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KJIACCBI BMO OBOBHIEHHBIX AHAJIMTUYECKNX OYHKIINA!

C. B. KiumeuroB

B pabore BBomuTcsi kitacc BMO 0600IIEHHBIX AHAJIMTHIECKUX (DYHKIMIA, YaCTHBIM CJIyYaeM KOTOPO-
ro siBJIsieTCsI XOopomno m3BecTHBIN Kiacc BMO ronmomopdubix dyskimit. Jlokazanbl 6a30Bble CBOCTBA
GbYHKIMI U3 BBEIEHHOTO KJIAacCa, BBE/IEHA OAHAXOBa HOPMA, IMOJIYIE€HBI HEKOTOPBIE OIEHKNA WHTErpPajib-
HBIX OIIEPATOPOB B 3TOI HOpMe. Paccmorpena KpaeBas 3ajada Pumana — ['miabbepra 1151 0600IIEHHBIX
aHAJTUTHUIECKNX DYHKImit B Kiacce BMO.

1. Beenenne. OcHOBHBIE ONpeaesIeHIs

B npeiaraemoii crarbe, passuBatomieii pesynbraThl asTopa |1| mo anasoram kiraccos Xap-
I 00OOIICHHBIX AHAJUTUYCCKUX (PYHKIIMI, CTPOSTCS COOTBETCTBYIOIIUE AHAJOIH KJIACCOB
BMO (Bounded Mean Oscillation) st 0606mienabix anajurudeckux dyukimii. [eap pa-
60TBI — pa3BUTH allapar JJisd aHAJIN3a HePeryJIapHBIX KpaebblxX 3ajad. CoOTBETCTBYIONIUE
HEperyJsipHble KPaeBble 3a/Ia4i B aHAJIOraxX KJIACCOB XapJ/u PACCMOTDEHBI B [2].

O6osnaunm D = {2z : |2| < 1} euHUYHBII KPYT KOMILIEKCHOMN 2-TLIOCKOCTH, Z = T + 1%,
i? = —1; T = D — rpanuna xkpyra D; D = DUT; A(2), B(z) € Ls(D), s > 2 (uctonmayrorcst
obozHavenust KHuru [3]), — 3a/JaHHble KOMILIEKCHbIE (DYHKIIUH.

PacemorpuM B D KaHOHHYECKYIO SUIHITHUECKYIO CHCTEMY B KOMIUIEKCHOM 3aIlicn

Ozw + A(z)w + B(z)w = 0, (1)

e w = w(z) = u(z) +iv(z) — uckomast KOMILIEKCHast (DYHKIMsI, U U U — ee JeHCTBUTe IbHAsT
u MHEMas dacth, Oz = 1/2(0/0x + i0/0y) — npoussoxauas B cMeicie CobosieBa.
Pemenne w(z) cucremsr (1) HasbBator 0606wennot anasumuseckol gyrkyued |3, c. 148].

OnpPEAENEHUE 1. Crenys [1], 6yaem roBopurs, uro pemienue cucrembl (1) npuHaexur
kiaccy Hy(A, B), p > 0, eciit OHO jIst HEKOTOPOIT ITOJIOKUTeIbHOIT mocTostHHON My, (w) < +00
YJOBJIETBOPSET YCIOBUIO

27
1 , 4
wip,w) = — / lw(pe'?)|Pdo < Mp(w), 0<p<1, pe'” =z€D.

2
0

Ilpn A = B = 0 umeem obbranslii Kiaace Xapau H)y, rogomopdreix dynknmit [4, c¢. 57|.
MHozkecTBO orpanndeHHbIx B D pemtenuit cucremsl (1) 6ymem obosuadars Hoo (A, B).
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ONPEJIENEHUE 2. Bemecrsennas bynkmusa ¢ € Li1(T), ¢ = ¢(e??) = p(0) naspsaerca
dbyuximeit kiacca BMO [4, c. 227|, ecam

1
sup / o — 1] = o]]s < oo, (2)
I

rjae I C T' — npousBosibhbiil uaTepsas Ha I, [I| — ero jjmna,

i
or = — [ wdb.
U!I

Hutst komruiekcHosuaqanoit dbyukimn ¢ € Ly (I') onpenesenne aHaaIornaso.

ONPENEJIEHUE 3. Bysem roBoputh, uro perenne w(z) cucremsl (1) IpuHAIIEIKAT KIaCCy
BMO(A, B), ecim w(z) € Ha(A, B) u ero nekacareJbHble Ipejesbable 3Hadenns w(t) ma I'

npunaexkar Kiaaccy BMO.
[TIpu A = B = 0 umeem rosiomopdusiii kiacc BMOG [4, c. 269).

2. BcnomoraresbHbIE cBeJeHun:Ad

Jlemma 1 ([3, c. 156, 175-177|). List obobienHoi anamnrnieckori pyHkmm w(z), ompe-
JenenHolt B D, umeer MecTo npejcTaB/ieHue

wie) = e ew{ = [[ X dgan, ®
D

e

w
. A(z)+ B(z)—, ecam w #0,
C=E&+1in, g(z) = =) <)w
0, ectm w =0,

®(z) — rosomopuast B D bynkmusi, oqHO3HaYHO onpegessieMasi pyHkueii w(z).

Ecimm B coornomennn (3) 3amana ronomopgpras B D dyuknms ®(z) (mpomsposbHOI
CTPYKTYDBI), TO IO Hel OJHO3HAYHO OIIPEJESIeTCsT 0OOOICHHAsT aHAJIUTHICCKAsT (DYHKIIHS
w(z).

Crenys |3, c. 42, 45|, oboznamm

11 = [[ 2 asan s er,D) 21 (@)
D

Jlemma 2 ([3, c. 41, 57]). Ecmr w(z) — menpeprisroe B D pemerne cucremsr (1), To mreer
MECTO COOTHOUICHHE

w(z) + T(Aw + Bw)(z) = (2), ®(z) = % / tw_(tl dt. (5)
I

Ouesnyno, ®(z) B (5) — rosomopguast B D pynkius.
Ecmn ®(z) — npomussosbrast rosmomopguas B D dyuknus kmacca Dy g(D),s > 2
(ucrosp3yroresi 06o3nadeHust Kaura [3]), To coorHomennem (5) OJHO3HATHO OIPEIEJISTETCST

pemrerne w(z) cucremsr (1) kracca Dy 4(D).
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Jlemma 3 ([3, c. 185]). Ecmr w(z) € C(D) — pemrenne ypasuenns (1), To nmeer Mecto
npescrasienne (0bobimennast popmysia Korn)

w(z), z€D,
5 [ 01 OwlQ) A~ (e, Qw0 & = { Su(z). €T, (®
r 0, 2 ¢ D,
e )
M) =5 +0(IC=2™), a5, =0 (¢~ 27), (™)

obobmennsre syipa Komm ypasrenns (1) (3, ¢. 179], Q1(z,¢), Q2(2,() € Co, a0 = s/(s —2), no
KaxK 10 nepeMeHHol z,( npu z # (.

1
BAMEYAHUE 1. [Ipu A =B =0 Qi(z,() = s O2(z,¢) = 0 u bopmya (6) mpespa-

maercd B popmysty Ko mjist rosioMopdHBIX DyHKITHIN.
Jlemma 4 [3, c. 194, 151-152]. Ecom w(z) € C(D) — pemrenne ypasnemust (1),

B(z) = — /w(t) dt, (8)

_2—m’ t—z
T

TO

w(z) = — / (2, ) B(C) dC — (2 O)B(C) dE = KD(2). (9)

2mi
r
O6patno, ecmr ®(z) — rosomoppnas 8 D u menpepsisras B D dynkmus, o (9) — Herpe-
pbiBHOE B D pemenne ypasrerus (1) u umeer mecro upejcraperue (8).

3. Hekoropslie cBoiictBa dyHKIwmii kiracca BMO(A, B)

3.1. BasoBble cBoliicTBAa.

Teopema 1. /L5t Toro, 4robbr 06001eHHAST aHAIATHIeCKasT (DyHKIH w(z) IpHHAIeKa-
sa kiaccy BMO(A, B), Heobxoaumo u jgocrarodHo, 4robbl B npeicrapiennu (3) ® € BMOG.

< B cuny npeamonoxennst A(z), B(z) € Ls(D), narerpas B upeacrasienn (3) aist 1o00it
w(z) mpunagexnt knaccy Co(D), a = (s — 2)/s [3, c. 54]. Bmecte ¢ Tem, mpomsseienue
dbyuxiun Ha TN kinacca BMO na rénbuepoBy dbyukiuio npunagexur BMO [4, c. 268], a
w € Hy(A, B) sxsuBasentao ® € Hy [1], oTKya HENOCPEJCTBEHHO CJIEyeT yTBePXKICHUe
TeopeMbI 1. >

Jlemma 5. Ecin w(z) € BMO(A, B), To w(z) € Hy(A,B), p >0, 1 w(z) € Ly,(D) s
Jroboro m > 0.

< Hockombry ® € BMOG npunaniexur Hy, ais mo6oro p > 0 [4, c. 231], TO 110 Teopeme
1 u3 [1] w(z) € Hy(A, B) ms moboro p > 0, u mo teopeme 4 u3 [1| w(z) € Ly, (D) st Bcex
m > 0. >

[Tpuseem 0606menne npeacrasiaenus (5) Ha kiaaccsl BMO(A, B).

Teopema 2. Ecimm w(z) € BMO(A, B), o umeer mecro coorromenue (5), riae ®(z) €
BMOG.

< ITo memme 5 1 Teopeme 5 u3 |1| npencrasienue (5) umeer mecro u ®(z) € H), nist Beex

p > 0. ITockosbky 1o Teopeme (1) w(z) € L,(D) mas moboro p > 0, B cujly HepaBEeHCTBA
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Iémpaepa A(z)w(z) + B(z)w(z) € Ly¢(D) nas moboro ¢ Taxoro, uro 2 < ¢ < s. Orcioma
unterpan B (5) npunaexur kiaccy Cg(D) npu 0 < 3 < (s —2)/s [3, c. 54| n nomydaem
o(z) € BMOG. >

Teopema 3. Vpasuenne w(z) + T(Aw + Bw)(z) = ®(z) upu mobom ®(z) € BMOG
umeer eauHCTBeHHOE penrenne w(z) € BMO(A, B).

< Iockonbky ®(z) € Hp nast Becex p > 1, paccMaTpuBaeMoe ypaBHEHHE IMeeT eIMHCTBEH-
noe permenue w(z) € Hy(A, B) [1]. Uz T(Aw+ Bw)(z) € C(D), 0 < 8 < (s—2)/s, nonyqaem
w(z) € BMO(A, B). >

Teopema 4. Ecimn w(z) € Hy(A,B), p > 1, mm w(z) € BMO(A, B) — perrerne ypas-

wennst (1),
d(z2) = 2%” / tw_(ti dt,
I
TO ) __
w(z) = 5 [ B OB~ Dl OBC d = KD (). (10)
r

< Paccyxnenus nocrarouno nposecru B ciydae w(z) € Hp(A, B), IOCKOJIBKY €CJII 9TOT
BapHaHT TEOPEMbI Jl0Ka3aH, yTBepkKaenue st BMO(A, B) Gyner cieoBarth U3 JIEeMMbI 5.
Hnst Hy(A, B), p > 1, paccyKaeHusi JOCJIOBHO HOBTOPSIIOT COOTBETCTBYIOIIEE OCTPOCHUE U3
[3, c. 194], Tosbko BMecTo Teopembl Koim ciieyer HCIOIB30BATH AHAJIOIMYHYIO TEOPEMY
Puccos nyist Hy [4, c. 94], [5, c. 85]. >

SAMEYAHUE 2. IIpu stom ®(z) € H), [1] umn, coorsercrenno, ®(z) € BMOG (reopema
2). O6pailieHue TOil TeOpeMbl, AHAJOTUIHOE MPUBEJIEHHOMY B JieMMe 4 Jijisi HellpepbIBHbIX
®(z), mosryanm HIKe.

Ormernm, uro jyist dbyukiwmii kiaacca BMO(A, B) cupaseiusa gopmyaa I'puna (OCKOIIb-
Ky oHa HMeeT MecTo Jyist bynkmuit us Hy(A, B), p > 1 [1]):

1 ow
% w(z)dz = // v dxdy. (11)
r r

[TpuBesem ere oHO cooTHoIeHrHe. Pacemorpum Hapsity ¢ (1) conpsizkeHHOE ypaBHEHHE
dzw' — A(2)w’ — B(2)w' = 0. (12)

Jlemma 6. Ecm w(z) € Hy(A,B),p > 1, a w'(z) € Hy(-A,—-B), 1/p+ 1/q = 1
(mpu p = 1 momaraem ¢ = o0) — penrenne ypaaenns: (12), To uMeeT MeCTO COOTHOIICHHE
(roxknecrso I'puna)

Im /w(z)w’(z) dz | =0. (13)
r

< JI1s npoussefieHus ww' unMeeM

O(ww")

55 = 2ilm {Bw'w} = C(2)ww’,

rjie .
_ 2ilm {Buw'w}

ww'’

C(z) pu ww' #0, C(z) =0 mpu ww' = 0.
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Takum obpasom, C(z) € Ls(G), a ww’ € Hi(—C,0) (B cuny nepasencrsa I'énbiepa). [Tpume-
usist K ww' dbopmyry (11), Gyzem umersb

/ w(z)w'(2) dz = 2i / / 8(2’:’,) dady = —4 / / Im {Ba'w} dedy,
G G

r

OTKy/ta norydaem (13). >
3.2. BBesieHue HOPM U HEKOTOPBIE MX CBOMCTBA.

Teopema 5. Muoxecrso Hy(A,B), p > 1 (Hx(A, B)), ¢ HOpMmoit

1/p

el = / w(e®)Pds b (14)
T

[w]| i, = suplw(z)] (15)
GO

SIBJISIETCS JIefiCTBATEILHBIM GAHAXOBBIM TpocTpancTBoM. 3ech w(e') — mexacarespmbre mpe-
sesbable 3uadenus w(z) na I

< To, uro (14) u (15) — mopmsl, odeBunuo. Ilycrs {wy(z)}., — dyHIaMenragbHas
[0CJIe/I0BATENHLHOCTL B HOpMe (14). DTa 1mociie[oBaTeIbHOCTb CXOJAUTCSI PABHOMEPHO BHYTDH

D x pemennio w(z) ypasuenus (1) [3, c. 187]:

w(z) = 55 [ B OPO U - 2ol R &, (16)
r

riae p(z) = nli_)ngown(z), z € I'; upenen nonnmaercst B Hopme L, (I'),p > 1.

Paccmorpum ciy4ait p = 1. Yoeaumest, uro w(z) u3z (16) npunamuexur Hi(A, B). Oue-
BUJIHO HEPABEHCTBO:

2

27 27
/\w('rew)]cwg/]w(rew)—wn(reia)\dG—i—/\wn(rew)]de,
0 0

0

s Besgskoro 1, 0 < r < 1.
[TokazkeM, 9TO MOCJETHAN MHTErPA OrpaHIYeH paBHOMEpHO 1mo n u 7. Ilo dopmyse (3)

wy, = Ppe¥n, z € D. Tlocnenosarensoctb {wy(2)} orpanuyena B D paBHOMEpHO 110 N [3,
c. 163]. Hdauee,
2 2w

/wn(mw)mo < cl/@n(rew)yde,
0 0
2

rie xoncranTa Oy He sapucut ot n u 7. Unrerpan [ |®,(re?)| df monoronmno sospacraer 1o r
0
[4, c. 59]. B 10 Ke BpeMsi, B cuily OrpaHUYeHHOCTH (ByHIAMEHTAIBHOI 10C/Ie[0BATEIBHOCTH,

27 2m
[ |®n(e?)|d < Cs [ |wy,(e)| df < Cs, tie koucrantsr Cy u C3 He 3aBHCAT OT N.
0 0
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Temepb ocTaI0Ch OTMETUTH, YTO B CHJIYy PaBHOMEPHOW BHyTpu ) CXOAUMOCTH W, — W,
Kakoe 061 0 < r < 1 MBI He 3adUKCUPOBAJIH,

2w

/|w(7"ei0) —wp(re?)|do < 1
0

JIs1 TOCTATOTHO OOJIBIINX n. DTO JoKasbiBaeT, uro w(z) € Hi(A, B).
Orcrona [1]

w(z) = — / (2, w(C) d¢ — (=, ()w(0) dC, (17)

211
r

rie w(C) = w4 (¢) mpu z — ¢ € ', z € D, o HEKacATEILHBIM Iy TSIM.
ITo o606mmennbM popmystam Coxonkoro [1] mpu z — ¢t € I' u3 (16) nmeem:

welt) = %50(0) + 5 [ 0RO dC — Dalt, R0 (18)

T

e wy (t) — Tpe/ebHbIe HeKacaTeTbHble 3HAUeHUst pu z — t, 2 € D, a w_(t) — npu z ¢ D.
Ananornumno n3 (17)

1

welt) = £ 5u(t) + 5 [ (OO dC — (e, Q) . (19)

T

Borauras (18) u (19), st pasHoctun h = ¢ — w HOIydnM

£2h(0)+ 5 [ OB d — Qat. R & =0,

211
r

T. e. h(t) ectb rpanmuHoe 3Hauenue Gyukun u3z Hy(A, B) [1], npomomkimoii ronoMopdHbIM
obpazom BHe D u paBHOii Hys10 Ha GeckoHeunocTH [3, ¢. 185]. Orcroga h(t) = ¢(t) —w(t) =0
Ha I' u Hi(A, B) ¢ nopmoii (14) mosso.

Ecmu p > 1, ro B (17) w(z) € Hy(A, B), nockomnsky ¢(t) = w(t) € Ly(T') [1].

st Hopmbr (15) yTBep2K/IeHIe TeopeMbl HEIIOCPEICTBEHHO ciieyer u3 (3) 1 paBHOMEpHOI
OrpaHuIeHHoCTH {wy,(2)}. >

Besmunna |||« u3 (2) paBHA HyJIHO Jist KOHCTAHT, Tak 49TO || - ||« ecTh HOpMa B (dakTop-
npocrparctee BM Oy := BMO/R (wm BMO/C), npespammaorias ero B JeHCTBATEIHHOE
6aHaXOBO POCTPAHCTBO [4, ¢. 224, 245]. Vexost u3 3Tux coobpazkenuii 6yjieM KOHCTPYUPOBATD
HOpMy B mpoctpanctse BMO(A, B).

Teopema 6. MuoxxecrBo BMO(A, B) ¢ Hopmoii
1
lwllparo = o [ lw(®)]ldt] + fJwll. (20)
r

ABJIACTCA ,ZIGI?ICTBI/ITGJIBHBIM OaHaxXOBBIM IIPpOCTPaHCTBOM.

< To, uro dopmyna (20) onpeneinsier Hopmy Ha BMO(A, B) — oueBuiHo. ITokaxkeMm, 4aro
npocrpanctBo BMO dyuknuit vHa I' ¢ Hopmoit (20) mostHo.
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ITycrs {wy, }o ; — mocaenoBarensbHocTs Gynknuii na I', pyngamentanasaas B Hopme (20).
UspectHo [4, c. 247|, uro ecau dyukuus Ha [N yinosrersopsier ycsosuto w, € BMO, To ee
MOYKHO IPEJICTABUTH B BH/JIE

Wy = @n + Hp + ap, (21)

rae H — npeobpaszosanue ['miabbepra, @n, ¥, € Loo(T), an € C, a ¢y, ¥, MOXKHO BBIGpATH
Tax, 4TO

lenllLem < Cllwalle:  [19nllLwmy < Cllwalls (22)

It HeKoTopoil mocrosinnoit C', He 3apucameir or n. OTcioga mojgydaeM, 9TO {cpn};’f:l u
{1}, — dbynmamenranbuble nocienosareabuoctu B Lo (I') (a ciaemosaresbno, B j11060M
L,T),1<p<o0).

B cumy (20) mmeem, aro {wy, }o2 ;| — dyngamenranpaas nociaegosarensuocts B Ly (). U3
(21) m onenku (p > 1) [4, c. 117]

1H |z, ) < const| f]|1, ) (23)

nostydaeM (371ech u najiee Bce (bUrypPHUPYIONIHe B OICHKAX KOHCTAHTBI HE 3ABUCAT OT yIacTBY-
IOIUX B OIeHKe (DyHKIHIA)

(2m)|en, — | = [[(wn — wm) — (n — Pm) — H(n — wm)HLl(F)
[(wn = wn )|y @) + [1(en = om) + H(Wn — ¥m)ll2,()

[(wn = wm )|y @) + [1(en = om) + HWn — ¥m)|lL, )

[ (wn — wi) L, () + lon — EmllL, @) + const||thn — YmllL, ),

llon — amHL1(F)

INCININ

T. e. {102 — dyHnnamenTaabHas YHCI0BAS IIOC/IE0BATEILHOCTE.
O6osraanm lim @, = ¢ € Loo(I'), lim ¢, = ¢ € Loo('), lim oy, = o € C. Oynknus
w =@+ Hy+ SEMBM O [4, c. 228, 247TrEIOHﬂ IIPeJICTABJICHNUST &T)OOCHPaBe,D;JH/IBa orenka |4,
c. 247]
[wlls < Cr (el + ¥l m) »

riae koucranta Ch or w, ¢, 1 we 3aBucut. Orciona u n3 (23) umeeM |[w — wy||ppro — 0 n
noJsiHoTa TpocrpancTBa dyHkuuii Kiaacca BMO uva I' ¢ Hopwmoii (20) gokasana.

Teneps, anasorunano (16), pacemorpum dyukimo w(z) = Kw(z), asistorntytocst BHyTpu D
PaBHOMEPHBIM IIPEJIEJIOM HOCIeA0BaTeIbHOCTH {wy(2)}00 ; u rie w(t) = nlirrgo wy () B cMBbICIIE

sHopmsbl (20) ma I

Tak kak w(t) € BMO C Lo(T'), byuxius w(z) = Kw(z) € Ha(A, B) u, B COOTBETCTBIY €
pacCyKJIeHUsIMU JI0OKAa3aTesIbCTBA TeopeMbl 5, w(t) — HeKacaTesbHbIe [PeIe/IbHbIe 3HATCHUSI
dbyuxmm w(z) na I'. Urak, ||w(z) — wn(2)||Bpo — 0. >

3.3. Onenku 0606I11IeHHOrO MHTerpaga Tuna Kormu.

Teopema 7. Ilycrs ¢(t) € Ly(I'), p > 1. Toryga w(z) = Ky(z) € Hy(A,B) n

w(2)[ m,4,8) < C2lle®)lL, @) (24)

e kouctauta Co He 3aBHCHT OT .

< To, uro Ky(z) € Hp(A, B) — u3secrrbtii dakr [1]. U3 0606menubx dopmya Coxonko-
ro — Ilnemens (18), orpammdennoctu B Ly, (I') mpu p > 1 CHHIY/ISIPHOTO HHTErpPajia, T€OPEMBI
Xapau — Jlurrisyga — CobosieBa 06 mHTErpasiax co caaboii ocobernnocrsio [6, c. 141 u (7)
nostydaeM (24). >
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Jlemma 7. Ecmn f(t) € BMO nal', o mst siroboro p > 1 BemmosiHsieTcst oieHKa

1F O,y < const]| £ ()] ao, (25)

IJie KOHCTaHTa He 3aBHUCHT OT f

< Bocnonbsyemest npencrasienuem (21): f = ¢ + HY + «, tne ¢, ¥ € Loo(T'), « € C
el Loy < Cllfllss 1Y) Loy < Cf]|«- U3 a10T0 TIDECTaBNCHNS U U3 (23) MMeeMm:

£l 2,y < llellz, @) + constl|e)] L,y + + [271]/P
<@l Lo () + const|[Y]l r ) + + [27]/P|al (26)
<[2 ]1/p|a| + const|| f].

Hamee,

ez, = @m)lal <[ fllz, @) + el @ + HH”L/JHLl
<Nl + 1@l Loe ) + comst[i]] 1 ( Hf||L1 + const|| f ||«

Cornocrapiisist IOCJIEIHION OIeHKY U (26), mosyunm (25). >
Teopema 8. Ilycrs p(t) € BMO. Torna w(z) = Kp(z) € BMO(A,B) n

[w(z)lBmo < Cslle®)l Bro, (27)

e koHcraHTa C3 He 3aBHCHT OT Q.

< Ilo Teopeme 7 w(z) € H,(A,B) nias Bcex p > 1. Ilo obobmienneim dopmynam Co-
xomkoro — Ilnemernst (18) 11st HeKacaTeIbHBIX TpeaeabHbIX 3Hadennii Ha I w(t) = [Kp(t)] "
ob6obmmentoro unrerpaia tuma Komm Cp(z) nmeem

1 1
+

5 o(t) + Kep(t).

/Ql(t T)p(T)dT — Qg(t,T)Md? =

r

,ZLaJIee 6y,IL€M OII€CHUBATH CJjlara€MbI€ B HpaBOfI JaCTU 3TOr'0 paBEHCTBa:

1
1Ke()Bro = o llw®)llzy ) + ()]«

1 (1 1
< 3= {319l + 1Kol | + el + kel (29

1 1
= 5llellBaro + oK)z, 0y + 1 ()]

Bo mepBeIX, B CHIly OrpaHHYEHHOCTH CHHIYyJsipHoro maTerpana B Ly(I'),p > 1 [5, c. 139],
reopembl Xapu — JIurriasyna — CobosieBa 06 naTerpasax co ciaaboit ocobernnocTsio 6, ¢. 141]
u (7) mmeem [[Kp(t)| 1,y < const [[p(t)|| L, ). Orcrona u us (25) BbiBomM

1K)l Ly (ry < @Bl Ly(ry < constllp ()| Loy < constlle ()] Bao- (29)

Ucnons3yst (7), moay<anm

T—1
* F *

ICo(t)||« < const /(’O(T)dT + /Qo(t,T)go(T) dr , (30)
r
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rie

Qo(t,7) =0 (|T - ty*Q/S) : (31)

st mepBoro ciaraemoro B npasoit wactu (30) umeem [4, c. 236]

JEE < constlo)] 32)
T—1

r *

Hanee, nst uarerpana Kop(t) = [ Qo(t, 7)p(7) dr nveem [4, c. 224]
r

1Ko ()]« < 1Ko (D) e (r)- (33)

B cuny (31) mpu p > s/(s — 2) umeer mecro orenka [6, ¢. 318]
1K o)l Lo (ry < comstl[o(t)| 1, (r)- (34)

U3 (33), (34) u (25) momy1aem

[KCosp(t)]]+ < constle ()] Baro- (35)

s (28), (29), (30), (32) u (35) caegyer (27). >
4. KpaeBas 3amauya Pumana — I'mabbepTa

OnPEAENEHUE 4. Oyukiuio w(z) € BMO(A, B) GyneM Ha3blBATh PEIIEHUEM KPaeBoil
sasaan Pumana — ['mibbepra uist ypasnenust (1), eciiu ee HeKacaTeJbHbIE HPEJIE/IbHbIE 3Ha-
wenns Ha [ w' (¢) = w(t) mourn Beiogy Ha I yI0BIETBOPSAIOT KPACBOMY YCJIOBUIO

Re{A(t)w(t)} = g(t), (36)
rie A = A(t) € Co(I") — 3amannas komiuiekcHast GyHukiws, g(t) € BMO — 3anannas ua T’
BeIlleCTBeHHAs (DYHKIIUS.

Bynewm cunrars, aro 0 < ki < |A| < ko, e k1 u ko — Hekoropsie nocrostuable. [T0CKOIbKY
[IpOM3BeIeHNe MéJibiiepoBoil dyHKImu u GyHkiun kiacca BMO ects bynknus kiacca BMO
[4, c. 268|, B TakoM 1pe/IosIoXKeHNN 63 OrpaHnIeHnst OOIIIHOCTH MOYKHO cuuTarh [A| = 1, T. e.
At) = D rre 0(t) € Cy(T) — neiicTeurenbuas byHKIHs.

O6osHaunm 3 = indrA(t) unmekc Kpaesoro ycsosust (36) [3, c. 243].

4.1. 3agaya Pumana — 'mibpbepTa 1pu KAHOHUYECKOM KpPaeBOM ycJioBuH. Pac-
cMoTpHuM Kpaesyo 3ajady (1), (36) B uacTaOoM cityuae A(t) = 7%

Re {t7*w(t)} = g(¢). (37)

Crenys |3, c. 246], kpaeBoe ycsoBue (37) GyeM Ha3bIBATH KAHOHUYECKUM.
Pacemorpum cuavasa ciaydaii s > 0. Coenyst [3, . 293], o6o3uaqnm

_ 1 fQ) 2O L
P%f(z)——}//<<_z+ % )dfdn, ¢=&+1in.
D

Teopema 9. Ecin w(z) € BMO(A, B), To umeer MecTo cOOTHOIIICHUE

w(z) + P (Aw + Bw) = ®(2), (38)

e ®(z) € BMOG, u
Re {t *w(t)} =Re {t *®(t)}, tel. (39)
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<1 VI3 cOOTBETCTBYIOIIErO yTBEPKIACHUs JJist KIaccoB Xapau 2] BeITeKaeT, 9To COOTHOIIE-
uust (38), (39) mmeror Mecto; HyKHO 1okasarh, 4to $(z) € BMOG.
Tax kax

Re {t7*®(t)} = Re {t *w(t)} € BMO,

®(z) € BMOG B cuity pe3ysibraToB 0 KpaeBoii 3ajade Pumana — 'nibbepra jist KiaaccoB
BMOG |7, u. 4]. >

Teopema 10. Eciu ®(z) € BMOG, 1o coorHorernem (38) 0JHO3HATHO OIIPEJIEISIETCs
Gyurnus w(z) € BMO(A, B), yaosrerBopsiomast Ha I ycrosmuio (39).

< U3 cooTBETCTBYIONIErO yTBEP:KJIEHUST Ul KJaccoB Xapiau [2] moaywaem w(z) €
H,(A, B) upu cKoJib yrOHO GOJIBIIIOM .

Pemenne w(z) ypasuenus (1) MoxkHo npejcraButh B Bujge w = ®iwy, tne ®1 € Hy, wp €
Co(D), a = (s — 2)/s [1, Teopema 1]. IlogcTapsst 310 MpescTasienne B (39), MOTy M, ITO
rosiomopdHast pyuknus P1(z) ecThb perenne Kpaesoii 3a1a4au

Re {M(O01()} = 1(0).

rie A\ (t) = t*wy(t) € Co(T), g1(t) = Re {t*®(t)} € BMO. Orciona caenyer |7, 1. 4], aro
®; € BMOG, u o reopeme 1 w(z) € BMO(A, B). >

Urak, no reopemam 9 u 10 coorHomenunem (38) ycraHaBIMBaeTCs JIMHEHOE B BEIECTBEH-
HOM CMBICJIE B3AUMHO OJIHO3HATHOE COOTBETCTBHIE MEXKJly PElleHUsIMEI KPaeBoil 3a1aau Puma-
nHa — 'mib6epra Jyist 06001menHbIx anamurndeckux dynakmuit (1), (37) kracca BMO(A, B)
U pelleHusMH Kpaesoil 3aja4un Pumana — I'mibbepra s rosomMopdHbix GyHKIM Kiacca

BMOG
Re {t77®(t)} = g(¢). (40)
YunreiBast pe3yibrarsl u3 |7, mo Kpaesoit 3ajade (40) mosyuaeM ciejyomiee yTBepK ie-
HHe.

Teopema 11. Ilpu » > 0 kpaesas 3aunaua (1), (37) Bcerma umeer perreHme Kiacca
BMO(A, B), ymneiino cogepxairee (2 + 1) Ipou3BOJIBHBIX BEIECTBEHHBIX MOCTOSHHBIX.

Ilepeitnem k caydaro » < 0. PaccmoTpuM KpaeByio 3aJady, CONPs2KEHHYIO OTHOPOIHOM
(mpu g = 0) zazmadge (1), (37) [3, c. 301]:

Ozw' — Aw' — Bw' =0, (41)

Re {t*t'(s)w'(t)} =0, (42)

riae s — jymna gayru Ha I, t/(s) = dt/ds.
Onmpasich Ha IOCTPOEHMUSI, TIPOJETAHHDBIC BBIIIE /I > > (), TOCTOBHO MOBTOPSIS COOTBET-
cTByIOIUe paccyxkaenus us |3, c. 298-301|, mosryuaem cirepyroniee yTBEpKICHUE.

Teopema 12. Ilpn » < 0 g cymecrBoBanus (eauHCTBeHHOrO) pernenns 3ajgaqn (1),
(37) rmacca BMO(A, B) HeoOxoammMo H JOCTATOYHO BBIIOJIHEHHsI CJICIYIOINX YCJIOBUI Ha

g(t) # 0:
/t”w;(t)g(t)dtzo, J=1,2,..., -2 —1, (43)
r

e wi(z) € Cq (D), a = (s —2)/s, — nmoHbI HAGOD JTHHEIHHO HE3ABUCHMBIX B BEIECTBEHHOM
CMBICJIE pelIeHnE i OJHOPOJIHOM conpsixkeHHOI 3asa4an (41), (42).
Ilpu 2 < 0 u g = 0 ogHOpoaHast 3aa49a (1), (37) HMeeT TOJIBKO HyI€BOE peIIeHHE.
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Teopema 13. Omneparop (I + P,;) : BMO(A, B) — BMOG B (38) nenpepniBen u umeer
orpaHHYeHHbI 06paTHEIi, T. €. B (38)

lw|Brmo < const||®||Byo-

AHajilornaHoe yTBEpXKJICHHE HMEET MECTO JIJISI OIIEPATOPOB, HCIIOJIB3YEMBIX IIPH DPACCMOT-
pernn caydas »x < 0 |3, c. 298].
< B cuny npezacrasienns (17), omenku HICwHLp(B) < const|wl|p, ), p > 1 [1], u (25)
nMeeM
lw()l L, @) < constlwlpyo  (Vp>1). (44)

HockombKy omepatop P, : L,(D) — Cg(D), p > 2, 3 = (p — 2)/p, nenpepsisen |3, c. 294], To
¢ ucnoJsib3oBanueM (44) mosrydaem

I + P)wllsaro < |[wllpao + constl|Pwlll o, 5
|

<
< JJw||pvo + const||wHLp(5) < const||w|| pyo,

u HerpepbiBHOCTE (I + P,,) noka3aHa.
OrpaHu4eHHOCTHL 0OPATHOIrO OIEPaTOPa — 3TO CJIEJICTBUAE U3 TeopeMbl baHnaxa. >

4.2. Ciay4yaii HEKAHOHUYECKOI'0O KPA€BOT0 yCJIOBUSL. Y MHOXKIM KpaeBoe yciiosue (36)
Ha PeryJIsipU3yIomui MHOKITeTb Kosbbumuenta A(t) = 1) [8, c. 275]:

Re {t_”e_”(t)w(t)} = et g(p),

3,IL€CI;> 7(2) = w(z) +iwi(2) = S(0 — »argt)(z) € Co(D), S — oneparop [Isapra. O6ozraTIM
“1Wg(t) = g*(t) € BMO, ,
e"P(z) = w*(2). (45)

Oyukiust w* = w*(z) ya0BIETBOPSIET yPABHEHUIO

ozw* + A(z)w* + B*(z)w* =0, (46)
rie A
B*(z) = B(z)e %R 12 ¢ [ (D), (47)
1 KpaeBOMY YCJIOBUIO
Re {t7*w*(t)} = g*(1). (48)

[TockobKy mpoussejieHne rébaepoBoii (pyHKIMN 1 pyHKInn Kiracca BM O ectb GyHKIUs
kinacca BMO |4, c. 268|, w*(z) € BMO(A, B*) upn yciaosun, uro w(z) € BMO(A, B)
(u HaoGopoT).

Mot samaqan (46), (48) ¢ KAHOHHYECKUM KPAEBBIM YCJIOBHEM CIPABEIABLI TeopeMbl 11 u
12. Ilycre w*(z) € BMO(A, B*) — peenne sroii kpaesoii 3ajiaun upu s > 0. AHajgoruaHo
[3, c. 296] npencrasum w*(z) B BUsE

w*(2) = " (2)wo(2), (49)

riae *(z) ronomopdua B D,

o =owd [ |2 1D g < ) 0= 2
D
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FTied

f(Z) _ A(2)+B*(Z)Ea (Z)

w*
0, w*(z) =

RN

0 (50)

Ouenjiao, w*(z) € BMO(A, B*) torma u toabko Torja, korja ®*(z) € BMOG; rakxke
oueBuHO, 9T0 Imwo(t) =0, t € T

[Moncrasus (49) B (48), mosyuum, uro rosomopduas ¢yuknus P*(z) € BMOG ecrb
pelrenne KpaeBon 3a1a9n

Re {t7®*(t)} = g*(t)wy ' (t) € BMO. (51)
Orcrona |7, dopmymna (18)]

©*(2) = 2 [S(g"wy ) + Q(2)] | (52)

el
e S — omeparop IIsapna, Q(2) = B+ 3. (ck2* —erz7%), e — KommIexcHBIE IOCTOAHHTIe,
k=1
Bo — BelleCTBEHHAs OCTOSTHHASI.

Vunozmm (49) ma €7(?) | e €7(2) — 1a ke romomopdmas B D dbynxmus, aro u B (45), u
0003HaINM

w(z) = w*(2)e"3); B(2) = B* (), (53)

ITpu sTom (49) nepenmiercst B Bue
w(z) = ®(2)wp(2). (54)

Bwmecte ¢ rem, B npejcrasienun juist wo(z) ¢ yaerom (47) u (50) 6yxem umers

SRS

R A e

0, w(z) =

oTKy/la mnostydaeM, 9ro w(z) B (54) ectb pemtenne ypasaerus (1).
[ockombky v(2) € Co(D) n mpoussesenne rémbaepoBoit GyHKIMN 1 GYHKINN KTacca
BMO ecry dyukuus xiaacca BMO [4, c. 268], w(z) € BMO(A, B), ®(z) € BMOG.
[Tokazkem, uro w(z) yiaoBierBopsier KpaesoMy yciosuio (36). st aroro mocrarodso 1o-
ka3arb, uro P(z) B (54) yI0BIETBOPSIET KPACBOMY YCIIOBHIO

Re {e_w(t)fb(t)} = g(t)wy1(t), teTl. (55)

[Moncrasum Boipazkenne st $*(z) uz (53) B (52). Orciona nmosmyanM, aro P(z) ymosiaersopsier
(55).

B ciyuae 3 < 0 npozmernaem Ty ke 3ameny (45) u Tak ke upngeMm K 3azgade (46), (48).
YceioBue ee pa3spemmMoCTu:

/t”w;*(t)g*(t) dt=0, j=1,2,...,—2x—1, (56)
T

!
rze wj*(z) — TIOJIHas CHCTEMa JTMHEHHO He3aBUCHUMBIX B BEHICCTBEHHOM CMBICJIC DEIICHNil 3a-

Jadu

’ /

O™ — A(z)w'™ — B*(2)@* =0, Re {t%t'(s)w’*(t)} = 0.



Kiaccer BMO 06001eHHBIX AHAJTATHICCKUX (DYHKITHET 1-39

Obparnas 3amena (53) rak ke npuseger K pemennio w(z) € BMO(A, B) 3amaun (1),
(36), TOBKO B paccyzKIeHusX ccbuiku Ha |7, dpopmyra (18)] Hamo 3amenuTs ceblIKamu Ha |7,
dopmyma (19)]. Verosue paspermmvocta (56) mocre samensr w'*(z) = w'(2)e???) nepeiiner B
ycJjioBue

rie w}(2) € Co(D), a = (s—2)/s, — mo/Has cHCTEMA JTMHE{THO HE3ABHCHMBIX B BEIeCTBeHHOM
CMBICJIE PeIIeHnil 3a/1aun, CONpsizKEeHHOi oHopoHoit 3a1aqde (1), (36):

dz:w' — A(z)w' — B(z)w' =0, Re {ew(t)t'(s)w’(t)} = 0.

Urax, dopmynst (45) u (53) ycTaHABINBAIOT JTHHEHHOE B BENECTBEHHOM CMbICIIE B3AMMHO
OJIHO3HAYHOE COOTBETCTBHE MeXK 1y pemtenusimu kiaacca BMO(A, B) kpaesoii 3aa4n (1), (36)
u pemennsiMu Kiacca BMO(A, B*) kpaeBoil 3aa9n ¢ KAHOHHIECKAM KPAaECBBIM YCJIOBHEM
(46), (48). Orcroga u u3 Teopem 11, 12 mosyuaem ciiejyrolnee yTBepK/ICHUE.

Teopema 14. Ilpu » > 0 oxnoposauas kpaesast 3aaaqa (1), (36) umeer (23¢ + 1) smueiino
HEe3aBHCHMBIX B BEII[ECTBEHHOM cMbIcJIe perreruii Kiacca BMO(A, B). Heonropoanast 3aj5a49a
Bceryia nmeer perrernne kiaacca BMO(A, B).

IIpu »c < 0 st cymecTBoBaHusI (€AUHCTBEHHOr0) penieHnst Kpaepoii 3ajaqmn (1), (36) kiac-
ca BMO(A, B) HeobxomuMo u JjocTaToqHo BbimoHenue yciaoBmii (57). OnHoponnas 3ajada
(1), (36) pu 3 < 0 umeer TOJIBKO HyJIEBOE PEIICHHE.
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