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CN-EDGE DOMINATION IN GRAPHS

A. Alwardi, N. D. Soner

Let G = (V, E) be a graph. A subset D of V is called common neighbourhood dominating set (CN-domi-
nating set) if for every v € V — D there exists a vertex u € D such that wv € E(G) and |I'(u,v)| > 1, where
|T'(u, v)| is the number of common neighbourhood between the vertices v and v. The minimum cardinality
of such CN-dominating set denoted by 7en(G) and is called common neighbourhood domination number
(CN-edge domination) of G. In this paper we introduce the concept of common neighbourhood edge
domination (CN-edge domination) and common neighbourhood edge domatic number (CN-edge domatic

number) in a graph, exact values for some standard graphs, bounds and some interesting results are
established.
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1. Introduction

By a graph G = (V, E) we mean a finite and undirected graph with no loops and multiple
edges. As usual p = |V| and ¢ = |E| denote the number of vertices and edges of a graph G,
respectively. In general, we use (X) to denote the subgraph induced by the set of vertices X.
N (v) and N[v] denote the open and closed neighbourhood of a vertex v, respectively. A set
D of vertices in a graph G is a dominating set if every vertex in V' — D is adjacent to some
vertex in D. The domination number «(G) is the minimum cardinality of a dominating
set of G. A line graph L(G) (also called an interchange graph or edge graph) of a simple
graph G is obtained by associating a vertex with each edge of the graph and connecting two
vertices with an edge if and only if the corresponding edges of G have a vertex in common.
For terminology and notations not specifically defined here we refer reader to [5]. For more
details about domination number and its related parameters, we refer to [6], [9], and [10].

Let G be a simple graph G = (V, E) with vertex set V(G) = {v1,v9,...,v,}. For i # j,
the common neighborhood of the the vertices v; and v;, denoted by I'(v;,v;), is the set of
vertices, different from v; and v;, which are adjacent to both v; and v;. A subset D of V' is
called common neighbourhood dominating set (CN-dominating set) if for every v € V. — D
there exist a vertex u € D such that uwv € E(G) and |I'(u,v)| > 1, where |I'(u,v)| is the
number of common neighbourhood between the vertices v and v. The minimum cardinality of
such CN-dominating set denoted by 7.,(G) and is called common neighbourhood domination
number (CN-domination number) of G. The CN-domination number is defined for any graph.
A common neighbourhood dominating set D is said to be minimal if no proper subset of D is
common neighbourhood dominating set. If v € V', then the CN-neighbourhood of u denoted
by Nen(u) is defined as Nep(u) = {v € N(u) : [I'(u,v)| = 1}. The cardinality of N, (u) is
denoted by deg,.,,(u) in G, and N¢,[u] = Nep(u) U {u}. The maximum and minimum common
neighbourhood degree of a vertex in G are denoted respectively by A.,(G) and 6., (G). That
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is Acn(G) = maxyey | Nen(w)], 0en(G) = mingey | Nen(u)]. A subset S of V' is called a common
neighbourhood independent set (CN-independent set), if for every u € S,v ¢ Ne,(u) for all
v € S—{u}. It is clear that every independent set is CN-independent set. An CN-independent
set S is called mazimal if any vertex set properly containing .S is not CN-independent set.
The maximum cardinality of CN-independent set is denoted by (.,, and the lower CN-
independence number 4., is the minimum cardinality of the CN-maximal independent set.
An edge e = uv € E(G) is said to be common neighbourhood edge (CN-edge) if |T'(u,v)| > 1.
For more details about CN-dominating set see [1]. The concept of edge domination was
introduced by Mitchell and Hedetniemi [8]. Let G = (V, E) be a graph. A subset X of E is
called an edge dominating set of G if every edge in F — X is adjacent to some edge in X.

In this paper analogue to the edge domination, we introduce the concept of common
neighbourhood edge domination (CN-edge domination) in a graph and common neighbour-
hood edge domatic number (CN-edge domatic number) in a graph, exact values for the some
standard graphs bounds and some interesting results are established.

2. CN-Edge Domination Number

Let G = (V, E) be a graph and f, e be any two edges in E. Then f and e are adjacent if
they have one end vertex in common.

DEFINITION 2.1. Two edges f and e are common neighbourhood adjacent (CN-adjacent)
if f adjacent to e and there exist another edge g adjacent to both f and e.

DEFINITION 2.2. A set S of edges is called common neighbourhood edge dominating set
(CN-edge dominating set) if every edge f not in S is CN-adjacent to at least one edge f’ € S.
The minimum cardinality of such CN-edge dominating set is denoted by ~/,,(G) and called
CN-edge domination number of G.

The CN-edge neighbourhood of f denoted by N, (f) is defined as N¢,(f) = {g € E(G) :
f and g are CN-adjacent}. The cardinality of N.,(f) is called the CN-degree of the edge
f and denoted by deg.,(f). The maximum and minimum CN-degree of edges in G are
denoted respectively by A’ (G) and §,(G). That is AL, (G) = max fe () |Nen ()], 05, (G) =
minfEE(G) ’Ncn(f)‘

A common neighbourhood edge dominating set S is minimal if for any edge f € S, S—{f}
is not CN-edge dominating set of G. A subset S of F is called CN-edge independent set, if for
any f € S, f ¢ Neu(g), for all g € S — {f}. If an edge f € E be such that N.,(f) = ¢ then
j is in any CN-dominating set. Such edges are called CN-isolated. The minimum CN-edge
dominating set denoted by ., -set.

An edge dominating set X is called an CN-independent edge dominating set if no two
edges in X are CN-adjacent. The CN-independent edge domination number ~., .(G) is the
minimum cardinality taken over all CN-independent edge dominating sets of G. The CN-
edge independence number 3, (G) is defined to be the number of edges in a maximum
CN-independent set of edges of G. For a real number x; [z] denotes the greatest integer less
than or equal to x and [x] denotes the smallest integer greater than or equal to x.

In Figure 1, E(G) = {a,b,c,d,e}. The minimal edge dominating sets are {b}, {a,c},
{a,d}, {a,e}, {b,c}, {b,d}, {b,e}. Therefore v/(G) = 1. The minimal CN-edge dominating
sets are {a,b}, {a,c}, {a,d}, {a,e}. Therefore 7., (G) = 2. The edge a is CN-edge isolated
but not edge isolated.
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Fig. 1.

Observation 2.1. For any graph G with at least one edge, 1 < 7., (G) < gq.

If the graph G is triangle free and claw free and A(G) < 2, then for any two adjacent edge
e and f there is no any edge adjacent both e and f, so we have the following proposition.

Proposition 2.1. Let G = (V, E) be a nontrivial graph with q edges. Then v, (G) = q
if and only G triangle free graph with A(G) < 2.

Hence it follows that

%n(cp) = 'ch(cp) =p and Vén(Pp) = ’Vcn(Pp—l) =p— 1L

From the definition of line graph and the CN-edge domination the following Proposition is
immediate.

Observation 2.2. For any graph G, we have 7., (G) = ven(L(G)).

Proposition 2.2. For any complete graph K, and Complete bipartite graph K, ,,, we
have

V) = | 5| and 5L, (K ) mingrm, ).

Proposition 2.3. For any wheel graph W, of p vertices, we have
1+ %3, if p = 0(mod 3);

Yen(Wp) = § 1+ 51, if p = 1(mod 3);

1+ 22, if p=2(mod3).

Obviously for any graph G any CN-edge dominating set is edge dominating set then the
following proposition follows.

Proposition 2.4. For any graph G, ~.,,(G) = v'(G).

Theorem 2.1. The CN-edge dominating set F' is minimal if and only if for each edge
f € F one of the following conditions holds

(1) Ncn(f) NF=¢;

(ii) there exist an edge g € E — F such that Nep(9) N F = {f}.

< Suppose that F' is a minimal CN-edge dominating set. Assume that (i) and (ii) do
not hold. Then for some f € F there exist an edge g € N¢,(f) N F and for every edge
he€ E—F, Nep(h)NF # {f}. Therefore F — {f} is CN-edge dominating set contradiction
to the minimality of F'. Therefor (i) or (ii) holds.

Conversely, suppose for every f € F one of the conditions holds. Suppose F is not
minimal. Then there exist f € F such that F' — {f} is CN-edge dominating set. Therefore
there exist an edge g € F' — {f} such that g € N, (f). Hence f does not satisfy (i). Then f
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must satisfy (ii). Then there exist an edge g € E — F such that Ng,(g) N F = {f}. Since
F — {f} is CN-edge dominating set there exist an edge f’ € F — {f} such that f’ is CN-
adjacent to g. Therefore f' € Ng,(g) N F and f’ # f, a contradiction to N,(g9) N F = {f}.
Hence F' is minimal CN-edge dominating set. >

Proposition 2.5. For any Graph G without any CN-isolated edges, if F' is minimal
CN-edge dominating set then FF — F' is CN-edge dominating set.

<1 Let F' be minimal CN-edge dominating set of G. Suppose E — F' is not CN-edge
dominating set. Then there exist an edge f such that f € F is not CN-adjacent to any edge
in £ — F. Since G has no CN-isolated edges then f is CN-dominated by at least one edge in
F —{f}. Thus F — {f} is CN-edge dominating set a contradiction to the minimality of F'.
Therefore E — F' is is CN-edge dominating set. >

Proposition 2.6. For any graph G, any CN-independent edge set F' is maximal CN-
independent edge set if and only if it is CN-edge independent and CN-edge dominating set
of G.

<1 Suppose F' be maximal CN-independent set of G. Then for every edge f € E — F, the
set F'U{f} is not CN-independent, that is for every edge f € F — F, there is an edge g € F
in such that f is CN-adjacent to g. Thus F' is CN-edge dominating set. Hence F' is both
CN-edge independent and CN-edge dominating set of G.

Conversely, suppose F' is both CN-edge independent and CN-edge dominating set of G.
Suppose F' is not maximal CN-edge independent set. Then there exist an edge f € £— F such
that F'U{f} is CN-independent, then there is no edge in F' is CN-adjacent to f. Hence F' is
not CN-edge dominating set which is a contradiction. Hence F' is maximal CN-independent
set. >

Theorem 2.2. For any graph G, +..,,(G) < q — AL, (G).

< Let f be an edge in G such that deg,, (f) = AL,(G). Then E(G) — Nep(f) is CN-edge
dominating set. Hence 7.,(G) < ¢ — AL (G). >

Theorem 2.3. For any v,,-set I of a graph G = (V, E), |E — F| < }_ ;¢ deg,,(f) and
the equality holds if and only if

(i) F' is CN-independent edge

(ii) for every edge f € E—F, there exists only one edge g € F such that N.,(f)NF = {g}.

<1 Since each edge in £ — F' is CN-adjacent to at least one edge of F'. Therefore each edge
in £ — F contributes at least one to the sum of the CN-degrees of the edges of F'. Hence

fer

Let |E— F| =} cpdeg.,(f) and suppose that I is not CN-independent edge. Clearly each
edge in £ — F is counted in the sum ) fer deg,,(f). Hence if f; and f; are CN-adjacent
edges, then f; is counted in deg,,(f1) and vice versa. Then the sum exceeds |E — F| by at
least two, contrary to the hypothesis. Hence F' must be CN-independent edge.

Now suppose (ii) is not true. Then N, (f) N F > 2 for f € E — F. Let f; and fs belong
to Nen(f) N F, hence 3 pcpdege,(f) exceed £/ — F by at least one since f counted twice,
once in deg,,(f1) and the other in deg,,(f2). Hence if the equality holds then the condition
(i) and (ii) must be true. The converse is obvious. >

Theorem 2.4. For any (p,q) graph G, {WW < L(G) < q— 6L, + qo, where qq is
the number of CN-isolated edges.
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< From the previous proposition |E — F| < 3~y pdege, (f) < 76, (G) AL,
Hence q — 7.,,(G) < 4., (G)AL,. Therefore

| SO (1

Let G' = (E(G) — I:4(G)) where I.,(G) is the set of CN-isolated edges of G. Let S be
the maximal CN-independent set of edges of G’. Hence S is also CN-edge dominating set
of G'. Since G’ does not have CN-isolated edges F(G') — S is also CN-edge dominating set
of G'. Therefore 7., (G") < |E(G") — S| = q¢(G") — 3.,(G"). But +.,(G") = ~..(G) — qo and
q(G") = q(G) — qo and B.,(G") = B.,,(G) — qo. Hence

Yer(G) — q0 < q(G) — q0 — (Ben(G) — q0).

Therefore
Vén(G) Sq- Bén + qo- (2)
From (1) and (2) we have

q

— | <A <qg-7 )
IVA,CH(G)—I—l—‘ \’ch(G) x4 ﬂcn—i_qo >

3. CN-Edge Domatic Number

DEFINITION 3.1. The maximum order of partition of the edges E(G) into CN-edge
dominating sets is called CN-edge domatic number of G and denoted by d., (G).

Observation 3.1. For any graph G, d.,(G) < d'(G), where d'(GQ) is the edge domatic
number.

< Let G = (V, E) be a graph Since any partition of E(G) into CN-edge domination set
is also partition of E(G) into edge dominating set. Hence d.,,(G) < d'(G). >

Proposition 3.1. (i) For any cycle C), and path P, with p vertices d..,,(Cp) = d.,,(P,) = 1.
(ii) For any complete bipartite graph K, 5, d.,, (K, n) = max{m,n}.
(iii) d.,,(G) = 1 if and only if G has at least one CN-isolated edge.

Proposition 3.2. Let G be a complete graph K, with p > 2 vertices. Then

d(G) = p—1, 1:f n 1:s even;
D, if n is odd.

< If p is even, then K, can be decomposed into p — 1 pairwise edge-disjoint linear factors.
The edge set of each these factors is an edge dominating set in K. Since any two adjacent
vertices in the complete graph are also CN-adjacent, then any edge dominating set is also
CN-edge dominating set in K,. Hence d,,(K,) > p — 1. Suppose that d.,(K,) > p and
consider ¢ is an CN-edge domatic partition of K, with p classes the mean value of the orders
of these classes has at most ‘”5—1 This implies that at least one of the classes has at most
[%1] = g — 1 edges. But the partition covers at most p — 2 vertices, there are two vertices
no edge in ( incident to any of the two vertices. Hence there is no edge in ( CN-adjacent to
the edge joining these vertices. Therefore d.,, (K,) =p — 1 if p is even.
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Now let p is odd. By labeling the vertices of K, by xi,22,...,2,. We can make the
following domatic partition of the vertices Ei,..., E,, where E; = x;4;x;_j11, where j =
1, .,p—gl and the scripts will be taken modulo p. Hence d.,,(K,) > p. If we suppose that
d.,(Kp) > p+ 1, then in the same way of the first case we can prove that there exist an
CN-edge domatic partition one of whose classes has at most p%?’ edges this set cover at most
p — 3 vertices and it is not an CN-edge dominating set a contradiction. Hence d..,(K,) = p
if p is odd. >

Theorem 3.1. For any graph G with q edges, d., (G) < m'

< Assume that d.,,(G) = d and {D1, Ds,..., Dy} is a partition of F(G) into d CN-edge
dominating sets, clearly |D;| > ~.,(G) for i = 1,2,...,d and we have ¢ = Zle |D;| >
481, (G).

Hence d.,,(G) < N 4~ >
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CN-PEBEPHOE JOMUVHVNPOBAHIE B 'PA®AX

Amsapmu A., Conep H.

Hycre G = (V,E) — rpad. INogmuoxkectso D muokecTBa V Ha3bIBaeTCA PEGEPHO JOMUHUPYIOMIAM
MHOKECTBOM ¢ 00mieit okpecTHOCTBIO (CN-peGepHO JOMUHUPYIONMM MHOXKECTBOM ), €CJIU JIsl JTI000i Bep-
muuel v € V — D cymecrByer BepmmHa u € D Takas, uro wv € E(G) u [I'(u,v)| > 1, rme |I'(u,v)| —
MHOYKECTBO OOIuX cocefeit BepiwH v u v. Hanmenbiast moraHOCTh Takoro CN-pebepHO JOMUHUPYIOIITETO
MHOKECTBA 0003HATAETCA Yen((G) M Ha3BIBAETCA PEGEPHO JIOMUHHUPYIONMM HYHCIOM C OOMIEH OKpECTHO-
creio (CN-pebepuo momumuupylomuM wuciaoMm) rpada G. B manHO# crarbe BBOAATCHA MOHATHS PeGEPHO
JOMUHUPYIOIIEro YUCIa C OOMIEHl OKPECTHOCTHIO U PEGEPHO JIOMATUIECKOTO YUCa ¢ ODIIel OKPECTHOCTHIO
(CN-pebepHO TOMATHIECKOrO Yuciaa) B rpade, HaliIEeHbl MX TOYHBIE 3HAYCHUs] B HEKOTOPBIX CTAHIAPTHBIX
rpadax, yCTaHOBJIEHBI 'PAHUIIBI ¥ HEKOTOPbIE MHTEPECHBIE PE3YJIbTAThI.

KuroueBnblie ciioBa: pebepHO JTOMUHUAPYIOIIEEe MHOYKECTBO C 00IIeil OKPECTHOCTHIO, pEOEPHO TOMATHIECKOE
9nCII0 ¢ 00IIell OKPECTHOCTHIO, pebepHO JJOMUHUPYIOIIEE YUCJIO ¢ 00IIeil OKPeCTHOCTBIO.



