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OB OIITUMAJIBHOM BOCCTAHOBJIEHUN JIAITJTACUAHA ®YHKIINN
ITO EE HETOYHO 3AJAHHOMY IIPEOBPASOBAHNIO ®YPLE

E. O. Cuskosa

Pa6ora nocesiena 3ajiate onTUMaJIBHOIO BOCCTAHOBIIEHUSI IPOOHOM crernenn oneparopa Jlamiaca dyHk-
i Ha R 110 1pubmyKeHHO U3BECTHOMY B MeTPUKE Loo €€ IpeobpasoBanmio Pyphe Ha HEKOTOPOM BBIITYK-
JioM MHOXKecTBe. Halien onTuMabHbBIN METO, BOCCTAHOBJICHHSI. DTOT METOT HE UCITOIb3yeT HH(MOPMAITHIO
o npeobpazoBannu Pypbe 3a IpegesaMu HEKOTOPOI'o Iapa ¢ IeHTPOM B HyJIe.

KuroueBbie cjioBa: ONTHMaJIbHOE BOCCTAHOBJIEHUE, JIallJIacuaH, IIpeobpa3oBanne Pypbe, BBIIyKJIas 3a-
nadJa.

1. ITocranoBka 3aza4yu u (pOPMYJIUPOBKA pe3yJibTaTa

2
[Ipeobpazosanue Pypbe namnacuana A f = Z?Zl g—xé JIOCTATOYHO IJIAJIKON 1 OBICTPO yObI-
@

Baroreit pyHkuun f Ha RY uneer BuI

(FAF)(E) = —EPFfE), €= (&,...,&) €RY,

rie [€2 = &2 4+ ... + &2, D10 nossonser (1o Kpaiineii Mepe GOPMAIBHO) OIPeIE/NTh JPO6-
HYIO CTeIleHb omepaTopa Jlammaca: st Kazkmoro o > 0 omeparop (—A)®/2

dyukusax B obpaszax Oypbe AeHCTBYET O IPABUIIY:

F(=A)2f () = [¢E]*Ff(€), €eRL

ycrs .7 (R?) — mpocrpancrso IBapua 6eckonedno mudbdepeHnupyeMbX G5ICTPo yobiBa-
forux byuxmmii za R u 7/ (Rd) — COPsI?KEHHOE TIPOCTPAHCTBO (IIPOCTPAHCTBO 0OOBIIEHHBIX
dyukuuit). Monoxxum st kaxkgoro o > 0

Ha <«XOpommx»

S2®Y) = {f €S RY: Ff € Luo(RY), (~8)°f € Ly(RY)},
re F' — mpeoGpasosanue ®ypoe B ./ (RY), u
22(RY) = {f € #2H® : (=A)flpygy < 1}

[Iycrs A — memycroe mommuozkectBo RE.  IIpemmomoxknm, ato BDyHKIHE 13 W&Q(Rd)
U3BECTHBI TPHUOJIMKEHHO, a WMEHHO, O KaxKioi dyHkiun f € W;’éQ(Rd) M3BECTHA JIUIIh
bynxmusa g € Loo(A) Takas, qaro ||Ff — gllz 4y < 6. Ilo sroit macopmarmm Mbr XoTnMm
BOCCTAHOBUTH (110 BO3MOXKHOCTH, HAWJIYYIINM 00pasom) camu dbyHKImu f u3 W;‘éz(Rd) "
(=A)S2f (ecom 3 < a) B Merpure Lo(RY).
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JTioboe orobpazenne m: Lo(A) — Lo(R?) 06bABISETCS METOIOM BOCCTAHOB/ICHUA
((—A)8/2 f o manmoit urdopmarum). Ero morpemsocts ommpeesen 1o hopiyiie

e((_A)ﬁ/27W;,2(Rd)7A7 57 m) = sup H(_A)B/Qf - m(g)HLQ(Rd)'
FEWE H(RY), g€Loo(A),
1Ef=9llLoo(a) <6

Benuunny

E((_A)IB/27 VVoao7 2(Rd)7 A7 6) = IPnf e((_A)ﬁ/zv Wgcl), 2(Rd)v A9, m)
(re HIDKHAS rpaHb 6epercs 1Mo BceM MerTomaM m: Loo(A) — Lo(R?)) maseisaem nozpeus-
HOCTDI0 ONMAUMAALHO20 60CCTMAHOEACHUA, 2 METOABI, Ha KOTOPBIX [IOCTHIACTCH HIUXKHSIS
rpafb, — ONMUMAALHBLMU MEMOOAMU BOCCTNAHOCAECHUA.

[TepBoHaua/ibHasi TOCTAHOBKA 3aJIa49K ONTUMAJBLHOIO BOCCTAHOBJIEHUs (HO JJisl JIMHEHHBIX
dbyukimonanoB u B KoHeuHoMepHoii curyanun) npunaigexuar C. A. Cumousky [1]. Unpes
OTBICKAHMS ONTHMAJIBHBEIX METONOB Cpa3y s BeeX (pyHKIMHA M3 JAHHOI'O KJIACCA BOCXOLUT
K paboram A. H. Koamoroposa 30-x I'T. IPOILIOro BeKa O HAWIYUIINX METOHaX MpUOJIMKe-
HUS KJIAcCcoB PYHKIMIA. 3aMETHM, 9TO ¢ IPAKTUYECKONH TOYKN 3PEHUS €CTECTBEHHO CUNTATD,
YTO MBI PACIOJIArA€M HEKOTOPOI alpuopHoil madopManueil, Koropas U BBIIEJISIET COOTBET-
cTByIomumii Kyace GpyHknmit. B mampHeiinmeM TeMaTuKa, CBA3AHHAA C ONTUMAJILHBIM BOCCTa-
HOBJICHHEM, pa3BHUBaJach B Pa3HBIX HampapbieHusx. OnpemeseHHOE IpeIcTaBjIeHue 00 3TOM
MOKHO TIOJIyIuTh u3 pador [2-8|. Bamaun, 61u3kue K TOM, KOTOpas U3ydaeTcs 37eCh, HO st
dyuKIuMit 0HOrO MEPEMEHHOTO (MEPUOINIECKUX U Ha MPIMOii), PacCMaTPUBAINCH B paboTax
[9, 10]. Yro KacaeTcss MHOrOMEpPHOTO CjIydasi, TO orMeruM paborsl |11, 12].

Ilepen opMyIMpPOBKOII TeOpeMbl BBEIEM HEKOTOphle o6O3HadeHus.  Bcerogy gajee
B(z,r) — samxuyToii map 8 RY ¢ nenrpom B Touke 2 pamuyca r > 0, a (z,y) — ckansaproe
IPOM3BEICHIE BEKTOPOB &,y € RY.

Iycrs A — nopmuozkectso R? u 0 € int A. Tomoxkum r4 = sup{r > 0: B(0,r) C A}.
deno, aro 0 < 74 < 00, ecit A — cOBCTBEHHOE MOIMHOMKECTBO 1 T4 = 400, ecin A = RY,

Hns kaxnpix a > 0 u § > 0 obozHaIIM

d—1_d/2 T
P = (0,0) = <2 m F(;iz/Q)(d—l-Qa)) a¥2 ,

e ' — ramma-dyHKIus Ditaepa.

Teopema. ITycrs 0 < f < o, 6 > 0, A — Boimykioe mogvmuoxkectBo R 1 int A # @.
Torza crpaBenIHBb YTBEPXKICHHS:

1) ecom 0 ¢ int A, To BE((—A)%/2, W&Q(Rd), A,b) = +oo;

2) ecn 0 € int A, 1O

§222—d(a—p) d+23 1 N
\/ TIPT(d/2)(d+2a)(d128) A T Zap  TA ST
2 d
E((_A)ﬁ/ 7W§3,2(R )7A7) = o
d+2a §221-4 d+2a =~
d+2p (nd/zI‘(d/Q)(d+2a)) ’ raZr.

Meron

700 = g | |£|ﬁ(1—(%)2(Q_ﬁ)>g<s>ei<“>ds,

[€]<ro

e o = min(ra, ), SBISETCS ONTHMAJIBHBIM.
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ITepsoe yTBepK/eHEe TeopeMbl o3Hadaetr, 4ro ecau 0 ¢ int A, To morpemmHocTs 106010
MeTo/[a OECKOHEUHA, U 3HAYUT HUKAKUM CIIOCOOOM HeJIb3sl BOCCTAHOBUTH COOTBETCTBYIOIIUIT
OIIEpAaTOp Ha BCEM KJIACCE ¢ KOHETHON MOIPENTHOCTHIO.

Ecmu 0 € int A u npeobpazoBanune Pypwbe dpyukimu f Ha A W3BECTHO ¢ TOYHOCTHIO JIO
0 > 0, TO HOTPEITHOCTb ONTUMAJILHOI'O BOCCTAHOBJIEHHS! YMEHbIIAETCS ¢ POCTOM PaJiiyca BIIH-
CaHHOrO Iapa B A, HO JIMIIb JIO ONPEJETICHHOrO Ipejieia: MPH T4 > T 9Ta MOIPENTHOCTD
nocrosigHa. Takum obpasom, 3a npegeramu mapa B(0,7) nuadopmanus o mpeobpa3oBaHin
Dypre byHKIUE U3 JAHHOTO KJacca OKa3bIBaeTCst JuimHed. ONTHMabHBIN METOJ HCIOIb-
syer nudopmanuo o npeobpazosannn Pypbe Toabko Ha mape B(0,7¢) u npu 9TOM, JaHHYIO
(mostesnyIo) mrdopMammo «craazkmsaeT>. Cam onTuMambHbLi Metox ectsb (—A)#/2p, rre mpe-
obpazoBarne Pypbe  coOBHAJAET CO CIVIAYKEHHBIM HaOJoeHreM Ha mape B(0,7¢) u paBHO
HYJIIO 32 [IPeJIeJIaMI ITOTO IIapa.

Hepasencrso 74 < 7 MOxHO mepenucarh tak: 62r%2% < 24717421 (d/2)(d + 2a), u
€ro MOYKHO TPAKTOBATH KaK CBOEOOPA3HBI <«IPUHIUI HEOIPEIEEHHOCTH», CBSI3bIBAIONTHI
obbeM mosesHoit undopmanuu (npeobpasosanne Pypoe na mape B(0,7()) u HOrpenHocTb ee
M3MEPEHHS.

2. /lokazaTeJbCTBO TEOpPEMbI

HavyneM ¢ ONEHKM CHU3Y BEJMYMHBI IIOIPENIHOCTH OINTHMAJBLHOIO BOCCTAHOBJICHUS
E((—=A)P2, W ,(RY), A, §). TlokarxkeM, 4T0 OHA HEe MEHBIIE 3HAYCHES CJICIYIONIEH 3a1axm
k)

H(_A)ﬁ/2fHL2(Rd) — Inax, HFfHLoo(A) < 57 f € W;,?(Rd)v (1>

T. €. BepxHeil rpaHn MakcuMusupyemoro gpyHknunonansa B (1).

[Iycrs fo — nomycrumas dbyskius B (1) (1. e. fo yioBieTBOpsieT OrpaHUYeHUsIM 33/1a4N ).
Torna, oueBuHO, GyHKIUSA — fi TAKXKe JOIMYCTUMA U Mbl UMeeM Jisi J1060ro m: Lo (A) —
Ly(R?) (m(0) — obpas nysesoii dbyHKIMM 1P 0TOGPAZKEHIH 1)

2/[(=2)72 foll ey < (=22 fo = m(O)| gty + [[(=2)72(=fo) = m(0)]| , )

<2 sup H(—A)ﬁ/Zf — m(O)HLQ(Rd) <2 sup H(_A)5/2f — m(g)HLQ(Rd)'
JeEWS H(RY), fEWE 5(R), g€ Loo(A),
1Ffll Lo (a) <O 1Ef=9gllLoo(a) <o

[Tepexosst cieBa K BepxHell IpaHu 10 BCeM JIOIyCTUMbIM (byHKImAM B (1), a cipaBa K HUZKHE
CPaHU 110 BCEM MeTOo/aM 1M, HOoJIydaeM TpebyeMoe.

B obpazax @ypse, corsiacuo teopeme Ilnanmiepens, kBagpar 3Hadenus 3ajgaqu (1) pasen
3HAYEHUIO TAKOU 3a1a9M

e [ 16 F RO de — max, o) <5
Rd

X 2)

(2m)4

/ EPUFFOPdE <1, | e W2 RY),
R

1) Jokazkem mepBoe yTBep:KieHue TeopeMbl. [yt 3T0ro, B CHILY MOJIyY€HHOl OIeHKU CHU-
3y JJIsI TIOIPENTHOCTU ONTHMAJbHOTO BOCCTAHOBJIEHUS, JOCTATOUHO IIOKA3aTh, UYTO 3HAYUEHHE
sajiaun (2) paBro +0o. Tak kak 0 ¢ int A, T0O coryiacHO KOHEYHOMEPHOI TeopeMe OT/IEJIMMOCTH



66 Cuskona E. O.

(em., Hanpumep, [13]), MOXKHO OT/IE/NTH Hy/Ib OT BBIILYKJIOIO MHOKECTBa int A, T. e. cymecTsy-
er takoit BekTop A = (Ar,...,Aq) € RY [N = /A2 + ...+ A2 =1, uro SUDgcing 4N €) < 0.
Ho Torya, 04eBuHO, CIPaBe/JINBO U TAKOE HEPABEHCTBO:
sup(A, §) < 0. (3)
£eA

st kaxxoro € > 0 pacemorpum map B(e), £/2), KOTopwlil, /yist KpaTkocTH, 0603HaunM Be.
Torma B. N A = &, tak Kak, eciu & € B, 10 [§ — e)| < £/2, OTKy/a JIErKOo BBIBOIUTCS, UTO
(A, &) > 0, u snaunt £ ¢ A cormacuo (3). Ilycrs dynkuus ¢, onpenesnena mno dpopmyie

-1/2
@m) Y2 ( fy, InfPdn) ", €€ B
0, £ ¢ B-.

deno, . € Ly(R?Y). Homoxum f. = F~lp.. Dra dynkmua nomycruma B 3amake (2). Jeii-
crBurensio, Ff. = ¢, € Loo(R?) u monarno, uro dbyukius & — |£|*F f.(€) npunamiesxur
Ly(R%). Cuenoparensuo, (—A)2f. € Ly(R?), u snaunr f. € W£72(Rd). Hasee mpocrast
[POBEPKA MOKA3bIBAET, YTO f. yJOBJIETBODPSET OCTAJbHBIM orpaHumdeHusM 3aigadu (2). Te-
nepb, ecin £ € Be, 1o sicro, uto |£] < |€ — eA| + |eA| < 3¢/2 u MBI mMeem

! / PP L) de = / €209 de

ve(§) =

(2m)d (2m)d
R R
[1€28de [ |€P|g|~ 2P ag —2(a—B)
g BE g BE > <§> 6_ (a_ )
[ [n[2dn [ n[?*dn ~\2 ’
B. Be

OTKYy/Ia CJIeJLyeT, YCTPeMJIsisd € K HYJII0, YTO 3HaYeHNe MakcuMusupyemoro dbyHKIMoHaIa B (2)
MOZKeT OBITH CJICJIAHO CKOJIb YTOIHO OOJIBIIAM. DTO ITOKA3bIBACT YTBEPKICHIE 1) TEOPEMBI.

2) [okaxkeM BTOpoe yTBEpXKIeHHE TeopeMbl. Hadmem ¢ OIGHKHM CHHU3Y BEJIMYHHBI
E((-A)%/2, Wo (R9), A, ). Tlo noxazamHOMy ee KBaJIpaT He MEHbIE 3HAUeHHUs 3aa49u (2).
Haiinem snadenue sToii 3a1a4m.

ITycrs cHagana 74 < 7. MoXKHO NOKa3aTh, 9TO B 9TOM Cjaydae y 3ajadd (2) Her perie-
HUSI ¥ II09TOMY MBI IIOCTYIHM CJIEIYIONMM 00pa3oM: IOCTPOMM TaKylo JIOIYyCTHMYyIO B (2)
[OCJIeI0BATEILHOCTE DYHKIW fr,, n € N, KoTopas cXOAUTCA K 3HAYCHUIO 3a1a4H.

U3 onpenenenust 14 ciaenayer, uro rpanuna mapa B(0,74) u rpanuna A umeror Heiry-
croe nepecevenne. Ecin &) NPUHAIEKAT STOMY IepecedeHunio (Tem caMbiM |o| = 74), TO
& ¢ int A, 1 O9TOMY MOKHO OTJEIHUTH &) OT BBIILYKJIO'O MHOXkKeCTBa int A, T. e. CyImiecTBy-
er rakoil BekTop A € R%, || = 1, ar0 supgcin; a(A &) < (N, &). Orcona caenyer, uro u
SuPge 4(A, &) < (A, 6o). Temepn jyia kazxcoro n € N nomoxum &, = §o + (1/n)A u samernm,
gro map B, = B(§,,1/(2n)) ue nepecekaercs ¢ A (ecim € € B,,, TO 0TCIO/A JIETKO BLITEKAET,
qaro (X, &) > (N, &), u 3Haunr £ ¢ A).

Jlajee, HETPY/IHO TPOBEPUTH, UTO JjIst JIOOBIX S > 0 u r > (0 cupaBeJInBO PaBEHCTBO

2s _ 27Td/2 d+2s
B(O/) €7 de = Tt )

— 52 200
v=1- o [l

B(O,TA)

TTonmoxxum
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U3 (4) u onpenesennus 7 caemyer, 1ro y > 0.
Ob6o3naunM
d/2

Vi (2n)iT(d/2 + 1)

D10 o6bem mapa B RY pagmyca 1/(2n). Paccmorpum mocsienoBaresibHOCTb DYHKIUH g,
n € N, onpeneyieHHbIX 110 bopmyIie

2n
§ c B(O,T’A);

B OCTaJIbHBIX CJIy4dadX.

@2 Vi (rat o) M2 g e By
Spn(g) =939,
0,

Ionoxum f, = F~1p,, n € N. TokaxeM, 4ro GyHKINN f,, TOMYCTUMBI B 33,/1at€ (2). To, uro
fn €W3 o (RY) mpoBepsieTcs: aHAJIOMIMHO TOMY, KAK 9TO GBLIO CIEIAHO BhIIIe 1j1st (DyHKIMi fe.

Hainee, Ff,(§) =9, ecu & € B(0,74) u Ff,(§) =0, eciu £ € A\ B(0,r4) u Tem cambiMm
| fll Loo(a) = 9.

3ameruM Tenepb, uro ecau & € By, TO

1 1 1 1
€] < ‘5—50——>\+€0+—>\‘ < —+|£o|+—=m+3,

n n 2n n 2n

" MBI HOJIy‘IaeM
1 20 2 _ 1 2 2 1 2 2
@W/krwn@w%—am/krwn@r%+@m / P F£u(E) de
Rd Bn B(0,r4)
_ —1 3 2 2c 52 2c
Vit (ratgn) o flePde g [l
By B(0,ra) (5)
. 3 —2« 3 2 52 -
<V <7~A+%> 7<m+%> Vo + @n)? / €7 d€
B(O,TA)

52 9
S €2 dg = 1.
(2m)d /B(O,TA) €

Takum 06pazoM, MOCIeI0BATEIbHOCTL DyHKIWi fr,, n € N, monycruma B 3agade (2).

[Tepeiiiem Tenepb K HAXOXK/IEHUIO 3HaUYeHUst 310l 3ajaun. ComnocraBum 3a1ade (2) dyHK-
nuio Jlarpamka, OIpeIeeHHyIo Ha W£72(Rd) dopmyoit

1
:zgy:@;ﬁjk—mﬁﬂ+ma+xamMFﬂoP@, (6)
Rd
rme \ = 7‘22((1_’8) u
PP — A2, € € B(O,ra);
o f1 - (0,r4)

0, 5 ¢ B(OarA)'

OnenuM cBepxy 3Hadenue 3aa4u (2). Yunreias, uTo DyHKIHs p HEOTpUIATEbHA Ha RY
u 4ro Z(f) > 0 (HOCKOJIBKY HEOTPHIATEIHHO BBIParkKeHHe B CKOOKAX IO/l 3HAKOM HHTErpajia
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B (6)), Gyzem umers Jyist J060it gomycrumoii dyakmuu f B (2)

! / PP 1) de <

R 2 [ e IFs ) ag
R d

(2m)
R

_L 2_ 52 — L 2c 2 .
(ZW)de(S)(IFf(i)\ 6%) d A<(2ﬂ)d¥\§! |Ff(€)]? de 1)

2

@m)

2
[r©rdeex< o [

R4 R4

= —Z(f)+

T. €. 3HaYCHUE 337129 (2) He HPEBOCXOAUT BEIHIHHbI

2
# / p(€) de + ). (7)

R4

[Tokazkem, 9TO 9TO U ecTh 3HavYeHue 3a1aun (2). JeiicrBuresibHO, [t JIIOOOTO N CripaBe/i-
JIMBO JIETKO IIPOBEpPsEeMOe PaBEHCTBO

L 28 2 _ L 2
o R/ PN S€) =~ (1) + sz [ POUFLAOP - ) de
2 (8)

R
+/\< oyt [ 1€ PR de - 1) + 7 [ PO+
Rd

Rd

Bropoe cinaraemoe cripasa paBHO Hy:0, Tak Kak F'f,(§) = § na mape B(0,74), a BHe 3TOr0
mapa (OYHKIUS p paBHA HYJIIO0. ECIM MBI MOKayKeM, UTO MEePBOE U TPEThE CJIaraeMble CIpaBa
CTPEMSATCsI K HYJIIO TIPU N — 00, TO Hepexojist B (8) K Ipejiesty IIpu n — 00, TMOJIyYuM, YTO Ha
[OCTIeJIOBATEIBHOCTU f;, MAaKCUMU3UPYyeMblil (pyHKImoHa B (2) cxoxurcs K Beaudune (7), u
SHAYUT, 9Ta BeJUIUHA (C yUEeTOM JOKA3aHHON OIEHKU CBEPXY) €CTh 3HaveHue 3aja4u (2).

Urax, paccMOoTpuM IepBoe U TpeThe ciaraemble crpasa B (8). CoriacHoO onpeJesieHuro
[I0CJIeJIOBATEIBHOCTU f, ¥ yUUThIBasd, 4TO (DYHKIMs B CKOOKax I10J] 3HAKOM uHTerpasa B (6)
pasna Hyso Ha B(0,r4), noixydaem, 4ro

1

-g(fn) = W

[ (=162 490 + NP P 1P e

R4

3 —2a
vt () o [ (-1 NP e

n

Ecmu € € B, To

1 1

1 1
ra= 6] < I + éo—£+—>\‘+'—>\‘<!£\+—+—
n n 2n n

u nosromy |&| > rq — % Ucnonb3ys 9T0, TPpUXOAUM K OIEHKE

23 2 3\%
[P Ef©r > (ra- 5V
B7L
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Beiie 66110 or™Medero, uto ecau £ € By, To || =14 + % 7 TIO3TOMY AHAJOTUIHO IOIyTIaeM
OIIEHKY

N 3 2c
[ ripsorae< (s 1) e

Metsist B IepBOil OIleHKE 3HAK Ha MPOTHUBOIOJIOKHBIN U 3aTE€M CKJIAIbIBAs 9TU OICHKH, [IPU-
XOUM, TIpOjIoizKasi (9), K HEPABEHCTBY

—2a 28 9 2
aman( s 2) e 2) (e 2) e )7

—2(a—
Taxk Kak A =1y (a=p ), TO TIOCJIEOBATEILHOCTD CIIpaBa CTPEMUTCS K HYJII0 npu n — co. Ho

Z(fn) = 0 (panee 6b110 oTMedeHO, uT0 Z(f) = 0 BoObIE M1s1 Beex bynKmmit f € Wog 2(RY)),
u 3naant Z(f,) — 0 upu n — oo.

[TokaxkeM Terepb, 9TO TpeThe ciaaraeMoe B (8) crpeMuTcs K HyJI0 Ipu n — 00. Paccyxnas
TaK YKe KaK IPHU JI0Ka3aTesbeTBe (5), MOJLydnM, ITO

1 2a 2 3 w2 3 2 52 2a
[ KPR ©P > (rat o) v (ra- o) g [l
Rd

B(O,TA)

[TocsteioBaTEIBHOCTD CHIPaBa CTPEMUTCS K €JUHUIE IPU 1 — 00. DTO O3HAYAET, UTO IOCJIe-
JIOBATEIbHOCTD B CKOOKAX B TPETHEM CJIAraeMOM CIIpaBa B (8) OLEHMBAETCS CHU3Y IOCJIE/0-
BaTEJIbHOCTBIO, cTpeMsieiicss K Hymo. Ho mocienoBaTebHOCTD B CKOOKAX HEINOJIOKHUTEIbHA
B cuty (D) M TeM caMBbIM OHa caMa CTPEMHUTCsI K HyJIio mpu n — oo. VTak, meppoe u Tpe-
The csaraeMble B (8) CTpeMsTCs K HYJIO OPU N — OO M 3HAUUT, BeJanunHa (7) — 3HAYCHHE
zajaun (2).

CorlacHO ~ JIOKa3aHHOMY  BBIII€  IOTPENIHOCTH  ONTUMAJBLHOIO  BOCCTAHOBJICHUST
E((-=A)P/2, ;72(Rd),A, d) He MeHbIe KODHs KBaJpPaTHOIO W3 3HavYeHusl 3a1adu  (2).
Eciu B (7) noiacraBurh BbIpazkeHHsI JUI P U A M BOCIOJIb30BaThest opmysoit (4), To
noJTydnM onenKy cumsy g FE((—A)S/ Q,W&Q(Rd),A,é), KOTOpas yKa3aHa B TeOpeMe s
ciaydast, Korga ra < T.

[Tycrs Temepb 14 > 7. B srom ciaydae 3amada (2) umeer pemierune f U OHO TaKOBO:

~ ~

Ff() =6, ecmm £ € B(0,7) u Ff(§) = 0, ectu § ¢ B(0,7). eiictBurenbHo, mycTb A
U D oupeJeaeHbl aHAJOIMYHO IPEAbIILYIIeMy, HO C 3aMEHO T4 Ha 7' U OnpeAeaeHa COOTBET-
creytomasi um dyskrus Jlarpanxka 1o dopmyse (6). Kak u pambiie, jerko IIPOBEPSIETCsl,
aro Z(f) = 0 nyst mo6oit dyukuun f € 7/0‘5’2(1[%‘1) U HETPYJIHO TpoBeputhb, uto Z(f) = 0.
Haxkower, ucnonb3yst (4), JIErKo BUIETh, YTO

@)

B(0,7)

R 2
@ / P PR 2 de = 2 / €Pde = 1. (10)
Rd
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YuurbiBas Bee 3Tu GakThl, OyjeM UMeTh Jyist J060ii gonycrumoii B 3agade (2) dynkuun f

L 24 2 1 28 2 _ 1 ~, 2 52
5 R/ ISR de < g R/ PRSP dE - 5 ! PO (FIEQP — 62 de
- 1 2a 2 _ _ (52 N ~ B ~
A<(2ﬂ)dR[|€| [EFEN dE 1) =-Z(f)+ (27r)dR[p(£)d§—|—)\< 2(f)

T amnd R/ P dE+ A= 553 R/ €[*|FF()|" de @n)? ! P (|FFo)* - 6?) de

3 L 2 7 2 . _ 1 23 ~ 9
+A<(2W)d[¥!£\ [Ef©)] de 1> (%)dR[!a IFF ()| de,

-~

T. e. f — pemenue 3amaun (2). Ee snadenne (yuursiBas (10)) paBHo

1 9B Fen 2 g O 2
o | PIERQ P d = oy [ 1P
Rd B(0,7)
_ & 28 Y|e|2a 3 52 ~ >
- (ZW)dB(O/A) (I¢] AEP*) dE + X = —(%)dR[p(f) dg + .

[To moKa3zaHHOMY ITIOTPEITHOCTH ONTHMAJIBLHOIO BOCCTAHOBJICHHS OIEHUBACTCS CHU3Y KOPHEM
KBAJIPATHBIM U3 9TON BEJIMIMHBL. EC/IM MOJACTABATH CIOJA BBIPDAYKEHUST st A U D, TO MOJIY IiM
yKazaHHyio B Teopeme ouenky cuusy mis E((—A)%2, W2 ,(RY), A,8) as caydas 14 > 7.
K

Bamermm, uro onenka mist E((—A)P/2, W;yz(Rd), A,0) npu r4 < T IEpexoIuT B JAHHYIO DU
ra=T".

3) Temnepb j0KaxKeM OIEHKY CBEPXY JIJIsl IIOIPENTHOCTH ONTHMAJIbHOIO BOCCTAHOBJICHUSI W
ONTUMAJILHOCTD YKA3aHHOI'O B TEOPEME METOJ/Ia BOCCTAHOBJICHHUS.

OnTuMaIbHOCTh METO/@ M O3HAYAET, 10 ONPEJIEIEHUIO, YTO €ro IMOrPEIHOCTL paBHa Mo~
IPEITHOCTH ONITUMAJIBHOTO BOCCTAHOBJIEHUS, T. €. 3HAYEHUE 3a/Ia9K

H(_A)B/Qf - m(g)HLQ(Rd) — max, HFf - gHLoo(A) < 57
|22 f]| iy ST 9 € Lao(A),  f € #25(RY),

paBHO E((—A)ﬁ/2, g‘éyz(Rd),A,é).

OnTuMaILHBIH MeToT GY/IeM HCKATh CPeIH IMHEHHbIX oTobpaskenuit m: Loo(A) — La(RY),
KoTtopble B obpasax @ypbe gelictBytior no mpaswiay Fm(g) = ag, npudem byHkuus
a € Loo(R?) Taxosa, uro a = 0 Bue B(0,70). Ilycth m — orobpaskenue TaKoro suja. OnenmM
cBepxy MakcumusupyeMmbit byuknuonan s (11). Cornacuo reopeme Ilnanmepess ero ksajapar
3AIIUIIeTCH TaK:

1
(2m)¢

[ llePrs@ —a@u@ P de+ 5oy [ IEPIPs@PE 02

|€l<ro |§1>70
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IIpeobpazyem BbIpazkeHHe I10JI 3HAKOM I[IEPBOT'O MHTEIrPAJIa, a 3aTeM OIEHUM ero 110 HepaBeH-
crBy Kommu — ByHsKoBcKOTo

EPFFE) —a©)g(©)) = | L FEEFE) — ge) + L 9D Sieappe)
| 9O = | =g VP T R |£| (13)

()P | 1IE° = a(O)P /~ _ 2 | Y|e2e 2
< (150 + ) GIRA© ~ @R + N Pr ),

~

e A=\ p=p, ecmury <FTUN=\, D=, ecuury > 7.
Herpyio yoeauTnbest, 9T0 Jis KasKJa0ro & MUHUMYM BbIParXKeHUst
2 2
al? _ ligl? ~al
p(&) A€ |2

i) - 16 (1- (’%‘)M—B)) (14

U caM 3TOT MUHUMYM DaBeH €IUHUIIE.

Bosbmem B kavyecTBe QyHKIUU @ DYHKIINIO, OIPEIEJIEHHYIO TOCIEIHIM COOTHOIIEHUEM.
Torma unrerpupys (13) ¢ yueToM CKazaHHOIO, a TaKyKe yUUTbIBas liepBoe orpanuvenue B (11),
HOJIy9aeM OLEHKY Jisl IepBoro cjaraeMoro B (12)

2 ~
<2i>d / pe) (Qi)d / €2 P F(E)[ dg

€l<ro €l<ro

II0 a JOCTHUI'a€TCd B TOYKE

BTOpOG CcJlaraeMoe OoIleHHuBacM TaK

1 1
oo [ KEIEROPdE = oo [ €PN r o dg
€270 €120
3
<o [ lePIPr©P
1§1>ro

CrutasipiBast 9T OIEHKHU, TpUMeHssT TeopeMmy llnammmepesss u yIuThIBas BTOPOE OTpaHUYIe-
uue (11) mosrydaem Jijist KBajipaTa MakCUMU3UpyeMoro (byHKiuoHasa B (12) cieayonyo omneH-
Ky CBEpXy

R X
G | PO G [ IR
|€l<ro Rd
52 - 5 52 N -
= @ / p(f)d§+AH(—A)a/sziz(R) < @) p(&)dE + \.
€l<ro €l<ro

ITo foKazaHHOMY BBIIe BeJIMYMHA CIIpaBa He IPEBOCXOAUT KBaJIpaTa MOIPEITHOCTH ONTHMAJIb-
Horo BoccTanobsienust. CieoBaTeILHO, IOMPEITHOCTh METOAa M U3 (POPMYIUPOBKU TEOPEMbI
(koropelit B obpasax Pypbe ecTb yMHOKeHUE Ha GyHKIUO, pasayo (14) wa mape B(0,7¢) u
HYJIIO BHE €r0) He TPEBOCXOJUT IIOTPEITHOCTH ONTHMAJIBHOIO BOCCTAHOBJICHUSI, U 3HAUUT COB-
najaer ¢ Heit. Takum 06pa3oM, HOTy9eHO yKa3aHHOe B TeopeMe BhIpasKeHue 1715l IOTPEeNIHOCTH
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OIITUMAJILHOI'O BOCCTaHOBJICHHUS U ITIOKa3aHO, ITO METO/] M ABJISETCA ONTUMAJIBLHBIM. TeopeMa
JOKa3aHa.

AsTop BoIpazkaer uckpenuon 6iaarogapuaocts . I Marapun-nbseBy 3a BuuManue K pabore u

PEIeH3eHTYy 3a IIOJIEBHbIC 3aMeYaHusd.
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ON OPTIMAL RECOVERY OF THE LAPLACIAN OF A FUNCTION
FROM ITS INACCURATELY GIVEN FOURIER TRANSFORM

Sivkova E. O.

The paper is devoted to the problem of the optimal recovery for a fractional power of the Laplacian of a
function from its inaccurately given Fourier transform in metric Lo, on some convex subset of R¢. The
optimal recovery method is constructed. This method is not used the information about the Fourier
transform outside some ball centred at the origin.

Key words: optimal recovery, Laplacian, Fourier transform, convex problem.
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USING HOMOLOGICAL METHODS ON THE BASE
OF ITERATED SPECTRA IN FUNCTIONAL ANALYSIS

E. I. Smirnov

We introduce new concepts of functional analysis: Hausdorff spectrum and Hausdorff limit or H-limit of
Hausdorff spectrum of locally convex spaces. Particular cases of regular H-limit are projective and induc-
tive limits of separated locally convex spaces. The class of H-spaces contains Fréchet spaces and is stable
under forming countable inductive and projective limits, closed subspaces and quotient spaces. Moreover,
for H-space an unproved variant of the closed graph theorem holds true. Homological methods are used
for proving of theorems of vanishing at zero for first derivative of Hausdorff limit functor: Haus'(X) = 0.

Key words: topology, spectrum, closed graph theorem, differential equation, homological methods, cat-
egory.

Introduction

The study which was carried out in [1-2] of the derivatives of the projective limit functor
acting from the category of countable inverse spectra with values in the category of locally
convex spaces made it possible to resolve universally homomorphism questions about a given
mapping in terms of the exactness of a certain complex in the abelian category of vector
spaces. Later in [3] a broad generalization of the concepts of direct and inverse spectra of
objects of an additive semiabelian category G (in the sense V. P. Palamodov) was introduced:
the concept of a Hausdorff spectrum, analogous to the ds-operation in descriptive set theory.
This idea is characteristic even for algebraic topology, general algebra, category theory and
the theory of generalized functions. The construction of Hausdorff spectra X = { X, F, hys}
is achieved by successive standard extension of a small category of indices 2. The category H
of Hausdorff spectra turns out to be additive and semiabelian under a suitable definition of
spectral mapping. In particular, H contains V. P. Palamodov’s category of countable inverse
spectra with values in the category T'LG of locally convex spaces [1]. The H-limit of a
Hausdorff spectrum in the category T' LG generalizes the concepts of projective and inductive
limits and is defined by the action of the functor Haus: H — TLC. The class of H-spaces
is defined by the action of the functor Haus on the countable Hausdorff spectra over the
category of Banach spaces; the closed graph theorem holds for its objects [8] and it contains
the category of Fréchet spaces and the categories of spaces due to De Wilde [7], D. A. Rajkov
[5] and Suslin [6]. The H-limit of a Hausdorff spectrum of H-spaces is an H-space [7]. There
are many injective objects in the category H and the right derivatives Haus® (i = 1,2,...) are
defined, while the “algebraic” functor Haus : H (L) — L over the abelian category L of vector
spaces (over R or C) has injective type, that is if 0 = X — Y — Z is an exact sequence
of mappings of Hausdorff spectra with values in L, then the limit sequence 0 — Haus(X) —

(© 2012 Smirnov E. 1.



74 Smirnov E. 1.

Haus(Y) — Haus(Z) is exact or acyclic in the terminology of V. P. Palamodov [2]. In
particular, regularity of the Hausdorff spectrum X of the nonseparated parts of Y guarantees
the exactness of the functor Haus : H(TLC') — TLC' and the condition of vanishing at zero:
Haus'(X) = 0. The classical results of Malgrange and Ehrenpreis on the solvability of the
unhomogeneous equation p(D)D’ = D’ where p(D) is a linear differential operator with
constant coefficients in R and D’ = D’(S) is the space of generalized functions on a convex
domain S C R", can be extended to the case of sets S which are not necessarily open or
closed. Analogous theorems for Fréchet spaces were first proved by V. P. Palamodov [1-2].

1. We recall certain definitions and theorems which are used in this chapter and which
were brought into the discussion in [3-6]. Let © be a small category. By a directed class in
the category we mean a subcategory satisfying the following properties:

(i) no more than one morphism is defined between any two objects;

(ii) for any objects a, b there exists an object ¢ such that there exist a — ¢ and b — c.

Let A be some category and s denotes the object of a category A (if Q € 2 and a,b € Q

we will denote the corresponding morphisms of category 2 by a R b). We shall call the
category B with objects S, where S is a subcategory of A, a standard extension of the
category A if the following conditions are satisfied:

1°. A is a complete subcategory of B;

2°. The morphism wgg : S’ — S of the category B is defined by the collection of
morphisms wyy : 8" — s (s' =5 s) of the category A such that

(a) for every s' € S there exists s € S such that s’ =% s;

w. W,/ w5, wsf

(b) if s =% s, p' % p, s —> p, then there exists a morphism s’ —> p’ and the following

diagram is commutative:

S
S — P

Wss! T TWPP/

s/ S’ p/
We will establish the successive standard extensions of categories
Q(s) ¢ B(T) ¢ (F) — X°(F) c D(F),

where T' C €) denotes directed classes of objects s € 2, coincides as object of category B;
F, F € B, denote filter bases of sets T' € B, considered as objects of category X, and F,
F C ¥, denote directed classes of objects F' € ¥ of the dual category X9, considered as objects
of category D. We shall say that such classes F' are admissible for Q; put [F| = Upep T,
|F| = Upep |F|, so that [F| € Q and [F| C Q. The most characteristic constructions
connected with Hausdorff spectra use in the role of the small category 2 = Ord I, where [ is
a partially ordered set of indices, considered as category.

ExAMPLE 1 (standard extension of the category A). Let G and A be categories, T'(F')
the category of covariant functors F': G — A with functorial morphism & : F; — Fb defined
by the rule [2] which assigns to each object g € G a morphism ®(g) : Fy(g) — F»(g) of the
category A such that for any morphism w : ¢ — h of the category G the following diagram is
commutative

A(h) " By(n)

@ | [P

Fi(g) =9 By(g)
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It is clear that each object s € A generates a covariant functor F : g € G — s € A such that
A C T. Moreover, A is a complete subcategory of T

We will show that T provides a standard extension of the category A (by means of the
category G). Let F € T and S C A be such that S = UgeqF(g) and for s’,s € S the set of
morphisms Hom(s', s) = U, F(w), where w : ¢ — h and s’ = F(q), s = F(h). Therefore the
category B is defined, where S is a subcategory of A and the morphisms wgg : 8" — S of
the category B are generated by the collection of functorial morphisms ® : F’ — F, where
F' € T generates S’, while F' generates S according to the method indicated above.

If we take such a functorial morphism ® : F' — F, then the morphisms ®(g) : F'(g) —
F(g) (g € G) of the category A form a collection of morphisms wsy : s — s (s’ = F/(g),
s = F(g)) such that (a) is satisfied. Condition (b) follows from consideration of the definition
of the functorial morphism.

Thus, B is a standard extension of the category A. If G = Ord I, where I is a linearly
ordered set, then T' = B(S).

EXAMPLE 2 (Palamodov [1]). The categories of direct and inverse spectra over a semia-
belian category K are standard extensions of the category K.

EXAMPLE 3 (construction of an admissible class for Q). Let T be a separated topological
space and €2 a countable set. We shall call a set A C T an s-set if

4= U N

Beuxx teB

where T} (t € ) is a subset of T and K is the family of subsets B of the set Q such that
(a) for each B € K the set Tp = NiepTy is compact in T,
(b) the sets Tp (B € K) form a fundamental system of compact subsets of A.

Proposition 1. Every separable metric space is an s-set.

Proposition 2. Let A be a subset of the finite-dimensional space R™. Then A is an s-set

and moreover
A=J N (1)
BeX teB

where the T; are compact subsets of R™.

Thus, s-sets are a generalization on the one hand of compact spaces (and locally compact
spaces which are countable at infinity) and on the other of separable metric spaces. However,
s-sets will be of interest to us in connection with the possibility of constructing the associated
functor of a simple Hausdorff spectrum.

Let A be some s-set, so that

A=J Nz

BeX teB

where T} C T, B C Q. We may assume without loss of generality that the family @ of
subsets T} (t € ) is closed with respect to finite intersections and unions (that is, there exist
corresponding surjections @, Uy : d(2) — Q, where d(2) is the set of finite subsets of ).

The set Q will be partially ordered if we put ¢’ < t whenever T; C Ty; let G = Ord Q.
Further, we may assume that each set B € K is directed in (€2,<). Let I be the factor
set of all possible complexes s = [t1,t,...,t,], where t; € |K]|, t; = pris (i = 1,2,...,n,
n € N), with respect to the equivalence relation on the set of ordered n-tuples of elements
of |K| : (t1,ta,....tn) ~ (¢),th,...,t)) if and only if {t1,ta,...,t,} = {t},th,...,t),}. The
set I becomes partially ordered if we put s’ < s, where s = [t1,ta,...,ts], s = [t],th, ..., 1],
whenever for each t; there exists t; such that t;- <t let Q=0rd[.
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By continuing the construction following the method of transformation of indices we
will construct an admissible class F' for Q. For each s = [t1,t2,...,t,] € |F| the subset
Ry = ;- Ty, is defined and moreover if s’ < s then Ry C Ry. Thus a contravariant functor
of the simple Hausdorff spectrum H(A) : |F| — G is defined and moreover

A= N R (2)

FeF scF

It is an essential point that I is a countable set and the family {ﬂ r RS} is a fundamental
system of nonempty compact subsets of A.

Let G be some category. We shall call a covariant functor Hp : @ — G a Hausdorff
spectrum functor if Q@ = |F| for some admissible class F € D. If F = |F| then Hp is a
functor of the direct spectrum, while if F = {|F|} (that is, F consists of a single element
|F| = |F|) then Hp is a functor of the inverse spectrum.

If F is an admissible class for ) and the functor

7| =9,
s — X,
(s/ W S) — (XS — XS,),

(F/ ﬂ) F) = ((Xs)s€|F| - (Xs’)s’E\F’\)

hez :

is injective on objects and morphisms (in the set-theoretic sense), then there exists a directed
class

((XS)SE|F|aQFF’)F’F, cF

of classes (X, hys)s scip| (F € |F|) which are directed in the dual category G° and which
satisfy the following conditions.

h o/ o el
1°. The morphism X, —3 X, is chosen and fixed if and only if the morphism s’ LGP
chosen and then hys : Xg — Xy is the only morphism.

2°. The diagram

hor,
XS =, XS”

hslsl lh‘s/s//
Xy —— Xy

UJS/S// / UJSS/

is commutative for all s” =5 s’ =% s.

3. If (Xo)selp| iy (Xs)se|pr|, then for each Xy (s € |F'|) there exists a unique
morphism hys : Xs — X, (s € |F|). The collection of morphisms hyg (s’ € |F'|) defines
the morphism ¢p/r so that we shall write gprp = (hgs)pp. Each set F' € F is a filter base
of subsets T' C |F| and moreover for each T' € F the class (X, hys)r is directed in the
category GY.

DEFINITION 1. We shall call a class (X5, hys)s ¢ | satisfying conditions 1°-3° a Haus-
dorff spectrum over the category G and we shall denote it by { X, F,hys}.

The direct and inverse spectra of a family of objects are particular cases of Hausdorff
spectra: it suffices to put F = |F|, hys = qp/p in the direct case and F = {|F|}, hys : X5 —
Xy (s = 8), qrp = i) = 4| in the inverse case.

Under a suitable definition of spectral mapping (see the structure of the category D(F'))
the set of Hausdorff spectra over G forms a category which we denote by Spect G. If X =
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{Xs,F,hgs}, Y = {Yp,Fl,hprp} are objects from Spect G, then we shall say that two
Hausdorff spectrum mappings wyx : X — Y and w}y : X — Y are equivalent if for any
F € F there exists F* € F! such that the diagram

Wps
X, =2, Y,

’
wp’sJ/ J{hP*P

* o/

Yp/ _rr. yp*

is commutative for any p* € |F™|.

Now let us consider a new category H (G) whose objects are the objects of the category
Spect G, but the set Homy(X,Y') is formed by the equivalence classes of mappings wy x :
X — Y. We shall denote such classes by [|wy x|

For any objects X, Y, Z € H the law of composition defines a bilinear mapping

Hompy(X,Y) x Hompy(Y,Z) — Hompy (X, Z)

(Hompg (X, Y) is an abelian group).

DEFINITION 2. Let X = {X,, F,hys} be a Hausdorff spectrum over the category G.
We shall call an object Z of the category G a categorical H-limit of the Hausdorff spectrum
X over G if for any objects A, B € G and spectral mappings A 2. X LN B there exists a

unique sequence in G A -~ 7 BN B such that the diagram
A—* 5 X

o[
7z 2 . B

is commutative in the category Spect G.

The concepts of projective and inductive limits over the category G are special cases of
categorical H-limits. For example, let X be the inverse spectrum of objects from G. Then
(Lim) holds and moreover any object X from X can be taken for B € G with the identity
morphism b : Xy — X, forming the spectral mapping b* : X — X, (s € |F|). Thus the
following diagram is commutative

A—25 X

LD
z L. x
where b = (b%), B = (8%), 8°: Z — X5 (s € |F]), b is the identity morphism of the category
Spect G. Therefore the diagram

A2 X

L

Z s, X
is commutative for any object A € G.

The categorical H-limit of a Hausdorff spectrum (the functor Haus) exists in any semi-
abelian category G with direct sums and products (for example, the category of vector



78 Smirnov E. 1.

spaces L, the category T'LC' of topological vector groups, the category T'LC' of locally convex
spaces).

Let © be a countable set and X = {X,, F,hys} a regular Hausdorff spectrum in the
category T LC'; such a spectrum is <siid to be countable. A continuous linear image in the
category TLC of an H-limit X = 1im?;h5/8Xs of Banach spaces X (s € |F|) is called an
H-space. The class of H-spaces contains the Fréchet spaces and is stable with respect to
the operations of passage to countable inductive and projective limits, closed subspaces and
factor spaces. Moreover, a strengthened variant of the closed graph theorem holds for H-
spaces. The class of H-spaces is the broadest of all the analogous classes known at this time,
namely those of Rajkov, De Wilde, Hakamura, Zabrejko—Smirnov. A countable separated
regular H-limit of a Hausdorff spectrum of H-spaces in the category T'LC is an H-space [7].

Throughout this chapter Hausdorff spectra are assumed to be countable unless the con-
trary is explicitly stated.

2. Let Haus : H(T'LC') — L be the covariant additive Hausdorff limit functor from the
semiabelian category H (T LC) to the abelian category L of vector spaces (over R or C). We
recall [11] that by an injective resolvent I of an object X € H (T LC') we mean any sequence

0—Tp 201 2,
formed by injective objects and exact in its members Iy, k > 1, with kerig = X. Any two
injective resolvents of the same object are homotopic to each other. Since there are many
injective objects in the category H(T'LC) [3], each object of this category has at least one
injective resolvent. The right derivatives of the Hausdorff limit functor Haus are defined by

the formula
Haus®(X) = H*(Haus(I)) (k=0,1,...),

where X € H(TLC), I is any injective resolvent of X, Haus(I) is the complex of morphisms
of the category L obtained by application of the functor Haus to each morphism of the
complex I, and H¥(Haus(I)) (k = 0,1,...) are the homologies of the complex Haus(I).
Each morphism X — Y of the category H (T LC) is covered by a morphism I — Y of the
injective resolvents of the objects X and Y (see [11, Chapter V, §1]). From this follows
the existence of morphisms Haus*(X) — Haus®(Y') so that the objects of Haus*(X) do not
depend on the choice of injective resolvent. On the other hand the functor Haus has injective
type [3, p. 88], therefore the canonical isomorphism of functors holds:

Haus = Haus" .
Proposition 3. For every free Hausdorff spectrum E € H(L)
Haus'(E) =0 (i=1,2,...).

We now compute the derived functors Haus’ (i > 1) in the following way (see [2, 10]). Let
X ={X,, F, hys} be an arbitrary Hausdorff spectrum and E the free Hausdorff spectrum
with generators X (s € |F|). Let us consider the sequence of Hausdorff spectrum mappings

0—XE5E2EEE 0, (D)

in which the components of the mapping wgx (i.e. the collection (wrsr)re|p(r), Where
st € T is the unique maximal element in 7" with respect to the direction relation) act
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A~

according to the formula wry, : Zs, — (hsspZsp)ser, while the Hausdorff spectrum mapping
wpp : E — E is formed by means of the morphisms (7}, is a cofinal right-filtering sequence)

Wr*T, * (xs)SETn = (xs* - ﬁs*sTnXsTn)S*eT*

forany T*, T, e F, Fe F, Ty =2, T, 1 CT* CTy, s7, £T* (n=1,2,...).

It is now clear that the sequence (D) is exact; following V. P. Palamodov [2] we shall call
the sequence (D) the canonical resolvent of the Hausdorff spectrum X .

Applying the functor Haus to the canonical resolvent (D) we obtain the sequence of locally

convex spaces
0HH&US(%)_>EBHXS_>EBHXS’
F F F F

where @ 5 [[ X is the direct sum of the products of the X (s € |F|) under the natural
inductive limit topology; this sequence is acyclic and moreover exact from the left.

Proposition 4. Let Haus : H(T'LC) — L and let

0 XX y 22, 70 (D)

be an exact sequence of Hausdorff spectra. Then the following exact connecting sequence is
defined in the category L (6! (i =1,2,...) are the connecting morphisms):

0 — Haus(X) — Haus(Y) — Haus(Z) — Haus'(X)
— ... — Haus" 1(2) Lt Haus' (X) LN Haus'(Y) 2% Haus'(Z) SN

3. In [1] and [2] V. P. Palamodov established the fundamental Theorems 11.1 and 11.2
giving necessary and sufficient conditions for the vanishing at zero Prol(X ) = 0 for the
functor Pro of the projective limit of a countable family of locally convex spaces. We aim
to establish analogous conditions for the vanishing at zero Haus!(X) = 0 for the Hausdorff
limit functor and for the not necessarily countable case.

We recall that in questions concerning the stability of the class of H-spaces with respect
to Hausdorff limits and also in the theorem about the representation of H-spaces by means
of Banach spaces the assumption of regularity of the Hausdorff spectrum was an important
condition. Here it will be necessary to impose the following condition. Let X = { X, F, hys}r
be a Hausdorff spectrum of locally convex spaces and for each T € F' let Vl::r C [Ip X5 be
defined by

V}FTf = {x = (w5) € HXS s = ﬁs’sxm s,s' € T}7
F

equipped with the projective topology with respect to the preimages 7 '7, (s € T), where
ms ¢ [[p Xs — X, is the canonical projection. The corresponding base of neighborhoods of
zero for the projective topology generates the TV G (HF X, O'(T)) (T € F).

Let us form the TVG ([1p X5, 0(r)) with base of neighborhoods of zero VI (T € F).
The Hausdorff spectrum X is said to be regular if (H FXs,0( F)) satisfies the condition:
convergence of a net (a,)yep in the TVG,([]p Xs,0¢1)) (I € F) implies its convergence in
the TVG ([1p Xs,0(r)). If every X, (s € |F|) has the indiscrete topology, then it is not
difficult to see that the first part of the condition for regularity is equivalent to completeness
of (HFXS,O'(F)).

Theorem 1. Let X be a regular Hausdorff spectrum of nonseparated parts over the
category TLC. Then Haus'(X) = 0.
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If Y is a regular Hausdorff spectrum over TLC and X is the Hausdorff spectrum of
nonseparated parts, then it is easy to see that X is also a regular spectrum. In fact, bear-
ing in mind the remark before the theorem, it is sufficient to establish the completeness of
(T1r Xs, U(F)); this TV G is embedded in the corresponding TVG ([]y Yz, O'(lF)). If (ay)yep
is fundamental under o), then a, € a,, + VE (VT € F,v=~(T), v = v(T)) and because
of the closedness of Vi in the latter TV G we obtain the inclusion (a* = limp a.)

a* —ay, €VE (YT €F, 5 = (1)),

which also implies the convergence of (a,) to a* in ([]p Xs,0(m)).
Thus, in the enunciation of Theorem 1 regularity of the Hausdorff spectrum X can be
replaced by regularity of the Hausdorff spectrum Y.

Theorem 2. Let Y be a regular Hausdorff spectrum, X the Hausdorff spectrum of non-
separated parts of Y and) — X — Y — Y/X — 0 an exact sequence of Hausdorff spectra.
Then the sequence 0 — Haus(X) — Haus(Y) — Haus(Y/X) — 0 is exact in the category L.

Let us continue our consideration of the question of exactness of the functor Haus :
H(TLC) — L for an arbitrary exact sequence of Hausdorff spectra 0 — X — Y —
Z — 0. From the proofs given above it is clear that a sufficient condition for the vanishing

at zero Haus'(X) = 0 is the completeness of the TVG (][] XS,O'?F)) for each F' € F (see
Proposition 7.1 of [3]), where I ’("F) is formed by the filtering V£ with respect to 7. At
the same time each space Vg is endowed with the linear topology defined by the inverse
image supy7;'7s (T € F) forming at the same time the TVG (] Xs,0(r)) so that the
VG (H P XS,O'(F)) is not in general metrizable. It turns out that completeness of the

TVG (H 7 X, JE*F)) is also a necessary condition for the vanishing at zero Haus!'(X) = 0.

Proposition 5. Let X = {X,, F,hys} be a countable Hausdorfl spectrum over the
category L. Then in order that Haus'(X) = 0 it is necessary and sufficient that the
TVG( [1rXs, JE*F)) is complete for each F € F.

Theorem 3. Let X = {X,, F,hygs} be a countable Hausdorff spectrum over the cate-
gory L. Then in order that Haus'(X) = 0 it is necessary and sufficient that for each F € F
it is possible to define in [ [ X a quasinorm p = pp > 0 such that

(i) the associated topological group (HF X, T(*F)) is complete, Tp > O’?F),

(ii) p} is continuous on ([]p X, O'EkF)).

<1 Necessity. This follows from the argument before the theorem, since on putting 7p =
O'EkF) and

up(e) = 32 Fdy, (),
k=1

where dr, () = 0 for z € Vg’“ and dp, (z) = 1 for x € [[p Xs\ng (k € N), we obtain (i)
and (ii).

Sufficiency. Let Zp = (i, VI;F’“ and let the factor space [[» Xs/ZF be endowed with the
images of the topologies O'EkF) and 7p, so that, if

dp(€) = inf pp(z) and dp(¢) = inf ; 27 g (2),
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the MV G([[r Xs/ZF,dF) is separated and complete and the MV G([] X./Zp,dp) is sep-
arated. Thus on the MV G([[p Xs/ZF,dF) the functional dr is countably semiadditive and

ap(€) = inf_lim_dp(n) = inf 4} (z)
En—En—00 TSI

is continuous on it. Hence by the Lemma on a countably semiadditive functional [8] we obtain
dr = d}, and, consequently, the MV G([[p Xs/ZF, d~F) is complete. But this means that the
TVG(]] 7 Xs, UE‘F)) will be complete, which allows us to conclude on considering all F' € F
that Haus'(X) = 0. The Theorem is proved. >

In the case of a countable inverse spectrum, in particular, we obtain the first part of
Theorem 11.1.1 of [1]; in the case of a direct spectrum X the topology 7r is indiscrete for
each singleton set F' € F. Moreover, the famous lemma of V. P. Palamodov [1], which makes
up the main part of the proof, is a special case of the lemma about a countably semiadditive
functional [8].

In what follows @7 denotes the filter topology on X, (s € |F|), which is formed by the
spaces {ﬁssrXS/} (s' € |F|). We note, however, that the product topology on [[ X, obtained
from the topologies % (s € |F|) does not in general coincide with the topology O'EkF).

Sufficient conditions for the vanishing at zero Haus!(X) = 0, which are more convenient
for applications, are given in the following proposition.

Theorem 4. Let X = {X,, F,hys} be a countable Hausdorff spectrum over the cate-
gory L. In order that Haus'(X) = 0 it is sufficient that for each s € |F| it is possible to define
in X a family of quasinorms {pg, } which determines a complete separated pseudotopological
vector space (X, pg,), preserves the continuity of the morphisms ils's and is such that for
each s € |F|, F € F the following condition is satisfied:

(A) for some (5 = (35(F) the functional pj; is continuous in the filter topology (X, ¢%).

In particular, in the case of an inverse spectrum X we obtain Theorem 5.1 of [2] and
moreover our assertion is even stronger in this case.

Theorem 5. Let X = {X;, F,hys} be a countable Hausdorff spectrum of separated
H-spaces over the category TLC. Then in order that Haus'(X) = 0 it is necessary and
sufficient that the spaces (X, ¢%) (s € |F|) are complete TV Gs for each F € F.

In the case of an inverse spectrum of Fréchet spaces Theorem 5 extends the criteria (F) and
(R) of V. P. Palamodov’s Corollary 11.4 in [1]. We note that in Theorem 5 it is separatedness
of the pseudotopology which is actually required, therefore in general the H-space may be
nonseparated.

Theorem 6. Let X = {X,, F,hy,} be a countable Hausdorff spectrum of H-spaces
over the category TLC with separated associated pseudotopology {(p%*)*} which preserves
the continuity of the morphisms hy,. Then in order that Haus'(X) = 0 it is necessary and
sufficient that for each s € |F| there exists a quasinorm pg*(F) (s € |F|) in X, such that

(A%) (pf*)* is continuous in the filter topology % and the system {pl*} preserves the
continuity of the morphisms hg .

In particular the theorem by Retakh [9] follows from Theorem 6.
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NCITIOJIBBOBAHUE I'OMOJIOTMTYECKNX METOIOB
HA BA3E UTEPUPOBAHHBIX CIIEKTPOB
B ®OYHKINMOHAJIBHOM AHAJIN3E

Cwmupnos E. 1.

B cratbe BomsiTCst HOBBIE TOHATHS (DYHKIIMOHAJIHHOTO aHAIN3A: XayCAOPMOB CIEKTP U XaycaopdoB mpe-
nen wim H-npenen xaycnopdoBa CIIEKTpa B KATETOPHMHU JIOKAJIBHO BBIMYKJIBIX TPOCTPAHCTB (MK JaxKe,
B Gostee oBmux moJryabesIeBbIX KATeropusx). JacTHBIME CIydasMU PeryjsipHoOro xaycmopdgosa mpenesa
SABJISIOTCS] TPOEKTUBHBIN W WHIYKTUBHBIA TPEIEIbl OTAEIUMBIX JIOKAJIBHO BBIMYKJIBIX MPOCTpaHcTB. Ho-
BRI Kjacc H-mpocTpaHCTB comepKuT mpocTpancTBa Pperre n 3aMKHYT OTHOCUTEIBHO OMEPAIlnil B3ATUS
CYETHOr'O WHJIyKTUBHOI'O ¥ IPOEKTHUBHOI'O IIPEJIEJIOB, IEPEX0/Ia K 3aMKHYTOMY IIOJIIPOCTPAHCTBY U (DaKTOP-
mpocTpaHcTBy. Bosee Toro, qis H-TpoCcTpaHCTB CIPaBeI/INB YCUIEHHBI BADUAHT TEOPEMBI O 3aMKHYTOM
rpacdure. Jlokazanbl Teopembr 06 oOpaleHnn B HY/Ib IEPBOIl TPOM3BOIHON (DyHKTOpa Xaycaopdosa mpe-
JieJia CPefCTBAMH MOMOJIOIMYECKON aIreGphl.

KuroueBble cjioBa: TOMOJIOTHsI, CIEKTD, 3aMKHYTHIN rpaduk, auddepeHInalbHble yPABHEHUsI, TOMOJIO-
IUYIECKHE METOJbI, KATErOPUsl.



