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JIOKAJIBHO-OJIHOMEPHA A CXEMA
I YPABHEHUA TEILIOITPOBOAHOCTU
C KPAEBBIMHU YCJIOBUAMU TPETBEI'O POJA

A. K. Bazzaes

Hoceawaemes desanocmoremuio co O
pootcdenus I'neoa Ilasrosuna Axunrosa

B nmannoit crarbe paccMaTpUBAIOTCS JIOKAJIBHO-OJHOMEDHBIE CXEMBI JJIsi YPABHEHUs! TEIJIONPOBOIHOCTH
C HE3HAKOOIIPE/ICJICHHBIM OII€PATOPOM B juiunTudeckoit yactu. llomydena ampuopHas OIeHKa JJIsl UX
pettenust. JlokazaHbl yCTONYIUBOCTD M CXOIUMOCTD PEIIEHUSI PA3HOCTHOM 3a/1adu.

KuaroueBrbie cjioBa: JIOKAJIBHO-0THOMEDHASI CXEMa, TPEThsl KpaeBas 33/1a49a, YPaBHEHNE TEIJIOIPOBOHO-
CTH, YCTORYUBOCTh U CXOJUMOCTH PA3HOCTHBIX CXEM.

1. J—_[OKaJ'IbHO—OﬂHOMepHaﬂ Pa3HOCTHadA cxeMa

B mmmaape Qr = G x (0,T], ocHOBaHHEM KOTOPOTO SIBJISIETCS TPSIMOYTOJIBHBII HapaJiie-

nemnnen G = {x = (z1,22,...,2p) : 0 <zq <lo, a=1,2,...,p} crpanueii I', paccmorpum
3a1a4y:
ou
Fri Lu+ f(z,t), (x,t) € Qp, (1)
{k a(2,t) 2 = Ba(@, ) u(x,t) — poal@,t), 30 =0, o)
k (‘T t) ﬁJra(xvt) ’LL( ) :U‘Jra(x t) Lo = Eaa
u(z,0) = uo(), (3)
rje

P
0 ou

Lu= E Lou, Lou=— <ka(x,t)—> — qo(z, t)u,
— 0%y 0y

ko(z,t), go(z,t), f(x,t), Bra(x,t) — samannbie dyHKIMU T U ¢ TAKAE, ITO
0<00<k (-’E t) C1, |qa|)|/6ia| <C2a

ko(z,t) € Cg’l(QT), qo(z,t), f(z,t) € 02’1(QT), a=1,2,...,p,

e Qr = G x [0,T], G = G +T, C™" — xacc GyHKIHI, HEIPEPLIBHBIX BMECTe CO CBOMMU
YaCTHBIMU IPOU3BOJAHBIME HOPSJIKOB 1M U 1 1O T U 10 t COOTBETCTBEHHO. TaKue HeCKOIBKO
3aBBIIICHHDBIE YCJIOBUS TIAAKOCTH HOTPEGYIOTCA IIPH HOCTPOEHNH PA3HOCTHOM CXeMbI BTOPOTIO
HOPSIKA alllIPOKCHMAIIIN.
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Bagaua (1)—(3) paccmarpusasace B pabore [1| B ciayuae, korjga qo = ¢« > 0, fiq = 0,
B +6%, > 0,a=1,2,...,p. ABpaborax [2] u [3] paccMaTpuBaINCh JOKATLHO-0/IHOMEPHbBIE
cxembl (JIOC) jy1st HAPY?KEHHOIO YpPABHEHMUsI TEILJIONPOBOHOCTH U JIJIsi ypaBHeHUs juddy-
3UM JIPOGHOTO TIOPSAIKA COOTBETCTBEHHO.

[TpocTpaHCTBEHHYIO CETKY BBIOEPEM PaBHOMEPHOM 110 KaxKJIoMy Hampasiaenuto O, ¢ ma-
roM ho = 4o /Ny, a=1,2,...,p.

ha/27 ia = OvNom

Wq — MHOZKECTBO BHYTPECHHUX 110 OTACJIbHOMY HallPpaBJICHUIO T, Y3JI0B, Yo — MHO2KECTBO I'Da-

hay  da=1,2,...,Ny—1,
a:

HUYHBIX 110 OTJIEILHOMY HAIPABICHUIO Xo Y3JIOB, Wo — MHOMKECTBO BCEX BHYTPEHHHUX W I'Da-
HUYHBIX 110 OTJIEILHOMY HAIPABICHUIO T, Y3JIOB, Wp — MHOXKECTBO BCEX BHYTPEHHUX Y3JIOB,
@}, — MHOYKECTBO BCEX BHYTPEHHUX U IPAHUYHBIX Y3JIOB (110 BCEM HAIIPABJIEHUSIM BMECTE).
Ha orpeske [0,7] Takzke BBeseM paBHOMEPHyIO ceTKy w, = {t; = j7, j = 0,1,...,j0}
¢ marom 7 = T'/jo. Kaxkmplii u3 orpeskoB [tj,tj41] pasobbeM Ha p dacTeil, BBeIsS TOUKH
tj+% =t; + %T, a=1,2,...,p—1, u obozuauum A, = (thraTA,tj_F%}, a=1,2,...,p

Ypasuenue (1) nepenuiiem B Bujie

P P P 10u I P
Z ot =0, auzga_ au_fou azlfoz:f

Bynem nocrenosaresnbo pemars 3agadn |6]

1 0v(q)
Fave) =

_Lav(a)_fa:07 teAOm Oé:1,2,...,p, (4)

Ov
—Ra 3;;;) = ﬁJraU(a) — Htar Ta = Lo,

v(a
{kaavT(a) = ﬂfav(a) T To =0,

roJjiarag Ipu 3TOM
v(1)(w,0) = uo(x),
V(a) (x,tHan) = V(a-1) (x’tJ”ranl)’ a=2,3,...,p, (6)
vy (T, t5) = vy (T, t5).
AnmpokcuMupyeM Kaxkjioe ypaBHeHne (4) HOMEpa ¢ JIBYXCJIOMHON HesABHOM CXeMOM Ha II0-

JIyPHTEPBaJIe (t i+ a;l , thr% , TOrJIa IIOJIYYAM IIEIIOYKY P OJHOMEPHBIX PA3HOCTHBIX YPaBHEHUI

jre et L gte
%:Aay‘]—’—zﬂ_@a p’ a:1727"'ap5 (7)

Aoy = (aayia)ma —day,
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rre K03pdUImenTsol a, — cerounble (PYHKIUNA, KOTOPHIE BBIOMPAIOTCS U3 YCJIOBUN BTOPOTO
MOPsiJIKA, AITPOKCUMAIINN Ha, PABHOMEPHOI ceTke. MOXKHO HCIOJIb30BATH CJIEYIONIYIO All-
npokcuMaruio kosbdunuentos k,(z,t) [6]:

o= ka(xl, ey, Ta1, T — O.5ha,xa+1,xp,f), t=1j11/2-

K ypasuenuto (7) HaJI0 IPUCOEANHNUTH TPAHUYHBIE U HAYAJbHBIE YCJIOBHsI. JallMIIEM pas3-
HOCTHBII aHaJIOr i1l TPAHUYHBIX YCJIOBUN (5):

alle )y%, = (- ayo — H—a, Toq =0,
s jos (8)
—are yxm N, — 5+ayNa — P+a = L.

Yenopust (8) umeror nopsiziok armpokcumanuy O(hg ). TIoBbicuM HOPSIJIOK anpOKCHMAIAN JI0
O(h?) na pemenusx ypasuenns (4) mpu Kakom-mb60 o [7]:

its Jjt+2
a(la) (a)xa, = 57(10(@),170 ol VR O(ha)§
2
all®) = k§/;_k+k¢’h +k”h0‘ +O(h%);
vl — o) e
(o) () _ _ 2
B, = V(a)za,0 = (oz) + U(oz) 5 + O(hg);

a <« ha
a(la)v(a)za,o = i )UEQ),O + (K )vga)) 5 O(he);

F@fyy = a7~ 05ha(Kufy)) + O(h2)

v v
Jt+3
= a(lo‘)v(a);mo — 0.5h4 <_ é 2) + qaV( fa> + O(h’i)’
p Oy o Py gy Ok i _ 92k
TAC V(o) = Bzq » Y(a) = 022 k= 0za , k= ox?
Uraxk,

o + o
a(lo‘)vz P — 0.5~ ( Z i T dava) — fa> = ﬁfavi )po J7 +O(h2) + O(hat).  (9)

a) zq,0
Or6pocus Bemrannb nopsiaka matocti O(hZ) u O(haT) 1 3aMenns v(,) Ha y, nepennmen (9)
B CJICJIYIOUIEM BUJIE:

Jj+ i+te 5 ity
(1a) = 0. 5hayt 0o = B-aYp — p—a — 0.5h4 fa 0,  Ta =0,

nJjin

j+2 - ]+°‘
j+e alle )yxa —fa¥y " 0
yf,() - 05h + ,LL_O” Ta = )
fia = 0“5h Bw = Ba + 0.5had .

Anajornyno upu ., = £, uMeeM

e
j+% _ aNa )ywa N, + ﬁ+ayNa

Yen, = 0.5h4, T Ao

— a n Nq
LHe fipa = g+ faNes Bra = Bra + 0.5hads ™.



6 Bazzaes A. K.

Urak, mostyamin pasnoctHslii anasor 3agaqu (4)—(6):

j'i‘g j+£ j'f'g
y{ p:A(a)y p+90 P a:172a"'7p) xaewaa
L« ity 5 ]+a
j+y  aley B —B_ayy _ _
Y0 = 0.5 + H-a, To =0,
. its - it$
]+% . a(Na)yiaﬁ\,a+[3+ayNaP B _ g
yf,Na = - 0.5h0 + lta, Tao =La,

y(x7 0) = UQ(JI)

nJjam B KpaTKOfI 3alliCn1

«a A ]+_ B
yi):A ()+<I> a=1,2,...,p, € wy, (10)
y(z, 0) = up(),
rue
Aozy(a) = (aayéi)) - day(a)7 To € Wa,
T
_ B a(1a)ya(ca) *B—ay(a)
Aay'® = § Agyl) =  pam— To =0,
aWe)y(® | +Brayie
A;ty(a) - - O];ha Na’ To = Lo,
it+5
- o SOOC I moz € Wou
@J'i‘; _ -
a7\ H-a To =0,
Htas To = Lo
2. ITorpeurnocts annpokcumaiiuu JIOC
X ity _ 015 J+"
apakrepucrukoii Tounocrn pemennsi JIOC sBisiercss pasHocTb 2 =y 'r —u
rae u’ R pemienue ucxonoit audddepennuanbhoit 3agauu (1)—(3). Iogcrapnsas y’ " » =
e 4l pasHOCTHbIe ypaBHeHusi (7), HOIydnuM JIJIsl TIOTPEIIHOCTH YPABHEHUE
JJr; o ZJJFO‘TTl Ca jHe
= Ao TP 4
i
Jt+e o +g_ i+est
rae v, ¥ = Aqu P—i—gOJJr —y o 7
Ob6o3nagast }
° 10u\’"2
=|(Lou+ fo — ——
[} J+_ o *
¥ 3aMedas, aTo » by o =0, econ Y b _ | fo = f, upeacraBuM ¥ = o ” = by +1o. Torga
j+e et
]+ j+— P —u p o o
Yo ¥ Auj+p+@a _f+¢a_¢a

P TS

o o . & i1 p—up ou ° *
:wa—i_(Aau]—’—p _Lau]—’—%)—i_(@.(]x P (‘;+2)_ - — _< ) :wa—i_wa,
T p\ Ot



ﬂOKaJH:HO—O,lIHOMepHaH cxeMma Jid ypaBHEHHs TEIJIOIIPOBOJIHOCTH 7

* e 1 i+ G4z ity it +1
rjae o = (Aau]er _Lozu]JrQ) + (‘Poz P — fa 2) e l(%)J :

OueBwWIHO, YTO

Vo = O(hg +71), 42 =O(1).

p
= ta Zw O (lhf* + 7).
a=1 a=1

3anuieM rpaHUIHOE YCJIOBUE TIPU T, = 0 ciieryronum obpas3om:

0.5hay;” = al')y) — B_ayo +0.5ha fao + Ha- (11)
Mycrs 2779 = /5 — /™5 te u — pemenue ncxounoii sajaun (1)—(3). Iomcrasmm
YT =2 4 /Te B (11). Torma momyunm
'+Q '+Q '+ +g +o¢
0.5h, zz P :ag}a)zi r —ﬁ_azé — 0.5hqdq 020 —6_aué

@

j+2 j+< +2
—0.5hadapuy * — 0.5hau; * + all®ug, b +0.5ha fao + Ha-

K HpaBOfI JaCTU IIOJIYYIE€HHOI'O BbIpazKeHUA ,ILO6aBI/IM 1 BbIYTEM

° 9 A 19u]itz
05ho¢ w_a = 05ho¢ |:a—_’pa (kaa—xa> — QU =+ fa — 55] . .

Torma

ity ity i+s its
Yo = 0.5h, <foz — Ug p) + ag}a)uma,g 5—&“0 - 0-5hada,0u0 s o TN

050 |5 <

= 0.5hq (fa —u;

10u
Y g, 12

ity

j+§ o

0.5ha V_q

“Bz } +0-5ha )
+Q

>+ (la )u‘;ag _5—au0

— 0.5hqd, 0u0+; + fh—q
8 au 2 ] % p o
—0.5h,, [E (k:a 85'3(1)] — 0.5k, (fa — Uz > + 0. 5haqau0 + O(hoT)+0.5hg V_q

(1a) j+; j+% ]Jr% o
=ay Uz, — Boaty © 4 pi—aq — 0.5hq ax ax + 0.5hq ¥—o +O(haT)
oulte 9 du \7 i+ ) du \7To
= ka 8$a + 0. 5h a (k 8:[2&) 5_0[11;0 + o — 05h0¢% <kaa—xa)

oty j+e
- B- ally Pt pq

+05he b0 +O(h2) + O(hat) = | ka

«a
=0

40500 ¥ +O(hat) + O(h2).

B cuiy rpaHuuHbIX yciaoBuil (2) BbIpakeHHe, CTOsIee B KBaJPaTHBIX CKOOKax, €CTb HYJIb.

[Mostomy 1_o = 0.5k, wia +p* , W, = O(h2 4+ 7) + O(haT).

Urak,

0.5hazs” = a2l 8 = B o) 7 4 0.5ha 0+
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Nan

]+ _ ]+ w*
Zo! =NZ P Y, g ¢ +0 Bh.
Amnajiornyno upu z, = £, uMeeM
]+— (I
N, = A+ZN v +Ytas Yta ¢+a to
0.5h

3. AnpuopHasi oIfeHKa

Ymuoxkup ypastaenne (10) ckajusipHO Ha yj = y(® | nomyuum

[ytga),ym)} — [Z\ay@,y(a)} _ [q)(a),ym)},

rie
Z wH, H= H hoy  [u,v]a Z Ui, Vi, Ry
TEW, 1a=0

[Tpeobpasyem kaxjoe ciaraemoe Toxkjecrsa (14):

a a 1 « T a
@) = 5 (1), + 5108 e
2 r 2

{;\aym),y(a)] — <Aay(a)’y(a)>a+ AZy Dy @k + ALy <a>h

o

a ((%yg))xa’y(ava - (dga)y(“),y(o‘)>a + ALy @y By + ALy @ (O‘)ha

_ _(aajy%a]a B (d(ofa)y(a)jy(a)> _i_a/((xNa)yja’Nay( a) (1a)yma0yéa)

«

[0 [0 [0 ) [0 2
+alleyl@) y$® — By y$™ — oMyl |y~ Bl (yj(va))

]~ () 80— ()
~0.5hadQ g5 — 0.5had N>y
ot [, 5 ) ()

2@,y @] =6,y oy + prarly-

[Tpocymmuposas (16) u (17) mo BeeM iy # iq, S = 1,2,...,p, HOIyIaeM

Nq
o]« 5 ($ oY,

isFia \ig=0

. { G2 ] {dg@y(a)’y(a)]a i 5_a(y<a)!ia:o)2

1sFla

o

+B+a (y(a) ’z‘a:Na) i }H/ﬁa,

[0, y@] = 3° <[<p<a),y<a>]a+ o]

——
isPia «

()

o=

+ H+al¥

a)H/ha.

(12)

(14)

(15)

(16)

(17)

(19)
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[Moxcrasuss (15), (18) u (19) B ToxkecTso (14), nonaygaem

(Z

(@ |?

)+l e+

La(on) Ya Lo(@n)
< [¢ @,y @]+ > (uay("‘) oy T ey z@:Na) H/ha (20)

isFia

~ [day@, 4] - Z; (5—a (v ia:0>2 + Bra (v a:Na)Q)H/ﬁa-
Onennm ciaraemble, CTOSINNE B IIPABON 4acTn (20):
[So(a)’y( ] 2"@ La(@p,) QHy La(@ ); (21)
> (u—ay(o‘) ey >H/ha
is Fia o o
(c (a)]. 2
\@; (“ @ y Mo (W |;°“_0) Ll |‘°2“:N°“) )H/ha
<§ S (B2alty) + pa (1) H 2)
is#'ia
1
+ Z < )+ (E )Hy L2(o¢)>H/ha
isFla
_ 1 @) L H .
1 3 02t + a2 (4 D)l
— (@) 4 (@) .
) <,
- <ﬂa(y<a> Y By )2>H/ha
is#ia o= fo= e
|| L@l
< 2C2¢ |y ‘szh) +262<€a " 6> Hy( La@n)

e |||z, (o) O3HAYAET, YTO HOPMa OEpPeTCsl 110 EePEMEHHOI T o, IPH (PUKCHPOBAHHBIX 3HATCHUSAX
OCTAJIbHBIX TIEPEMEHHBIX,

[Moxcrasisis HepaBencrsa (21) u (22) B (20), HaxOUM

yxa

CV)

L(a _Zyaza

i ia=1

(Hy LQ(wh)> +Co‘y’”°‘ ;wh %H Lo(@y)

i (L) ! (@)

5+ (5 e> 62“02( : z))”?’ . @)
+(202+1)8‘y§a Lot + = Z )+ ())H/ha.

zs foy
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TTonmoxxum
Co 1

T2(v2e) T2

Toryia nHepaBencTBo (23) MOXKHO IIEPENNCATh B BUJIE

1 1
+62+<€—+ )(1+262)

1
La(@n) La@n) 2 170 lLa(@n) (24)
T | ot H ‘ T
< QHQO Lg(wh +C3T y Lg(wh Z; ,LL +’LL+01)H/ﬁ
[Tpocymmupyem (24) caagana no o = 1,2,...,p:
i+11)2 )
7+ 17y + O < e wz .
P
+%Z H“O(a)‘ La(@n) EZ 2 (2t a)H/ha,
a=1 a=1is7#iq
a 3arem no j' or 0 1o J:
H J+1HL2(wh La(@p)
_]/70 a=1 h
on2 + 1 J P
J e
< Hy HLQ((I) +cs ZO azl Hy La(@) 2]/; g H Lo (@p) (25)

;Z 22 3 (1 alty) + ity ) H e

s?éza

U3 (25), Hoab3ysch JMUCKPETHLIM aHaaoroM JjemMsl ['ponyosuta (em. [4, ¢. 171]) mpn masbix
T < T, HAXOAUM TpebyeMyIo OIEHKY

J J p
[P PR 325 ol At SRV (WIS 9t 31 i i
3'=0 oa=1 3'=0 oa=1
J D (26)
#3073 3 (Ralty) + () /R ),
=0 a=1isEiq
e M 3aBUCUT OT pPasMepHOCTU O6HaCTI/I.
4. Cxoaumocts JIOC
j+2,

ITo anasioruu c [5, c. 528| npejcraBuM peleHre 3a/1a4u sl HOIPEIIHOCTH 2

Zéa) :/_X (« )+\I/j+_

rie
Ao, To € Wy, . Vo, T € Wa,

Ay = A, x4 =0, \I/i b= —ay X =0,

AL, zo =4, Via, To =Ala,

Yo = Ja +w*om wooz = O(l), w*oz = O(hi + 7)7
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s o W?a

w*ia: (h2)+OhT Zwia_ )

B BUJIC CYMMBI Z(o) = U(a) + M(a)s #(a) = 2 +%, /€ 7)(q) ONPEENSIETCs yCTIOBUAMNI

w:\yg7 xeCL)h‘i_’}/O“Oé:l,Q,...’p’ (27)
n(z,0) =0,
° g{) $a 6 Waa
\Ija = wiav Lo = 07
wiw Lo = goz-
Us (27) cnenyer, aro n/ 1 =g,y =0/ + T(wlo—i—@bgo—i—... + wpo) =p=...=n"=0.
OYHKIHSA V(o) ONPEJICTAETCS yCTOBHAME
v — VU(a—1 ~
w = Aav(a) +Wo, Vo= Aa"? + ¢a’ Ta € Wa, (28)
v )y ™ v —1) _ ~ ~ _ ’l)[)i
% = Aa U(a) + P o, Yoo= Aa M) + ﬁ7 xoq =0, (29)
v — v 1 ~ ~ ¢
©) el = A;:'U(a) + %40, Wia= A;: MNa) + - To = Lo, (30)
T 0.5k’
v(z,0) = 0. (31)
Pemenne 3agaqan (28)—(31) omennm ¢ momMorsio oreHkn (26)
Jj+1
[ +]/ 03! il
J P J p (32)
SO0 STAANES 55 9 ST i),
j'=0 a=1 J'=0 a=1i,#iq

rie
U_o =t +all™) (@) 4, o — B=aT@)0 = a0 = O(he +7),

o = o —allNe) (n(a))%wa — BtaN(a),Na — d&N“)??(a),Na =O(h% +7).

Tak xak 17 = 0, M) = O(7), 127 < [|v7||, To m3 onenkwm (32) cremyer cremyiomast
Teopema. Ilycts 3a1a1a (1)—(3) mmeer equncrsentoe menpepbisaoe B Qr pemenne u(zx,t)

U CyNIECTBYIOT HeNpephiBHbIe B QT HPOH3BOJHBIE %, 89[:824#’ %, gi{ , 1<

Torna pasnocruast cxema (10) cXOQHTCST CO CKOPOCTBIO O(|f(; |2 ijf— T), “rak w10

a, V < p.

/Tt =P < MR +7), WP =R R R
e

i'+5
Yz

12 = 11 o) + Z 5|

=0 oa=1

L2 (wh
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LOCAL ONE-DIMENSIONAL SCHEME FOR THE THIRD
BOUNDARY VALUE PROBLEM FOR THE HEAT EQUATION

Bazzaev A. K.

In this paper we study the third boundary value problem for the heat equation with variable coefficients.
By the method of energy inequalities, we find a priori estimate for difference problem. Stability and
convergence of local one-dimensional schemes for the considered equation are proved.
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