30BAHUEM Y-BbIILYKJION IIPOMEXKYTOUIHON p-byHKIUK ¢, [IpuBeieM okoHUATEIBHBIE
OIIEHKH JIJIsl KazKJIOr0 U3 CJIydaes (OIyCKasl eTalIu Jis KDATKOCTH M3JI07KEHMNs ).
a):
JAF: B#= (X)) < 4Kk 17 Bar, ()1,

1+ ”
7/(+7) ,Ci}, i =0, 1, He 3aBHUCHT OT BBIGOpA KOHETHO3HAYHON BEKTOP-(DYHKINH

rae ki = max{c,
f(t) m3 B, (X);
B):
IAF; E# (X < 25Ky R I F Bar (X1,

e kl = max{cgﬂ/v,ci}, i = 0,1. Obosmauas uepes a = max{4, 2"/} K; = max{k;, k/},
i = 0,1, nomyunm Tpebyemoe JIIsi MHOXKECTBa BCEX KOHEIHOZHAYHBIX BeKTOp-pynkumii. la-
Jiee, UCIIOIb3ysl IIPOJIOIKEHNE 110 HEMPEPLIBHOCTH NCXOJAHOTO omnepaTopa A ¢ MHOMKeCTBa KO-
HEYHOBHAYHBIX BEKTOP-(DYHKINUIA, BCIOMY IJIOTHOTO B HOPMUPOBAHHOM IpocTpancTee Opimya
Ejr, (X) BekTOpHO3HAUHBIX (DYHKIMIA, U IOBTOPsisl PACCYKJIEHUSI, AHAJIOTUYHBIE CKAJISPHOMY
ciayyaio (cm. [3]), umeem pesysibrar Teopembl 1. ITpu srom mexosmblii oneparop A u mpomos-
JKEHHBIIl, COBIIaJIasi IPyT € IPYTOM Ha BCroAy 1ioTHOM B E)py (X)) MHOXKeCTBe KOHEUHO3HAYHBIX
byukimit f (t), B cuIly eIMHCTBEHHOCTH TIPEJIeJIa 110 MePe COBIIAJLyT U Ha BCEM HOPMUDPOBAHHOM
upocrpancrse Eyy (X). >

SAMEYAHUE. JIubnednbiit oneparop A Ha3bIBAETCS PEryJISPHBIM, €CJIM OH IIPEJICTABUM B
BHJIE PASHOCTHU JABYX MOJOKATEIBHBIX JUHEHHBIX onlepaTopoB. Kak n3BeCTHO, I PEryJIsipHO-
CTU UCXOIHOTO oeparopa A HeOOXOIUMO U JOCTATOYHO, YTOOLI CYIIECTBOBAJI IIOJIOXKUTEIbLHBII
JIMHERHbI onepaTop S (Tak HasblBaeMasi MaxKopaHTa oreparopa A), HoAuuHSOIuUics yCIo-
Buio |A ﬂ < S (|f\) B sroit curyanun omeparopuoe ypasuenue A f = V TecHo cBsI3aHO C
OIIEPATOPHBLIM ypaBHeHHeM SU = W, TaK KakK IOBedeHue orneparopa A B HEKOTOPOM CMBIC-
JIe «<KOHTPOJINPYETCsT» MayKOPAHTOW S B CHUJIy BBIIEIPUBEJICHHON HOPMATUBHO OIEHKH (CM.
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monorpaduwmio [8]). V13 Teopemsl 1, orpe/iesiennst peryJ/isipHOro JMHEHHOrO olepaTopa U MOCIe/I-
HEro yCJIOBHsI HEIOCPE/ICTBEHHO BBITEKAET CJIeTyIoIast

Teopema 2. Ilycrp JjmHeHHBIH ormepaTop A HMeeT HOJOXKHUTEJIBHYI0 MAaXKOpPaHTy S.
Ilyctp u3BecTHO, 9TO JIMHEHHDIH HOJIOXKHUTEJIBHBIH OrtepaTop S SBJISAETCS HENPEPBIBHBIM OIIe-
paTopoM, JleficTByomuM 13 HopMHpoBaHHOrO npocrpancrBa Opimda Epz, (X) B F-xBasn-
HOpMupoBaHHoe npocrpancTBo Opimda E90(X) u uz Epy, (X) B E¥Y(X). Toraa npn Kakaom
a, 0 < o < 1, smmeiineiii oneparop A n3 HopmupopanHoro npocrparcrBa Opimdaa Eyy (X) B
F-kBasunopmupopanHoe rpocrparcTBo Opymmda E¥ (X)) sisiercsi HerpepbIBHBIM.

B zaksiodenne ormeruM, uTo eciu omnpepessioniue N-byukiun Mg u M;, paBHO Kak u
~-BBIIYKJIble ¢o-DYHKIUH @ 1 1 TogauHsaoTces Aq-yeinosuio [6], o Epy, (X)) MOXKHO 3aMEeHUTH
Ha Ly, (X), a E¥*(X) na L*%(X) npn xaxaom 0 < o < 1
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