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PEIIEHUWE ITPOBJIEMBI PAIITEBCKOI'O

. A. XybexxTbI

Jlano onucanue GECKOHEYHON MPOEKTUBHON IJIOCKOCTH w3, B KOTOPOH KOHMUIypalMoHHas TeopeMa 83
BBITNIOJIHSAETCST TPOEKTUBHO, HA3bIBAEMOM IIJTIOCKOCThIO PareBckoro, n mokazana MydaHTOBOCTh TOM IIOC-
KOCTH, TEM CAMBIM IOJIOKUTEJIBHO peleHa mpobiaema Pamesckoro: «He mydanrosa i miockocTs w3 7».

KuroueBrbie ciioBa: XxapakKTepUCTHKA IPOEKTUBHON IJIOCKOCTH, My(daHroBa IIJIOCKOCTD, IJIOCKOCTh Pa-
IIIEBCKOTO.

PacemorpuM yacTHbIl cydaii Teopembl Jlesapra, a UMEHHO CJIe/lyIONLyio KOHMUTypary-
OHHYIO Teopemy (puc. 1).

Ecnm 1151 TpexXBepITMHANKOB 1 2 3 1 1723 CYIIECTBYeT NeHTpP 4 HepPCHeKTHBbLI, CTOPOHLI
OJIHOTO MHIMJICHTHBLI BEPIIMHAM JIPYTOr0 U TOYKN 5, 6, 7 IMepecedeHus CXOJICTBEHHBIX CTOPOH
UHIUJICHTHBL OJHON IIPAMOii, TO (Z, 5,6, 7).

DTy TeopeMy, UMEIOILYI0 paHr 7 u cocrosantyto u3 10 Touek u 10 mpssMbIx, 0003HAYNM Uepe3
L(7,10;10) = L7 [4].

BeisicauM cBsizu Mexxy L7 ¥ HUXKeC/IeyonMyI KOHPUIYPAIMOHHBIMI TeopeMamu Pa-
mescKoro 83 u 134 [2].
Teopema 1 (K. Teopema 83 (puc. 2) [2]|). Eciu B, C, D — To4ku oxHOI IPsMOI, mep-

crieKkTHBHO cBszaHbl ¢ Toukamu B', C', D' apyroit npsmoii, To 1ocie Kpyropoii 11oJcTaHOBKH
mag B', C', D' nepcnekTusaOe cOOTBETCTBHE COXPAHSETCSL.

4

Puc. 2.

Teopema 2 (K. Teopema 134 (puc. 3) [2]). Eciu st rouek B, C, B', C' o6mero
nosoxkenust u rouek A = [B,C] N [B',C'], P = [B,C'| N [B,C], Q = [A,P]n[C,C"],
D = [B,QIn[C,B], D' = [B,Qn[B,C', R=[DC|n[C,D, F=|[CC]n|[B,B,
M = [C,D'|n[B,C'], N = [C,B]| N [D,C"] sbmoansitorcss nanugeanuu (D, D', P, F),
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(B,B',R,F), (P,Q,R,A), (A,M,N,F), (B,D', Q,N), 10 BbIIOJHsETCSI 1 3aMBIKAIOI[As
(D,B',Q, M) (puc. 3).

B [2]| mokazano, 4TO 83 IPOEKTHBHO SKBUBaJeHTHA 134, a KoHbUrypaims 134 ecTb mosHoe
cBObOIHOE pacmpenue 83, T. €. II0cKocTh Haj QF(3).

Teopema 3 [4]|. B mpoekruBHoii miockocru Teopema L7 skBuBajeHTHaA Teopeme 134 m,
cJ1eJI0BaTE/ILHO, TeopeMe 83.

< JloKa3aTeIbCcTBO TEOPEMBI 3 pa300beM Ha TIeTBIPE JIEMMBL.
Jlemma 1. 134 = L7 (puc. 1,3).

< Pacemorpum nBa tpexsepmmuanka AC'C' m FBD' ¢ nanmaenmusvm F I [C,C'),
BI[A,C], D'T[A,C', M = [A,F]n|[C',B]n[C,D'], B = [A,C'| N [F,B|, D = [A,C]N
[F,D'], @ = [C,C']| N [B,D'] u noxaxem (M, D, B’ Q), ncxong u3 134. C 310ii 11eab10 BbI-
6epem B L7 ciefylonue deTblpe Touku obmiero nojoxkenus B, C, B’, C' u nocrpoum 134 110
BBINIIEyKa3aHHOW TabJiniie mHIuaeHImi. Torma B cuty BbITOJTHEHHsT 134 B IJIOCKOCTH B Heii
umeer mecro unnuaennus (M, B', D, Q) = L. Orciona cieiyer takxke, 9ro Ly BiIokKeHa B
134. >

JlemMa 2. Ly = 134.

< Hokaxkem, aro u3 Ly ciemayior Bce naImaennnu 134. C 910l 11e/1bI0 paccMOTpuM B 134
IIIECTh I1ap TPEXBEPITMHHUKOB:

(I) = {BB'Q; C'CA}, (1) = {CC'P; D' DA},
(11I) = {MC'C; FD'B}, (IV) = {NC'C; FB'D},
(V) = {CC'M; PRF}, (VI) = {CC'N; RPF}.

YunrsBast, uro B Q I [C,C'], BI[C,A], B'T[C',A], P = [B',C]N[B,C']N[A,Q], ups-
mast [F,D'], rne F = [B,B'|N[C,C'], D' = [B,Q] N [C’, A], uanmzaenrna P, To 3akiodaem,
4T0 Juist TpexBepinHHUKOB (1) BbimosHsIroTCst yesoBust Ly ¥, CJ1e0BaTeIbHO, BBIIOJIHSIETCSI
u sambikaomas uanuaennus (P, F, D, D"), tne D = [B',Q] N [C, A], wau, apyrumu cjioBa-
mu, TpexepummHauky (I) B 134 mopoxkpator kondurypamnuio Ly. Dror dakr 3anmiem Tak:
(I) = (P, F, D, D"). Ananornunsimu paccyxaenusiMu upu yaere (P, F, D, D') ycranasiusa-
em, aro (II) = (P,A,R) u (F,R, B, B’). Hanee, cpasuuBasi (P, A,Q) u (P, A, R), 3ako-
qaem (P, A,Q, R). Ecim yuecrs, uro B (III) FI[C,C'], D'I[M,C], BI[M,C'] u Touku
P = [M,C'|Nn[F,D'], R = [M,C]N[F,B], Q = [C,C'| n[D,B] nexar B cuny (II), na
ool ipsimoit (ocu nepcektusnl), A = [C, D'] N [C, B] nexkut Ha 0cH, TO 3aKII0YaEM, ITO
(A, F, M). Hanee umeem, uro (IV) = (A, F, N). CpaBHuBasi 110C/Ie/IHIE J[BE UHIUICHIIUH, MbI
npuxoauMm K (A, M, N, F'). Ouupasicb Ha paccyKJIeHusl, aHAJOIUIHbIE IPEIbIILY M, 3aKJIII0-
qaem, uro (V) = (B,D'Q, N). Tak xak 8 (VI) FI[C,C'], PI|C,N], RI[C',N], (Q,B’,D),
e @ = [C',C|N[P, R], B’ = [C,N|N[R, F], D = [C', N|N[P, F|, M = [C, R]N[C", P]N[N, F]
B CUJly Opeabiymux uninuaennuii, o (D, Q, M, B'). Urak, uz L7 cieiyior Bce WHIUIEHIN
TeopeMbl 134. >

Jlemma 3. 83 = Lr.

< Hyers Tpexsepumannkn 12 3 1 1 2 3 nMeor nentp 4, TOUKAME IEPECEUeHIs CXOJ-
CTBEHHBIX CTOPOH OYIyT TOYKH b, 6 W 7 M BEpIIMHBI OJHOTO JEXKAT Ha CTOPOHAX JIPYTOTO.
Jokazxem 83 = (4,5,6,7). C 5T0i 1eIb10 paccMOTpuM B L7 Mapy KOJUIMHEAPHBIX TPOEK 2 3 5
1723/ ¢ HeHTPOM HepCleKTHBLL B TouKe 1 . B cuity 83 Torma napa 23 5 1 2 3 7 TaKzKe [epClieK-
Tusna ¢ nenrpom B [2,3] N [2,3] = 4. Cnenosarensno, 83 = (4,5,7). Ananormdanonmy sToMy,
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— = —
u3 nepcrektuBHOCTH Mapbl 4 1/1 1 36 2° ¢ neaTpoMm B 3 B CHILy 83 CJIeIyeT HePCIeKTUBHOCTD
naper 4 71 u 6 23 ¢ nenrpom 8 [1,2] N [2,3]. Urak, 83 = (4,6,7). >

Jlemma 4. L7 = 83.

< B L7 BBIe/mM Hapy KOJIMHEAPHBIX I HEPCIEKTUBHBIX Tpoek 23 5 u 7 2 3 (em. puc. 1)
¢ nenrpom I/ = [2,7]N[3,2] N [5,3]. Tak xak B Ly Touxn 4,5 1 7 KOJUIMHEAPHbI, TO TPOAKI
23 5 u 2 37 nepcuexrusun ¢ nentpom B 4 = [2,2] N [3,3] N [5,7]. Dro smaunr, uro 8s,
[OPOK/ICHHAs! BBINIEYKA3AHHBIMU TPOHKAMU KOJUIMHEAPHBIX TOYEK, 3aMbIKaeTcs. (3amernm,
9TO J0KA3aTeIbCTBO uMILiukaiuit Ly = 83 um 83 = Ly B cuiy pe3ynbraTroB PareBckoro
83 = 134, 134 = 83 MoryT OBITH OIyIEHbI, KaK ciaeacTsus u3 Ly = 134 u 134 = L7.) >

Teopema 4. U3 83 caexyer neppast maJiasi reopema llamia.

< Iyers mas Touexk 4, 6,2 npamoit 1 n Todek 1,3,5 mpsamoii I miockoctn Pamesckoro
BBITIOJTHSIIOTCSH WHITH/ICHITAN:

TOT/Ia BBIIOTHACTCST M MHIAeHus (7,
Hokaxkem coornomienune 83 = (7,

N F
B C
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P
A B C
Puc. 3

B=1[2,4n[7, 9] C= [g, ]0[3,1 =
2) PaccMOTpUM TOUKH 8 6
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@@&(; g;)Aiﬂm@%nﬁm:a<% gg),@mmﬁﬁmWﬂ:Q,
1=[1,94n[3,74=Q= (5,48),8 =45 N[7,9N[3,6,3=[3,6N[45 =8 =8=
(7,8,9). >

CaencrBue 4'. B repuaproMm koJibiie 1maockoctu Pamesckoro onepanust cioxkenust (+)
IOJIHHSIETCS aKCHOMaM abesIeBOiH IpyIibl, T. €. u3 83 CJI€IyeT BBIITOJIHEHHE AKCHOM abeIeBOLt
aguurusHoi rpynisl. (/lokazarenscrBo npejtoxenus: 4’ ciaenyer uz reopembl 4 1 TeopeMbl
Painesckoro — Aprynosa [1, 2] : «/3 npoeKTHBHOTO BbIIIOJIHEHHST 11€pBOii MaJioii Teopema Ilari-
na (I1}) caenyer BeimoiHeHIE AKCHOM a8 /TATHBHOI ab€/1eBOI IPYIIIbI B TePHADE MJIOCKOCTH>. )

Teopema 5. L7 = a+ a+ a = 0 npwu j1060M a.

< Ilyers obpazytomue Touku Ly umetor koopmunarei: 1 = (0), 2 = (0,0), 3 = (a,a),
4 = (c0) (em. puc. 5), Torga:

T=[A1N23=lenly=a]=(1),
2 =[42N[1,3] = [r=0] N[y = a] = (0,0),
5 =130 (12 =[r=a]Nly=0] = (0,0)
§:[l,g]ﬂ[ll,g/]—[y:O]ﬂ[y:x—l—a]:(—a,O),
6=L3NT.3]=ly=anly=2d = (a+a0)
7=023n[2.3]
3-1<=0
5 Puc. 5 (L7).
Orcrona
f=-1 n a(-1)=—a. (x.1)
(5,6,7,4) = 1w =15 < —a=a+a =17 =
a+a+a=0. (x.2)
7= (-a,—a) = (—a,(—a)(=1)oa) = (—a,a + a),
(—a)- (-1 oa=a+a=(a)(-1) +a, (+.3)
—a=a(-1)=a(l+1)<—=a+a=a(l+1). > (x.4)

Teopema 6. 83 = a-mob = am + b upu 066X a, m, b.

< Hycrs B 83 A" = (a,a-mod), B' = (k,k +q), C' = (am,am + q), k = am + q — b,
g=a-mob—a, B=(k,k+b), C=(am,am+b) (cm. puc. 2'), rorua:

[B,BN[C,C"=Y =(x0), A=[Y,A|N[B,Cl=[z=a]N[y=2z+b] = (a,a+D),
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A B C A B C
(A’ I C’):><B’ o A,)@M:[A,B’]H[B,C’]H[C,A’],

[A,B|=y=z-fotl]llA<=a+b=a- - fot, Bl<=k+q=k -fot=a+b—k—q=
a-fot—k-fot<=

Ya—Yg =am+b—a-mob=a-fot—k-fot=np, (x.1)
A Cl=y=z-fiot1]IA < a-mob=a- fiot1, [C < am+b=am- fiot] =
Yo —-Yy=am+b—a—a-mob=am- fiot; —a- fiot; =p, (*.2)

[B,C]:[y::c-fgotg]IB<:)k—i—b:k-fgotg,IC”<:)am+q:am-fgot2:>
Yo —-Yor=k4+b—am—q=Fk- foots —am- footy <

am—q—b+b—am+q=0=k- footo—am- footys = (

f2=0, [B,C"]:[y:k—i-b]:[y:am—i—q], Yg — Yo =0, (

{(x1),(x2)} = a-fot—k-fot=am- fot1 —a- f1 ot;. (.
(

Ypasuenue (*.5) npu f = f; = 0 cBogurcst kK Toxkmecrsy 0 = 0, ypasuenus (*.1) u
maroT: p=am-+b—a-mob=0<=a-mob=am+b. >

N(m) B’ c D’
Puc. 2’ (83). Puc. 6.
Teopema 7. 83 = (—a — b)r = —ar — br upu Jio6bIX a, b, r.

< Iyers B 83 B' = (a,ar), C' = (b,br), D' = (—a — b,(—a — b)r), C = (b,ar), D =
(—a—b,(—a—b)r—br+ar) (cm. puc. 6), rorna: F = CC'NDD’ = [x = b|N[z = —a—b] = (c0),
B=FB'NCD =[x =a]N[y = ar—br+ar| = (a,—ar—br), M = B'CNC'D = [y = ar]N[y =
xf+t], C'I <= br=bf+t=t=br—bf, DI < (—a—b)r —br+ar=(—a—"0)f +t.
(—a—b)r —br+ar=(—a—>b)f+br—>bf,

(—a—=b)r —br+ar=(—a—>b)f —bf. (*.1)
BD' =y=ap+t], Bl <= —ar —br=ap+t', D' <= (—a—b)r = (—a —b)p + 1,
(—a—=b)r+ar+br=(—a—>b)p — ap. (x.2)

{(x. )( 2)} = (ca-bp—ap=(-a=b)f-af = ¢=f=CDNBD =M = (f),
y=ar]=y=z-0+ar]I1(0), BCNlxw=(0), M=C'"DNB'CNBD <

y=azf+tlNy=x-0+ar]N[y=af+1t]=(0)=(f) = (¢). (*.3)
{(x1) = (x.3)} = (—a—b)r = —ar —br. >
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Caeacrue 7'. U3 Teopembl 7 CleayIoT:

(1) (—a)b = (a+a)b= ab+ ab = —ab;

(2) (—a—=b)r =—ar —br = (—a)r + (=b)r = —a =k, =b=p, (k+ p)r = kr + pr upn
JI00BIX k) p, T

Teopema 8. 83 = a(b+ ¢) = ab+ ac upwu JrobkIx a, b, c.

< (pue. 6). Iycrs B 83 B’ = (0,0), C" = (—a,—a(b+ ¢)), D' = (a,a(b+¢)), D =
(a,—ab — ac), C = (—a,0), rorma: F = CC' N BB = (x0), DC = [y = 2q+ ]I C <~
0—ag+t=t=uaq, DI < —ab—ac =aq+t =qg+a = —aqg < aq = ab + ac,
DC =y=zq+aql, B=CDNFB =[y=uxzq+agN[z =0] =(0,aq) = (0,ab + ac),
M =BCNnC'DNBD' =[y=0Nny=xfi+t]N[y=xfo+ab+ac], C’ I —a(b+c) =

—afi +t1, DI <= —ab —ac = af +t1,
—ab+c)+ab+ac=—afy —afi =af;, a=1, fi =0, (x.1)

D'l < a(b+c) =afs+ ab+ ac,

alb+c)—ab—ac=afs < upua=1, fo =0, (x.2)
{(x.1),(*2)} =afi+afo=0 Va#0. (x.3)

Tpusnasbroe pemenne f; = fo = 0 ypaBrenus (*.3) ornocuresbHo fi u fo npuBoaUT K
paBeHCTBY
a(b+c) = ab+ ac. (x.5)

Takum obpasom, rokazaHno, uro 83 = a(b+ ¢) = ab + ac npu Beex a, b, c. >

Caencreue 8'. Ouesnano, uro u3z (x.5) ua+a+a =0 upu b = ¢ caegyer a(b +b) =
a(—b) = ab+ ab = —ab.

Teopema 9. 83 = a-a 'b=0b, a #0.

< (puc. 6). Iyers B 83 C = (—a,0), C' = (—a,—a-a~'b), B’ = (0,0), D' = (a,a-a~'b),

D = (a,-b), torma CD = [y = xp+t]IC <= 0= —ap+t =t =ap, DI < —b =
ap+t=ap+ap=—ap =

b= ap, (x.1)

CD=[y=xzp+ap]=[y=zp+0], (x.2)
F=CC'NnDD' = (x), B=CDNFB =[y=zp+bN[z=0=(0,b), M=CB' NC'D =
ly=01N[y==f+1]=(zm,0),
C'l = —a-a'b=—af+t =t =af —a-a"'b
DI+ —b=af+t' =t =-b—af

af —a-a"'b=—-b—af < +af +a-a ‘b= +b—=

af=b—a-a"'h, a=1, f=0, (*.3)

MIBD =[y=x2s+bID <= a-a'b=as+b, a=1, s=0, (x.4)
{(*3),(x4)}=b=a-a'b—as=a-a 'b+af =

as+af =0 Va#0. (x.5)
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Tpusnanbuoe pemernne s = f = 0 ypasHenus (*.5) orHOCHTENBHO S M f TPUBOIUT K

PABEHCTBY:

b=a-a'b Ya#0,b > (*)

B cuny Teopem 1-9 B TepHape miockocTu PallneBCKOro w; BBIIOJHAIOTCHA BCE AKCHOMBI
JIEBOAJILTEPHATUBHOTO U, CJI€J0BATEIBHO |3], ajbrepHATHBHOIO Tesla XapaKTepUCTUKU p = 3.
TeMm caMbIM TOJIYUEHO MOJIOKUTEJIbHOE perenne mpodeMbl Pammesckoro: «He mydanrosa u
IJIOCKOCTH W35, B KOTOPO#l 83 BBINOJIHsAETCsE IPOEKTUBHO?» (D1y mpobiemy Ilerp Koncranrn-
HoBHY PameBckuil mocrasui nepej; Hamu — ero craxkepamu MI'Y — B 1969 r.)
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