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1
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×å÷åíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
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Àííîòàöèÿ. �àññìîòðèì ïðîñòðàíñòâî ÕàðäèHp â åäèíè÷íîì êðóãå D, p > 1. Ïóñòü lω � ëèíåéíûé

�óíêöèîíàë íà Hp, îïðåäåëÿåìûé �óíêöèåé ω ∈ Lq(T ), ãäå T = ∂D è 1/p + 1/q = 1, à F � ýêñòðå-

ìàëüíàÿ �óíêöèÿ äëÿ lω. Íà X ∈ Hq ðåàëèçóåòñÿ íàèëó÷øåå ïðèáëèæåíèå ω̄ â Lq(T ) ýëåìåíòàìè
èç H0

q = {y ∈ Hq : y(0) = 0}. Ôóíêöèè F è X íàçûâàåì ýêñòðåìàëüíûìè ýëåìåíòàìè (ý. ý.) äëÿ lω.
Ý. ý. ñâÿçàíû ñîîòâåòñòâóþùèì ñîîòíîøåíèåì äâîéñòâåííîñòè. �àññìàòðèâàåòñÿ çàäà÷à î òîì, êàê

òå èëè èíûå ñâîéñòâà ω îòðàçÿòñÿ íà ñâîéñòâàõ ý. ý. Àíàëîãè÷íàÿ çàäà÷à èññëåäóåòñÿ è äëÿ ñëó÷àÿ

0 < p < 1. Â ñòàòüå Ë. Êàðëåñîíà è Ñ. Êîáñà (1972) áûëà èçó÷åíà çàäà÷à î ñâîéñòâàõ ýëåìåíòîâ, íà êî-

òîðûõ äîñòèãàåòñÿ íèæíÿÿ ãðàíü ‖ω̄−x‖L∞(T ) äëÿ çàäàííîãî ω ∈ Lq(T ) ïî x ∈ H0
∞. �èïîòåçà àâòîðîâ

î òîì, ÷òî ñâÿçü ìåæäó ý. ý. ïîäîáíà ñâÿçè ìåæäó ω è åãî ïðîåêöèåé íà Hq, ÷àñòè÷íî ïîäòâåðæäåíà â

ñòàòüå Â. �. �ÿáûõ (2006). Ñâîéñòâà ý. ý. äëÿ lω, êîãäà ω � ïîëèíîì, èçó÷åíû â ñòàòüå Õ. Õ. Áóð÷àåâà,

Â. �. �ÿáûõ è �. Þ. �ÿáûõ (2017). Â äàííîé ñòàòüå, îïèðàÿñü íà îñíîâíîé ðåçóëüòàò ïîñëåäíåé ñòà-

òüè è ïîëüçóÿñü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, äîêàçàíî: åñëè ω ∈ Lq∗(T ), q 6 q∗ < ∞,

òî F ∈ H(p−1)q∗ , X ∈ Hq∗ ; êîãäà ïðîèçâîäíàÿ ω(n−1) ∈ Lip(α, T ), 0 < α < 1, òî F = Bf , ãäå B �

ïðîèçâåäåíèå Áëÿøêå, f � âíåøíÿÿ �óíêöèÿ, ïðè ýòîì (|f(t)|p)(n−1) ∈ Lip(α, T ). Åñëè æå �óíêöèÿ
ω àíàëèòè÷íà âíå åäèíè÷íîãî êðóãà, òî ý. ý. àíàëèòè÷íû â òîì æå êðóãå. Ïåðå÷èñëåííûå ðåçóëü-

òàòû óòî÷íÿþò è äîïîëíÿþò ïîäîáíûå ðåçóëüòàòû, ïîëó÷åííûå â óïîìÿíóòîé ðàáîòå Â. �. �ÿáûõ

(2006). Äîêàçàíî òàêæå, ÷òî ýêñòðåìàëüíàÿ �óíêöèÿ äëÿ lω ∈ (Hq)
∗
, ãäå 1/(n + 1) < δ < 1/n,

ω ∈ H∞ ∩ Lip(β, T ), β = 1/δ − n + ν < 1 è ν > 0, ñóùåñòâóåò è îáëàäàåò òîé æå ãëàäêîñòüþ, ÷òî

è îáðàçóþùàÿ �óíêöèÿ ω.

Êëþ÷åâûå ñëîâà: ëèíåéíûé �óíêöèîíàë, ýêñòðåìàëüíûé ýëåìåíò, ìåòîä ïðèáëèæåíèÿ, ïðîèçâîä-

íàÿ.

Mathematial Subjet Classi�ation (2000): 47A60.

Îáðàçåö öèòèðîâàíèÿ: Áóð÷àåâ Õ. Õ., �ÿáûõ �. Þ. Ñâîéñòâà ýêñòðåìàëüíûõ ýëåìåíòîâ â ñîîò-

íîøåíèè äâîéñòâåííîñòè äëÿ ïðîñòðàíñòâà Õàðäè // Âëàäèêàâê. ìàò. æóðí.�2018.�Ò. 20, âûï. 4.�

Ñ. 5�19. DOI: 10.23671/VNC.2018.4.23383.

1. Ââåäåíèå

Ïóñòü D = {z ∈ C : |z| < 1}, T = ∂D, t = eiθ; 1 6 p <∞, q : 1/p + 1/q = 1. �àññìîò-
ðèì ëèíåéíûé (îãðàíè÷åííûé) �óíêöèîíàë íàä ïðîñòðàíñòâîì Õàðäè Hp, îáðàçîâàííûé

ω ∈ Hq, ò. å.
( ∫ 2π

0 (·) dθ =
∫
T (·) dθ

)

l(a) =
1

2π

∫

T

a(t)ω̄(t) dθ, a ∈ Hp. (1.1)

♯
�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâàíèé,

ïðîåêò � 18-01-00017.

© 2018 Áóð÷àåâ Õ. Õ., �ÿáûõ �. Þ.
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Ïóñòü H0
q = {x ∈ Hq : x(0) = 0}. Ñîãëàñíî [1, ãë. IV℄ èìååò ìåñòî

Òåîðåìà A (î äâîéñòâåííîñòè). Åñëè â �óíêöèîíàëå (1.1) 1 < p < ∞ è ω ∈ Hq, òî

(‖ · ‖Lp(T ) = ‖ · ‖p)

‖l‖ = sup
‖a‖p61

∣∣∣∣∣
1

2π

∫

T

a ω̄ dθ

∣∣∣∣∣ = inf
x∈H0

q

‖ω̄ − x‖q = λ. (1.2)

Ñóùåñòâóþò åäèíñòâåííûå �óíêöèè F ∈ Hp, ‖F‖p = 1 è X ∈ H0
q , äëÿ êîòîðûõ

λ =
1

2π

∫

T

Fω̄ dθ = ‖ω̄ −X‖q. (1.3)

�àâåíñòâî (1.3) ðàâíîñèëüíî âûïîëíåíèþ ï. â. ñîîòíîøåíèÿ

|F (t)|p
F (t)

=
ω̄(t)

λ
− X(t)

λ
. (1.4)

Áóäåì ãîâîðèòü, ÷òî �óíêöèÿ F ∈ Hp ýêñòðåìàëüíà (ý.�.) äëÿ �óíêöèîíàëà l, åñëè
l(F ) = ‖l‖ è ‖F‖p = 1.

Ôóíêöèþ X â (1.3), íà êîòîðîé ðåàëèçóåòñÿ íèæíÿÿ ãðàíü, íàçûâàåì ýëåìåíòîì

íàèëó÷øåãî ïðèáëèæåíèÿ (ý. í. ï.) äëÿ ω̄.

Ý.�. è ý. í. ï. íàçûâàåì ýêñòðåìàëüíûìè ýëåìåíòàìè (ý. ý.) äëÿ �óíêöèîíàëà l.

1.1. Â ïðåäëàãàåìîé ðàáîòå èññëåäóþòñÿ êà÷åñòâåííûå ñâîéñòâà ý. ý. äëÿ �óíêöè-

îíàëà (1.1). Ïîäîáíàÿ çàäà÷à èçó÷åíà îòíîñèòåëüíî ý.�. äëÿ ëèíåéíîãî �óíêöèîíàëà

íàä Hp, 0 < p < 1.

1.2. Â [2℄ (2006 ã.) óñòàíîâëåíî, ÷òî ñâîéñòâà ý. ý. çàâèñÿò îò ïðèíàäëåæíîñòè �óíê-

öèè ω â �óíêöèîíàëå (1.1) òîìó èëè èíîìó êëàññó. Âïåðâûå ïîäîáíàÿ çàäà÷à ïðè p = 1
èçó÷åíà â [3℄ (1972 ã.). Îäíîé èç ïîñëåäíèõ ïî ýòîìó âîïðîñó ÿâëÿåòñÿ ñòàòüÿ [4℄ (2017 ã.).

1.3. Â äàííîé ðàáîòå, îïèðàÿñü íà îñíîâíîé ðåçóëüòàò èç [4℄, óòî÷íÿþòñÿ è äîïîëíÿ-

þòñÿ íåêîòîðûå ñòàðûå ðåçóëüòàòû. Ïîëó÷åíû íîâûå ðåçóëüòàòû.

Êðàòêî èçëîæèì ñîäåðæàíèå ðàáîòû. Íèæå ïðèâîäÿòñÿ îáîçíà÷åíèÿ è ñâåäåíèÿ, èñ-

ïîëüçóåìûå â äàëüíåéøåì. Â � 2 ñ�îðìóëèðîâàíû îñíîâíûå ðåçóëüòàòû (òåîðåìû 1, 2

è 3, 4). Äîêàçàòåëüñòâà äàíû â �� 3, 4 è �� 5, 6. Ëåììà 1 ÿâëÿåòñÿ âñïîìîãàòåëüíîé äëÿ

òåîðåìû 2. Îáñóæäåíèå ñòàðûõ è íîâûõ ðåçóëüòàòîâ âûíåñåíî â çàìå÷àíèÿ 1 (� 3) è 2 (� 4).

Òåîðåìà 3 ′
(� 5) îáîáùàåò òåîðåìó 3 îòíîñèòåëüíî ëèíåéíîãî �óíêöèîíàëà íàä Hp,

0 < p < 1.

Íàñòîÿùóþ ðàáîòó ìîæíî ðàññìàòðèâàòü êàê ïðîäîëæåíèå ðàáîò [2℄ è [4℄.

1.4. ×åðåç A(A(R);A(C)) îáîçíà÷èì ìíîæåñòâî �óíêöèé, àíàëèòè÷åñêèõ

â D(|z| < R,R > 1;C); AC � ñîâîêóïíîñòü �óíêöèé èç A, íåïðåðûâíûõ íà D �

çàìûêàíèè êðóãà D.

Äëÿ 0 < α < 1, n > 1 îáîçíà÷èì Lip(n−1)(α, T ) = Lip(n−1)α � êëàññ �óíêöèé w,
íåïðåðûâíûõ íà T âìåñòå ñ ïðîèçâîäíûìè äî ïîðÿäêà n−1 âêëþ÷èòåëüíî, ïðè÷åì w(n−1)

ïðèíàäëåæèò êëàññó Ëèïøèöà ñ ïîêàçàòåëåì α:

∣∣w(n−1)(t1)− w(n−1)(t2)
∣∣ = O

(
|t1 − t2|α

)
.

Åñëè n = 1, òî îáîçíà÷èì Lipα = Lip(0)α.
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Êëàññ L
(n−1)
∗ ñîñòîèò èç �óíêöèé ω, ïðèíàäëåæàùèõ Lip(n)β, 0 < β < 1, òàêèõ, ÷òî

w(n−1)
óäîâëåòâîðÿþò óñëîâèþ Çèãìóíäà:

∣∣w(n−1)(teiϕ)− 2w(n−1)(t) + w(n−1)(te−iϕ)
∣∣ = O(|ϕ|).

Ñîîòâåòñòâåííî, ïóñòü

Λ(n−1)
α A =

{
g ∈ A : ‖g‖α,n =

n−1∑

j=0

∣∣g(j)(0)
∣∣ + sup

z∈D
(1− |z|)1−α

∣∣g(n)(z)
∣∣ <∞

}
,

Λ
(n−1)
∗ A =

{
g ∈ A : ‖g‖∗n =

n∑

j=0

∣∣g(j)(0)
∣∣+ sup

z∈D
(1− |z|)

∣∣g(n+1)(z)
∣∣ <∞

}
.

Òåîðåìà B [4℄. Åñëè â �óíêöèîíàëå (1.1) 1 < p <∞ è ω � ïîëèíîì, òî F ∈ A(C).

Òåîðåìà C [5℄. Ïóñòü Ψ ∈ (Hδ)
∗
, 0 < δ < 1. Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ �óíêöèÿ

g ∈ AC òàêàÿ, ÷òî

Ψ(a) = lim
ρ→1

1

2π

∫

T

a(ρt)ḡ(t) dθ, a ∈ Hδ. (1.5)

Åñëè ïðè ýòîì 1/(n + 1) < δ < 1/n, n > 1, òî g ∈ Λ
(n−1)
α A, ãäå α = 1/δ − n.

Îáðàòíî, äëÿ g ∈ Λ
(n−1)
α A, α = 1/δ − n, ïðåäåë (1.5) ñóùåñòâóåò äëÿ âñåõ a ∈ Hδ è

îïðåäåëÿåò îãðàíè÷åííûé �óíêöèîíàë íàä Hδ.

Ïðè δ = 1/(n + 1) �óíêöèÿ g ∈ L
(n−1)
∗ . Ñîîòâåòñòâåííî, åñëè g ∈ L

(n−1)
∗ , òî îíà

îáðàçóåò íàä H1/(n+1) îãðàíè÷åííûé �óíêöèîíàë âèäà (1.5).

Îòìåòèì, ÷òî äëÿ δ = 1/(n + α) èìååò ìåñòî îöåíêà (ñì. [5℄)

c(δ) ‖g‖α,n 6 ‖Ψ‖ 6 C(δ) ‖g‖α,n. (1.6)

Ôóíêöèþ Φ ∈ Hδ íàçûâàåì ýêñòðåìàëüíîé äëÿ �óíêöèîíàëà (1.5), åñëè

‖Φ‖δ =


lim
ρ→1

1

2π

2π∫

0

∣∣Φ
(
ρeiθ

)∣∣δ dθ




1/δ

= 1, Ψ(Φ) = ‖Ψ‖ = sup
a6=0

|Ψ(a)|
‖a‖δ

.

�îâîðèì, ÷òî g ∈ λαA, 0 < α < 1, åñëè (1− |z|)1−α|g′(z)| → 0 ïðè |z| → 1. Ìíîæåñòâî

ïîëèíîìîâ ïëîòíî â λαA (ñì. [5℄).

2. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Òåîðåìà 1. Ý.�. äëÿ �óíêöèîíàëà (1.1), â êîòîðîì 1 < p <∞ è ω ∈ Hq1, q 6 q1 <∞,

ïðèíàäëåæèò H(p−1)q1 òîãäà è òîëüêî òîãäà, êîãäà ω ∈ Hq1. Ïðè ýòîì ý. í. ï. X ∈ Hq1 .
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Äîêàçàòåëüñòâî îñíîâàíî íà èñïîëüçîâàíèè òåîðåìû B, òåîðåìû î �îðìå ýëåìåíòîâ

ïðîñòðàíñòâà (Lγ(T ))
∗
, 1 < γ <∞, è òåîðåìû î ïðîåêòèðîâàíèè èç Lγ(T ) â Hγ .

Òåîðåìà 2. Åñëè â �óíêöèîíàëå (1.1) 1 < p <∞ è ω ∈ Λ
(n−1)
α A, 0 < α < 1, n > 1, òî

F = Bf , ãäå f � âíåøíÿÿ �óíêöèÿ, |f(t)|p ∈ Lip(n−1)α, B � ïðîèçâåäåíèå Áëÿøêå.

Ñîîòâåòñòâåííî, åñëè ω ∈ Λ
(n−1)
∗ A, òî |f(t)|p ∈ L

(n−1)
∗ .

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ñ ïîìîùüþ òåîðåì 1 è C, òåîðåìû Àðöåëà � Àñêîëè

î êîìïàêòíîñòè è òåîðåìû î ãðàíè÷íûõ çíà÷åíèÿõ èíòåãðàëà Ïóàññîíà.

Òåîðåìà 3. Ïóñòü â �óíêöèîíàëå (1.5) 1/2 < δ < 1 è g ∈ Λα+νA, ãäå α =
1/δ − 1, ν > 0, 0 < α+ ν < 1. Òîãäà ý.�. ýòîãî �óíêöèîíàëà ñóùåñòâóåò (ìîæåò áûòü,

íå åäèíñòâåííàÿ) è ïðèíàäëåæèò Λα+νA.

Òåîðåìà 3 äîêàçûâàåòñÿ ñâåäåíèåì åå ê àíàëîãè÷íîé òåîðåìå 4 èç [2℄ îòíîñèòåëüíî

�óíêöèîíàëà (1.1): åñëè â (1.1) 1 6 p < 2 è ω ∈ ΛαA, òî ý.�. îáëàäàåò òàêîé æå ãëàäêî-

ñòüþ.

Òåîðåìà 4. Åñëè â ðàâåíñòâå (1.3) ω ∈ A(R), òî ý. í. ï. X ∈ A(R).

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ìåòîäîì âëîæåíèÿ, ïðèìåíåííûì â [4℄.

3. Äîêàçàòåëüñòâî òåîðåìû 1

Åñëè â óñëîâèè òåîðåìû q = q1, òî äîêàçàòåëüñòâî ñðàçó âûòåêàåò èç òåîðåìû A.

Ïóñòü â �óíêöèîíàëå (1.1) q < q1 è ω := ωN � ÷àñòè÷íàÿ ñóììà ðàçëîæåíèÿ ω â ðÿä

Òåéëîðà, lN � ëèíåéíûé �óíêöèîíàë íàä Hp, îáðàçîâàííûé ïîëèíîìîì ωN , FN è XN �

ñîîòâåòñòâóþùèå ý. ý., λN = ‖lN‖. Òîãäà ñîãëàñíî ñîîòîøåíèþ (1.4) ï. â.

|FN (t)|p
FN (t)

=
ω̄N (t)

λN
− XN (t)

λN
, (3.1)

ãäå XN ∈ H0
q . Óìíîæèì îáå ÷àñòè (3.1) íà FN (t)h(t), ãäå h � ïîëèíîì, è ïðîèíòåãðèðóåì

ïî θ. Ïîëó÷èì

1

2π

∫

T

|FN |phdθ =
1

λN


 1

2π

∫

T

ω̄NFNhdθ


 . (3.2)

Ïóñòü p1 = (p− 1)q1, p2 = p1/(p1 − p). Òîãäà p1 > p > 1, p2 > 1. Ïðè ýòîì

1

q1
+

1

p1
+

1

p2
=

1

q1

(
1 +

1

p− 1
+

(p − 1)q1 − p

p− 1

)
= 1.

Ïðàâóþ ÷àñòü (3.2) îöåíèì ñ ïîìîùüþ íåðàâåíñòâà ��åëüäåðà. Ñ ó÷åòîì FN ∈ A(C) ïî
òåîðåìå B, ωN ∈ Hq1 , h ∈ Hp2, ïîëó÷èì

∣∣∣∣∣
1

2π

∫

T

|FN |phdθ
∣∣∣∣∣ 6

(‖ωN‖q1
λN

)
‖FN‖p1‖h‖p2 .

Òîãäà, òåì áîëåå, áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

∣∣∣∣∣
1

2π

∫

T

|FN |pRe(h) dθ
∣∣∣∣∣ 6

(‖ωN‖q1
λN

)
‖FN‖p1‖h‖p2 .
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Âîñïîëüçîâàâøèñü îöåíêîé

∥∥h
∥∥
p2

6
∥∥Re(h)

∥∥
p2

+
∥∥Im(h)

∥∥
p2

6
(
1 + C1(p2)

)∥∥Re(h)
∥∥
p2
,

ãäå C1 = O(p2/(p2 − 1)) (ñì. [6, ãë. 9℄), ïðåäûäóùåå íåðàâåíñòâî ñâîäèì ê íåðàâåíñòâó

∣∣∣∣∣
1

2π

∫

T

|FN |pRe(h) dθ
∣∣∣∣∣ 6 C2(N, q1, p1)‖FN‖p1‖Re(h)‖p2 , (3.3)

ãäå C2(N, q1, p1) îãðàíè÷åíû â ñîâîêóïíîñòè â ñèëó ωN → ω â Hq1, λN = ‖lN‖ → ‖l‖ ïðè
N → ∞ (ñì. [7, çàìå÷àíèå℄).

Ìíîæåñòâî òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ ïëîòíî â Lp2(T ), p2 > 1. Ïîýòîìó ëèíåé-
íûé �óíêöèîíàë èç ëåâîé ÷àñòè (3.3) ìîæíî ñ ñîõðàíåíèåì íîðìû ïðîäîëæèòü íà âñå

ïðîñòðàíñòâî Lp2(T ), ò. å.

∣∣∣∣∣
1

2π

∫

T

|FN |py dθ
∣∣∣∣∣ 6 C(q1, p1)‖FN‖p1‖y‖p2

äëÿ âñåõ y ∈ Lp2(T ). Èç ïðåäûäóùåãî ïî òåîðåìå îá îáùåì âèäå ëèíåéíîãî �óíêöèîíàëà

íàä Lp2(T ) (ñì. [8, ãë. VI, � 2℄) ñëåäóåò íåðàâåíñòâî
(
1/p2 + 1/p′2 = 1

)

(
1

2π

∫

T

|FN |
p

p′
2 dθ

) 1
p′
2

6 C

(
1

2π

∫

T

|FN |p1dθ
) 1

p1

.

Îòñþäà, èìåÿ ââèäó pp′2 = p1, 1/p
′
2 = p/p1, ïîñëå ñîêðàùåíèÿ ïîëó÷èì

(
1

2π

∫

T

|FN |p1dθ
)p−1

p1

6 C. (3.4)

Òàê êàê ωN → ω â Hq, q 6 q1, ïðè N → ∞, ïðîñòðàíñòâî Hp, p > 1, � ðàâíîìåðíî

âûïóêëîå, òî FN → F â Hp (ñì. [7℄), çíà÷èò, FN (z) → F (z) ðàâíîìåðíî âíóòðè D.
Èç (3.4) ñëåäóåò (

1

2π

∫

T

|FN (ρt)|p1dθ
) 1

p1

6 C
1

p−1 .

Â ïîñëåäíåì íåðàâåíñòâå ïåðåéäåì ê ïðåäåëó ïðè N → ∞. Ïîëó÷èì

(
1

2π

∫

T

|F (ρt)|p1dθ
) 1

p1

6 C
1

p−1 ,

ò. å. F ∈ Hp1 , p1 = (p− 1)q1.
Îáðàòíî, ïóñòü ý.�. F ∈ H(p−1)q1 . Òîãäà �óíêöèÿ |F |p/F ∈ Lq1(T ) è íà îñíîâà-

íèè ðàçëîæåíèÿ Lγ(T ) = Hγ ⊕ H0
γ , γ > 1 (òåîðåìà î ïðîåêòèðîâàíèè èç Lγ(T ) â Hγ

(ñì. [6, ãë. 9℄)), îíà åäèíñòâåííûì îáðàçîì ïðåäñòàâèìà â âèäå

|F (t)|p
F (t)

= ϕ1(t) + ϕ̄0(t),
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ãäå ϕ1 ∈ Hq1 , ϕ0 ∈ H0
q1. Îòñþäà è èç (1.4) ñëåäóåò, ÷òî ï. â.

ϕ1(t) + ϕ̄0(t) =
ω̄(t)

λ
− X(t)

λ
.

Ñëåäîâàòåëüíî, ïî åäèíñòâåííîñòè ω = λ(ϕ0 + ϕ̄1(0)) ∈ Hq1 , X = −λ(ϕ1 − ϕ1(0)) ∈ Hq1 .

Òåîðåìà 1 äîêàçàíà.

Çàìå÷àíèå 1. Òåîðåìà 1 óòî÷íÿåò òåîðåìó 2 èç [2℄: â ïîñëåäíåé óñòàíîâëåíî, ÷òî

â óñëîâèÿõ òåîðåìû 1 ý.í.ï. X ∈ ⋂
γ<q1

Hγ (â òåîðåìå 1 ý.í.ï. X ∈ Hq1).

1

2π

2π∫

0

| log(G(eiθ) + µ)|dθ 6 sup
N

1

2π

2π∫

0

| log(|FN (eiθ)|p + 1) + p| log(|FN (eiθ)|) dθ.

4. Äîêàçàòåëüñòâî òåîðåìû 2

Ëåììà 1. Åñëè â �óíêöèîíàëå (1.1) 1 < p < ∞ è ω ∈ ΛαA, 0 < α < 1, òî
|FN (t)|p → G(t) â C(T ), ãäå G ∈ Lipα.

⊳ Óìíîæèì îáå ÷àñòè ðàâåíñòâà (3.1) íà FN (t)/(1 − tz) è ïðîèíòåãðèðóåì ïî θ. Ïî-
ëó÷èì

1

2π

∫

T

|FN |p
1− tz

dθ =
1

λN

(
1

2π

∫

T

FN (t)

1− tz
ω̄N (t) dθ

)
=

1

λN

(
lim
ρ→1

1

2π

∫

T

FN (ρt)

1− ρtz
ω̄N (t) dθ

)
. (4.1)

Ïóñòü 0 < β < α. Òîãäà ωN → ω â ΛβA (ñì. [5℄). Ïîýòîìó ïîñëåäîâàòåëüíîñòü {ωN}
îãðàíè÷åíà â H∞. Ñëåäîâàòåëüíî, ïî òåîðåìå 1 ïîñëåäîâàòåëüíîñòü {FN} îãðàíè÷åíà â
Hγ äëÿ êàæäîãî 0 < γ < ∞. Ïî òåîðåìå C ïðåäåë â ïðàâîé ÷àñòè (4.1) âîñïðèíèìàåì

êàê çíà÷åíèå ëèíåéíîãî �óíêöèîíàëà ΨN íàä H1/(1+β) íà FN (t)/(1 − tz). Òîãäà

∣∣∣∣∣
1

2π

∫

T

|FN |p
1− tz

dθ

∣∣∣∣∣ 6
(‖ΨN‖

λN

)∥∥∥∥
FN (t)

1− tz

∥∥∥∥
1/(1+β)

,

ãäå ‖ΨN‖ îãðàíè÷åíû â ñîâîêóïíîñòè â ñèëó îöåíêè (1.6) è îãðàíè÷åííîñòè {ωN}
â ΛβA. Íîðìó â ïðàâîé ÷àñòè ïðåäûäóùåãî íåðàâåíñòâà îöåíèì ñ ïîìîùüþ íåðàâåí-

ñòâà ��åëüäåðà, γ > 1, 1γ′ + 1/γ = 1. Ïîëó÷èì

∣∣∣∣∣
1

2π

∫

T

|FN |p
1− tz

dθ

∣∣∣∣∣ 6 C∗
∥∥FN

∥∥1+β
γ′/(1+β)

(
1

2π

∫

T

dθ

|1− tz|γ/(1+β)

) 1+β
γ

.

×èñëî γ ïîäáåðåì òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå γ/(1 + β) < 1. Òîãäà èíòåãðàë â

ïðàâîé ÷àñòè ïîñëåäíåãî íåðàâåíñòâà ñõîäèòñÿ. Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü èç

ëåâîé ÷àñòè îãðàíè÷åíà â D. Ïîýòîìó ïîñëåäîâàòåëüíîñòè

{
1

2π

∫

T

|FN |p
1− tz̄

dθ

}
,

{
1

2π

∫

T

|FN |pt̄z
1− t̄z

dθ

}
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îãðàíè÷åíû â D. Ñ ó÷åòîì ýòîãî, âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì ÿäðà Ïóàññîíà

(z = reiϕ)

P (r, θ − ϕ) =
1− r2

1− 2 r cos(θ − ϕ) + r2
=

1

1− tz̄
+

t̄z

1− t̄z
(4.2)

è íåðàâåíñòâîì òðåóãîëüíèêà, çàêëþ÷àåì, ÷òî ïîñëåäîâàòåëüíîñòü

1

2π

2π∫

0

∣∣FN
(
eiθ
)∣∣pP (r, θ − ϕ) dθ =

(
Pr ∗ |FN |p

)
(ϕ)

îãðàíè÷åíà â D. Îòêóäà, |FN |p ∈ C(T ) â ñèëó FN ∈ A(C) ïî òåîðåìå B, ïåðåõîäÿ ê ïðåäå-
ëó ïðè r → 1, ïîëüçóÿñü òåîðåìîé î ãðàíè÷íûõ çíà÷åíèÿõ èíòåãðàëà Ïóàññîíà [6, ãë. 3℄,
çàêëþ÷àåì, ÷òî ïîñëåäîâàòåëüíîñòü {FN (z)} îãðàíè÷åíà â D. Ïîýòîìó F (z) îãðàíè÷åíà
â D â ñèëó FN (z) → F (z) â D.

Ïðîäè��åðåíöèðîâàâ îáå ÷àñòè (4.1) ïî ϕ, ïîëó÷èì

∂

∂ϕ

(
1

2π

∫

T

|FN |p
1− tz

dθ

)
=

iz

λN

(
1

2π

∫

T

FN (t)t

(1− tz)2
ω̄N (t) dθ

)
.

Êàê è âûøå, âûðàæåíèå â êðóãëûõ ñêîáêàõ â ïðàâîé ÷àñòè ñ÷èòàåì çíà÷åíèåì �óíêöè-

îíàëà ΨN íàä H1/(1+β) íà �óíêöèè FN (t)t/(1 − tz)2. Ñîîòâåòñòâåííî èìååì

∣∣∣∣∣
∂

∂ϕ

(
1

2π

∫

T

|FN |p
1− tz

dθ

)∣∣∣∣∣ 6
(‖ΨN‖

λN

)
‖FN‖∞

(
1

2π

∫

T

dθ

|1− tz|2/(1+β) dθ
)1+β

,

ãäå ïîñëåäîâàòåëüíîñòè {‖ΨN‖} è {λN} îãðàíè÷åíû.
Ê èíòåãðàëó â ïðàâîé ÷àñòè ïðèìåíèì îöåíêó (z = reiϕ) [5℄

1

2π

∫

T

dθ

|1− tz|1+µ 6
Cµ

(1− r)µ
, µ > 0. (4.3)

Â ðåçóëüòàòå ïîëó÷èì

∣∣∣∣∣
∂

∂ϕ

(
1

2π

∫

T

|FN |p
1− tz

dθ

)∣∣∣∣∣ 6
C(β)

(1− r)1−β
.

Îòñþäà, ïîëüçóÿñü ïðåäñòàâëåíèåì (4.2),

∂
∂ϕ ψ(z) = izψ′(z) äëÿ ψ ∈ A, ðàññóæäàÿ êàê

â ïåðâîé ÷àñòè äîêàçàòåëüñòâà, çàêëþ÷àåì, ÷òî

∣∣∣∣∣
∂

∂ϕ

(
1

2π

2π∫

0

∣∣FN
(
eiθ
)∣∣pP (r, θ − ϕ) dθ

)∣∣∣∣∣ 6
A(β)

(1− r)1−β
.

Âîñïîëüçóåìñÿ òåîðåìîé C èç [2℄: ¾äëÿ òîãî ÷òîáû 2π-ïåðèîäè÷åñêàÿ �óíêöèÿ w èìåëà

íà T ïðîèçâîäíóþ ïîðÿäêà n − 1, óäîâëåòâîðÿþùóþ óñëîâèþ Ëèïøèöà ñ ïîêàçàòåëåì

0 < α < 1, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü

∣∣∣∣∣
∂n

∂ϕn

2π∫

0

w(θ)P (r, θ − ϕ) dθ

∣∣∣∣∣ 6
A∗(α)

(1− r)1−α
.¿
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Ïî ïðîöèòèðîâàííîé òåîðåìå ïîñëåäîâàòåëüíîñòü {|FN (t)|p} îãðàíè÷åíà â Lip β. Ïî-
ýòîìó íàéäåòñÿ M(β) > 0 òàêîå, ÷òî

∣∣|FN (t1)|p − |FN (t2)|p
∣∣ 6M(β)|t1 − t2|β . (4.4)

Òàêèì îáðàçîì, îãðàíè÷åííàÿ â C(T ) ïîñëåäîâàòåëüíîñòü {|FN (t)|p} ðàâíîñòåïåííî

íåïðåðûâíà. Ñëåäîâàòåëüíî, ïî òåîðåìå Àðöåëà � Àñêîëè ïîñëåäîâàòåëüíîñòü {|FN (t)|p}
êîìïàêòíà â C(T ) (ñì. [8, ãë. I, � 5℄). Èç |FN |p → |F |p â L1(T ) ñëåäóåò, ÷òî ïðåäåë

(Pr ∗ |FN |p)(ϕ) ïðè N → ∞ ñóùåñòâóåò. Åñëè {|FN (t)|p} èìååò â C(T ) ïðåäåëüíûå òî÷êè
G1(t) è G2(t), òî â ñèëó åäèíñòâåííîñòè ïðåäåëà (Pr ∗G1)(ϕ) = (Pr ∗G2)(ϕ). Îòêóäà ïðè
r → 1 ïîëó÷èì, ÷òî G1(t) = G2(t). È â ñèëó (4.4) |FN (t)|p → G(t) ∈ Lip β. Ïåðåéäåì â

ðàâåíñòâå (4.1) ê ïðåäåëó ïðè N → ∞. Ïîëó÷èì

1

2π

∫

T

G

1− tz
dθ =

1

2π

∫

T

F

1− tz
ω̄ dθ,

ãäå F ∈ H∞. Îòíîñèòåëüíî ýòîãî ðàâåíñòâà ïîâòîðèì ðàññóæäåíèÿ, ïðîâåäåííûå âûøå.

Â ðåçóëüòàòå çàêëþ÷àåì, ÷òî |FN |p → G ∈ Lipα â C(T ). ⊲

Ïåðåéäåì ê äîêàçàòåëüñòâó îñíîâíîé ÷àñòè òåîðåìû 2. Èç îãðàíè÷åííîñòè {FN (z)}
è F (z) â D ñëåäóþò ïðåäñòàâëåíèÿ FN = BNfN è F = Bf , ãäå BN è B � ïðîèçâåäåíèÿ

Áëÿøêå, fN è f � �óíêöèè, îãðàíè÷åííûå â D è áåç íóëåé [6, ãë. 5℄. Ïðîèçâåäåíèå

Áëÿøêå îäíîçíà÷íî îïðåäåëÿåòñÿ íóëÿìè äàííîé �óíêöèè. Ïîýòîìó BN → B, fN → f
â D. Ïîñêîëüêó ïîñëåäîâàòåëüíîñòü {FN (t)} îãðàíè÷åíà â H∞, òî ïîñëåäîâàòåëüíîñòü

{log |FN (t)|} îãðàíè÷åíà â L1(T ) (ñì. [6, ãë. 4℄). Òàê êàê |FN (t)| → G(t) ∈ Lipα ïî ëåììå 1,
òî | log(|FN (t)|p + µ)| → | log(G(t) + µ)| äëÿ ëþáîãî 0 < µ < 1. Ïîýòîìó

1

2π

2π∫

0

∣∣ log
(
G
(
eiθ
)
+ µ

)∣∣ dθ 6 sup
N

1

2π

2π∫

0

∣∣ log
(∣∣FN (eiθ)

∣∣p + 1
)
+ p
∣∣ log

(∣∣FN (eiθ)
∣∣) dθ.

Îòñþäà â ñèëó ïðîèçâîëüíîñòè µ, 0 < µ < 1, çàêëþ÷àåì, ÷òî logG(t) ñóììèðóåì.
Òîãäà ï. â. G(t) = |G∗(t)|, ãäå G∗ ∈ H∞ (ñì. [6, ãë. 4℄). Ñëåäîâàòåëüíî, ï. â. G(t) > 0.

Ïóñòü t0 = eiθ0 , G(t0) > 0. Òîãäà ïî íåïðåðûâíîñòè G(t) > 0 â íåêîòîðîé îòêðûòîé

îêðåñòíîñòè òî÷êè θ0. Îïèðàÿñü íà îöåíêó (4.4), ïîëó÷èì

|FN (t)|p = G(t) +
(
|FN (t)|p − |FN (t0)|pv

)
+
(
|FN (t0)|p −G(t0)

)

> G(t0)−
(
M |θ − θ0|β +

∣∣|FN (t0)|p −G(t0)
∣∣).

Îòñþäà, |FN (t0)|p → G(t0), çàêëþ÷àåì, ÷òî íàéäóòñÿ δ0, 0 < δ0 < π, è íîìåð N0 = N(δ0)
òàêèå, ÷òî ïðè θ ∈ l0 = {θ : |θ − θ0| < δ0} çíà÷åíèÿ G(t) > 0 è |FN (t)|p > 0. Òîãäà
log |FN (t)| è logG(t) íåïðåðûâíû ïðè θ ∈ l0. È ïî ε > 0 ìîæíî âûáðàòü δ, 0 < δ < δ0,
òàêîå, ÷òî ïðè θ ∈ l1 = {θ : |θ − θ0| < δ} áóäåò

∣∣ logG(t)− logG(t0)
∣∣ = p lim

N→∞

∣∣ log |FN (t)| − log |FN (t0)|
∣∣ < ε. (4.5)

Òàê êàê FN ∈ A(C), òî fN � âíåøíÿÿ �óíêöèÿ �óíêöèè fN (ñì. [6, ãë. 5℄). Òîãäà

|fN (t)| = |FN (t)| ï. â., ïðè÷åì

log
∣∣fN
(
ρeiθ0

)∣∣ = 1

2π

2π∫

0

log
∣∣FN

(
eiθ
)∣∣P (ρ, θ − θ0) dθ.
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Îòñþäà, ñ ó÷åòîì

1 =
1

2π

π∫

−π

P (ρ, θ − θ0) dθ =
1− ρ2

2π

π∫

−π

dθ

1− 2ρ cos(θ − θ0) + ρ2
,

|FN (t0)|p → G(t0), ñëåäóåò, ÷òî

log |f(ρt0)| −
1

p
logG(t0) = lim

N→∞

π∫

−π

(
log
∣∣FN

(
eiθ
)∣∣− log

∣∣FN
(
eiθ0
)∣∣)P (ρ, θ − θ0) dθ. (4.6)

Ïóñòü l = {θ : |θ − θ0| < δ/2}. Èíòåãðàë â ïðàâîé ÷àñòè (4.6) ïðåäñòàâèì êàê ñóììó

èíòåãðàëîâ I1,N (ρ) è I2,N (ρ) ñîîòâåòñòâåííî ïî l è l∗ = [−π, π] \ l. Îòíîñèòåëüíî ïåðâîãî
ñëàãàåìîãî, èìåÿ ââèäó îöåíêó (4.5), ïîëó÷èì

I1,N (ρ) < ε, N > N0. (4.7)

Íà l∗ èìååì, ÷òî |θ − θ0| < δ/2, ãäå 0 < δ < π, òîãäà cos(θ − θ0) 6 cos(δ/2) < 1. Ñëåäîâà-
òåëüíî, äëÿ âòîðîãî ñëàãàåìîãî èìååì

∣∣I2,N (ρ)
∣∣ 6 1− ρ2

1− 2ρ cos(δ/2) + ρ2
1

2π

π∫

−π

(∣∣ log |FN (t)|
∣∣+
∣∣ log |FN (t0)|

∣∣) dθ.

Îòêóäà âûòåêàåò, ÷òî supN |I2,N (ρ)| → 0 ïðè ρ → 1 â ñèëó îãðàíè÷åííîñòè {log |FN (t)|}
â L1(T ) è |FN (t0)| → G1/p(t0) > 0. Âñëåäñòâèå ïîñëåäíåãî, (4.6) è (4.7) ïîëó÷èì

lim
ρ→1

∣∣ log |f(ρt0)|p − logG(t0)
∣∣ 6 pε,

êàê òîëüêî G(t0) > 0. Ñëåäîâàòåëüíî, |f(t)|p = G(t) ï. â. â ñèëó ïðîèçâîëüíîñòè ε > 0.
Åñëè G(t0) = 0, òî èç íåðàâåíñòâà (�îðìóëà Ïóàññîíà)

0 6 |f(ρt0)|p 6 (Pρ ∗G)(θ0)

ïðè ρ → 1 âûòåêàåò, ÷òî f(t0) = 0. Ýòî âìåñòå ñ ïðåäûäóùèì óñòàíàâëèâàåò, ÷òî

|f(t)|p = G(t) ∈ Lipα, êîãäà â �óíêöèîíàëå (1.1) ω ∈ ΛαA.

Ïóñòü â �óíêöèîíàëå (1.1) ω ∈ Λ
(n−1)
α A, n > 2. Òîãäà, òåì áîëåå, ω ∈ ΛαA, è ïî

äîêàçàííîìó âûøå |FN (t)|p → |f(t)|p ∈ C(T ). Ïåðåéäåì â ðàâåíñòâå (4.1) ê ïðåäåëó ïðè

N → ∞, â íîâîì ðàâåíñòâå îò îáåèõ ÷àñòåé âîçüìåì ïðîèçâîäíóþ ïîðÿäêà n. Ïîëó÷èì

(
1

2π

∫

T

|f(t)|p
1− tz

dθ

)(n)

=
n!

‖l‖

(
1

2π

∫

T

F (t)tnω̄(t)

(1− tz)n+1
dθ

)
.

Êàê è ðàíåå, ïî òåîðåìå C âûðàæåíèå â êðóãëûõ ñêîáêàõ â ïðàâîé ÷àñòè âîñïðèíèìàåì

êàê çíà÷åíèå ëèíåéíîãî �óíêöèîíàëà Ψ íàä H1/(n+α) íà �óíêöèè F (t)tn/(1 − tz)n+1
.

Òîãäà

∣∣∣∣∣

(
1

2π

∫

T

|f(t)|p
1− tz

dθ

)(n)∣∣∣∣∣ 6
n!‖Ψ‖‖F‖∞

‖l‖

(
1

2π

∫

T

dθ

|1− tz|(n+1)/(n+α)

)n+α
.
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Ê èíòåãðàëó ïðàâîé ÷àñòè ïðèìåíèì îöåíêó (4.3). Â ëåâîé ÷àñòè ïåðåéäåì ê ïðîèçâîäíîé

ïî ϕ. Ïîñëå ïðîñòûõ ïðîìåæóòî÷íûõ îöåíîê ïîëó÷èì îöåíêó (z = reiϕ)
∣∣∣∣∣
∂n

∂ϕn

(
1

2π

∫

T

|f(t)|p
1− tz

dθ

)∣∣∣∣∣ 6
C(α)

(1− r)1−α
,

êîòîðóþ, âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì (4.2), ñâîäèì ê îöåíêå

∣∣∣∣
∂n

∂ϕn
(
Pr ∗ |f |p

)
(ϕ)

∣∣∣∣ 6
A(α)

(1− r)1−α
.

Îòñþäà ïî ïðîöèòèðîâàííîé âûøå òåîðåìå C èç [2℄ çàêëþ÷àåì, ÷òî |f |p ∈ Lip(n−1)α.

Ïóñòü òåïåðü â �óíêöèîíàëå (1.1) ω ∈ Λ
(n−1)
∗ A, n > 1. Òîãäà ω ∈ Λ

(n−1)
ν A, ãäå ν,

òàêîå, ÷òî 0 < ν < 1. Ïî äîêàçàííîìó âûøå ñîîòâåòñòâóþùèé |f |p ∈ Lip(n−1)ν. Óìíîæèì
îáå ÷àñòè (1.4) íà F (t)h(ρt), ãäå h � ïîëèíîì, è ïðîèíòåãðèðóåì ïî θ. Ñ ó÷åòîì |F (t)|p =
|f(t)|p ï. â., F (ρt) → F (t) â H1, ïîëó÷èì

lim
ρ→1

1

2π

∫

T

h(ρt)|f(t)|p dθ = lim
ρ→1

1

2π

∫

T

h(ρt)F (ρt)ω̄(t) dθ. (4.8)

Ìíîæåñòâî ïîëèíîìîâ ïëîòíî â H1/(n+1), hF ∈ H1/(n+1) â ñèëó F ∈ F∞. Ïî òåîðåìå C
ëèíåéíûé �óíêöèîíàë íàä H1/(n+1) èç ïðàâîé ÷àñòè (4.8) ìîæíî ïðîäîëæèòü ñ ñîõðà-

íåíèåì íîðìû íà âñå ïðîñòðàíñòâî H1/(n+1). Çíà÷èò, òàêîå æå ïðîäîëæåíèå äîïóñêàåò

�óíêöèîíàë èç ëåâîé ÷àñòè (4.8). Äàëåå, ïîëüçóÿñü ðàçëîæåíèåì Lγ(T ) = Hγ⊕H0
γ , èìåÿ

ââèäó |f |p ∈ C(T ), ïî òåîðåìå C, δ = 1/(n + 1), çàêëþ÷àåì, ÷òî |f |p ∈ L(n−1)
∗ .

Òåîðåìà 2 äîêàçàíà.

Òàê êàê �óíêöèÿ FN ∈ A(C), òî â åå �àêòîðèçàöèè ñèíãóëÿðíàÿ ÷àñòü ðàâíà åäèíèöå.
Ïîýòîìó â ïðåäñòàâëåíèè FN = BNfN �óíêöèÿ

fN (z) = exp

[
1

2π

π∫

−π

eiθ + z

eiθ − z
log
∣∣fN
(
eiθ
)∣∣ dθ

]
(4.9)

ñ òî÷íîñòüþ äî ìíîæèòåëÿ ñ ìîäóëåì, ðàâíûì 1 (ñì. [6, ãë. 5℄). Ïåðåéäåì â ýòîì ïðåä-

ñòàâëåíèè ê ïðåäåëó ïðè N → ∞. Ñëåäóÿ ïåðâîé ÷àñòè äîêàçàòåëüñòâà òåîðåìû 2 è (4.9),

çàêëþ÷àåì, ÷òî

f(z) = exp

[
1

2π

π∫

−π

eiθ + z

eiθ − z
logG

1
p
(
eiθ
)
dθ

]

ñ òî÷íîñòüþ äî ìíîæèòåëÿ ñ ìîäóëåì, ðàâíûì 1.
Ñîîòâåòñòâåííî, ý.�.

F (z) = lim
N→∞

BN (z)fN (z) = B(z)f(z), (4.10)

ãäå f � âíåøíÿÿ �óíêöèÿ �óíêöèè F .

Çàìå÷àíèå 2. Òåîðåìà 2 äîïîëíÿåò [2, òåîðåìà 3℄. Èìåííî, â îäèíàêîâûõ óñëî-

âèÿõ ýòèõ òåîðåì â òåîðåìå 2 äîïîëíèòåëüíî óñòàíîâëåíî, ÷òî ý.�. F ïðåäñòàâèìà

â âèäå (4.10), ãäå f ïîä÷èíÿåòñÿ óñëîâèÿì, êîòîðûå óêàçàíû â çàêëþ÷åíèè òåîðåìû 2

(â [2, òåîðåìà 3℄ íå çàòðàãèâàåòñÿ âîïðîñ î ñèíãóëÿðíîé ÷àñòè ý.�. F ).



Ñâîéñòâà ýêñòðåìàëüíûõ ýëåìåíòîâ â ñîîòíîøåíèè äâîéñòâåííîñòè 15

5. Äîêàçàòåëüñòâî òåîðåìû 3

Ëåììà 2. Åñëè â �óíêöèîíàëå (1.5) 1/2 < δ < 1 è g ∈ λαA, α = 1/δ − 1, òî ý.�.

äëÿ (1.5) ñóùåñòâóåò (ìîæåò áûòü, íå åäèíñòâåííàÿ).

⊳ Ñ ïîìîùüþ òåéëîðîâûõ ðÿäîâ �óíêöèé a è g ïîëó÷èì (aρ(ζ) = a(ρζ))

1

2π

∫

T

aρḡ dθ =
1

π

∫

D

aρ
(
ζ̄ ḡ ′+ ḡ

)
dσ =

1

π

∫

D

aρζ̄ ḡ
′dσ+

1

π

∫

D

aρḡ dσ =M1(a, ρ)+M2(a, ρ). (5.1)

Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè ýòîãî ðàâåíñòâà ïðåäñòàâèì êàê ñóììó èíòåãðàëîâ

I1(a, ρ) è I2(a, ρ) ñîîòâåòñòâåííî, ïî D(r) = {|ζ| < r < 1} è K(r) = D \D(r). Ñ ó÷åòîì

òîãî, ÷òî (1− |ζ|)1−α|g′(ζ)| 6 C(α), 1− α = 2− 1/δ, áóäåò

∣∣I2(a, r)
∣∣ =

∣∣∣∣∣
1

π

∫

K(r)

aζ̄ ḡ ′dσ

∣∣∣∣∣ 6
C(α)

π

∫

K(r)

(
1− |ζ|

)1/δ−2∣∣a(ζ)
∣∣((1− |ζ|)1−α|g′(ζ)|

)
dσ. (5.2)

Òàê êàê g ∈ λαA â ñèëó g ∈ Λα+νA, òî ïî ε > 0 íàéäåòñÿ 0 < rε < 1 òàêîå, ÷òî

(1− |ζ|)1−α|g′(ζ)| < ε, êàê òîëüêî ζ ∈ K(rε). Ýòî ïîçâîëÿåò ñâåñòè (5.2) ê îöåíêå

∣∣I2(a, rε)
∣∣ 6 εC(α)

(
1

π

∫

D

(
1− |ζ|

)1/δ−2|a| dσ
)
.

Âîñïîëüçóåìñÿ îöåíêîé: åñëè b ∈ Hγ , 1/2 < γ < 1, òî [1, ãë. IV, óïðàæíåíèå 5(d)℄

1

π

∫

D

(
1− |ζ|

)1/δ−2|b| dσ 6 C1(γ)‖b‖γ .

Ïîëó÷èì ∣∣I2(a, rε)
∣∣ 6 εC2(δ)‖a‖δ . (5.3)

Ïî îïðåäåëåíèþ íîðìû �óíêöèîíàëà Ψ ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {am} ∈ Hδ,

‖am‖δ 6 1, òàêàÿ, ÷òî Ψ(am) → ‖Ψ‖ ïðèm → ∞. Èç îãðàíè÷åííîñòè {am} âHδ ñëåäóåò åå

êîìïàêòíîñòü îòíîñèòåëüíî ðàâíîìåðíîé ñõîäèìîñòè âíóòðè D (ýòî âûòåêàåò èç îöåíêè

ðîñòà �óíêöèé èç Hp, 0 < p < ∞, è ïðèíöèïà êîìïàêòíîñòè àíàëèòè÷åñêèõ �óíêöèé).

Ïóñòü ñàìà ïîñëåäîâàòåëüíîñòü am → Φ âíóòðè D. Òîãäà ‖Φ‖δ 6 1. Èç îöåíêè (5.3) è

ïðîèçâîëüíîñòè ε > 0 çàêëþ÷àåì, ÷òî

lim
m→∞

lim
ρ→1

M1(am, ρ) =
1

π

∫

D

Φζ̄ ḡ ′dσ. (5.4)

Ïðîñòðàíñòâà Hδ âëîæåíû â ïðîñòðàíñòâà Áåðãìàíà A2δ , 2δ > 1. Ôóíêöèÿ g ∈ AC, ïîýòî-
ìó îãðàíè÷åíà â D, ïóñòü |g(ζ)| 6 M . Ïðèìåíÿÿ íåðàâåíñòâî ��åëüäåðà, 1/2δ + 1/δ′ = 1,
èìååì, ÷òî ∣∣∣∣∣

1

π

∫

K(r)

amḡ dσ

∣∣∣∣∣ 6M‖am‖A2δ

(
1

π

∫

K(r)

dσ

)1/δ′

→ 0

ïðè r → 1 ðàâíîìåðíî îòíîñèòåëüíî am. Ñîîòâåòñòâåííî,

lim
m→∞

lim
ρ→1

M2(am, ρ) =
1

π

∫

D

Φḡ dσ.
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Îòñþäà, èç (5.1) è (5.4) âûòåêàåò ðàâåíñòâî

‖Ψ‖ = lim
ρ→1

1

2π

∫

T

Φρḡ dθ,

ãäå, êàê îòìå÷àëîñü, ‖Φ‖δ 6 1. Ïîñëåäíåå âìåñòå ñ ïðåäûäóùèì âîçìîæíî òîëüêî â ñëó-

÷àå ‖Φ‖δ = 1. Ñëåäîâàòåëüíî, �óíêöèÿ Φ ýêñòðåìàëüíàÿ äëÿ �óíêöèîíàëà (1.5) (ìîæåò

áûòü, íå åäèíñòâåííàÿ [9, òåîðåìà 7℄). ⊲

Ïóñòü Φ = bh, ãäå b � ïðîèçâåäåíèå Áëÿøêå, �óíêöèÿ h ∈ Hδ è áåç íóëåé

â D. Íà îñíîâàíèè Ls(T ) = Hs ⊕ H0
s , s > 1, äëÿ γ, 0 < γ < 1, èìååì, ÷òî

bρ(t)h
γ
ρ(t)ḡ(t) = w(t̄, ρ, γ) + w0(t, ρ, γ), w ∈ Hs, w0 ∈ H0

s (ρ è γ ÿâëÿþòñÿ ïàðàìåòðàìè).

Ïðè ýòîì �óíêöèÿ (τ = eiψ)

w(z, ρ, γ) =
1

2π

∫

T

hγρ(τ)bρ(τ)ḡ(τ)

1− τz
dψ. (5.5)

Íà îñíîâàíèè òåîðåìû C, g ∈ ΛβA, ïðàâóþ ÷àñòü (5.5) ðàññìàòðèâàåì êàê çíà÷åíèå

ëèíåéíîãî �óíêöèîíàëà Ψ∗ íàä Hµ, µ = 1/(1 + α + ν) íà hγρbρ/(1 − τz). Ñ ó÷åòîì

|b(τ)| = 1 ï. â., ‖h‖δ = 1, ïîëó÷èì (íåðàâåíñòâî ��åëüäåðà: δ = 1/(1 + α) > µ, p1 = δ/γµ,
q1 = δ/(δ − γµ))

∣∣w(z, ρ, γ)
∣∣6‖Ψ∗‖

(
1

2π

∫

T

|hρ|γµ
|1− τz|µ dψ

)1/µ

6‖Ψ∗‖
(

1

2π

∫

T

dψ

|1− τz|µδ/(δ−γµ)

)(δ−γµ)/δ

. (5.6)

Òàê êàê µ < δ, òî γ ìîæíî âûáðàòü òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå 1− δ < γ < δ/µ− δ.
Òîãäà µδ/(δ − γµ) < 1 è èíòåãðàë â ïðàâîé ÷àñòè (5.6) îãðàíè÷åí. Ñîîòâåòñòâåííî, èìåÿ
ââèäó γ < δ, hγρbρ → hγb â H1 ïðè ρ→ 1, çàêëþ÷àåì, ÷òî

w(z, ρ, γ) → w∗(z) =
1

2π

∫

T

hγbḡ

1− τz
dψ, (5.7)

ïðè÷åì w∗ ∈ H∞. Ñëåäîâàòåëüíî, w(t, ρ, γ) → w∗(t) ñëàáî â Hs, 1 < s <∞.

Èç ïðåäûäóùèõ ðàññóæäåíèé ðàâåíñòâà

‖Ψ‖ = lim
ρ→1

∫

T

Φρḡ dθ = lim
ρ→1

1

2π

∫

T

h1−γρ

(
hγρbρḡ

)
dθ (5.8)

è h1−γ ∈ Hp∗, p∗ = δ/(1 − γ) > 1, ñëåäóåò, ÷òî

‖Ψ‖ =
1

2π

∫

T

h1−γ(t)w∗(t̄ ) dθ. (5.9)

Ïðè÷åì �óíêöèÿ h1−γ ÿâëÿåòñÿ ýêñòðåìàëüíîé äëÿ �óíêöèîíàëà L íàä Hp∗, çàäàííîãî

�îðìóëîé

L (a) =
1

2π

∫

T

a(t)w∗(t̄ ) dθ, a ∈ Hp∗.
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Äåéñòâèòåëüíî, ïóñòü �óíêöèÿ ϕ ýêñòðåìàëüíà äëÿ L . Ïîñêîëüêó ðàâåíñòâà (5.8) è (5.9)

ðàâíîñèëüíû, òî

‖Ψ‖ 6 lim
ρ→1

1

2π

∫

T

(
ϕρh

γ
ρbρ
)
ḡ dθ = ‖L ‖. (5.10)

Ñ ïîìîùüþ íåðàâåíñòâà ��åëüäåðà, ‖ϕ‖p∗ = ‖h‖δ = 1, îïðåäåëÿåì, ÷òî

∥∥ϕ(hγb)
∥∥
δ
=

(
1

2π

∫

T

|ϕ|δ |h|γδdθ
)1/δ

6 ‖ϕ‖p∗‖h‖1−γδ = 1.

Îòêóäà è èç (5.10) ñëåäóåò, ÷òî ‖Ψ‖ = ‖L ‖. Íî L (h1−γ) = ‖L ‖, ñòàëî áûòü, ϕ = h1−γ ïî
åäèíñòâåííîñòè ý.�. â Hp∗. Òîãäà ïî òåîðåìå 1 ý.�. äëÿ �óíêöèîíàëà L , w∗ ∈ H∞, ïðè-
íàäëåæèò

⋂
1<sHs, çíà÷èò, h ∈

⋂
1<sHs. Îòñþäà è (5.7) ïî ñëîæèâøåéñÿ ñõåìå âûâîäèì,

÷òî w∗ ∈ ΛβA, β = α+ ν.
Ïîâòîðèì ïîñëåäíèå ðàññóæäåíèÿ îòíîñèòåëüíî ðàâåíñòâà

‖Ψ‖ = lim
ρ→1

1

2π

∫

T

h1/2ρ

(
h1/2ρ bρḡ

)
dθ = lim

ρ→1

1

2π

∫

T

h1/2ρ bρ
(
h1/2ḡ

)
dθ.

Â ðåçóëüòàòå çàêëþ÷àåì, ÷òî h1/2 ýêñòðåìàëüíà äëÿ �óíêöèîíàëà

1

2π

∫

T

a(t)w∗(t̄ ) dθ

íàä H2δ, ãäå, ñ ó÷åòîì h ∈ ⋂1<sHs, �óíêöèÿ w
∗(z) = 1

2π

∫
T
h1/2bḡ
1−τz dψ ∈ ΛβA. Òîãäà íà

îñíîâàíèè òåîðåìû 4 èç [2℄, 1 < 2δ < 2, �óíêöèÿ h1/2 ∈ ΛβA. Àíàëîãè÷íî îïðåäåëÿåì,
÷òî h1/2b ∈ ΛβA. Ñëåäîâàòåëüíî, Φ = h1/2(h1/2b) ∈ ΛβA. Òåîðåìà 3 äîêàçàíà.

Îáîáùåíèåì òåîðåìû 3 ÿâëÿåòñÿ

Òåîðåìà 3

′
. Åñëè â �óíêöèîíàëå (1.5) 1/n < δ < 1/(n + 1) è g ∈ λα+νA, ãäå

α = 1/δ − n, ν > 0, α+ ν < 1, òî ý.�. ñóùóñòâóþò è îáëàäàþò òîé æå ãëàäêîñòüþ.

Äîêàçàòåëüñòâî íå ïðèâîäèì ïî òåõíè÷åñêîé ïðè÷èíå.

6. Äîêàçàòåëüñòâî òåîðåìû 4

Äëÿ 1 < q < 2 äîêàçàòåëüñòâî äàíî â [4, ñëåäñòâèå 3.1℄. Â îáùåì ñëó÷àå 1 < q < ∞
è ω ∈ A(R) äîêàçàòåëüñòâî îñíîâàíî íà èäåå äîêàçàòåëüñòâà òåîðåìû 3.2 èç [4℄.

Îãðàíè÷èìñÿ äîêàçàòåëüñòâîì òåîðåìû 4 äëÿ ñëó÷àÿ, êîãäà â ðàâåíñòâå (1.3)

1 < q <∞ è ω � ïîëèíîì, ò. å. äîêàæåì, ÷òî ïðè óêàçàííûõ óñëîâèÿõ X ∈ A(C).
Ïóñòü fN(t) = C0 + · · · + CN t

N
� ïðîèçâîëüíûé ïîëèíîì ïîðÿäêà íå âû-

øå N , w̄N (t) = t̄NfN (t) = CN + · · · + C0t̄
N
, EN = {Q ∈ Hp : Q(z) =∑∞

j=N+1 qjz
j , qj � òåéëîðîâû êîý��èöèåíòû}. Ñëåäóÿ õîäó äîêàçàòåëüñòâà òåîðåìû 3.1

èç [4℄, çàêëþ÷àåì, ÷òî

µN = min
Q∈EN

∥∥fN +Q
∥∥
p
=
∥∥fN +QN

∥∥
p
, (6.1)

ãäå QN ∈ EN . Ïî óïîìÿíóòîé òåîðåìå 3.1 �óíêöèÿ f
N +QN ∈ A(C), çíà÷èò, QN ∈ A(C).

Ñ ó÷åòîì t̄NQ(t) =
∑∞

j=N+1 qjt
j−N

, |t̄N | = 1, (6.1) ðàâíîñèëüíî

µN = min
Q∈EN

∥∥t̄NfN + t̄NQ
∥∥
p
=
∥∥fN +QN

∥∥
p
= min

y∈H0
p

∥∥w̄ + y
∥∥
p
=
∥∥w̄N + YN

∥∥
p
,

ãäå ïî åäèíñòâåííîñòè ý. í. ï. YN = t̄NQN ∈ H0
p . Ïðè ýòîì YN ∈ A(C) â ñèëó QN ∈ A(C).
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Ïóñòü ω(z) = a0 + · · · + aNz
N
. Îòíîñèòåëüíî gN (t) = −(aN + · · · + a0t

N ) ïîâòîðèì
ðàññóæäåíèÿ, ïðîâåäåííûå âûøå. Äëÿ p òàêîãî, ÷òî 1 < p <∞ ïîëó÷èì

min
x∈H0

p

∥∥ω̄ − x
∥∥
p
=
∥∥ω̄ −X

∥∥
p
= min

Q∈EN

∥∥tN ḡN +Q
∥∥
p
,

ãäå X ∈ A(C). Òåîðåìà 4 äîêàçàíà.
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àíàëèçó, äè��åðåíö. óðàâíåíèÿì è ìàò. ìîäåëèðîâàíèþ.�Âëàäèêàâêàç: ÞÌÈ ÂÍÖ �ÀÍ, 2015.�

Ñ. 125�139.�(Èòîãè íàóêè. Þã �îññèè).
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Abstrat. Consider a Hardy spae Hp in the unit disk D, p > 1. Let lω be a linear funtional on Hp

determined by ω ∈ Lq (T = ∂D, 1/p + 1/q = 1) and let F be an extremal funtion for lω. Let X ∈ Hq

implements the best approximation of ω̄ in Lq(T ) by funtions fromH0
q = {y ∈ Hq : y(0) = 0}. The funtions F

and X are alled extremal elements (e. e.) for lω. E. e. are related by the orresponding duality relation.
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We onsider the problem of how ertain properties of ω will a�et e. e. A similar problem is investigated in the

ase of 0 < p < 1. An artile by L. Carleson and S. Jaobs (1972), investigated the problem of the properties of

elements on whih the in�mum inf{‖ω̄−x‖L∞(T ) : x ∈ H0
∞} for a given ω ∈ Lq(T ) is attained. The hypothesis

of the authors that the relationship between extremal elements is similar to that of the funtion ω and its

projetion onto Hq is partially on�rmed in a paper by V.G. Ryabykh (2006). Some properties of e. e. for lω,
when ω is a polynomial, were studied in a paper by Kh. Kh Burhaev, G.Yu. Ryabykh V.G. Ryabykh (2017).

In this paper, relying on the main result of the last artile and using the method of suessive approximations,

the following is proved: if ω ∈ Lq∗(T ) and q 6 q∗ < ∞, then F ∈ H(p−1)q∗ and X ∈ Hq∗ ; if the derivative

ω(n−1) ∈ Lip(α, T ) with 0 < α < 1, then F = Bf , where B is the Blashke produt, f is an external funtion,

with (|f(t)|p)(n−1) ∈ Lip(α, T ). If the funtion ω is analyti outside the unit irle, then e. e is analyti in the

same irle. The listed results larify and omplement similar results obtained in an above mentioned paper by

V.G. Ryabykh. It is also proved that the extremal funtion for lω ∈ (Hq)
∗
exists and has the same smoothness

as the generator funtion ω, whenever 1/(n + 1) < δ < 1/n, ω ∈ H∞

⋂
Lip(β, T ), β = 1/δ − n + ν < 1, and

ν > 0.

Key words: linear funtional, extremal element, approximation method, derivative.
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Àííîòàöèÿ. Êëàññè÷åñêèì ñâîéñòâîì ïåðèîäè÷åñêîé �óíêöèè íà âåùåñòâåííîé îñè ÿâëÿåòñÿ âîç-

ìîæíîñòü åå ïðåäñòàâëåíèÿ òðèãîíîìåòðè÷åñêèì ðÿäîì Ôóðüå. Åñòåñòâåííûì àíàëîãîì óñëîâèÿ ïå-

ðèîäè÷íîñòè â åâêëèäîâîì ïðîñòðàíñòâå R
n
ÿâëÿåòñÿ ïîñòîÿíñòâî èíòåãðàëîâ îò �óíêöèè ïî âñåì

øàðàì (èëè ñ�åðàì) �èêñèðîâàííîãî ðàäèóñà. Ôóíêöèè ñ óêàçàííûì ñâîéñòâîì ìîæíî ðàçëîæèòü

â ðÿä ïî ñîáñòâåííûì �óíêöèÿì îïåðàòîðà Ëàïëàñà ñïåöèàëüíîãî âèäà. Ýòîò �àêò äîïóñêàåò îáîá-

ùåíèå íà âåêòîðíûå ïîëÿ â R
n
, èìåþùèå íóëåâîé ïîòîê ÷åðåç ñ�åðû �èêñèðîâàííîãî ðàäèóñà.

Ïðè ýòîì äëÿ íèõ âîçíèêàåò ïðåäñòàâëåíèå Ñìèòà â âèäå ñóììû ñîëåíîèäàëüíîãî âåêòîðíîãî ïîëÿ

è áåñêîíå÷íîãî ÷èñëà ïîòåíöèàëüíûõ âåêòîðíûõ ïîëåé. Ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ óäîâëåòâî-

ðÿþò óðàâíåíèþ �åëüìãîëüöà, ñâÿçàííîìó ñ íóëÿìè �óíêöèè Áåññåëÿ Jn/2. Öåëüþ äàííîé ðàáîòû

ÿâëÿåòñÿ ïîëó÷åíèå ëîêàëüíûõ àíàëîãîâ òåîðåìû Ñìèòà. Èçó÷àþòñÿ âåêòîðíûå ïîëÿ A ñ íóëåâûì

ïîòîêîì ÷åðåç ñ�åðû �èêñèðîâàííîãî ðàäèóñà íà îáëàñòÿõ O â åâêëèäîâîì ïðîñòðàíñòâå, èíâàðè-

àíòíûõ îòíîñèòåëüíî âðàùåíèé. �àññìàòðèâàþòñÿ ñëó÷àè, êîãäà O = BR = {x ∈ R
n : |x| < R} èëè

O = Ba,b = {x ∈ R
n : a < |x| < b}. Îïèñàíèå ïîëåé A ñîñòîèò èç äâóõ øàãîâ. Íà ïåðâîì øàãå äîêàçû-

âàåòñÿ ðàâåíñòâî A(x) = A
s(x)+B(x)x, x ∈ O, ãäåA

s
� ïîäõîäÿùåå ñîëåíîèäàëüíîå âåêòîðíîå ïîëå,

B � ñêàëÿðíîå ïîëå. Âòîðîé øàã ñîñòîèò â îïèñàíèè �óíêöèé B(x). Îñíîâíûì èíñòðóìåíòîì äëÿ

îïèñàíèÿ B(x) ÿâëÿþòñÿ ìíîãîìåðíûå ðÿäû Ôóðüå ïî ñ�åðè÷åñêèì ãàðìîíèêàì. Åñëè O = BR, òî

êîý��èöèåíòû Ôóðüå �óíêöèè B(x) ïðåäñòàâèìû ðÿäàìè ïî ãèïåðãåîìåòðè÷åñêèì �óíêöèÿì 1F2.

Â ñëó÷àå, êîãäà O = Ba,b, ñîîòâåòñòâóþùèå êîý��èöèåíòû Ôóðüå ðàçëàãàþòñÿ â ðÿäû, ñîäåðæàùèå

�óíêöèè Áåññåëÿ, Íåéìàíà è Ëîììåëÿ. �åçóëüòàòû, ïîëó÷åííûå â ðàáîòå, ìîæíî èñïîëüçîâàòü ïðè

ðåøåíèè çàäà÷, ñâÿçàííûõ ñ ãàðìîíè÷åñêèì àíàëèçîì âåêòîðíûõ ïîëåé íà îáëàñòÿõ â R
n
.

Êëþ÷åâûå ñëîâà: âåêòîðíîå ïîëå, íóëåâîå ñ�åðè÷åñêîå ñðåäíåå, ñ�åðè÷åñêàÿ ãàðìîíèêà, �óíêöèÿ

Ëîììåëÿ.
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1. Ââåäåíèå

Îäíèì èç õîðîøî èçâåñòíûõ êðèòåðèåâ T -ïåðèîäè÷íîñòè íåïðåðûâíîé �óíêöèè f íà
âåùåñòâåííîé îñè ÿâëÿåòñÿ ïîñòîÿíñòâî èíòåãðàëîâ îò f ïî âñåì îòðåçêàì äëèíû T íà R,

ò. å. óñëîâèå

x+T∫

x

f(y) dy =

T∫

0

f(y) dy (∀x ∈ R). (1)

© 2018 Âîë÷êîâ Âèò. Â., Âîë÷êîâà Í. Ï.
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Åñòåñòâåííûì àíàëîãîì óñëîâèÿ (1) â ìíîãîìåðíîì ñëó÷àå ÿâëÿåòñÿ ïîñòîÿíñòâî èíòå-

ãðàëîâ îò �óíêöèè ïî âñåì øàðàì �èêñèðîâàííîãî ðàäèóñà. Áëèçêèé êëàññ �óíêöèé

ïîëó÷àåòñÿ, åñëè çäåñü çàìåíèòü øàðû íà ñ�åðû �èêñèðîâàííîãî ðàäèóñà.

Ñîãëàñíî òåîðèè ðÿäîâ Ôóðüå âñÿêóþ T -ïåðèîäè÷åñêóþ �óíêöèþ f ∈ C1(R) ìîæíî
ðàçëîæèòü â àáñîëþòíî è ðàâíîìåðíî ñõîäÿùèéñÿ òðèãîíîìåòðè÷åñêèé ðÿä

f(x) =
a0
2

+

∞∑

m=1

am cos

(
2πm

T
x

)
+ bm sin

(
2πm

T
x

)
, (2)

ò. å. ïðåäñòàâèòü f â âèäå ñóììû êîíñòàíòû

a0
2

è ïîñëåäîâàòåëüíîñòè ïåðèîäè÷åñêèõ

�óíêöèé {fm}∞m=1, óäîâëåòâîðÿþùèõ äè��åðåíöèàëüíûì óðàâíåíèÿì

f ′′m(x) +
4π2m2

T 2
fm(x) = 0.

Ñóùåñòâåííî áîëåå òðóäíîé çàäà÷åé ÿâëÿåòñÿ îïèñàíèå �óíêöèé ñ ïîñòîÿííûìè èíòå-

ãðàëàìè ïî øàðàì (èëè ñ�åðàì) �èêñèðîâàííîãî ðàäèóñà. Äëÿ ý��åêòèâíîé õàðàêòåðè-

çàöèè óêàçàííûõ êëàññîâ òðåáóåòñÿ ïðèâëåêàòü ñîîòâåòñòâóþùèå ñïåöèàëüíûå �óíêöèè.

Íàïðèìåð, â äâóìåðíîì ñëó÷àå èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà A. Ïóñòü f ∈ C∞(R2). Òîãäà �óíêöèÿ f èìååò íóëåâûå èíòåãðàëû ïî âñåì

êðóãàì â R
2
ðàäèóñà r â òîì è òîëüêî òîì ñëó÷àå, êîãäà èìååò ìåñòî ðàçëîæåíèå

f(x, y) =
∞∑

m=−∞

∞∑

q=1

cq,mJm

(νq
r

√
x2 + y2

)( x+ iy√
x2 + y2

)m
,

ãäå Jm � �óíêöèÿ Áåññåëÿ ïîðÿäêà m, {νq}∞q=1 � ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæè-

òåëüíûõ íóëåé �óíêöèè J1, çàíóìåðîâàííûõ â ïîðÿäêå âîçðàñòàíèÿ, è êîý��èöèåíòû

cq,m ∈ C óäîâëåòâîðÿþò óñëîâèþ

cq,m = O

(
1

ναq

)
ïðè q → ∞

äëÿ ëþáîãî �èêñèðîâàííîãî α > 0.
Îòìåòèì, ÷òî �óíêöèè

(x, y) → Jm

(νq
r

√
x2 + y2

)( x+ iy√
x2 + y2

)m

ÿâëÿþòñÿ ñîáñòâåííûìè �óíêöèÿìè îïåðàòîðà Ëàïëàñà ∆ â R
2
. Ïîäîáíûå ðåçóëüòàòû

áûëè ïîëó÷åíû è äëÿ �óíêöèé ìåíüøåé ãëàäêîñòè, çàäàííûõ íà îãðàíè÷åííûõ ìíîæå-

ñòâàõ â R
n
, n > 2, èíâàðèàíòíûõ îòíîñèòåëüíî âðàùåíèé (ñì. [1, òåîðåìà 3℄, [2, òåîðå-

ìà 3℄, à òàêæå [3�5℄, ãäå ñîäåðæàòñÿ ñóùåñòâåííî áîëåå îáùèå ðåçóëüòàòû, êàñàþùèåñÿ

ñòðóêòóðû ðåøåíèé óðàâíåíèé â ñâåðòêàõ).

�îðàçäî ìåíåå èçó÷åííûì â ýòîé îáëàñòè ÿâëÿåòñÿ ñëó÷àé âåêòîðíûõ ïîëåé. Åñëè

ðàññìàòðèâàòü f ∈ C1(R) êàê âåêòîðíîå ïîëå â R, òî óñëîâèå

f

(
x− T

2

)
− f

(
x+

T

2

)
= 0

îçíà÷àåò, ÷òî f èìååò íóëåâîé ïîòîê ÷åðåç ëþáóþ íóëüìåðíóþ ñ�åðó ðàäèóñà T/2. Òà-
êèì îáðàçîì, ðàâåíñòâî (2) äàåò ïðåäñòàâëåíèå äëÿ ïîëåé ñ íóëåâûì ïîòîêîì ÷åðåç âñå
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ñ�åðû ðàäèóñà T/2 â R
1
. Ýòîò �àêò äîïóñêàåò íåòðèâèàëüíîå îáîáùåíèå íà âåêòîðíûå

ïîëÿ â R
n
. Ïðè ýòîì êîíñòàíòà

a0
2 èíòåðïðåòèðóåòñÿ êàê ñîëåíîèäàëüíîå âåêòîðíîå ïî-

ëå, à {fm} çàìåíÿþòñÿ íà ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ, óäîâëåòâîðÿþùèå óðàâíåíèþ
äëÿ ñîáñòâåííûõ �óíêöèé îïåðàòîðà Ëàïëàñà. Óêàçàííîå óòâåðæäåíèå ÿâëÿåòñÿ ÷àñò-

íûì ñëó÷àåì ñëåäóþùåãî ëîêàëüíîãî ðåçóëüòàòà Ä. Ñìèòà [6, òåîðåìà 3℄.

Òåîðåìà B. Ïóñòü A : BR+1 → R
n (1 < R 6 ∞) � âåêòîðíîå ïîëå â R

n
êëàññà Cn+α

(0 < α < 1), èìåþùåå íóëåâîé ïîòîê ÷åðåç ëþáóþ ñ�åðó åäèíè÷íîãî ðàäèóñà, ëåæàùóþ

â BR+1. Òîãäà äëÿ x ∈ BR èìååò ìåñòî ðàâåíñòâî

A(x) = A
s(x) +

∞∑

m=1

A
p
m(x), (3)

â êîòîðîì ðÿä ñõîäèòñÿ ðàâíîìåðíî íà êîìïàêòàõ èç BR,A
s
� ñîëåíîèäàëüíîå âåêòîðíîå

ïîëå êëàññà Cn+α è A
p
m � ïîòåíöèàëüíûå âåêòîðíûå ïîëÿ, óäîâëåòâîðÿþùèå óðàâíåíèþ

(∆ + ν2m)A
p
m = 0, (4)

ãäå {νm}∞m=1 � ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæèòåëüíûõ íóëåé �óíêöèè Jn/2, çàíóìåðî-
âàííûõ â ïîðÿäêå âîçðàñòàíèÿ.

Ñèìâîë BR â òåîðåìå B è íèæå îáîçíà÷àåò îòêðûòûé øàð èç R
n
ðàäèóñà R ñ öåíòðîì

â íóëå. Êëàññ Cn+α îïðåäåëÿåòñÿ êàê êëàññ òàêèõ �óíêöèé f ∈ Cn, ó êîòîðûõ ÷àñòíûå
ïðîèçâîäíûå ïîðÿäêà n óäîâëåòâîðÿþò óñëîâèþ ��åëüäåðà  ïîêàçàòåëåì α. Íàïîìíèì
òàêæå, ÷òî âåêòîðíîå ïîëå A = (A1, . . . , An) êëàññà C

1
â îáëàñòè D ⊂ R

n
íàçûâàåòñÿ

ñîëåíîèäàëüíûì, åñëè

divA :=

n∑

j=1

∂Aj
∂xj

= 0

âî âñåõ òî÷êàõ îáëàñòè D, è ïîòåíöèàëüíûì, åñëè ñóùåñòâóåò ñêàëÿðíîå ïîëå u â D
òàêîå, ÷òî

A = gradu :=

(
∂u

∂x1
, . . . ,

∂u

∂xn

)
.

Îäíèì èç ñóùåñòâåííûõ íåäîñòàòêîâ òåîðåìû B ÿâëÿåòñÿ îòñóòñòâèå ðàçëîæåíèÿ (3)

âî âñåì øàðå BR+1. Ýòî ñîçäàåò ñåðüåçíûå ïðåïÿòñòâèÿ äëÿ èçó÷åíèÿ ñâîéñòâ âåêòîðíîãî

ïîëÿ A íà âñåé îáëàñòè îïðåäåëåíèÿ. Êðîìå òîãî, ìåòîä äîêàçàòåëüñòâà òåîðåìû B íå

ïîçâîëÿåò ïîëó÷èòü ïîäîáíîå îïèñàíèå äëÿ îáëàñòåé âèäà

Ba,b = {x ∈ R
n : a < |x| < b} .

Â äàííîé ðàáîòå ïðåäëîæåí èíîé ïîäõîä, ïîçâîëÿþùèé ïðåîäîëåòü ïåðå÷èñëåííûå

âûøå òðóäíîñòè. Â òåîðåìàõ 1, 2 íèæå ïîëó÷åíî ïîëíîå îïèñàíèå âåêòîðíûõ ïîëåé â øà-

ðå è øàðîâîì ñëîå ïðîñòðàíñòâà R
n
, èìåþùèõ íóëåâîé ïîòîê ÷åðåç ãðàíèöó ëþáîãî øàðà

�èêñèðîâàííîãî ðàäèóñà, ëåæàùåãî â ýòèõ îáëàñòÿõ. Îòìåòèì, ÷òî ïðè ýòîì âîçíèêàþò

íîâûå ñïåöèàëüíûå �óíêöèè (ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ ïîðÿäêà (1, 2) è �óíêöèè

Ëîììåëÿ), êîòîðûå íå ïîÿâëÿëèñü ðàíåå â ïîäîáíûõ çàäà÷àõ äëÿ åâêëèäîâà ïðîñòðàí-

ñòâà.

2. Ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü r > 0 �èêñèðîâàíî, x ∈ R
n
,

Br(x) =
{
y ∈ R

n : |x− y| < r
}
,

Br(x) è ∂Br(x) � ñîîòâåòñòâåííî çàìûêàíèå è ãðàíèöà øàðà Br(x).



Âåêòîðíûå ïîëÿ ñ íóëåâûì ïîòîêîì ÷åðåç ñ�åðû �èêñèðîâàííîãî ðàäèóñà 23

Äëÿ îáëàñòè O ⊂ R
n
, ñîäåðæàùåé øàðû Br(x) ïðè íåêîòîðûõ x, îáîçíà÷èì ÷åðåç

Vr(O) ñîâîêóïíîñòü âñåõ íåïðåðûâíûõ âåêòîðíûõ ïîëåé A : O → R
n
ñ óñëîâèåì

∫

∂Br(x)

A · n dξ = 0 (∀x ∈ R
n : Br(x) ⊂ O),

ãäå n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå ∂Br(x), dξ � ýëåìåíò ïëîùàäè

íà ∂Br(x).

Äàëåå, êàê îáû÷íî, Sn−1
� åäèíè÷íàÿ ñ�åðà èç R

n
ñ öåíòðîì â íóëå, Hk � ïðî-

ñòðàíñòâî ñ�åðè÷åñêèõ ãàðìîíèê ñòåïåíè k íà Sn−1
. Ïðîñòðàíñòâî L2(Sn−1) ÿâëÿåòñÿ

ïðÿìîé ñóììîé ïîïàðíî îðòîãîíàëüíûõ ïðîñòðàíñòâ Hk, k = 0, 1, . . . (ñì., íàïðèìåð, [7,

ãë. 4, � 2℄). Ïóñòü dk � ðàçìåðíîñòü Hk,
{
Y

(k)
l

}dk
l=1

� �èêñèðîâàííûé îðòîíîðìèðîâàííûé

áàçèñ â Hk. Äëÿ òî÷êè x ∈ R
n
ïîëîæèì

ρ = |x|, σ =
x

|x| , x 6= 0.

Ôóíêöèÿ Y
(k)
l ïðîäîëæàåòñÿ äî îäíîðîäíîãî ãàðìîíè÷åñêîãî ìíîãî÷ëåíà ñòåïåíè k â R

n

ïî �îðìóëå

Y
(k)
l (x) = ρkY

(k)
l (σ).

Åñëè îáëàñòü O èíâàðèàíòíà îòíîñèòåëüíî âðàùåíèé ïðîñòðàíñòâà R
n
, òî âñÿêîé ëî-

êàëüíî ñóììèðóåìîé â O �óíêöèè f ñîîòâåòñòâóåò ðÿä Ôóðüå âèäà

f(x) =

∞∑

k=0

dk∑

l=1

fk,l(ρ)Y
(k)
l (σ),

ãäå

fk,l(ρ) =

∫

Sn−1

f(ρσ)Y
(k)
l (σ) dσ.

�àçëîæåíèå �óíêöèè Áåññåëÿ ïîðÿäêà ν ∈ R â ñòåïåííîé ðÿä èìååò âèä

Jν(t) =

(
t

2

)ν ∞∑

m=0

(−1)m

m!Γ(ν +m+ 1)

(
t

2

)2m

, (5)

ãäå Γ � ãàììà-�óíêöèÿ. Ôóíêöèÿ Íåéìàíà ïîðÿäêà ν ∈ R âûðàæàåòñÿ ÷åðåç �óíêöèþ

Áåññåëÿ ïî �îðìóëå

Nν(t) = lim
µ→ν

Jµ(t) cos(πµ)− J−µ(t)
sin(πµ)

.

Ïàðà {Jν , Nν} ÿâëÿåòñÿ �óíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé äè��åðåíöèàëüíîãî óðàâ-
íåíèÿ Áåññåëÿ

t2
d2u

dt2
+ t

du

dt
+
(
t2 − ν2

)
u = 0.

Îáîçíà÷èì ÷åðåç 1F2(a1; b1, b2; t) ãèïåðãåîìåòðè÷åñêóþ �óíêöèþ ïîðÿäêà (1, 2), îïðå-
äåëÿåìóþ ðàâåíñòâîì

1F2(a1; b1, b2; t) =

∞∑

k=0

(a1)k
(b1)k(b2)k

tk

k!
, (6)
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ãäå

(a)0 = 1, (a)k = a(a+ 1) . . . (a+ k − 1), k = 1, 2, . . .

(ñì., íàïðèìåð, [8, ãë. 4℄). Ïðèñîåäèíåííàÿ �óíêöèÿ Ëîììåëÿ ñ èíäåêñàìè µ, ν ∈ R

îïðåäåëÿåòñÿ ðàâåíñòâîì

Sµ,ν(t) =
tµ+1

(µ + 1)2 − ν2
1F2

(
1;
µ− ν + 3

2
,
µ+ ν + 3

2
;− t

2

4

)

+ 2µ−1Γ

(
µ− ν + 1

2

)
Γ

(
µ+ ν + 1

2

)

×
[
sin

(
π(µ − ν)

2

)
Jν(t)− cos

(
π(µ− ν)

2

)
Nν(t)

]
, (7)

ãäå ïðè µ ± ν = −1,−3,−5, . . . ïðàâàÿ ÷àñòü â (7) íàõîäèòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþ-

ùåãî ïðåäåëüíîãî ïåðåõîäà (ñì. [9, ïðèëîæåíèå II, � II.12℄). Êàê èçâåñòíî [10, ãë. 1, � 16℄,

�óíêöèÿ Sµ,ν ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì íåîäíîðîäíîãî óðàâíåíèÿ Áåññåëÿ

t2
d2u

dt2
+ t

du

dt
+ (t2 − ν2)u = tµ+1.

Ñëåäóþùèå ðåçóëüòàòû äàþò îïèñàíèå ãëàäêèõ âåêòîðíûõ ïîëåé A, ïðèíàäëåæàùèõ

êëàññàì Vr(BR) è Vr(Ba,b) ñîîòâåòñòâåííî.

Òåîðåìà 1. Ïóñòü r > 0, r < R 6 +∞, A : BR → R
n
� âåêòîðíîå ïîëå êëàññà C∞

.

Òîãäà A ïðèíàäëåæèò Vr(BR) â òîì è òîëüêî òîì ñëó÷àå, êîãäà

A(x) = A
s(x) + B(x)x, x ∈ BR, (8)

ãäåA
s
� ñîëåíîèäàëüíîå âåêòîðíîå ïîëå êëàññà C∞

,B � ñêàëÿðíîå ïîëå, êîý��èöèåíòû

Ôóðüå êîòîðîãî ïðåäñòàâèìû ðÿäàìè

Bk,l(ρ) =
∞∑

m=1

γm,k,l ρ
k
1F2

(
n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ
2r

)2)
, 0 6 ρ < R,

â êîòîðûõ êîíñòàíòû γm,k,l óáûâàþò áûñòðåå ëþáîé �èêñèðîâàííîé ñòåïåíè νm ïðè

m→ ∞.

Çäåñü è äàëåå B(x)x � âåêòîðíîå ïîëå, îïðåäåëÿåìîå ðàâåíñòâîì

B(x)x = (B(x)x1, . . . ,B(x)xn).

Òåîðåìà 2. Ïóñòü r > 0, 0 6 a < b 6 +∞, b − a > 2r, A : Ba,b → R
n
� âåêòîðíîå

ïîëå êëàññà C∞
. Òîãäà A ïðèíàäëåæèò Vr(Ba,b) â òîì è òîëüêî òîì ñëó÷àå, êîãäà

A(x) = A
s(x) +B(x)x, x ∈ Ba,b,

ãäåA
s
� ñîëåíîèäàëüíîå âåêòîðíîå ïîëå êëàññà C∞

, B � ñêàëÿðíîå ïîëå, êîý��èöèåíòû

Ôóðüå êîòîðîãî ïðåäñòàâèìû ðÿäàìè

Bk,l(ρ) =
∞∑

m=1

αm,k,l
ρn−1

[
(n+ k − 2)Jn

2
+k−1

(νm
r
ρ
)
Sn

2
−1,n

2
+k−2

(νm
r
ρ
)
−

− Jn
2
+k−2

(νm
r
ρ
)
Sn

2
,n
2
+k−1

(νm
r
ρ
)]

+

+
βm,k,l
ρn−1

[
(n+ k − 2)Nn

2
+k−1

(νm
r
ρ
)
Sn

2
−1,n

2
+k−2

(νm
r
ρ
)
−

− Nn
2
+k−2

(νm
r
ρ
)
Sn

2
,n
2
+k−1

(νm
r
ρ
)]

+
γm,k,l
ρn

, a < ρ < b,
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â êîòîðûõ êîíñòàíòû αm,k,l, βm,k,l, γm,k,l óáûâàþò áûñòðåå ëþáîé �èêñèðîâàííîé ñòåïåíè
νm ïðè m→ ∞.

Â îòëè÷èå îò òåîðåìû B òåîðåìû 1, 2 äàþò ðàçëîæåíèå äëÿ ïîëåé A èç ðàññìàòðèâà-

åìûõ êëàññîâ íà âñåé îáëàñòè îïðåäåëåíèÿ. Îòìåòèì òàêæå, ÷òî òåîðåìû 1, 2 ÿâëÿþòñÿ

ðàçâèòèåì ðåçóëüòàòîâ Â. Â. Âîë÷êîâà îá îïèñàíèè �óíêöèé ñ íóëåâûìè èíòåãðàëàìè ïî

ñ�åðàì �èêñèðîâàííîãî ðàäèóñà íà ñëó÷àé âåêòîðíûõ ïîëåé (ñì. [1, 2℄, à òàêæå [3�5℄).

� 3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïðåæäå âñåãî íàïîìíèì íåêîòîðûå ñâîéñòâà âñòðå÷àþùèõñÿ âûøå ñïåöèàëüíûõ

�óíêöèé.

Äëÿ �óíêöèé Áåññåëÿ è Íåéìàíà ñïðàâåäëèâû ñëåäóþùèå �îðìóëû äè��åðåíöèðî-

âàíèÿ [8, ãë. 7℄

d

dt
(tνJν(t)) = tνJν−1(t),

d

dt
(tνNν(t)) = tνNν−1(t), (9)

d

dt

(
Jν(t)

tν

)
= −Jν+1(t)

tν
,

d

dt

(
Nν(t)

tν

)
= −Nν+1(t)

tν
. (10)

Îòìåòèì ñëåäóþùèå ñâîéñòâà �óíêöèé Ëîììåëÿ [9, ïðèëîæåíèå II, � II.12℄:

Sµ,−ν(t) = Sµ,ν(t), (11)

Sµ,ν(t) = tµ−1 +
(
ν2 − (µ− 1)2

)
Sµ−2,ν(t), (12)

2νSµ,ν(t) = (µ+ ν − 1)tSµ−1,ν−1(t)− (µ − ν − 1)tSµ−1,ν+1(t), (13)

d

dt
Sµ,ν(t) =

ν

t
Sµ,ν(t) + (µ− ν − 1)Sµ−1,ν+1(t). (14)

Èç (14) èìååì

d

dt
(tνSµ,ν(t)) = ν tν−1Sµ,ν(t) + tν

(ν
t
Sµ,ν(t) + (µ − ν − 1)Sµ−1,ν+1(t)

)

= tν−1
(
2νSµ,ν(t) + (µ − ν − 1)tSµ−1,ν+1(t)

)
.

Îòñþäà è èç (13) ïîëó÷àåì

d

dt
(tνSµ,ν(t)) = (µ + ν − 1)tνSµ−1,ν−1(t). (15)

Ëåììà 1. Äëÿ �óíêöèè h(t) = 1F2(α;α + 1, β; γt) èìååò ìåñòî ñîîòíîøåíèå

th′(t) + αh(t) = αΓ(β)
Jβ−1(2

√−γt)
√−γt β−1

.

⊳ Èç (6) è îïðåäåëåíèÿ h èìååì

αh(t) =

∞∑

k=0

(α)kα

(α+ 1)k(β)k

(γt)k

k!
,

th′(t) =
∞∑

k=0

(α)k
(α+ 1)k(β)k

k(γt)k

k!
.
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Ñêëàäûâàÿ ýòè ðàâåíñòâà è ó÷èòûâàÿ, ÷òî

(α)k
(α+ 1)k

(α+ k) = α,

ïîëó÷àåì

th′(t) + αh(t) = α

∞∑

k=0

1

(β)k

(γt)k

k!
.

Òåïåðü èñïîëüçóÿ ðàçëîæåíèå

Jν(t) =
1

Γ(ν + 1)

(
t

2

)ν ∞∑

k=0

1

(ν + 1)k

(−t2/4)k
k!

(ñì. (5)), ïðèõîäèì ê òðåáóåìîìó óòâåðæäåíèþ. ⊲

Ëåììà 2. Èìåþò ìåñòî ðàâåíñòâà

(
(µ+ ν − 1)tJν(t)Sµ−1,ν−1(t)− tJν−1(t)Sµ,ν(t)

)′
= tµJν(t), (16)

(
(µ+ ν − 1)tNν(t)Sµ−1,ν−1(t)− tNν−1(t)Sµ,ν(t)

)′
= tµNν(t). (17)

⊳ Èñïîëüçóÿ (9), (11) è (15), íàõîäèì

d

dt

(
tJν(t)Sµ−1,ν−1(t)

)
=

d

dt

(
tνJν(t)t

1−νSµ−1,1−ν(t)
)

= tJν−1(t)Sµ−1,ν−1(t) + (µ − ν − 1)tJν(t)Sµ−2,ν(t).

Äàëåå, ñ ïîìîùüþ (10) è (15) ïîëó÷àåì

d

dt

(
tJν−1(t)Sµ,ν(t)

)
=

d

dt

(
t1−νJν−1(t)t

νSµ,ν(t)
)

= −tJν(t)Sµ,ν(t) + (µ+ ν − 1)tJν−1(t)Sµ−1,ν−1(t).

Èñêëþ÷àÿ èç ïðàâûõ ÷àñòåé ýòèõ ñîîòíîøåíèé �óíêöèþ tJν−1(t)Sµ−1,ν−1(t), èìååì

d

dt

(
tJν−1(t)Sµ,ν(t)

)
= −tJν(t)Sµ,ν(t) + (µ + ν − 1)

d

dt

(
tJν(t)Sµ−1,ν−1(t)

)

+
(
ν2 − (µ− 1)2

)
tJν(t)Sµ−2,ν(t).

Îòñþäà è èç ñîîòíîøåíèÿ (12) ñëåäóåò �îðìóëà (16). �àâåíñòâî (17) äîêàçûâàåòñÿ àíà-

ëîãè÷íî. ⊲

Ëåììà 3. Ïóñòü ñêàëÿðíîå ïîëå B ∈ C1(O) èìååò âèä

B(x) = ϕ(ρ)Y
(k)
l (σ). (18)

Òîãäà

div(B(x)x) =
(
ρϕ′(ρ) + nϕ(ρ)

)
Y

(k)
l (σ). (19)

⊳ Äëÿ ëþáîãî ñêàëÿðíîãî ïîëÿ B ∈ C1(O) èìååì

div(B(x)x) =
n∑

j=1

∂

∂xj
(xjB(x)) =

n∑

j=1

B(x) + xj
∂B

∂xj
= nB(x) +

n∑

j=1

xj
∂B

∂xj
. (20)
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Ïóñòü òåïåðü âûïîëíåíî óñëîâèå (18). Çàïèøåì B â âèäå

B(x) = ψ(ρ)Y
(k)
l (x), ψ(ρ) =

ϕ(ρ)

ρk
.

Òîãäà

∂B

∂xj
=
ψ′(ρ)
ρ

xjY
(k)
l (x) + ψ(ρ)

∂Y
(k)
l (x)

xj
.

Ñëåäîâàòåëüíî,

div(B(x)x) = nψ(ρ)Y
(k)
l (x) +

n∑

j=1

ψ′(ρ)
ρ

x2jY
(k)
l (x) + ψ(ρ)

n∑

j=1

xj
∂Y

(k)
l (x)

∂xj

=
(
nψ(ρ) + ψ′(ρ)ρ

)
Y

(k)
l (x) + ψ(ρ)

n∑

j=1

xj
∂Y

(k)
l (x)

∂xj
.

Ïîýòîìó ïî òåîðåìå Ýéëåðà îá îäíîðîäíûõ �óíêöèÿõ

div(B(x)x) =
(
(n+ k)ψ(ρ) + ψ′(ρ)ρ

)
Y

(k)
l (x).

Ïîñêîëüêó

ψ′(ρ) =
ϕ′(ρ)
ρk

− k
ϕ(ρ)

ρk+1
,

îòñþäà âûòåêàåò òðåáóåìîå ðàâåíñòâî. ⊲

Èç ëåììû 3 íåïîñðåäñòâåííî ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 1. Èìååò ìåñòî ðàâåíñòâî

div

(
Y

(k)
l (σ)

ρn
x

)
= 0.

Ñëåäñòâèå 2. Ïóñòü

ϕ(ρ) = ρk1F2

(
n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ
2r

)2)
.

Òîãäà

div
(
ϕ(ρ)Y

(k)
l (σ)x

)
= (n+ k)Γ

(n
2
+ k
)
2

n
2
+k−1

×
(νm
r

)1−k−n
2
ρ1−

n
2 Jn

2
+k−1

(νm
r
ρ
)
Y

(k)
l (σ). (21)

⊳ Ïîëàãàÿ

ψ(t) = 1F2

(
n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;− ν2m

4r2
t

)
,

ïîëó÷àåì ϕ(ρ) = ρk ψ(ρ2) è

ρϕ′(ρ) + nϕ(ρ) = ρk
(
2ρ2ψ′(ρ2) + (n + k)ψ(ρ2)

)
. (22)
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Ïî ëåììå 1 èìååì

tψ′(t) +
(n+ k)

2
ψ(t) =

(n + k)

2
Γ
(n
2
+ k
)
2

n
2
+k−1

Jn
2
+k−1

(
νm
r ρ
)

(
νm
r ρ
)n

2
+k−1

. (23)

Êîìáèíèðóÿ (22), (23) è (19), ïðèõîäèì ê (21). ⊲

Ñëåäñòâèå 3. Ïóñòü

ϕ(ρ) =

[
(n+ k − 2)Jn

2
+k−1

(νm
r
ρ
)
Sn

2
−1,n

2
+k−2

(νm
r
ρ
)

− Jn
2
+k−2

(νm
r
ρ
)
Sn

2
,n
2
+k−1

(νm
r
ρ
) ] 1

ρn−1
.

Òîãäà

div
(
ϕ(ρ)Y

(k)
l (σ)x

)
=
(νm
r

)n
2
ρ1−

n
2 Jn

2
+k−1

(νm
r
ρ
)
Y

(k)
l (σ).

⊳ Èñïîëüçóÿ �îðìóëó

ρϕ′(ρ) + nϕ(ρ) =
1

ρn−1
(ρnϕ(ρ))′

è ëåììó 2 ïðè ν = n
2 + k − 1, µ = n

2 , íàõîäèì

ρϕ′(ρ) + nϕ(ρ) =
1

ρn−1

[
(n+ k − 2)

νm
r
ρJn

2
+k−1

(νm
r
ρ
)
Sn

2
−1,n

2
+k−2

(νm
r
ρ
)

−νm
r
ρ Jn

2
+k−2

(νm
r
ρ
)
Sn

2
,n
2
+k−1

(νm
r
ρ
)]′ r

νm
=
(νm
r

)n
2
ρ1−

n
2 Jn

2
+k−1

(νm
r
ρ
)
.

Îòñþäà è èç ëåììû 3 ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå. ⊲

Àíàëîãè÷íî äîêàçûâàåòñÿ

Ñëåäñòâèå 4. Ïóñòü

ϕ(ρ) =
[
(n+ k − 2)Nn

2
+k−1

(νm
r
ρ
)
Sn

2
−1,n

2
+k−2

(νm
r
ρ
)

− Nn
2
+k−2

(νm
r
ρ
)
Sn

2
,n
2
+k−1

(νm
r
ρ
)] 1

ρn−1
.

Òîãäà

div
(
ϕ(ρ)Y

(k)
l (σ)x

)
=
(νm
r

)n
2
ρ1−

n
2Nn

2
+k−1

(νm
r
ρ
)
Y

(k)
l (σ).

Ëåììà 4. Ïóñòü A ∈ C1(Ba,b), ρ0 � �èêñèðîâàííîå ÷èñëî èç èíòåðâàëà (a, b), è

B(x) =

1∫

ρ0
|x|

A (tx)tn−1dt, a < |x| < b.

Òîãäà

div (B(x)x) = A (x). (24)
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⊳ Ïðåæäå âñåãî îòìåòèì, ÷òî îïðåäåëåíèå �óíêöèè B ÿâëÿåòñÿ êîððåêòíûì. Äåé-

ñòâèòåëüíî, åñëè a < |x| 6 ρ0, òî 1 6
ρ0
|x| è ïðè 1 6 t 6 ρ0

|x| âûïîëíåíû íåðàâåíñòâà

a < |x| 6 t|x| 6 ρ0 < b.

Àíàëîãè÷íî, åñëè ρ0 < |x| < b, òî ρ0
|x| < 1 è ïðè ρ0

|x| 6 t 6 1 èìååì

a < ρ0 6 t|x| 6 |x| < b.

Äàëåå, ïî �îðìóëå Ëåéáíèöà íàõîäèì

∂B

∂xj
=

∂

∂xj

1∫

ρ0(x21+···+x2n)−1/2

A (tx1, . . . , txn)t
n−1 dt

= −A (tx)tn−1
∣∣
t=ρ0/|x|

∂

∂xj

(
ρ0
|x|

)
+

1∫

ρ0/|x|

∂

∂xj
(A (tx)) tn−1 dt

= −A

(
ρ0x

|x|

)(
ρ0
|x|

)n−1

ρ0
(−1)xj
|x|3 +

1∫

ρ0/|x|

∂

∂xj
(A (tx)) tn−1 dt

= A

(
ρ0x

|x|

)
ρn0

|x|n+2
xj +

1∫

ρ0/|x|

∂

∂xj
(A (tx)) tn−1 dt.

Îòñþäà (ñì. (20))

div(B(x)x) = nB(x) +

n∑

j=1

xj
∂B

∂xj
= n

1∫

ρ0/|x|

A (tx)tn−1 dt+

n∑

j=1

A

(
ρ0x

|x|

)
ρn0

|x|n+2
x2j

+

1∫

ρ0/|x|

n∑

j=1

xj
∂

∂xj
(A (tx)) tn−1 dt = n

1∫

ρ0/|x|

A (tx)tn−1 dt

+A

(
ρ0x

|x|

)(
ρ0
|x|

)n
+

1∫

ρ0/|x|

tn




n∑

j=1

xj
∂A

∂xj
(tx)


 dt.

(25)

Ïðåîáðàçóåì ïîñëåäíèé èíòåãðàë ñ ïîìîùüþ �îðìóëû èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Òîãäà

1∫

ρ0/|x|

tn




n∑

j=1

xj
∂A

∂xj
(tx)


 dt =

1∫

ρ0/|x|

d

dt
(A (tx)) tn dt

= tnA (tx)
∣∣1
ρ0/|x| − n

1∫

ρ0/|x|

A (tx)tn−1 dt.

Èñïîëüçóÿ ýòî ñîîòíîøåíèå è (25), ïîëó÷àåì ðàâåíñòâî (24). ⊲
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Ëåììà 5. Ïóñòü A ∈ C1(BR) è

B(x) =

1∫

0

A (tx)tn−1 dt, |x| < R.

Òîãäà

div (B(x)x) = A (x).

⊳ Óòâåðæäåíèå ëåììû 5 ïîëó÷àåòñÿ òåìè æå ðàññóæäåíèÿìè, ÷òî è â äîêàçàòåëüñòâå

ëåììû 4. ⊲

4. Äîêàçàòåëüñòâà òåîðåì 1 è 2

Ïðèâåäåì äâà èçâåñòíûõ ðåçóëüòàòà (ñì. [1, 2℄), êîòîðûå ïîòðåáóþòñÿ íèæå.

Ëåììà 6. Ïóñòü r > 0, r < R 6 +∞, f ∈ C∞(BR). Òîãäà �óíêöèÿ f èìååò íóëåâûå

èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì â BR â òîì è òîëüêî òîì

ñëó÷àå, êîãäà ïðè âñåõ öåëûõ k > 0, 1 6 l 6 dk èìåþò ìåñòî ðàâåíñòâà

fk,l(ρ) = ρ1−
n
2

∞∑

m=1

cm,k,l Jn
2
+k−1

(νm
r
ρ
)
, 0 6 ρ < R,

ãäå cm,k,l ∈ C è

cm,k,l = O

(
1

ναm

)
ïðè m→ ∞

äëÿ ëþáîãî �èêñèðîâàííîãî α > 0.

Ëåììà 7. Ïóñòü r > 0, 0 6 a < b 6 +∞, b− a > 2r, f ∈ C∞(Ba,b). Òîãäà �óíêöèÿ f
èìååò íóëåâûå èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì â Ba,b â òîì è

òîëüêî òîì ñëó÷àå, êîãäà ïðè âñåõ öåëûõ k > 0, 1 6 l 6 dk èìåþò ìåñòî ðàâåíñòâà

fk,l(ρ) = ρ1−
n
2

∞∑

m=1

αm,k,l Jn
2
+k−1

(νm
r
ρ
)
+ βm,k,lNn

2
+k−1

(νm
r
ρ
)
, a < ρ < b,

ãäå αm,k,l ∈ C, βm,k,l ∈ C è

|αm,k,l|+ |βm,k,l| = O

(
1

ναm

)
ïðè m→ ∞

äëÿ ëþáîãî �èêñèðîâàííîãî α > 0.

⊳ Äîêàçàòåëüñòâî òåîðåì 1 è 2. Ïóñòü A ∈ Vr(BR) ∩ C∞(BR). Ïî �îðìóëå

�àóññà � Îñòðîãðàäñêîãî èìååì

∫

Br(x)

divA (y) dy =

∫

∂Br(x)

A · n dξ = 0 (∀x ∈ BR−r), (26)

ãäå n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå øàðà Br(x). Ýòî îçíà÷àåò, ÷òî
�óíêöèÿ divA èìååò íóëåâûå èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì
â BR. Îòñþäà ïî ëåììå 6

(divA)k,l(ρ) = ρ1−
n
2

∞∑

m=1

cm,k,lJn
2
+k−1

(νmρ
r

)
, (27)
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ãäå êîíñòàíòû cm,k,l óáûâàþò áûñòðåå ëþáîé ñòåïåíè νm ïðè m → ∞. �àññìîòðèì âåê-

òîðíîå ïîëå C(x) = B(x)x, ãäå

B(x) =

1∫

0

divA(tx)tn−1 dt.

Òîãäà

Bk,l(ρ) =

∫

Sn−1

B(ρσ)Y
(k)
l (σ) dσ =

∫

Sn−1




1∫

0

divA(tρσ)tn−1 dt


Y

(k)
l (σ) dσ

=

1∫

0



∫

Sn−1

divA(tρσ)Y
(k)
l (σ) dσ


 tn−1dt =

1∫

0

(divA)k,l(tρ)t
n−1 dt.

Òåïåðü â ñîîòâåòñòâèè ñ (27)

Bk,l(ρ) =

1∫

0

ρ1−
n
2

∞∑

m=1

cm,k,lJn
2
+k−1

(
tνmρ

r

)
t
n
2 dt.

Èñïîëüçóÿ �îðìóëó

1∫

0

Jν(at)t
λ dt =

aν

2ν(λ+ ν + 1)Γ(ν + 1)
1F2

(
λ+ ν + 1

2
;
λ+ ν + 3

2
, ν + 1;−a

2

4

)
,

Re(λ+ ν) > −1 (ñì. [11, ï. 1.9.1, �îðìóëà 1℄), ïîëó÷àåì

Bk,l(ρ) =

∞∑

m=1

γm,k,l ρ
k
1F2

(
n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ
2r

)2)
, (28)

ãäå

γm,k,l =
cm,k,l

(n+ k)Γ
(
n
2 + k

)
2

n
2
+k−1

(νm
r

)n
2
+k−1

.

Êðîìå òîãî, ïî ëåììå 5

divC = divA. (29)

Ïîëàãàÿ

A
s = A−C,

èç (28) è (29) ïîëó÷àåì ïðåäñòàâëåíèå (8). Îáðàòíîå óòâåðæäåíèå òåîðåìû ñëåäóåò èç

ñîîòíîøåíèé (21), (26) è ëåììû 6. Òàêèì îáðàçîì, òåîðåìà 1 äîêàçàíà.

Ïîâòîðÿÿ òåïåðü ðàññóæäåíèÿ âûøå ñ èñïîëüçîâàíèåì ñëåäñòâèé 1, 3, 4 è ëåìì 4, 7,

ïîëó÷àåì óòâåðæäåíèå òåîðåìû 2. ⊲

Â çàêëþ÷åíèå âûïèøåì ÿâíîå ðàçëîæåíèå ïîëåé

bm,k,l(x) = ρk 1F2

(
n+ k

2
;
n+ k

2
+ 1,

n

2
+ k;−

(νmρ
2r

)2)
Y

(k)
l (σ)x,



32 Âîë÷êîâ Âèò. Â., Âîë÷êîâà Í. Ï.

âîçíèêàþùèõ â òåîðåìå 1, â âèäå ñóììû ñîëåíîèäàëüíîé è ïîòåíöèàëüíîé ÷àñòè, óäî-

âëåòâîðÿþùåé óðàâíåíèþ âèäà (4) èç òåîðåìû B. Â ñèëó ðàâåíñòâà (21) è [3, ÷. 1, ãë. 5,

�îðìóëà (5.27)℄ èìååì

∆div bm,k,l(x) = −
(νm
r

)2
div bm,k,l(x).

Îòñþäà è èç ðàâåíñòâà ∆ = div grad íàõîäèì

div

(
grad div bm,k,l(x) +

ν2m
r2
bm,k,l(x)

)
= 0.

Êðîìå òîãî,

∆grad div bm,k,l(x) = grad∆div bm,k,l(x) = −
(νm
r

)2
grad div bm,k,l(x).

Ïîýòîìó èñêîìûå ñîëåíîèäàëüíàÿ è ïîòåíöèàëüíàÿ ÷àñòè ðàâíû

bm,k,l(x) +

(
r

νm

)2

grad div bm,k,l(x)

è

−
(
r

νm

)2

grad div bm,k,l(x)

ñîîòâåòñòâåííî.
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Abstrat. The lassial property of a periodi funtion on the real axis is the possibility of its

representation by a trigonometri Fourier series. The natural analogue of the periodiity ondition in the

Eulidean spae R
n
is the onstany of the integrals of the funtion over all balls (or spheres) of a �xed radius.

Funtions with the spei�ed property an be expanded in a series in speial eigenfuntions of the Laplae

operator. This fat admits a generalization to vetor �elds in R
n
, having zero �ow through spheres of �xed

radius. In this ase, Smith's representation arises for them as the sum of a solenoidal vetor �eld and an

in�nite number of potential vetor �elds. Potential vetor �elds satisfy the Helmholtz equation related to the

zeros of the Bessel funtion Jn/2. The purpose of this paper is to obtain loal analogs of the Smith theorem.

We study vetor �elds A with zero �ow through spheres of �xed radius on domains O in Eulidean spae

that are invariant with respet to rotations. Cases are onsidered when O = BR = {x ∈ R
n : |x| < R} or

O = Ba,b = {x ∈ R
n : a < |x| < b}. The desription of the �elds A onsists of two steps. The �rst step

proves the equality A(x) = A
s(x) + B(x)x, x ∈ O, where A

s
is a suitable solenoidal vetor �eld and B is a

salar �eld. The seond step is to desribe the funtions B(x). As the main tool for the desription of B(x),
multidimensional Fourier series in spherial harmonis are used. If O = BR then the Fourier oe�ients of the

funtion B(x) an be represented in the form of series in the hypergeometri funtions 1F2. In the ase of

O = Ba,b the orresponding Fourier oe�ients an be expanded in the series ontaining the Bessel, Neumann

and Lommel funtions. These results an be used in harmoni analysis of vetor �elds on domains in R
n
.

Key words: vetor �eld, zero spherial mean, spherial harmoni, Lommel funtion.
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Àííîòàöèÿ. Ïîëó÷åíû Lp −Lq-îöåíêè äëÿ îáîáùåííûõ ïîòåíöèàëîâ �èññà ñ îñöèëëèðóþùèìè ÿä-

ðàìè è õàðàêòåðèñòèêàìè øèðîêîãî êëàññà, âêëþ÷àþùåãî ïðîèçâåäåíèå îäíîðîäíîé �óíêöèè, áåñ-

êîíå÷íî äè��åðåíöèðóåìîé â R
n \{0}, è �óíêöèè êëàññà Cm,γ(Ṙ1

+). Îïèñàíû âûïóêëûå ìíîæåñòâà

(1/p, 1/q)-ïëîñêîñòè, äëÿ òî÷åê êîòîðûõ óïîìÿíóòûå îïåðàòîðû îãðàíè÷åíû èç Lp â Lq , è óêàçàíû

îáëàñòè, ãäå ýòè îïåðàòîðû íå îãðàíè÷åíû. Â íåêîòîðûõ ñëó÷àÿõ äîêàçàíà òî÷íîñòü ïîëó÷åííûõ

îöåíîê. Â ÷àñòíîñòè, ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè èññëåäóåìûõ

îïåðàòîðîâ â Lp. Â íàñòîÿùåå âðåìÿ èìååòñÿ ðÿä ðàáîò ïî Lp − Lq-îöåíêàì äëÿ îïåðàòîðîâ ñâåðò-

êè ñ îñöèëëèðóþùèìè ÿäðàìè, â ÷àñòíîñòè, äëÿ îïåðàòîðîâ Áîõíåðà � �èññà è àêóñòè÷åñêèõ ïî-

òåíöèàëîâ, âîçíèêàþùèõ â ðàçëè÷íûõ çàäà÷àõ àíàëèçà è ìàòåìàòè÷åñêîé �èçèêè. Â ýòèõ ðàáîòàõ

ðàññìàòðèâàþòñÿ ÿäðà, ñîäåðæàùèå òîëüêî ðàäèàëüíóþ õàðàêòåðèñòèêó b(r), êîòîðàÿ ñòàáèëèçè-

ðóåòñÿ íà áåñêîíå÷íîñòè êàê ã�åëüäåðîâñêàÿ �óíêöèÿ. Áëàãîäàðÿ ýòîìó ñâîéñòâó ïîëó÷åíèå îöåíîê

äëÿ óêàçàííûõ îïåðàòîðîâ ñâîäèëîñü ê ñëó÷àþ îïåðàòîðà ñ õàðàêòåðèñòèêîé b(r) ≡ 1. Ïîäîáíîå
ñâåäåíèå â ïðèíöèïå íåâîçìîæíî, êîãäà ÿäðî ïîòåíöèàëà �èññà ñîäåðæèò îäíîðîäíóþ õàðàêòåðè-

ñòèêó a(t′). Ïîýòîìó â ðàáîòå ðàçâèâàåòñÿ íîâûé ìåòîä, îñíîâàííûé íà ïîëó÷åíèè ñïåöèàëüíûõ

ïðåäñòàâëåíèé äëÿ ñèìâîëîâ ðàññìàòðèâàåìûõ îïåðàòîðîâ ñ ïîñëåäóþùèì ïðèìåíåíèåì òåõíèêè

Ôóðüå-ìóëüòèïëèêàòîðîâ, âûðîæäàþùèõñÿ èëè èìåþùèõ îñîáåííîñòè íà åäèíè÷íîé ñ�åðå â R
n
.

Êëþ÷åâûå ñëîâà: ïîòåíöèàë �èññà, îñöèëëèðóþùåå ÿäðî, Lp − Lq-îöåíêè, L -õàðàêòåðèñòèêà.

Mathematial Subjet Classi�ation (2000): 46E35, 26A33.

Îáðàçåö öèòèðîâàíèÿ: �óðîâ Ì. Í., Íîãèí Â. À. Lp − Lq-îöåíêè äëÿ îïåðàòîðîâ òèïà ïîòåí-

öèàëà ñ îñöèëëèðóþùèìè ÿäðàìè // Âëàäèêàâê. ìàò. æóðí.�2018.�Ò. 20, âûï. 4.�Ñ. 35�42. DOI:

10.23671/VNC.2018.4.23385.

Ââåäåíèå

Â ðàáîòå ïîëó÷åíû Lp − Lq-îöåíêè äëÿ îïåðàòîðîâ òèïà ïîòåíöèàëà

(Rαϕ)(x) =

∫

Rn

a(t′)b(|t|) ei|t|
|t|n−α ϕ(x− t) dt, (1)

ãäå 0 < Reα < n, a(t′) (t′ = t/|t|) � îäíîðîäíàÿ íóëåâîé ñòåïåíè �óíêöèÿ, áåñêî-

íå÷íî äè��åðåíöèðóåìàÿ â R
n \ {0}, óäîâëåòâîðÿþùàÿ óñëîâèþ a(t′) 6≡ 0, t′ ∈ Sn−1

.

© 2018 �óðîâ Ì. Í., Íîãèí Â. À.
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Ïðåäïîëàãàåòñÿ òàêæå, ÷òî ðàäèàëüíàÿ �óíêöèÿ b(r) ïðèíàäëåæèò êëàññó Cm,γ(Ṙ1
+)

ã�åëüäåðîâñêèõ �óíêöèé (ñì. � 2).

Â ðàáîòå îïèñàíû âûïóêëûå ìíîæåñòâà (1/p, 1/q)-ïëîñêîñòè, äëÿ òî÷åê êîòîðûõ îïå-
ðàòîð Rα îãðàíè÷åí èç Lp â Lq, è óêàçàíû îáëàñòè, ãäå ýòîò îïåðàòîð íå îãðàíè÷åí

(ñì. òåîðåìó 1.1). Â íåêîòîðûõ ñëó÷àÿõ äîêàçàíà òî÷íîñòü ïîëó÷åííûõ îöåíîê (ñì. çà-

ìå÷àíèå 1.1). Â ÷àñòíîñòè, ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íîå óñëîâèÿ îãðàíè÷åííîñòè

îïåðàòîðà (1) â Lp.
Â íàñòîÿùåå âðåìÿ èìååòñÿ ðÿä ðàáîò ïî Lp − Lq-îöåíêàì äëÿ îïåðàòîðîâ ñâåðòêè

ñ îñöèëëèðóþùèìè ÿäðàìè, â ÷àñòíîñòè, äëÿ îïåðàòîðîâ Áîõíåðà � �èññà è àêóñòè÷å-

ñêèõ ïîòåíöèàëîâ, âîçíèêàþùèõ â ðàçëè÷íûõ çàäà÷àõ àíàëèçà è ìàòåìàòè÷åñêîé �èçèêè

(ñì. êíèãè [1℄ è [2℄, à òàêæå ðàáîòû [3�6, 7�9℄). Âî âñåõ óïîìÿíóòûõ ðàáîòàõ, êðîìå [3℄

è [7℄, ðàññìàòðèâàëèñü ÿäðà, ñîäåðæàùèå òîëüêî ðàäèàëüíóþ õàðàêòåðèñòèêó b(r), êî-
òîðàÿ ñòàáèëèçèðóåòñÿ íà áåñêîíå÷íîñòè êàê ã�åëüäåðîâñêàÿ �óíêöèÿ. Áëàãîäàðÿ ýòîìó

ñâîéñòâó ïîëó÷åíèå îöåíîê äëÿ óêàçàííûõ îïåðàòîðîâ ñâîäèëîñü ê ñëó÷àþ îïåðàòîðà

ñ õàðàêòåðèñòèêîé b(r) ≡ 1. Ïîäîáíîå ñâåäåíèå â ïðèíöèïå íåâîçìîæíî, êîãäà ÿäðî îïå-
ðàòîðà (1) ñîäåðæèò îäíîðîäíóþ õàðàêòåðèñòèêó a(t′).

Â ðàáîòå [3℄ áûëè ïîëó÷åíû îöåíêè äëÿ ïîòåíöèàëà (1) â ñëó÷àå b(|t|) ≡ 1 è (n−1)/2 <
Reα < n. Îäíàêî, èñïîëüçîâàííûé â íåé ìåòîä, îñíîâàííûé íà ïðåäñòàâëåíèè îïåðàòîðà
Rαa ÷åðåç îïåðàòîð Áîõíåðà � �èññà è íåêîòîðûé îïåðàòîð, áëèçêèé ê àêóñòè÷åñêîìó

ïîòåíöèàëó, íå ðàáîòàåò ïðè Reα 6 (n− 1)/2.
Â ðàáîòå [7℄ ðàçâèâàåòñÿ íîâûé ìåòîä, îñíîâàííûé íà ïîëó÷åíèè ñïåöèàëüíûõ ïðåä-

ñòàâëåíèé äëÿ ñèìâîëà îïåðàòîðà (1) (â ñëó÷àå b(|t|) ≡ 1) ñ ïîñëåäóþùèì ïðèìåíåíèåì

òåõíèêè Ôóðüå-ìóëüòèïëèêàòîðîâ, âûðîæäàþùèõñÿ èëè èìåþùèõ îñîáåííîñòè íà åäè-

íè÷íîé ñ�åðå â R
n
. Ýòîò ìåòîä ïîçâîëÿåò ïîëó÷èòü Lp − Lq-îöåíêè äëÿ ïîòåíöèàëà (1)

â ñëó÷àå b(|t|) ≡ 1 ïðè ëþáûõ çíà÷åíèÿõ α, óäîâëåòâîðÿþùèõ óñëîâèþ 0 < Reα < n.

1. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà

Â ðàáîòå èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: (A,B, . . . ,K) � îòêðûòûé ìíîãî-

óãîëüíèê â R
2
ñ âåðøèíàìè â òî÷êàõ A,B, . . . ,K; [A,B, . . . ,K] � åãî çàìûêàíèå.

×åðåç L (A) îáîçíà÷èì L -õàðàêòåðèñòèêó îïåðàòîðà A, ò. å. ìíîæåñòâî âñåõ òî-

÷åê (1/p, 1/q)-ïëîñêîñòè (1 6 p 6 q 6 ∞) òàêèõ, ÷òî îïåðàòîð A îãðàíè÷åí èç Lp â Lq.
Ïóñòü 0 < Reα < n. Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå òî÷êè (1/p, 1/q)-ïëîñêîñòè:

A =

(
1, 1 − Reα

n

)
, A′ =

(
Reα

n
, 0

)
,

C =

(
3

2
− 2Reα

n− 1
,
3

2
− 2Reα

n− 1

)
, C ′ =

(
2Reα

n− 1
− 1

2
,
2Reα

n− 1
− 1

2

)
,

E = (1, 0), F =

(
1

2
,
1

2

)
,

G =

(
1− (n− Reα)(n − 1)

n(n+ 3)
, 1− Reα

n

)
, G′ =

(
Reα

n
,
(n− Reα)(n − 1)

n(n+ 3)

)
,

H =

(
1− Reα

n
, 1− Reα

n

)
, H ′ =

(
Reα

n
,
Reα

n

)
,

O = (1, 1), O′ = (0, 0),

K =

(
2(Reα+ 1)

n+ 1
− 1

2
,
1

2

)
, K ′ =

(
1

2
,
3

2
− 2(Reα+ 1)

n+ 1

)
,
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B =

(
1− (n − 1)(n − Reα)

n(n+ 1)
, 1− Reα

n

)
, B′ =

(
Reα

n
,
(n − 1)(n − Reα)

n(n+ 1)

)
.

O′

O

E
1/p

1/q

A′

G

F

G′

H ′
C ′

C
H A

�èñ. 1.

O′

O

E
1/p

1/q

A′
G′

H ′

H

K ′

K

B

B′

G A

�èñ. 2.

Íàì ïîíàäîáÿòñÿ òàêæå ñëåäóþùèå ìíîæåñòâà íà (1/p, 1/q)-ïëîñêîñòè (ñì. ðèñ. 1 è 2
äëÿ ñëó÷àåâ 0 < Reα 6

n−1
2 è

n−1
2 < Reα < n ñîîòâåòñòâåííî):

L1(α, n) =





[A′,H ′,H,A,E] \ ([A′,H ′] ∪ [A,H]), 0 < Reα 6
n(n−1)
2(n+1) ,

(A′, G′, C ′, C,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ (C ′, C), n(n−1)
2(n+1) < Reα < n−1

2 ,

(A′, G′, F,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ {F}, Reα = n−1
2 , Imα 6= 0,

(A′, G′, F,G,A,E) ∪ (A,E] ∪ (A′, E), α = n−1
2 ,

(A′, G′,K ′,K,G,A,E) ∪ (A,E] ∪ (A′, E) ∪ [K ′,K], n−1
2 < Reα < n

2 ,

(A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E), n
2 6 Reα < n, Imα 6= 0,

(A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E) ∪ (B′, B), n
2 6 α < n,

L2(α, n) = [O,A,A′, O′] \ ({A′} ∪ {A}).
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Îñíîâíûì ðåçóëüòàòîì ñòàòüè ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1.1. Ïóñòü 0 < Reα < n.
I. Ñïðàâåäëèâî âëîæåíèå

L (Rα) ⊃ L1(α, n) ∩ L2(α, n). (2)

II. Ìíîæåñòâî L (Rα) íå ñîäåðæèò òî÷åê ëåæàùèõ:

1) íà îòðåçêå [A,H] è âûøå íåãî, åñëè a(σ) 6= 0, σ ∈ Sn−1
;

2) íà îòðåçêå [A′,H ′] è ëåâåå íåãî ïðè òîì æå óñëîâèè íà õàðàêòåðèñòèêó a(σ), ÷òî è
â ï. 1);

3) íà îòðåçêå [O′, O], åñëè α = (n− 1)/2;
4) íèæå ïðÿìîé A′A, à òàêæå òî÷êè A′

è A.

Çàìå÷àíèå 1.1. Ïðè 0 < Reα 6
n(n−1)
2(n+1) è n/2 6 α < n ïîëó÷åííûå îöåíêè ÿâëÿþòñÿ

òî÷íûìè. À èìåííî,

L (Rα) = [A′,H ′,H,A] \ ([A′,H ′] ∪ [A,H]), 0 < Reα 6
n(n− 1)

2(n+ 1)
,

L (Rα) = (A′, B′, B,A,E) ∪ (A,E] ∪ (A′, E) ∪ (B′, B), n/2 6 α < n.

Â ÷àñòíîñòè, äëÿ òàêèõ α ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå îãðàíè÷åí-

íîñòè îïåðàòîðà (1) â Lp. Èìåííî, ýòîò îïåðàòîð îãðàíè÷åí â Lp òîãäà è òîëüêî òîãäà,

êîãäà n/(n− Reα) < p < n/Reα.

2. Âñïîìîãàòåëüíûå ñâåäåíèÿ è óòâåðæäåíèÿ

Ñëåäóÿ [1℄, áóäåì ãîâîðèòü, ÷òî �óíêöèÿ f(r) ïðèíàäëåæèò êëàññó Cm;γ(Ṙ1
+),

m = 0, 1, 2, . . . , è 0 6 γ 6 m, åñëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

i) �óíêöèÿ f(r) ∈ Cm(R1
+ \ {0});

ii) �óíêöèÿ f∗(r) = f(1r ) èìååò â òî÷êå r = 0 ïðîèçâîäíûå äî m-ãî ïîðÿäêà âêëþ÷è-
òåëüíî;

iii) â òî÷êå r = 0 �óíêöèÿ f(r) èìååò íåïðåðûâíûå ïðîèçâîäíûå äî ïîðÿäêà [γ]
âêëþ÷èòåëüíî, è ñïðàâåäëèâà îöåíêà

|f (p)(r)| 6 rγ−p,

ïðè r → 0, p = [γ] + 1, . . . ,m.
Â ñëó÷àå γ = m èìååì Cm;m(Ṙ1

+) = Cm(Ṙ1
+).

Ëåììà 2.1 [1℄. Ïóñòü f(r) ∈ Cm,γ(Ṙ1
+), m > 1. Òîãäà ñïðàâåäëèâî ðàçëîæåíèå

f(r) =
m−1∑

k=0

ak
(1 + r2)k/2

+ fm(r),

ãäå

ak =
1

k!
f
(k)
∗ (0) =

(−1)k

k!

(
(1 + r2)3/2

r

d

dr

)k
f(r)

∣∣
r=∞, (3)

fm(r) =
1

(m− 1)!(1 + r2)m/2

1∫

0

(1− u)m−1f
(m)
∗

(
u√

1 + r2

)
du. (4)

Çäåñü f∗(t) = f
(√

1−t2
t

)
.
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Êðîìå òîãî, ñïðàâåäëèâà îöåíêà

|fm(r)| 6 c(1 + r2)−
m
2 , (5)

äëÿ íåêîòîðîãî c > 0.

Äàëåå, ðàññìîòðèì ïîòåíöèàë

(Rαaϕ)(x) =

∫

Rn

a(t′)ei|t|

|t|n−α ϕ(x− t) dt,

ãäå 0 < Reα < n, a(t′), t′ = t/|t|, � îäíîðîäíàÿ íóëåâîé ñòåïåíè �óíêöèÿ, áåñêîíå÷íî

äè��åðåíöèðóåìàÿ â R
n \ {0}, óäîâëåòâîðÿþùàÿ óñëîâèþ a(t′) 6≡ 0, t′ ∈ Sn−1

.

Â ðàáîòå äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 2.1 [7℄. Ïóñòü 0 < Reα < n.

I. Ñïðàâåäëèâî âëîæåíèå

L (Rαa ) ⊃ L1(α, n) ∩ L2(α, n).

II. Ìíîæåñòâî L (Rαa ) íå ñîäåðæèò òî÷åê, ëåæàùèõ:

1) íà îòðåçêå [A,H] è âûøå íåãî, åñëè a(σ) 6= 0, σ ∈ Sn−1
;

2) íà îòðåçêå [A′,H ′] è ëåâåå íåãî ïðè òîì æå óñëîâèè íà õàðàêòåðèñòèêó a(σ), ÷òî è
â ï. 1);

3) íà îòðåçêå [O′, O], åñëè α = (n− 1)/2;

4) íèæå ïðÿìîé A′A, à òàêæå òî÷êè A′
è A.

3. Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà

Èìååì

(Rαϕ)(x) =

( ∫

|t|<1

+

∫

|t|>1

)
b(|t|)a(t′)ei|t|

|t|n−α ϕ(x− t) dt ≡ (Mα,0ϕ)(x) + (Mα,∞ϕ)(x).

Îòìåòèì, ÷òî ÿäðî mα,0(t) îïåðàòîðà Mα,0
ïðèíàäëåæèò L1. Ñëåäîâàòåëüíî, îïåðà-

òîð Mα,0
îãðàíè÷åí â Lp, 1 6 p 6 ∞.

Ñ äðóãîé ñòîðîíû, äëÿ îïåðàòîðà Mα,0
ñïðàâåäëèâà òåîðåìà Ñîáîëåâà. Îòñþäà ñëå-

äóåò, ÷òî

L (Mα,0) ⊃ [O′, O,A,A′] \ ({A′} ∪ {A}). (6)

�àññóæäàÿ òàê æå, êàê è â ñòàòüå [6℄, çàêëþ÷àåì, ÷òî L (Mα,0) íå ñîäåðæèò òî÷åê ìíî-
æåñòâà [A′, A,E] \ (A′, A).

�àññìîòðèì îïåðàòîð Mα,∞
. Â ñèëó ëåììû 2.1 èìååì

b(r) =

m−1∑

k=0

ak
(1 + r2)k/2

+ bm(r),

ãäå êîý��èöèåíòû ak è �óíêöèÿ bm(r) îïðåäåëÿþòñÿ ðàâåíñòâàìè (3) è (4) ñîîòâåòñòâåí-
íî.



40 �óðîâ Ì. Í., Íîãèí Â. À.

�àçëîæèâ �óíêöèþ (1 + r2)−k/2 ïî �îðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòå-

ãðàëüíîé �îðìå, áóäåì èìåòü

b(r) =

m−1∑

k=0

ak
rk

(
1 +

l−1∑

s=1

(−k
2

s

)
1

r2s
+Rl

(
1

r2

))
+ bm(r), (7)

ãäå r > 1, m > 1,
(
n
k

)
= n(n−1)...(n−k+1)

k! ,

Rl

(
1

r2

)
=

1

r2l (l − 1)!

1∫

0

(1− u)l−1((1 +
u

r2
)−k/2)(l) du,

çäåñü l =
[
α
2

]
+ 1.

Ñ ó÷åòîì (7) ïîëó÷àåì

(Mα,∞ϕ)(x) = a0(R
α
a )(x) +

m−1∑

k=1

ak(R
α−k
a )(x)

+

m−1∑

k=0

l−1∑

s=1

(−k
2

s

)
ak(R

α−k−2s
a )(x) +

m−1∑

k=0

ak(T
α−k
a ϕ)(x) + (Sαaϕ)(x).

Çäåñü

(Tα−ka ϕ)(x) =

∫

|t|>1

a(t′)Rl(1/|t|2)ei|t|
|t|n−(α−k) ϕ(x− t) dt,

(Sαaϕ)(x) =

∫

|t|>1

a(t′)bm(|t|)ei|t|
|t|n−α ϕ(x− t) dt.

Çàìåòèì, ÷òî äëÿ îïåðàòîðîâ Rα è Rα−k−2s
(0 6 k 6 m−1, 1 6 s 6 l−1) ñïðàâåäëèâà

òåîðåìà 2.1. Èç óêàçàííîé òåîðåìû âûòåêàþò âëîæåíèÿ

L (Rαa ) ⊃ L1(α, n) ∩ L2(α, n); (8)

L (Rα−k−2s
a ) ⊃ L1(α, n) ∩ L2(α, n). (9)

Êðîìå òîãî, èç óòâåðæäåíèé ï. II òåîðåìû 2.1 âûòåêàåò, ÷òî ìíîæåñòâî L (Rαa ) íå ñî-
äåðæèò òî÷åê, ëåæàùèõ:

1) íà îòðåçêå [A,H] è âûøå íåãî, åñëè a(σ) 6= 0, σ ∈ Sn−1
;

2) íà îòðåçêå [A′,H ′] è ëåâåå íåãî ïðè òîì æå óñëîâèè íà õàðàêòåðèñòèêó a(σ), ÷òî è
â ï. 1);

3) íà îòðåçêå [O′, O], åñëè α = (n− 1)/2;
4) íèæå ïðÿìîé A′A, à òàêæå òî÷êè A′

è A.
Ïîñêîëüêó ÿäðà îïåðàòîðîâ Tα−ka , 0 6 k 6 m − 1, ïðèíàäëåæàò L1, òî, ñ îäíîé

ñòîðîíû, îïåðàòîðû Tα−ka îãðàíè÷åíû â Lp, 1 6 p <∞, à ñ äðóãîé � â L∞.
Èíòåðïîëèðóÿ, ïîëó÷àåì

L (Tα−ka ) = [O′, O,E], 0 6 k 6 m− 1. (10)

Äàëåå, ñ ó÷åòîì (5) èìååì

L (Sαa ) = [O′, O,E]. (11)

Èç óñëîâèé (6), (8)�(11) âûòåêàåò óòâåðæäåíèå òåîðåìû 1.1.
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Abstrat. We onsider a lass of multidimensional potential-type operators whose kernels are osillating

at in�nity. The harateristis of these operators are from a wide lass of funtions inluding the produt of

a homogeneous funtion in�nitely di�erentiable in R
n \ {0} and any funtion from Cm,γ(Ṙ1

+). We desribe

onvex sets in the (1/p; 1/q)-plane for whih these operators are bounded from Lp into Lq and indiate the

domains where they are not bounded. In some ases, the auray of the estimates obtained is proved. In

partiular, neessary and su�ient onditions for the boundedness of the operators under onsidered in Lp are
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obtained. Currently, there is a number of papers on Lp−Lq-estimates for onvolution operators with osillating

kernels, in partiular, for the Bohner�Riesz operators and aousti potentials arising in various problems of

analysis and mathematial physis. These papers over kernels ontaining only the radial harateristi b(r),
whih stabilized at in�nity as a H�elder funtion. Due to this property, the derivation of estimates for the

indiated operators was redued to the ase of an operator with the harateristi b(r) ≡ 1. Suh a redution
is impossible when the Riesz potential kernel ontains a homogeneous harateristi a(t′). To reeive the

results we use new method whih based on speial representation of the symbols multidimensional potential-

type operators. To these representations of the symbols we apply the tehnique of Fourier-multipliers, whih

degenerate or have singularities on the unit sphere in R
n
.

Key words: potential-type operators, osillating kernel, Lp − Lq-estimates, L -harateristis.
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Àííîòàöèÿ. Â ïðåäøåñòâóþùèõ ðàáîòàõ àâòîðîâ íàéäåíû ìàññèâû ïåðåñå÷åíèé äèñòàíöèîííî ðå-

ãóëÿðíûõ ãðà�îâ, â êîòîðûõ îêðåñòíîñòè âåðøèí ÿâëÿþòñÿ ïñåâäîãåîìåòðè÷åñêèìè ãðà�àìèè äëÿ

pGs−3(s, t). Â ÷àñòíîñòè, ëîêàëüíî ïñåâäî pG2(5, 2)-ãðà� ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðà�îì ñ ïàðà-

ìåòðàìè (117, 36, 15, 9). Îñíîâíûì ðåçóëüòàòîì äàííîé ñòàòüè ÿâëÿåòñÿ òåîðåìà, â êîòîðîé íàéäåíû

âîçìîæíûå ïîðÿäêè è ñòðîåíèå ïîäãðà�îâ íåïîäâèæíûõ òî÷åê àâòîìîð�èçìîâ ñèëüíî ðåãóëÿðíî-

ãî ãðà�à ñ ïàðàìåòðàìè (117, 36, 15, 9). Ýòîò ãðà� èìååò ñïåêòð 361, 926,−390. Ïîðÿäîê êëèêè â Γ
íå ïðåâîñõîäèò 1 + 36/3 = 13, ïîðÿäîê êîêëèêè â Γ íå ïðåâîñõîäèò 117 · 3/39 = 9. Äàëåå èç ýòî-
ãî ðåçóëüòàòà âûâåäåíî ñëåäñòâèå, ÷òî åñëè ãðóïïà G àâòîìîð�èçìîâ ñèëüíî ðåãóëÿðíîãî ãðà�à

ñ ïàðàìåòðàìè (117, 36, 15, 9) äåéñòâóåò òðàíçèòèâíî íà ìíîæåñòâå âåðøèí, òî öîêîëü T ãðóïïû G
èçîìîð�åí ëèáî L3(3) è Ta

∼= GL2(3) � ïîäãðóïïà èíäåêñà 117, ëèáî T ∼= L4(3) è Ta
∼= U4(2).Z2 �

ïîäãðóïïà èíäåêñà 117.

Êëþ÷åâûå ñëîâà: ñèëüíî ðåãóëÿðíûé ãðà�, ñèììåòðè÷íûé ãðà�, ãðóïïà àâòîìîð�èçìîâ ãðà�à.

Mathematial Subjet Classi�ation (2010): 20D45.

Îáðàçåö öèòèðîâàíèÿ: �óòíîâà À. Ê., Ìàõíåâ À. À. Îá àâòîìîð�èçìàõ ñèëüíî ðåãóëÿðíîãî ãðà-

�à ñ ïàðàìåòðàìè (117, 36, 15, 9) // Âëàäèêàâê. ìàò. æóðí.�2018.�Ò. 20, âûï. 4.�Ñ. 43�49. DOI:

10.23671/VNC.2018.4.23386.

1. Ââåäåíèå

Ìû ðàññìàòðèâàåì íåîðèåíòèðîâàííûå ãðà�û áåç ïåòåëü è êðàòíûõ ðåáåð. Äëÿ âåð-

øèíû a ãðà�à Γ ÷åðåç Γi(a) îáîçíà÷èì i-îêðåñòíîñòü âåðøèíû a, ò. å. ïîäãðà�, èíäó-
öèðîâàííûé Γ íà ìíîæåñòâå âñåõ âåðøèí, íàõîäÿùèõñÿ íà ðàññòîÿíèè i îò a. Ïîëîæèì
[a] = Γ1(a), a

⊥ = {a} ∪ [a].
Ñòåïåíüþ âåðøèíû íàçûâàåòñÿ ÷èñëî âåðøèí â åå îêðåñòíîñòè. �ðà� Γ íàçûâàåò-

ñÿ ðåãóëÿðíûì ñòåïåíè k, åñëè ñòåïåíü ëþáîé âåðøèíû èç Γ ðàâíà k. �ðà� Γ íàçîâåì

ðåáåðíî ðåãóëÿðíûì ñ ïàðàìåòðàìè (v, k, λ), åñëè îí ñîäåðæèò v âåðøèí, ðåãóëÿðåí ñòå-
ïåíè k, è êàæäîå åãî ðåáðî ëåæèò â λ òðåóãîëüíèêàõ. �ðà� Γ � âïîëíå ðåãóëÿðíûé ãðà�

ñ ïàðàìåòðàìè (v, k, λ, µ), åñëè îí ðåáåðíî ðåãóëÿðåí  ñîîòâåòñòâóþùèìè ïàðàìåòðàìè,
è [a]∩ [b] ñîäåðæèò µ âåðøèí äëÿ ëþáûõ äâóõ âåðøèí a, b, íàõîäÿùèõñÿ íà ðàññòîÿíèè 2
â Γ. Âïîëíå ðåãóëÿðíûé ãðà� äèàìåòðà 2 íàçûâàåòñÿ ñèëüíî ðåãóëÿðíûì ãðà�îì.

© 2018 �óòíîâà À. Ê., Ìàõíåâ À. À.
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Â ðàáîòàõ À. À. Ìàõíåâà è À. Ê. �óòíîâîé [1�3℄ íàéäåíû ìàññèâû ïåðåñå÷åíèé äèñòàí-

öèîííî ðåãóëÿðíûõ ãðà�îâ, â êîòîðûõ îêðåñòíîñòè âåðøèí ÿâëÿþòñÿ ïñåâäîãåîìåòðè÷å-

ñêèìè ãðà�àìèè äëÿ pGs−3(s, t). Â ÷àñòíîñòè, ëîêàëüíî ïñåâäî pG2(5, 2)-ãðà� ÿâëÿåòñÿ

ñèëüíî ðåãóëÿðíûì ãðà�îì ñ ïàðàìåòðàìè (117, 36, 15, 9).
Â äàííîé ðàáîòå íàéäåíû âîçìîæíûå àâòîìîð�èçìû äëÿ ñèëüíî ðåãóëÿðíîãî ãðà�à

ñ ïàðàìåòðàìè (117, 36, 15, 9). Ýòîò ãðà� èìååò ñïåêòð 361, 926,−390. Ïîðÿäîê êëèêè â Γ
íå ïðåâîñõîäèò 1 + 36/3 = 13, ïîðÿäîê êîêëèêè â Γ íå ïðåâîñõîäèò 117 · 3/39 = 9.

2. Âñïîìîãàòåëüíûå ðåçóëüòàòû

Ëåììà 1. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (117, 36, 15, 9),
G = Aut(Γ). Åñëè g ∈ G, χ1 � õàðàêòåð ïðîåêöèè ïðåäñòàâëåíèÿ ψ íà ïîäïðîñòðàíñòâî

ðàçìåðíîñòè 26, òî αi(g) = αi(g
l) äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà l, âçàèìíî ïðîñòîãî

ñ |g|, χ1(g) = (α0(g)+α1(g)/3−13)/4. Åñëè |g| = p � ïðîñòîå ÷èñëî, òî χ1(g)−26 äåëèòñÿ
íà p. Åñëè |g| = p2, p � ïðîñòîå ÷èñëî, òî p2 äåëèò χ1(g

p)− 26.

⊳ Èìååì

Q =




1 1 1
26 13/2 −13/4
90 −15/2 9/4


 .

Ïîýòîìó χ1(g) = (8α0(g)+2α1(g)−α2(g))/36. Ïîäñòàâëÿÿ α2(g) = 117−α0(g)−α1(g),
ïîëó÷èì χ1(g) = (α0(g) + α1(g)/3 − 13)/4.

Îñòàëüíûå óòâåðæäåíèÿ ëåììû ñëåäóþò èç [5, ëåììà 1℄. ⊲

Ëåììà 2. Ïóñòü Γ � äèñòàíöèîííî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (117, 36, 15, 9),
A � òðåõâåðøèííûé ïîäãðà� èç Γ, yi � ÷èñëî âåðøèí èç Γ − A, ñìåæíûõ òî÷íî ñ i
âåðøèíàìè èç A. Åñëè A� êîêëèêà, òî y0 = 33−y3, åñëè A� îáúåäèíåíèå èçîëèðîâàííîé

âåðøèíû è ðåáðà, òî y0 = 40 − y3, åñëè A � ãåîäåçè÷åñêèé ïóòü, òî y0 = 47 − y3, à åñëè
A � êëèêà, òî y0 = 54− y3.

⊳ Ïóñòü A � êîêëèêà. Òîãäà y1 = 54 + 3y3, y2 = 27− 3y3 è y0 = 33− 3y3. Ïóñòü A �

êëèêà. Òîãäà y1 = 18 + 3y3, y2 = 42 − 3y3 è y0 = 54− 3y3. Àíàëîãè÷íî ðàññìàòðèâàþòñÿ
îñòàâøèåñÿ ñëó÷àè. ⊲

Ïóñòü äî êîíöà ðàáîòû Γ � ñèëüíî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (117, 36, 15, 9),
G = Aut(Γ), g � ýëåìåíò ïðîñòîãî ïîðÿäêà p èç G è Ω = Fix(g). Çàìåòèì, ÷òî åñëè a,
b � äâå âåðøèíû èç Ω è p > 13, òî [a] ∩ [b] ⊂ Ω.

Ëåììà 3. Âûïîëíÿþòñÿ ñëåäóþùèå óòâåðæäåíèÿ:

(1) â Γ íåò ñîáñòâåííûõ ñèëüíî ðåãóëÿðíûõ ïîäãðà�îâ ñ ïàðàìåòðàìè (v′, k′, 15, 9);
(2) åñëè Ω � ïóñòîé ãðà�, òî p = 13, α1(g) = 39 è α2(g) = 78 èëè p = 3, α1(g) = 36l−9

è α2(g) = 126− 36l;
(3) åñëè Ω ÿâëÿåòñÿ n-êëèêîé, òî n > 1 è ëèáî p = 5, n = 2, 7, 12, α1(g) = 60l+75−15n

è α2(g) = 42 + 14n − 60l, ëèáî p = 2, n = 5, 7, 9, 11, 13, α1(g) = 24l + 39 − 3n è α2(g) =
78 + 2n− 24l;

(4) åñëè Ω íå ÿâëÿåòñÿ êëèêîé èëè ïóñòûì ãðà�îì, òî Ω ñîäåðæèò ãåîäåçè÷åñêèé

2-ïóòü è p 6 13.

⊳ Ïóñòü ∆ � ñèëüíî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (v′, k′, 15, 9). Òàê êàê n2 =
36 + 4(k′ − 9), òî n = 2u, k′ = u2 è ∆ èìååò ñîáñòâåííûå çíà÷åíèÿ u + 3, −(u − 3).
Êðàòíîñòü u+ 3 ðàâíà (u− 4)u(u2 + u− 3)/18, ïîýòîìó u > 6.

Ïóñòü Ω � ïóñòîé ãðà�. Òàê êàê 117 = 13 · 9, òî p ∈ {3, 13}. Ïîëîæèì αi(g) = pwi.
Ïóñòü p = 13. Òîãäà χ1(g) = 13(w1/3 − 1)/4, ïîýòîìó α1(g) = 39 è α2(g) = 78. Ïóñòü
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p = 3. Òîãäà χ1(g) = (w1 − 13)/4 ñðàâíèìî ñ 2 ïî ìîäóëþ 3, ïîýòîìó α1(g) = 36l − 9 è
α2(g) = 126 − 36l.

Ïóñòü Ω ÿâëÿåòñÿ n-êëèêîé, a � âåðøèíà èç Ω. Åñëè n = 1, òî p äåëèò 36 è 80, ïîýòîìó
p = 2, ïðîòèâîðå÷èå ñ òåì, ÷òî äëÿ âåðøèíû u ∈ Γ− a⊥, ïîäãðà� [u]∩ [ug] ïåðåñåêàåò Ω.

Åñëè n > 1, òî p äåëèò 20, 50 è 17− n, ïîýòîìó ëèáî p = 5 è n = 2, 7, 12, ëèáî p = 2 è
n = 3, 5, . . . , 13. Â ëþáîì ñëó÷àå χ1(g) = (n+ pw1/3− 13)/4.

Â ñëó÷àå p = 5 èìååì α1(g) = 60l + 75− 15n è α2(g) = 42 + 14n− 60l. Â ñëó÷àå p = 2
÷èñëî (n + 2w1/3 − 13)/4 ÷åòíî, ïîýòîìó α1(g) = 24l + 39 − 3n è α2(g) = 78 + 2n − 24l.
Åñëè n = 3, òî íåêîòîðàÿ âåðøèíà èç Γ−Ω íå ñìåæíà ñ âåðøèíàìè èç Ω, ïðîòèâîðå÷èå.

Ïóñòü Ω ÿâëÿåòñÿ m-êëèêîé, m > 1. Òîãäà p äåëèò 9 è 26, ïðîòèâîðå÷èå.

Ïóñòü Ω ñîäåðæèò ðåáðî è ÿâëÿåòñÿ îáüåäèíåíèåì t > 2 èçîëèðîâàííûõ êëèê. Òîãäà p
äåëèò 9 è 20, ïðîòèâîðå÷èå.

Ïóñòü Ω ñîäåðæèò ãåîäåçè÷åñêèé 2-ïóòü. Åñëè p > 13, òî Ω � ñèëüíî ðåãóëÿðíûé

ãðà� ñ λ = 15 è µ = 9, ïðîòèâîðå÷èå ñ óòâåðæäåíèåì (1). ⊲

Ëåììà 4. Ïóñòü Ω ñîäåðæèò ãåîäåçè÷åñêèé ïóòü b, a, c. Òîãäà âûïîëíÿþòñÿ ñëåäó-

þùèå óòâåðæäåíèÿ:

(1) åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 36, òî ëèáî p = 3 è α0(g) = 45, ëèáî p = 2,
37 6 α0(g) 6 63 è ÷èñëî α0(g) + α1(g)/3 − 13 äåëèòñÿ íà 8;

(2) p íå áîëüøå 7;

(3) åñëè p = 7, òî Ω � ñèëüíî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (26, 15, 8, 9)
è α1(g) = 24.

⊳ Ïóñòü Ω ñîäåðæèò âåðøèíó a ñòåïåíè 36. Ââèäó ëåììû 2 ëþáàÿ 〈g〉-îðáèòà äëèíû p
íå ñîäåðæèò 3-êîêëèê. Òàê êàê ëþáàÿ âåðøèíà èç Γ− a⊥ ñìåæíà ñ 9 âåðøèíàìè èç [a],
òî ëþáàÿ 〈g〉-îðáèòà äëèíû p íå ñîäåðæèò ãåîäåçè÷åñêèõ 2-ïóòåé. Åñëè p > 2, òî ëþáàÿ
〈g〉-îðáèòà äëèíû p ÿâëÿåòñÿ êëèêîé è p 6 7. Â ýòîì ñëó÷àå

χ1(g) = (α0(g) + (117 − α0(g))/3 − 13)/4,

ïîýòîìó α0(g) = 6l+ 3 äëÿ p > 3 è α0(g) = 18l + 9 äëÿ p = 3. Îòñþäà p = 3 è α0(g) = 45.

Åñëè p = 2, òî ÷èñëî χ1(g) = (α0(g)+α1(g)/3−13)/4 ÷åòíî. Óòâåðæäåíèå (1) äîêàçàíî.

Ïóñòü p = 13. Òîãäà λΩ = 2, 15, µΩ = 9, |Ω| = 13, 26, 39, 52 è ñòåïåíè âåðøèí â Ω
ðàâíû 10, 23. Åñëè |Ω| = 13, òî Ω � ñèëüíî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (13, 10, 2, 9),
ïðîòèâîðå÷èå.

Ïóñòü |Ω| = 26. Åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 23, òî ÷èñëî ðåáåð ìåæäó Ω(a) è
Ω2(a) ðàâíî 18, íî íå ìåíüøå 23 · 7, ïðîòèâîðå÷èå. Çíà÷èò, Ω � ñèëüíî ðåãóëÿðíûé ãðà�

ñ ïàðàìåòðàìè (26, 10, 2, 9), ïðîòèâîðå÷èå.

Ïóñòü |Ω| = 39. Åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 10, òî ÷èñëî ðåáåð ìåæäó Ω(a)
è Ω2(a) ðàâíî 28 · 9, íî íå áîëüøå 20 · 10, ïðîòèâîðå÷èå. Çíà÷èò, Ω � ðåãóëÿðíûé ãðà�

ñòåïåíè 23, ïðîòèâîðå÷èå.

Ïóñòü |Ω| = 52. Åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 10, òî ÷èñëî ðåáåð ìåæäó Ω(a)
è Ω2(a) ðàâíî 41 · 9, íî íå áîëüøå 10 · 21, ïðîòèâîðå÷èå. Çíà÷èò, Ω � ðåãóëÿðíûé ãðà�

ñòåïåíè 23, è ÷èñëî ðåáåð ìåæäó Ω(a) è Ω2(a) ðàâíî 28 · 9 = 20y + 7(23 − y), ïîýòîìó
y = 13. Íî åñëè b, c � äâå âåðøèíû ñòåïåíè 2 â ãðà�å Ω(a), òî [b]∩[c] ñîäåðæèò 13 âåðøèí
èç [a]− Ω è íå ìåíåå 12 âåðøèí èç Ω2(a), ïðîòèâîðå÷èå.

Ïóñòü p = 11. Òîãäà λΩ = 4, 15, µΩ = 9, |Ω| = 18, 29, 40, 51 è ñòåïåíè âåðøèí â Ω ðàâíû

14, 25. Åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 14, òî ÷èñëî ðåáåð ìåæäó Ω(a) è Ω2(a) íå
ìåíüøå 14 · 9, ðàâíî 9(|Ω| − 15), íî íå áîëüøå 14 · 20, ïîýòîìó |Ω| = 40 è óêàçàííîå ÷èñëî



46 �óòíîâà À. Ê., Ìàõíåâ À. À.

ðàâíî 9 · 25 = 20y + 9(14 − y). y = 9. Íî åñëè b, c � äâå âåðøèíû èç Ω(a), ñìåæíûå ñ 20
âåðøèíàìè èç Ω2(a), òî [b]∩ [c] ñîäåðæèò a è íå ìåíåå 15 âåðøèí èç Ω2(a), ïðîòèâîðå÷èå.

Çíà÷èò, Ω � ðåãóëÿðíûé ãðà� ñòåïåíè 25, |Ω| = 40 è ÷èñëî ðåáåð ìåæäó Ω(a) è Ω2(a)
ðàâíî 14 · 9, íî íå ìåíüøå 9 · 25, ïðîòèâîðå÷èå.

Ïóñòü p = 7. Òîãäà λΩ = 1, 8, 15, µΩ = 2, 9, |Ω| = 19, 26, 33, 40, 47, 54 è ñòåïåíè âåð-

øèí â Ω ðàâíû 8, 15, 22, 29. Åñëè |Ω| > 33, òî ëþáàÿ 〈g〉-îðáèòà äëèíû 7 íå ñîäåðæèò

3-êîêëèê. Äàëåå, χ1(g) = (α0(g)+α1(g)/3−13)/4 è â ñëó÷àå α0(g) = 40 èìååì α1(g) = 63.
Â ýòîì ñëó÷àå íà Γ−Ω èìååòñÿ 5 êëèêîâûõ 〈g〉-îðáèò è 6 îðáèò ñòåïåíè 4. Ïðîòèâîðå÷èå
ñ òåì, ÷òî äëÿ ðåáðà è èçîëèðîâàííîé îò íåãî âåðøèíû èç 〈g〉-îðáèòû ñòåïåíè 4, ïîä-

ãðà�, ñîñòîÿùèé èç âåðøèí, ñìåæíûõ ñ 0 èëè 3 âåðøèíàìè èç ýòîé òðîéêè, ñîäåðæèò 40

âåðøèí èç Ω è 2 âåðøèíû èç ýòîé 〈g〉-îðáèòû, ïðîòèâîðå÷èå. Â ñëó÷àå α0(g) = 47 èìååì
α1(g) = 42. Â ýòîì ñëó÷àå äëÿ ãåîäåçè÷åñêîãî 2-ïóòè èç 〈g〉-îðáèòû ïîäãðà�, ñîñòîÿùèé

èç âåðøèí, ñìåæíûõ ñ 0 èëè 3 âåðøèíàìè èç ýòîé òðîéêè, ñîäåðæèò 47 âåðøèí èç Ω è

2 âåðøèíû èç ýòîé 〈g〉-îðáèòû, ïðîòèâîðå÷èå. Â ñëó÷àå α0(g) = 54 èìååì α1(g) = 63 è
χ1(g) = (41 + 21)/4, ïðîòèâîðå÷èå.

Çíà÷èò, |Ω| 6 33. Åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 8, òî ÷èñëî ðåáåð ìåæäó Ω(a)
è Ω2(a) íå ìåíüøå 8 · 6 è ðàâíî 2(|Ω| − 9), ïîýòîìó |Ω| = 33 è Ω � ñèëüíî ðåãóëÿðíûé

ãðà� ñ ïàðàìåòðàìè (33, 8, 1, 2). Â ýòîì ñëó÷àå Ω èìååò ñîáñòâåííûå çíà÷åíèÿ 2, −3 è

êðàòíîñòü 2 ðàâíà 2 · 8 · 11/10, ïðîòèâîðå÷èå.
Åñëè Ω ñîäåðæèò âåðøèíó a ñòåïåíè 22, òî ÷èñëî ðåáåð ìåæäó Ω(a) è Ω2(a) íå ìåíüøå

22 ·6 è íå áîëüøå 10 ·9, ïðîòèâîðå÷èå. Çíà÷èò, Ω � ðåãóëÿðíûé ãðà� ñòåïåíè 15, |Ω| = 26
è ÷èñëî ðåáåð ìåæäó Ω(a) è Ω2(a) ðàâíî 15 · 6 = 10 · 9. Îòñþäà Ω � ñèëüíî ðåãóëÿðíûé

ãðà� ñ ïàðàìåòðàìè (26, 15, 8, 9) è χ1(g) = (13 + α1(g)/3)/4, ïîýòîìó α1(g) = 24. ⊲

Ëåììà 5. Ïóñòü Ω ñîäåðæèò ãåîäåçè÷åñêèé ïóòü b, a, c. Òîãäà âûïîëíÿþòñÿ ñëåäó-

þùèå óòâåðæäåíèÿ:

(1) ÷èñëî p íå ðàâíî 5;

(2) åñëè p = 3, òî |Ω| 6 33 èëè |Ω| = 45;

(3) åñëè p = 2, òî |Ω| 6 63.

⊳ Ïóñòü p = 5. Òîãäà λΩ = 0, 5, 10, 15, µΩ = 4, 9, |Ω| = 12, 17, 22, 27, 32, 37, 42, 47, 52,
ñòåïåíè âåðøèí â Ω ðàâíû 6, 11, 16, 21, 26, 31 è χ1(g) = (α0(g) + α1(g)/3 − 13)/4.

Ïóñòü Y � ìíîæåñòâî âåðøèí èç Ω2(a), ñìåæíûõ ñ 9 âåðøèíàìè èç Ω(a), y = |Y |.
Òîãäà ÷èñëî ðåáåð ìåæäó Ω(a) è Ω2(a) ðàâíî 6|Ω(a)|+ 5x. Ñ äðóãîé ñòîðîíû, óêàçàííîå

÷èñëî ðåáåð ðàâíî 9y + 4(|Ω2(a)| − y) è äåëèòñÿ íà 5, ïðîòèâîðå÷èå.

Ïóñòü p = 3. Òîãäà λΩ = 0, 3, . . . , 15, µΩ = 0, 3, 6, 9, |Ω| = 6, 9, . . . , 54 è ñòåïåíè âåðøèí
â Ω ðàâíû 0, 3, 6, . . . , 36 è χ1(g) = (α0(g)+α1(g)/3−13)/4, ïîýòîìó (α0(g)+α1(g)/3−13)/4
ñðàâíèìî ñ 2 ïî ìîäóëþ 3.

Åñëè |Ω| > 33, òî ââèäó ëåììû 2 ëþáàÿ 〈g〉-îðáèòà äëèíû 3 ÿâëÿåòñÿ êëèêîé,

α1(g) = 117 − α0(g) è (2α0(g)/3 + 26)/4 ñðàâíèìî ñ 2 ïî ìîäóëþ 3. Ïîýòîìó α0(g) = 45 è
α1(g) = 72.

Ïóñòü p = 2. Òîãäà λΩ = 1, 3, . . . , 15, µΩ = 1, 3, . . . , 9, |Ω| = 5, 7, . . . , 65 è ñòåïåíè

âåðøèí â Ω ðàâíû 0, 2, 4, . . . , 36 è χ1(g) = (α0(g) + α1(g)/3 − 13)/4, ïîýòîìó (α0(g) +
α1(g)/3 − 13)/4 ÷åòíî.

Åñëè |Ω| > 63, òî ëþáàÿ 〈g〉-îðáèòà äëèíû 2 ÿâëÿåòñÿ êëèêîé, α1(g) = 117−α0(g) = 52
è χ1(g) = (65 + 52/3 − 13)/4, ïðîòèâîðå÷èå. ⊲

Ëåììà 6. Ïóñòü Γ ÿâëÿåòñÿ ñèëüíî ðåãóëÿðíûì ãðà�îì ñ ïàðàìåòðàìè (117, 36, 15, 9)
è ãðóïïà G = Aut(Γ) äåéñòâóåò òðàíçèòèâíî íà ìíîæåñòâå âåðøèí ãðà�à Γ. Ïóñòü f �

ýëåìåíò ïîðÿäêà 13 èç G, g � ýëåìåíò ïðîñòîãî ïîðÿäêà p < 13 èç CG(f). Òîãäà |CG(f)|
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äåëèò 26 è åñëè èíâîëþöèÿ g ∈ G öåíòðàëèçóåò f , òî Fix(g) ÿâëÿåòñÿ 13-êîêëèêîé è

α1(g) = 0.

⊳ |G| äåëèòñÿ íà 9 · 13. Ïî òåîðåìå 1 π(G) ⊆ {2, 3, 5, 7, 13}.
Ïóñòü G ñîäåðæèò ïîäãðóïïó 〈h〉 ïîðÿäêà 13p, p� ïðîñòîå ÷èñëî, ìåíüøåå 11, g = h13,

f = hp. Ââèäó òåîðåìû 1 Fix (f) � ïóñòîé ãðà�, p = 2 è ëèáî |Ω| = 13 è α1(g) =
24l äåëèòñÿ íà 13, ëèáî |Ω| = 39. Â ïîñëåäíåì ñëó÷àå χ1(g) = (α1(g)/3 + 26)/4, ÷èñëî
(α1(g)/3 + 26)/4 ÷åòíî è α1(g) = 3(8l − 26) äåëèòñÿ íà 13, ïðîòèâîðå÷èå. Èç äåéñòâèÿ g
íà Ui = {u ∈ Γ : d(u, uf

i
) = 1} ñëåäóåò, ÷òî Ω = Fix (g) ïåðåñåêàåò Ui äëÿ ëþáîãî i, íå

êðàòíîãî 13, ïîýòîìó Ω ÿâëÿåòñÿ 13-êîêëèêîé.

Ïóñòü V � ïîäãðóïïà ïîðÿäêà 4 èç CG(f). Òàê êàê χ1(g)−26 íå äåëèòñÿ íà 4, òî V �

ýëåìåíòàðíàÿ àáåëåâà ãðóïïà. Èç äåéñòâèÿ V íà U = {u ∈ Γ : d(u, uf ) = 1} ñëåäóåò, ÷òî
Ω = Fix (g) ñîäåðæèòñÿ â U äëÿ ëþáîé èíâîëþöèè g ∈ V , ïðîòèâîðå÷èå ñ äåéñòâèåì V
íà W = {w ∈ Γ : d(w,wf ) = 2}. ⊲

3. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 1. Ïóñòü Γ � ñèëüíî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (117, 36, 15, 9),
G = Aut(Γ), g � ýëåìåíò èç G ïðîñòîãî ïîðÿäêà p è Ω = Fix(g). Òîãäà π(G) ⊆
{2, 3, 5, 7, 13} è âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óòâåðæäåíèé:

(1) Ω � ïóñòîé ãðà�, p = 13, α1(g) = 39 è α2(g) = 78 èëè p = 3, α1(g) = 36l − 9 è

α2(g) = 126 − 36l;

(2) Ω ÿâëÿåòñÿ n-êëèêîé, è ëèáî p = 5, n = 2, 7, 12, α1(g) = 60l + 75 − 15n è α2(g) =
42+ 14n− 60l, ëèáî p = 2, n = 5, 7, 9, 11, 13, α1(g) = 24l+39− 3n è α2(g) = 78+ 2n− 24l;

(3) Ω ñîäåðæèò ãåîäåçè÷åñêèé 2-ïóòü è ëèáî

(i) p = 7, Ω � ñèëüíî ðåãóëÿðíûé ãðà� ñ ïàðàìåòðàìè (26, 15, 8, 9) è α1(g) = 24,
ëèáî

(ii) p = 3, |Ω| 6 33 èëè |Ω| = 45, ëèáî

(iii) p = 2 è |Ω| 6 63.

⊳ Äîêàçàòåëüñòâî òåîðåìû îïèðàåòñÿ íà ìåòîä Õèãìåíà ðàáîòû ñ àâòîìîð�èçìàìè

äèñòàíöèîííî ðåãóëÿðíîãî ãðà�à, ïðåäñòàâëåííûé â òðåòüåé ãëàâå ìîíîãðà�èè Êàìåðî-

íà [4℄. Ïðè ýòîì ãðà� Γ ðàññìàòðèâàåòñÿ êàê ñèììåòðè÷íàÿ ñõåìà îòíîøåíèé (X,R) ñ d
êëàññàìè, ãäå X � ìíîæåñòâî âåðøèí ãðà�à, R0 � îòíîøåíèå ðàâåíñòâà íà X è äëÿ i 6 1
êëàññ Ri ñîñòîèò èç ïàð (u,w) òàêèõ, ÷òî d(u,w) = i. Äëÿ u ∈ Γ ïîëîæèì ki = |Γi(u)|,
v = |Γ|. Êëàññó Ri îòâå÷àåò ãðà� Γi íà ìíîæåñòâå âåðøèí X, â êîòîðîì âåðøèíû u,w
ñìåæíû, åñëè (u,w) ∈ Ri. Ïóñòü Ai � ìàòðèöà ñìåæíîñòè ãðà�à Γi äëÿ i > 0 è A0 = I �
åäèíè÷íàÿ ìàòðèöà. Òîãäà AiAj =

∑
plijAl äëÿ ÷èñåë ïåðåñå÷åíèé p

l
ij .

Ïóñòü Pi � ìàòðèöà, â êîòîðîé íà ìåñòå (j, l) ñòîèò plij . Òîãäà ñîáñòâåííûå çíà-

÷åíèÿ p1(0), . . . , p1(d) ìàòðèöû P1 ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè ãðà�à Γ êðàò-

íîñòåé m0 = 1, . . . ,md. Ìàòðèöû P è Q, ó êîòîðûõ íà ìåñòå (i, j) ñòîÿò ñòîÿò pj(i)
è qj(i) = mjpi(j)/ki ñîîòâåòñòâåííî, íàçûâàþòñÿ ïåðâîé è âòîðîé ìàòðèöåé ñîáñòâåííûõ
çíà÷åíèé ñõåìû è ñâÿçàíû ðàâåíñòâîì PQ = QP = vI.

Ïóñòü uj è wj � ëåâûé è ïðàâûé ñîáñòâåííûå âåêòîðû ìàòðèöû P1, îòâå÷àþùèå ñîá-

ñòâåííîìó çíà÷åíèþ p1(j) è èìåþùèå ïåðâóþ êîîðäèíàòó 1. Òîãäà wj ÿâëÿþòñÿ ñòîëá-

öàìè ìàòðèöû P è mjuj ÿâëÿþòñÿ ñòðîêàìè ìàòðèöû Q.
Ïîäñòàíîâî÷íîå ïðåäñòàâëåíèå ãðóïïû G = Aut(Γ) íà âåðøèíàõ ãðà�à Γ îáû÷-

íûì îáðàçîì äàåò ìàòðè÷íîå ïðåäñòàâëåíèå ψ ãðóïïû G â GL(v,C). Ïðîñòðàíñòâî C
v

ÿâëÿåòñÿ îðòîãîíàëüíîé ïðÿìîé ñóììîé ñîáñòâåííûõ G-èíâàðèàíòíûõ ïîäïðîñòðàíñòâ
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W0, . . . ,Wd ìàòðèöû ñìåæíîñòè A = A1 ãðà�à Γ. Äëÿ ëþáîãî g ∈ G ìàòðèöà ψ(g) ïåðå-
ñòàíîâî÷íà ñ A, ïîýòîìó ïîäïðîñòðàíñòâî Wi ÿâëÿåòñÿ ψ(G)-èíâàðèàíòíûì. Ïóñòü χi �
õàðàêòåð ïðåäñòàâëåíèÿ ψWi . Òîãäà (ñì. [4, � 3.7℄) äëÿ g ∈ G ïîëó÷èì

χi(g) = v−1
d∑

j=0

Qijαj(g),

ãäå αj(g) � ÷èñëî òî÷åê x èç X òàêèõ, ÷òî d(x, xg) = j.
Óòâåðæäåíèÿ 1)�2) ñëåäóþò èç ëåììû 3. Äîêàçàòåëüñòâî óòâåðæäåíèÿ 3) ñëåäóåò èç

ëåìì 3�5. ⊲

Ñëåäñòâèå 1. Åñëè ãðóïïà G àâòîìîð�èçìîâ ñèëüíî ðåãóëÿðíîãî ãðà�à ñ ïàðà-

ìåòðàìè (117, 36, 15, 9) äåéñòâóåò òðàíçèòèâíî íà ìíîæåñòâå âåðøèí, òî öîêîëü T ãðóï-

ïû G èçîìîð�åí ëèáî L3(3) è Ta ∼= GL2(3) � ïîäãðóïïà èíäåêñà 117, ëèáî T ∼= L4(3)
è Ta ∼= U4(2).Z2 � ïîäãðóïïà èíäåêñà 117.

⊳ Ââèäó ëåììû 6 èìååì S(G) = O3(G). Ïóñòü G = G/O3(G), T � öîêîëü ãðóïïû G.
Èç äåéñòâèÿ ïîäãðóïïû ïîðÿäêà 13 íà ìèíèìàëüíîé íîðìàëüíîé ïîäãðóïïå N èç G ñëå-

äóåò, ÷òî |N | äåëèòñÿ íà 13. Îòñþäà T � ïðîñòàÿ íåàáåëåâà ãðóïïà è ââèäó [6, òàáëèöà 1℄

ãðóïïà T èçîìîð�íà L3(3), L2(25), U3(4), PSp4(5), L4(3),
2F4(2)

′
, L2(13), L2(27), G2(3),

3D4(2), Sz(8), L2(64), U4(5), L3(9), PSp6(3), PΩ7(3), G2(4), PSp4(8), PΩ
+
8 (3).

Òàê êàê T ñîäåðæèò ìàêñèìàëüíóþ ïîäãðóïïó èíäåêñà, äåëÿùåãî 13 · 9, òî ëèáî

T ∼= L3(3) è T a ∼= GL2(3) � ïîäãðóïïà èíäåêñà 117, ëèáî T ∼= L4(3) è T a ∼= U4(2).Z2 �

ïîäãðóïïà èíäåêñà 117.

Â ëþáîì ñëó÷àå O3(G) = 1. ⊲
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Abstrat. In the previous work of the authors some arrays of intersetions of distane-regular graphs were

found, in whih the neighborhoods of the verties are pseudogeometri graphs for pGs−3(s, t). In partiular,

a loally pseudo pG2(5, 2)-graph is a strongly regular graph with parameters (117, 36, 15, 9). The main result
of this paper gives a desription of possible orders and the struture of the subgraphs of �xed points

of automorphisms of a strongly regular graph with parameters (117, 36, 15, 9). This graph has a spetrum

of 361, 926,−390. The order of liks in Γ does not exeed 1 + 36/3 = 13, the order of the oliques

in Γ does not exeed 117 · 3/39 = 9. Further, from this result, the following orollary is derived: if the

group Γ of automorphisms of a strongly regular graph with parameters (117, 36, 15, 9) ats transitively on the
set of verties, then the sole T of the group Γ is isomorphi to either L3(3) and Ta

∼= GL2(3) is a subgroup
of index 117, or Ta

∼= GL2(3) and Ta
∼= U4(2).Z2 is a subgroup of index 117.
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Àííîòàöèÿ. Â ðàáîòå èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è òèïà çàäà÷è Áèöàäçå � Ñà-

ìàðñêîãî äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ ðàçðûâíûìè êîý��èöèåíòàìè â îäíîñâÿçíîé îáëàñòè.

Êðàåâîå óñëîâèå ïîñòàâëåííîé çàäà÷è ñîäåðæèò îïåðàòîð äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ

ñ ãèïåðãåîìåòðè÷åñêîé �óíêöèåé �àóññà, îò çíà÷åíèé ðåøåíèÿ íà õàðàêòåðèñòèêàõ ïîòî÷å÷íî ñâÿ-

çàííûõ ñî çíà÷åíèÿìè ðåøåíèÿ è ïðîèçâîäíîé îò íåãî íà ëèíèè âûðîæäåíèÿ. Ïðè îïðåäåëåííûõ

îãðàíè÷åíèÿõ òèïà íåðàâåíñòâà íà çàäàííûå �óíêöèè è ïîðÿäêè äðîáíûõ ïðîèçâîäíûõ â êðàå-

âîì óñëîâèè, ìåòîäîì èíòåãðàëîâ ýíåðãèè, äîêàçàíà åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è.

Ïîëó÷åíû �óíêöèîíàëüíûå ñîîòíîøåíèÿ ìåæäó ñëåäîì èñêîìîãî ðåøåíèÿ è ïðîèçâîäíîé îò íåãî,

ïðèíåñåííûå íà ëèíèþ âûðîæäåíèÿ èç ãèïåðáîëè÷åñêîé è ïàðàáîëè÷åñêîé ÷àñòåé ñìåøàííîé îá-

ëàñòè. Ïðè âûïîëíåíèè óñëîâèé òåîðåì åäèíñòâåííîñòè, äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è

ïóòåì ýêâèâàëåíòíîé ðåäóêöèè ê èíòåãðàëüíûì óðàâíåíèÿì Ôðåäãîëüìà âòîðîãî ðîäà îòíîñèòåëüíî

ïðîèçâîäíîé îò ñëåäà èñêîìîãî ðåøåíèÿ, áåçóñëîâíàÿ ðàçðåøèìîñòü êîòîðîãî çàêëþ÷àåòñÿ èç åäèí-

ñòâåííîñòè ðåøåíèÿ çàäà÷è. Òàê æå îïðåäåëåíû ïðîìåæóòêè èçìåíåíèÿ ïîðÿäêîâ îïåðàòîðîâ äðîá-

íîãî èíòåãðî-äè��åðåíöèðîâàíèÿ, ïðè êîòîðûõ ðåøåíèå çàäà÷è ñóùåñòâóåò è åäèíñòâåííî. Óñòà-

íîâëåí ý��åêò âëèÿíèÿ êîý��èöèåíòà ïðè ìëàäøåé ïðîèçâîäíîé â óðàâíåíèè íà ðàçðåøèìîñòü

ïîñòàâëåííîé çàäà÷è.
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1. Ââåäåíèå

Òåîðèÿ êðàåâûõ çàäà÷ äëÿ âûðîæäàþùèõñÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî è ñìåøàííî-

ãî òèïîâ â íàñòîÿùåå âðåìÿ ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ ðàçäåëîâ òåîðèè äè��åðåíöè-

àëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Ýòî îáóñëîâëåíî êàê íåïîñðåäñòâåííûìè

ñâÿçÿìè óðàâíåíèé ñìåøàííîãî òèïà ñ ïðîáëåìàìè òåîðèè ñèíãóëÿðíûõ èíòåãðàëüíûõ

óðàâíåíèé, òåîðèè èíòåãðàëüíûõ ïðåîáðàçîâàíèé è ñïåöèàëüíûõ �óíêöèé, òàê è ïðè-

êëàäíûìè çàäà÷àìè ìåõàíèêè è ìàòåìàòè÷åñêîé �èçèêè, ñâîäÿùèìèñÿ ê òàêèì óðàâíå-

íèÿì. Îñíîâû ýòîé òåîðèè áûëè çàëîæåíû â òðóäàõ Ô. Òðèêîìè [1℄ è Ñ. �åëëåðñòåäòà [2℄.

© 2018 Åçàîâà À. �.
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Ñëåäóþùèì ýòàïîì â ðàçâèòèè òåîðèè óðàâíåíèé ñìåøàííîãî òèïà ñòàëè ðàáîòû

Ô. È. Ôðàíêëÿ [3, 4℄, ãäå îí çàìåòèë âàæíûå ïðèëîæåíèÿ çàäà÷è Òðèêîìè è äðóãèõ ðîä-

ñòâåííûõ åé çàäà÷ â òðàíñçâóêîâîé ãàçîäèíàìèêå. Àêàäåìèê È. Í. Âåêóà óêàçàë íà âàæ-

íîñòü óðàâíåíèé ñìåøàííîãî òèïà ïðè ðåøåíèè çàäà÷, âîçíèêàþùèõ â òåîðèè áåñêîíå÷íî

ìàëûõ èçãèáàíèé ïîâåðõíîñòåé, à òàê æå â áåçìîìåíòíîé òåîðèè îáîëî÷åê ñ êðèâèçíîé

ïåðåìåííîãî çíàêà.

Òðåõìåðíûé àíàëîã çàäà÷è Òðèêîìè áûë âïåðâûå ïðåäëîæåí À. Â. Áèöàäçå [5℄ â ñëó-

÷àå, êîãäà ïîâåðõíîñòü èçìåíåíèÿ òèïà óðàâíåíèé ÿâëÿåòñÿ ïîâåðõíîñòüþ âðåìåííîãî òè-

ïà. Â çàäà÷å Òðèêîìè ÷àñòü õàðàêòåðèñòè÷åñêîãî ìíîãîîáðàçèÿ Γ ñâîáîäíà îò ãðàíè÷íûõ
óñëîâèé. Ñëåäîâàòåëüíî, òî÷êè Γ íå ÿâëÿþòñÿ ðàâíîïðàâíûìè êàê íîñèòåëè ãðàíè÷íûõ

äàííûõ. Ýòîò �àêò íå äàåò âîçìîæíîñòü íàéòè íåïîñðåäñòâåííûé àíàëîã çàäà÷è Òðèêî-

ìè äëÿ óðàâíåíèé ñìåøàííîãî òèïà â ìíîãîìåðíûõ îáëàñòÿõ, îñîáåííî â ñëó÷àå, êîãäà

ïîâåðõíîñòü èçìåíåíèÿ òèïà ïðîñòðàíñòâåííî îðèåíòèðîâàíà.

Â ñâÿçè ñ ýòèì â øåñòèäåñÿòûõ ãîäàõ À. Â. Áèöàäçå áûëà âûäâèíóòà ïðîáëåìà ïî-

èñêà ïðàâèëüíîé ïîñòàíîâêè êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêîãî è ñìåøàííîãî òèïîâ

óðàâíåíèé âòîðîãî ïîðÿäêà ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè, êîãäà âñå òî÷êè õàðàê-

òåðèñòè÷åñêîé ÷àñòè ãðàíèöû ðàâíîïðàâíû êàê íîñèòåëè êðàåâûõ äàííûõ.

Â 1969 ã. À. Ì. Íàõóøåâ [6, 7℄ ïðåäëîæèë ðÿä íåëîêàëüíûõ çàäà÷ íîâîãî òèïà, êîòî-

ðûå ÿâèëèñü íåïîñðåäñòâåííûì îáîáùåíèåì çàäà÷è Òðèêîìè è âîøëè â ìàòåìàòè÷åñêóþ

ëèòåðàòóðó ïîä íàçâàíèåì êðàåâûõ çàäà÷ ñî ñìåùåíèåì. Îíè ÿâëÿþòñÿ îáîáùåíèåì çà-

äà÷è Òðèêîìè, à òàêæå ñîäåðæàò øèðîêèé êëàññ êîððåêòíûõ ñàìîñîïðÿæåííûõ çàäà÷.

Ýòè çàäà÷è ñðàçó âûçâàëè áîëüøîé èíòåðåñ ìíîãèõ àâòîðîâ.

Â ïîñëåäíèå ãîäû èññëåäîâàíèÿ çàäà÷ ñî ñìåùåíèåì äëÿ óðàâíåíèé ñìåøàííîãî è ãè-

ïåðáîëè÷åñêîãî òèïà âåäóòñÿ îñîáåííî èíòåíñèâíî. Íî â ýòèõ ðàáîòàõ êðàåâûå óñëîâèÿ,

êàê ïðàâèëî, ñîäåðæàò êëàññè÷åñêèå îïåðàòîðû �èìàíà � Ëèóâèëëÿ. Íåëîêàëüíûì êðà-

åâûì çàäà÷àì, ñîäåðæàùèì îïåðàòîðû áîëåå ñëîæíîé ñòðóêòóðû, ïîñâÿùåíî ñðàâíè-

òåëüíî ìàëî ðàáîò. Íà÷àëî èññëåäîâàíèé êðàåâûõ çàäà÷ ñî ñìåùåíèåì äëÿ ãèïåðáîëè-

÷åñêîãî óðàâíåíèÿ Ýéëåðà � Äàðáó � Ïóàññîíà, ãäå èìåþòñÿ îáîáùåííûå îïåðàòîðû

äðîáíîãî èíòåãðî-äè��åðåíöèðîâàíèÿ, áûëî ïîëîæåíî ðàáîòàìè ÿïîíñêîãî ìàòåìàòèêà

Ì. Ñàéãî [8℄.

�åçóëüòàòû Î. À. �åïèíà [9℄ ÿâëÿþòñÿ ïðîäîëæåíèåì èññëåäîâàíèé â ýòîì íàïðàâ-

ëåíèè è ïîñâÿùåíû ëîêàëüíûì è íåëîêàëüíûì êðàåâûì çàäà÷àì äëÿ óðàâíåíèé ãè-

ïåðáîëè÷åñêîãî è ñìåøàííîãî òèïîâ ñ âûðîæäåíèåì ïåðâîãî è âòîðîãî ðîäà. Ïîñòàâ-

ëåííûå è èññëåäóåìûå çàäà÷è îòëè÷àþòñÿ îò èçó÷àâøèõñÿ äðóãèìè àâòîðàìè ïðåæäå

âñåãî òåì, ÷òî êðàåâûå óñëîâèÿ ñîäåðæàò îáîáùåííûå îïåðàòîðû äðîáíîãî èíòåãðî-

äè��åðåíöèðîâàíèÿ ñ ãèïåðãåîìåòðè÷åñêîé �óíêöèåé �àóññà.

Â ðàáîòàõ äëÿ âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ è ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òè-

ïîâ óðàâíåíèé ìíîãèìè àâòîðàìè èññëåäîâàëèñü çàäà÷è ñî ñìåùåíèåì (ïî òåðìèíîëîãèè

À. Ì. Íàõóøåâà) è çàäà÷è òèïà çàäà÷è Áèöàäçå � Ñàìàðñêîãî, êîãäà íà ãèïåðáîëè÷å-

ñêîé ÷àñòè ãðàíèöû îáëàñòè çàäàíî ëîêàëüíîå óñëîâèå, ïîòî÷å÷íî ñâÿçûâàþùåå çíà÷å-

íèÿ èñêîìîãî ðåøåíèÿ èëè ïðîèçâîäíîé, âîîáùå ãîâîðÿ, äðîáíîé îïðåäåëåííîãî ïîðÿäêà,

çàâèñÿùåãî îò ïîðÿäêà âûðîæäåíèÿ óðàâíåíèÿ. Ýòèìè àâòîðàìè íå áûëè ðàññìîòðåíû

çàäà÷è ñî ñìåùåíèåì, êîãäà â êðàåâûõ óñëîâèÿõ ó÷àñòâóþò äðîáíûå ïðîèçâîäíûå èëè

èíòåãðàëû ïðîèçâîëüíûõ ïîðÿäêîâ, íå çàâèñÿùèõ îò ïîðÿäêà âûðîæäåíèÿ óðàâíåíèÿ [9,

10℄.

Åñòåñòâåííûì îáîáùåíèåì òåîðèè íåëîêàëüíûõ êðàåâûõ çàäà÷ ÿâèëèñü íåëîêàëüíûå

çàäà÷è äëÿ âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ è ñìåøàííîãî òèïîâ óðàâíåíèé ñ îïåðàòî-

ðàìè áîëåå ñëîæíîé ñòðóêòóðû � îáîáùåííûìè îïåðàòîðàìè äðîáíîãî èíòåãðî-äè��å-



52 Åçàîâà À. �.

ðåíöèðîâàíèÿ ñ ãèïåðãåîìåòðè÷åñêîé �óíêöèåé �àóññà. Ýòîìó íàïðàâëåíèþ ïîñâÿùåíî

íåìàëî ðàáîò, ñðåäè êîòîðûõ ðàáîòû òàêèõ àâòîðîâ êàê Ì. Ñ. Ñàëàõèòäèíîâà, Î. À. �å-

ïèíà, Ñ. Ê. Êóìûêîâîé, À. Â. Ïñõó è äð. Â îïóáëèêîâàííûõ ðàáîòàõ, êðàåâûå óñëîâèÿ

ñîäåðæàò êëàññè÷åñêèå îïåðàòîðû èëè îïåðàòîðû äðîáíîãî â ñìûñëå �èìàíà � Ëèóâèë-

ëÿ èíòåãðî-äè��åðåíöèðîâàíèÿ [10�15℄.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ñìåøàííîå ãèïåðáîëî-ïàðàáîëè÷åñêîå óðàâíåíèå

ñ ðàçðûâíûìè êîý��èöèåíòàìè, êðàåâîå óñëîâèå êîòîðîãî ñîäåðæèò îïåðàòîð äðîáíî-

ãî èíòåãðî-äè��åðåíöèðîâàíèÿ. Ïóòåì ðåäóêöèè çàäà÷è ê èíòåãðàëüíîìó óðàâíåíèþ

Ôðåäãîëüìà âòîðîãî ðîäà îïðåäåëåíû ïðîìåæóòêè èçìåíåíèÿ ïîðÿäêîâ îïåðàòîðîâ äðîá-

íîãî èíòåãðî-äè��åðåíöèðîâàíèÿ, ïðè êîòîðûõ ðåøåíèå ñóùåñòâóåò è åäèíñòâåííî. Òàê-

æå óñòàíîâëåí ý��åêò âëèÿíèÿ êîý��èöèåíòà ïðè ìëàäøåé ïðîèçâîäíîé â óðàâíåíèè

íà ðàçðåøèìîñòü çàäà÷è.

2. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì óðàâíåíèå

0 =

{
cuxxx + p2(x, y)uxx + p1(x, y)ux + p0(x, y)u− uy, y > 0,

(−y)muxx − uyy + p(−y)
m
2
−1ux, y < 0, m > 2,

(1)

ãäå p = const 6= 0 � âåùåñòâåííàÿ ïîñòîÿííàÿ â îäíîñâÿçíîé îáëàñòè Ω, îãðàíè÷åííîé
îòðåçêàìè AA0, A0B0, B0B ïðÿìûõ x = 0, y = 1, x = 1 ñîîòâåòñòâåííî ïðè y > 0, è
õàðàêòåðèñòèêàìè

AC : x− 2

m+ 2
(−y)

m+2
2 = 0, BC : x+

2

m+ 2
(−y)

m+2
2 = 1

óðàâíåíèÿ (1) ïðè y < 0.

Ïóñòü Ω1 = Ω∩ (y > 0), Ω2 = Ω∩ (y < 0), I ≡ AB � èíòåðâàë 0 < x < 1 ïðÿìîé y = 0;

Θ0(x) =
x
2 − i

[
m+2
4 x

] 2
m+2

� òî÷êà ïåðåñå÷åíèÿ õàðàêòåðèñòèêè óðàâíåíèÿ (1) ïðè y < 0,
âûõîäÿùåé èç òî÷êè (x, 0) ∈ I ñ õàðàêòåðèñòèêîé AC.

Çàäà÷à 1. Íàéòè �óíêöèþ u (x, y) òàêóþ, ÷òî

u(x, y) ∈ C(Ω) ∩C1(Ω) ∩ C3,1
x,y(Ω2) ∩C2,2

x,y(Ω2),

ÿâëÿþùóþñÿ ðåøåíèåì óðàâíåíèÿ (1) â îáëàñòè Ω ïðè y 6= 0 è óäîâëåòâîðÿþùåé óñëî-

âèÿì

u(0, y) = ϕ1(y), u(1, y) = ϕ2(y), ux(0, y) = ϕ3(y), 0 6 y 6 1, (2)

p(x)Da
0xδ(x)u [Θ0(x)] + c(x)u(x, 0) − γ(x)uy(x, 0) = f(x) (∀x ∈ I), (3)

ãäå c(x), p(x), γ(x), f(x), ϕi(y) (i = 1, 2, 3) � çàäàííûå èçâåñòíûå �óíêöèè, ïðè-

÷åì c(x), p(x), γ(x), f(x) ∈ C ′(I) ∩ c3(I); pi(x, y) ∈ Ci(Ω); âûïîëíÿåòñÿ íåðàâåíñòâî

c2(x) + p2(x) + γ2(x) 6= 0; ϕi(y) ∈ C[0, 1] ∩ C2]0, 1[; Da
0x � îïåðàòîð äðîáíîãî èíòåãðî-

äè��åðåíöèðîâàíèÿ [4℄.

Ïîäîáíîãî òèïà çàäà÷è èçó÷àëèñü ðàíåå â ðàáîòàõ �åïèíà Î. À. [9℄, Êóìûêî-

âîé Ñ. Ê. [10℄.
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3. Îñíîâíûå ðåçóëüòàòû

Îáîçíà÷èì

α =
m− 2p

2(m+ 2)
, β =

m+ 2p

2(m+ 2)
, ε = α+ β =

m

m+ 2
, γ =

2

m+ 2
.

Òåîðåìà 1. Ïóñòü |p| < m
2 . Òîãäà ðåøåíèå çàäà÷è (1)�(3) â Ω åäèíñòâåííî, åñëè

âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

p2(x, 0) > 0, p′′2x(x, 0) − p′1x(x, 0) + 2p0(x, 0) 6 0, pi(x, y) ∈ Ci(Ω1), (4)

è â ñëó÷àå

a = α, δ(x) = x−γ (5)

âûïîëíÿþòñÿ óñëîâèÿ

A1(x) =
Γ (ε)p(x)

Γ(β)
+ c(x)x1−β 6= 0 (∀x ∈ I), (6)

p(1) = 0,
sin(πε)

2

(
p(x)

A1(x)

)′
6 0;

x1−βγ(x)
A1(x)

> 0, (7)

à â ñëó÷àå

a = 1− β, δ(x) = 1 (8)

âûïîëíÿþòñÿ óñëîâèÿ

A2(x) = p(x) + l1x
αγ(x) 6= 0 (∀x ∈ I) (9)

p(1) = 0, sin
πε

2

(
p(x)

A2(x)

)′
6 0,

xαc(x)

A2(x)
> 0 (∀x ∈ I), (10)

ãäå

l1 =
Γ(1− α)

Γ(2− ε)

(
4

m+ 2

)γ
.

⊳ Óñòðåìëÿÿ y → +0 â óðàâíåíèè (1), ïîëó÷èì îñíîâíîå �óíêöèîíàëüíîå ñîîòíîøå-

íèå ìåæäó �óíêöèÿìè τ(x) = u(x, 0) è v(x) = uy(x, 0), ïðèíåñåííîå íà I èç Ω1 â âèäå [16℄

v(x) = τ ′′′(x) + p2(x, 0)τ
′′(x) + p1(x, 0)τ

′(x) + p0(x, 0)τ(x), (11)

ïðè ýòîì ãðàíè÷íûå óñëîâèÿ (2) ïðèíèìàþò âèä

τ(0) = ϕ1(0), τ(1) = ϕ2(0), τ ′(0) = ϕ3(0).

Óìíîæèì âûðàæåíèå (11) íà v(x) è, èíòåãðèðóÿ îò 0 äî 1, ïîñëå íåêîòîðûõ ïðåîáðà-
çîâàíèé ïîëó÷èì

J∗ =

1∫

0

τ(x)v(x) dx = −1

2
(τ ′(1))2 −

1∫

0

p2(x, 0)τ
′2(x) dx

+
1

2

1∫

0

(
p′′2x(x, 0) − p′1x(x, 0) + 2p0(x, 0)τ

2(x) dx
)
= 0. (12)
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Ïðè âûïîëíåíèè óñëîâèé (4) òåîðåìû 1 ïîëó÷àåì, ÷òî

J∗ =

1∫

0

τ(x)v(x) dx 6 0.

�åøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω2 èìååò âèä [17℄

u(x, y) =
Γ(ε)

Γ(α)Γ(β)

1∫

0

τ
[
x+ γ(−y)

m+2
2 (2t− 1)

]
tβ−1(1− t)α−1 dt

+
Γ(2− ε)

Γ(1− α)Γ(1 − β)
· (−y)

1∫

0

v
[
x+ γ(−y)

m+2
2 (2t− 1)

]
t−α(1− t)−β dt.

Óäîâëåòâîðÿÿ ïîñëåäíåå óñëîâèþ (3), ïîëó÷èì �óíêöèîíàëüíîå ñîîòíîøåíèå ìåæäó

τ(x) è v(x), ïðèíåñåííîå íà ëèíèþ AB èç Ω2 âèäà [17, 18℄

− p(x)
Γ(2− ε)

Γ(1− α)

(
m+ 2

4

)γ
Da

0xδ(x)D
b−1
x1 x−αν(x)

+ p(x)
Γ(ε)

Γ(β)
Da

0xδ(x)x
γD−α

0x x
β−1τ(x)− γ(x)v(x) + c(x)τ(x) = f(x).

Ïðè âûïîëíåíèè óñëîâèÿ (5) òåîðåìû 1 ïîñëåäíåå ñîîòíîøåíèå ïðèíèìàåò âèä

[
Γ(ε)

Γ(β)
p(x)xβ−1 + c(x)

]
τ(x)

=
Γ(2− ε)

Γ(1− α)

(
m+ 2

4

)γ
p(x)Dα

0xx
−γDβ−1

0x x−αv(x) + γ(x)v(x) + f(x). (13)

Òàê êàê

J1 = Dα
0xx

−γx−αv(x) = γ
Γ(2− ε)Γ(1− ε)

[Γ(1− α)(1 − β)]2
x−α−γDε−1

0x v(x),

òî ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé (13) ïðèíèìàåò âèä [2℄

τ(x) = B(x)Dε−1
0x v(x) + γ1(x)v(x) + f1(x), (14)

ãäå

B(x) =
K · p(x)
A1(x)

, K =
1

2

(
m+ 2

4

)− m
m+2 Γ2(2− ε)Γ(1− ε)

Γ3(1− α)Γ2(1− β)
,

A1(x) =
Γ(ε)

Γ(β)
p(x) + c(x)x1−β 6= 0, f1(x) =

x1−βf(x)
A1(x)

, γ5(x) =
x1−βγ(x)
A1(x)

.

Âûðàæåíèå (14) åñòü îñíîâíîå �óíêöèîíàëüíîå ñîîòíîøåíèå ìåæäó �óíêöèÿìè τ(x) è
γ(x), ïðèíåñåííîå íà AB èç Ω2.
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Ïóñòü âûïîëíåíû óñëîâèÿ (6), (7) òåîðåìû 1. Óìíîæàÿ (14) íà v(x), â ñëó÷àå (5) ïðè
f1(x) = 0, è ðàññìàòðèâàÿ èíòåãðàë

J∗ =

1∫

0

τ(x)v(x) dx,

ïîëó÷èì, ÷òî J∗ > 0 äëÿ ëþáîãî x ∈ I. Ñëåäîâàòåëüíî, J∗ ≡ 0 ⇒ v(x) = 0 è èç (14)

ïðè f1(x) = 0 ïîëó÷àåì τ(x) = 0. Òàêèì îáðàçîì, u(x, y) ≡ 0 â Ω2, êàê ðåøåíèå çàäà÷è

Êîøè óðàâíåíèÿ (1) ñ íóëåâûìè äàííûìè, à â Ω1 � u(x, y) ≡ 0, êàê ðåøåíèå îäíîðîäíîé
çàäà÷è (1), (2).

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è â ñëó÷àå (5) ïðîèíòåãðèðóåì òðè-

æäû ñîîòíîøåíèå (11) îò 0 äî x. Ñ ó÷åòîì êðàåâûõ óñëîâèé (2) ïîëó÷àåì

τ(x)− x2

2

1∫

0

k(1, t)τ(t) dt +
1

2

x∫

0

k(x, t)τ(t) dt

=
1

2

x∫

0

(x− t)2v(t) dt−x
2

2

1∫

0

(1− t)2v(t) dt + g(x), (15)

ãäå

k(x, t) = 2p2(t, 0) + 2(x− t)
[
p1(t, 0)− 2p′2(t, 0)

]
+ (x− t)2

[
p0(t, 0)− p′1(t, 0) + p”2(t, 0)

]
;

g(x) = ϕ3(0)(x − x2) + ϕ2(0)x
2 + ϕ3(0)(1 − x2 + p2(0, 0)(x − x2)).

Ïîäñòàâëÿÿ (14) â (15) è ïðîäåëàâ íåêîòîðûå ïðåîáðàçîâàíèÿ, ïîëó÷èì

v(x) +

1∫

0

N(x, t)v(t) dt =M(x), (16)

ãäå

N(x, t) =

{
N1(x, t), 0 6 t < x;

N2(x, t), x < t 6 1,

N1(x, t) =
x2

2
K1(1, t)γ1(t) +

1

2
K(x, t)γ1(t) +

B(x)

Γ(1− ε)(x− t)2

+
1− x2

2Γ(1 − ε)

t∫

0

K(1, z)B(z)

(z − t)ε
dz − 1

2
(x− t)2 +

x2

2
(1− t)2,

N2(x, t) = −x
2

2
K(1, t)γ1(r)−

x2

2Γ(1− ε)

t∫

0

K(1, z)B(z)

(z − t)ε
dz +

x2

2
(1− t)2,

M(x) = g(x)− f1(x) +
x2

2

1∫

0

K(1, t)f1(t) dt−
1

2

x∫

0

K(x, t)f1(t) dt.
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Óðàâíåíèå (16) åñòü óðàâíåíèå Ôðåäãîëüìà 2-ãî ðîäà îòíîñèòåëüíî �óíêöèè v(x),
áåçóñëîâíàÿ ðàçðåøèìîñòü êîòîðîãî ñëåäóåò èç åäèíñòâåííîñòè ðåøåíèÿ ïîñòàâëåííîé

çàäà÷è. Åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ (16) íàõîäèòñÿ ïî �îðìóëå

v(x) = F (x) +

1∫

0

R(x, t)F (t) dt,

ãäå R(x, t) � ðåçîëüâåíòà ÿäðà N(x, t).
Ïðè âûïîëíåíèè óñëîâèé (9)�(11) äîêàçàòåëüñòâî åäèíñòâåííîñòè è ñóùåñòâîâàíèÿ

ðåøåíèÿ çàäà÷è ïðîâîäèòñÿ àíàëîãè÷íûì îáðàçîì. ⊲

Ïóñòü òåïåðü p = ±m
2 .

Òåîðåìà 2. Â îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(3), åñëè âû-

ïîëíÿþòñÿ óñëîâèÿ (4) òåîðåìû 1, è ïðè p = m
2 âûïîëíÿþòñÿ óñëîâèÿ

a = 1− ε, δ(x) ≡ 1, p(1) = 0, sin
πε

2

(
p(x)

f(x)

)′
> 0,

c(x)

A7(x)
6 0,

A3(x) = Γ(1− ε)p(x)− nγ(x) 6= 0, n =
m+ 2

2

(
m+ 2

4

)−γ
,

à ïðè p = −m
2 âûïîëíÿþòñÿ óñëîâèÿ

a = 1, δ(x) ≡ 1,
c(x)

A4(x)
6 0, A4(x) = p(x)− nxεγ(x) 6= 0.

⊳ Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1. ⊲
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Abstrat. In this paper, unique solvability of a Bitsadze�Samarsky type problem for a third-order

equation with disontinuous oe�ients in a simply onneted domain is investigated. The boundary ondition

of the problem ontains the frational integro-di�erentiation operator with the Gauss hypergeometri funtion.
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Abstrat. Let G be any graph. A subset S of verties in G is alled a dominating set if eah vertex not in S
is adjaent to at least one vertex in S. A dominating set S is alled a transversal dominating set if S has

nonempty intersetion with every dominating set of minimum ardinality in G. The minimum ardinality

of a transversal dominating set is alled the transversal domination number denoted by γtd(G). In this

paper, we are onsidering speial types of graphs alled double graphs obtained through a graph operation.

We study the new domination parameter for these graphs. We alulate the exat value of domination

and transversal domination number in double graphs of some standard lass of graphs. Further, we also

estimate some simple bounds for these parameters in terms of order of a graph.
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1. Introdution

Let G be a graph. A subset S of verties is alled a dominating set ofG if every vertex not in

S is adjaent to at least one vertex in S. The minimum ardinality of a dominating set is alled

the domination number, denoted by γ(G). For any graph G, there may be many dominating
sets of di�erent ardinalities between γ(G) and the order of G. The onept of transversal
domination in graphs is de�ned and studied in [1℄. A dominating set is alled the transversal

dominating set if it intersets every minimum dominating set in G. The minimum ardinality

of a transversal dominating set is alled the transversal domination number, denoted by γtd(G).
In [1℄, authors have obtained fundamental results related to transversal domination parameter

inluding exat values for standard graphs and bounds in terms of order and domination

number.

Let G and H be any two graphs. The diret produt of G and H is a graph denoted by

G × H with the vertex set V (G) × V (H) suh that two verties (v1, w1) and (v2, w2) are
adjaent in G × H if and only if v1 and v2 are adjaent in G and w1 and w2 are adjaent

in H. The total graph Tn of order n is the graph assoiated to the total relation (where every
vertex is adjaent to eah vertex). In fat, Tn an be obtained from the omplete graph Kn

by adding a loop to every vertex. Given a simple graph G, the double of G is a simple graph

© 2018 Nayaka, S. R., Puttaswamy, Prakash, K. N.
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denoted by D(G) and is de�ned by D(G) = G× T2. In the double graph D(G), two verties
(v1, w1) and (v2, w2) are adjaent if and only if v1 and v2 are adjaent in G.

From the de�nition of a double graph [2℄, it follows that if G is a graph of order n and size
m then D(G) is a graph of order 2n and size 4m. In partiular, the degree of a vertex (v, k)
will be 2 degG v. The pentagonal prism with modi�ed lateral edges and its double graph are

as shown in Figure 1. The double graph D(G) always deomposes into two subgraphs G0 and

G1 suh that G0 ∩ G1 = ∅ and G0 ∪ G1 is a spanning subgraph of D(G). Then {G0, G1} is
alled the deomposition of D(G). The double graph operation is de�ned for any graph G,
throughout this paper, by a graph G, we mean a graph without loops and multiple edges.

The multi-star graph Km(a1, a2, . . . , am) is a graph of order a1 + a2 + · · · + am +m formed

by joining a1, a2, . . . , am end-edges to m verties of Km. For example, K2(a1, a2) is a double
star.
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Fig. 1. Double graph of a Pentagonal prism.

Lemma 1.1. Let G be a path of order n. Then

γ(D(G)) =

{
2⌊n3 ⌋, if n ≡ 0 or 1 (mod 3);

2⌊n3 ⌋+ 1, if n ≡ 2 (mod 3).

⊳ Let G be a path of order n. Then D(G) is a {2, 4}-regular graph of order 2n. First,
suppose n ≡ 0 or 1 (mod 3). Let S′

be a minimum dominating set in G. For eah vertex u′i
of S′, attah a vertex vi+1 from another opy of G, whih is adjaent to u′ in D(G). The
resulting set S of ardinality 2γ(G) dominates D(G) and minimality holds sine eah vertex
in S has a private neighbor. Thus, γ(D(G)) = 2⌊n3 ⌋. Finally, assume n ≡ 2(mod 3). Let v
be a pendant vertex of G and let G′

be a graph obtained by removing the vertex v. Then,
learly, γ(D(G)) = γ(D(G′))+1. Sine, G′

will be isomorphi to a path of order 3n or 3n+1,
it follows that γ(D(G)) = 2⌊n3 ⌋+ 1. ⊲

Theorem 1.1. Let G be a path of order n > 3. Then γtd(D(G)) = γ(D(G)) + 1.

⊳ Let G be a path of order n. Sine the γ-set of D(G) is obtained by hoosing verties

from the γ-set of opies of G, it will be lear that there are atmost two possibilities to selet
verties from a γ-set of opies of G. Thus, for any vertex u of γ-set of G whih is not in γ-set
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S of D(G), the set S ∪ {u} will be a dominating set interseting the minimum dominating

sets in D(G). Minimality of the set S1 = S ∪ {u} sine for any vertex v of S1, there always
exists a γ-set of D(G) not interseting S1. Hene, γtd(D(G)) = γ(D(G)) + 1. ⊲

Lemma 1.2. Let G be a omplete graph. Then γ(D(G)) = 2.

Theorem 1.2. Let G be a omplete graph of order n. Then γtd(D(G)) = 2n− 1.

⊳ Let G be a omplete graph of order n. Then D(G) will be a regular graph order (2n−2).
Sine every pair of verties, taken from eah opies of G, is a dominating set it follows that
γtd(D(G)) = 2n− 1. ⊲

Theorem 1.3. Let G be a yle of order n > 4. Then

γ(D(G)) =





5, if n = 4;

3, if n = 5;

2⌊n3 ⌋, otherwise.

⊳ Let G be a yle of order n > 3. Then D(G) is a 4-regular graph of order 2n. If n = 4,
then learly γ(D(G)) = 5. Assume n = 5. Then, any minimum dominating set of a opy

of G, in whih a vertex u of S replaed by the orresponding vertex u′, will be a minimum
dominating set and so γ(D(G)) = 3.

Now, suppose n > 6. We may onsider three possible ases here. First, suppose n = 3k.
As the graph D(G) onsists of two opies of Cn, hoose a minimum dominating set S′

of

one opy, whih dominates D(G) exept the verties orresponding to the verties of S′
.

So that, the set S obtained by taking the verties not dominated by S′
together with S′

, will

be a dominating set of D(G). Further, for any vertex v of S, the set S − {v} will not be

a dominating set in G and so in D(G). Therefore, γ(D(G)) = 2|S′| = 2⌊n3 ⌋.
Next, suppose n = 3k + 1. As in the previous ase, hoose a minimum dominating set S′

of a opy G and then selet the orresponging verties from another opy of G. This will be a
dominating set but not minimal as the verties v1 and v

′
n have two neighbors in the set. Hene,

S′ −{v1, v′n} will be a minimum dominating set in G. Therefore, γ(D(G)) = |S′ −{v1, v′n}| =
2⌊n3 ⌋. Finally, if n = 3k+2, similar to the above ase, for any set S′

onsists of verties from γ-
set of G and the orresponding verties in other opy of G, the set S = (S′−{v′1, vn−1})∪{v′n}
will be a minimum dominating set of ardinality 2⌊n3 ⌋. ⊲

Theorem 1.4. Let G be a yle of order n > 3. Then

γtd(D(G)) =

{
2⌊n3 ⌋+ 3, if n ≡ 0 or 1 (mod 3);
2(n+4)

3 , if n ≡ 2 (mod 3).

⊳ Let G be a yle of order n > 3 and let V (D(G)) = {vi, v′j : 1 6 i, j 6 n}. First we note
that any minimum dominating set in D(G) ontains a vertex from V ′ = {v1, v2, v′2, vn, vn, }.
Let H be a spanning sub-graph of G having the vertex set V − V ′

. Then γtd(D(G)) =
γ(H) + |V ′|. Further, it an be noted that H will be isomorphi to a double graph D(Pn−3).
Therefore, γtd(D(G)) = γ(D(Pn−3)) + 5, establishing the result. ⊲

Theorem 1.5. Let G ∼= Km(a1, a2, . . . , am) be a multi-star. Then γtd(D(G)) = m+ 1.

⊳ Let G ∼= Km(a1, a2, . . . , am) be a multi-star of order a1+a2+· · ·+am. Clearly γ(G) = m.
Consider the double graph of G and the minimum dominating set S. As every vertex in S
overs the leaves adjaent to it and the verties adjaent to the orresponding verties in

another opy, it follows that S itself a minimum dominating set inD(G). Therefore, γ(D(G)) =
|S| = m. Finally, sineD(G) ontains exatly two vertex disjoint dominating sets, γtd(D(G)) =
m+ 1. ⊲
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Definition 1.1. For m > 2, Jahangir graph Jn,m is a graph of order nm+ 1, onsisting
of a yle of order nm with one vertex adjaent to exatly m verties of Cnm at a distane n
to eah other. Jahangir graph J2,16 is shown in �gure 1.

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉ ✉

✉

✉

✉✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✉

✁
✁
✁

❅
❅❅

❵❵❵❵❵❵❵❵❵❵❵❵

✉

Fig. 2. J2,16.

Proposition 1.1 [3℄. Let G ∼= J2,m be a Jahangir graph with m > 3. Then

γ(G) =

{
2, if m = 3;

⌈m2 ⌉+ 1, otherwise.

Theorem 1.6. Let G ∼= Jn,m be a Jahangir graph with m,n > 3. Then

γ(G) =

{
m(n−1)

3 + 1, if n ≡ 1 (mod 3);

⌈mn3 ⌉, if n ≡ 0 or 2 (mod 3).

⊳ Let G ∼= Jn,m be a Jahangir graph with m,n > 3 and let V (G) =
{v1, v2, . . . , vnm, vnm+1}, where vnm+1 is the vertex at the enter, adjaent to verties of Cnm.
First assume n ≡ 1(mod 3), i. e., n = 3k+1, for some positive integer k. From the de�nition,

the vertex vnm+1 is adjaent to m verties of Cnm at a distane 3k + 1. Removing the

vertex vnm+1 from G, the graph indued by V (G) − {vnm+1} splits into m omponents eah

omponent isomorphi to P3k. Therefore, the minimum dominating set of G is obtained by

taking dominating set from eah omponent together with vnm+1. That is, if S = ∪mi=1Si,
where Si denotes γ-set of i

th
omponent, then S∪{vnm+1} will be a minimum dominating set

of G. Sine any vertex not in S∪{vnm+1} will be adjaent to exatly one vertex in S∪{vnm+1},
no proper subset will be dominating set in G. Thus, γ(G) = m(n−1)

3 + 1.
Next, suppose n ≡ 2(mod 3). Here, we may onsider three possible ases. First, assume

m ≡ 0(mod 3). Then {vm, v2m, v3m, . . . , vnm} will be a dominating set of ardinality

nm
3 .

On the other hand, letD be a dominating set inG and assume vnm+1 ∈ D. As the vertex vnm+1

dominates m verties, to over the remaining verties, at least m⌈n3 ⌉ verties are neessary.
Thus, we must have, |D| > m⌈n3 ⌉ + 1, whih is not possible. Hene, vnm+1 /∈ D. This shows
that the domination number of G o-inides with that of a yle. Therefore, γ(G) = ⌈nm3 ⌉.
Next, suppose m ≡ 1(mod 3). In this ase {v1, v3, v6, . . . , vnm−1} will be a dominating set of
size

nm+2
3 , i. e., ⌈nm3 ⌉. On the other hand, as in the above ase, it is easy to observe that

vnm+1 /∈ D, for any dominating set D of G. Therefore, γ(G) = ⌈nm3 ⌉.
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Finally, assume n ≡ 0(mod 3). For any integer m > 3, learly nm will be a multiple of 3.
Further, no dominating set D ontains the enter vertex vnm+1. Hene, γ(G) = γ(Cnm), i. e.,
γ(G) = nm

3 . ⊲

Proposition 1.2. Suppose m > 3 and n ≡ 1(mod 3), then

γtd(Jn,m) =

{
m(n−1)

3 + 2, if m = 3 ;
m(n−1)

3 + 1, otherwise.

⊳ Let Jn,m be a Jahangir graph with m > 3 and n ≡ 1(mod 3). If m = 3, then Jn,3
ontains three minimum dominating sets among whih two of them having a ommon vertex.

Thus, γtd(Jn,m) = m(n−1)
3 + 2. Next, Assume m > 4. Then, Jn,m ontains three minimum

dominating sets. The dominating set {3, 7, 11, . . . , vnm−1, vnm+1} intersets other two sets and
hene itself beome a transversal dominating set. Therefore, γtd(Jn,m) =

m(n−1)
3 + 1. ⊲

Theorem 1.7. Suppose m > 3 and n ≡ 1(mod 3), then γ(D(Jn,m)) = 2γ(Jn,m).

⊳ Let Jn,m be a Jahangir graph with m > 3 and n ≡ 1(mod 3). Let S be any minimum

dominating set of Jn,m. Then, S dominate the double graph D(Jn,m) exept the orresponding
verties of S in the other opy of Jn,m. Sine none of the verties in S have ommon neighbor

in itself, the minimum dominating set of D(Jn,m) is obtained by adding the orresponding

verties of S. Therefore, γ(D(Jn,m)) = 2γ(Jn,m). ⊲

Proposition 1.3. Suppose m > 3 and n ≡ 1(mod 3). Then γtd(D(Jn,m)) = γ(D(Jn,m)).

⊳ Let Jn,m be a Jahangir graph with m > 3 and n ≡ 1(mod 3). We observe that Jn,m
ontains a unique dominating set, the double graphD(Jn,m) also ontains only one dominating
set and hene, γtd(D(Jn,m)) = γ(D(Jn,m)). ⊲

Theorem 1.8. Let G ∼= Jn,m be a Jahangir graph with n ≡ 2(mod 3). Then

γtd(G) =





⌈mn3 ⌉+ 2, if m ≡ 0 (mod 3);

⌈mn3 ⌉+ 1, if m ≡ 1 (mod 3);

⌈mn3 ⌉, if m ≡ 2 (mod 3).

⊳ Let G ∼= Jn,m,m > 3 be a Jahangir graph suh that n ≡ 2(mod 3). First, we note that
dominating set in Jn,m arises from dominting set of the yle Cnm and hene any transversal

dominating set in Jn,m ontains at least one vertex from the set D = {v1, v2, v3}. There are
three possible ases here. suppose m ≡ 0(mod 3), then nm ≡ 0(mod 3). Thus, Jn,m ontains

exatly three vertex disjoint dominating sets eah of ardinality

nm
3 . Therefore γtd(G) 6

nm
3 +

2. On the other hand, sine any γ-set ontains vertex fromD, it follows that γtd(G) = 3+γ(H),
where H is the graph indued by V (Jn,m)−D. Clearly, H ∼= Pmn−5 and hene, γtd(Jn,m) =
⌈nm3 ⌉ + 2. Suppose m ≡ 1(mod 3), then Jn,m ontains two vertex disjoint dominating sets.

Hene, γtd-set of Jn,m is obtained by adding one vertex to the γ-set of Jn,m. Therefore,
⌈mn3 ⌉ + 1. Finally, suppose m ≡ 2(mod 3). As the graph Jn,m ontains only one dominating

set {v1, v4, v7, . . . , vmn−4, vmn−1} and hene itself a transversal dominating set. Therefore,

γtd(Jn,m) = γ(Jn,m) = ⌈mn3 ⌉. ⊲
Theorem 1.9. Let G ∼= Jn,m be a Jahangir graph with n ≡ 2(mod 3). Then γtd(D(G)) =

2⌈nm3 ⌉ − ⌊m−1
2 ⌋+ 1. Further, γtd(D(G)) = γ(D(G)).

⊳ Let G ∼= Jn,m be a Jahangir graph with n ≡ 2(mod 3). Let S be a minimum dominating

set in G. Then, S dominates the double graph D(G) exept the verties in the seond opy

of G orresponding to that of S. Also, the vertex v′nm+1 at the enter will be adjaent to
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exatly ⌊m−1
2 ⌋ verties of S. Hene, the minimum dominating set will be obtained by hoosing

|S| − ⌊m−1
2 ⌋ verties from the seond opy of G. Therefore, γtd(D(G)) = 2⌈nm3 ⌉ − ⌊m−1

2 ⌋+1.
Next, sine any dominating set in D(G) ontains the enter vertex vnm+1, it follows that any

γ-set itself a transversal dominating set in D(G). Hene, γtd(D(G)) = γ(D(G)). ⊲

Proposition 1.4. Let G ∼= Jn,m be a Jahangir graph with n ≡ 0(mod 3) and m > 3.
Then γtd(G) = γ(G).

⊳ Let G ∼= Jn,m be a Jahangir graph with n ≡ 0(mod 3) andm > 3. For any value ofm, we
have nm ≡ 0(mod 3) and so G ontains unique dominating set {v1, v4, v7, . . . , vnm−5, vnm−2}.
Therefore, γtd(G) = γ(G) = ⌈mn3 ⌉. ⊲

Theorem 1.10. Let G ∼= Jn,m be a Jahangir graph with m > 3. If n ≡ 0(mod 3), then
γ(D(G)) = nm

3 + 1.

⊳ Let G ∼= Jn,m be a Jahangir graph with m > 3 and n ≡ 0(mod 3). Sine G ontains a

unique dominating set D = {v1, v4, v7, . . . , vnm−5, vnm−2} and the set fails to dominates the

orresponding verties in the seond opy of G. Therefore, γ(G) > nm
3 + 1. On other hand,

sine the enter vertex vnm+1 is adjaent to every vertex in D, the set D ∪ {vnm+1} will be a
dominating set and hene, γ(D(G)) = nm

3 + 1. ⊲

Theorem 1.11. Let G ∼= Jn,m be a Jahangir graph with m > 3. If n ≡ 0(mod 3), then
γtd(D(G)) = nm

3 + 2.

⊳ Let G ∼= Jn,m be a Jahangir graph with m > 3 and n ≡ 0(mod 3). From the above

theorem, it follows that G onatins exatly two dominating sets having no vertex in ommon.

Thus adding one vertex from a dominating set to other set, the transversal dominating set

will be obtained. therefore, γtd(D(G)) = nm
3 + 2. ⊲

2. Bounds for γtd(D(G))

Theorem 2.1. Let G be any onneted graph of order n. Then 1 6 γ(G) 6 γ(D(G)) 6
γtd(D(G)) 6 2n. Further, γ(D(G)) = γtd(D(G)) holds if and only if G ontains a unique

dominating set of size 1.

⊳ Let G be any onneted graph of order n. Sine any dominating set of double graph

of G dominates G also, it follows that γ(G) 6 γ(D(G)). Assume γ(D(G)) = γtd(D(G)).
On ontrary, suppose γ(G) > 2 and let S be a γ-set. Then S dominates the double graph

D(G) exept the orresponding verties of S in other opy of G. Therefore, S annot be

a transversal dominating set in D(G), showing that γ(D(G)) 6= γtd(D(G)). Conversly, if G
ontains a unique dominating set of ardinality one, then D(G) ontains unique dominating
set and so γ(D(G)) = γtd(D(G)). ⊲

Corollary 2.1. Let G be any graph. Then 2 6 γ(D(G)) 6 γtd(D(G)). Further,

γtd(D(G)) = 2 if and only if G is a star.

⊳ Let G be any graph. First, assume γtd(D(G)) = 2. From the above theorem it follows

that γ(D(G)) = γtd(D(G)) and so G must ontain exatly one vertex of degree n−1, proving
that G is a star. Converse is obvious. ⊲

There is no exat relation between γtd(G) and γ(D(G)). For example, if G is a star, then

γ(D(G)) = γtd(D(G)). Let G be a omplete graph of order n > 4, then γtd(G) = n− 1 > 2 =
γ(D(G)). Finally, let G be a path of P6. Then γtd(G) = 5 but γ(D(G)) = 6.

Proposition 2.1. Let G be a onneted graph of order n > 2. Then γtd(D(G)) 6

γ(D(G)) + δ(D(G)).
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⊳ Let G be a onneted graph of order n > 2. Then, δ(G) > 1 and let v be a vertex of
degree δ(G). Clearly, any dominating set in D(G) must ontain either v or a vertex from N(v).
Thus, γtd(D(G)) 6 γ(D(G)) + |N(v)|. This proves that, γtd(D(G)) 6 γ(D(G)) + δ(D(G)). ⊲

Theorem 2.2. Let G be any graph. Then γtd(D(G)) = 2n − 1 if and only if G is a

omplete graph.

⊳ Let G be a onneted graph of order n. Assume that γtd(D(G)) = 2n − 1. Then, any
subset S′

of verties of order atmost 2n−2 is not a transversal dominating set in D(G). From
the minimality of γtd(D(G)), it follows that, V − S′ = {u, v} is a dominating set in D(G).
Further, V − S′

must ontains at least one vertex from eah opy of G. Thus, γ(G) = 1. As
the verties u, v are hosen arbitrarily, eah vertex in G must have degree n − 1, proving
that G is a omplete graph. Converse is obvious. ⊲
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Àííîòàöèÿ. Ïóñòü G � ïðîèçâîëüíûé ãðà�. Ïîäìíîæåñòâî S ìíîæåñòâà âñåõ âåðøèí G íàçûâàåò-

ñÿ äîìèíèðóþùèì ìíîæåñòâîì, åñëè êàæäàÿ âåðøèíà, íå âõîäÿùàÿ â S, ïðèìûêàåò, ïî ìåíüøåé ìåðå,

ê îäíîé èç âåðøèí èç S. Äîìèíèðóþùåå ìíîæåñòâî S íàçûâàåòñÿ òðàíñâåðñàëüíûì äîìèíèðóþùèì
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ìíîæåñòâîì, åñëè S èìååò íåïóñòîå ïåðåñå÷åíèå ñ êàæäûì äîìèíèðóþùèì ìíîæåñòâîì ìèíèìàëüíîé

ìîùíîñòè â G. Ìèíèìàëüíàÿ ìîùíîñòü òðàíñâåðñàëüíîãî äîìèíèðóþùåãî ìíîæåñòâà íàçûâàåòñÿ ÷èñ-

ëîì òðàíñâåðñàëüíîãî äîìèíèðîâàíèÿ, îáîçíà÷àåìûì γtd(G). Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ ñïåöè-

àëüíûå òèïû ãðà�îâ, íàçûâàåìûå äâîéíûìè ãðà�àìè, ïîëó÷àåìûìè ñ ïîìîùüþ îïåðàöèé íàä ãðà�àìè.

Ìû èçó÷àåì íîâûé ïàðàìåòð äîìèíèðîâàíèÿ äëÿ ýòèõ ãðà�îâ. Âû÷èñëÿåòñÿ òî÷íîå çíà÷åíèå ÷èñëà äî-

ìèíèðîâàíèÿ è ÷èñëà ïîïåðå÷íîãî äîìèíèðîâàíèÿ â äâîéíûõ ãðà�àõ íåêîòîðîãî ñòàíäàðòíîãî êëàññà

ãðà�îâ. Êðîìå òîãî, ïîëó÷åíû íåêîòîðûå ïðîñòûå îöåíêè äëÿ ýòèõ ïàðàìåòðîâ â òåðìèíàõ ïîðÿäêà

ãðà�à.

Êëþ÷åâûå ñëîâà: ïîïåðå÷íîå äîìèíèðóþùåå ìíîæåñòâî, ÷èñëî ïîïåðå÷íîãî äîìèíèðîâàíèÿ, ïðÿ-
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ ïðîñòðàíñòâà óëüòðàäè��åðåíöèðóåìûõ �óíêöèé Áåðëèí-

ãà íîðìàëüíîãî òèïà íà ÷èñëîâîé ïðÿìîé, çàäàâàåìûå âåñàìè îïðåäåëåííîãî âèäà. Óêàçàííûå ïðî-

ñòðàíñòâà ïðåäñòàâëÿþò ñîáîé îáîáùåííûå ïðîåêòèâíûå àíàëîãè èçâåñòíûõ êëàññîâ Æåâðå. Â äàí-

íûõ ïðîñòðàíñòâàõ èññëåäóåòñÿ íåîäíîðîäíîå óðàâíåíèå ñâåðòêè (äè��åðåíöèàëüíîå óðàâíåíèå áåñ-

êîíå÷íîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè), îïðåäåëÿåìîå ñèìâîëîì, èìåþùèì òîëüêî ïðî-
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èìååò ïîäõîäÿùóþ îöåíêó ñíèçó. Ïîñòðîåííàÿ ïîñëåäîâàòåëüíîñòü ïîðîæäàåò àáñîëþòíî ïðåäñòàâ-

ëÿþùóþ ñèñòåìó ýêñïîíåíò ñ ìíèìûìè ïîêàçàòåëÿìè â ðàññìàòðèâàåìîì ïðîñòðàíñòâå. Ýòî ïîç-

âîëÿåò ðàçëîæèòü ïðàâóþ ÷àñòü èññëåäóåìîãî óðàâíåíèÿ â àáñîëþòíî ñõîäÿùèéñÿ ðÿä ïî óêàçàí-

íîé ñèñòåìå è âûïèñàòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ òàêæå â âèäå àáñîëþòíî ñõîäÿùåãîñÿ ðÿäà,

êîý��èöèåíòû êîòîðîãî, åñòåñòâåííî, îïðåäåëÿþòñÿ ïðàâîé ÷àñòüþ óðàâíåíèÿ. Â ýòîì çàêëþ÷àåò-

ñÿ îñíîâíîé ðåçóëüòàò ðàáîòû. Äîêàçàòåëüñòâî ñóùåñòâåííûì îáðàçîì îïèðàåòñÿ íà àíàëîãè÷íûå
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óñòîé÷èâîñòè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ è àáñîëþòíî ïðåäñòàâëÿþùèõ ñèñòåì. Â ðàáîòå ïðèâî-
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Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî óëüòðàäè��åðåíöèðóåìûõ �óíêöèé, íåîäíîðîäíîå óðàâíåíèå

ñâåðòêè.

Mathematial Subjet Classi�ation (2000): 44A35, 46E10.

Îáðàçåö öèòèðîâàíèÿ: Ïîëÿêîâà Ä. À. Î ÷àñòíîì ðåøåíèè íåîäíîðîäíîãî óðàâíåíèÿ ñâåðò-

êè â ïðîñòðàíñòâàõ óëüòðàäè��åðåíöèðóåìûõ �óíêöèé // Âëàäèêàâê. ìàò. æóðí.�2018.�Ò. 20,

âûï. 4.�Ñ. 68�75. DOI: 10.23671/VNC.2018.4.23389.

1. Ââåäåíèå

Ïóñòü ω � âåñîâàÿ �óíêöèÿ, ϕ∗
ω � ñîïðÿæåííàÿ ïî Þíãó ñ ϕω(x) = ω(ex). Ïðî-

ñòðàíñòâîì óëüòðàäè��åðåíöèðóåìûõ �óíêöèé (ÓÄÔ) Áåðëèíãà íîðìàëüíîãî òèïà íà

÷èñëîâîé ïðÿìîé, çàäàâàåìûì âåñîì ω, íàçûâàåòñÿ ñëåäóþùåå ïðîñòðàíñòâî áåñêîíå÷íî
äè��åðåíöèðóåìûõ êîìïëåêñíîçíà÷íûõ �óíêöèé íà R:

E
1
(ω)(R) =

{
f ∈ C∞(R) : |f |ω,q,l = sup

j∈N0

sup
|x|6l

|f (j)(x)|
exp qϕ∗

ω(j/q)
<∞ (∀ q ∈ (0, 1), ∀ l ∈ (0,∞))

}
.

© 2018 Ïîëÿêîâà Ä. À.
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Ïðîñòðàíñòâà ÓÄÔ íîðìàëüíîãî òèïà (êàê íà ÷èñëîâîé ïðÿìîé, òàê è íà êîíå÷-

íîì èíòåðâàëå) äîñòàòî÷íî àêòèâíî èçó÷àþòñÿ â ïîñëåäíèå 10�15 ëåò. Îäíèì èç îñíîâ-

íûõ íàïðàâëåíèé ÿâëÿåòñÿ èññëåäîâàíèå óðàâíåíèé ñâåðòêè â óêàçàííûõ ïðîñòðàíñòâàõ.

Â ÷àñòíîñòè, â E 1
(ω)(R) ê íàñòîÿùåìó âðåìåíè ïîëíîñòüþ èçó÷åíà (ñì. [1℄) çàäà÷à î ðàç-

ðåøèìîñòè íåîäíîðîäíîãî óðàâíåíèÿ ñâåðòêè

Tµf = g. (1)

Çäåñü Tµ � îïåðàòîð ñâåðòêè, äåéñòâóþùèé ëèíåéíî è íåïðåðûâíî â E 1
(ω)(R); µ � åãî

ñèìâîë, ò. å. öåëàÿ �óíêöèÿ, óäîâëåòâîðÿþùàÿ îïðåäåëåííûì óñëîâèÿì ðîñòà. Çàòåì

â ðàáîòå [2℄ ðàññìàòðèâàëñÿ âîïðîñ î ÷àñòíîì ðåøåíèè óðàâíåíèÿ (1) îïðåäåëåííîãî âè-

äà. Èìåííî, ïî ñèìâîëó µ óðàâíåíèÿ (1) ñòðîèëàñü ïîñëåäîâàòåëüíîñòü òî÷åê (νj)
∞
j=1

äåéñòâèòåëüíîé è ìíèìîé îñè òàê, ÷òîáû ñèñòåìà

{
e−iνjx : j ∈ N

}
áûëà àáñîëþòíî

ïðåäñòàâëÿþùåé ñèñòåìîé (ÀÏÑ) â E 1
(ω)(R) è ÷òîáû äëÿ |µ(νj)|, j ∈ N, âûïîëíÿëèñü ïîä-

õîäÿùèå îöåíêè ñíèçó. Ýòî ïîçâîëèëî óñòàíîâèòü, ÷òî åñëè ïðàâàÿ ÷àñòü g óðàâíåíèÿ (1)
ðàçëîæåíà â àáñîëþòíî ñõîäÿùèéñÿ ðÿä

∑∞
j=1 gje

−iνjx
, òî �óíêöèÿ

f =

∞∑

j=1

gj
µ(νj)

e−iνjx (2)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1) â ïðîñòðàíñòâå E 1
(ω)(R). Åñòåñòâåííûì íåäîñòàòêîì

ðåçóëüòàòîâ ðàáîòû [2℄ ìîæíî ñ÷èòàòü òî, ÷òî ñèñòåìà òî÷åê (νj)
∞
j=1 ñòðîèòñÿ íåêîí-

ñòðóêòèâíî. Âûçâàíî ýòî òåì, ÷òî â [2℄ ðàññìàòðèâàåòñÿ ñëó÷àé ïðîèçâîëüíîãî âåñà ω.
Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ âàæíûé ñ òî÷êè çðåíèÿ ïðèëîæåíèé ñëó÷àé âå-

ñîâ ω(t) = tρ(t), ãäå ρ(t) → ρ ∈ (0, 1) � íåêîòîðûé óòî÷íåííûé ïîðÿäîê. Ñîîòâåòñòâóþùèå

ïðîñòðàíñòâà E 1
(ω)(R) ïðåäñòàâëÿþò ñîáîé îáîáùåííûå ïðîåêòèâíûå àíàëîãè èçâåñòíûõ

êëàññîâ Æåâðå. Èçâåñòíî, ÷òî â ýòèõ ïðîñòðàíñòâàõ âñå óðàâíåíèÿ ñâåðòêè ïðåäñòàâëÿþò

ñîáîé äè��åðåíöèàëüíûå óðàâíåíèÿ áåñêîíå÷íîãî ïîðÿäêà ñ ïîñòîÿííûìè êîý��èöèåí-

òàìè ∞∑

k=0

akf
(k) = g. (3)

Îñíîâíîé ðåçóëüòàò ðàáîòû çàêëþ÷àåòñÿ â ÿâíîì ïîñòðîåíèè ïîñëåäîâàòåëüíî-

ñòè (νj)
∞
j=1, êîòîðàÿ ïîçâîëÿåò âûïèñàòü ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3) â âèäå (2). Çà-

ìåòèì, ÷òî òî÷êè νj âûáèðàþòñÿ ñèììåòðè÷íî íà äåéñòâèòåëüíîé îñè. Äîêàçàòåëüñòâî

áàçèðóåòñÿ íà àíàëîãè÷íûõ ðåçóëüòàòàõ èç [3℄, ïîëó÷åííûõ äëÿ ñëó÷àÿ êîíå÷íîãî èí-

òåðâàëà, à òàêæå íà ñâîéñòâå óñòîé÷èâîñòè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ (ÑÄÌ) è ÀÏÑ

èç [4℄.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â íàñòîÿùåì ïàðàãðà�å ñîäåðæàòñÿ âñå íåîáõîäèìûå ñâåäåíèÿ î ðàññìàòðèâàåìûõ

ïðîñòðàíñòâàõ è îïåðàòîðàõ ñâåðòêè â íèõ. Êðîìå òîãî, ïðèâîäÿòñÿ íåêîòîðûå ïîíÿòèÿ

è �àêòû èç òåîðèè ÑÄÌ è ÀÏÑ, íóæíûå äëÿ äàëüíåéøåãî.

Íà÷íåì ñ áîëåå ïîäðîáíîãî îïðåäåëåíèÿ èññëåäóåìûõ ïðîñòðàíñòâ. Íàïîìíèì, ÷òî

íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ïðîñòðàíñòâàì E 1
(ω)(R) ÓÄÔ Áåðëèíãà íîðìàëüíîãî òèïà

íà ÷èñëîâîé ïðÿìîé, ïîðîæäàåìûì âåñàìè ω(t) = tρ(t), ρ(t) → ρ ∈ (0, 1) � íåêîòîðûé

óòî÷íåííûé ïîðÿäîê. Îäíàêî äëÿ óäîáñòâà èçëîæåíèÿ ìû ââåäåì ïðîñòðàíñòâà â ñëó÷àå

ïðîèçâîëüíîãî âåñà ω è íà ïðîèçâîëüíîì èíòåðâàëå.
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Èòàê, ïóñòü ω � íåêâàçèàíàëèòè÷åñêàÿ âåñîâàÿ �óíêöèÿ, ò. å. íåïðåðûâíàÿ íåîò-

ðèöàòåëüíàÿ íåóáûâàþùàÿ �óíêöèÿ íà [0,∞), îáëàäàþùàÿ îïðåäåëåííûìè ñâîéñòâà-

ìè (ñì. [3℄). Ïîëîæèì ω(z) := ω(|z|), z ∈ C; ϕω(x) := ω(ex), x > 0; ϕ∗
ω(y) = sup{xy−ϕω(x) :

x > 0}, y > 0. Äëÿ çàäàííîé âåëè÷èíû 0 < a 6 ∞ îïðåäåëèì ïðîñòðàíñòâî ÓÄÔ Áåð-

ëèíãà íîðìàëüíîãî òèïà íà èíòåðâàëå I = (−a, a) (êîòîðûé ìîæåò áûòü êàê êîíå÷íûì,
òàê è áåñêîíå÷íûì):

E
1
(ω)(I) =

{
f ∈ C∞(I) : |f |ω,q,l <∞

(
∀ q ∈ (0, 1), ∀ l ∈ (0, a)

)}
.

Âåëè÷èíà |f |ω,q,l áûëà îïðåäåëåíà âî ââåäåíèè. Ïðîñòðàíñòâî E 1
(ω)(I) íàäåëÿåòñÿ åñòå-

ñòâåííîé òîïîëîãèåé, çàäàâàåìîé íàáîðîì ïðåäíîðì {| · |ω,q,l : q ∈ (0, 1), l ∈ (0, a)},
è ÿâëÿåòñÿ ñ íåé (FS)-ïðîñòðàíñòâîì (ñì. [5℄).

Ñèëüíîå ñîïðÿæåííîå ïðîñòðàíñòâî

(
E 1
(ω)(I)

)′
β
ïîñðåäñòâîì ïðåîáðàçîâàíèÿ Ôóðüå �

Ëàïëàñà �óíêöèîíàëîâ

F : ϕ ∈
(
E

1
(ω)(I)

)′ 7→ ϕ̂(z) := ϕx(e
−ixz), z ∈ C,

ðåàëèçóåòñÿ (ñì. [6℄) â âèäå ñëåäóþùåãî âåñîâîãî ïðîñòðàíñòâà öåëûõ �óíêöèé:

H1
(ω),I =

⋃

q∈(0,1)

⋃

l∈(0,a)
Hω,q,l,

ãäå

Hω,q,l =

{
f ∈ H(C) : ‖f‖ω,q,l = sup

z∈C

|f(z)|
exp

(
qω(z) + l| Im z|

)
}
<∞.

Ïðîñòðàíñòâî H1
(ω),I íàäåëÿåòñÿ åñòåñòâåííîé èíäóêòèâíîé òîïîëîãèåé è îòíîñèòñÿ

ê êëàññó (DFS)-ïðîñòðàíñòâ (ñì. [5℄).

Îïåðàòîð ñâåðòêè Tµ â ïðîñòðàíñòâå E 1
(ω)(I) îïðåäåëÿåòñÿ êàê ñîïðÿæåííûé ê îïå-

ðàòîðó óìíîæåíèÿ Λµ : f 7→ µf , äåéñòâóþùåìó â ïðîñòðàíñòâå H1
(ω),I . Ñèìâîë µ ïðåä-

ñòàâëÿåò ñîáîé öåëóþ �óíêöèþ, ÿâëÿþùóþñÿ ìóëüòèïëèêàòîðîì ïðîñòðàíñòâà H1
(ω),I .

Â îáùåì ñëó÷àå äåéñòâèå îïåðàòîðà Tµ íà �óíêöèè èç E 1
(ω)(I) îïðåäåëÿåòñÿ ðàâåíñòâîì

(Tµf)(x) := 〈ψµ, f(x+ ·)〉, x ∈ I, f ∈ E
1
(ω)(I).

Çäåñü ψµ := F−1(µ) ∈
(
E 1
(ω)(I)

)′
.

Èçâåñòíî (ñì. [3℄ è áèáèîãðà�èþ òàì), ÷òî åñëè öåëàÿ �óíêöèÿ µ(z) =
∑∞

k=0 ak(−i)kzk
ÿâëÿåòñÿ ñèëüíûì ìóëüòèïëèêàòîðîì ïðîñòðàíñòâà H1

(ω),I , ò. å. óäîâëåòâîðÿåò óñëîâèþ

sup
z∈C

|µ(z)|
eεω(z)

<∞ (∀ ε > 0),

òî îïåðàòîð Tµ ïðåäñòàâëÿåò ñîáîé äè��åðåíöèàëüíûé îïåðàòîð áåñêîíå÷íîãî ïîðÿäêà

ñ ïîñòîÿííûìè êîý��èöèåíòàìè: Tµf =
∑∞

k=0 akf
(k)
, f ∈ E 1

(ω)(I).
Â çàêëþ÷åíèå ïàðàãðà�à ïðèâåäåì íåîáõîäèìûå ñâåäåíèÿ, êàñàþùèåñÿ ÑÄÌ, ÀÏÑ è

ñâÿçè ìåæäó íèìè. Â ñîîòâåòñòâèè ñ [7℄, ïîñëåäîâàòåëüíîñòü (xj)
∞
j=1 ýëåìåíòîâ ëîêàëüíî

âûïóêëîãî ïðîñòðàíñòâà E íàçûâàåòñÿ ÀÏÑ â E, åñëè ëþáîé ýëåìåíò x ∈ E ðàñêëàäû-

âàåòñÿ â àáñîëþòíî ñõîäÿùèéñÿ ðÿä x =
∑∞

j=1 cjxj .
Äàëåå, ïóñòü çàäàíû íîðìèðîâàííûå ïðîñòðàíñòâà öåëûõ �óíêöèé

Hk =

{
f ∈ H(CN ) : ‖f‖k = sup

z∈CN

|f(z)|
expϕk(z)

<∞
}
, k ∈ N,
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ãäå 0 < ϕk 6 ϕk+1 < ∞, k ∈ N, � íåêîòîðûå çàäàííûå �óíêöèè. Òîãäà ìîæíî ââåñòè

ïðîñòðàíñòâî H = ∪∞
k=1Hk è íàäåëèòü åãî òîïîëîãèåé èíäóêòèâíîãî ïðåäåëà indkHk.

Ìíîæåñòâî S ⊂ C
N
íàçûâàåòñÿ ñëàáî äîñòàòî÷íûì äëÿ H (ñì. [8℄), åñëè èñõîäíàÿ òî-

ïîëîãèÿ indkHk ñîâïàäàåò ñ òîïîëîãèåé indkHk;S èíäóêòèâíîãî ïðåäåëà ïîëóíîðìèðî-

âàííûõ ïðîñòðàíñòâ

Hk;S =

{
f ∈ H(CN ) : ‖f‖k = sup

z∈S

|f(z)|
expϕk(z)

<∞
}
, k ∈ N.

�åçóëüòàò î ñâÿçè ÀÏÑ è ÑÄÌ ñîäåðæèòñÿ, íàïðèìåð, â [9, òåîðåìà K℄.

3. Îñíîâíîé ðåçóëüòàò

Èòàê, ìû áóäåì èññëåäîâàòü íåîäíîðîäíîå óðàâíåíèå ñâåðòêè Tµf = g â ïðîñòðàí-

ñòâå E 1
(ω)(R), çàäàâàåìîì âåñîì ω(t) = tρ(t), ρ(t) → ρ ∈ (0, 1) � íåêîòîðûé óòî÷íåííûé

ïîðÿäîê. Ïîëîæèì ρ(z) := ρ(|z|), z ∈ C. Íàïîìíèì, ÷òî â ñîîòâåòñòâèè ñ ââåäåííûìè

âûøå îáîçíà÷åíèÿìè,

(
E 1
(ω)(R)

)′
β
≃ H1

(ω),R.

Áóäåì ïðåäïîëàãàòü, ÷òî ñèìâîë µ(z) =
∑∞

k=0 ak(−i)kzk ðàññìàòðèâàåìîãî óðàâíåíèÿ
çàäàí ñâîèìè ïðîñòûìè íóëÿìè:

µ(z) =
∞∏

s=1

(
1− z

λs

)
, |λs| ↑ ∞ ,

ïðè÷åì ïîñëåäîâàòåëüíîñòü íóëåé óäîâëåòâîðÿåò óñëîâèþ

lim
s→∞

s

|λs|ρ(λs)
= 0. (4)

�àâåíñòâî (4) îáåñïå÷èâàåò òî, ÷òî µ èìååò íóëåâîé òèï ïðè ïîðÿäêå ρ(r), à çíà÷èò, ÿâ-
ëÿåòñÿ ñèëüíûì ìóëüòèïëèêàòîðîì ïðîñòðàíñòâà H1

(ω),R. Ñîîòâåòñòâåííî, èññëåäóåìîå

óðàâíåíèå ñâåðòêè ïðåäñòàâëÿåò ñîáîé äè��åðåíöèàëüíîå óðàâíåíèå áåñêîíå÷íîãî ïî-

ðÿäêà ñ ïîñòîÿííûìè êîý��èöèåíòàìè (3).

Áóäåì òàêæå ñ÷èòàòü, ÷òî ïîñëåäîâàòåëüíîñòü (λs) îáðàçóåò R-ìíîæåñòâî (ñì. [10℄):
òî÷êè λs ðàñïîëîæåíû âíóòðè óãëîâ ñ îáùåé âåðøèíîé â íà÷àëå êîîðäèíàò, íå èìåþùèõ

äðóãèõ îáùèõ òî÷åê, ïðè÷åì åñëè ïåðåíóìåðîâàòü òî÷êè ìíîæåñòâà (λs) âíóòðè ëþáîãî
èç ýòèõ óãëîâ â ïîðÿäêå âîçðàñòàíèÿ èõ ìîäóëåé, òî äëÿ òî÷åê, ïîïàâøèõ âíóòðü îäíîãî

óãëà,

|λs+1| − |λs| > d|λs|1−ρ(λs), s ∈ N, d > 0. (5)

Ïðè ýòîì µ áóäåò èìåòü âïîëíå ðåãóëÿðíûé ðîñò ïðè ïîðÿäêå ρ(r), òàê ÷òî âíå íåêîòîðîãî
èñêëþ÷èòåëüíîãî ìíîæåñòâà êðóæêîâ Cs = {z : |z − λs| < rs}, s ∈ N, áóäåò âûïîëíÿòüñÿ

àñèìïòîòè÷åñêîå ðàâåíñòâî

lim
z→∞

ln |µ(z)|
|z|ρ(z) = 0. (6)

Çàìåòèì, ÷òî â ðàññìàòðèâàåìîì ñëó÷àå â êà÷åñòâå ðàäèóñîâ rs èñêëþ÷èòåëüíûõ êðóæ-
êîâ ìîæíî âçÿòü ëþáîå �èêñèðîâàííîå ÷èñëî γ > 0 (ñì. [11, çàìå÷àíèå ïîñëå òåîðå-

ìû 1.2.6℄). Â ñèëó [1, òåîðåìà 2℄, äàííîå óñëîâèå îáåñïå÷èâàåò òî, ÷òî óðàâíåíèå (3)

ðàçðåøèìî â ïðîñòðàíñòâå E 1
(ω)(R) ïðè ëþáîé ïðàâîé ÷àñòè g ∈ E 1

(ω)(R).
Íà îñíîâàíèè ïåðå÷èñëåííûõ ñâîéñòâ �óíêöèè µ ïîñòðîèì âîçðàñòàþùóþ ïîñëå-

äîâàòåëüíîñòü (νj)
∞
j=1 ïîëîæèòåëüíûõ ÷èñåë, êîòîðàÿ áóäåò ïîðîæäàòü â ïðîñòðàíñòâå

E 1
(ω)(R) ÀÏÑ ýêñïîíåíò

{
e∓iνjx

}∞
j=1

.
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Ïðè êàæäîì p ∈ N âîçüìåì ÷èñëî γ(p) òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå óñëî-

âèÿ: γ(p) < 1
4·2p ; γ

(p+1) < γ(p); èñêëþ÷èòåëüíûå êðóæêè C
(p)
s =

{
z : |z − λs| < γ(p)

}
,

s = 1, 2, . . ., âíå êîòîðûõ âûïîëíÿåòñÿ ðàâåíñòâî (6), ïîïàðíî íå ïåðåñåêàþòñÿ. �àññìîò-
ðèì �óíêöèþ sin 2pz è åå ïîëîæèòåëüíûå íóëè

πn
2p , n ∈ N. �àçîáüåì èõ íà äâå âîçðàñ-

òàþùèå ïîñëåäîâàòåëüíîñòè ξ
(p)
1 , ξ

(p)
2 , . . . è η

(p)
1 , η

(p)
2 , . . . ïî ïðàâèëó: òî÷êè ±η(p)j íå ïîïà-

äàþò â èñêëþ÷èòåëüíûå êðóæêè C
(p)
s , à ξ

(p)
j èëè −ξ(p)j ïîïàäàþò â C

(p)
s . Áóäåì ñ÷èòàòü,

÷òî òî÷åê ξ
(p)
j áåñêîíå÷íî ìíîãî, ïîñêîëüêó ýòî íàèáîëåå ñëîæíàÿ ñèòóàöèÿ. Ïîëîæèì

K
(p)
j,± =

{
z : |z ∓ ξ

(p)
j | < γ(p)

}
, j ∈ N.

Äàëåå, íà îñíîâàíèè òåîðåìû 1.2.3 èç [11℄ âûäåëèì èç ïîñëåäîâàòåëüíîñòè(
π

2·2p + πn
2p

)∞
n=1

ïîäïîñëåäîâàòåëüíîñòü (ζ
(p)
k )∞k=1 òàêóþ, ÷òî ±ζ(p)k /∈ ⋃sC

(p)
s , äëÿ êîòîðîé

lim
k→∞

k
(
ζ
(p)
k

)ρ(ζ(p)k )
=

1

π
tg
πρ

2
;

ζ
(p)
k+1 − ζ

(p)
k > dp

(
ζ
(p)
k

)1−ρ(ζ(p)k )
, k ∈ N, dp > 0.

Ïðè ýòîì ζ
(p)
k /∈ ⋃jK

(p)
j,±, k ∈ N.

Ïîñòðîåííûå ïîñëåäîâàòåëüíîñòè

(
η
(p)
k

)∞
k=1

è

(
ζ
(p)
k

)∞
k=1

îáúåäèíÿåì â îäíó âîçðàñòàþ-

ùóþ ïîñëåäîâàòåëüíîñòü

(
ν
(p)
j

)∞
j=1

. Ïðè ýòîì ñèñòåìà

{
1, e∓iν

(p)
j x}∞

j=1
áóäåò ÀÏÑ â ïðî-

ñòðàíñòâå E 1
(ω)(I

(p)), ãäå I(p) = (−2p, 2p) (áîëåå ïîäðîáíî îá ýòîì ñì. íèæå â äîêàçàòåëü-

ñòâå ëåììû 1). Êðîìå òîãî, âñå òî÷êè ±ν(p)j ëåæàò âíå èñêëþ÷èòåëüíûõ êðóæêîâ C
(p)
s .

Îòìåòèì íåêîòîðûå î÷åâèäíûå ñâîéñòâà ïîñëåäîâàòåëüíîñòåé

(
ν
(p)
j

)∞
j=1

, p ∈ N. Âî-

ïåðâûõ, ïîíÿòíî, ÷òî

(
ν
(p)
j

)∞
j=1

⊂
(
ν
(p+1)
j

)∞
j=1

, p ∈ N. Äàëåå, åñëè îáîçíà÷èòü ÷åðåç n(p)(r),

r > 0, êîëè÷åñòâî ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè
(
ν
(p)
j

)∞
j=1

íà ïðîìåæóòêå (0, r], òî

lim sup
r→∞

n(p)(r)

r
<∞, p ∈ N.

Äåéñòâèòåëüíî, íà ëþáîì ïîëóèíòåðâàëå äëèíîé π êîëè÷åñòâî ýëåìåíòîâ ïîñëåäîâàòåëü-

íîñòè

(
ν
(p)
j

)∞
j=1

íå ïðåâûøàåò 2p+1
. Ñëåäîâàòåëüíî, åñëè lπ < r 6 (l + 1)π, l ∈ N, òî

n(p)(r) 6 (l + 1)2p+1 6
(
r
π + 1

)
2p+1

. Òàêèì îáðàçîì, lim supr→∞
n(p)(r)
r 6

2p+1

π <∞.

Ñäåëàåì åùå îäíî ïîëåçíîå çàìå÷àíèå. Ïîíÿòíî, ÷òî åñëè íóëè λs ñèìâîëà µ(z) îò-
ãðàíè÷åíû îò äåéñòâèòåëüíîé îñè, ò. å. åñëè

| Im λs| > δ0, s > s0, (7)

òî ïðè êàæäîì p ∈ N â êà÷åñòâå òî÷åê η
(p)
k ìîæíî âçÿòü η

(p)
k = πk

2p , k ∈ N.

Ïåðåéäåì, íàêîíåö, ê ïîñòðîåíèþ èñêîìîé ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1. Âîçüìåì

ýëåìåíòû ïîñëåäîâàòåëüíîñòè

(
ν
(1)
j

)∞
j=1

, ëåæàùèå íà ïðîìåæóòêå (0, l1π] (íàòóðàëü-

íûå ÷èñëà l1 < l2 < . . . áóäóò âûáðàíû íèæå). Çàíóìåðóåì èõ ïî âîçðàñòàíèþ:

ν1, . . . , νj1 . Çàòåì âûáåðåì ýëåìåíòû ïîñëåäîâàòåëüíîñòè

(
ν
(2)
j

)∞
j=1

, ïîïàäàþùèå íà ïðî-

ìåæóòîê

(
l1π, (l1 + l2)π

]
, è îáîçíà÷èì èõ νj1+1, . . . , νj2 . Äàëåå, ïóñòü νj2+1, . . . , νj3 � çà-

íóìåðîâàííûå ïî âîçðàñòàíèþ ýëåìåíòû ïîñëåäîâàòåëüíîñòè

(
ν
(3)
j

)∞
j=1

èç ïðîìåæóòêà
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(
(l1 + l2)π, (l1 + l2 + l3)π

]
. Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì âîçðàñòàþùóþ ïî-

ñëåäîâàòåëüíîñòü (νj)
∞
j=1 ïîëîæèòåëüíûõ ÷èñåë. Ïðè ýòîì ïî ïîñòðîåíèþ êàæäàÿ ïî-

ñëåäîâàòåëüíîñòü

(
ν
(p)
j

)∞
j=1

, p ∈ N, çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà ýëåìåíòîâ áóäåò

ïîäïîñëåäîâàòåëüíîñòüþ ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1. Êðîìå òîãî, âñå òî÷êè ±νj áóäóò

íàõîäèòüñÿ âíå èñêëþ÷èòåëüíûõ êðóæêîâ �óíêöèè µ. Ñëåäîâàòåëüíî, äëÿ êàæäîãî ε > 0
íàéäåòñÿ íîìåð j(ε) ∈ N òàêîé, ÷òî

|µ(±νj)| > exp
{
− εν

ρ(νj)
j

}
, j > j(ε). (8)

Îòìåòèì åùå îäíî ïîëåçíîå ñâîéñòâî ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1. Èìåííî, îöåíèì

âåëè÷èíó n(r) � êîëè÷åñòâî ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1 íà ïðîìåæóòêå (0, r].

Çà�èêñèðóåì r > l1π è íàéäåì p ∈ N òàêîå, ÷òî

∑p−1
j=1 ljπ < r 6

∑p
j=1 ljπ. Òîãäà n(r) 6∑p

j=1 lj ·2j+1 6 p · ll ·2p+1
. Ïðè ýòîì r >

∑p−1
j=1 ljπ > lp−1 ·π > lp−1. Èñõîäÿ èç ïîëó÷åííûõ

îöåíîê, ÷èñëà lp ïîäáåðåì òàê, ÷òîáû

lim
r→∞

n(r)

r1+ε
= 0 (∀ ε > 0). (9)

Âîçüìåì, íàïðèìåð, lp = 2p
2
. Òîãäà

n(r)

r1+ε
6
p · 2p2 · 2p+1

2(1+ε)(p−1)2
= p · 2−εp2+3p+2pε−ε → 0, p→ ∞,

òàê ÷òî óñëîâèå (9) âûïîëíåíî.

Ïðåæäå ÷åì ïåðåõîäèòü ê îñíîâíûì ðåçóëüòàòàì ðàáîòû, ïðèâåäåì êîíêðåòíûé ïðè-

ìåð ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1.

Ïðèìåð 1.Ïóñòü ω(t) = t
1
2
. Íóëè (λs)

∞
s=1 ñèìâîëà µ(z) =

∏∞
s=1

(
1− z

λs

)
óäîâëåòâîðÿþò

óñëîâèÿì (5), (6) è (7). Òîãäà ìîæíî âçÿòü

η
(p)
k =

πk

2p
, ζ

(p)
k =

π

2 · 2p +
π[2pπk2]

2p
, k ∈ N, p ∈ N.

Çäåñü, êàê îáû÷íî, ÷åðåç [x] îáîçíà÷åíà öåëàÿ ÷àñòü ÷èñëà x. Ïîñëå ýòîãî ïîñëåäîâàòåëü-

íîñòü (νj)
∞
j=1 ñòðîèòñÿ èç òî÷åê η

(p)
k è ζ

(p)
k , k ∈ N, p ∈ N, óêàçàííûì âûøå ñïîñîáîì.

Äîêàæåì ñëåäóþùóþ îñíîâíóþ ëåììó.

Ëåììà 1. Ñèñòåìà ýêñïîíåíò

{
e∓iνjx

}∞
j=1

ÿâëÿåòñÿ ÀÏÑ â ïðîñòðàíñòâå E 1
(ω)(R), à

ìíîæåñòâî S = {±νj : j ∈ N} ñëàáî äîñòàòî÷íî äëÿ H1
(ω),R.

⊳ Äîêàçàòåëüñòâî áàçèðóåòñÿ íà àíàëîãè÷íîì ðåçóëüòàòå èç [3℄, ãäå áûëî �àêòè÷åñêè

ïîêàçàíî, ÷òî ïðè êàæäîì p ∈ N ñèñòåìà

{
1, e∓iν

(p)
j x}∞

j=1
ÿâëÿåòñÿ ÀÏÑ â ïðîñòðàíñòâå

E 1
(ω)(I

(p)), ãäå I(p) =
(
− 2p, 2p). Äëÿ ýòîãî â óêàçàííîé ðàáîòå ïðîâåðÿëîñü èçâåñòíîå

äîñòàòî÷íîå óñëîâèå ÀÏÑ èç [12, òåîðåìà 3℄. Èìåííî, ïðè �èêñèðîâàííîì p ∈ N áûëà

ïîñòðîåíà öåëàÿ �óíêöèÿ L(z) = L1(z) · L2(z), ãäå

L1(z) = 2pz
∞∏

k=1

(
1− z2

(
η
(p)
k

)2
)
, L2(z) =

∞∏

k=1

(
1− z2

(
ζ
(p)
k

)2
)
,

îáëàäàþùàÿ îïðåäåëåííûìè ñâîéñòâàìè (ñì. [3, � 6; ñâîéñòâà (A), (B) è (Γ)℄). Èç ýòîãî

â [3℄ áûë ñäåëàí îøèáî÷íûé, ïî âñåé âåðîÿòíîñòè, âûâîä î òîì, ÷òî ñèñòåìà

{
e−iν

(p)
j x}∞

j=1
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ÿâëÿåòñÿ ÀÏÑ â E 1
(ω)(I

(p)). Îáóñëîâëåíî ýòî íåòî÷íîñòüþ â äîñòàòî÷íîé ÷àñòè òåîðåìû 3

èç [12℄. Èìåííî, ó �óíêöèè L(z) ïîìèìî òî÷åê, �èãóðèðóþùèõ â ïîêàçàòåëÿõ ýêñïî-

íåíò, äðóãèõ íóëåé áûòü íå äîëæíî. Ïîñêîëüêó ïîñòðîåííàÿ â [3℄ �óíêöèÿ L(z) èìååò

íóëè â òî÷êàõ 0,±ν(p)j (äðóãèõ íóëåé ó íåå íåò), òî ìîæíî ãàðàíòèðîâàòü, ÷òî ñèñòåìà

{
1, e∓iν

(p)
j x}∞

j=1
áóäåò ÀÏÑ â E 1

(ω)(I
(p)), p ∈ N.

Ñäåëàåì åùå îäíî ïîëåçíîå çàìå÷àíèå, êàñàþùååñÿ ðåçóëüòàòîâ èç [3℄. Íåòðóäíî âè-

äåòü, ÷òî ñâîéñòâà (A), (B) è (Γ) �óíêöèè L(z) èíâàðèàíòû îòíîñèòåëüíî äåëåíèÿ íà

ìíîãî÷ëåí. Äðóãèìè ñëîâàìè, åñëè ýòèìè ñâîéñòâàìè îáëàäàåò �óíêöèÿ L(z), òî èìè

æå áóäåò îáëàäàòü è �óíêöèÿ L̃(z) = L(z)
P (z) , P (z) � ìíîãî÷ëåí (åñòåñòâåííî, ïðè óñëîâèè,

÷òî L̃(z) � öåëàÿ �óíêöèÿ). Ýòî îçíà÷àåò, ÷òî åñëè èç ñèñòåìû

{
1, e∓iν

(p)
j x}∞

j=1
îòáðîñèòü

ëþáîå êîíå÷íîå ÷èñëî ýëåìåíòîâ, òî îíà îñòàíåòñÿ ÀÏÑ â E 1
(ω)(I

(p)).
Ó÷èòûâàÿ òîëüêî ÷òî ñäåëàííîå çàìå÷àíèå è òîò �àêò, ÷òî êàæäàÿ ïîñëåäîâàòåëü-

íîñòü

(
ν
(p)
j

)∞
j=1

, p ∈ N, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà, ÿâëÿåòñÿ ïîäïîñëåäîâàòåëüíîñòüþ

ïîñëåäîâàòåëüíîñòè (νj)
∞
j=1, äåëàåì âûâîä, ÷òî ñèñòåìà

{
e∓iνjx

}∞
j=1

áóäåò ÀÏÑ â êàæ-

äîì ïðîñòðàíñòâå E 1
(ω)(I

(p)), p ∈ N. Ñëåäîâàòåëüíî, â ñèëó [9, òåîðåìà K℄, ìíîæåñòâî

S = {±νj : j ∈ N} ÿâëÿåòñÿ ÑÄÌ äëÿ êàæäîãî ïðîñòðàíñòâà H1
(ω),I(p)

, p ∈ N.

Íà îñíîâàíèè ñâîéñòâà óñòîé÷èâîñòè ÑÄÌ (ñì. [4, òåîðåìà 2℄) çàêëþ÷àåì, ÷òî ìíîæå-

ñòâî S ñëàáî äîñòàòî÷íî äëÿ H1
(ω),R. Äåéñòâèòåëüíî, êàê íåòðóäíî âèäåòü, åñëè ïîëîæèòü

â òåîðåìå 2 èç [4℄

hk(z) = qk
(
ω(z) + | Im z|

)
, z ∈ C, 0 < qk ↑ 1;

bm(z) =
(
2m − 2m−1

)
| Im z|, z ∈ C, m ∈ N;

òî âñå óñëîâèÿ óêàçàííîé òåîðåìû áóäóò âûïîëíåíû (äàæå â ñëó÷àå ïðîèçâîëüíîãî âå-

ñà ω; è, â ÷àñòíîñòè, äëÿ ω(t) = tρ(t)). Çàìåòèì, ÷òî ïðè ýòîì íåîáõîäèìî âîñïîëüçîâàòüñÿ

èçâåñòíûìè ñâîéñòâàìè âåñîâûõ �óíêöèé (ñì., íàïðèìåð, [3, ñâîéñòâî (γ)℄ è [6, íåðàâåí-
ñòâî (5)℄).

Â çàêëþ÷åíèå ñíîâà ïðèìåíÿåì òåîðåìó K èç [9℄ è ïîëó÷àåì, ÷òî ñèñòåìà

{
e∓iνjx

}∞
j=1

ÿâëÿåòñÿ ÀÏÑ â ïðîñòðàíñòâå E 1
(ω)(R). Òåì ñàìûì ëåììà äîêàçàíà. ⊲

Ëåììà 1 ïîçâîëÿåò ðàçëîæèòü ïðàâóþ ÷àñòü óðàâíåíèÿ (3) â àáñîëþòíî ñõîäÿùèéñÿ

ðÿä ïî ñèñòåìå

{
e∓iνjx

}∞
j=1

è íàéòè ÷àñòíîå ðåøåíèå äàííîãî óðàâíåíèÿ òàêæå â âèäå

ðÿäà ïî óêàçàííîé ñèñòåìå. Â ýòîì çàêëþ÷àåòñÿ îñíîâíîé ðåçóëüòàò ðàáîòû, êîòîðûé

ïðåäñòàâëåí â ñëåäóþùåé òåîðåìå.

Òåîðåìà 1. Ïóñòü ñèìâîë µ(z) óðàâíåíèÿ (3) óäîâëåòâîðÿåò ïåðå÷èñëåííûì óñëîâè-

ÿì; (νj)
∞
j=1 � ïîñòðîåííàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë. Ïðåäïîëîæèì, ÷òî

ïðàâàÿ ÷àñòü óðàâíåíèÿ (3) ðàçëîæåíà â àáñîëþòíî ñõîäÿùèéñÿ ðÿä g =
∑∞

j=1 g
+
j e

−iνjx+∑∞
j=1 g

−
j e

iνjx
. Òîãäà �óíêöèÿ

f(x) =
∞∑

j=1

g+j
µ(νj)

e−iνjx +
∞∑

j=1

g−j
µ(−νj)

eiνjx

ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì óðàâíåíèÿ (3) â ïðîñòðàíñòâå E 1
(ω)(R) (ïîñëåäíèé ðÿä ñõî-

äèòñÿ àáñîëþòíî â E 1
(ω)(R)).

⊳ Äîêàçàòåëüñòâî äàííîãî ðåçóëüòàòà áàçèðóåòñÿ íà íåðàâåíñòâå (8), à òàêæå íà îöåí-

êàõ íîðì

∣∣e∓iνjx
∣∣
ω,q,l

, q ∈ (0, 1), l ∈ (0,∞), èç [6, ëåììà 3℄. Â öåëîì îíî ïðàêòè÷åñêè

äîñëîâíî ïîâòîðÿåò äîêàçàòåëüñòâî òåîðåìû 1 èç [3℄, ïîýòîìó çäåñü ìû åãî îïóñêàåì. ⊲



74 Ïîëÿêîâà Ä. À.

Ëèòåðàòóðà

1. Àáàíèí À. Â., Àáàíèíà Ä. À. Òåîðåìà äåëåíèÿ â íåêîòîðûõ âåñîâûõ ïðîñòðàíñòâàõ öåëûõ �óíê-

öèé // Âëàäèêàâê. ìàò. æóðí.�2010.�Ò. 12, � 3.�C. 3�21.

2. Àáàíèíà Ä. À. Ïðåäñòàâëåíèå ðåøåíèé óðàâíåíèé ñâåðòêè â íåêâàçèàíàëèòè÷åñêèõ êëàññàõ óëü-

òðàäè��åðåíöèðóåìûõ �óíêöèé Áåðëèíãà íîðìàëüíîãî òèïà // Èçâ. âóçîâ. Ìàòåìàòèêà.�2011.�

� 6.�C. 1�9.

3. Ïîëÿêîâà Ä. À. Î ðåøåíèÿõ óðàâíåíèé ñâåðòêè â ïðîñòðàíñòâàõ óëüòðàäè��åðåíöèðóåìûõ �óíê-

öèé // Àëãåáðà è àíàëèç.�2014.�Ò. 26, � 6.�C. 121�142.

4. Àáàíèí À. Â. Î ïðîäîëæåíèè è óñòîé÷èâîñòè ñëàáî äîñòàòî÷íûõ ìíîæåñòâ // Èçâ. âóçîâ. Ìàòå-

ìàòèêà.�1987.�Ò. 299, � 4.�C. 3�10.

5. Æàðèíîâ Â. Â. Êîìïàêòíûå ñåìåéñòâà ËÂÏ è ïðîñòðàíñòâà FS è DFS // Óñïåõè ìàò. íàóê.�

1979.�Ò. 34, � 4.�C. 97�131.

6. Àáàíèí À. Â., Ôèëèïüåâ È. À. Àíàëèòè÷åñêàÿ ðåàëèçàöèÿ ïðîñòðàíñòâ, ñîïðÿæåííûõ ê ïðîñòðàí-

ñòâàì áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé // Ñèá. ìàò. æóðí.�2006.�Ò. 47, � 3.�C. 485�500.

7. Êîðîáåéíèê Þ. Ô. Ïðåäñòàâëÿþùèå ñèñòåìû // Èçâ. ÀÍ ÑÑÑ�. Ñåð. Ìàòåìàòèêà.�1978.�Ò. 42,

� 2.�C. 325�355.

8. Shneider D. M. Su�ient sets for some spaes of entire funtions // Trans. Amer. Math. So.�1974.�

Vol. 197.�P. 161�180. DOI: 10.2307/1996933.

9. Êîðîáåéíèê Þ. Ô. Èíäóêòèâíûå è ïðîåêòèâíûå òîïîëîãèè. Äîñòàòî÷íûå ìíîæåñòâà è ïðåäñòàâ-

ëÿþùèå ñèñòåìû // Èçâ. ÀÍ ÑÑÑ�. Ñåð. Ìàòåìàòèêà.�1986.�Ò. 50, � 3.�C. 539�565.

10. Ëåâèí Á. ß. �àñïðåäåëåíèå êîðíåé öåëûõ �óíêöèé.�Ì.: �îñòåõèçäàò, 1956.�632 .

11. Ëåîíòüåâ À. Ô. �ÿäû ýêñïîíåíò.�Ì.: Íàóêà, 1976.�536 ñ.

12. Àáàíèí À. Â. Íåòðèâèàëüíûå ðàçëîæåíèÿ íóëÿ è àáñîëþòíî ïðåäñòàâëÿþùèå ñèñòåìû // Ìàò.

çàìåòêè.�1995.�Ò. 57, � 4.�C. 483�497.

Ñòàòüÿ ïîñòóïèëà 5 àïðåëÿ 2018 ã.

Ïîëÿêîâà Äàðüÿ Àëåêñàíäðîâíà

Þæíûé �åäåðàëüíûé óíèâåðñèòåò,

äîöåíò êà�åäðû ìàòåìàòè÷åñêîãî àíàëèçà

�îññèÿ, 344090, �îñòîâ-íà-Äîíó, Ìèëü÷àêîâà, 8 à;

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � �èëèàë ÂÍÖ �ÀÍ,

ñòàðøèé íàó÷íûé ñîòðóäíèê îòäåëà ìàòåìàòè÷åñêîãî àíàëèçà

�îññèÿ, 362027, Âëàäèêàâêàç, óë. Ìàðêóñà, 22

E-mail: forsites1�mail.ru

http://orid.org/0000-0002-0202-2102

Vladikavkaz Mathematial Journal

2018, Volume 20, Issue 4, P. 68�75

ON A PARTICULAR SOLUTION

OF A NONHOMOGENEOUS CONVOLUTION EQUATION

IN SPACES OF ULTRADIFFERENTIABLE FUNCTIONS

Polyakova, D. A.

1,2

1
Southern Federal University,

8 a Mil'hakova st., Rostov-on-Don 344090, Russia;

2
Southern Mathematial Institute VSC RAS,

22 Marus st., Vladikavkaz 362027, Russia

E-mail: forsites1�mail.ru

Abstrat. We onsider the Beurling spaes of ultradi�erentiable funtions of mean type on the real axis

determined by speial weight funtions. These spaes are the general projetive analogs of the well-known

Gevrey lasses. In these spaes we investigate a nonhomogeneous onvolution equation (di�erential equation
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of in�nite order with onstant oe�ients) generated by the symbol whih has only simple zeros and satis�es

some natural growth estimates. Given the zeros of a symbol, a symmetri sequene of real numbers is expliitly

onstruted, in eah of whih the module of the symbol has a suitable lower estimate. This sequene determines

a system of exponentials with imaginary indexes whih is absolutely representing in the orresponding spae.

This allows us to represent the right-hand side of the equation as an absolutely onvergent series with respet

to this system. Then we establish a partiular solution of the equation under onsidering as an absolutely

onvergent series with respet to this system, too. The oe�ients of the series are naturally determined by

the right-hand side of the equation. The proof is essentially based on the analogous results whih were earlier

obtained in the ase of spaes on �nite interval. We also use the stability property of weakly su�ient sets and

absolutely representing systems. Some onrete examples of onstruting the desired sequenes are also given

in the paper.
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Àííîòàöèÿ. Óñòàíîâëåíà ðàâíîìåðíàÿ ñõîäèìîñòü âíóòðè èíòåðâàëà (a, b) ⊂ [0, π] ïðîöåññîâ
Ëàãðàíæà, ïîñòðîåííûõ ïî ñîáñòâåííûì �óíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ LSL

n (f, x) =
∑n

k=1 f(xk,n)
Un(x)

U′

n(xk,n)(x−xk,n)
. (Çäåñü ÷åðåç 0 < x1,n < x2,n < · · · < xn,n < π îáîçíà÷åíû íóëè ñîá-

ñòâåííîé �óíêöèè Un çàäà÷è Øòóðìà � Ëèóâèëëÿ.) Íåïðåðûâíûå íà [0, π] �óíêöèè f îãðàíè÷åí-

íîé âàðèàöèè íà (a, b) ⊂ [0, π] ìîãóò áûòü ðàâíîìåðíî ïðèáëèæåíû âíóòðè èíòåðâàëà (a, b) ⊂ [0, π].
Ïîëó÷åí ïðèçíàê ðàâíîìåðíîé ñõîäèìîñòè âíóòðè èíòåðâàëà (a, b) èíòåðïîëÿöèîííûõ ïðîöåññîâ,

ïîñòðîåííûõ ïî ñîáñòâåííûì �óíêöèÿì ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ. Óñëîâèå ïðè-

çíàêà ñ�îðìóëèðîâàíî â òåðìèíàõ ìàêñèìóìà ñóììû ìîäóëåé ðàçäåëåííûõ ðàçíîñòåé �óíêöèè f .
Âíå èíòåðâàëà (a, b) ïîñòðîåííûé èíòåðïîëÿöèîííûé ïðîöåññ ìîæåò ðàñõîäèòüñÿ. Óñòàíîâëåíà îãðà-
íè÷åííîñòü â ñîâîêóïíîñòè �óíäàìåíòàëüíûõ �óíêöèé Ëàãðàíæà, ïîñòðîåííûõ ïî ñîáñòâåííûì

�óíêöèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ. �àññìîòðåí ñëó÷àé ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèë-

ëÿ ñ íåïðåðûâíûì ïîòåíöèàëîì îãðàíè÷åííîé âàðèàöèè. Èçó÷åíû êðàåâûå óñëîâèÿ çàäà÷è Øòóð-

ìà � Ëèóâèëëÿ òðåòüåãî ðîäà áåç óñëîâèé Äèðèõëå. Ïðè íàëè÷èè ñåðâèñíûõ �óíêöèé âû÷èñëåíèÿ

ñîáñòâåííûõ �óíêöèé ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ èçó÷àåìûé îïåðàòîð Ëàãðàíæà �

Øòóðìà � Ëèóâèëëÿ ëåãêî ðåàëèçóåòñÿ íà âû÷èñëèòåëüíîé òåõíèêå.

Êëþ÷åâûå ñëîâà: ðàâíîìåðíàÿ ñõîäèìîñòü, ñèíê ïðèáëèæåíèÿ, îãðàíè÷åííàÿ âàðèàöèÿ, ïðîöåññû

Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ.

Mathematial Subjet Classi�ation (2000): 41A05, 41A58, 94A12.

Îáðàçåö öèòèðîâàíèÿ: Òðûíèí À. Þ. Ñõîäèìîñòü ïðîöåññîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ

äëÿ íåïðåðûâíûõ �óíêöèé îãðàíè÷åííîé âàðèàöèè // Âëàäèêàâê. ìàò. æóðí.�2018.�Ò. 20, âûï. 4.�

Ñ. 76�91. DOI: 10.23671/VNC.2018.4.23390.

1. Ââåäåíèå

Â îòëè÷èå îò ïîäõîäà Êðàìåðà [1℄, ïîëîæèâøåãî íà÷àëî èçó÷åíèþ àïïðîêñèìàòèâíûõ

ñâîéñòâ ëàãðàíæåâûõ îïåðàòîðîâ ñ óçëàìè èíòåðïîëèðîâàíèÿ â ñîáñòâåííûõ çíà÷åíèÿõ

çàäà÷è Øòóðìà � Ëèóâèëëÿ, �. È. Íàòàíñîí â [2℄ ïîëó÷èë ïðèçíàê Äèíè � Ëèïøèöà

ðàâíîìåðíîé ñõîäèìîñòè âíóòðè èíòåðâàëà (0, π), ò. å. ðàâíîìåðíîé íà ëþáîì êîìïàêòå,

ñîäåðæàùåìñÿ â (0, π), ïðîöåññîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ âèäà

LSLn (f, x) =
n∑

k=1

f(xk,n)
Un(x)

U ′
n(xk,n)(x− xk,n)

=
n∑

k=1

f(xk,n)l
SL
k,n(x). (1.1)
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�äå Un åñòü n-àÿ ñîáñòâåííàÿ �óíêöèÿ ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ





U ′′ + [λ− q]U = 0,

U ′(0) − hU(0) = 0,

U ′(π) +HU(π) = 0

(1.2)

ñ íåïðåðûâíûì ïîòåíöèàëîì q îãðàíè÷åííîé âàðèàöèè íà [0, π] è ãðàíè÷íûìè óñëîâèÿìè,
ãàðàíòèðóþùèìè, ÷òî ãëàâíûé ÷ëåí â àñèìïòîòè÷åñêèõ �îðìóëàõ äëÿ Un áóäåò êîñèíó-
ñîì, ò. å. h 6= ±∞, H 6= ±∞. Çäåñü ÷åðåç 0 < x1,n < x2,n < · · · < xn,n < π îáîçíà÷åíû

íóëè �óíêöèè Un.
Ñâîéñòâà îïåðàòîðîâ èíòåðïîëèðîâàíèÿ �óíêöèé âèäà (1.1) òåñíî ïåðåïëåòàþòñÿ

ñ ïîâåäåíèåì òàê íàçûâàåìûõ ñèíê-ïðèáëèæåíèé

Ln(f, x) =

n∑

k=0

sin (nx− kπ)

nx− kπ
f

(
kπ

n

)
=

n∑

k=0

(−1)k sinnx

nx− kπ
f

(
kπ

n

)
, (1.3)

èñïîëüçóåìûõ â òåîðåìå îòñ÷åòîâ Óèòòåêåðà � Êîòåëüíèêîâà � Øåííîíà (ñì. [3�6℄).

Îïåðàòîð (1.3) ïðåäñòàâëÿåò ñîáîé îïåðàòîð (1.1), ïîñòðîåííûé ïî ñîáñòâåííûì �óíê-

öèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.3), â ñëó÷àå íóëåâîãî ïîòåíöèàëà è êðàåâûõ óñëîâèé

ïåðâîãî ðîäà. Äîñòàòî÷íî ïîäðîáíûé îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ â îáëàñòè èññëåäî-

âàíèÿ ñâîéñòâ ñèíê-àïïðîêñèìàöèé (1.3) àíàëèòè÷åñêèõ íà äåéñòâèòåëüíîé îñè �óíêöèè,

ýêñïîíåíöèàëüíî óáûâàþùèõ íà áåñêîíå÷íîñòè, à òàêæå íàèáîëåå âàæíûå ïðèëîæåíèÿ

ñèíê-àïïðîêñèìàöèé ìîæíî íàéòè, íàïðèìåð, â [5℄.

Ñèíê-ïðèáëèæåíèÿ àêòèâíî èñïîëüçóþòñÿ ïðè ïîñòðîåíèè ðàçëè÷íûõ ÷èñëåííûõ ìå-

òîäîâ ìàòåìàòè÷åñêîé �èçèêè è ïðèáëèæåíèÿ �óíêöèé êàê îäíîé òàê è íåñêîëüêèõ ïå-

ðåìåííûõ [6�25℄ â òåîðèè êâàäðàòóðíûõ è êóáàòóðíûõ �îðìóë [5℄ è âñïëåñêîâ èëè òåîðèè

âåéâëåò-ïðåîáðàçîâàíèé [3, 4, 6℄.

Äî ïîÿâëåíèÿ ðàáîò [11, 12, 14, 16�19, 22℄ ïðèáëèæåíèå òàêèìè îïåðàòîðàìè íà îòðåç-

êå èëè îãðàíè÷åííîì èíòåðâàëå îñóùåñòâëÿëîñü òîëüêî äëÿ íåêîòîðûõ êëàññîâ àíàëè-

òè÷åñêèõ �óíêöèé (ñì., íàïðèìåð, [5℄) ñâåäåíèåì ê ñëó÷àþ îñè ñ ïîìîùüþ êîí�îðìíîãî

îòîáðàæåíèÿ. Â [19℄ ïîëó÷åíà îöåíêà ñâåðõó íàèëó÷øåãî ïðèáëèæåíèÿ íåïðåðûâíûõ

�óíêöèé êîìáèíàöèÿìè ñèíêîâ.

Â [20℄ óñòàíîâëåíî, ÷òî ïðè ïîïûòêå ïðèáëèæåíèÿ íåãëàäêèõ íåïðåðûâíûõ �óíêöèé

çíà÷åíèÿìè îïåðàòîðîâ (1.3) âîçìîæíî ïîÿâëåíèå ðåçîíàíñà, ïðèâîäÿùåãî ê íåîãðàíè-

÷åííîìó ðîñòó ïîãðåøíîñòè àïïðîêñèìàöèè íà âñåì èíòåðâàëå (0, π). Â [21�25℄ ïðåäëîæå-

íû ðàçëè÷íûå ìîäè�èêàöèè ñèíê-ïðèáëèæåíèé (1.3), ïîçâîëÿþùèå àïïðîêñèìèðîâàòü

íåïðåðûâíûå �óíêöèè íà îòðåçêå [0, π]. Èññëåäîâàíèå ïîëíîòû ñèñòåìû ñèíêîâ (1.3)

â [24℄ â ïðîñòðàíñòâàõ C[0, π] è C0[0, π] = {f : f ∈ C[0, π], f(0) = f(π) = 0} ïîçâîëÿåò

ñäåëàòü âûâîä î áåñïîëåçíîñòè ïîïûòîê ïîñòðîèòü ñóììàòîðíûé îïåðàòîð èç ñèíêîâ, äî-

ïóñêàþùèé âîçìîæíîñòü ðàâíîìåðíîé àïïðîêñèìàöèè ïðîèçâîëüíîé íåïðåðûâíîé �óíê-

öèè íà îòðåçêå.

Èçó÷åíèå îïåðàòîðîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ (1.1) òàêæå òåñíî ñâÿçàíî

ñ èññëåäîâàíèåì àïïðîêñèìàòèâíûõ ñâîéñòâ îïåðàòîðîâ èíòåðïîëèðîâàíèÿ, ïîñòðîåííûõ

ïî ðåøåíèÿì çàäà÷ Êîøè ñ ëèíåéíûìè äè��åðåíöèàëüíûìè âûðàæåíèÿìè âòîðîãî ïî-

ðÿäêà [26℄. Îïåðàòîðû, ïðåäëîæåííûå â [26℄, ÿâëÿþòñÿ îáîáùåíèåì îïåðàòîðîâ Ëàãðàí-

æà � Øòóðìà � Ëèóâèëëÿ (1.1) è êëàññè÷åñêèõ ñèíê-ïðèáëèæåíèé (1.3) îäíîâðåìåííî.

Â [27℄ ïðèâîäÿòñÿ íåêîòîðûå ïðèëîæåíèÿ ðåçóëüòàòîâ ðàáîòû [26℄ ê èññëåäîâàíèþ àï-

ïðîêñèìàòèâíûõ ñâîéñòâ êëàññè÷åñêèõ àëãåáðàè÷åñêèõ èíòåðïîëÿöèîííûõ ìíîãî÷ëåíîâ

Ëàãðàíæà ñ ìàòðèöåé óçëîâ èíòåðïîëèðîâàíèÿ, êàæäàÿ ñòðîêà êîòîðîé ñîñòîèò èç íóëåé

ìíîãî÷ëåíîâ ßêîáè Pαn,βn
n ñ ïàðàìåòðàìè, çàâèñÿùèìè îò n.
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Èçó÷åíèþ ðàçëè÷íûõ ñâîéñòâ îïåðàòîðîâ Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ (1.1)

ïîñâÿùåíû òàêæå ðàáîòû [28�34℄. Â ðàáîòå [31℄ óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå íåïðå-

ðûâíîé íà [0, π] �óíêöèè, èíòåðïîëÿöèîííûé ïðîöåññ Ëàãðàíæà � Øòóðìà � Ëèóâèë-

ëÿ (1.1) êîòîðîé íåîãðàíè÷åííî ðàñõîäèòñÿ ïî÷òè âñþäó íà [0, π]. Èññëåäîâàíèÿ, ïðî-
âåäåííûå â [28�30℄, ïîêàçûâàþò, ÷òî çàäà÷à ïðåäñòàâëåíèÿ íåïðåðûâíîé �óíêöèè êàê

ïðåäåëà çíà÷åíèé îïåðàòîðîâ (1.1) íåêîððåêòíà ïî Àäàìàðó.

Â ìîíîãðà�èè [34℄ ïðèâåäåíû áîëåå ïîäðîáíûå äîêàçàòåëüñòâà è èñïðàâëåíû îïå÷àò-

êè, îáíàðóæåííûå â íåêîòîðûõ �îðìóëàõ áîëåå ðàííèõ ïóáëèêàöèé.

Â íàñòîÿùåé ðàáîòå, èñïîëüçóÿ êîíöåïöèè èññëåäîâàíèé â [35�42℄, óñòàíîâëåíà ðàâ-

íîìåðíàÿ âíóòðè èíòåðâàëà (a, b) ñõîäèìîñòü èíòåðïîëÿöèîííûõ ïðîöåññîâ (1.1), ïîñòðî-
åííûõ ïî ðåøåíèÿì çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2) äëÿ íåïðåðûâíûõ íà [0, π] è èìå-
þùèõ îãðàíè÷åííîå èçìåíåíèå íà [a, b] �óíêöèé f .

Â ýòîé ðàáîòå áóäåì ñ÷èòàòü ïîòåíöèàë q çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2) íåïðåðûâ-

íîé �óíêöèåé ñ îãðàíè÷åííûì èçìåíåíèåì íà [0, π]. Ïóñòü òàêæå êàæäàÿ ñîáñòâåííàÿ

�óíêöèÿ áóäåò óäîâëåòâîðÿòü óñëîâèþ íîðìèðîâêè Un(0) = 1. �àññìàòðèâàåì êðàåâûå

óñëîâèÿ (1.2) òðåòüåãî ðîäà, èç êîòîðûõ èñêëþ÷åíû óñëîâèÿ ïåðâîãî ðîäà, ò. å. h 6= ±∞,

H 6= ±∞. Äëÿ ëþáûõ 0 6 a < b 6 π, 0 < ε < (b−a)/2 èíäåêñû p1, p2, m1 è m2 îïðåäåëèì

ñ ïîìîùüþ ñîîòíîøåíèé

xp1,n 6 a+ ε < xp1+1,n, xp2,n 6 b− ε < xp2+1,n,

xk1−1,n < a 6 xk1,n, xk2+1,n 6 b < xk2+2,n, (1.4)

m1 =

[
k1
2

]
+ 1, m2 =

[
k2
2

]

ïîñëå äîáàâëåíèÿ ê ìíîæåñòâó íóëåé x1,n < x2,n < · · · < xn,n n-îé ñîáñòâåííîé �óíê-

öèè Un òî÷åê x0,n = 0 è xn+1,n = π. Çäåñü [z] îáîçíà÷àåò öåëóþ ÷àñòü ÷èñëà z. Åñëè
íå îãîâîðåíî èíîå, øòðèõ ó ñóììû â ýòîé ðàáîòå áóäåò îçíà÷àòü îòñóòñòâèå ñëàãàåìîãî

ñî çíàìåíàòåëåì, ðàâíûì íóëþ.

Ìîäóëü íåïðåðûâíîñòè �óíêöèè f ∈ C[0, π] îáîçíà÷èì, êàê îáû÷íî,

ω(f, δ) = sup
|h|<δ;

x,x+h∈[0,π]

|f(x+ h)− f(x)|.

Áóäåì íàçûâàòü ìîäóëåì èçìåíåíèÿ �óíêöèè f íà îòðåçêå [a, b] �óíêöèþ íàòóðàëüíîãî

àðãóìåíòà

v(n, f) = sup
Tn

n−1∑

k=0

∣∣f(tk+1)− f(tk)
∣∣,

ãäå Tn = {a 6 t0 < t1 < t2 < · · · < tn−1 < tn 6 b}, n ∈ N. Çàìåòèì, ÷òî �óíêöèÿ f
ÿâëÿåòñÿ �óíêöèåé îãðàíè÷åííîé âàðèàöèè íà îòðåçêå [a, b], ò. å. f ∈ V [a, b], åñëè ñó-

ùåñòâóåò êîíñòàíòà Mf òàêàÿ, ÷òî äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî íåðàâåíñòâî
v(n, f) 6Mf .

Òåîðåìà 1.1. Ïóñòü 0 6 a < b 6 π, 0 < ε < (b − a)/2. Äëÿ ëþáîé �óíêöèè

f ∈ C[0, π] ∩ V [a, b] âûïîëíÿåòñÿ ñîîòíîøåíèå

lim
n→∞

‖f − LSLn (f, ·)‖C[a+ε,b−ε] = 0, (1.5)

ãäå îïåðàòîð Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ LSLn (f, ·) îïðåäåëåí â (1.1).
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Çàìå÷àíèå 1.1. Ïðè ýòîì íà ìíîæåñòâå [0, π] \ [a, b] ñîîòíîøåíèå

lim
n→∞

|f(x)− LSLn (f, x)| = 0

ìîæåò âîâñå íå âûïîëíÿòüñÿ (ñì., íàïðèìåð, [28, 31, 34℄).

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ïðåæäå ÷åì äîêàçûâàòü ýòó òåîðåìó óáåäèìñÿ â ñïðàâåäëèâîñòè ðÿäà âñïîìîãàòåëü-

íûõ óòâåðæäåíèé.

Ëåììà 2.1. Ïóñòü Un � ñîáñòâåííàÿ �óíêöèÿ, ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà-

÷åíèþ λn, ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2). ×åðåç 0 < x1,n < x2,n < · · · <
xn,n < π îáîçíà÷èì íóëè �óíêöèè Un. Òîãäà èìåþò ìåñòî ñëåäóþùèå àñèìïòîòè÷åñêèå
�îðìóëû:

Un(x) = cosnx+
β(x)

n
sinnx+O(n−2), (2.1)

U ′
n(x) = −n sinnx+ β(x) cosnx+O(n−1), (2.2)

U ′′
n(x) = −n2 cosnx− nβ(x) sinnx+O(1), (2.3)

U ′
n(xk,n) = (−1)kn+O(n−1), (2.4)

xk,n =
2k − 1

2n
π + n−2β

(
2k − 1

2n
π

)
+O(n−3), (2.5)

√
λn = n+O(n−1), (2.6)

ãäå

β(x) = −cx+ h+
1

2

x∫

0

q(τ) dτ,

c = 1
π

(
h + H + 1

2

∫ π
0 q(τ) dτ

)
, à îöåíêà îñòàòî÷íîãî ÷ëåíà âî âñåõ �îðìóëàõ (2.1)�(2.5)

ðàâíîìåðíà ïî x ∈ [0, π] èëè 1 6 k 6 n.

⊳ Ïî ïîâîäó äîêàçàòåëüñòâà (2.1), (2.2) è (2.6) ñìîòðèòå, íàïðèìåð, [44℄. Óáåäèìñÿ

â ñïðàâåäëèâîñòè (2.5). Ïóñòü xk,n � k-ûé íóëü ñîáñòâåííîé �óíêöèè Un. Èç àñèìïòîòè-
÷åñêîé �îðìóëû (2.1) ïîëó÷àåì ñîîòíîøåíèå

∣∣∣∣ cosnxk,n +
β(xk,n)

n
sinnxk,n

∣∣∣∣ = O(n−2).

Ïîëîæèâ cosαk,n := n√
n2+β2(xk,n)

, ïîëó÷èì àñèìïòîòè÷åñêóþ �îðìóëó

∣∣∣∣ sin
(
π

2
+ nxk,n − αk,n

)∣∣∣∣ = O(n−2).

Ñëåäîâàòåëüíî, èìååì ñîîòíîøåíèå

∣∣π
2 + nxk,n − αk,n − πk

∣∣ = O(n−2). Íî �óíêöèÿ β, ïî
êðàéíåé ìåðå, îäèí ðàç íåïðåðûâíî äè��åðåíöèðóåìà, ïîýòîìó èìååò ìåñòî àñèìïòîòè-

÷åñêàÿ �îðìóëà

xk,n =
2k − 1

2n
π + n−2β

(
2k − 1

2n
π

)
+O(n−3).

Ôîðìóëà (2.3) ñëåäóåò èç (2.1) è (1.2), à (2.4) � èç (2.2) è (2.5). ⊲
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Çàìå÷àíèå 2.1. Èç àñèìïòîòè÷åñêîé �îðìóëû (2.1) âèäíî, ÷òî âûáðàííàÿ íîðìè-

ðîâêà ñîáñòâåííûõ �óíêöèé Un îáåñïå÷èâàåò èõ îãðàíè÷åííîñòü â ñîâîêóïíîñòè. Îáî-

çíà÷èì

M = sup
{
|Un(x)| : x ∈ [0, π], n ∈ N

}
<∞, (2.7)

Ïóñòü ρλ = o
(√

λ
lnλ

)
ïðè λ → +∞. Ñ÷èòàåì, ÷òî çíà÷åíèÿ �óíêöèè h(λ) ∈ R äëÿ

ïðîèçâîëüíîãî íåîòðèöàòåëüíîãî λ. Îáîçíà÷èì ÷åðåç qλ ïðîèçâîëüíóþ �óíêöèþ èç øàðà

Vρλ [0, π] ðàäèóñà ρλ â ïðîñòðàíñòâå �óíêöèé îãðàíè÷åííîé âàðèàöèè, èñ÷åçàþùèõ â íóëå,
ò. å.

V π
0 [qλ] 6 ρλ, ρλ = o

(√
λ

lnλ

)
, λ→ ∞, qλ(0) = 0. (2.8)

Äëÿ ïðîèçâîëüíîãî ïîòåíöèàëà qλ ∈ Vρλ [0, π] ïðè λ→ +∞ íóëè ðåøåíèÿ çàäà÷è Êîøè

{
y′′ +

(
λ− qλ(x)

)
y = 0,

y(0, λ) = 1, y′(0, λ) = h(λ),
(2.9)

èëè, ïðè äîïîëíèòåëüíîì óñëîâèè h(λ) 6= 0

V π
0 [qλ] 6 ρλ, ρλ = o

(√
λ

lnλ

)
, λ→ ∞, qλ(0) = 0, h(λ) 6= 0, (2.10)

çàäà÷è Êîøè {
y′′ +

(
λ− qλ(x)

)
y = 0,

y(0, λ) = 0, y′(0, λ) = h(λ),
(2.11)

ïîïàäàþùèõ â îòðåçîê [0, π], ïðîíóìåðóåì ñëåäóþùèì îáðàçîì:

0 6 x0,λ < x1,λ < . . . < xn(λ), λ 6 π (x−1,λ < 0, xn(λ)+1,λ > π).

(Çäåñü x−1,λ < 0, xn(λ)+1,λ > π îáîçíà÷àþò íóëè êàêîãî-ëèáî ïðîäîëæåíèÿ ðåøåíèÿ

çàäà÷è Êîøè (2.9) èëè (2.11) ïðè ñîõðàíåíèè îãðàíè÷åííîñòè âàðèàöèè ïîòåíöèàëà qλ
âíå [0, π]). Â [26, 34℄ îïèñàíî ìíîæåñòâî íåïðåðûâíûõ íà îòðåçêå [0, π] �óíêöèé f , äîïóñ-
êàþùèõ ðàâíîìåðíóþ âíóòðè èíòåðâàëà (0, π) àïïðîêñèìàöèþ çíà÷åíèÿìè îïåðàòîðîâ

ñëåäóþùåãî âèäà. Îïðåäåëèì îïåðàòîð, ïîñòðîåííûé ïî ðåøåíèÿì çàäà÷è Êîøè (2.9)

èëè (2.11), ñòàâÿùèé â ñîîòâåòñòâèå êàæäîé êîíå÷íîçíà÷íîé íà ìíîæåñòâå {xk,λ}n,∞k=0,n=1
íåïðåðûâíóþ �óíêöèþ ïî ïðàâèëó

Sλ(f, x) =
n∑

k=0

y(x, λ)

y′(xk,λ, λ)(x− xk,λ)
f(xk,λ) =

n∑

k=0

sk,λ(x)f(xk,λ). (2.12)

Î÷åâèäíî, ÷òî çíà÷åíèå îïåðàòîðà (2.12) èíòåðïîëèðóåò �óíêöèþ f â óçëàõ {xk,λ}nk=0.

Îáîçíà÷èì C0[0, π] = {f : f ∈ C[0, π], f(0) = f(π) = 0}. Ïðè ïðèáëèæåíèè ñ ïîìîùüþ
îïåðàòîðîâ (1.1) �óíêöèé f ∈ C[0, π] \ C0[0, π] âáëèçè êîíöîâ îòðåçêà [0, π] âîçíèêàåò
ÿâëåíèå �èááñà (ñì., íàïðèìåð, [21, òåîðåìà 2℄, [34℄). Çàìåòèì, ÷òî ýòà ïðîáëåìà ðåøàåòñÿ

ñ ïîìîùüþ îáîáùåíèÿ îïåðàòîðà (2.12), ïðåäëîæåííîãî â [26, �îðìóëà (1.9)℄, [34℄, âèäà

Tλ(f, x)=

n∑

k=0

y(x, λ)

y′(xk,λ)(x− xk,λ)

{
f(xk,λ)−

f(π)− f(0)

π
xk,λ − f(0)

}
+
f(π)− f(0)

π
x+ f(0),

ãäå y(x, λ) � ðåøåíèå çàäà÷è Êîøè (2.9) èëè (2.11) è xk,λ � íóëè ýòîãî ðåøåíèÿ.

Â ñëåäóþùåé ëåììå âûäåëÿåòñÿ ãëàâíàÿ ÷àñòü ïîãðåøíîñòè àïïðîêñèìàöèè �óíêöèé

f ∈ C0[0, π] ñ ïîìîùüþ îïåðàòîðîâ âèäà (2.12).
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Ëåììà 2.2 [26, ïðåäëîæåíèå 9℄, [34℄. Ïóñòü y(x, λ) � ðåøåíèå çàäà÷è Êîøè (2.9)

èëè (2.11), è ïðåäïîëîæèì, ÷òî â ñëó÷àå çàäà÷è Êîøè (2.9) âûïîëíÿþòñÿ óñëîâèÿ (2.8),

à â ñëó÷àå çàäà÷è Êîøè (2.11) � óñëîâèÿ (2.10). Åñëè f ∈ C0[0, π], òî ðàâíîìåðíî íà

[0, π] ñïðàâåäëèâî ñîîòíîøåíèå

lim
λ→∞

(
f(x)− Sλ(f, x)−

1

2

n−1∑

k=0

(
f(xk+1,λ)− f(xk,λ)

)
sk,λ(x)

)
= 0. (2.13)

Äàëåå, íàì ïîòðåáóþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 2.3. Ïóñòü Un � ñîáñòâåííàÿ �óíêöèÿ, ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà-

÷åíèþ λn, ðåãóëÿðíîé çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2). Òîãäà ñóùåñòâóåò êîíñòàíòà C1,

çàâèñÿùàÿ òîëüêî îò q, h, H, òàêàÿ, ÷òî äëÿ âñåõ x ∈ [0, π] è âñåõ n = 1, 2, 3, . . . ñïðàâåä-
ëèâî íåðàâåíñòâî

∣∣lSLk,n(x)
∣∣ =

∣∣∣∣
Un(x)

U ′
n(xk,n)(x− xk,n)

∣∣∣∣ 6 C1. (2.14)

⊳ Åñëè äëÿ êàêèõ ëèáî 1 6 k 6 n è n ∈ N îêàæåòñÿ x = xk,n, òî
∣∣lSLk,n(x)

∣∣ = 1.

�àññìîòðèì òåïåðü ñëó÷àé x 6= xk,n. Ïóñòü ñíà÷àëà 0 < |x− xk,n| 6 n−1
, x ∈ [0, π]. Òîãäà

ïî �îðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â �îðìå Ëàãðàíæà èç (2.3) è (2.4) ñëåäóåò

íåðàâåíñòâî

∣∣lSLk,n(x)
∣∣ 6

∣∣∣∣
U ′
n(xk,n)(x− xk,n) + U ′′

n(ξk,n)(x− xk,n)
2/2

U ′
n(xk,n)(x− xk,n)

∣∣∣∣ = 1 +
O(n2)

n+O(n−1)

1

n
6 C1,1

äëÿ íåêîòîðîé êîíñòàíòû C1,1, âûáîð êîòîðîé çàâèñèò òîëüêî îò ïàðàìåòðîâ çàäà÷è

Øòóðìà � Ëèóâèëëÿ q, h è H. Îñòàëîñü ðàññìîòðåòü ñëó÷àé |x− xk,n| > n−1
, x ∈ [0, π].

Â ñèëó àñèìïòîòè÷åñêèõ �îðìóë (2.1) è (2.4) ñóùåñòâóåò êîíñòàíòà C1,2, äëÿ êîòîðîé

ñïðàâåäëèâî íåðàâåíñòâî

∣∣lSLk,n(x)
∣∣ 6 n

∣∣∣∣
Un(x)

U ′
n(xk,n)

∣∣∣∣ 6
∣∣∣∣
cosnx+ β(x)

n sinnx+O(n−2)

n+O(n−1)

∣∣∣∣n 6 C1,2.

Ïîëîæèâ C1 = max(C1,1, C1,2), óáåäèìñÿ â ñïðàâåäëèâîñòè ëåììû 2.3. ⊲

Ëåììà 2.4. Ñóùåñòâóþò êîíñòàíòà C2 è íîìåð n0 ∈ N, íå çàâèñÿùèå îò �óíêöèè

f ∈ C[0, π], 0 6 a < b 6 π è 0 < ε < (b−a)/2 òàêèå, ÷òî äëÿ ïðîèçâîëüíûõ x ∈ [a+ε, b−ε]
è n > n0 ñïðàâåäëèâî íåðàâåíñòâî

1

2

∑

k∈[1,n−1]\[k1,k2]

∣∣∣
(
f(xk+1,n)− f(xk,n)

)
lSLk,n(x)

∣∣∣ 6 C2ω
(
f,
π

n

)
ln
π

ε
. (2.15)

⊳ Ââåäåì îáîçíà÷åíèå

ψk,n = f(xk+1,n)− f(xk,n), 1 6 k 6 n− 1; n ∈ N. (2.16)

Ó÷èòûâàÿ, ÷òî f ∈ C[0, π] è (2.5), óáåäèìñÿ, ÷òî ñóùåñòâóåò êîíñòàíòà C3 òàêàÿ, ÷òî

ñïðàâåäëèâà îöåíêà

|ψk,n| 6 C3ω
(
f,
π

n

)
, 1 6 k 6 n− 1; n ∈ N. (2.17)
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Âîçüìåì ïðîèçâîëüíîå x ∈ [a+ε, b−ε]. Ñóììó â (2.15) ïðåäñòàâèì â âèäå äâóõ ñëàãàåìûõ,

êàæäîå èç êîòîðûõ îöåíèì ñëåäóþùèì îáðàçîì:

∑

k∈[1,n−1]\[k1,k2]

∣∣ψk,nlSLk,n(x)
∣∣ 6 C3ω

(
f,
π

n

)


k1−1∑

k=1

|lSLk,n(x)|+
n−1∑

k=k2+1

|lSLk,n(x)|


 .

Âîñïîëüçîâàâøèñü (2.2), (2.4) è �îðìóëîé êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà, ïðîäîëæèì

îöåíêó ñóììû â (2.15) ñëåäóþùèì îáðàçîì:

∑

k∈[1,n−1]\[k1,k2]

∣∣ψk,nlSLk,n(x)
∣∣ 6 C3ω

(
f,
π

n

) |Un(x)|
n

(
k1−1∑

k=1

1

|x− xk,n|
+

n∑

k=k2+1

1

|x− xk,n|

)

+C3ω
(
f,
π

n

) ∑

k∈[1,n−1]\[k1,k2]

∣∣∣∣
|Un(x)|

|U ′
n(xk,n)||x− xk,n|

− |Un(x)|
n|x− xk,n|

∣∣∣∣

= C3ω
(
f,
π

n

) |Un(x)|
n

(
k1−1∑

k=1

1

|x− xk,n|
+

n∑

k=k2+1

1

|x− xk,n|

)
+ ω

(
f,
π

n

)
O(n−1).

Èç àñèìïòîòè÷åñêîé �îðìóëû (2.5) äëÿ íóëåé ñîáñòâåííûõ �óíêöèé Un íàõîäèì íî-

ìåð n0, âûáîð êîòîðîãî çàâèñèò òîëüêî îò ïàðàìåòðîâ çàäà÷è Øòóðìà � Ëèóâèëëÿ,

íà÷èíàÿ ñ êîòîðîãî áóäåò âûïîëíÿòüñÿ íåðàâåíñòâî

min
16k6n−1

|xk+1,n − xk,n| >
π

2n
. (2.18)

Â ñèëó òîãî, ÷òî maxx∈(0,π)
{
ln |x(π − x)|

}
= 2 ln π

2 , inf ln
π
ε > ln 2, (2.7) è (2.18) ñóììó

â (2.15) ðàâíîìåðíî íà âñåì îòðåçêå [a+ ε, b− ε] ìîæíî îöåíèòü òàêèì îáðàçîì:

∑

k∈[1,n−1]\[k1,k2]

∣∣ψk,nlSLk,n(x)
∣∣ 6 C3ω

(
f,
π

n

) |Un(x)|
n

×
(
k1−1∑

k=1

1

xk+1,n − xk,n

xk+1,n∫

xk,n

dt

x− t
+

n−1∑

k=k2+1

1

xk,n − xk−1,n

xk,n∫

xk−1,n

dt

t− x

)

+ ω
(
f,
π

n

)
O(n−1) 6

(
4C3M

π
+

1

ln π
ε

O(n−1)

)
ln
π

ε
ω
(
f,
π

n

)
. (2.19)

Îòêóäà ñëåäóåò ñóùåñòâîâàíèå êîíñòàíòû C2, âûáîð êîòîðîé çàâèñèò òîëüêî îò ïàðàìåò-

ðîâ çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2). ⊲

Äëÿ ëþáûõ 0 6 a < b 6 π, 0 < ε < (b− a)/2 îáîçíà÷èì

Q∗
n(f, [a, b], ε) := max

p16p6p2

m2∑

m=m1

′
∣∣∣∣
f(x2m+1,n)− f(x2m,n)

p− 2m

∣∣∣∣. (2.20)

Ëåììà 2.5. Åñëè �óíêöèÿ f ∈ C[0, π], òî èç ñîîòíîøåíèÿ

lim
λ→∞

Q∗
n(f, [a, b], ε) = 0 (2.21)

ñëåäóåò óòâåðæäåíèå (1.5).
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⊳ Çàìåòèì, ÷òî èç (2.16), (2.2) è (2.4) âûòåêàåò ðàâíîìåðíàÿ íà âñåì îòðåçêå [0, π]
îöåíêà

∣∣∣∣∣

k2∑

k=k1

(
f(xk+1,n)− f(xk,n)

)
lSLk,n(x)−

k2∑

k=k1

ψk,n
(−1)kUn(x)

n(x− xk,n)

∣∣∣∣∣

6

k2∑

k=k1

|ψk,n|
∣∣∣∣

Un(x)

(x− xk,n)

∣∣∣∣
∣∣∣∣
(−1)kn− U ′

n(xk,n)

nU ′
n(xk,n)

∣∣∣∣ = ω
(
f,
π

n

)
O(n−1). (2.22)

Ïîëîæèâ â ñëó÷àå çàäà÷è Êîøè (2.9) h(λ) ≡ h, λ = λn, ãäå λn � ñîáñòâåííîå çíà÷åíèå

çàäà÷è Øòóðìà � Ëèóâèëëÿ (1.2), ïîëó÷èì òîæäåñòâî Un(x) ≡ y(x, λn). Ñëåäîâàòåëü-
íî, çíà÷åíèÿ îïåðàòîðîâ (1.1) è (2.12) ïðè λ = λn òîæäåñòâåííî ñîâïàäàþò. Èç (2.15),

ëåììû 2.2 â ñëó÷àå çàäà÷è Êîøè (2.9) λ = λn è (2.22) ïîëó÷àåì ñîîòíîøåíèå

lim
n→∞

(
f(x)− LSLn (f, x)− 1

2

n−1∑

k=0

(
f(xk+1,n)− f(xk,n)

)
lSLk,n(x)

)

= lim
n→∞


f(x)− LSLn (f, x)− 1

2

k2∑

k=k1

ψk,n
(−1)kUn(x)

n(x− xk,n)


 = 0.

(2.23)

Âûáåðåì è çà�èêñèðóåì íåêîòîðîå x ∈ [a + ε, b − ε]. Íàéäåì èíäåêñ p = p(x, λ), äëÿ
êîòîðîãî âûïîëíÿåòñÿ ñîîòíîøåíèå x ∈ [xp,n, xp+1,n). Òîãäà x = xp,n + α(xp+1,n − xp,n),
ãäå α = α(x, λ) ∈ [0, 1), è

x− xk,n =
p− k + α+ βk,n

n
π.

Èç (2.17) è (2.5) îäíîâðåìåííî äëÿ âñåõ x ∈ [a+ ε, b− ε] è íàñòîëüêî áîëüøèõ n, ÷òî
äëÿ âñåõ 1 6 k 6 n− 1 èìååò ìåñòî íåðàâåíñòâî |βk,n| < 1, ñïðàâåäëèâà îöåíêà

∣∣∣∣∣∣∣

∑

k:k16k6k2;
|p−k|>3

(−1)kψk,n
p− k + α+ βk,n

−
∑

k:k16k6k2;
|p−k|>3

(−1)kψk,n
p− k

∣∣∣∣∣∣∣

6 C3ω
(
f,
π

n

) ∑

k:k16k6k2;
|p−k|>3

α

|p− k|(|p − k| − 2)
6 3C3ω

(
f,
π

n

)
. (2.24)

Ó÷èòûâàÿ îáîçíà÷åíèå (2.16) ðàçîáüåì ñóììó â (2.23) íà äâà ñëàãàåìûõ

1

2

k2∑

k=k1

(
f(xk+1,n)− f(xk,n)

)
lSLk,n(x) =

1

2

∑

k:k16k6k2;
|p−k|>3

ψk,nl
SL
k,n(x) +

1

2

∑

k:k16k6k2;
|p−k|<3

ψk,nl
SL
k,n(x). (2.25)

Ñëåäîâàòåëüíî, èç íåðàâåíñòâà òðåóãîëüíèêà, (2.14), (2.16), (2.17), (2.23) è (2.24) èìååì

ðàâíîìåðíóþ ïî x ∈ [a+ ε, b− ε] îöåíêó

∣∣∣∣∣∣
1

2

k2∑

k=k1

(
f(xk+1,n)− f(xk,n)

)
lSLk,n(x)−

Un(x)

2π

k2∑

k=k1

′ (−1)kψk,n
p− k

∣∣∣∣∣∣
= o(1). (2.26)
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Èç (2.26) è (2.23) òàêæå ðàâíîìåðíî ïî x ∈ [a+ ε, b− ε] âûòåêàåò ñîîòíîøåíèå

lim
n→∞


f(x)− LSLn (f, x)− Un(x)

2π

k2∑

k=k1

′ (−1)kψk,n
p− k


 = 0. (2.27)

Îöåíèì ïîñëåäíåå ñëàãàåìîå â ñîîòíîøåíèè (2.27), èñïîëüçóÿ (2.1), (2.7), (2.17) è íåðà-

âåíñòâî òðåóãîëüíèêà,

∣∣∣∣∣∣
Un(x)

2π

k2∑

k=k1

′ (−1)kψk,n
p− k

∣∣∣∣∣∣
6 2

M

2π

m2∑

m=m1

′∣∣∣ ψ2m,n

p− 2m

∣∣∣+ M

2π

k2∑

k=k1

′∣∣∣ ψk,n
p− k

∣∣∣+O

(
ω
(
f,
π

n

))
. (2.28)

Ìîæíî ïîäîáðàòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {ln}∞n=1, óäîâëåòâîðÿþùóþ

ñâîéñòâàì:

ln = o(n), lim
n→∞

ln = ∞, lim
λ→∞

ω
(
f,
π

n

) ln∑

k=1

1

k
= 0. (2.29)

Îöåíèì âòîðóþ ñóììó â (2.28) ñëåäóþùèì îáðàçîì:

1

2π

k2∑

k=k1

′∣∣∣
ψk,n
p− k

∣∣∣ 6 1

2π

∑

k:|p−k|6ln

′∣∣∣
ψk,n
p− k

∣∣∣+ 1

2π

∑

k:|p−k|>ln

′∣∣∣
ψk,n
p− k

∣∣∣. (2.30)

Èç íåðàâåíñòâà (2.17) äëÿ äîñòàòî÷íî áîëüøèõ n ñëåäóåò îöåíêà

1

2π

∑

k:|p−k|6ln

′∣∣∣
ψk,n
p− k

∣∣∣ 6 1

2π

∑

k:|p−k|6ln

′∣∣∣
ψk,n
p− k

∣∣∣ 6 C3

π
ω
(
f,
π

n

) ln∑

k=1

1

k
. (2.31)

Âòîðàÿ ñóììà â (2.30) ïîñëå ïðåîáðàçîâàíèÿ Àáåëÿ â ñëó÷àå k ∈ [k1, k2] : |p− k| > ln ìî-
æåò áûòü îöåíåíà ñëåäóþùèì îáðàçîì

1

2π

∑

k:|p−k|>ln

′∣∣∣
ψk,n
p− k

∣∣∣ 6
4‖f‖C[a,b]

ln + 1
+ 4‖f‖C[a,b]

∞∑

k=ln

1

k(k + 1)
.

Îòñþäà, èç (2.29), (2.30) è (2.31) ðàâíîìåðíî ïî x ∈ [a+ ε, b− ε] ïîëó÷àåì àñèìïòîòè÷å-

ñêóþ �îðìóëó

M

2π

k2∑

k=k1

′∣∣∣
ψk,n
p− k

∣∣∣ = o(1). (2.32)

Òåïåðü èç (2.27), (2.28), (2.32) è íåðàâåíñòâà òðåóãîëüíèêà ïîëó÷àåì îöåíêó

∣∣∣f(x)− LSLn (f, x)
∣∣∣ 6 M

π
Q∗
n(f, [a, b], ε) + o(1).

Ñëåäîâàòåëüíî, èç âûïîëíåíèÿ óñëîâèÿ (2.21) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü (1.5). ⊲
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3. �àâíîìåðíàÿ ñõîäèìîñòü èíòåðïîëÿöèîííûõ ïðîöåññîâ

Ëàãðàíæà � Øòóðìà � Ëèóâèëëÿ âíóòðè èíòåðâàëà (a, b)

Óáåäèìñÿ â ñïðàâåäëèâîñòè óòâåðæäåíèÿ ñ�îðìóëèðîâàííîé ðàíåå òåîðåìû 1.1.

⊳ Äîêàçàòåëüñòâî òåîðåìû 1.1. Â ñèëó íåïðåðûâíîñòè �óíêöèè f íà îòðåçêå

[0, π], äëÿ ëþáîãî ïîëîæèòåëüíîãî ǫ̃ ñóùåñòâóþò íàòóðàëüíûå ÷èñëà ν è n1 òàêèå, ÷òî
äëÿ âñåõ n > n1 (n ∈ N) îäíîâðåìåííî ñïðàâåäëèâû äâà ñîîòíîøåíèÿ

ω

(
f,
π

n

) ν∑

k=1

1

k
<
ǫ̃

6
(3.1)

è

24 ‖f‖C[a,b] < ǫ̃ν. (3.2)

Ïóñòü n > n1. Íàéäåì èíäåêñ p0, çàâèñÿùèé îò n, a, b, ε è f íà êîòîðîì äîñòèãàåòñÿ

ìàêñèìóì â îïðåäåëåíèè (2.20), ò. å.

Q∗
n(f, [a, b], ε) =

m2∑

m=m1

′
∣∣∣∣
f(x2m+1,n)− f(x2m,n)

p0 − 2m

∣∣∣∣.

Îáîçíà÷èì

Q∗∗
n (f, [a, b], ε) :=

k2∑

k=k1

′
∣∣∣∣
f(xk+1,n)− f(xk,n)

p0 − k

∣∣∣∣.

Òàê êàê Q∗∗
n (f, [a, b], ε) ïîëó÷àåòñÿ èç Q∗

n(f, [a, b], ε) äîáàâëåíèåì íåîòðèöàòåëüíûõ ñëàãà-

åìûõ, òî äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî íåðàâåíñòâî

Q∗
n(f, [a, b], ε) 6 Q∗∗

n (f, [a, b], ε). (3.3)

�àçîáüåì Q∗∗
n (f, [a, b], ε) íà äâà ñëàãàåìûõ

Q∗∗
n (f, [a, b], ε) =

k2∑

k=k1

′ f(xk+1,n)− f(xk,n)

|p0 − k|

− 2

k2∑

k=k1

′′ f(xk+1,n)− f(xk,n)

|p0 − k| = S1(p0) + S2(p0), (3.4)

ãäå äâà øòðèõà îçíà÷àþò, ÷òî â ñóììå íåîòðèöàòåëüíûõ ñëàãàåìûõ è ñëàãàåìîãî ñ èí-

äåêñîì k = p0 íåò.

Ñíà÷àëà çàéìåìñÿ îöåíêîé ïåðâîé ñóììû. Äëÿ ÷åãî ïðåäñòàâèì åå â âèäå

S1(p0) =
∑

k:k∈[k1,k2],
0<|p0−k|<ν

f(xk+1,n)− f(xk,n)

|p0 − k|

+
∑

k:k∈[k1,k2],
|p0−k|>ν

f(xk+1,n)− f(xk,n)

|p0 − k| = S1,1(p0) + S1,2(p0). (3.5)

Â ñëó÷àå {k : k ∈ [k1, k2], 0 < |p0 − k| > ν} = ∅ ñ÷èòàåì âòîðîå ñëàãàåìîå ðàâíûì íóëþ.
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Èç íåðàâåíñòâà (3.1) äëÿ âñåõ n > n1 èìååì ñîîòíîøåíèå

|S1,1(p0)| 6 2ω

(
f,
π

n

) ν∑

k=1

1

k
<
ǫ̃

3
. (3.6)

Òåïåðü îöåíèì S1,2(p0). Åñëè äëÿ p0 èìåþò ìåñòî íåðàâåíñòâà p0 − k1 > ν è k2 − p0 > ν,
òî èñïîëüçóåì (3.2) è ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Àáåëÿ ïîëó÷èì îöåíêó

|S1,2(p0)| 6

∣∣∣∣∣∣

p0−ν∑

k=k1

f(xk+1,n)− f(xk,n)

p0 − k

∣∣∣∣∣∣
+

∣∣∣∣∣∣

k2∑

k=p0+ν

f(xk+1,n)− f(xk,n)

k − p0

∣∣∣∣∣∣

6 4‖f‖C[a,b]

∞∑

i=ν

1

i(i+ 1)
+

4‖f‖C[a,b]

ν
6

8‖f‖C[a,b]

ν
<
ǫ̃

3
.

(3.7)

Òî÷íî òàêæå äîêàçûâàåòñÿ (3.7) â ñèòóàöèè, êîãäà èíäåêñ p0 óäîâëåòâîðÿåò îäíîìó èç ñî-
îòíîøåíèé p0 − ν < k1 6 p0 < p0 + ν 6 k2 èëè k1 6 p0 − ν < p1 6 k2 < p0 + ν. Èç
âîçìîæíûõ âàðèàíòîâ îñòàëñÿ ñëó÷àé, êîãäà p0 − ν < k1 6 p1 6 k2 < p0 + ν. Â ýòîé

ñèòóàöèè |S1,2(p0)| = 0.
Òàêèì îáðàçîì, èç (3.5), (3.6) è (3.7) äëÿ âñåõ n > n1 èìååì îöåíêó

|S1(p0)| 6
2ǫ̃

3
. (3.8)

Ïåðåéäåì ê èçó÷åíèþ ñâîéñòâ ñóììû S2(p0). Âîçüìåì ïðîèçâîëüíîå íàòóðàëüíîå m :
1 6 m 6 k2 − k1 − 2 è ïðåäñòàâèì S2(p0) â âèäå äâóõ ñëàãàåìûõ

S2(p0) = −2
∑

k:k∈[k1,k2],
|p0−k|6m

′′ f(xk+1,n)− f(xk,n)

|p0 − k|

− 2
∑

k:k∈[k1,k2],
|p0−k|>m

′′ f(xk+1,n)− f(xk,n)

|p0 − k| = S2,1(p0) + S2,2(p0). (3.9)

Âûáåðåì äîñòàòî÷íî áîëüøîé íîìåð n2 > n1, çàâèñÿùèé òîëüêî îò ïàðàìåòðîâ çàäà÷è

Øòóðìà � Ëèóâèëëÿ, íà÷èíàÿ ñ êîòîðîãî, â ñèëó (2.5), áóäóò âûïîëíÿòüñÿ íåðàâåíñòâà

max16k6n |xk+1,n−xk,n| 6 3π
2n . Ôóíêöèÿ f ∈ C[0, π], íà÷èíàÿ ñ n2 áóäåì èìåòü ñîîòíîøåíèå

|f(xk+1,n)− f(xk,n)| 6 10Kfω

(
f,
π

n

)
. (3.10)

Ïîýòîìó,

S2,1(p0) = 2
∑

k:k∈[k1,k2],
|p0−k|6m

′′ |f(xk+1,n)− f(xk,n)|
|p0 − k| 6 10Kfω

(
f,
π

n

) m∑

k=1

1

k
. (3.11)

Äàëåå îöåíèì ñóììó S2,2(p0):

0 6 S2,2(p0) 6 2

p0−m−1∑

k=k1

−(f(xk+1,n)− f(xk,n))−
p0 − k

+ 2

k2∑

k=p0+m+1

−(f(xk+1,n)− f(xk,n))−
k − p0

, (3.12)
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ãäå z− = z−|z|
2 . Åñëè p0 − m 6 k1 èëè p0 + m > k2, òî â (3.12) èñ÷åçàåò ñîîòâåòñòâåííî

ïåðâîå èëè âòîðîå ñëàãàåìîå. Â ñëó÷àå p0 −m < k1 < k2 < p0 +m ñóììà S2,2(p0) â (3.9)
âîîáùå îòñóòñòâóåò. Ó÷èòûâàÿ òî, ÷òî f ∈ V [a, b], ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Àáåëÿ

è (3.10) îöåíèì (3.12)

0 6 S2,2(p0) 6 4Mf

k2−k1−1∑

k=m+1

v(k, f)

k2
+ 10Kfω

(
f,
π

n

)
.

Îòñþäà (3.9), (3.11) è (3.12) èìååì

0 6 S2(p0) 6 10Kfω

(
f,
π

n

) m∑

k=1

1

k
+ 4Mf

k2−k1−1∑

k=m+1

v(k, f)

k2
+ 10Kfω

(
f,
π

n

)
.

Ïîëîæèâ ïðè êàæäîì n > n2 m := ln, âûáðàííîå êàê â (2.29), ïîëó÷èì, ÷òî â ñèëó

îãðàíè÷åííîñòè ïîñëåäîâàòåëüíîñòè {v(k, f)}∞k=1 è ñõîäèìîñòè ðÿäà

∑∞
k=1 v(k, f)/k

2
ñó-

ùåñòâóåò íîìåð n3 ∈ N, n3 > n2, òàêîé, ÷òî äëÿ ïðîèçâîëüíîãî n > n3 ñïðàâåäëèâî

íåðàâåíñòâî

0 6 S2(p0) 6
ǫ̃

3
.

Îòñþäà è èç (3.3), (3.4), (3.5), (3.8) ïîëó÷àåì, ÷òî äëÿ ïðîèçâîëüíîãî ǫ̃ > 0 ìîæíî íàéòè
íîìåð n3 ∈ N òàêîé, ÷òî äëÿ âñåõ n > n3 áóäóò ñïðàâåäëèâû íåðàâåíñòâà Q∗

n(f, [a, b], ε) 6
Q∗∗
n (f, [a, b], ε) < ǫ̃. Òåîðåìà 1.1 äîêàçàíà. ⊲
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Abstrat. The uniform onvergene within an interval (a, b) ⊂ [0, π] of Lagrange proesses in eigen-

funtions LSL
n (f, x) =

∑n
k=1 f(xk,n)

Un(x)
U′

n(xk,n)(x−xk,n)
of the Sturm�Liouville problem is established. (Here

0 < x1,n < x2,n < · · · < xn,n < π denote the zeros of the eigenfuntion Un of the Sturm�Liouville

problem.) A ontinuous funtions f on [0, π] whih is of bounded variation on (a, b) ⊂ [0, π] an be uniformly
approximated within the interval (a, b) ⊂ [0, π]. A riterion for uniform onvergene within an interval

(a, b) of the onstruted interpolation proesses is obtained in terms of the maximum of the sum of the

moduli of divided di�erenes of the funtion f . Outside the interval (a, b), the Lagrange interpolation proess
may diverge. The boundedness in the totality of the Lagrange fundamental funtions onstruted from

eigenfuntions of the Sturm�Liouville problem is established. The ase of the regular Sturm�Liouville problem

with a ontinuous potential of bounded variation is also onsidered. The boundary onditions for the third

kind Sturm�Liouville problem without Dirihlet onditions are studied. In the presene of servie funtions for

alulating the eigenfuntions of the regular Sturm�Liouville problem, the Lagrange�Sturm�Liouville operator

under study is easily implemented by omputer tehnology.

Key words: uniform onvergene, sin approximations, bounded variation, Lagrange�Sturm�Liouville

proesses.
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Ï�ÀÂÈËÀ ÄËß ÀÂÒÎ�ÎÂ

Îáùèå ïîëîæåíèÿ

1. Ïåðèîäè÷åñêîå èçäàíèå ¾Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë¿ ïóáëèêóåò

îðèãèíàëüíûå íàó÷íûå ñòàòüè îòå÷åñòâåííûõ è çàðóáåæíûõ àâòîðîâ, ñîäåðæàùèå íî-

âûå ìàòåìàòè÷åñêèå ðåçóëüòàòû ïî �óíêöèîíàëüíîìó è êîìïëåêñíîìó àíàëèçó, àëãåáðå,

ãåîìåòðèè, äè��åðåíöèàëüíûì óðàâíåíèÿì è ìàòåìàòè÷åñêîé �èçèêå. Ïî çàêàçó ðåäàê-

öèîííîé êîëëåãèè æóðíàë òàêæå ïóáëèêóåò îáçîðíûå ñòàòüè. Æóðíàë ïðåäíàçíà÷åí äëÿ

íàó÷íûõ ðàáîòíèêîâ, ïðåïîäàâàòåëåé, àñïèðàíòîâ è ñòóäåíòîâ ñòàðøèõ êóðñîâ. Ïåðèî-

äè÷íîñòü � ÷åòûðå âûïóñêà â ãîä. ¾Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë¿ ïóáëè-

êóåò ñòàòüè íà ðóññêîì è àíãëèéñêîì ÿçûêàõ, îáúåìîì, êàê ïðàâèëî, íå áîëåå 2 óñë.ï.ë.

(17 ñòðàíèö �îðìàòà A4). �àáîòû, ïðåâûøàþùèå 2 óñë.ï.ë., ïðèíèìàþòñÿ ê ïóáëèêàöèè

ïî ñïåöèàëüíîìó ðåøåíèþ �åäêîëëåãèè æóðíàëà. Ñðîê ðàññìîòðåíèÿ ñòàòåé îáû÷íî íå

ïðåâûøàåò 8 ìåñÿöåâ. Ïðè ïîäãîòîâêå ñòàòåé äëÿ óñêîðåíèÿ èõ ðàññìîòðåíèÿ è ïóáëè-

êàöèè ñëåäóåò ñîáëþäàòü ïðàâèëà äëÿ àâòîðîâ.

2. Ê ïóáëèêàöèè â ÂÌÆ ïðèíèìàþòñÿ ñòàòüè, ñîäåðæàùèå íîâûå ðåçóëüòàòû â îáëà-

ñòè ìàòåìàòèêè è ñòàòüè îáçîðíîãî õàðàêòåðà. Ñòàòüè, ðàíåå îïóáëèêîâàííûå, à òàêæå

ïðèíÿòûå ê îïóáëèêîâàíèþ â äðóãèõ æóðíàëàõ, ðåäêîëëåãèåé íå ðàññìàòðèâàþòñÿ. �å-

çóëüòàòû èíûõ àâòîðîâ, èñïîëüçîâàííûå â ñòàòüå, ñëåäóåò äîëæíûì îáðàçîì îòðàçèòü

â ññûëêàõ. Íàïðàâëÿÿ ñòàòüþ â æóðíàë, àâòîðû òåì ñàìûì ïîäòâåðæäàþò, ÷òî äëÿ íåå

âûïîëíåíû óêàçàííûå òðåáîâàíèÿ.

3. Íàïðàâëÿÿ ñòàòüþ â æóðíàë, êàæäûé èç àâòîðîâ ïîäòâåðæäàåò, ÷òî ñòàòüÿ ñîîòâåò-

ñòâóåò íàèâûñøèì ñòàíäàðòàì ïóáëèêàöèîííîé ýòèêè äëÿ àâòîðîâ è ñîàâòîðîâ, ðàçðàáî-

òàííûì COPE (Committee on Publiation Ethis), ñì. http://publiationethis.org/about.

4. Âñå ìàòåðèàëû, ïîñòóïèâøèå äëÿ ïóáëèêàöèè â æóðíàëå, ïîäëåæàò ðåãèñòðàöèè

ñ óêàçàíèåì äàòû ïîñòóïëåíèÿ ðóêîïèñè â ðåäàêöèþ æóðíàëà. �åøåíèå î ïóáëèêàöèè,

îòêàçå â ïóáëèêàöèè èëè íàïðàâëåíèè ðóêîïèñè àâòîðó äëÿ äîðàáîòêè äîëæíî áûòü

ïðèíÿòî ãëàâíûì ðåäàêòîðîì è ñîîáùåíî àâòîðó íå ïîçäíåå 4 ìåñÿöåâ ñî äíÿ ïîñòóïëåíèÿ

ðóêîïèñè â ðåäàêöèþ æóðíàëà. Ïîäðîáíåå ñì. â ðàçäåëå �åöåíçèðîâàíèå.

5. Ïðèíÿòûå ê ïóáëèêàöèè â ÂÌÆ ñòàòüè ïðîõîäÿò ðåäàêöèîííóþ ïîäãîòîâêó, ïîñëå

÷åãî îêîí÷àòåëüíûé ìàêåò ñòàòüè â �îðìàòå PDF íàïðàâëÿåòñÿ àâòîðó íà êîððåêòóðó.

6. Óñëîâèåì ïóáëèêàöèè ñòàòåé, ïðèíÿòûõ ê ïå÷àòè, ÿâëÿåòñÿ ïîäïèñàíèåì àâòîðàìè

äîãîâîðà î ïåðåäà÷å àâòîðñêèõ ïðàâ. Áëàíê äîãîâîðà ìîæíî ñêà÷àòü ïî ññûëêå.

7. Ïîëíîòåêñòîâûå âåðñèè ñòàòåé, ïóáëèêóåìûõ â æóðíàëå, ðàçìåùàþòñÿ â Èíòåðíå-

òå â ñâîáîäíîì äîñòóïå íà î�èöèàëüíîì ñàéòå æóðíàëà http://www.vlmj.ru, à òàêæå íà

ñàéòàõ Íàó÷íîé ýëåêòðîííîé áèáëèîòåêè eLIBRARY.RU, Îáùåðîññèéñêîãî ìàòåìàòè÷å-

ñêîãî ïîðòàëà Math-Net.Ru è Íàó÷íîé ýëåêòðîííîé áèáëèîòåêè ¾ÊèáåðËåíèíêà¿.

8. Ïóáëèêàöèè â æóðíàëå äëÿ àâòîðîâ áåñïëàòíû.

Ïîäãîòîâêà è ïðåäñòàâëåíèå ðóêîïèñè ñòàòüè

1. Âñå ìàòåðèàëû ïðåäîñòàâëÿþòñÿ â ðåäàêöèþ â ýëåêòðîííîì âèäå. �óêîïèñü äîëæíà

áûòü òùàòåëüíî âûâåðåíà. Âñå ñòðàíèöû ðóêîïèñè, âêëþ÷àÿ ðèñóíêè, òàáëèöû è ñïèñîê

ëèòåðàòóðû, ñëåäóåò ïðîíóìåðîâàòü.

2. �àáîòà äîëæíà áûòü ïîäãîòîâëåíà íà êîìïüþòåðå â èçäàòåëüñêîé ñèñòåìå LaTeX.

Ìàøèíîïèñíûå ðóêîïèñè è ðóêîïèñè, íàáðàííûå íà êîìïüþòåðå â ñèñòåìàõ, îòëè÷íûõ

îò TeX, íå ðàññìàòðèâàþòñÿ. Ôàéëû ñòàòüè *.tex è *.ps (*.pdf) âûñûëàþòñÿ â àäðåñ

ðåäàêöèè ïî ýëåêòðîííîé ïî÷òå rio�smath.ru.
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3. Â òåêñòå ñòàòüè óêàçûâàåòñÿ èíäåêñ ÓÄÊ, íàçâàíèå ðàáîòû, çàòåì ñëåäóþò èíèöè-

àëû è �àìèëèè àâòîðîâ, ïðèâîäÿòñÿ àííîòàöèè íà ðóññêîì è àíãëèéñêîì ÿçûêàõ (îáúå-

ìîì íå ìåíåå 200 ñëîâ, äîñòàòî÷íóþ äëÿ ïîíèìàíèÿ ñîäåðæàíèÿ ñòàòüè), äàþòñÿ ñïèñêè

êëþ÷åâûõ ñëîâ íà ðóññêîì è àíãëèéñêîì ÿçûêàõ, à òàêæå êîäû ñîãëàñíî Mathematis

Subjets Classi�ations (2010). Äàëåå â �àéëå ïðèâîäÿòñÿ ïîëíîñòüþ Ôàìèëèÿ, Èìÿ, Îò-

÷åñòâî êàæäîãî àâòîðà, äîëæíîñòü, ïîëíîå íàçâàíèå íàó÷íîãî ó÷ðåæäåíèÿ, ïî÷òîâûé

àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ, íîìåð òåëå�îíà ñ êîäîì ãîðîäà èëè íîìåð ìî-

áèëüíîãî òåëå�îíà, àäðåñ ýëåêòðîííîé ïî÷òû è ORCID.

4. Äàòîé ïîñòóïëåíèÿ ñòàòüè ñ÷èòàåòñÿ äàòà ïîñòóïëåíèÿ ýëåêòðîííîé êîïèè ñòàòüè

íà î�èöèàëüíûé e-mail æóðíàëà. Òåêñò ýëåêòðîííîãî ñîîáùåíèÿ äîëæåí áûòü î�îðìëåí

êàê ñîïðîâîäèòåëüíîå ïèñüìî, èç òåêñòà êîòîðîãî ÿñíî ñëåäóåò, ÷òî àâòîðû íàïðàâëÿþò

ñâîþ ñòàòüþ âî Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë. Íåîáõîäèìî óêàçàòü àâòîðà,

îòâåòñòâåííîãî çà ïåðåïèñêó ñ ðåäàêöèåé.

5. Â àííîòàöèè íå äîïóñêàåòñÿ èñïîëüçîâàíèå ãðîìîçäêèõ �îðìóë, ññûëîê íà òåêñò

ðàáîòû èëè ñïèñîê ëèòåðàòóðû.

6. Ïðè ïîäãîòîâêå �àéëà ñòàòüè îñîáîå âíèìàíèå ñëåäóåò îáðàòèòü íà íåæåëàòåëü-

íîñòü èñïîëüçîâàíèÿ íîâûõ (ââîäèìûõ àâòîðîì ïðè íàáîðå) êîìàíäíûõ ïîñëåäîâàòåëü-

íîñòåé, îñîáåííî ñ ïàðàìåòðàìè. Ñëåäóåò èñïîëüçîâàòü â îñíîâíîì ñòàíäàðòíûå ñðåäñòâà

ìàêðîïàêåòà LaTeX. Òàêæå êðàéíå íåæåëàòåëüíî èñïîëüçîâàòü áåç íåîáõîäèìîñòè çíàêè

ïðîáåëà.

7. Ñòàòüè, ñîäåðæàùèå ðèñóíêè, ðàññìàòðèâàþòñÿ òîëüêî ïîñëå ñîãëàñîâàíèÿ ñ ðå-

äàêöèåé òåõíè÷åñêèõ âîïðîñîâ ïîäãîòîâêè ðèñóíêîâ. ×åðíî-áåëûå ðèñóíêè äîëæíû áûòü

ïîäãîòîâëåíû â �îðìàòå EPS (Enapsulated PostSript) òàêèì îáðàçîì, ÷òîáû îáåñïå÷è-

âàòü àäåêâàòíîå âîñïðèÿòèå èõ ïðè ïîñëåäóþùåì îïòè÷åñêîì óìåíüøåíèè â äâà ðàçà.

Ïðè èñïîëüçîâàíèè ðèñóíêîâ íåîáõîäèìî ïîäêëþ÷èòü ïàêåò eps�g. Ïîäïèñü ê ðèñóíêó

äîëæíà áûòü öåíòðèðîâàíà ïîä ðèñóíêîì è ñîñòîÿòü èç ñëîâà ¾�èñ. ¿ ñ ïîñëåäóþùèì

íîìåðîì. Íîìåðà ðèñóíêîâ äîëæíû èìåòü ñêâîçíóþ íóìåðàöèþ ïî òåêñòó ñòàòüè. Ïîÿñ-

íåíèÿ ê ðèñóíêó ñëåäóåò ïðèâîäèòü â òåêñòå ñòàòüè. Òàáëèöû ñîïðîâîæäàþòñÿ îò�îðìà-

òèðîâàííîé ñëåâà íàäïèñüþ ¾Òàáëèöà¿ ñ ïîñëåäóþùèì íîìåðîì. Íîìåðà òàáëèö äîëæíû

èìåòü ñêâîçíóþ íóìåðàöèþ ïî òåêñòó ñòàòüè. Ïîÿñíåíèÿ ê òàáëèöå ïðèâîäÿòñÿ â òåêñòå

ñòàòüè. �ðà�èêè âûïîëíÿþòñÿ â âèäå ðèñóíêîâ.

8. Ñïèñîê ëèòåðàòóðû äîëæåí ñîäåðæàòü òîëüêî òå èñòî÷íèêè, íà êîòîðûå èìåþòñÿ

ññûëêè â òåêñòå ðàáîòû, ðàñïîëîæåííûå â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà íåîïóáëèêî-

âàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçàòåëüñòâàõ, íå äîïóñêàþòñÿ.

Ñïèñîê ëèòåðàòóðû ïå÷àòàåòñÿ â êîíöå òåêñòà ñòàòüè, î�îðìëåííûå â ñîîòâåòñòâèè ñ ïðà-

âèëàìè èçäàíèÿ, íà îñíîâàíèè òðåáîâàíèé, ïðåäóñìîòðåííûõ äåéñòâóþùèìè �ÎÑÒàìè.

Â íåì äîëæíû áûòü óêàçàíû: äëÿ ñòàòüåé � àâòîð, ïîëíîå íàçâàíèå ñòàòüè, æóðíàë,

ãîä èçäàíèÿ, òîì, íîìåð (âûïóñê), ñòðàíèöû íà÷àëà è êîíöà ñòàòüè; äëÿ êíèã � àâòîð,

ïîëíîå íàçâàíèå, ãîðîä, èçäàòåëüñòâî, ãîä èçäàíèÿ, îáùåå êîëè÷åñòâî ñòðàíèö. Ññûëêè

íà ëèòåðàòóðó â òåêñòå äàþòñÿ â êâàäðàòíûõ ñêîáêàõ.

9. Ñïèñîê ëèòåðàòóðû ïîëíîñòüþ äóáëèðóåòñÿ íà àíãëèéñêîì ÿçûêå, ïðèâîäèòñÿ ïîë-

íîñòüþ îòäåëüíûì áëîêîì â êîíöå ñòàòüè, ïîâòîðÿÿ ñïèñîê ëèòåðàòóðû ê ðóññêîÿçû÷-

íîé ÷àñòè, íåçàâèñèìî îò òîãî, èìåþòñÿ èëè íåò â íåì èíîñòðàííûå èñòî÷íèêè. Åñëè

â ñïèñêå åñòü ññûëêè íà èíîñòðàííûå ïóáëèêàöèè, îíè ïîëíîñòüþ ïîâòîðÿþòñÿ â ñïèñêå,

ãîòîâÿùåìñÿ â ðîìàíñêîì àë�àâèòå. Ñïèñîê Referenes èñïîëüçóåòñÿ ìåæäóíàðîäíûìè

áèáëèîãðà�è÷åñêèìè áàçàìè (Sopus, WoS è äð.) äëÿ ó÷åòà öèòèðîâàíèÿ àâòîðîâ.

Ïðèìå÷àíèå: áîëåå ïîäðîáíóþ èí�îðìàöèþ ìîæíî íàéòè íà î�èöèàëüíîì ñàéòå

æóðíàëà http://www.vlmj.ru.



ÂËÀÄÈÊÀÂÊÀÇÑÊÈÉ ÌÀÒÅÌÀÒÈ×ÅÑÊÈÉ ÆÓ�ÍÀË

Òîì 20

Âûïóñê 4

Çàâ. ðåäàêöèåé Â. Â. Êèáèçîâà

Çàðåãèñòðèðîâàí â Ôåäåðàëüíîé ñëóæáå ïî íàäçîðó â ñ�åðå ñâÿçè,

èí�îðìàöèîííûõ òåõíîëîãèé è ìàññîâûõ êîììóíèêàöèé.

Ñâèäåòåëüñòâî î ðåãèñòðàöèè ÏÈ �ÔÑ77-70008 îò 31 ìàÿ 2017 ã.

Ïîäïèñàíî â ïå÷àòü 24.12.2018. Äàòà âûõîäà â ñâåò 28.12.2018.

Ôîðìàò áóìàãè 60×841/8. �àðí. øðè�òà Computer modern.

Óñë. ï. ë. 10,93. Òèðàæ 100 ýêç. Öåíà ñâîáîäíàÿ.

Ó÷ðåäèòåëü:

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå ó÷ðåæäåíèå íàóêè

Ôåäåðàëüíûé íàó÷íûé öåíòð ¾Âëàäèêàâêàçñêèé íàó÷íûé öåíòð

�îññèéñêîé àêàäåìèè íàóê¿ (ÂÍÖ �ÀÍ)

Èçäàòåëü:

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � �èëèàë Ô�ÁÓÍ ÔÍÖ

¾Âëàäèêàâêàçñêèé íàó÷íûé öåíòð �îññèéñêîé àêàäåìèè íàóê¿

Àäðåñ èçäàòåëÿ:

362027, ã. Âëàäèêàâêàç, óë. Ìàðêóñà, 22.

Îòïå÷àòàíî ÈÏ Öîïàíîâîé À.Þ.

362000, ã. Âëàäèêàâêàç, ïåð. Ïàâëîâñêèé, 3.



Индекс 57380
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