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Abstract. The goal of this work is to obtain an analytical description of mappings satisfying some capacity
inequality (so called Gp-condition): we study mappings for which the G-condition holds for a cubical ring.
In other words, we replace rings with concentric spheres in the Gp-condition by rings with concentric cubes.
We obtain new analytic properties of homeomophisms in R™ meeting Gehring type capacity inequality.
In this paper the capacity inequality means that the capacity of the image of a cubical ring is controlled
by the capacity of the given ring. From the analytic properties we conclude some geometric properties of
mappings under consideration. The method is new and is based on an equivalent analytical description of
such mappings previously established by the author. Our arguments are based on assertions and methods
discovered in author’s recent papers [1] and [2] (see also some references inside). Then we obtain geometric
properties of these mappings.
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1. Introduction

In paper [3] F. W. Gehring studied some geometric properties of mappings in R, n > 2,
meeting so called Gp-condition. More precisely, suppose that D and D’ are domains in R"
and f: D — D’ is a homeomorphism. Then f maps each ring U C D onto a ring f(U) C D’.
Gehring says that f € Gp(K), 0 < K < oo, if

cap, (f(U)) < K cap,(U) (1)

for all spherical rings U C R™. When p = n, a homeomorphism is in G, (K) for some K if
and only if it is a quasiconformal mapping.

Recall that a bounded domain U C D is said to be a ring if R” \ U has exactly two
components: bounded component F; and unbounded Fy. Then for 1 < p < oo we define the
p-capacity of U as

ou ou

— p - il
Capp(U)—lnf/|Vu| dx, Vu= <8x1"”’8:ﬂn>’
U
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where the infimum is taken over all functions u € Ly(R™) N C(R™) with u = 0 on Fy and
u=1on Fy (called admissible). A function u : D — R belongs to the Sobolev class Ly(D), if
u € L1 1oc(D) and its weak derivative g_ai € L,(D) for any i = 1,...,n. The seminorm of u
equals [[u | Ly(D)|| = [Vu | Ly(D)], 1 < p < oo.

A ring U is said to be a spherical ring if it is bounded by two concentric spheres, that is,
ifU={zx:a<|r—P|<b}, where 0 < a < b < oo and P € R" is a center of spheres. Here
and further |P| is the Euclidean norm of P € R".

The purpose of paper [3] is to establish some relations between the classes Gp(K) and
Lip(K)'. They are given in the following statements of paper [3].

Theorem 1 [3, Theorem 2|. If f, f~! € G,(K), where p # n, then f,f~! € Lip(Kj),
where Ky depends only on K, n and p.

Theorem 2 [3, Theorem 3|. If f € G,(K), where n —1 < p < n, then f € Lip(Kj).
If f € Gy(K), where n < p < oo, then f~! € Lip(Ky). In both cases K, depends only on K,
n and p.

The goal of this work is to obtain an analytical description of mappings satisfying some
capacity inequality similar to (1): we study mappings for which (1) holds whenever U is a
cubical ring. In another words we replace rings with concentric spheres in the right hand side
of (1) by rings with concentric cubes. Our arguments are based on assertions and methods
discovered in recent papers [1] and [2] (see also some references inside). Then we obtain
geometric properties of these mappings.

There is also another approach to this subject. For instance, authors of paper [4] study
properties of homeomorptisms under stronger capacity inequality:

capp(gp(Fo),gp(Fl);D/) < Kp Capp(FO’Fl;D)’ I <p<oo,

for an arbitrary condenser (Fy, F1) C D. However, method of paper (4) is not applicable to a
minimal collection of rings (spherical or cubical). See [4] for more details.

15t STEP. The crucial result for our study is the following theorem proved in [2]. Before
formulating this theorem we give some necessary definitions.

DEFINITION 1. A ring U in R" is called, cubical whenever U = Q(z, R) \ Q(z,7), where
Qxz,R) ={2 € R": |z —z|ooc < R} and 0 < r < R < 0. Recall that |z|o = maxg—1, _p |Tk|.

DEFINITION 2. Suppose that D is an open set in R™. Denote by 0.(D) some system of
open sets in D with the following properties:

(a) if the closure @ of an open cube @ lies in D, then Q € 0.(D);

(b) if Uy,..., Uy € O.(D) is a disjoint system of open sets, then Ule Ui € 0.(D) for
arbitrary k£ € N.

(c) in the case n = 2, ¢ = 1 we will consider an expanded family &,(D) D 6,(D): we
include additional rings of the following shape to this family:

U= (a—rya+r]x[bc])\({a} x[b+r,c—r])CD, 2r<c-—b,

and

U= ([s,t] x[d=7,d+7)\([s+71,t—7] x{d}) C D, 27 <t—s.

DEFINITION 3. A mapping ¥ : 0.(D) — [0,00] is called a k-quasiadditive set function,
whenever

! Gehring says that f € Lip(K), 0 < K < oo, if L(P, f) = lim %ﬂ < K whenever P € D.

z— P |z
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(a) for each point x € D there exists § with 0 < § < dist(x,0D), such that 0 <
U(Q(z,d)) < oo, and if D = R"™, then the inequality 0 < ¥(Q(z,d)) < oo must hold for
all § € (0,6(x)), where 6(z) > 0 may depend on z;

(b) for every finite disjoint collection of open sets U; € 0.(D), where i = 1,...,1, with

l
U Ui C U, where U € 0.(D), we have Z\II(UZ) < kY (U). (2)
1=1 ]

If (2) holds with k = 1, then we refer to ¥ as a quasiadditive set function instead of 1-quasi-
additive. If for every finite collection {U; € 0.(D)} of disjoint open sets we have

! !
Y U(U) =1 (U Ui) ;

then W is called finitely additive.

A function ¥ is monotone whenever W(U;) < W(Usy) provided that Uy C Uy C D
and Uy,Us € O.(D). It is obvious that every quasiadditive set function is monotone.
A k-quasiadditive set function ¥ : O.(D) — [0,00] is called bounded, whenever
suppeg,(p) Y(U) < oo.

The Sobolev space Wpl( ) in a domain D C R" consists of functions u € Ll( ) with the
finite norm ||u | W3 (D)|| = llu | Ly(D)|| + [|[Vu | Lp(D)|, 1 < p <

Let D and D’ be domains in the Euclidean space R™. Then a homeomorphism o:D— D
belongs to the Sobolev space Wlloc( ) (L}(D)), if its coordinate functions belong to Wlloc(D)

Op;
(L})(D)). Then Jacobi matrix Dp(z) = (afj)’i7j:1,...,n

and its Jacobian det Dy(x) are well
defined at almost all points = € D.

Notice that Gehring’s condition ¢ € Lip(K)in D,0 < K < oo, is equivalent to ¢ € L. (D)
and the norm || | L (D)|| = [|D¢ | Loo(D)|| can be taken as K.

Theorem 3 [2, Theorems 18 and 23|. Given a homeomorphism v : D' — D of domains
D',D c R", where n > 2, the following statements are equivalent:

(1) Every cubical ring U = Q(y,R) \ Q(y,v) C D with the preimage ¢¥~'(U) =
v HQy, R) \ Y1 (Q(y, 7)) in D' satisfies

1
cap (v (V) < | Tr e PF ), I<a=p<oo )
q =X 1 1
Uip(U)capy (U), 1<q#p<oo,

where K, € (0,00) is some constant and ¥, is some bounded quasiadditive set function on
the system O (D), and o is determined from % = % — —, ifl<qg<p<ooando = oo, if
l<g=p<o0o.

(2) The homeomorphism v : D" — D belongs to Wlloc( "), has finite distortion: Dy (y) =
0 holds almost everywhere on Z = {y € D’ | det D¢( ) = 0}, and the operator distortion
function

f %’ det D¢(y) 7é 0’
D' >y — Kqp(y,¢) = < |det Dy(y)| (4)
0, det DY (y) =

belongs to L,(D").
(3) The composition operator * : Ly(D) N Lip;(D) — Ly(D'), *(f) = fou if f €
L1(D) N Lip;(D), where 1 < g < p < o0, is bounded.
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Moreover,

* 7%7’LK 5 1< q=p <o,
197 < g p(9) | LoDV < Qo 70
TanW,, (D)o, 1<g<p<oo.

(4) Every ring U in D with the preimage ~'(U) in D’ satisfies

n 1
capq%(w_l(U)) < 7:'17”L_f(§c:ap1€(U),l 1<g=p<oo,
TanW,(U)capy (U), 1<q#p< oo,
where K, € (0,00) and ¥, are from (3) and o is determined from 1 = %—%, ifl<g<p<oo
and o =00, if 1l < g=p < o0.

(5) The claims of Theorem 3 remain valid in the case 1 = ¢ < p < oo and n = 2, if (3)
holds for U € 0,(D) (see Definition 2) with probably different constant instead of Ton.

Put Kqp(; D) = [ Kqp(-,9) | Lo(D)].

REMARK 1. In the case ¢ = 1 analytic properties of ¢ are proved in [2, Theorem 23|.
Unfortunately, in Statement 5 of Theorem 18 of |2] the condition U € &,(D) (see Definition 2)
is missing.

We will apply Theorem 3 to mappings meeting capacity inequality (3) instead of (1).
In another words we study mappings in R™ which control changing of capacity of cubical
rings instead of spherical ones.

The next statement is evident.

Proposition 1. Given a homeomorphism ¢ : D — D’ of domains D, D’ C R", where
n > 2, the inequality

1
1 K, capy (U), 1<
capg (o)) < { 7P U ‘
Uyp(U)capy (U), 1<q

=p <X,
(6)
<p< oo,

holds for every cubical ring U = Q(y,R) \ Q(y,r) C D, iff inequality (3) holds for the
homeomorphism ¢ = ¢~ : D' — D. Here K, € (0,00) is some constant and V¥, is some
bounded quasiadditive set function on the system O.(D).

DEFINITION 4. Suppose that D’ and D are domains in R™ and that ¢» : D’ — D is a
homeomorphism.

1) We say that ¢ € Qqp, if

a) in the case ¢ > 1 inequality (3) holds for each cubical ring U C O,.(D);

b) in the case n = 2, ¢ = 1 we ask for (3) to be true for an expanded family &,(D)
(see Definition 2).

2) We say that ¢ = =1 € Gp, if ¥ € Qg p.

Theorem 3 implies Theorem 1:

Corollary 1. Given homeomorphism ¢ : D — D’ of domains D, D’ C R"™, where n > 2,
meeting conditions p € Gp,, and ¢~ € Gy, with 1 < p < oo the following properties hold:

1) ¢, ! € Lip(Ky), where Ko depends only on K,, n, and p, p # n;

2) ¢ is quasiconformal mapping, if p = n.

< If condition 1) holds, then the relation (4) holds for both ¢ and ¢~!. The desired results
are proved in [1, Subsections 1.2, 1.3]. >
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Proposition 2. Given a homeomorphism ¢ : D — D’ of domains D, D’ C R", where
n = 2, of class G 4 withn —1 < g < p < oo the following properties hold:

1) pe Wpl/,lOC(D), where p’ = p7(£71)7 ifp>n—1,and p € LL (D), ifp=n—1;
2) o has the finite distortion;
3) the codistortion function
—LediDe@l L det Dip(x) # 0,
D>z — Jyp(x,p) = |det Do(z)] 4 (7)
0, det Dy(z) = 0,
belongs to L,(D), where o is determined from % = % - 1_12’ ifn—1<qg<p<oo,and o= o0,
ifn—1<qg=p < o0;
4) the distortion function
— L det Dip(w) # 0,
D3z — Ky g(z,¢) = { |det Dp()|7 (8)
0, det Dp(z) =0,
belongs to Ly(D), where ¢’ = Wq—l) atq>n—1,q¢ =00 at ¢ =mn—1 and p is determined
from%:z%—i,ifn—lgq<p<oo, and p=00,ifn—1<qg=p< o0.

< If ¢ € Gp4 then, according Proposition 1, 1 = ol € Qq,p- By Theorem 3 the
homeomorphism v : D' — D

1) belongs to qu,loc(D/);

2) has the finite distortion: Di(y) = 0 holds almost everywhere on Z = {y € D’ :

det Dip(y) = 0},
3) the distortion function

f %’ det D¢(y) 7é 0’
D'>y— K(M,(y,zb) = ¢ |det Dy(y)|P 9)
0, det Dy(y) = 0,

belongs to L,(D’), where o is determined from 1 =

1<g=p<o0.
By [1, Theorem 4| we conclude that ¢ € Wpl, loc

@ € LL (D), if p=n—1, and ¢ has the finite distortion.

Take into account that Diy(y) = %ﬁgg and det Dy(y) = (det Do(x))~! at points
y=p(x) # Z'NY where Z/ = {y € D' : det Dyp(y) = 0} and ¥’ C D’ is a maximal Borel
null-set such that measure of Z = ¢ (X’) is positive. Notice that up to a set of measure zero
Z ={x € D :det Dp(x) =0}, and ¥ = ¢(Z') C D is a null-set. The mapping ¢ has Luzin
property N outside of 3.

By change of variable formula in the case ¢ < p we get

- adj Do(x 7
[Hal-s0) | LD = ( 2 D f'_;> &
s \ldet ()]

_ / ('ade@”Wl) |det Dip(a)| da

1—1
sy \ldet Di(a) s

%—%,if1<q<p<oo,andazoo,if

(D), where p/ = I% ifp>mn-—1,

( |Dy(y)|

) dy = | Kqp(-,¥) | D7 (10)
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From the left hand side of this equality it follows (7): (-, ¢) € Ly (D).
In the case if n — 1 < ¢ = p < 0o we have

|adj Dep(z)|
| Hqp(-9) | Loo(D)|| = esssup S
z€D\(ZN%) | det Dp(x)| ¢

= esssup M = ||Kp,q('a¢) | Loo(DI)H-

yeD\(Z'0s) | det Dip(y)|»

Integrability K, 4(-,¢) € Lo(D) is proved in |1, Theorem 4]. >

From Proposition 2 it follows a part of Theorem 2.

Corollary 2. Given a homeomorphism ¢ : D — D' of domains D, D’ C R"™, where n > 2,
of class Gp 4 withn — 1 < ¢ < p < oo the following properties hold:

1) o7t = € LL(D) and g~ | L (D)) < [[Kpp( ) | Loo(D')[|7% in the case
n<qg=p<oo;

2) p € LL (D) and

/
p

p'—n (11)

H‘P ‘ Léo(D)H < ”Kp’,q’('7‘P) ‘ LQ(D)‘

in the casen — 1< g=p<n.

|Dp(y)["

< Really, taking (9) into account at ¢ = p > n and the inequality 1 < Tdet DY)

where det Di(y) # 0 we have

in points,

e _ (IDY@)"IDYIP YT _ DY)
D)l g( | det Dy(y)| ) |det Dib(y)|7

It follows ¢ = ¢~ ! € Ll (D’) in the case n < ¢ = p < oo and

01 LD < [ B ) | Zoal D).

In the case n —1 < ¢ = p < n we have integrability K,/ (-,p) = Loo(D) with p/ > n.
Therefore with above-mentioned arguments applied to (8) we obtain ¢ € L. (D) and (11)
holds.

Property ¢ € L (D) in the case ¢ = p = n — 1 is just statement 1) of Proposition 2. >
ond STEP. Proposition 3. Let ¢ € W!

n—1,loc

(D), ¢ has the finite codistortion

(adj Dyp(x) = 0 almost everywhere on the set Z) and the codistortion function

D> ax— JHyp(x, ) = ( |det Do(x)| (12)
0, det Dy(z) = 0,

belongs to L,(D'), where o is determined from % =
ifn—1<qg=p<oo. Then p € G, 4.

< As soon as ¢ € W! || (D) and has the finite codistortion then ¢ = o=t € W}, (D)

and has the finite distortion (see [1, Corollary 2|). Because of this we can apply (10) again for

obtaining statement 4) of Proposition 2. It left to verify that ¢ € Q. For doing this we take

an arbitrary cubical ring in U C D and an admissible function w for this ring, and evaluate

11
6—5,1fn—1<q<p<oo,anda:oo,
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the norm of the composition u o 1. As soon as u o is an admissible function for the ring

=1 (U) we have:
capq(T/)fl(U)) < uoy | Lé(qﬁil(U))Hq

| Dy ()|
| det Dij(y)| 7

pewl 7\
( / <|def;b¢y<y>|%> dy)

P HU\(Z'UE)

< [ vuE)ede Do) dy

“HONZ

T

N
VR

[Vu(ip(y)) "] det Dy (y)| dy)

P HU\(Z'UEY)

1K) | Lawlw))uq( [ IVu(@)P d) 1<p.

HKRP("T:Z)) | Loo( Hp( f |Vu |P d:C> q=np.

It follows (3) with bounded quasiadditive set function ¥, , equal to
D2 U= Wp(U) = [ Hqp(0) | Lo = 1Kqp(-,9) | Lo (™ (O,

and Kp = [[Kpp(-,¥) | Loo (¥ (U))]]-
Hence we proved ¢ =9~ € Gp 4. >

34 STEP. From Proposition 2 and 3 it follows the following criterium.

Theorem 4. A homeomorphism ¢ : D — D' of domains D,D’ C R", where n > 2,

belongs to class G, 4 withn —1 < qg<p< ( ) , iff the following properties hold:

) P e W 1loc(D);
2) ¢ has the finite codistortion;
3) the codistortion function

M7 detDtp(ﬂU)%O,

q

D> ax— JHyp(x, @) = |det Do) T (13)
0, det Dy(z) = 0,
. . 1 11 —1)2
belongs to L,(D'), where o is determined from - = it fn—1<g<p< (272) , and
—12
c=00,ifn—1<qg=p< (T:L 2).

< If a homeomorphism ¢ : D — D’ of domains D, D’ C R", where n > 2, belongs to class
Gpgwithn —1<g<p< (" 1) , then we apply Proposition 2 for obtaining that
1) ¢ € W’loc( ), Where p = m, if p > n—1. Since p’ > n — 1 it follows that
p € W1 100(D):
2) ¢ has the finite distortion.
3) the codistortion function (13) is in L, (D).
Thus the necessity is proved. The sufficiency is proved in Proposition 3. >
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Awnnoranusi. lenbo mamHOl paboThl ABISETCS MOTYYEHUE AHAJUTUIECKOTO OMMCAHUsI OTOOparKeHwHil,
Y/IOBJIETBODSIIOIINX HEKOTOPOMY €MKOCTHOMY HEPABEHCTBY (Tak HasblBaeMOMY (p-YCJIOBHIO); TOUHEE, Mbl U3Y-
JaeM OTOOparKeHUsl, JJIsi KOTOPBIX BBINOIHEHO (Gp-yciioBre st KyOndeckoro koJbla. JIpyrumu cioBaMu, Mbl
3aMeHsIeM KOJIblla C KOHIeHTpudecKuMu cdepamu B ycjioBun (G KOJbIAMHU C KOHIIEHTPHYECKHMU KyOaMu.
V3sy4uaroTcsi HOBbIE aHAJMTUYECKHE CBOMCTBa romeoModusMoB B R™, yI0BIETBOPSIONUX €MKOCTHOMY Hepa-
BEeHCTBY Tura ['epunra. B 3Toif craThbe eMKOCTHOE HEPABEHCTBO O3HAYAET, UTO €MKOCTh oOpa3a KyOHduecKoro
KOH/JIEHCATOPA KOHTPOJIMPYETCH EMKOCTBIO MCXOITHOTO KOHIeHCATOPA. V3 10Ty YeHHBIX aHAJIUTUIECKUX CBOMCTB
B KaQ4YeCTBe CJIEJCTBUS MOJIy4aeM HEKOTOPhIE T€OMETPUIECKIE CBOMCTBA PacCMAaTPUBAaEMbIX oTOOpaykeHumii. Me-
TOJT SIBJISIETCSI HOBBIM U OCHOBAH Ha KBUBAJIEHTHOM AHAJUTHYIECKOM ONMCAHUU TAKUX OTOODarKEeHMUIA.

KirroyeBble cjioBa: KBa3snKOH(MOPMHBIN aHanu3, npocrpancTso CobosieBa, eMKOCTHOE HEPABEHCTBO, 10~
TOYEUHOE yCIIOBHE.
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