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METO/I TIOJIOBJIACTEIT PEIIEHNS
CUHI'YVJISIPHOI'O UHTEI'PAJIbHOI'O YPABHEHUSI
IIEPBOT'O POJIA C SI/IPOM KOIIN

JI. 9. Xaiipynauna, I. 3. Xabubyainua

Uccnenyercs meron momobsiacTeil pemreHust CUHIYISPHOIO HHTEIPDAJIHHOIO YPABHEHUS IIEPBOr0 POJa C si/I-
pom Komu. Bsemena napa BeCOBBIX IIDOCTPAHCTB, SBJIAIOMIAXCS CYKEHHEM IIPOCTPAHCTBA HEIIPEPBIBHBIX
dyuknmit. /lokazana KOpPEKTHOCTb PACCMATPUBAEMOI0 YPABHEHUS HA TO IIape IMPOCTPAHCTB. YCTAHOB-
JIEHBI JOCTATOYHBIE YCIOBUS CXOAUMOCTH METO/A II000/IacTeil B PABHOMEPHON METPHUKE.

KuarodyeBrle ciioBa: CHHIYISPHOE MHTErPAaIbHOE ypaBHeHue, a1po Komu, meron nomodsacreil.

1. BBenenmne. Pemaercs cunryinsgpHoe unrerpajibHoe ypaBaenue (C.u.y.) mepBoro poja
(cwm., mampumep, |1, 2|)

1
/ 11—: f—t dT‘f’%/\/gh(t,T)$(T)dT:f(t), lt] < 1, (1)

-1

rie h(t,7), f(t) — usBecrubie HenpepbiBable QyHKIUN, 2(T) — UCKOMas (DYHKIIUSA, a CHHTY-
J'IS{prIfI nHTEerpaJl HIOHUMAECTCA B CMBICJIEC TJIABHOT'O 3HAQYEHUA 110 KOH_II/I.

C.m.y. Buma (1) gacTo BCTpEYarOTCs B NMPUJIOKEHUAX. BBUIYy HEBOZMOXKHOCTH B 6OJIB-
HIMHCTBE CJIyvaeB MOJIyYeHUsl TOYHOrO pentenusi C.u.y. (1) akryajbHa 3aja4a HAXOXK/IEHUS
npubJIMKEHHOTO PEIleHns U 0Ty YeHus OIeHOK morperHocTu. [Ipu sToMm Kak jijis Teopuu, Tak
U JJist HPAKTUKKA HanboJiee MHTEPECHbI paBHOMEpHbIe oueHku. OJHAKO B IPOCTPAHCTBE Helpe-
PBIBHBIX (DYHKIHMI 3a/1a4a pemenns ¢. u.y. (1) aBiasgercs HeKOppeKTHO mocTaBjennoi [3]. Uc-
10J1b3Ys 1101X0/1 [4], OCcHOBAHHBIN HA BO3MOXKHOCTH KOPPEKTHOMN [IOCTAHOBKY 33/1a4i PEILEHMUs
c.m.y. (1), B pabore BBOIUTCS Mapa BECOBBIX (DYHKITMOHAJBHBIX MPOCTPAHCTB, SIBJISFONTIXCS
HEKOTOPBIMU Cy2KEHUSIMU IPOCTPAHCTBA HenpepbiBHbIX Ha [—1, 1] dynkumii, u jokasbiBaercs
KOPPEKTHOCTb PaccCMaTpUBAEMOil 3a/1a4u.

2. KoppekTHaa nocraHoBKa 3aga4um. I[lycrs X, — npocrpancrBO HENPEPbIBHBIX Ha
[—1,1] dyukuuit x(t), 1yist KOTOPBIX CUHTY/SAPHBIE uaTerpan /1 — t1(px;t) asagerca nemnpe-
peiBHOi Ha (—1,1] dyHKuueil, nomyckaomeil HenpepblBHOE MPOJOJIZKEeHne B TOUYKY t = 1,
rae

1
1
-1

p=p(r) = /1.
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B xavectBe Y, BO3bMeM IPOCTPAHCTBO HempepbIBHBIX Ha [—1,1] dymxumit f(t) raxux,

uro /1 + tI(qf;t) asnsierca nenpepoiBroit na [—1, 1) dyuxuueii, gonyckaromei HenpepbiBHOE

IPOJIOJIZKeHne B TOUKy t = —1, te ¢ = ¢(t) = ﬁ.

Hopwmbl B 9TUX NpOCTPAHCTBAX OINPEJIETUM CJIEAYIOMUM 00pa3oM:

lzllx, = V14 telle + V1 =tl(pr)llo, =€ Xp; (2)
1flly, = V1 =tflle +IVI+tlaf)lle, feYy (3)

Torma c.u.y. (1) 9KBUBaJIEHTHO OIIEPATOPHOMY YPABHEHUIO
Ke=Sz+Va=f (xe€X, feY,), (4)
rae onepatopsl S : X, — Yy, V : X, — Y, onpeznensiorcsa no gpopmynam

1 1

1 [1+7a(t) _1/ 1+71
Sl‘—ﬂ_/ 1_7_7__th, V:U—7r 1_7_h(t,7')x(7')d7'.

-1 -1

Jlemma 1. Cumrynapneii oneparop S : X, — Y, HempepnIBHO 00paTHM H CIPaBe/THBEI
PaBeHCTBA

-1
||S||X,,qu =1 s quaxp =1

< Paccmorpum xapakrepucrudyeckoe ypasuernue Sz = f. Pemenue 910ro ypapHenust Mo-
2keT ObITh 3aIUCAHO B 3aMKHYTON (pOpMeE C TIOMOIIBI0 TaK HA3BIBAEMbBIX (POPMYJI 0OPAIIEHUS.
st dynkumii uz kiaccos I'énbiepa s1u dopmysibl nosydenst B [1, ¢. 486]. dus dynkuuii
U3 KJIACCOB CyMMUPYEMBIX € BeCOM (DYHKLMIl OHM UCHO/B3YIOTCst, Haupumep, B [5, c. 20]. Ilo-
CKOJIbKY HAIIU [IPOCTPAHCTBA fABJIAIOTCA CyKEHUEM MPOCTPAHCTB KBA/IPATUYHO CyMMUPYEMbIX
€ COOTBETCTBYIONMM BecOM (pyHKI, T0 HOPMYJIibl 0OpallleHns] UMEIOT MECTO U B BBEIEHHBIX
npocrpancrsax X, u Y.

Nssecrno [1], aro oneparop S : X, — Y, obparum, npudem

STHSit) = —1(af;t).
Ucnone3ys onpenesnenus zopM (2) u (3), mosyamm

1S5lly, = I (px)lly, = V1 = tI(px)llc + [IV1+tl(q(Ipz))l

5
= V1 =tl(pz)lc + [V1+tzlc = =], )

157 lly, = llally, = IVIF tallo + VI tZ(pa)]|,
= VIF @)l + VI,

13 coornomenwuii (5) u (6) ciejyer yTBepKI€HUE JIEMMBbI.

(6)

13 mevmmbr 1 m Teopun Pucca — [layaepa s ypaBHEHU, TPUBOISIINXCI K YPABHEHUSIM
BTOPOTO POJA, CIETAYET

Teopema 1. Ilycts spo h(t,T) raxoso, aro omeparop V : X, — Y, Brosne Hempepb-
Ben. Ecyn opHoposHoe ypasaenue, coorsercrsyiomee ypasueauio (1), umeer 1obKko HysieBoe
perienne, To onepatop K : X, — Y, HenpeprisHo obpaTnm.
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3. O npubumrkeHusix 1noJMHoMamMm B npocrpancrse Y;. Obosmaunm depes II,
oneparop nogobaacreil, crapsammii B coorsercrsue Jii06oit byuxknun ¢ € C[—1, 1] anrebpan-
geckuit mosmaoM 11, (¢; $), OAHOBHATHO Ompe eNIroNHiicss U3 yeaoBuil (cM., Hanpumep, |6])

Sj+1 Sj+1
2741
/ I, (p; 8)ds = / @(s)ds, s;=cos 27‘711——27“ j=0,...,n.

Si

Si

IIycTb
\/5 sin (n + 1) arccos ¢
Qn(t) = ( 2 , neN,
V31—t
2cos (n + 1) arccost
= V2 ( 2) , meN,

Rn(t) \/T

~— IOJIMHOMBI CTEIEHU 7 U3 CUCTEMbl 110JIMHOMOB, OPTOrOHa/ILHBIX ¢ Becom ¢(t) u p(t) na
orpeske [—1, 1] coorBercrBerHo (mosmHOMBI UebblleBa TPETHEIO M YETBEPTOTO POJIOB).

—_
~

Jlemma 2. /s sir060it pynxiun ¢ € C[—1, 1] cupasemmsa onenka

Maglly, = O (vVn) ¢l

< Io oupejesienuto Hopmbl (3) numeem

Melly, = V1 —tIplle + [V +t I(qlle)lc.

NssecrHo (cMm., naupumep, [6]), 4o
V1= tlnpll = O(nn)e].

Paccmorpum Bropoe ciaraemoe. Paznoxum I1,(p;t) B psy @ypoe 1o nosimaomam de6bl-

mesa Tperbero poga. C yuerom coorHouienust [4]

(8)

1

1 1—7Qk(7)

2= EERTD g R

7T/ TE——— By (®),
21

1
1+¢ 1—71I0,(p;7)
VIF (g, t)| = AT g
[V1+t1(qllagp;t)| ‘ — /\/1+T e dr
41
1 5 o
B m/\/ﬁgock( n®)Qr(T) N
N s 147 T—1
—1
- [ T=7Qul)
= Vit &M,p) =~ _TERT) g
‘ * ];)Ck( (p)ﬂ'/ 1+7 17—t T

-1

- ‘¢1+tzc§<nnw>Rk<t>‘ < (Z \cgmm\z)g (Z |¢—1+tRk<t>|2>
k=0 k=0 k=0

HAaXO0/UM

1
2
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1
2

\/icos (n + %) arccos t ?

v1+t

o L
< = vallgle
V2 i

V14t (qgyp)llc = O(Vn)llgll- 9)

U3 onenok (8) u (9) caeayer onenka (7).

Yepes W"H, = W"H,[—1,1] o6o3naunm MHOKeCTBO (DyHKIIUii, UMEIONUX HEIPePbIB-
HbIE TIPOU3BOIHBIE 10 T'-T'0 MOPSIKA, yI0BJIETBOPsIoNne ycaosuio ['énpaepa ¢ mokazarenem o,
O<a<l,r>=0.

JIemma 3. Ecim ¢(t) € W"Hy[—1, 1], To cupaBeaiuBo coorHomIeHHE

V1+t

n

k=0

1
cos <n + 5) arccost

< Slellcv2 (Z

k=0

Takum obpazowm,

o = Tupli, =0 (g ) (10)

nr—l—a— 3

< Umeem
le = Maiplly, = [[VI=Hp — o). + [ VI+E (g(e — )|, -

Ouenka nepsoro cjaraemoro ussecraa [6):

Inn
VT —=t(e —Tap)llo < V2]l — nplle = O <nr+a> ; 0<a<l,rz0.  (11)

Paccmorpum BTOpOE ciaraemoe:

1

V1+t [1—7 (1) — I, (p;7)
H\/1+I q(p — I,p) HC / T - dr

7T —1
-1

Pasznoxum ¢(7) —IL,(p; 7) B pag Pypbe no nosmmnomam Yebbimesa rpersero poga. C no-
MOIIIBIO OIEHOK (CM., Hampumep, [4, c¢. 127], |7, c. 31]|) u Teopembr JIyKeKcOHA Oy IUM

1 Z e (¢ — o) Qu(7)
1 1—71
VT +tI(g(p = )| o = H\/:t/\/pmk Tt o o
Z1
- H\/1+ ch ¢ — o) Ry (t (Z‘ (¢ = ) ‘2>
2 (12)

—1<t<1

c
X max <Z‘\/1+ tRy(t ) = |lp — Hpoll2,4vn
1

2

2
<\/7m<7r+£>En((p):o< r+a_1>’ O<a<l, r>0.
2

n

"3 (11) u (12) cnegyer nokaswisaemas onenka (10). >
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4. Meron 1mmomobsacreii. PaccMoTpuM BBIYHCIATEILHYIO CXEMy MeTO/1a momodJacTeit
(cm., naupuwmep, [6, 7]). IIpubimzkennoe perienne ypasuenus (1) Oyuem uckarb B Bujie

t) = oarRe (1), (13)
k=1

re K03 DuimenTobl onpegessemM u3 ycjaoBui

t;

21 +1
K ;= L =1,...,n. 14
[ ) /f ti=cos 2 r =1 (14)

ti—1

dcno, uro ycnosus (14) 9KBUBaJIEHTHBI CUCTEME JIMHEHHBIX aIre0panvdecKux ypasHeHui

OTHOCUTEIBHO KOI(DDUIMEHTOB (v, (g, . . . , (yy 1OIHOMA (13):
n
Zaikak:fi7 izl?“‘7n7 (15)
k=1

t;
1
A = /Qk 1 dt—i— /dt/ +T Rk 1 dT, fz': /f(t)dt
ti—1

JlokazkeM TeopeMmy, yCTaHABIUBAIOILYI0 CXOJUMOCTH OINUCAHHOTO MeToja mmojob/iacrei
B IIPOCTPAaHCTBE Y;], 1 OICHKU IIOI'PEMIHOCTH.

Teopema 2. IlycTes BBINIOTHEHBI YCAOBHUS:

a) c.m.y. (1) oxgnosnauno paspemmmo B npocrpancrse X, npu Jiroboii npasoii dacru f
u3 Yg;

6) dyuxuuu f(t) € W"H,, h(t,7) € W"H,, (110 nepemenHosi t paABHOMEDHO OTHOCHTEJIb-

HOT),0<a<1l,7r>0.

Torga, naunnasi ¢ nekoroporo n € N cucrema ypasnennii (15) umeer ejauncrsennoe pe-
mrenue, u IpuOIHXKeHHbIE pernenns T, (t) cxoxdarcs K ToanoMmy x*(t) co cKopocThio

1
x5 — 2%, =O (771”0‘_%)’ 0<a<l r=0.

<1 Ob6o3naunm yepe3z H, — MHOXKeCTBO Bcex ajreOpamydecKux MHOIOYJIEHOB CTEIIEHU He
soime n. Ilycrs X, = H, C X,, Y, = H, C Y,. Cucrema ypasuenuii (15) sxBuBaienTHa
OTIEPATOPHOMY yPABHEHUTO

Kyxp =Kz, =11, f (2, € Xy, I, f € Y,). (16)

W13 m3BectHOrO CcooTHOIIEHUS 4]

1
1 /[1+7R
t k=0,1,...
7'('/ 1—7'7'—t Qr(®); 0.1,

caepyer, uro I, Sy, = S¢,. Torna ypasuenune (16) npumer Bu

Kyx, = Sz, + 1L, Va, =1, f (z, € Xp, I, f €Y,). (17)
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U3 ypasuenwnii (4) u (17) ansa moboro x, € X, Haxomum

[ Ky — anEnqu = [[Van - HanEn”yq
1

1

1 1

;/1,0 h(t, 7Y (7) dr — ;/p(T)Hn(h(t,T))xn(T) dr
<

1 ¥q

”h II h”chHwan ”h_th”Yq,CHwnHXp7

sieck oneparop II, npumenen k dbyuknuu h(t,7) no nepemenuoil t. B cuay jemmvbl 3 u
YCJIOBUI T€OpeMbl UMeeM

2

1
en = |1K = Kullx, .y, =0 <ﬁ> =0, n— o0
n

1
5n:Hf_an”yq:O<71>—>0, n — oQ.
T2

nr—l—a

U3 moceaux IBYX OTEHOK 1 |8, TiaBa I, Teopema 7| ciieryer cxomumocTs MeTo/a mogobracTeii
¥ PaBHOMEPHAs OLIEHKA IOIPENIHOCTH MPUOJINKEHHBIX PENIeHU

[\V]

* * * * 1
ot ="l <l = 2*ll, = Ofen+8,) = 0 ( —iy
n

o 1), 0<a<l, r>20 >
-3
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SUBDOMAINS METHOD FOR SOLUTION
OF A SINGULAR FIRST KIND INTEGRAL EQUATION
WITH CAUCHY KERNEL

Hajrullina L. E., Habibullina G. Z.

The method of subdomains solution of a singular integral equation of the first kind with Cauchy kernel
is investigated. A pair of weight spaces, which are the narrowing of the space of continuous functions are
introduced. The correctness of the equations on this pair of spaces is proved. Sufficient conditions for the
convergence of the method of subdomains in the uniform metric are established.

Key words: singular integral equations, Cauchy kernel, method of subdomains.



