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SAJAYA PUMAHA — I'MJIBBEPTA J1J151 OBOBIIIEHHBIX
AHAJINTUYECKUX OYHKIINN B KJIACCAX CMUPHOBA!

C. B. Kimumenrosn

B pabore mnccnenyercst kpaeBast 3ajada Pumana — ['mibbepra j11s1 0000IIEHHBIX aHAJTATHIECKUX (DYHK-
nmit kiracca CMUPHOBa B OIPAHMYEHHON OJHOCBSI3HOM 00JIaCTH, IpaHUIa KOTOpoi jubo KpuBas Pamgona
6e3 Touek 3a0cTpenus, Jub0 Kpusas JIanynosa. Koaddurment KkpaeBoro ycjaoBus MpenoaraeTcs audo
HEIPEPBLIBHLIM C BO3MYIIEHUEM M3MEPUMOI OrpaHudeHHOM (yHKIMel, b0 HeNpPEepPbIBHBIM C BO3MYIIE-
HueMm dyHKIMeH orpaHuyeHHON Bapuanuu. B pafore mcnosb3yercsi mocrpoeHHoe B pafore asropa [16]
CIIEIUAJIbHOE TIPEJICTABJIEHNE BTOPOIrO POJa Jjisi 0OOOIIEHHBIX aHAJIUTHYeCKuX (MyHKImiA Kiaacca Cmup-
HOBA, KOTOPOE II03BOJISIET CBECTU Ty 33J1ady K COOTBETCTBYIOMIEH 3ajiade Jjisi TOJIOMOPMHBIX (DYHKIMIA,
n3ydeHHo B paborax asropa [1, 2|.

KuroueBsle cioBa: 3a1ada Pumana — I'nisbepra, 06001ennast anaautnaeckast yHKIws, Kiaaccsl CMup-
HOBA.

1. BBeagenue. OcHOBHBIE OIIpejieJieHUs

Sanaua Pumana — Imibbepra st rosoMmopdubix (yHKIU B Kiaaccax CMUPHOBa H3Y-
vasiach B paborax: [1| juist obisacreii ¢ JisilyHOBCKMMHU rpaHunamu u B [2]| jyist obiacreii ¢
pagonoBckuMu rpanunamu. Kiaccer CMupHOBa J1j1sT 0000IIEHHBIX aHAJUTUIECKAX (DyHKIIHI
6bn Brepsble Beejerbl K. M. Mycaesbiv B [3]. B jasbHeiinem nm uccsie1oBanch pasinaHble
cBoiicTBa 9TUX KiaccoB B [4-8|. Kpaesble 3aj1a1u UM He paccMaTpUBAIINCH, 33 MCKJIIOYCHIEM
«3asiaun 0 ckauke» [8|. Psii HOBBIX CBOHCTB 9THX KJ1accoB (B TOM dmcjie KPUTEPUH pa3pe-
IIUMOCTH KPaeBbIX 3aJ[ad JIJIsl KJIacCoB Xap i 0000IIEeHHbIX aHAJNTHIeCKHX (ByHKImiT) ObLm
nostydensr B [9-14].

Sagaua Pumana — 'misbepra 711 0600IMEHHBIX aHAJATHIECKUX (PYHKIUN B HACTOSIIEHN
paboTe ncceyeTcs IOCPEICTBOM CBEJICHHS K IBYMEPHBIM HE 0COOBIM MHTEIPAJIbLHBIM yPaBHE-
HUsIM. DTOT 110/1X0]] 06obiaer cxemy, passuryio 1. H. Bekya [15, ru1. 4, § 7| juis euaraHOrO
KpyTa U TéJIbJIEPOBBIX BILIOTH JI0 Kpasi PEIIEHH, 1 OCHOBBIBAETCs Ha TIOCTPOEHHOM B |16] crie-
[AAJIBHOM ITPEJICTABJIEHUH BTOPOI'O POJIA JIJIst ODODIEHHBIX aHAJTUTUIECKUX (DYHKITHA KJracca
CmupHoBa.

Hacrosimasi pabora 06001aeT cOOTBETCTBYIONIIE pe3ysbTaThl u3 pabor asropa |1, 2, 10].
OcHOBHasT TPYJAHOCTH COCTOUT B HEBO3MOXKHOCTH, B CJIydae HEIVIaJKOW T'DAHUIIBI, CBEIEHUSI
3aJ1a41 TIOCPEICTBOM KOH(MOPMHOIO OTOOpasKeHUsI K 3a/1a49e i KJIACCOB Xapau 00ODIIEeHHBIX
AHAJIUTUIECKUX (DYHKIIHIA.

O6o3naunMm (G OrpaHUYEHHYIO OXHOCBSI3HYIO 00JIACTh B KOMILIEKCHOH 2z-IJIOCKOCTH, z =
x + iy, i = —1, co cupamasiemoit rpanmmeit I = 0G; G = G UT; A(2), B(z) € Ly(G), s > 2
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(ncnosb3yrorest obo3Hadenust Kuuru [15]), — 3ajanable KomiiekcHble dyHkuu. He orpaxn-
quBas OOITHOCTH, OyJIeM canTaTh, 9To To4Ka 2z = ( pacmosioxkena BuyTpu G.
Paccvorpum B G KAHOHUIECKYIO SJITUITUIECKYIO CUCTEMY B KOMILJIEKCHOM 3alucu

Ozw + A(z)w + B(z)w = 0, (7)

rie w = w(z) = u(z) +iv(z) — uckomasi KOMILIEKCHast (DYHKIUS, U 1 U — ee JIefiCTBUTe/IbHAs
u MHIMast dactu, Oz = 1/2(0/0x + i0/0y) — npousBonnas B cMbicste Cobosiesa.

Pemenne w(z) cucrembr (7) HaspBAlOT 0600wennol anasumuveckol gynrkuued |15,
c. 148].

[Iycrs {G,,} — nocieoBaTesbHOCTL 00JIACTell, 3aMBbIKAHWsI KOTODPBIX JieKar BHYTpH G,
rpaHunel '), 9TUX 06/1acTell ClpsiMiIsieMbl U CXOAATCA K [ B TOM CMBIC/Ie, 9TO KaxK/asi TOUKa
z € G npunajiexur seeM Gy, HAUUHAS ¢ HEKOTOPOTO HOMEDA.

ONPEAEJNEHUE 1. Byaem roBopurh, 9To perrenne cucreMsl (7) NPHHAJIEKHT KJIACCY
E,(A,B), p> 0, ecm njst nekoTopoit nocrosianoit My, (w) < 0o, He 3aBHCSIIEH OT 7, UMEOT
MECTO HePaBEHCTBA

[ wplas] < Myw), n=1.2.....
I'n

XOTsi OBl JJIst OJIHOM II0CJIE/IOBATEILHOCTH CHPAMJISIeMbIX KpUBbIX {I';,} ¢ yKasaHHBIM BblIe
CBOIICTBOM.
Ilpu A = B = 0 umeem kinaccudeckuii kiaace Cuupnosa E), (17, c. 422], [18, c. 90].
Amnasormano onpegensiorest kiaccel Cmuprosa Ej, (A, B), ecin kosbdunuenter A(z),
B(z) n perenne w(z) paccMaTpUBAIOTCs ONPEEIEHHBIME BO BHemHoCTH obsactu G.

BAMEYAHUE 1. Csezenne nccienoBanus cBoiicTs kiaccoB E,(A, B) k cBoiictBaM 06006-
eHHbIX KiaaccoB Xapau Hy(A, B) u3 |9] mocpencrBom koHOpMHOTO oTobpazkenns ¢ = ¢(()
obmactu G Ha enquanuHbii Kpyr D @ || < 1, Kak 910 Jejaercst B CIyvae KIaCCHIeCKUX KJIACCOB
Cwuuprosa E), (cm., manpumep, [17, c. 423], [18, c. 91-92]), He mpecTaBisieTcsi BO3MOXKHBIM,
[IOCKOJIBKY IIPU TAKOM O0TOOparkeHun ypashenue (7) NepexoquT B ypaBHEHHe

dzw + A(p(C))¢' (Qw + B(p(¢))¢' (()w = 0,

1, BOOOIIE TOBOPsI, IPH HeperyJisipHoii rpanuiie I cuiibHO ncnoprsitest KoaddurpenTor (He Oy-
ayT npuHaexkars Lg(D), s > 2).

[Tycrs ¢ = ¢(() — opnommcTHOE KOHGOPMHOE 0TOOpazKkenue exuanaHoro Kpyra D : |(| < 1
Ha GG. Bes orpanuuenusi obmHocTH Besje gasee cauraeM, uro ¢(0) = 0. I'panuny kpyra D
6yem obosnauars C.

SAMEYAHUE 2. Kak u B kitaccuueckoM ciaydae [18, ¢. 91|, B onpesesnernn 1 B posn Kpu-
BbIX [',, MOXKHO Oparhb Jmib 00pas3sl okpyxkHocreil Cp = {( : || = r < 1} npu kordopmHOM
orobpaxkernn ¢ = ¢(¢) [11]. B maubneiimem stu obpasbl Oyjaem obosHauarh Iy, cuuras
r=c.

ONPEAEJEHUE 2 [18, c¢. 90|. Ecuu rapmonndeckast dyukuus In |¢’(¢)| npencraBuma B
kpyre |¢| < 1 unrerpasom Ilyaccona — JleGera, a ciemoBaresbHO, rosoMopdHas GyHKIMs
In ¢’ (¢) mpencrasuma mrTerpasom [Isapma wepes In |’ (e79)] (¢ = rei?), To obnacth G Ha3HI-
Baercst obaacmoio kaacca € (B. . CumupHoBa).

Ecin z = z(s) — nmapamerpudeckue ypaBHeHUsI crpsiMisiemoii kpusoit I'; rie s € [0, 5] —
mama ayru Ha I (S — mmmma Beeit kpusoit T), To mourn Beiony ma I' 2/(s) = €() | mpudenm
9TO PaBEHCTBO omnpejessier yroi 6(s) ¢ Tounocrbio 10 27. Teomerpuueckuit embics yrira 6(s)
OYeBUJIEH — 9TO yToJI HAKJIOHA KacaTeabHoil K [ oTHocuTe IbHO ocu abenucc.



3amaua Pumana — I'miapbepra si1s1 0600IIeHHBIX aHAJATHICCKUX (DYHKITHI 65

OnpEAENEHUE 3 [18, c. 19]. Ecsu yrous 6(s) (onpeiessiemblii B KaK/10if TOYKe ¢ TOUHO-
CTBIO JI0 KPATHOTO 27 ) MOXKET ObITh BBIOpAH Tak, 4To0bl (hyHKIMs 0(S) nMesia OrpaHnIeHHY IO
sapuaruio Ha [0, S], To I 6yjem HasbiBarh kpusoti Padona. Takue Kpusble TakyKe HA3bIBAIOT
KPUBBIME C OPPAHUYIEHHBIM BpaIlleHUEM WM KPUBBIMU C OIPAHUMYEHHON Bapualiuei oBopoTa.

Beeraa moxkno onpegennts 6(s) mist soboro s € [0,S] Tak, 4robsl ckaukn dbysxmmn (s)
[0 MOJIYJIIO He MPEeBLIIaIn 7. B majbHeRIeM Beersia mpenoaaraéM 3TO BBITOTHEHHBIM.

OnpPEAENEHUE 4 [18, c. 20]. Te Touku, B KOTOPHIX CKavdoK dyHKIHE 0(s) MO MOIYITIO
paBeH 7, OyjleM Ha3BIBATH MOuKaMU 3aocmperus kpusot .

ONPEAENEHUE 5 (18, c. 14]|. Eciu yroua 0(s) moxker O6bITh BbIGpaH Tak, IT00bI (DYyHKIHS
0(s) € Cq, 0 < a < 1, B HeKOTOPOIT OKpecTHOCTH JI060# Touku KpuBoii I', To ' Gyaem
Ha3bIBATL Kpueoti Jlanynosa.

3AMEYAHUE 3. Kpussie Pajiona 6e3 Touek 3aocTpenusi u Kpubble JISIyHOBaA sABISIOTCSH
KpuBbIMHE Kiacca € |18, c. 90].

B nmanbreitiem cuauntaem I' ymmbo kpuoit JIsmynosa ubo kpusoit Pajgona 6e3 Touyek 3a-
OCTPEHHS.

B pabore paccmarpusaercs sadaua Pumana — luavbepma (luavbepma) B ciemyroieii
nocraHoBke: HaiiTu B G pemenne w = w(z) ypasuenus (7) w(z) € Ey(A,B), p > 1, upe-
JeJIbHbIE 3HaYCHHsA KOTOPOT'O Ha F 10 HEeKacCaTe/JIbHBIM HallpaBJICHUAM IIOYTU BCIOJY Ha F
VJIOBJIETBOPSIFOT KPAEBOMY YCJIOBHIO

Re {X(Bw(t) } = g(0), ®)

e t = t(s), s € [0,5], — adduxc Touku, npunasyexkameii kpusoit I', A = A(t) — kom-
IUICKCHO3HAYHAsT u3MepuMasi (DYHKIUs, OnpejiesieHHast Ha ', yJI0BIETBODSIONAs YCIOBHIO
0 < ko < |A()] < k1 < o0, ko, k1 — BemecTBennsble nocrosiuuble, ¢(t) = g(t(s)) = g(s) €
L,(T') = L,[0,S] — oupenenennas na I' Bemecrsennas dynkims. Pasgemus (8) ma |A(t)],
IPHUJIEM K 9KBHBAJICHTHOMY KPaeBOMY YCJIOBHUIO, B KOTOpoM |A(t)| = 1:

Re {w’w@w(t)} — g(t), 9)

rie w(t) = arg A(t). B nanbneiimem Besne cuunraem |A(t)] = 1.

Berony muxke juist pyukiuu f, onpenenennoit Ha [', 6ygeM uCosb30BaTh 00O3HAYEHUST
f(t) = f(t(s)) = f(s). Ecm w(z) € Ey(A, B), To mon w(t) = wt(t), t € T, Gyaem nonumars
npe/iebHBbIE 3HaYeHns Ha ' 0 HekacaTe bHbIM Iy TsiM pu 2 — t € I, 2 € G, a nog w™ (t) —
TpeebHbIe 3HaYeHus Ha I 1Mo HekacaTeIbHBIM myTaM npu z — t € I, 2 € E\ G, E —
KOMILJIEKCHAS 2-TLJIOCKOCTb.

Cnenys |15, c. 179], ypaBHenuem, conpastcenmvim ypasaeHuto (7), GyjeM Ha3blBATh KOM-
IJIEKCHOE YPaBHEHHE

ozw* — A(z)w*(z) — B(z)w*(2) =0, z€G, (10)

u, obobmast [15, c¢. 301|, ogHopoaHOl 3azmadeil, conpastcennol 3amade (8), OyuaeM Ha3bIBATH
3ajlady oTbicKanus B G pemrenns ypasuenns (10) w*(z) € Ey(—A,—B), 1/p+1/p = 1,
npe/ie/bHble 3Ha9eHsl KOTOPOro Ha I' 10 HekacaTeJbHBIM HallpaBIeHUAM IIOYTH BCioxy Ha I
YJOBJIETBOPSIOT KPACBOMY YCJIOBHUIO

Re {A(t)t'(s)w*(t)} = 0. (11)
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Cnenys [18, c. 190] (u [1, 2|), npesmonokum, 4To npHu BBIGOPE XOTs ObI OJHON TOYKH
Hadasa orcyera s = 0 jymHbl gyru s Ha I dyHkims w(s) yIoBIeTBOPSIET YCIOBHUIO

w(s) = wo(s) + w1(s) + wa(s), (12)

rie wo(s) — HenpepbiBHAsi GYHKIUS B Kaxkoi Touke cermenta [0,S] (B KpailHHX TOYKax
UMeeTCsl B BUJLY OJIHOCTOPOHHSSI HEIIPEPBIBHOCTD); W1 (8) — DyHKIMs OrpaHUIEHHON BapuaIun
na cermente [0, S]; wa(s) — usmepumas ua [0, S] OyHKIWMSI, yI0BIETBOPSIONIAs YCIOBUIO
1 1 1 1
|w2(5)|<1/7r, O<l/<%, 0<V<2—p/, 1_9+]7:1 (13)
He orpannunsas obmaocTH, MoxkeM cuantatrh [18, ¢. 190], uro w(0) = w(S) u w1 (s) HenpepbiBHA
crpasa B Touke s = 0. Ilocsre sToro (12) moxkuo nepemnmcars B e [18, ¢. 190]

w(s) = wo(s) +wi(s) + wa(s), (14)

rie wo(s) — npexHsis; wi(s) — QYHKIUSA CKAYKOB W1 (S), Sk — He DoJiee YeM CUYETHOe MHOXKe-
CTBO TOYEK Pa3pbiBa wi(s):

wi(0)=0, wi(s)= D hp+[@1(s)—@(s—-0)], 0<s<S8,

0<sE<s

hi, = @1(sk +0) —w1(sk — 0), a nenpepsiBaas Ha [0, S] dyukus wo(s) pasaa cymme wo(s) +
[W1(s) — wi(s)].
He GoJtee ueM cueTHOE MHOXKECTBO TOUEK CKauKoB GyHKIMEU w(s) obo3Hadnm = = {sy}.
Ecom I' — xpusas Pajiona, 1. e. dynkius 0(s) umeer orpaHudeHHy0 Bapuanuo, jiis 6(s)
HMeeT MecTo pasJioxkeHue, aHasgorunduoe (14) (mpu wa(s) = 0):

0(s) = bp(s) + 01(s), (15)

rie dyukiwms 0y (s) nenpepoieaa Ha [0, S], a 01(s) — dyuxus ckauxos |18, ¢. 11-13|. Ckauku
dbyukuun 6(s) obosnauum f,, a He Gojiee YeM CUETHOE MHOYKECTBO TOYEK CKAYKOB (DYHK-
muu 0(s) obosnaunm O = {s,}.

Ecmn I' — xpusas JIanynosa, To B (15) 6ynem mmers 61(s) =0, 0(s) = 6p(s) € Cq.

OueBniHO, 4TO Havyaso orcuera s = 0 JUIMHBI JyI'M S MOXKHO CYMTATh HE IOIAJAIONIIM B
ZU0.

OnpEAENEHUE 6. Ilpu umccienosanun kpaesoit 3amaun (8) (um (9)) GyJeM roBOpHUTS,
YTO BBIIOJIHEHO ycyosne D, econ:

1) korya I' — kpusast JIssmynosa, B (14) mmbo wi(s) = 0, mbo wa(s) = 0;

2) korga I' — kpusas Pajiona 6e3 rouek 3aocrpenus, B (14) wa(s) = 0.

2. BcnomoraresbHbIe cBeJeHunuAda

Pacemarpusaemast 3aja4a jiiist ypaBHenust (7) CBOJUTCS K COOTBETCTBYIOIIEH 3a/ade Jist
roioMopGHBIX DYHKIUN, KOTOPast, B CBOIO 0YePeb, IPUBOIUTCI K 33/1a4€ B €IMHUIHOM KPY-
re [1, 2|. Unnekc 3aa4u onpeie/isieTcs Yepes3 MHIEKC MOCIe/IHel 3a/1a91 B € IMHIIHOM KPyTe.
Yro0b1 chopMyIupOBaThL OIpeeeHne WHICKCa 3aa41, BOCIPOU3BEIEM YACTUIHO MTOCTPOE-
aust us |1, 2|.

[Tocrponm B eunmanoM Kpyre D : || < 1 KOMILIEKCHO# (-117I0CKOCTH (DYHKIUIO

V() = B(0(Q) [ (O], (16)
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rie ¢ = ¢({) — opHosmcTHOE KOHGOPMHOe 0ToOpazkeHne eJuHIIHOro Kpyra D Ha obsiacts G,
a ®(z) — romomopduas B G bynknus. Wssecrno [18, c. 91|, ato ®(2) € E, B G Torma u
TosibKO Torma, Korma W (() € H, — kmaccy Xapau (kmnaccy E, B kpyre D).

[Tockoubky ¢'(¢) # 0 pu || < 1, a kpusas I ectb kpusast kiaacca €, upu |¢| < 1 moxHO
OIPEJIEINTH OJJHO3HAYHYIO TapMOHMYecKyIo dbyHKImio arg ¢’ (¢), By Ha oKpyxkHOCTH ( =
67/0'
kpuBoii I' nmeer mecro coornomenwue [18, c. 88, 272]

NMEIONTYI0 HEKacaTeJIbHbIC IIPpEJAE/JIbHBIC SHAYE€HUA, IIpUYIEM B Ka)K,ZLOfI TOYKE IVIa/JIKOCTH

s

arg ¢'(¢'7) = 0(s(0)) — 0 — 5 (17)

B cuny (16) xpaesast 3amaqa (9) miast romomopduoii dyakiun ®(z) Oyaer sKBUBATEHTHA
KpaeBoil 3ajiade

e {eO0(0)} = gt (@, ¢ = e, (18
rje ¢ yaerom (17)

1 s
v(0) = w(s(0)) + (0s(0) ~ o~ 3) (19)

u npasast 9acTh (18) nmpumaexur kiaaccy L,(C).
Munekc kpaesoro ycnoBus. Ecim B (14) wi(s) = 0, I' — kpusas JIsimyHoBa n nmeer
mecto (13), To naekcom kpaesoro yeiaosus (9) (a Takxke (8)) Oy/eM Ha3BIBATH THCIIO

e = 5 (@0(8) — wn(0), (20)
KOTOpOe, cieys |18, c. 215], Byuem npe/osaraTs MesbM. ByjieM HCoab30BaTh 0603HAUEHIe
indrA(t) = s, rne A(t) — xoaddurment Kpaesoro yciosus (8).
ITycrs remeps B (14) wa(s) = 0 u I' — kpusas Pagona 6e3 touexk 3aocrpenust. Tak Kak
dbyuxius s(o) u obparHasi K Heil abcosoTHO HenpepbiBHBL [18, ¢. 87|, dyukims v(o) umeer
OrpaHUYEHHYIO BAPUAIUIO U JIJIsi Hee UMeeT MeCTO paszjioxkenue, anajoruanoe (14), (15):

v(o) = w(o) +ri(0), (21)

rie dbyHKIWUsST CKaIKoB V1 (0) nMeer BUIL:
1(0) = w1(s(0)) + 7 1(s(0)) (22)

OuesnHO, uTO He GOJIee YeM CUeTHOEe MHOXKECTBO TOYEK CKavukoB (yHKImu V(o) ecTb obpas
mHOXKecTBa = U © npu orobpaxkenun o(s) : [0,S] — [0,27]. Banymepyem kak jin6o 310
MHOXKeCTBO U OyJem obosnadars {or}. Ckaukn dbyskmun v(o) B Toukax {0} O4eBH/HO
PaBHBI

1
ng = hy + 5 fk, (23)

rie hg u fi, — ckaukn Gynkiwii w(s) u 0(s) B npoobpase Touku oy, Ha [0, .S], npuueMm B ToUKe

HEIIPEPBIBHOCTU O,ILHOIL/'I n3 9TUX d)yHKH,I/IIL/'I €€ CKa490K CHYHuTaeM HYJIECBLIM.

O6o3HaunM ng n n; COOTBETCTBEHHO IIOJIOZKUTEJIbHBIE CKaIKN WU MOJIYJIN OTPpUITATE/IbHBIX

CKauKOB 13 (23), a TOYKH ITUX CKAYKOB COOTBETCTBEHHO 01‘: u 0, . YIOPsJIOIMM HX TaK,
9TOOBI TI0CJIEI0BATE/ILHOCTU {nz} u {nlg} O yobiBatroruMu. COIpPsIXKEHHBIE TTOKA3ATEN I

pup (% + 1% = 1) OyJileM CINTaTh TAKUMU, ITO

n,;# 1 n,;f7é 1
2 7 2p7 2w T 2p’
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P
u, caenys |18, c. 209]|, oboznadM (%) 1 TaKOe YHUCJIO, YTO

ng 1 (p) E 1 (p)

5 3 k=1,2,..., %q; . <_2p” k> q; (24)
(p)
a 39 0003HAYUM TAKOE YUCJIO, UTO
+ +
ny, 1 (») ng 1 ()
>, k=12 oo <oy k> o 25
o 2p7 5 4y , 23 2 2p7 ) ( )
Hasee obozuaanm ny = nél) —néo), e néo) = 1p(2m) —1(0), n(()l) =11(0+0) — v (27 —0),

u, caenyst [18, c. 206, onpegennM 1e10€ 9UCIO0 32, UCXOJs U3 YCJIOBUil
_ + +
2ng = 2w -9+ ng, 0<ng <2m. (26)
Unpekcom kpaesoro ycsiosust (9) B 9ToM cirydae Oy/ieM Ha3bIBATH YHCIJIO

indpA(t) = D_9 9, ., (27)

IIPH yCJIOBUH, YTO pellleHne KpaeBoii 3aja4an uiercs B kiacce Ep(A, B) (T. e. HHIEKC B 9TOM
cllydae 3aBUCAT OT KJIACCa, KOTOPOMY IIPUHA/IJIEYKAT DEIIeHNUsI).

Eciu B (14) wo(s) = 0 u I' — xpusas JIsiyHoBa, onpe/ieieHne MHIEKCa aHAJOTUIHO C TeM
ynpomienueM, 9to B (22) 01(s(0)) = 0 u B (23) fr = 0 mus smoboro k, T. e. MHOXKeCTBO O
Iy CTO.

Beszie nasiee npu npejosoxennn, 9ro wi(s) = 0 cunraem, uro I' — kpusas Jlsnynosa,
a IpU [PEeJIIOJIoKeHNH, 910 wa(s) = 0 cumraem, uro I' — ymbo kpuast Pajona 6e3 Touek
3a0cTpenust, Jmubo Kpusast JIsmyHoBa.

MHaeKke COnpsi>keHHOTO0 KPAaeBOr'o YCJIOBHUsi. BbIpa3nM HMHJIEKC KPaeBOIO YCJIOBHUS
(11), xoTopblii GyxeM momMevaTh 3BE3/0YKOH (KAK M BCE BEJIMYUHBI, OTHOCSIIUECS K COIPSi-

()
JKEHHOMY KDPaeBOMY YCJIOBHUIO), Yepe3 MHJIEKC KpaeBoro yciaosus (9) (s wimm ).
Ecmn I' — xpusas JIanynosa n wi(s) = 0, To oueBm1HO, 9TO

w=—x—1 (28)
[Tycre renepb wo(s) = 0 u I' — kpusas JIsmynosa smbo kpusas Pajiona 6e3 Touek 3a0cT-
peHus.
Anasornano (18) npeobpasyem kpaesoe yciosue (11) K Buiy

Re {e—i”*@’)\p*(g)} —0, (=", (29)

re ¢ yderoM (17) u Toro, 4To pelneHne CONPsIKEHHON 3ajadu uiercst B kiaacce Ey, 1/p +

1/p =1,
T

V(o) = —w(s(0)) + — (0(s(0)) — 7 = 2) ~ (s(0).

Jlerko BueTH, UTO

V(o) = — [w(s(a)) +=(0(s(0)) — o) + 0] - % (30)
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®) » @) (»)
C yuerom (30), (24) u (25) nosyuaem, uto %) = x9; 39 = 1.

Ecim B (26) nd = 0, To u3 (30) TaksKe 04eBU/IHO COOTHOIIEHHE — 3 = 5 — 2, OTKY/Ia

(p)
w— Y o (31)

B obmiem ciryuae (31) ciiemyer u3 coBmaieHnst KOJTMIECTBA YCJIOBHUI PA3PEIUMOCTH HEOIHO-

(

(p »
pojHoit 3aaun (18), paBHOe uncity perennii ogropoiHoit 3amain (29) (»*+1), ¢ — —1 2]
TTockosbky mipu ng # 0 dopmyna (31) He umeeT MecTa, OTCIOA MOXKHO CJEIATH BBIBOJ, UTO

P HalllUX ITPEJIITOJIO?KEHNAX BCErIa Tl,ar =

JIemma 1. Muoxecrso Ey(A, B), p > 1, ¢ HopMmoii

1/p
fuls, = § | e P}

ABJISACTCA ﬂeﬁCTBHTeﬂbeIM 6aHaXOBbIM IIpOCTPaHCTBOM.

Baecs w(z(s)) — npegesbHble 3HAYCHHST 110 HeKacaTeJbHbIM 1y TsM Ha I dynkmmm w(z) €
E,(A,B).

B ciyugae A(z) = B(z) = 0 nosydaem 0ObI9HYI0O HOPMY B KJIACCHIECKOM HPOCTPAHCTBE
Cmupnosa E,,.

< Tlosywaercst JOCIOBHBIM IIOBTOPEHHEM JIOKA3aTeIbCTBA T€opeMbl 5 u3 pabors! [12] ¢
samenoii npocrpancrsa H,(A, B) na E,(A, B) u ccbuiok Ha pabory [9] Ha ccblikm Ha pabo-
Ty [11]. >

meer MeCTO cileiyiolee yTBepIK ICHHE.

Teopema 1 [16]. Ilycrs Bemosneno yciosue D, n smbo unjgekc » Kpaepoii 3agaqn (8)

HeoTpHIaTeeH, JHO0 HHIEKC (Z) > —1. Ecmn w(z) € Ey(A,B), p > 1, 1o cymecrByer
omeparop Py : E,(A,B) — L,(I') (rakxke Py : Ly, (G) — Ly (G), m > 1) rakoii, 4ro mmeer
MECTO COOTHOIIEHHE

w(z) + Pyw(z) = ®(2), (32)
rie ®(z) € E, u nourn Bcroxy na I’

Re{\t)w(t)} = Re{A)®(t)}, tel. (33)

Ecmn ®(z) € Ep, 10 coornomennem (32) ogHoznadno ompesessercs Qynknmus w(z) €
E,(A, B), ynosrersopsitomast nodrd Bcrogy Ha I yciaosuro (33), m ¢opmyna (32) ycranas-
JmBaer (BeljecTBeHHbI) JHHelHbIT n3oMopusM banaxopbix npocrpancts Ey(A,B) u E,,
npuuem oneparop Py : Ey(A,B) — Ly(T) (Ln(G) — Ly(G), m > 1) Buosme nenpepbl-
BeH, U 1ocje roMorerun z = £z, € > 0, obnactu G ¢ jgocrarouno masaeiM € > 0 omeparop
Py : L, (G) — L,,(G) npu nexoropom m : 1 < m < 2p CTAHOBHTCSI ONEPATOPOM CHKATHSI.

3. ®opMyJIMPOBKA OCHOBHBIX PE3YJILTATOB

Teopema 2. Ecim B (14) wi(s) = 0 u I' — kpusas Jlsamynosa, To npu » > 0, rge »
onpesestero B (20), onuoponnast zanada (7), (9) (upu g(t) = 0) umeer Touno 23 + 1 Jmneiino
He3aBHCHMBIX B BELJECTBEHHOM CMEIce pemnenuii kinacca E,(A, B), p > 1, a meoxnoponnast
3aada paspemnva B E,(A, B) npu smob6oii mpasoii dacti kpaeporo ycuaosust ¢(t) € L,(T).
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Ecin » < 0, To ogroponuast 3axaqa (7), (9) me umeer B E,(A, B) HeHyseBOro pemnreHmus,
a HeonHOpOAHas 3ajada paspeimma B E,(A, B) eauHcrBeHHbIM 00pa30M TOLJa H TOJBKO
TOIJIa, KOI/Ia BBIITOJIHEeHbI —23c—1 (BelecTBeHHbIX) yCIoBuii Ha cBobOHBIH dieH ¢(t) KpaeBoro
yesoBust (9):

/ g(s)eEwk ()t (s) ds = 0, (34)

r
rae wi(t) € Eyi(—A, —B), Epio(—A,—-B), k =1,...,—2x — 1, ¢ > 0 mamo, — nosnas
cHcTeMa JIMHEIHO HEe3aBUCHMBIX B BEI[ECTBEHHOM CMbIC/ie pelreHuii conpsikenaoi K (7), (9)
kpaesoii 3aaan (10), (11), nmetormeii nrgekc »* = —x — 1 > 0.

Teopema 3. Ecim B (14) wa(s) = 0, a I' — kpusast JIsmyrnosa nin kpusasi Pajona 6e3
TOYEK 3a0CTPEHHsl, TO IIPH (Z) > 0, e (Z) onpesesiero B (27), oxropoanast 3azga4a (7), (9)

(pu g(t) = 0) umeer TouHO (Z) + 1 smmHeHHO HE3ABUCHMBIX B BEIIIECTBEHHOM CMBICJIE DEIICHHE
kiacca E,(A,B), p > 1, a HeonHOpoHas 3a/1a4a paspemnma B E,(A, B) npu j1060it npapoi
gacru kpaesoro yciaosust §(t) € L,(T).

(p) .
Ecmn 3 < 0, onnoponnast 3aga4a (7), (9) He umeer HeHysteBbIX penrenuii kiacca Ey,(A, B),
p > 1, a HeonHOPOJHAS pa3pelIuMa €JMHCTBeHHBIM 00pa30M TOIJia W TOJIBKO TOIJIA, KOIJIA

(p) . .
BBIITOJIHEHBI — % — 1 (BermecTBeHHBIX) ycaoBuii Ha cBoboausi 4ien g(t) kpaesoro yciaosus (9)

/eiw(s)wZ(t(S))t’(S)g(S) ds=0, k=12,..., - L (35)

T

rae {wy(z)} — mosmHas cucrema JHHEHO He3aBHCHMBIX (B BEIECTBEHHOM CMBIC/IE) DEIICHHIT
kmnacca Ey(—A,—B) zagaun (10), (11), conpskennoii (7), (9).

(p)
Ormerum, dro nipu % = —1 k = 0, 4T0 03HAYAET OJHO3ZHAYHYIO OE3yCJIOBHYIO Da3peli-
MOCTBb HEOJHOPOJHOH 3aJ1a4H.

4. Jloka3aTejIbCTBO OCHOBHBIX Pe3yJIbTATOB

ITpu 2 > 0 aubo (Z) > —1 yrBepxKaeHusa TeopeM 1 U 2 HENTOCPEJICTBEHHO CJIEIYIOT U3 COOT-
BETCTBYIOIIUX PE3Y/IBTATOB JIst rosoMopdHbIX dyHKIuii [1, 2| n reopemsr 1. eficrBuresbHo,
B 9TOM ciiydae oneparop I + Py ocyiectsisier (BelecTBeHHbIi) n30MOpGU3M IPOCTPAHCTBA
pemtennit Kinacca E, kpaesoit 3amaun (9) mast rosoMOpGHLIX GYHKIUHA # IPOCTPAHCTBA Pe-
mennii knacca Ey,(A, B) kpaesoit 3agaqau (7), (9).

Paccmorpum cirydail oTpUIIATEIHOIO HHJEKCA U JIOKaXKeM HeoOXOAUMOCTh yesoBuii (34)
u (35).

[Tycrs w*(2) € Ey(—A,
(10), (11), a w(z) € Ep(
pasenctso [11]:

—B) — 1pou3BOJIbHOE PEIIEHIE OJHOPOIHOI COLPSIKEHHOI 38,1t
,B) — pemenne 3amaau (7), (9). OrmernMm, 9TO HMeET MeCTO

Im/w(t)w*(t) dt =0.
T
Orciona OymeM NMeTh:

0= Im/e_w(s)w(t)ew(s)w*(t)t'(s) ds = /g(s)eiw(s)w*(t(s))t'(s) ds.
r r
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(»)

B cuy yxe mokasamnoro juist > > 0 m 3¢ > —1 u coornomenuii (28), (31), orcroma
oJIyIaeM HeoOxouMocTh yestosuit (34) u (35).
Hamee, nycrs w(z) € E,(A, B) — pemtenne oguopoanoii 3amaqau (7), (9) npu » < 0 aubo

(Z) < 0. Torma dbyuknus ®(z) € £, B OCHOBHOM IIPEJICTABIEHAN (IIEPBOrO Pojia) 0000OIIEHHOM

aHasmTHYecKoit dynknmn w(z) kimacca E,(A, B) [11]

w(z) = ®(2)exp{-T(A+ B(w/w))(2)}, P(z) € E,, (36)

Tf(z)z—%//%dmdy, t=x+ 1y,
G

Tf(z) € Cu(G), f(2) € Ls(G), a = (s — 2) /s, ecTb perienye oHOPOTHON 3a,1ad 1

rje

Re{\(H)®(t)} =0, teT, (37)
rae
A () = e O . exp {-T (A + Bw/w)}, (38)

u uHzekcsl 3a1a4d (9) u (37) cosuagaror. Orciona, B cuiy |1, 2] ®(2) = 0 u yrBepxieHust
TeopeM 1 U 2 OTHOCUTEIBHO OJHOPOITHOM 3a0aYN C OTPHUIATETHHBIM MHIEKCOM JTOKA3AHHI.

. . (p)
[Tepeitnem K anaau3dy HeoIHOPOAHON 3ama4un mpu » < 0, mubo ¢ < 0 — gernom. Crenaem
(p)

3ameny mckoMoii dynkimm wo(z) = 2"w(z), rae n = —x mbo n = —%-. Torma dyukius
wo(2) yIOBIETBOPSIET yPABHEHHIO

Oswo + A(Z)'w() + BQ(Z)UJ_Q =0, (39)
rie Bo(z) = B(z)g—z, U KPaeBOMY YCJIOBHIO

Re {o(@uo(t)} = g(t), teT, (40)

e Ao(t) = e« . (7).

C yuerom Toro, uro obsactb G comepKuT TouKy z = 0, umeeMm indrAg = 0.

B cuity yake nokasaHHbIX wacreil TeopeM 1 n 2 3amada (39), (40) nmeer pemenne wo(z) €
E,(A, By) (1 maxke MHOXKECTBO DeIIEHHI, 3aBHCSIIEE OT OHOIO BEIECTBEHHOIO IIapaMeTpa).
Hycrs wo(z) = ®o(2)eX*) — npencrasnenne suma (36), x(2) = exp{—T(A + BoWo/wo)} =
exp{—T(A+ Bw/w)}, tae w(z) = wo(z)z~". OueBujHo, Jyisi TOro 4ToObI TAK OLPEJIeICHHAS
dbyuknusa w(z) 6buta (equHCTBEHHBIM) perenueM 3a1a4du (7), (9) kmacca Ep(A, B), Heobxo-
JMMO U JI0CTaTO49HO, 4100kl yHKnus Po(z) nmena sug Po(z) = 2"P(2), rue ®(z) € E, ectnb
pelleHre KpaeBoii 3a1adu

Re {W@(t)} —g(t), tel, (41)
e Ao(t) = () . ex(®),

Tak kak indpAe(t)=indrA(t) < 0, mis cymecrBoBanus (exuncTBeHHOrO) pernenus ®(z) €
E, 3amaun (41), HeobxomuMo n JocTaTodHO, 4T00BI dyHKIMs ¢(t) ymosiersopsia 2n — 1
HE3aBUCHMbBIM BEIECTBEHHBIM YCa0BusM [1, 2|:

/ g(5)e@EO XN Gx (1))t (s)ds =0, k=1,...,2n—1, (42)
T

rae {®;(z)} — mosmHas cucreMa JMHEHHO HE3aBHCHMBIX B BEIECTBEHHOM CMBICIIE DeITeHHIt
KpaeBoil 3aj1a41, CONpPsizKeHHoii 3aade (41).
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Orcrosia oueBmHA J1OCTATOYHOCTH yesoBuii (34) u (35) B paccmarpuBaeMoM cirydae.

om

(p)
Ecmu e 3¢ < —1 — nedernoe, nojiaraeM n = — 5= 1 HOBTOPsEM BCE BLIMICIPUBEICHHBIC
paccyKJieHust ¢ TeMu Jiuiib orimausiMu, 9to B (40) indrAg(t) = —1 u B (42) KoimvecTBO

, (»)
ycaoBuit oyaer paBuo — ¢ — 1.
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THE RIEMANN-HILBERT BOUNDARY VALUE PROBLEM
FOR GENERALIZED ANALYTIC FUNCTIONS IN SMIRNOV CLASSES

Klimentov S. B.

Under study is the Riemann—Hilbert boundary value problem for generalized analytic functions of a Smir-
nov class in a bounded simply connected domain whose boundary is a Lyapunov curve or a Radon curve
without cusps. The coefficient of the boundary value condition is assumed continuous and perturbed by
a bounded measurable function or continuous and perturbed by a bounded variation function. The pa-
per uses the special representation for generalized analytic functions of Smirnov classes from the author’s
paper [16], which reduces the problem to that for holomorphic functions. The problem for the holomorphic
functions was under study in the author’s papers [1, 2].

Key words: Riemann—Hilbert boundary value problem, generalized analytic functions, Smirnov classes.



