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Anvoranusa. Crarbs mocBsmeHa 0600IEHHBIM MHOrO0OpasusM KeHnmolly, a UMEHHO HCCIeIOBAHUIO UX
CBOICTB MHTErprupyemocTu. VlccreioBanme BegeTcst MeTOIOM MTPUCOeIUMHEHHBIX (G-CTPYKTYD, TO9TOMY BHA-
Jajie MOCTPOEHO MPOCTPAHCTBO MPUCOEINHEHHON (G-CTPYKTYPHI MOYUTH KOHTAKTHBIX METPHYECKUX MHOTO-
obpasmii. Tamree onpenensaorcsa 0606menabe MEOr006pasus Kenmorny (kopoue G K-mHOT006pasus), mpu-
BOJWTCST TIOJIHASI TPYIIA CTPYKTYPHBIX YPABHEHMI Takux MHOroobpasmit. OmpenesieHsl 1MepBoe, BTOPOe
n Tperhe dymHmamentanbubie ToxkaecTBa GK-cTpykTyp. ChOpMyInpoBaHbl OMpeIeTeHnsT CrIenuaaIbHbIX
0606menabrx MEOroo6pasuit Kenmory (SGK-muorootpasuii) I u I pogos. B patore nccnemyorca GK-
MHOr0o06pa3ust, mepBoe (PyHIAMEHTAIHHOE PACIIPEIeIeHIe KOTOPHIX BIIOJIHE MHTerpupyemo. [lokazamo, To
MOYTHU SPMHUTOBA CTPYKTYPA, MHAYIMPYEMas Ha MHTErPAILHBIX MHOTO0OOPA3NSIX MAKCUMAJIHHON pa3MepHO-
ctu mepBoro pacmpeaenenns G K-MHOTO00pa3nsi, ABASeTC MPUOINKeHHO Kemeposoii. [lomydeno stokaib-
Hoe crpoenne (GK-MHOroo6pa3ms ¢ 3aMKHYTONH KOHTAKTHON (DOPMOii, MpUBEIEHBI BEIPAYKEHUS TIEPBOTO 1
BTOPOTO CTPYKTYPHBIX TeH30poB. Takyke B pabore BbIUMCIEHBI KOMIIOHEHTH Ten3opa Heiienxetica GK-
muOoroobpasus. [lockonbky 3amanne Tersopa Helterxeiica paBHOCHIHHO 33IaHUIO YeTHIPEX TEH30POB [N (1),
N (2), N (3), N (4), TO WCCJIEIyeTCsT TEOMETPHYECKNI CMBICJI O0pAIeHnst B HyJIb 3TUX TeH30poB. ITomxydeno
JIOKQJIbHOE CTpPOeHme WHTerpupyemoit m HopMmaabHOU GK-cTtpykrypsl. [lokazaHo, 9T0 XapaKTepUCTHYIe-
ckuit BekTop G K-cTpyKTyphl He aBiasgerca Bekropom Kumnuara. OCHOBHBIM PE3yIbTATOM SABIAETCH
Teopema. Ilycts M — GK-muoroobpasme. Torma craelgyromme yTBEp:KIJeHHs SKBHBajeHTHB: 1) GK-
MHOTOOGpa3He HMeeT 3aMKHY TYI0 KOHTaKTHYTo popmy; 2) F = F,, = 0;3) N@(X,Y) = 0;4) N®(X) =
0; 5) M — SGK-mmoroobpasue sroporo poxa; 6) M — JI0KaapHO KAHOHHYIECKH KOHIHPKY/TSPHO TPOH3BE-
JIEHUIO MTPHOINKEHHO KeJIepOBa MHOT000Da3HsT Ha BEIIECTBEHHYIO MPSIMYIO.

KurroueBbie cioBa: 0600merHoe MHOroo6pasue Kenmoiry, muoroobpasue Kenmorry, HopMabHOE MHOTO-
obpaswue, Ten3op Heiterxeiica, maTerpupyemasi CTpyKTypa, MPUOINKEHHO KEeIePOBO MHOr00Opa3me.

Mathematical Subject Classification (2000): 58A05.

1. BBenenue

B 1972 r. Kenmomy [1] BBesT B paccMOTpeHre HOBBI KJIACC TIOUTH KOHTAKTHBIX METPUYe-
CKUX CTPYKTYD, XapaKTePU3YEeMbIX TOXKJIECTBOM

Vx(®)Y = (BX,Y) — n(YV)®X, X,Y € 2 (M).

© 2018 Aby-Cameem A., Pycranos A. P., Xapuronosa C. B.



CpoiicTBa mHTErpUpyeMocTu 0000IIIeHHBIX MHOr00Opasmii Kermorry 5

CrpykTyphl Kenmory ecTecTBeHHO BO3HUKAIOT B KJjiaccudukaiuu TaHHO CBI3HBIX MOYTH
KOHTAKTHBIX METPHUIECKUX MHOTO00paswii, rpymmna aBTOMOPGU3IMOB KOTOPHIX WMEeT MAaKCH-
MaJIbHYIO pasMepHOCTh [2]|. OHu 0671a1a10T paIOM HHTEPeCHbIX CBoiicTB. Hampmmep, cTpyk-
TYyPbI KeHMOHy HOPMaJIBHBI W WHTETPUPYEMbI, OHU HE ABJIAIOTCA HU CaACaKUEBBIMU CTPYK-
TypaMu, HU KOCUMILIEKTHIECKAMU CTPYKTypamu. V3BecTHBI mpuMepbl cTpyKTyp Kemmorry
Ha HEYeTHOMEPHBIX TpocrpaHcTBax Jlobauesckoro kpususnabl (—1). Takwe crpykTyphl 10-
JIy9aloTCsl € TOMOINBI0 KOHCTPYKIum Kocoro (warped) mpomssenernst R x ¢ C" B cumbIcTe
Bumona u O’Heiina 3] KOMIJIEKCHOTO €BKJIMIOBA TPOCTPAHCTBA W BENIECTBEHHON MPSMOii,
rie f(t) = cet. Beskoe xondopmHo-miockoe MuOroobpasme Kemmorry, a Taxuxke JOKaTbHO-
cuMMeTpuieckoe MHOTooOpa3ne KeHMoIry JTOKaabHO SKBUBAIEHTHO MHOT0oOOpasuio Kenmorry
taxoro turna [1]. Kupnuenko B. @. [4] gokazas, uro kiaacc muoroobpasuit Kenmorty cosmajaer
C KJIACCOM TIOUTH KOHTAKTHBIX METPUYECKUX MHOTO00OPA3Nil, MOTYyIaeMbIX U3 KOCUMILTEKTHIe-
CKUX MHOT000pa3uii KAHOHUIECKUM KOHITUPKYISIPHBIM TPpeobpa3oBaHreM KOCHMILIEK TUIECKO
CTPYKTYPHI.

B cBoeii auccepranmnonnoii padore [5] Ymuosa C. B. nzyuana muoroobpasus Kenmory n
ux 0b606menns. OHa BBIIEINIA KJIACC TOUTH KOHTAKTHBIX METPUIECKUX MHOTO00OPA3Nil, ABIs-
ommiics 0606mennem MrOroo6pasuit Kenvorny n HazBanHBIN Kaaccom 00600meHHBIX (KOpove,
G K-mmuoroo6pasust) muoroobpasuii Kenmory. Yvuosa C. B. Beytenser nsa noakmacca 0600-
MMEHHBIX MHOTO0Opasuit KeHMoily, Ha3BaHHBIX CNEYUAALHUMU 0000UEHHBLMYU MHO2000pa3UA-
mu Kenmouy (koporko, SGK-mmnozoobpasus) I w II poga. B pabore [5] mokazano, 1ro 0606-
IMeHHbIe MHOTO0Opa3us KeHMOIy MOCTOSTHHONW KPUBU3HBI SABJISIOTCA MHOToOOpasusmMu Ken-
motty mocrostiHoii Kpuensubl (—1). Kpowme Toro, mokaszano, uro kaacc SGK-muoroobpasmii
IT poga coBmaaer ¢ KJIacCOM MOYUTH KOHTAKTHBIX METPUIECKUX MHOTO0OPA3Uil, MOTyIaeMbIX
73 TOYHEHINX KOCUMILIEKTHIECKUX MHOTO00Pa3nit KAHOHNYIECKUM Mpeodpa30BaHneM TOYHEl-
11eil KOCUMILTIEKTHIECKONW CTPYKTYPBI, 8 TaKKe JTAHO JIOKAJTHLHOE CTPOEHUE ITHX MHOT000pas3mit
IIOCTOAHHON KPUBU3HBL.

B nmammOit cTaThe MBI M3yUaeM CBONCTBA WMHTETPUPYEMOCTH ODODIIEHHBIX MHOTOOOpa3mMit
Kenwmorry. Pabora oprannzosana ciaemytommum obpazom. Bo BBemeHrr Mbl MIPUBOAWM IPEIBA-
pUTeIbHBIE CBEIEHUsI, HEOOXOAMMbIE B JAJTHHEHIIIEM W3/I0KEHWH, CTPOUM TTPOCTPAHCTBO MPU-
coequuenHol G-cTpyKTyphl. B 1. 2 maHo ompejeenne 0b00IEHHBIX MHOTO0Opasuit Kemnmorry,
MpUBEIeHa TIOJHAS TPYIa CTPYKTYPHBIX ypaBHenuii GG K-MHOr00Opaswii Ha MPOCTPAHCTBE
npucoeanHeHHol G-CTPYKTYphI, copmyauposano ompefgenenne SGK-muoroobpasmit [ u 11
pomos. Uccremosansl GK-MHOTOOOpa3ust, meppoe (QyHIAMEHTAJIHHOE PaCIpeeeHne KOTO-
pbIX BrosTHEe mHTerpupyemo. [lokazaHo, ITO MOYTH SPMUTOBA CTPYKTYpa, UHIYIUpPyeMas Ha
WHTErPAJIBHBIX TOAMHOTN000pPa3UsiX MaKCUMAIBHON Pa3MepHOCTH MEPBOTO (DY HIAMEHTATILHOTO
pacmpeenerus 0000IEeHHOr0 MHOT00Opasus Kenmolry, siBAseTcss TpUOJIMKEHHO KeIepoBOit
crpykrypoii. [Tosyueno JjiokaasHoe crpoerne GHK-MHOTO0OOpa3ust ¢ 3aMKHYTOW KOHTAKTHOM
dopmoit, TpUBEIEHBI AHAJUTUIECKNE BBIPAYKEHUSI MEPBOTO U BTOPOTO CTPYKTYPHBIX TEH30-
pos. B 1. 3 uccienyrorcsa croiictBa Ternzopa Heitenxeiica, morydaeno JoKaabHOE CTPOEHUE WH-
TerpupyeMoii u HopMmasbHO G K-cTpyKTyphl. JloKa3aHOo, 9TO XapaKTEPUCTUYECKUI BEKTOD
GK-cTtpykTyphl He sgBasercs BekTopoMm Kummmara. Takke mcciaenoBaHo obpallleHrne B HYThb
Ter30poB N (2), N (3), N@W . Ocrosnbre pe3yJIbTaThl COCPEIOTOYCHBI B maparpadax 2 u 3.

[Iycrs M — rnajgkoe muOroo6pasue pasmepuoctu 2n + 1, 27 (M) — C°°-Moayib TaagKux
BEKTOPHBIX TToJIeit Ha MHOT0o0Opasnn M. B gannHeitem Bce MHOT00Opa3wst, TEH30PHBIE TTOJIST
U T. II. O0BEKTHI MPEANOIaraloTcsa MIagKuMu Kaacca C°.

OnPEAENEHUE 1.1 [6]. Houmu xowmaxmmnot cmpykmypot Ha Mmuoroobpasun M HasbiBa-
ercs Tpoiika (1, £, P) TeH30pPHBIX TOJIeH Ha TOM MHOroobpasuu, rje 17 — auddepeHnpanbHast
1-dopwma, HazBIBaeMas Koumarmmol Gopmoti cmpyxmypu,, & — BEKTOPHOE TI0JI€, HA3BIBAEMOE
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zapaxmepucmuueckum, ® — summomopdusm momyas 2 (M), HA3BIBAEMBIH CMPYKMYPHOLM IH-
domopgpuszmom. Tlpu arom

DnE) =1 2)nod=0; 3)d(¢) =0; 4) ®*=—id+n¢E (1.1)
Ecan, kpome toro, vHa M dukcnpoBana puMaHoBa CTPYKTypa g = (-, -) Takasi, 910
(X, QYY) = (X,Y) —n(X)n(Y), XY e Z(M),

To uerBepka (1,&, P, g = (-,+)) HABBIBACTCA NOYWMU KOHMAKMHOT MEMPUYECKOl cmpyKmypot
(kopoue, AC-cmpyxmypot).

Mmuoroo6pasue, Ha KOTOPOM (DUKCHPOBAHA MMOYTH KOHTAKTHAS (METPUIECKAss) CTPYKTYpA,
Ha3bIBAETCS noumu Kouwmaxmuovm (mempuyeckum (xopoue, AC-)) mnozoobpasuem.

Kococummverpuunstii Terzop Q(X,Y) = (X, ®Y), X, Y € 2 (M), naspiBaercss gyndamen-
maavhot opmoti AC-cmpyxmypuwt [6].

[ycts (9, &, ®, g) — MOYTH KOHTAKTHAS METPHUECKAs CTPYKTYpPa Ha MHOroo6pasmm M2+,
B momymne 27 (M) BHyTpeHHHM 00pa3soM OIPEIEIEHbI JIBa B3aWMHO JOMOJHUTEJIbLHBIX MTPO-
ektopa m = N ®Ewul = id —m = —®% [5, 6]. Takum obpazom, 2 (M) = L @M,
rie L = Im(®) = kern — max HasbiBaeMoe kowmarmuoe pacnpedeaenue, dimL = 2n,
M =Imm = ker(®) = L(§) — smneitnas 060/109Ka XapaKTePUCTHYECKOr0 BeKTOpa (mpudeM |
U M SBJISIIOTCS TPOEKTOPAMU HA TOAMOYIN L u M COOTBETCTBEHHO).

OuesBnnno, pactpesgenenust L u M "HBapUAHTHBI OTHOCUTENIHHO P ¥ B3aWMHO OPTOrOHAIb-
Hbl. OueBHIHO TakKe, uTo P2 = —id, <<i>X, <i>Y> = (X,Y), X,Y € 2 (M), rze d = P|L.
CremoBaTebHO, {i)p, gp|L} — 9pMHUTOBA CTPYKTypa HA IPOCTPAHCTBE Ly,

Kommyexcndukanus 2 (M)C monyns 27 (M) pacnagaercst B npsivyio cymmy 2 (M) =
Dg__l @ Dy V-1 @ Dg, COOCTBEHHBIX MOAIPOCTPAHCTB CTPYKTYPHOro 3umoMopdusma @, orse-
JaloMmmnX cobCTBeHHBIM 3HauennsM /—1, —/—1 u 0 coorBeTcTBenHO. IIpUyem MpoekTopamu
Ha CJIAraeMble 3TOi TPsAMOii CyMMBI OY/IYT, COOTBETCTBEHHO, SHI0MOphu3Mb [6]

1 1
T=0o0l= —5@2 +V=1®), 7=gol= —5(—<1>2 +/—10),

1 1
m=id+ ®*, o= 5 (id = V=1®), 7= 5 (id + V—1®).

V=1 _ =1
Orobpaxenua o, : L, — Dg ~ u o, : L, — Dy SABJSIOTCS COOTBETCTBEHHO
n30MopdU3MOM ¥ aHTHU30MOPMUIMOM IPMHUTOBBIX MPOCTPaHCTB. [lodToMy K KaxKmoit TOU-

ke p € M2 \MoXHO TPHCOeTMHNTL CeMeficTBO perepoB MPOCTPAHCTBA T,(M )C BHU/JIA

(D, €0, €15+ -5 €ns €]y .-, €R), THE €4 = V20p(eq), €6 = V25,(eq); €0 = &, Tre {eq} — opTo-
HOPMEPOBAHHBI Ga3uc spMuToBa npocrpancrsa Ly,. Takoii penep naseiBaercs A-penepom [6].
Jlerko BuUeTH, 9TO MATPUIEI KOMIOHEHT TeH30poB @, n g, B A-penepe mMeroT BUJ,

. 0 0 0 1 0 0
@)= o0 v=1I, 0 , (gg)=(0 0 I, |, (1.2)
0 0 —/—11, 0 I, 0

rae [, — equHWYHAs MaTPHI@A MOPSIKA n. XOpomio u3sectHo [6, 7], 4To0 COBOKYyIHOCTH Ta-
KnxX perepos omnpegesnsier G-crpykrypy Ha M co crpykryproii rpynmoit {1} x U(n), npez-
CTaBJIEHHON MATPUIIAMW BHIA , tie A € U(n). dra G-cTpyKTypa Ha3bIBAeTCs

npucoedunennot |6, 7).
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[MoguepkHeM, ITO TIPOCTPAHCTBO MPUCOETUHEHHON G-CTPYKTYPBI COCTOUT U3 KOMILTEKCHBIX
perepoB, T. €. PernepoB KOMILIEKCU(DUKAIINU COOTBETCTBYIOIINX KACATE/IHHBIX MTPOCTPAHCTB.
[TosTomy, mazke mMest IO C BENECTBEHHBIMU TEH30PAMI, MBI, TOBOPS 00 UX KOMIIOHEHTaX Ha
TTPOCTPAaHCTBE HpHCOG;[HHeHHOﬁ G-CprKTypr, ToApa3yMeBaeM KOMIIOHEHTHI KOMIIJIEKCHBIX
PACIIIMPEHHU STUX TEH30POB. B CBOIO 0UYepe b, KOMIITEKCHBIH TEH30D SBJISIETCS KOMILIEKCHBIM
pacImpeHreM BeMeCTBEHHOT0 TEH30Pa TOT/A W TOJBKO TOT/A, KOT/Ia OH WHBAPWAHTEH OTHO-
CUTEIHFHO OTIEPATOPa KOMIIJIEKCHOTO compsizkenus. Cremyss obmenpuHaToi Tpagunyum, Gymem
HA3LIBATH TAKON TEH30D BEIECTBEHHBIM. B 4aCTHOCTH, CyMMa YHCTOTO KOMILITEKCHOTO TEH30pa
" KOMIIJIEKCHO COTIPAYKEHHOT'O €My TEH30Pa ABJJIAECTCA BEIIECTBEHHBIM TEH30PDOM.

Ha nporstzkenun Bceit paboThl OymeM moapa3yMeBaTh, 9YTO MHIEKCH i, 7, k, ... mpoberaior
suadenns ot 0 10 2n, MHAEKCH a, d,c,d, f,g,... — 3uadenus oT 1 10 n, ¥ MOJOKUM 4 = a + N,
a=a,0=0. [Hockombky ® 1 g — TEH30pHI THIOB (1,1) u (2,0) cOOTBETCTBEHHO, UX KOMIIO-
HEHTHI HA TTPOCTPAHCTBE PACCIOCHUS BCEX penepos Hag M ymOBIETBOPSIOT yPaBHEHUSAM

Ao’ + k0% — dLo% = @1 wF dgi — gis0F — gind¥ = gij 0", (1.3)

rae {w'}, {9;} — KOMMOHEHTHI (pOpM CMeITeHnst 1 OpM PUMAHOBON CBI3HOCTH V COOTBET-
i ;

cTBeHHO, ®7 ., g;j x — KOMIOHEHTBI KOBapHaHTHOTO tuddepennuana ¢ n g B 970l CBASHOCTH

COOTBETCTBEHHO. Bosee TOro, B Cuily onpeaeeHns puManoBoii cesaznoctn Vg = 0 n, 3Ha9nT,

gij,k =0. (1.4)

C yuerom (1.2) u (1.4) coornormernust (1.3) HA TPOCTPAHCTBE TPUCOETUHEHHON G-CTPYKTYPBI
nepernumtyTcs B popme [6]

pi=0, <1>§7i =0, ®);=0, 60=-v-1 <1>27iwi, 92 = V=19 W',
05 = V—1®§,w', 05 =—v-10,

A/ —1 . N N/ —1 . . ~
a __ a , i a __ a i 0 __ ) J
91} = T (I)B,Zw s 9b == —T (I)b7iw 5 90 == 0, 9] + 9; =
KpOMe TOTO, 3aMETHM, UTO B CHJIY BeIeCTBEHHOCTH COOTBETCTBYIONUX (hOPM U TEH30pPOB

— ) ’L 7 ’L
wh =W, (9 = 6? je = 5 4 e t — t — omnepaTop KOMILIEKCHOTO COTPSIZKeHMUS .

C yuerom STI/IX COOTHOITIEHN! TIepBasd TPYIIa CTPYKTYPHBIX YPABHEHWI PUMAHOBON CBI3-
voctu dw' = —6?;- A w! moYTH KOHTAKTHOTO METPUYIECKOTO MHOT00Opa3usi Ha, MPOCTPAHCTBE
PUCOETMHEHHON G-CTPYKTYDPBI 3alUIIeTcs B caeayiomeii dhopue [6]:

1) dw = Cppw® A W+ Cwy A wy + C’fl’w“ Awp + Cow Aw* + C% A wy;
2) dw® = -0y A w® + B® ¢ A wpy + B wy A we + B%w A w? + B®w A wy;
3) dw, = 02 A wp + Bapwe A w4+ Bapew? A w€ + Balw A wp + Bagpw A WP,

rae w = 7*(n), T — ecrTecTBeHHAs MPOEKINs MTPOCTPAHCTBA TPUCOEAUHEHHOH G-CTPYKTYPBI
Ha, MHOrOOOpasne M,

sy sy

ab __ a . abc __ a . a _ /_ a
B c — ——2 (PIAJ,C’ B — —2 ¢[i)7é}’ B b — 1@071),
b —1a
B = VT (@sb—g@zo)- But = Y0l Bue =~ Y50

) 1 .
V= (I)Ob; Bab:—v—1< 8,b‘§ g,0>;
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Cap = —V=18f;  C = \/__1(1)(1 a,b)’
Cif = —V=1(80,+ ®);) = B — By Co= V=180 C" = —v/=18),

IIpu sTOM

Babe = Bape, W = Bap, 65 = _91?-
Bsenem obo3HaveHnd:
V-1 \/—1@2 .
2 "7 (1.5)
% ¢A b’ ab — Vv @

JL1st TEeH30PHBIX KOMTOHEHT (POPMBI PUMAHOBOI CBA3HOCTH MMEIOT MECTO CJIEIYIOIIHe CO-

Cabc = (I)gé; Cabe = —

OTHOIITEHUSI HA MPOCTPAHCTBE TPUCOETUHEHHON (G-CTPYKTYPbI [6]:
D = Slaput 2) 0 = —YlBpats 9) 0 = VTR
4)08 =V _1(1)8,1'(")2; 5) 03 -V (I)a,i ) ) \ (I)gl % (16)
7) 6 = 0; 8) 05 + 6! = 0; 9) 63 ; _bl_ag,izo

2. O600611eHHbIe MHOTOOOPa3us Kenmoiry

ycts (M2 & €, g = (-,-)) — HOYTH KOHTAKTHOE METPHYECKOe MHOr00Opasme.

OnPEAENEHUE 2.1 [1]. Tlourn KOHTAKTHAsT METpUUECKAas CTPYKTYPA, XapaKTeph3yemast
TOXKIECTBOM

VX(q))Y:_T/(Y)(I)X_<X7(I)Y>7 X7Y€ %(M)7
Ha3bIBaeTCA cmpykmypot Kenmouy.
Mmuoroobpasue, cuabxkenunoe crpykrypoit Kernmory, nazeBaerca mmoz006pasuem Kernmo-

uy.
[Tomoxum B 5TOM ToXkmectBe Y = X. Torma moaydaum

Vx ()X = —n(X)®X, X e 2(M).

B momyuennom Toxgectse cuenaem 3ameny X — X + Y (monspusamus no X), rorma
TTOJTY IUM

V(D) + Vy (@)X = —n(Y)2X — n(X)dY, X,Y € 2°(M). (2.1)

ONPEAENEHUE 2.2 [5]. Kiace moYTH KOHTAKTHBIX METPUYIECKUX MHOT00Gpasuii, xapakre-
pusyeMbix ToxkaecTBOM (2.1), HazpiBAaETCH 0006UEHHBLMU MH02000pasusmu Kernmouy (kopoue,
G K -mHOr006pazusivnm).

Pacnmcas toxkgecrBo (2.1) Ha MpOCTpAHCTBE MPUCOETUHEHHON (G-CTPYKTYDBI, MOJTY UM
CJIe Ty OIIIee.

IIpeanoxxkenue 2.1. KommonenTsl KoBapuaHTHOTO guchbgpeperinaia cTpyKTyPHOTO SH-

JoMopgu3Ma HA MPOCTPAHCTBE MpucoeuHeHHOH G-CTDYKTYDBI YAOBJIETBOPSIIOT CAETYOIHM
COOTHOIIEHUSIM:

D)@Y, =Df =0 =0; 2@ b0=0  3)®f, =—0¢; =—V-1d;
1) Bf, =7 =0; 5) Ob+q>bo_o 6) o + D¢ = 0; 22)
7) 9, + D), =0; 8)<1>0 +<1>0 =0; 9) @, + @) =0; '

o)@cb+<1> = 0; 11)@9 +<I>c = 0.

a,b
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C yduerom mpegioxkenns 2.1 mepBasi TpyIna CTPYKTYPHBIX ypaBHenuit G K -MHOTOOOpazuit
npumer Buj (8]

1) dw = Fypw® A W+ F®w, A wy;

3
2) dw® = =08 A wb 4+ C%wy A w, — §F“bw A wy + 8w A wb; (2.3)

3
3) dwy = 6’3 A wp + Capew® A wE — §Fabw Awb + 5Zw A wy,

rje

=1 v—1_.
5P Cabe = —T%; clotd = ¢ Clapg = Caves

Cabe = Cabe; V— (I)A b; Fop=—v— (I)a bs (24)
Fo b =0, Fu+ B, =0, Fb=F,.

Cabc —

13 (2.3) cneqyer

Mpengnoxenne 2.2 [5]. Ecin C% = Cpe = 0 n F® = F,, = 0, To GK -mHoroo6pasue
saBjsteTcst MHOToobpasuem Kenmorry.

[Mpenmtoxkenne 2.2 gaer npumepbl GK-MHOTOOOpa3Mii.

CrangaprHast Tporeaypa guddepeHInaILHOT0 TPOIOJIKEHUST TIEPBOil TPYIITBI CTPYKTYP-
HBIX ypapHeHnit G K-MHOr000pas3nii Mo3BOJISIET MOIYUUTE CAEAYIONIYI0 TEOPEMY.

Teopema 2.1. Ilonnast rpymma crpyKTypHBIX ypaBHeHuii G K -MHOroobpasuii Ha mpo-
CTpaHCTBE NPUCOETUHEHHOH (G-CTPYKTYPBI HMEET BUJ

1) dw = Fppw® Aw b Py, A wy;

3
2) dw® = —0% A wb + C%wy A w, — §F“bw A wp + 6w Awb;

3
3) dwy = 6’2 A wp 4 Coapew® A wC — §Fabw Awb+ 5Zw A wp;

3

4) 6% = —0% A 65 + <Agg — 209y, — 5F@dﬂ,c> w® A wg

1 2 2 1 2 2
+ <—§5§ cdt 563de+§5ng6> weAwl+ <§5ch‘1— ganga— §5gFaC> weAwg; (2.5)

5)MW“+C%%3+CW%Z+C“%§:Cw%%—2ﬁﬁm%d—0“%m
6) dCabe — Canclg — Cadelf — Capat = Capeaw” — 207, Fygwa — Capew;
7) dF® + F92 + Fgb = —2F%y;
8) dFyp — Fupbl, — Fpcby = —2F pw.
IIpu sTom

A[bc] _ Az[id] 0. (obed — g Folbped.  poode —

" (pOPMYJIBI KOMITJIEKCHO COIPSI’KEHHBIE.

[Ipomuddepentmposas BHEITHUM 00pa3oM ypasHeHus (2.5), moaydaem
1) dAd 4 Ahdga 1 Aghgd _ Aadgh _ Asdgh — Agd 0 4 Agdhy, 4 AL
2) doabed +Chbcd0a +Cahcd0b 4 Cabhdec +Cabch0d Cabedhy,, 4 (abedo,.
3) dCapea — Chicaty — Cancadt — Caphadl — Cavenl = Caveanw™ + Cavedow-
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IIpm 3TOM cripaBeIUBBI CJIEAYIONIEe TOXKIECTBA:
dh
1) Ay =0; 2) AL = o
3) A% = —2Ag§ — 40" Cpp + FEy, — 268 FU Y, — 260 FU By — 262 F .
4) (Ayf, =209 Cpyie) Clgjan = 0;
3
5) (Ab[c - §Fath[c> Fipjg = 0;
6) C9C g, = 0; 7)) CMFy = 0;
8) QFGbFCd = (53Fch — 53Fdh)th + (52Fdh — 53Fch)Fha;
9) 2Fachd — Fachb + Fadec

1 HOPMYJIBI KOMILJIEKCHO COTIPSI>KEHHBIE.
Toxmectso FYCy,. = 0 nazosenm nepsuim dyndamernmarvioim moscoecmeom GK-cTpyk-

TYPBI; TOXJIECTBO Ab[ Cypa = ZC“dhChb[cCgﬁd — 8MOpPvLIM  HYHIAMERMAALHIM MO2ICIe-
CMBOM; TOXKIECTBO Ab[cFldlg] = %Fade[chw] — mpembum PYHIGMEHMANDHBM MOdICIe-
cmeom.

ONPEAENEHUE 2.3 [5]. GK-cTpyKTypa Ha3bIBAETCH: CNeyuasvholi 0600uennot cmpyk-
mypoti Kenmouy I poda (xoporro, SGK-crpyxrypoit I poma), ecmn C% = Cy,. = 0; cneyu-
aavhoti 0bobwennot cmpykmypoti Kenmouy 11 poda (koporko, SGK-crpykrypoii II pomna),
ecnt Fpg = F = (.

Bamerny, uTo n3 Buga ypaBHenus (2.5(1)) BBITEKaeT TOXKIECTBO

dn(X,Y) + dn(®X,®Y) = 0,

a TaKyKe paBHOCHIBHOE eMy ToxaecTBo dn(PX,Y) = dn(X,®Y) nna mobeix X,Y € 2°(M).
B camowm mee,

(dn)ay = dn(ea, €p) = —dn(Peq, Pey) = Fap,  (dn)ay = dn(ea, ep) = dn(Pes, Pep) = 0,
(dn),;, = dn(ea, ;) = dn(Peq, Pe;) = 0, (dn),;= dn(ea, €5) = —dn(®es, Pey) =F»,
(dn)ao = dn(eq,§) = —dn(Peq, PE) = 0, (dn)ao = dn(ea,é) = —dn(Pez, ®E) = 0,
(dn)oa = dn(§, €a) = —dn(®E, Pe,) = 0, (dn)0a) = dn(§, ea) = —dn(PE, Pea) = 0,
(dn)oo = dn(§,§) = —dn(®E, ®E) = 0.

O6paTHO, 0YEBMIHO, YTO BHIITOJHEHNE ITUX COOTHOIIEHWI Bj€YeT CIPaBeIlJIMBOCTH TOXK-

necra dn(X,Y) + dn(®X,®Y) = 0 gna aobeix X,Y € 2°(M).

IMycts M — GK-wuOTOOOpasme, meppoe (yHIAMEHTAJIBHOE pPacIpeeeHne KOTOPOro
BriosiHe uHTerpupyemo. duddepennmanpuas 1-dpopma w = 1 0 T,, T — €CTECTBEHHAS MPO-
eKIMsT B TJIABHOM PACCIOEHWN PerepoB Haa MHoroobpaszwem M, a m, — TOPOKIEHHOE eif

yBJIEUEHUE TT-CBSI3HBIX BEKTOPHBIX MOjeil Ha MHOTOoOpa3un M, seasercs dpopwmoit [ldadda
mepBoro OyHIAMEHTATLHOTO PACTPENETeH s, T. €. KODA3MCOM KOPACTIPEIETIeHNsT aCCOTTNTPO-
BAHHOTO C MEPBLIM QyHIAMEHTATLHBIM pactpemesennem L. [To kaaccudeckoii Teopeme @po-
HeHmyca BIIOJHE HHTEIPUPYEMOCTH TTEPBOT0 (DYHIAMEHTATLHOTO PACTIPEIETEHNT PABHOCHILHA,
cyiecTroBaHmO GopMbl 6, aTo dw = 0 A w.

Teopema 2.2. GK-mHOrOOOpasue, meppoe (pyHIAMEHTATRHOE DACIPEIeIeHIHe KOTOPOIO
BIoJiHe HHTErpupyemo, spiasercs SGK -muoroobpaszmem 11 posa.
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< TlouTn KOHTAKTHAS METPUUYECKAS CTPYKTYpa SIBISIETCS BIIOJHE WHTEIPUPYEMOit, eCyu
dnAn = 0. Tak kak w = 7*(n), T — ecrecTBeHHAs POEKINsT TIPOCTPAHCTRA TPUCOEINHEHHOI
G-cTpyKTyphl HAa MHOTOOOpasuu M, u3 (2.5(1)) caemyer, aro jjis Toro 9robsl mepsoe dyHIa-
MEHTATHLHOE PacTpeiesienrne ObLIO BITOJIHE WHTETPUPYEMO, HEOOXOINMO W JTOCTATOTHO, ITOORI
craraembie Fypw® A wb Aw 1 F%uw, A wy A w GBI paBHBI HYITIO. 3HAUAT, HEOOXOMIMO, UTO-
ob1 Fop, = F* = 0. Cormacno omnpenernennio 2.3 GK-crpykrypa sisisiercst SGK -cTpykTypoi
IT poma. >

[Tockonbky Besikoe SGK-muoroobpazue 11 poga JTOKAIBHO KAHOHUYECKN KOHITUPKYISPHO
TOYHEHIITe KOCHMIIJIEKTHYECKOMY MHOrooOpasuio [5], a TouHeiine KOCHMILIIEKTHIECKOe MHOIO-
obpasne JIOKAJIHHO SKBUBAJEHTHO MPOU3BEIEHUIO MPUOIMIKEHHO KeIepoBa MHOT000Opa3ns Ha
BEIIECTBEHHYIO MPsiMy0 [6], TO mpeabiyIinyo Teopemy MOKHO chOPMYINPOBATH B CJIEYIOIIEM
BU/IE.

Teopema 2.3. GK-mHOroobpasue, mepoe (pyHIaMEHTAJIHHOE PACIPEIEIeHHe KOTOPOTO
BITOJTHE UHTETPUPYEMO, JIOKAJIbHO KAHOHUYIECKW KOHITUPKYJ/ISAPHO ITPOU3BEIEHUTO HpH6.HI/I}K€HHO
KeJIepoBa MHOTOOODA3HS HA BEIECTBEHHYIO MPIMYIO.

I[Mycts M — GK-muOrOOOpasme, mepoe (yHIAMEHTAJIBHOE PaCIpeseeHne KOTOPOTO
BTIOJTHE nHTErpupyemo. Torga mepBas rpyrna CTPYKTYPHBIX YPABHEHU TAKOTO MHOT000pa3ust
UMeeT BHUI

1) dw = 0;
2) dw? = —0% A W’ + C®wy A w, + 5w A wb;
3) dw, = 92 A wp 4+ Coapew® A W€ + 52w A wp.

[Iycte N C M — unTerpaabHOe MHOTO0Opa3ne MaKCUMAJIHHOM PA3MEPHOCTH TEePBOTO (pyH-
JaMeHTaabHOro pacupenenenns GK-vmuoroobpasust M. Torma Ha HeM ecTeCTBEHHBIM 00Pa30oM
WHIyIupyercst moaT spmurosa crpykrypa (J, g), e J = @1, § = ¢|r.. Tak kax dopmva w
seisiercss popmoit [Idadda mepsoro dbyHIaAMEHTATHLHOTO PACTPEIETIEHNUSI, TO TIepBasi TPYIIIa
CTPYKTYPHBIX yPABHEHUN MOYTH IPMHUTOBON CTPYKTYphI HA [N MMeeT BT

1) dw = 0;
2) dw? = —0% A Wb + C%®wy A we;
3) dw, = 93 A wp 4 Capew® A WE.

Ucmonw3ys Tabmmiy «Obobmmennbie Kiaaces! 'pess — Xeppesutbl» [6], mosydaem, aro modaru
SPMUTOBA CTPYKTypa, WHIAYIUPyeMas Ha, WHTErPAJTHHBIX MTOIMHON000PA3UIX MaKCHMAJTLHON
pasMepHOCTH MepBOTO PYyHIAMEHTAJIbHOrO pactpegenenust GG K-muoroobpasust M, siBjsiercst
MPUOIMKEHHO KeJIEPOBOil CTPYKTYPOIA.

Teopema 2.4. Iloutm spMuTOBa CTPYKTYypa, HHIYIHPYEMasl Ha HHTETPAJIbHBIX II0-
MHOT00Opa3musIxX MaKCHMAJIBHOH pPa3MEPHOCTH IEePBOr0 (pyHIAMEHTAJBHOIO DPACIPEIETCHHST
G K -muOro0bpaszust M, siBiasieTcst NpUOJIHKEHHO KeJIepPOBOI CTPYKTYPOI.

Teopema 2.5. GK-mHOroobpasue ¢ 3aMKHYTOH KOHTakTHOI ¢popmoii siiastercs SGK -
muOoroobpaszmem 11 poga, T. . MHOr0obpas3ueM JIOKaJIbHO KAHOHHIECKH KOHI[HPKYJ/ISPHBIM MPO-

H3BEIEHUIO MTPHOIHKEHHO KeJIepoBa MHOT000PAa3MsT Ha BEIECTBEHHYIO MPSIMYIO.

O = 7*(n), Tie ™ — ecTecTReHHas TPOEKINs TTPOCTPAHCTRA MPH-

< Tlockombky w = w
coeuHeHHON G-CTpYKTYpbl Ha MHOroOOGpasun M, to u3 (2.5(1)) cremyer, 9T0 KOHTAKTHAS
dbopma GK-MHOT006pa3nst 3aMKHyTa TOTIA M TOJBKO Torma, Korma Fup, = F% = 0, m e.
COTJIACHO Ompejesennio 2.3, Torja W TOJBKO TOTMa, Kormga MHOroobpasue smiaserca SGK-
MuOTOOOpazuem I poma. A 3HAUMT, JIOKAJIHHO KAHOHUYIECKU KOHIIMPKYJISIPHBIM TTPONU3BEIEHUIO

IpUOIMKEHHO KeJepoBa MHOT000pa3usi HA BENIECTBEHHYIO MPAMYO. [>
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Paccmorpum  cucreMbl  (bYHKIMH Ha MPOCTPAHCTBE TPUCOSINHEHHON G-CTPYKTYPHI:
1) C = {C"}, nonoxus C%, = C% 0%, = Cupe, BCE OCTATHHBIE KOMIIOHEHTHI — HY-
neswie; 2) F = {F';}, monoxus Fy = Fo F& —= F, Bce OCTAIbHbIE KOMIOHEHTH F —
HYJIEBBIE.

[To OcuoBHOIt Teopeme TeH30pHOrO aHanm3a ¢ yaeroM (2.5(5))—(2.5(8)) cemeiictBa dyHK-
muit C' u F onpezensiior BelecTBeHHbIe TeH30pHbIe nojs Tuna (2,1) n (1,1) #a MHOro06-
pazum M, KOTOpBIE MBI 0003HAYMM TEMW K€ CUMBOJIaMW. Ha3oBeM 3TH TEH30pPHI Nepebim W
6MopviM cmpykmyprvLmu menzopamu G K -cmpyxmypoL.

Teopema 2.6. Crpykrypabie Tea30pbl G K -CTPYKTYPBI HMEIOT CJAEAYVIOIIAE BHIPAXKEHUSI:
1 1
1) C(X,Y) = =5® 0 Vay (2)2X = —§<1>2 o Voy (®)P?X;
2) (X) =P o Vagry(P)E — P2X = —D o Vy(P)E — P2X = —Vyé — %X
= 0?0 Vex(P)¢ — P2X = —PoVax(P)¢ — P2X (VX,Y € 2/(M)).

< B [8] nosyueno anannTnueckoe BhIPAsKEHNE TIEPBOTO CTPYKTYPHOTO TEH30pa

C(X,Y)= % {® 0 Vgoy (®)P2X — &% 0 Vgoy (0) X }
(2.6)
_ _i (@0 Vay ()X + 0% 0 Vay (§)B2X} (VXY € 27 (M)).

[Ipomudbdepentmposap KopapuanTHO paBeHcTBo 2 = —id +1® ¢, moayumm Vy (@)X +
Do Vay(P)X = EVy ()X + n(X)VyE. B nocesnem papeHcTBe CHauasa CeaaeM 3aMeHy
X — ®X, a 3areM Ha MOJIyYeHHOE TOXKIECTBO mojeiicTyeM ormeparopom ®2. Torma momyumm
P o Vy(®)PX = &2 0 Vy(®)P2X. B nomyuennom ToxgecTse caemaem saveny Y — @Y.
Torma

DoVay(P)PX = 0?0 Vay(®)2X (VX,Y € 2/(M)). (2.7)

C yuerom (2.7) paserncrro (2.6) 3anummercs B Buje
1 1
C(X,Y) = 5@ 0 Vo (D)0X = —20%0 Vo (0)02X  (VX,Y € 2'(M)).

Hamomunwm [6, 9], 9ro Tperwii, YeTBepThIil U MSATHIA CTPYKTYPHBIE TEH30DBI TTOYTH KOH-
TaKTHOI MeTPUYECKOU CTPYKTYPhI UMEIOT CAeIyIONIne aHAJUTUYeCKrue BbIpaKeHUs:

1) D(X) = %{@ 0 Varx (®)E — ®% 0 Ve x (D)€ — %cp 0 Ve(®)D2X + %@2 o vg@)cpx};
2) B(X) = —5 {® 0 Vaax ()6 + 9% 0 Vax(2)¢} ; 2:8)
3) F(X) = % (@0 Vgax (D)€ — D20 Vax (@)E} (VX € 2(M)).

[Tpumenus nporesypy BOCCTAHOBJIEHUsT TOXKjecTBa [6, 7] K paBeHCTBY (1387(1 = —\/—_152,
nomyamM P2 o Vo x (P)E — @ o Vox ()¢ = —20X mma moboro X € 2 (M). TlomeiictByem
omeparopom @ wa obe wacTw mocTeaHero paserncTra. Torma ® o Vg y (®)E + @2 o Vo x (P)E =
202X na moboro X € 2 (M).

[TockoabKy Tperuii u msiThlii CTPYKTYypHBIE TeH30phI jis Jjoboro X € 2 (M) cesizanbt
cooromennem D(X) = —2F(X), To

Do Vagrx(P)E — D% 0 Vox ()6 + P o V()X — P o Ve (@)PX =0 (VX € Z°(M)).
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B (2.1) momoxum Y = &. Torma nmomyunm Vx (®)E 4+ V()X = —dX (VX € Z'(M)).
B mociegmem ToxgectBe moacrtasuM chHadara X — ®X, a zarem X — $2X. Torma
TTOJTY IUM
1) Vox(®)¢ + Ve(9)PX = —d?X;

, (2.9)
2) Vaoy (R)E + Ve(D)P2X = 0X (VX € 2(M)).

Ha o6e wactu pasencTsa (2.9 (1)) mogeiictByem omeparopom ®2, a Ha 06e acTH paBeHCTBA
(2.9 (2)) nogeiicryem oneparopom ®. Torga mosyunm

1) @*Vox (®)E + D2V (0)DX = P2X;

2.10

2) DVgox (®)E + OV ()P X = X (VX € 2 (M)). (2.10)
[Iponuddepenimporas KoBapuaHTHO paBeHCTBO 77 0 @ = 0, moygaem

Vx(M(®@Y)+noVx(®)Y =0 (VX,Y € 2 (M)). (2.11)

B uacrtHOCTH, eciu B mocseaHeM papeHcTBe moyokuTh Y = &, 10 n{Vx(P)¢{} = 0 mua
moboro X € 2 (M).
[ponuddepenmpoBas KoBapuauTHO paBeHCTBO ®? = —id + 1 ® &, momydaem

Vx(®)BY + P o Vox(B)Y = EVx(n)Y +n(¥)Vxe.

B nosyuennom pasenctse caemaem 3ameny Y = £. Torma ¢ yaerom ToxaectBa V(1) = 0
st moboro X € 27 (M), moydanm TOXKIeCTBO

PoVex(P)Y =Vx¢ (VX € Z(M)). (2.12)
C yuerom (2.10) u (2.12) muas (2.8(3)) nmeem
F(X) = % {® o0 Vaox ()¢ — @* 0 Vox ()} = % {Vaex& — ® o Vaexé}

= Do Vgpy(P)E —P’X = —Po Vx(P)E — B2X = —Vyxé — P?°X
= 0?0 Vax(P)¢ — P2X = —D o Vex(®) — DX (VX € Z(M)). >

3. CsoiicrBa nnrerpupyemoctu G K-mHOTroo0pa3uii

Hanomunwm [6], aro kommonents: renszopa Heiternxeiica
1
No(X,Y) = H{®?[X, Y] + [0X, Y] — B[2X, Y] — O[X, @Y ]}

Ha MTPOCTPAHCTBE MPUCOEINHEHHON (G-CTPYKTYPBhI UMEIOT CJIeIYIONINil BUI:

s V- vl
1) Noy = === 2) Nop = —Nps = — q’(ab)' 3 Ny = "5 P

VA \/
= T Volga . g Np = V=1e

a __ _ pnra
4) Nyy = —Nog = 0,0’

) - 1/
6) Noo = —Nop = —5— Sb 5 gOa 7) Ny = —vV—1®f, .

OcrajgbHBIe KOMIOHEHTEI 9TOr0 TEeH30pa TOXKJIECTBEHHO DAaBHBI HYJIIO.



14 Aby-Caneem A., Pycranos A. P., Xapuronosa C. B.

C yuerom (2.2) kommonenTsl TeHzopa Heitenxeiica Ng(X,Y) GK-cTpyKTyphl Ha MpO-
CTPAHCTBE MPUCOETUHEHHONH G-CTPYKTYPBI TPUMYT CAEAYIOIINA BUI:
1) Ng, = 3Fap; 2) No = 5F; 3) N = —NG& = JF;

4) Ne =20  5) ngo — _N& =3F,: 6 ngc _ 2Cabc (3.1)

OCTaJ'II)HbIe KOMIIOHEHTEI 3TOT'0 TeH30Pa TOXKJIECTBEHHO PaBHBI HYJIIO.

Teopema 3.1. Tenzop Heiienxeiica oneparopa © GK-crpykTypsl 00/1a42€T CBOHCTBAMHA:
1) N (®°X, @) + Ng(®X,PY) = 0;
2) Np (@%X, <I>Y) — Ng (0X,®%Y) = 0;
3) No(X,€) = —= {cvag +2VxE+ X} (VXY € 2(M)).

< 1): Tlpumenss mporerypy BOCCTAHOBJIEHUS TOXKAecTBa [4, 7| kK paBenctam N Ob N c =

Nab = 0, momyanm ToxaecTBo No(P2X, ®2Y )+ Ng (X, ®Y) = 0 pyist mobmix X, Y € 9,”( )

2): Cuenas B mocsiefneM TOXKaecTBe 3amery Y — @Y, mrsa mobeix X, Y € 2 (M) nomy-
qaem ToxaecTBO N (P2X, ®Y) — No (P X, ®2Y) = 0.
3): Bux remsopa Heitenxeiica

No(X,Y) = - {@2 X, Y]+ [0X,®Y] - ®[®X,Y] — (X, PY]}

¢ yuerom dopmyiet [X, Y] = VxY — Vy X, Beipaxaioreii 0TCyTCTBIE KPYUYEHUS CBSI3HOCTH,
TpuMeT BU

No(X.Y) = L {Tax (@)Y - Vay (@)X + OVy(@)X — 8V (@)Y} (VXY € 2°(M)).
Orcrona,
Na(X,€) = i (Vox (B)E + V(D)X — BV (B)E) (VX € 2°(M)). (3.2)

[Momoxum B (2.1) Y = & Torma Vx(®)§ + Ve(P)X = —®X nma moboro X € Z(M).
C y4eroMm ToJIy9eHHOr0 PABEHCTBA COOTHOIMeHNE (3.2) mpumer Buj

Ng(X, &) = —= {q>v¢x§+2vxg+<1> X} (VX eZ(M). >

ONPEAENEHUE 3.1 [6]. Ilourn KOHTAKTHAS METPUYECKAs] CTPYKTYpPa HAZBIBAETCS UHME-
epupyemoti, eciu Ng = 0.
Teopema 3.2. Unrerpupyemass GK-cTpyKTypa siB/IsteTcst CTpYKTYpoii KeHMoIry.

< Ilycre GK-crpykrypa siBiasiercss nwaTerpupyemoii. Torma, cormacuo onpepenennio 3.1,
Ng = 0. ITocneanee paBercTso ¢ yaeroMm (3.1) paBHOCHIBHO COOTHOIIEHUAM F' b — F=0;
C%¢ = Cype = 0. U cormmacro npeioxennio 2.2 CTPyKTypa sB/IsieTcs: CrpyKTypoit Kenwvorry. >

Nssecrro [10], uro 3amanne renszopa Hefienxelica paBHOCHIBHO 3a[aHUIO Y€THIPEX TEH30-
poe NO N® NG N@ 5 pvenno:

NOXY) = No(X,Y) +2dn(X, V)& NP(XY) = (ZLoxn)(Y) = (Layn)(X);
NO(X) = (Z2)(X); NY(X)=(ZnX) (VXY e 2 (M),

rie £x — NPOM3BOAHASA JIM B HAMPABJIEHUN BEKTOPHOTO MO X .
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BerancinM KOMIOHEHTHI 3THX TEH30POB HAa MPOCTPAHCTBE TPUCOSTUHEHHON G-CTPYKTYPHI.

U = 7*(n), e ™ — ecTecTBeHHAs TPOEKINS TTPOCTPAHCTRA, TIPH-

VaureiBast, 910 W = W
coequueHHON G-CTPYKTyphl HA MHOrooOpa3ue M, a TakKe TO OOBCTOATETHLCTBO, UTO HA MPO-
crpancTBe TipucoeauHentoit G-crpykryphr £ = £, = 0, €° = 1, cormacno (1.1(1)) maxommuwm,

YTO Ha 3TOM TPOCTPAHCTBE

1) (dn@&f=(dne&)l =0,  2) (dn®E&)y = Fup;

3) (dn @ €)Y = F; 4) (dn ® €)g, = (dn ® £)°; = 0; (33)
5) (dn®£)5, = (dn® &% =0;  6) (dn® &)Y, = (dn® &)%) = 0; '
7) (dn® &)y =0

C yuerom coorromenwuii (3.1) u (3.3) mosydaem, 9T0 Ha MPOCTPAHCTBE MPUCOETUHEHHOM
G-ctpykryper, Temzop N (X, Y) = Ng(X,Y)+2dn(X,Y )€ umeer caeayiomniime KOMIOHEHTHL:

1) (N0, — 3F,; 2) (NW) = 3F;
8) (NW)e = —(NM)e = 2peb;  4) (N = —(ND), = 3Fy; (34)
5) (NW)2 = 200be; 6) (NW)f, = 2Cap,

a OCTaJIbHbIE KOMIIOHEHTHI HYJIEBBHIE.

ONPEAENEHUE 3.2 |6, 10]. ITourn KOHTAKTHASI METPUYECKAS CTPYKTYPa HAZBIBAEGTCS HOP-
maavrot, ecin No(X,Y) +2dn(X,Y)E = 0.

[MonsTre HOpMasbHOCTH OBLTO BBeAeHO Cacakn n Xarakesmoii [11] n sBastercs oquuM m3
HanboJiee d)yH,Z[a.MeHTa.T[BHLIX TOHATUI KOHTAKTHON reoMeTpumn, TECHO CBA3aHHBIM C TIOHATUEM
MHTETPUPYEMOCTH CTPYKTYPHI.

Teopema 3.3. Hopmasbuas GK-cTpykTypa sBiasercs cTpyKTypoii Kenmorry, a 3Ha4nT,
JIOKQJIbHO KaHOHUYECKH KOHI[UDKYJISAPDHA KOCHUMITJIEKTUYECKOH CTDYKTYDE.

< U3 ompenenenust 3.2 u (3.4) cmenyer, uro GK-CTpyKTypa SBJISETCST HOPMAJBHON TO-
IIa W TOJABbKO Torma, Korma F = Fp = 0, C% = Oy, = 0. CortacHo mpeIoKenuo 2.2
G K -crpykrypa ssiasiercs Keamorry crpykrypoii. [lockonsky crpykTypa Kemnmorry mosyuaer-
€A U3 KOCUMILIEKTUIECKON KAHOHUIECKUM KOHIUPKYISPHBIM TPeodpa30BaHMeM, TO HOPMaIb-
Hag GK-CTpyKTypa JIOKAJTHHO KAHOHUIECKU KOHITUPKYISPHA KOCHUMILIEKTUIECKON CTPYKTY-
pe. >

N3 teopem 3.2 u 3.3 caemyer

Teopema 3.4. IIycts S = (£,n,P,g = (-,-)) — AC-crpykrypa. Torja ciaenyrorme yTBep-
2KJIeHUs 5KBUBAJICHTHDBI:

1) S=(&,n,®,9=(,-)) — nuarerpupyemast GK-crpykrypa;
2) S=(&,n®,49=/{,)) — oopmarpaas GK-crpykrypa;
3) S=(&n,®,9=/,)) — crpyrrypa Kenwmorry.

Tereps Borancany kommonentsl Terzopa N (X)Y) = (Loxn)(Y) — (Layn)(X), rue
¥x — nponsBoaHas JIu B HAIIPpABIEHUN BEKTOPHOTO moyst X .
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OnPEAENEHUE 3.3 [6]. IIycrs M — riagkoe MuOr00Opasmue, X — BEeKTOpHOe moje Ha M,
{F;} — coorBercrByioImas eMy JIOKaabHasi OjHONapamerpudeckas rpymnna anddeomopdns-
MOB MHOTOOOpasus, 1T — renszopuoe mose tuna (r,s) wa M. IIpouseodnot Jlu mensoprozo
noas T 6 Hanpasseruu 6exkmopro2o noass X HasbiBaeTcst TeH30pHOe noje Lx T wa M, B Kax-
noit Touke p € M omnpenensemoe hpopMyJToit

(fxT) = hH(l) ! ((F_ ) TFt(p) — Tp) .

Oneparop Lx : T(M) — T(M), conocrapstomuii Tenzopromy oo I' € T'(M) rersop-
Hoe mone Lx T, naspiBaeTca onepamopom duddepenyuposarua JIu 6 Hanpasienuy 6eKmop-
1020 noaa X.

Oneparop auddepennmposanus Jln obiagaer ciaegyrommmu coiicrsamu [6]:

1) omeparop Lx aBnsiercsa nuddepenimpoBanneM TeH30pHoit aare6psr T' (M) MHOr006-
pa3ud, COXPaHAIOIIUM THUIT TEH30POB W TTEPECTAaHOBOYHBIM C OMIEpAaTOPaMMU CBEPTKH,

2) Zxf=X(f), VfeC(M)

3) ZxY =[X,Y], VXY € Z(M).

BamMedaTebHBIM 00CTOSATEIBCTBOM ABJISETCS TO, 9TO MEPEeINCIeHHbIe CBORCTBA OmepaTopa
muddepennnposannst JIn OTHO3HATHO OTPEHEISTIOT STOT OTEPATOP.

BAMEYAHNE 3.1 [6]. [Iycrs ¢ — mpoussosbHBIl Ten3op tuma (r,s) xa M. Beipaxenne
Lxt) (X1, ..., X, ut, .. uf), 6yryun mrEeifiHbIM 1o aprymenTaM X1, ..., X, ul,. .., u®, He
SIBJISIETCS JIMHEWHBIM 110 aprymenTy X.

C yueToM mepedncJeHHbIX CBONCTE nMeeM

Lox (1Y) = Lox (ClnaY) = C((ll))$¢x(77 2Y)
(

= Cl) Lax(n) @Y + Clilne LOX(YV) =

T e. Zox(N(Y)) = Lox(n) @Y +n @ Lox (V).
C yuerom roxgecrsa [X,Y] = VxY — Vy X u croiicrs oneparopa nuddeperinpoBamst
JI1 U3 MOIyYeHHOro paBeHCTBA HMeeM
Zox (M) = Zox(n(Y)) —n(LexY) = (2X)(n(Y)) — n([2X,Y])
= (2X)(n(Y)) = n(VexY) +n(Vy (2X)) = {(2X)(n(Y)) = n(VexY)}
+{Vy(®)X + OVy X} =Vox(n)(Y) + n{Vy(®)X} + n{®Vy X}
= Vox(m(Y) +n{Vy(®)X},

NRY +n® Lex(Y),

Zox()(Y) = Vax()(Y) +1{Vy(®)X} VX,V € 2/ (M)). (3.5)

Paccmorpum xapaktepucrudeckuii BekTop GK-muOoroobpasusi. [lockombky & sBisercs
rerzopoum tuma (0, 1), To ero komnonentst {£'} Ha rasrom pacciaoennn B(M ) penepos nax M
VIOBIETBOPSIOT U dEpPeHIMAIbHBIM ypaBHeHusaM (6]

dg' — groy = ¢ 507, (3.6)
re {§i7j} — cucrema QYHKINN, CIyKallasd KOMIOHEHTAMI KOBaPUAHTHOTO muddepeniinaia
BekTOpa & B cBs3HocTu V. PacnuckiBasg (3.6) HAa MpOCTpaHCTBE MPUCOETUHEHHON G-CTPYKTY-
peI, ¢ yaeTom coorHomennii £¢ = % = 0, £€9 = 1, u Buga TEH30PHBIX KOMIOHEHT (hOPMBI
PUMAHOBOM CBS3HOCTH [3]:

- 1
1) 6?“ = b+ O, 2) 0y = §Fabw + Cupew’;

2



CpoiicTBa WHTErpUpyeMocTu 0000IIIeHHBIX MHOT00Opasmii Kermorry 17

3) 0 = 0puw’ — Fwy;  4) 0 = dhwy — Fapw®;  5) 60 = Fapw” — Shen;
6) 60 = Fhwy, — 9uls  7) 6 =0; 8) 6 + 9%’, — 0,
MOJTYIUM

1) £ = —F%; 2) &4 =—Fy; 3)&,=105 4) fc; Y

a OCTaJIbHbI€ KOMIIOHEHTHI HYJ/IEBBIE.

Teopema 3.5. Xapakrepuctudeckuii BekTop & GK-CTpyKTypbl HE SIBISIETCSI BEKTOPOM
Kwnannrra.

< Tockombky 0 + 0f = €4+ €4 = €y + & # 0, T e (VxE,Y) + (X, Vy€) # 0 mra
aobbix X, Y € Z°(M), To £ He siBasiercst BekTopom Knuinara. >

Ananoruano st KoHTaKTHOH bopmbl G K -MHOr00Opasmst:

D)ty = —Fay; 2) mpy=—F" 3)n,; =005 4) nap =3, (3.7)

a OCTAJILHBIE KOMIIOHEHTHI HYJIEBBIE.
Teopema 3.6. Kornraktaas popma GK-crpykrypsl He siBasiercss popmoii Kujmuara.

Cormacso cootromermo (3.5) N (X,Y) npuver ciemyrommuii Bi:
NO(X,Y) = Vax(m)(Y) +n{Vy ()X} = Vay (n)(X) = n{Vx (®)Y}, (3.8)

st mobeix X, Y € 2°(M).

U3 (3.7) creayer, uto N (X,Y) = —N® (Y, X), zuaunr renzop N3 (X,Y) rococnmm-
METPHUYEH, T. €. ABJIAeTCs 2-hOPMOIi.

Ha mpocrpancree npucoeamnentoii G-CTpyKTypbl TOXKAeCTBO (3.8) mpumer Bu

2 k k k k
Ni(j) =0kP; — ik P + Py ; — NPy, (3.9)

C yduerom coorHommernuit 17; = 17, = 0, 79 = 1 u Buma marpunsl ¢ Ha MPOCTPAHCTBE

npucoeuaernoil G-crpykrypsl (1.2), u3 (3.9) mveem

1) NG = 4/=1Fy; 2) N = —ay/=1F, (3.10)

OCTaJbHBIE KOMIIOHEHTHI HYJIEBBIE.
U3 (3.10) HEOCPEACTBEHHO CIIEAYET CJIeTyTOITast

Teopema 3.7. Ha GK-muoroobpasun N?)(X,Y) = 0 rorga m To1sKo TOr7a, KOIma
F =F, =0.

N3 ompenenennsa 2.2 u Teopembl 3.7 ciemyer

Teopema 3.8. GK-umoroobpazme ¢ N (X|Y) = 0 aprserca SGK-muOroo6pasmenm
IT poza.

Ucmonw3ys mokambHoe crpoenne SGK-muoroobpasus II poma [5], Teopemy 3.8 moxkHO
chOpPMyYTUPOBATE CIEAYIONIAM 00PA30M.

Teopema 3.9. GK-umorootpasme ¢ N?(X,Y) = 0 J10KamIbHO KAHOHITECKH KOHI[HPKY-
JISPHO TOYHEHTIe KOCHMITJIEKTHIECKOMY MHOT00ODa3HIO.

[TocKoMIbKY TOUHEdIE KOCUMILIEKTHIECKOE MHOTO0Opa3ne JIOKATHHO SKBHBAJIEHTHO MPO-
M3BEJIeHNIO TPUOJINKEHHO KeJlepoBa MHOT00Opa3us Ha BEIECTBEHHYIO TPAMYIO [5], To npejbi-
JIYTILYIO TEOPEMY MOXKHO C(hOPMYIMPOBATEH TaK:
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Teopema 3.10. GK -muorootpasme ¢ N (X,Y) = 0 10Kka1bHO0 KAHOHHIECKH KOHITHPKY-
JIIPHO TTPOU3BEICHHIO MPHOIMKEHHO KeJIepoBa MHOT00Opas3nsl Ha BEIeCTBeHHYI0 npsaMyto. Ec-
JIH MHOTO0Opa3ue OJHOCBS3HO, TO YKa3aHHBIE JIOKAJIbHBIE SKBUBAJTEHTHOCTH MOYKHO BBIOPATD
T1006aTHHBIM.

PaccmorpuMm Temeps TeH30D

NO(X) = Z(2)(X) = Z(®X) — DL X = [, 0X] — D¢, X]
= Ve(®X) — Voxé — &(VeX — Vx&) = Ve(®)X + PV X (3.11)
— V<I>X§ - ‘PV&X + @ng = Vg(q))X — V@Xf + (I)fo.

Taxkum obpazom, Ha G K-MHOTOOOpa3UN
N®(X) = V(D)X = Vox{ +OVxE (VX € 2(M)). (3.12)

Ha mpocrpamncrBe mpucoeaunenHoit G-CTPYKTYpbl TOXKIeCTBO (3.12) paBHOCHIBLHO COOT-
HOIIIEHUAM

1) (N = —3y/=1F®;  2) (N®)} =3V ~1Fy, (3.13)

OCTAJTIbHBIE KOMITOHEHTHI HYJIEBBIE.
13 (3.13) u ompeznenenns 2.3 ciemyer

Teopema 3.11. Ha GK-umoroobpasmn N3 (X) = 0 rorga m tomsko Torma, Korma
Fe = F, =0, © e. korga maoroobpasue sipiasercss SGIK -muoroobpasmem 11 posa.

Ucmonw3ys nokaibuoe crpoenne SGK-muoroo6pasus II poma [5], reopemy 3.11 moxHO
chopMyIUPOBATH CAEAYIONINM 00pPa30M.

Teopema 3.12. GK -muoroo6pasme ¢ N (X) = 0 J10KaJIBHO KAHOHUYIECKH KOHITHPKYJISID-
HO ITPOM3BEJEHNIO IIPHOJINKEHHO KeJepoBa MHOroobpasusi Ha BEIIeCTBEHHYIO npsmyro. Ecan
MHOro0bpa3me 0JHOCBSI3HO, TO YKa3aHHBIE JIOKAIbHbBIE SKBUBAJIEHTHOCTH MOYKHO BBIODATH TIO-
OaJIHHBIM.

1, maxomer, pacemorpum temsop N (X) = (Zn)(X) ana moboro X € X. Mmeenm

ND(X) = (Len)(X) = Ze(n(X)) — (LX) = Em(X)) — n([€, X))
= Ve(n(X)) = n(VyX) +n(VxE) = Ve(n)(X) +n(VeX) —n(VeX)
+n(Vx§) = Ven)(X) +n(VxE) = Ve(n)(X),

NO(X) =Ve(n)(X) (VX € X). (3.14)

C yuerom (3.7) Toxmectso (3.14) Ha NpOCTPAHCTBE MPUCOEAMHEHHOH G-CTPYKTYPBI PaB-
nocubro cootromennam (N W), =0, . e. N (X) = 0.
Taxum 06pa3oM, UMeeT MeCTO CAeTYIOIAs

Teopema 3.13. Ha GK-muoroo6pazmr N (X) = 0.

Pesynbrarer Teopem 2.5, 3.9-3.12 moxkuO chopMympoBaTh B BUE CIEAYIOIMIEH OCHOBHOM
TEOPEMBI.

OcuoBHas Teopema. Ilycrs M — GK-muoroobpasme. Toraa caemayroline yTBEPKICHHS
SKBHBAJIEHTHBI:

1) GK-muoroobpasne uMeer 3aMKHYTYI0 KOHTAKTHYIO (bOPMY;

2) F = Fy, = 0;
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3) NO(X,Y) =0,

4) NO®(X) =0;

5) M — SGK-muoroobpasmue 11 pona;

6) M — J0KaJIbHO KAHOHUYECKH KOHIUPKYJISPHO MPOH3BENECHHIO TTPHOINKEHHO KETEPOBA
MHOT00bpa3usl Ha BEIECTBEHHYIO TPSIMYIO.

Ecitn maOTrOOOpa3mne 0JHOCBSI3HO, TO yKa3aHHBIE JIOKAJIbHbBIE SKBUBAJIEHTHOCTH MOXKHO BbI-
b6paTh rI00ATHRHBIMHU.
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Abstract. The article is devoted to generalized Kenmotsu manofolds, namely the study of their
integrability properties. The study is carried out by the method of associated G-structures; therefore, the
space of the associated G-structure of almost contact metric manifolds is constructed first. Next, we define
the generalized Kenmotsu manifolds (in short, the G K-manifolds) and give the complete group of structural
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equations of such manifolds. The first, second, and third fundamental identities of G K -structures are defined.
Definitions of special generalized Kenmotsu manifolds (SGK-manifolds) of the I and II kinds are given.
We consider G K-manifolds the first fundamental distribution of which is completely integrable. It is shown that
the almost Hermitian structure induced on integral manifolds of maximal dimension of the first distribution of
a G K-manifold is nearly Kahler. The local structure of a GK-manifold with a closed contact form is obtained,
and the expressions of the first and second structural tensors are given. We also compute the components of the
Nijenhuis tensor of a GK-manifold. Since the setting of the Nijenhuis tensor is equivalent to the specification
of four tensors NV, N®@ NG N® the geometric meaning of the vanishing of these tensors is investigated.
The local structure of the integrable and normal GK-structure is obtained. It is proved that the characteristic
vector of a GK-structure is not a Killing vector. The main result is Theorem: Let M be a GK-manifold.
Then the following statements are equivalent: 1) GK-manifold has a closed contact form; 2) F = F,, = 0;
3) N@(X,Y) = 0; 4) N9 (X) = 0; 5) M — is a second-kind SGK manifold; 6) M is locally canonically
concircular with the product of a nearly Kahler manifold and a real line.

Key words: generalized Kenmotsu manifold, Kenmotsu manifold, normal manifold, Nijenhuis tensor,
integrable structure, nearly Kahler manifold.
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AnHoTtaumsi. [IocTpoeHBI HOBBIE CIEINMAJIBHBIE PSIBI M0 MOIUMUIMPOBAHHBIM TOJIMHOMaM MeiikcHepa
nwon(x) = MZ(Nz). Otu momumoMsr mpu « > —1 ofpasyor oproromHambHyio ¢ Becom p(Nx) cucremy
Ha pasHOMepHO# cerke s = {0,6,26,...}, tme § = 1/N, N > 0. YnoMsaHyTbIE CHENUATBHBIE PAIBI TIO
nomrroMam My n () TTOSTBUINCH KaK eCTeCTBEHHBI 1 amhTepHaTupHbIi pagaM Oypre — MeiikcHepa, ar-
MapaT OJJHOBPEMEHHOrO MPUOINKeHUs AUCKPeTHOU dyHKImy f, 3a1aHHOM HA paBHOMEDHON ceTke (15, u
ee KoHeuHbIX pasuocreit Aj f. OcHOBHOE BHMMaHUE B HACTOANEH CTATHE Y/EJIEHO UCCJIEIOBAHUIO AIllIPOK-
CHMATWBHBIX CBONCTB YaCTHYIHBIX CYMM YKa3aHHBIX DSII0B. B WacTHOCTH, MOIydeHA IMOTOYEYHAST OIEHKA
nns dbysknun Jlebera 9acCTUYHBIX CyMM CHenuaabHoro psaa. Ciaemayer oTMeTUTh, 9TO HOBBIE CIEIUATbLHBIE
panei, B orsimane ot psaaoB Oypoe — MelikcHepa, 06/1a7a10T TeM CBORCTBOM, YTO WX YaCTUYHBIE CyMMBL

COBIIATAIOT CO 3HAYEHUSIMM UCXOAHON dyHKIMu B Toukax 0,4d,. .., (r — 1)4.

KiroueBble cioBa: mosmHOMbBI MefKcHepa, anmpoKCUMATUBHBIE CBOMCTBa, pax Pypbe, ClenuaibHbie
psapl, yukmus Jlebera.

Mathematical Subject Classification (2000): 41A10.

1. BBenenue

B macrosimeit paboTre paccCMOTPEHBI HOBBIE CIEIHAJBHBIE PSIIbI M0 MOAUMDUITTPOBAHHBIM
nosmroMam Meitkerepa MY v (z) = My (Nx) ¢ @ > —1, opTOroHaIbHBEIM Ha PaBHOMEPHO!
cerke Q5 = {0,0,20,...}, rme § = %, N > 0, m uccmeT0BaHbl AaMTPOKCUMATHUBHBIE CBONCTBA WX
YaCTUYHBIX CyMM. B 9acTHOCTH, TIOJIydeHa OIeHKa CBepxy st pyHKImn Jlebera 1acTuaHbIX
CYMM CHENHaIbHOro psja mo momuHomam Medikenepa MY N (). Creruasnbible psaabl Mo mIo-
nuaomam Meiikcrepa My N (%) 061aTar0T 3HAMUTEIHHO JIyYIIIME AMIPOKCHMATHBHBIMI CBO-
crBamu, geM psiabl Pyphe 10 yKa3aHHBIM MOInHOMaM. HampuMep, HOBbIE CliennaIbHbBIE PSJIBI,
COOTBETCTBYIOIHE 3aJaHHoMYy 7 € N, 06/1aai0T TeM CBOMCTBOM, UTO YACTUUHBIE CYMMBI 3THX
PSIJIOB WHTEPIIOIMPYIOT NCXOHYIO dyHKINo B Toukax 0,4, ..., (r — 1)d.

[Ipu wuccmegoBaHNN aNTPOKCUMATHBHBIX CBOMCTB YACTUUYHBIX CYMM CIEIHATBHOTO PSIIa
HaM MMOHAJ00ATCA HEKOTOPBIe CBOHCTBa mosmHOMOB MeiikcHepa Mfl‘, N (), KoTOpBIE MBI TIPH-
BEJIEM B CJIEIYIONIEM TTYHKTE.

2. HekoTophie cBeaeHUda 0 mMoJumHOMax MelikcHepa

Hna g # 0 u nmpoussosHOTO (@ € R kmaccuueckue moauaoMbl Meiikcuepa [1-3] MoxHO
OTTPEJIE/INTH C MTOMOIIHIO PABEHCTRA

o . nt o oa g N
Mn(fv)ZMn(w,Q)=< N >27(a+1)kk! <1—5> :

k=0

© 2018 Tamxmmup3aes P. M.
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rne el = 2(z—1) ... (e —k+1), (a)y =ala+1)...(a+k—1).Ippra>-1u0<qg<1
nosimrombl Medikcrepa MY () obpasyior oproronanbhyio cucremy Ha cerke {0, 1,...} ¢ Becom

p(x) = p(z,a,q) = qxw(l—q)a“, a, boJIee TOYHO, IMEeT MEeCTO CJIeYIOIIee PABEHCTBO:

> mp(@)mi(z)p(x) = 6, 0<g<1, a> -1,

_1 _
rae m(z) = miy(2,q) = {hy (@)} 2 Mg (2), hi(q) = ("} %)a "T(a +1).
I[Mycrs N > 0,6 = %, q=e¢79 Qs ={0,6,25,...}. MuOrowens: Mo N(x) = MY (N, e?)
_1
nme y(z) =mS(Nx,e %) = {h2(e™®)} 2 M2 y(z) B cityaae a > —1 06pasyioT 0pTOroHAb-
HYIO 1 OPTOHOPMHPOBAHHYIO Ha ()5 cucreMe ¢ Becom p(Nz) = p(Nz;a,e?).
B manbreiiem, mpu ontenke dpyukiun Jledbera, BaXKHYIO POJIb UTPAET CaeTyIonast (popMyia

Kpucrodpdens — Hapby:

Hn(t, @) kaN )mi; n ()

B 5(\6/5/2 —_i_ 61572—)i_(jjt1)) (M1 v (Ome v (@) —mp x(Omeg g v(@)] - (1)

KOTOPYIO MOXKHO 3amucarh 4] tak:

Oy Qi1 ) 1
(an + ap—1) (eg e %) (x—1) (2)
X [mg n(x) (mgy sy N (8) —mg_y §(8) —mi n () (may g v(2) —ma_y v(2))]

rie a, = /(n+1)(n+a+1). Jna 0 < 4§ <1, N = %, A>0,1<n< AN, a>—1,
0<z<00,520,0,=4n+ 2a + 2 cipasegaussl [2, 5] ciepyromnme ONeHKN:

Qn

HE -
(an + an—l)

n,N(ta ‘T) -

e 2 {m%N(aEisé){ c(a, N, 8)0n 2AO‘( ),

0, 0<z< g,
S, —a_1 1 9
07 ‘xT27d, - << & (3)
Al (z) = 1 _1 "
" 3 i 9, < 3
_z
e 4, 33” <z <00,
(07
e 2 |mn+1N(xi35) o 1N(wis§)|
4 %71 1
en ) 0 < xr < ma
_3 a1
On P22, r <z<,
< C(O[,)\, S) o 3 1 l P 30 (4)
z720, 0 (O + |z —0,] ), B <x <R,
x
e 4, 33" <x <00
Bnech u nanee ¢, ¢(a), c(a, ..., \) — NOJIOKUTEIHHBIE YUC/IA, 3ABUCSIIAE TOJIHKO OT YKA3AHHBIX

apaMeTpOB, TpUYeM pa3udHble B PA3HBIX MeCTax.
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3. HepaBencrBo Jlebera /ijist 4aCTUYHBIX CyMM
CIennaJbHOro psiga mo nmojamHomam MelikcHepa

B pabore [6] ObLM BBEJEHBI CHENUAIbHBIE PSIABI 10 KJIACCHYECKUM TOJUHOMaM Jlarep-
pa W MCC/IeI0OBAHBI ANPOKCUMATUBHBIE CBOWCTBA WX YACTUYIHBIX CyMM. B Hacrosmeir padore
MBI PACCMOTPUM CIeNraabHbIE PSALI Mo ToanHoMaM MeiKkcHepa, KOTOphie SIBISTFOTCST INC-
KPETHBIM AHAJOTMOM BBIIIEYOMSHYTHIX CIIEMUAIBHBIX PSAIOB Mo ToJauHOMaM Jlareppa. Ham
MOHAI00SATCST HEKOTOPhIe 0b03Hadenus. [lycts () — IWCKpEeTHOE MHOYKECTBO, COCTOSIIIEe W3
GECKOHETHOrO UMC/Ia PA3JNIHBIX TOYEK JefCTBUTENbHON ocu, p = p(r) — HeoTpunaTebHas
dbyHKImMS, Ompe/ieieHnast Ha 3TOM MHOXKecTBe. depes [y ,(€2) o6o3HauMM mpocTpaHCTBO DyHK-
nmit f, 3a7aHEEIX Ha ) I TaKMX, 9T0 ). q f2(z)p(x) < 0o. MBI paccMOTpPHM CIyuaii, KOT/IA
Q=0Q5=1{0,6,20,...}, 6 = %, u(x) = p(Nz) = p(Nz; 0, 7°). ycts d(z) € I3 ,(Q5), Torma
mpu x € Q5 = {rd,(r + 1)d,...} MBI MOXKeM ONpeJeNUTH JUCKPETHBI AHAJOT IOJTHHOMA
Teittopa ciemyromiero Buma;

r—1 Ay
i) = 3 28N (v Aa) = d(a),

v!
v=0

Ald(z) = d(z + 6) — d(z), A¥d(z) = A(;(A”_ld(x)). Jlerko mpoBepHTH, UTO (DYHKIUS

d(z)—P,_1 n(x)
dp(x) = TNT(Na)
a Mozmdurmposanubie moguHOMbl Meiikcnepa m . (x) = m§ y(x —r6) (k = 0,1,...) npn
a > —1 06pazyoT opTOHOPMHpOBAHHLIT 6as3nC B l2 5y (2r.5) ¢ Becom pn -(x). TosToMy MBI
MOXKeM omnpenennTh Koaddunmentor Pypre — Meiikcaepa

Jou «a d(t) B PT—l,N(t) «a
rk = E dr(t) o (t)mi n (1) = E : v PN (@mi e (6)
N-—"(N?)
tEQT’(g teﬂrﬁ

MPUHAIEKUT TPOCTPAHCTBY la 5y (2r5), T1E pN - (7) = p(N (T —717)),

n psax @ypre — MeiikcHepa
oo
) =Y dmi n, (@),
k=0

u i «a —
KOTOPBI B CHJy 6asucHOCTH B l2 5y . (€2r,5) cucTemsl nomunomos Meilikenepa my; . (z) (k =
0,1,...) cxoAMTCST PABHOMEPHO OTHOCHTEIHHO T € ;5. OTciona ciemyer, 9To

o0
d(z) = Py n(z) + NTT(N2)UDY " deymp y (2), @€ Qs. (5)
k=0
Crnenys |7, 8], MbI GyaeM Ha3BIBATH (5) CHEMUATBHBIM PSIZOM TO mojuHOMaM MeitkcHepa st
dbyuxiym d(z). Hacrnanyio cymmy psga (5) obosnaunm depes

n
@ n(dx) = Py (@) + N7 (V)Y demg (@),
k=0
Ecin d(x) = ppyr(x) npezpcrapisier coboii anrebpanydeckuii MOJMHOM CTereHu n + r, To,
OYEeBUTHO, cio‘k = 0npu k > n+ 1 u nosromy us (5) crenyer Sp, n(Pntr, ) = Ppir(2),
T. e. Sy, N(d,x) SIBJISIETCST [TPOEKTOPOM Ha, MOJITPOCTPAHCTBO AAre0PanvecKnx MOJMHOMOB
Dntr(z) crenenn e Boimte n+7r. O603HAUNM Yepe3 Gy, 4, (T) aTredpandecKnii MOIMHOM CTEIeHN
n + r, aast koroporo Ald(0) = Aq,1(0) (i =0,...,r — 1). Torga

‘d(x) - n+rN d T ‘ - {d - qn+7’(x) + Qn+7’(x) - Sg—i—nN(dax)‘
< |d(z) = gngr ()| + |Sg+r,N(Qn+r - d,x)‘ .
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Orcioma nna x € €, 5

e sa2ti |d(x) — 52, v (d, )|
<e 23T |d(2) = guar(2)| + € 223 |ST N (Gnsr — d2)] . (6)
Tak kak Pr_1 N(gntr — d,xz) =0, TO

_z _ry1
e gx 23 ‘SSJrr,N(anrT_d’x)‘
n

Z(Qn-l-r - d)ff,kmg,N(x —rd)
k=0

_z _ry1 n-+r t)_d(t)|
<o to it Y e 0L, )
tGQng (Nt)[]

=e %x*%JriN*T(Nw)M

n 7
> m n(t = ré)ymi y(x — o) ()

k=0

r

= e a2t i) Y 1904 (£) — d(E)] Tr]d(t” P () [0 (= 16,2 —1d)]|.
tGQng (Nt)

TTomoxxum

Ej(d,6) = inf sup e 2z 2% |d(x) — qi()], (8)
qk :BEQT’(S

I7le HIDKHSSA TPAHb OEPeTcs IO BCeM aJredpamdecKuM MOJIHHOMAM ¢k () cremeHu k, I/ KO-
topeix Ald(0) = Alq(0) (i =0,...,r —1). Torna u3 (6) u (7), yanresas (8), moxygaem

e~ 3y 5t ‘d(x) - g—l—r,N(d,x){ < By, (d,0) (1 + lgiv(x)) ’ (9)

rje

—tars r_1
1 e 2tz al’ (Nt —r+a+1)
Naz)lr!
(N (NOFT(Nt —r 1 1)

x (1- 675)0{“ | Ao (t = 16,2 — rd)]| .

N
B cBsasu ¢ mepasencteoM (9) BosHMKaeT 3amada o6 omenke dbynkmun Jlebera ln’y (z) mpm

" N
n < AN, A > 1. B nacrosmieiit paboTe Mbl OrPaHUINMCS MCCIEIOBAHUEM BeJTUIUHBI Iy (1)
_ 3A _[3x 6 a,N
Ha MHOXKecTBax (G = [7“5, %] n Gy = [%, 7"} A onenka dyskipn [y’ () HA TPOMEKYT-
Ke (97”, 00) ABIAETCA OGBEKTOM HCCJIe0BAHUS IPYTOil Hameil paGoTs. IIpn TokasaTebeTse

CJIeJTYIOIIEH TeOPeMbI MbI BOCTIOIB3YEMCsl TEXHUKOI J0Ka3aTeIbcTBa TeopeMbl 4 n3 pabors [6].

Teopema 1. HyCTbT’GN,T—%<Oé<7”+%, O, =4n+2a+2, A>1,0<d <1,

0 =1/N, n < AN. Torga uMer0OT MECTO CJIEIYIOUIHE OIEHKH:
1) ecmx € Gy = [7“5, %], TO

In(n+1), a=r,

o (10)
14+n*", a#r;

l,‘i‘ﬁv(aﬂ) < cla, \, ) {

2) ecn x € Go = [%,97”], TO

lf{f,v(w) <cela, A\, 1) [ln(l +nx) + <§) a;*] . (11)
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< Ilycrs x € G1 = [ré, %] Torma

19N () = S1 + Sa, (12)
e
S; < c(r)e*%x*%Jri(Nx)r Z e*%t%*i(Nt)a*" (1- e*‘s)o{le | Aoy (t = 16,2 — o)
tEQT’(S,
rO<t< o

" Z efétifiF(Nt —r+a+1)

F(Nt + 1) (1 — 675)a+1 | n?{N(t - 7’5,1‘ — 7’5)| .

tEQr,67
ei<t<oo
n

Onenmm S1. 13 (1) n (3) momywaem
Sy < c(o, ) itEs Z 53 Z le"2mg y(z — r6)He‘émz‘7N(t —76)|

teQT‘,é ) k=0
r5<t<i

n
gc(a,)\,rﬁx%*& Z to‘_%_iZGgéc(a,)\,rﬁx%*& Z to‘_%_%HSH
k=0

13
teﬂr,&v teﬂﬁ& ( )
ré<t< g ro<t< 5

4
a—1+3 a_r_1 a—43 5724
< cla, A\ )b, 2 727 dt < e(a, N\ 1)0)y, oz 3 = c(a, A\, 7).
a—L43
0 2 410

[Tepeitmem K orenke BeIUUINHBI So. JLIst 3TOrO0 mpeacraBuM ee B Buje So < So1 + S99 + 593,
rje

r

t 1
e 2t2 " al'(Nt—r+a+1)

_x r 1
52126 2$2+4NT E

o, L(Nt+1)
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Abstract. In this article the new special series in the modified Meixner polynomials M x (z) = M; (Nx)
are constructed. For a > —1, these polynomials constitute an orthogonal system with a weight-function
p(Nz) on a uniform grid Qs = {0,6,20,...}, where § = 1/N, N > 0. Special series in Meixner polynomials

.~ (z) appeared as a natural (and alternative to Fourier-Meixner series) apparatus for the simultaneous
approximation of a discrete function f given on a uniform grid s and its finite differences A f. The
main attention is paid to the study of the approximative properties of the partial sums of the series under
consideration. In particular, a pointwise estimate for the Lebesgue function of mentioned partial sums is
obtained. It should also be noted that new special series, unlike Fourier-Meixner series, have the property
that their partial sums coincide with the values of the original function in the points 0,4, ..., (r — 1)4.

Key words: Meixner polynomials, approximative properties, Fourier series, special series, Lebesgue func-
tion.
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BINARY CORRESPONDENCES
AND THE INVERSE PROBLEM OF CHEMICAL KINETICS!
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Abstract. We show how binary correspondences can be used for simple formalization of the notion
of problem, definition of the basic components of problems, their properties, and constructions.
In particular, formalization of the following notions is presented: condition, data, unknowns, and solutions
of a problem, solvability and unique solvability, inverse problem, composition and restriction of problems,
isomorphism between problems. We also consider topological problems and the related notions of stability
and correctness. A connection is indicated between the stability and continuity of a uniquely solvable to-
pological problem. The definition of parametrized set is given. The notions are introduced of parametrized
problem, the problem of reconstruction of an object by the values of parameters, as well as the notions of
locally free set of parameters and stability with respect to a set of parameters.

As an illustration, we consider a singularly perturbed system of ordinary differential equations which
describe a process in chemical kinetics and burning. Direct and inverse problems are stated for such
a system. We extend the class of problems under study by considering polynomials of arbitrary degree as
the right-hand sides of the differential equations. It is shown how the inverse problem of chemical kinetics
can be corrected and made more practical by means of the composition with a simple auxiliary problem
which represents the relation between functions and finite sets of numerical characteristics being measured.
For the corrected inverse problem, formulas for the solution are presented and the conditions of unique
solvability are indicated. Within the study of solvability, a criterion is established for linear independence
of functions in terms of finite sets of their values. With the help of the criterion, realizability is clarified
of the condition for unique solvability of the inverse problem of chemical kinetics.

Key words: binary correspondence, inverse problem, solvability, composition, stability, correctness,
differential equation, chemical kinetics, linear independence.
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We continue the study started in [1, 2] which is devoted to formalization of the notion

of problem and solution of the inverse problem of chemical kinetics. In particular, we extend
the class of problems under study by considering polynomials of arbitrary degree as the right-
hand sides of the differential equations.

1. Formalization of the notion of problem

In this section, we employ binary correspondences for formalizing the notion of problem,

basic components of problems, their properties, and constructions: the condition of a problem,
data and unknowns, solvability and unique solvability, inverse problem, composition and rest-
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riction of problems. We also consider topological problems, the related notions of stability
and correctness, and problems with parameters.

1.1. By a problem we mean an arbitrary correspondence between the elements of two sets,
i.e., atriple P = (A, B,C), where A and B are any sets and C' C A x B. The sets A, B, and C
(i. e., the set of departure, the set of destination, and the graph of the correspondence P) are
denoted by Dom P, Im P, and Gr P and called the domain of data, the domain of unknowns,
and the condition of the problem P. The containment (a,b) € Gr P is written as P(a,b) and
is treated as the condition expressing the fact that the unknown b corresponds to the data a.
Therefore, the problem P assumes the following informal interpretation:

Given data a € Dom P, find unknowns b € Im P which meet the condition P(a,b).

The image P[X] and preimage P~'[Y] of subsets X C Dom P and Y C Im P with respect to
the correspondence P are defined by the traditional formulas

PX]={beImP: (3z € X) P(z,b)},
PlY]={a€DomP: (3yeY) Pla,y)}.

1.2. A solution to a problem P for a data instance a € Dom P is an arbitrary unknown
b € Im P which meets the condition P(a,b). The set of solutions to P for a is denoted by PJa].
Therefore,
Pla] = P[{a}] ={b€ImP: P(a,b)}, a€ DomP.

A problem P is solvable for a € Dom P whenever Pla] # @, i. e., given a, the problem P has
at least one solution. The domain of definition of the correspondence P

dom P := {a € Dom P : Pla] # @}

is called the domain of solvability of the problem P. If dom P = Dom P, the problem P is
called solvable or, more precisely, everywhere solvable.

1.3. A problem P is said to be uniquely solvable for a € Dom P if, given a, the problem P
has a unique solution, i. e., Pla] = {b} for some b € Im P. The corresponding solution b is
denoted by P*(a). Therefore, if P is uniquely solvable for a then

Pla] = {P*(a)}.

The set
dom P® := {a € Dom P : P is uniquely solvable for a}

is called the domain of unique solvability of the problem P, and the function
P?: dom P®* - Im P, a+ P%a)

is called the solution function of the problem P. Obviously, dom P® C dom P C Dom P. The
problem P is uniquely solvable on a set D C Dom P if D C dom P®. The problem P is called
uniquely solvable or, more precisely, everywhere uniquely solvable if it is uniquely solvable on
Dom P, i. e., dom P® = Dom P. In this case, the correspondence P is an everywhere defined
function and thus coincides with PS.

1.4. Given a problem P = (Dom P, Im P, Gr P), the inverse problem is the inverse
correspondence

P7':=(ImP, Dom P, (Gr P)"'), where (GrP)™' = {(b,a): (a,b) € Gr P}.
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REMARK. If a problem P models a real physical process, consideration of the inverse
problem P~! is motivated by the search of a relatively simple formal law which describes
the process with adequate accuracy. The data of the inverse problem are experimentally
measurable characteristics of the process, while the unknowns are, for instance, the coefficients
of a differential equation describing the process under observation.

In the case when the problem P is based on a functional equation, the formal data of the
inverse problem P! are functions of the corresponding class, while, in practice, the role of da-
ta of the inverse problem is not played by the functions themselves but rather by some of
their characteristics which can be measured, i. e., by certain finite sets of numbers.

The inverse problem can be suitably corrected by means of the composition (see 1.5) of the
problem P~! and a simple auxiliary problem which represents the relation between functions
and their characteristics being measured. (An example of such correction is presented in 2.3.)

1.5. The composition of problems P and () is the composition of the correspondences,
which is the problem

Qo P:=(Dom P, ImQ, GrQ o Gr P)

with condition
GrQoGrP = {(a,c) e Dom P x Im@Q : (3b €ImP NDomQ) P(a,b) & Q(b,c)}.

The composition ) o P is usually considered in the case when Im P = Dom Q.

1.6. The restriction of a problem P onto subsets A C Dom P and B C Im P is the problem

P|%:= (4, B, GrPN (A x B)).
.. Im P

The restrictions P|4 := P|
The restriction of a problem can be defined by means of composition with the

corresponding embedding problems. Given arbitrary sets X and Y, consider the problem
1dY := (X,Y,I¥), where

B .
and P|P := P‘Domp are particular cases.

¥ ={(z2): ze XnY}={(z,y) €X xY: z=y}.
Then, for every problem P and any subsets A C Dom P and B C Im P, the following hold:

Pla=Poldi™" PP =18 poP, P||=1df poPold}™".

1.7. An isomorphism between problems P and @ is a pair (f,g) of bijective mappings
f: Dom P — Dom@, g: Im P — Im @ such that

GrQ = {(f(a),g(b)) : (a,b) € Gr P}.

Two problems are called isomorphic if there is an isomorphism between them.

1.8. Call P a topological problem if the domain of data Dom P and the domain of un-
knowns Im P are endowed with any topologies, i. e., the domains are topological spaces.
An isomorphism (f,g) between topological problems is a topological isomorphism if each of
the mappings f and g is a topological isomorphism (i. e., a homeomorphism).
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All the notions introduced here, which are related to topologies or continuity, admit
natural analogs for the case of uniformities and uniform continuity. (Metric and, in particular,
normed spaces are examples of uniform spaces.) We will not present the corresponding clarified
definitions, which are rather obvious.

1.9. A topological problem P is called stable at a point a € dom P if the correspondence
P is upper semi-continuous at the point, i. e., for every neighborhood V of the set Pla] in
Im P, the preimage P~![V] is a neighborhood of the point @ in dom P. The problem P is
stable on a set D C dom P if P is stable at each point a € D. The problem P is called stable
or, more precisely, everywhere stable if P is stable on dom P.

In the case when «a is an interior point of dom P*® relative to dom P (i. e., there exists an
open set G C Dom P such that a € GNdom P C dom P®), the stability of the problem P at a
is equivalent to the continuity of the function P° at a. Analogously, if a set D is included in
the interior of dom P*® relative to dom P (i. e., there exists an open set G C Dom P such that
D C GndomP C dom P®), then the stability of the problem P on D is equivalent to the
continuity of the function P® on D. In particular, the stability of a uniquely solvable problem
is equivalent to its continuity.

1.10. A topological problem P is called correct (or, more precisely, locally correct) at
a point a € Dom P if a is an interior point of dom P* and the problem P is stable at a. In other
words, a problem is correct at a if, for data sufficiently close to a, the problem has a unique
solution, and the solution continuously depends on the data as it tends to a. A problem P
is said to be correct (or, more precisely, conditionally correct) on a set D C Dom P if P is
correct at each point @ € D. A problem P is called correct if P is correct on Dom P. Therefore,
the correctness of a problem means its unique solvability and stability (or, which is the same,
continuity).

1.11. By a family (v;);e; we traditionally mean a function defined on I, and the term
v; denotes the value of the function at a point ¢ € I. Given an arbitrary family (V;);cr, the
symbol [];.; Vi stands for the corresponding Cartesian product, which is the set of families
(vi)ier such that v; € Vi foralli € I. If m: X — [[,c; Vi, i € I, and J C I, the functions
i X =V, 7TJ:X—>HV]-
Jj€J

are defined by the formulas

mi(z) =m(2); € Vi, mi(z)=mw(2); € [[V;, zeX
JjeJ

1.12. A parametrization of a set X is an arbitrary injective mapping 7 defined on Dom 7 :=
domm = X and acting into the Cartesian product Im# := [[,.; Vi of some family (V;)icr-
In this case, I is called the set of parameters and denoted by Par m, the elements ¢ € Par 7 are
called parameters, the set Im m; := Vj is called the range of the parameter i, and m;(x) € Imm;
is the value of the parameter i for an object x € X. The product HjeJ Vj is called the range
of the set of parameters J C Parm and denoted by Im ;.

Note that the range Imm; of a parameter ¢ need not coincide with the set imm; = ;[ X]
of the values of the parameter, i. e., the inclusion im7; C Imm; can be strict. In the case of
equality im m; = Im r;, the range of the parameter ¢ is called ezact.
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A set endowed with a parametrization is called a parametrized set. By default, the
parametrization of X is denoted by 7 or, more explicitely, by 7.

1.13. When considering a parametrization 7 of a topological space X, it is natural to
endow the set Im 7y, where J C Parm, with the image of the topology of X with respect
to my, i. e., to assume open those subsets U C Immw; whose preimage W;l[U] is open in X.
In this case, m occurs a continuous mapping from X into Im 7 and a topological isomorphism
between X and im .

The ranges Im m; of the parameters ¢ € Par 7w usually have their own natural topologies
which make the mappings m; continuous. Otherwise, Im 7; can be endowed with the image of
the topology of X with respect to m; or with the topology induced from Im 7 in which the
open subsets of Im 7; are the sets of the form {u; : w € U}, where U is open in Im .

The ranges of parameters are often Banach spaces. In this case, parametrized topological
spaces are close analogs of Banach bundles (see, for instance, [3]), where the domain I
of a bundle V plays the role of the set of parameters, and the stalks V(i) are the ranges
of parameters ¢ € I.

1.14. A problem P is called parametrized (or a problem with parameters) if its domain
of data Dom P and domain of unknowns Im P are parametrized sets. Every problem can
be regarded parametrized if we assume that non-parametrized domains X are endowed with
trivial parametrizations having single parameter: 7;(x) = x for all z € X.

As is easily seen, the pair (7TA,7TB ) is an isomorphism between a parametrized
problem (A, B,C) and the problem (A’,B’,C"), where A’ = imn4, B’ = im7?, and
C" = {(r*(a), 7B (b)) : (a,b) € C}. Furthermore, if the problem (A, B,C) is topological then

so are the problem (A’, B’,C") and the isomorphism (74, 75).

1.15. Let 7 be a parametrization of a set A, a € A, J C Parn, J' := Par7\J. Denote by
ResG(A) the problem (Im7y, A, R%), where

R ={(v,b): velmnmy,be A, my(b) =v, mp(b) =my(a)},

which is the problem of reconstruction of an element of A by the values of the parameters J
on assuming fixed the values of the rest parameters. In the case J = {i}, we write Res{(A)
instead of Res{;, (A).

Since  is injective, the problem Res%(A) is uniquely solvable on the set

dom Resty(4) = {ryr(5) : b € A, m5:(b) = mp(a)}
and its solution for every v € dom Res%(A) is determined by the formula

v;, if i€ J;

Res%(A)*(v) = 7 tw@ny(a)), where (v@w);= {w g

1.16. Let m be a parametrization of a topological space A, a € A, J C Parm. A set
of parameters .J is locally free at the point a, if the domain of solvability dom Res%(A) of
the problem Res%(A) is a neighborhood of the point m;(a) in the topological space Imm .
Therefore, a locally free set of parameters realizes all sufficiently small changes of values with
the values of the rest parameters fixed. A parameter i is locally free at a if so is the set {i}.
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1.17. Let P be a parametrized topological problem, a € dom P, and let J C Parm,
where 7 := 79°m P The problem P is stable at the point a with respect to J, if the problem
P o Res%(dom P) is stable at the point m;(a). Stability of a problem at a with respect to .J
is usually considered in the case when the set of parameters J is locally free at the point a.

The problem P is stable on a set D C dom P with respect to J, if P is stable at each point
a € D with respect to J. The problem P is stable with respect to J if P is stable on dom P
with respect to J. In the case J = {i}, the term stability with respect to the parameter i
is used.

If the natural topology on im 7 is considered and a is an interior point of dom P® relative
to dom P, the stability of a uniquely solvable problem P at the point a with respect to J
is equivalent to the continuity at a of the function

v € my[dom R] — P®(R°(v)), where R :=Res%(Dom P).

The latter, in its turn, means that the solution P5(b) continuously depends on the values
m7(b) of the parameters J as 7;(b) tend to 7y(a) with the equality 7 (b) = 7/ (a) preserved.

1.18. Let P be a parametrized topological problem, i € Parw. The problem P is called
a “problem with small parameter ¢” if Imm; C R, the number 0 is a limit point of Im 7;, and
a question is under consideration about any asymptotic behavior of P for the values of i close
to 0, for instance, about the stability of P with respect to i at a point a with 7;(a) = 0.

2. The inverse problem of chemical kinetics

As an illustration, we consider a singularly perturbed system of ordinary differential
equations which arises in modeling certain processes of chemical kinetics and burning (see,
for instance, [4,5]). Within the study of the corresponding inverse problem, a criterion will be
established for linear independence of functions in terms of finite sets of their values (see 2.5).

2.1. Suppose that m,n € N, X := R™ Y is a domain in R™, T := R, 0 < g9 € R. Put
E={ceR: 0<e<eg},F=C(XXYXTXE R™),G:=C(XxY xTxE,R").

Consider the problem P with domain of data Dom P = F' x G x E, domain of unknowns
ImP = CHT,X) x CY(T,Y), and condition

&(t) = f(2(t),y(t), t,e),

} € forall teT,
ey(t) = g(x(t), y(),t,¢)

P((f,9,¢), (2,9)) < {

where f € F, g€ G, e€ B,z € CHT,X), y € CHT,Y).

Solution of the problem P is based on the method of integral manifolds (see [6-8]),
a convenient tool for studying multidimensional singularly perturbed systems of differential
equations which makes it possible to lower the dimension of the system under study.

In the problem P, the number ¢ plays the role of “small parameter” thus splitting the
system into “slow” and “fast” subsystems:

@(t) = fx(t),y(t), t,e) and ey(t) = g(x(t), y(t),t ).

Solution of P in a sense reduces to solving the so called degenerate system which is obtained
from the initial system by putting the parameter € equal to zero. This is justified by the
results of A. N. Tikhonov (see, for instance, [9]) on passing to a solution to the degenerate
problem as a small parameter tends to zero.
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2.2. The inverse problem to P consists in finding the unknown functions on the right-
hand side of the system, given some data on the solution to the direct problem P. The close
connection of the initial problem with the degenerate system motivates the study of the case
g = 0. We additionally assume that the “slow surface” defined by the equation

g(x7y7t70) =0

consists of a single sheet (with respect to the dependence of y on x) and that the function
g € G meets the condition of the implicit function theorem, which fact allows us to replace
the equation

g(.%'(t),y(t),t, 0) =0

by the equivalent equation of the form

We also assume that the right-hand side f of the main differential equation is a polynomial
(which is natural for problems of chemical kinetics).

So, consider the partial case of the problem P in which m = n = 1, E = {0}, and the
functions f € F' are polynomials in two variables of degree at most p € N:

f(x,y’tae) = Z Yij xzyj’

(i,7)€K (p)

where ;5 € R, (i,7) € K(p),
K(p):={(i,j): 0<i,j€Z,i+j<p}.

Introduce the notation

K(p) = (p+ 1)2(p +2)

for the number of elements of the set K(p) and fix an arbitrary enumeration
K(p) = {(il,jl)’ (i25j2)’ ) (in(p)ajn(p))} .

Therefore, the expression Z:(:p% v 'k yI% is the general form of a polynomial in two variables
x,y of degree at most p.

As a result of the above agreements, we arrive at the problem @ with domain of data
Dom @ = R*?)| domain of unknowns Im Q = C*(R)2, and condition

) x(p) i .
Q(% (m,y)) & #(t) = k; e 2(8)* y(0), for all t € R,
y(t) = h(xz(t),t)

where 1,72, -+, Vep) ER, T,y € Cl(R), h € C1(R?).

2.3. The formal inverse problem Q™!  which has pairs of functions (z,y) € C'(R)? as
data, is very simple and impractical. For representing the domain of data, finite collections
of the values of functions or their derivatives are more adequate than everywhere defined
functions. The corresponding correction of the inverse problem is realized by composition of
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the problem Q! and the auxiliary problem R with domain of data Dom R = (R*®))3, domain
of unknowns Im R = C'(R)?, and condition

z(11) = a1, (1) =z, ..., T(Tep)) = %)
R ) ) b )
(1,0, B), (2,y)) « {i(ﬁ) B i) = B e Hn) = B

where 7,0, 3 € RFP) | 2.y € C'(R).

As compared to the formal inverse Q~!, the composition Q! o R is more practical and
amounts to the following problem: Given 7,«, 8 € R*®) find the coefficients v € R*®) for
which there exist functions x,y € C1(R) subject to the condition

(

x(m) = ozl, x(TQ) =z, -y T(Te(p) = Q@)

Tl) ( ) = B2, ..o, x.(Tn(p)) = B/{(p),

z(t) = Z e x(t)* y(t)% for all t € R,

(
i
(
y(t) = ( (t),t) forall ¢t eR.

2.4. The following assertion can be proven for arbitrary p € N in the same way as the
case p = 1 which is considered in |10, 11].

Theorem. If 7, € R*®) meet the condition

azf h(Oé17T1)j1 oﬂf h(al,ﬁ)ﬂé O/:{u(p) h(ath)jn(p)
A(T, O[) — a’;l h(a27 TZ)JI aéQ h(QQ’ 7'2).]2 . a;'i(f’) h(a27 Tz)]n(p) # O’
) M) Tor) ) @)y T n(;) M@y (p) > Tr(p)) <)

then, given arbitrary 3 € R*®), the problem Q' o R is uniquely solvable for the data (7, o, ),
and its solution (1,72, - - -, V(p)) = (Q YoR)5(r, a, B) can be calculated by Cramer’s formulas

Ak(T7 «, 5)

= — k=12,...
Vi A(T, Oé) ) ) 4y 7/§'(p)7

where Ay (7, o, B) is the determinant of the matrix formed from the above matrix by replacing
the kth column (oz1 h(ay, 1)k, o hag, 7)k, ..., o't Moy Tu(p))'*) With the column

#(p)
B = (/817525 cee ’IBK)(p))'

2.5. The following criterion clarifies the case in which there exist numbers 71,..., 7.
satisfying the hypothesis of Theorem 2.4.

Theorem. Let n € N, let T be an arbitrary set, and let p,: T — R, ¢« = 1,...,n

The family of functions 1, ... ,p, is linearly independent in the vector space RT if and only
if there are points tq,...,t, € T satisfying the condition
e1(t1)  p2(t1) en(t1)
t t t
e1(t2)  pa(t2) %?F 2) 20 (1)
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< For convenience, introduce a notation for the matrix in (1):

e1(t1)  p2(t1) en(t1)
TR R
01(tn)  @2(tn) .- @nl(tn)

The case n = 1 is trivial: if {¢7} is linearly independent then 1 # 0 and, hence, for some
point ¢; € T we have p1(t1) # 0, i. e, |M1(¢1; t1)] # 0.

Let n € N and assume that for every linearly independent family ¢1,...,¢n: T — R
there exist points t1,...,t, € T satisfying (1). Now consider a linearly independent family
O1y-eesPn,Pnt1: T — R. By the induction hypothesis, there are points ¢1,...,¢, € T such
that the matrix

M = Mn((pl,...,tpn; tl,... ,tn)
is invertible. We are to find a point ¢ € T' which ensures invertibility of the matrix
M(t) = Mn-i-l(()ph e Py Onats T, 7tn7t)-

Assume to the contrary that |M(t)] = 0 for all t € T. Then, for each t € T, there is a tuple
0%# (a1(t), ..., m41(t)) € R™! satisfying the condition

M(t) (Ocl(t), S ,Oén+1(t)) =0
or, which is the same,

e1(t1) o (t) + -+ on(t1) an(t) + ent1(t1) ansa(t) =0,
p1(t2) ar(t) + - + pnlt2) an(t) + ni1(te) antr(t) =0,

ey @
P1(tn) ar(t) + -+ n(tn) an(t) + o1 (tn) anga(t) = 0,
P11 (1) + -+ 9u(t) anl0) + Pua(t) air (1) = 0. )
The subsystem (2) is equivalent to the equality
M(ar(t), - on(t) + ant1(t)(ns1(t), - -, Pnta(tn)) = 0
which implies
(@1, (6)) = —aar (B) M (Gt (), Prsa () @
Due to (4), in the case an11(t) = 0 we would have a;(t) = -+ = aup41(t) = 0, which
contradicts the condition (aq(t),...,an+1(t)) # 0. Consequently, ay,41(t) # 0 and
(205 2 ) = =M it (). )
According to (5), the numbers 3y := Oj:r—%, ey B = aiigt()t) do not depend on t. It remains

to observe that (3) implies

,31(,01@) + -+ 5n(,0n(t) + (,On+1(t) =0 forall t&€T

contrary to the linear independence of the family ¢1,..., ¢, @nt1. >
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2.6. Theorems 2.4 and 2.5 directly imply the following condition for unique solvability of
the “corrected inverse problem” Q! o R.

Theorem. Let x € CY(R), h € C1(R?). If the family of functions

t e z(t)* h(z(t),t)%, k=1,2,...,k(p),

is linearly independent in the vector space R® then there exist 1, ... s Tr(p) € R such that,
for all B, ..., Byp) € R, the problem Q! o R is uniquely solvable for the data 71, ... s Tr(p)s

Z(T1)s s T (Ta(p))s By Brp)-

10.

11.
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Awunoranus. ITokazano, kak OMHAPHBIE COOTBETCTBUS MOTYT OBITH MCIIOIH30BAHKI ISl TTPOCTOM (hopMa-

JIM3AIAN TTOHSITUS 3aaY1, OTIPeIeIeHNs OCHOBHBIX KOMIIOHEHTOB 33/1a9, WX CBOMCTB M KOHCTpYKImii. B wacT-
HOCTH, MpeaokeHa (HOpMaTn3amus CIeAyOIMUX TOHSTH: yCI0BUe, MaHHbIEe, NCKOMBIE U DeNleHus 3aa4u,
Pa3penmMoCTh U OJHO3HATHAS PA3PENTUMOCTh, 0OpATHAS 33a4a, KOMIIO3UIIAS W OTPAHUYEHNe 33039, M30MOP-
dusm Mexay 3agadamMu. PacCMOTpEHBI TOTTOJIOTUYECKHE 33Ia9M U CBSI3QHHBIE C HUMU MOHSITUS YCTONYUBOCTH
¥ KOPPEKTHOCTH. Y Ka3aHa CBA3b MEXKY YCTONYUBOCTHIO M HEMPEPHIBHOCTHIO OTHOZHAYHO PA3PENINMOM TOIO-
JIOTHYEeCKo# 3amaun. Jlaro onpemeenne mapaMeTpU3aliil MHOYKECTBA. BBeIeHBI TTOHATHS TTapaMeTPU30BaAHHON
3a/1a9M, 33,1991 BOCCTAHOBJIEHNST 00HEKTA 10 3HAUEHUSM MTapaMeTPOB, a TaKKe TOHATHS JIOKAILHO CBOOOIHOTO
HabOPa MapaMeTpPOB U YCTONIMBOCTH OTHOCUTEIHHO HAOOPA MapaMeTpoB.
B kavecTBe MILTIOCTPAIMN PACCMOTPEHA CHHTY/ISIPHO BO3MYIIEHHAST CUCTEMa OOBIKHOBEHHBIX quddepeHImnanh-
HBIX YPABHEHU, OMUCHIBAIOIIAS TTPOIECC XUMUYECKON KUHETUKHU W ropeHus. [[jIst Takoi cucrteMbl chOpMyIu-
pOBaHBI TIpsMas U 00paTHas 3a7a4a. V3ydaeMblil KiTacc 33729 PACIIUPEH 33 CIeT PACCMOTPEHNT MHOTOYUIEHOB
TPOM3BOJIHHON CTEMEHN B KAYeCTBE MPAaBBIX dacTel auddepeHma pbHbx ypasuennii. [loka3aHo, kak obpar-
Has 33193 XUMWYECKON KUHETHUKU MOXKET OBITh CKOPPEKTHPOBAHA M TIPUOJINKEHA K TTPAKTUKE TIOCPEICTBOM
KOMTIO3UIIMY C TPOCTON BCIIOMOTATETbHON 3aj1adeil, peaausyIomeil CBsa3b MexXay (MYHKITUIMA U KOHEIHBIMUA
HabOPAMHU M3MEPSIEMBIX UHMCJIOBBIX XapPaKTEPUCTUK. [IpuBeqeHsbl (hOPMYJIBI PEIIeHusT W YKA3AHBI YCJIOBUS O
HO3HAYHON Pa3penmMOCTH CKOPPEKTUPOBAHHON 00paTHOM 33Jaun. B paMkax MCCAeTOBAaHUS Pa3pemmMOCTH
MOIyYeH KPUTEPHUi JTHHEHHOM HEe3aBUCUMOCTH BEMECTBEHHBIX (DYHKITHN B TEPMUHAX KOHEYHBIX HADOPOB WX
3uauennii. C MOMONIBIO YCTAHOBIEHHOTO KPUTEPHUS YTOYHEHA PEATU3YEMOCTh YCIOBUS OJHO3HAYHON pa3perin-
MOCTM OOPATHOM 33JaYM XUMUYIECKOH KUHETUKU.

KumroueBrbie ciioBa: OMHApHOE COOTBETCTBHE, OOpAaTHAS 3a/1a9a, PA3PelnMOCTh, KOMITO3UIUS, YCTONIM-
BOCTh, KOPPEKTHOCTD, A pepeHnnaabHoe YypaBHeHIe, XUMIYECKasT KUHETUKA, JUHEeHHAs He3aBUCUMOCTbD.
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Annoranms. B mpocrpaHcTBe mesbx GYHKINI SKCITOHEHIIMAIHFHOTO THITA, PEATN3YIOMEeM CHIIHLHOE COTIPSI-
JKeHHOe K mpocTpancTBy Ppemre dyukimit, 6eckonewro nnddepeHnrpyeMbIX Ha BEIIECTBEHHOM MHTEPBa-
JIe, COEPXKAIIeM HAYaI0 KOOPIWMHAT, UCCIeIOBAHBL JIMHEIHbIE HEIIPEPHIBHBIE OLEPATOPHI, IePECTAHOBOY-
Hele ¢ omeparopoM Ilommbe. OHM 337AI0TCS JIMHEHHBIM HEIPEPHIBHBIM (DYHKI[MOHAJIOM HA YIOMSIHYTOM
MMPOCTPAHCTBE HEJIbIX (DYHKIMIA, & 3HAUNAT, C TOYHOCTHIO IO COMPSI)KEHHOr0 K mpeobpa3oBannio Pypre —
Jlamaca, 6eckorneuno quddepermupyemoii byHKITeH Ha UCXOIHOM HHTEpBase. /Jana moaHas XapakTepu-
3anmst HbYHKIMOHAJIOB, OMPEIE/ISIONNX YKa3aHHBIM 06pa3om n3oMopdu3msr. Jokazano, uTo n3oMopdu3m
3amaerca pyakmavu, He pasabivu 0 B Hagaste koopauHatr (u Tonbko uvu). CymecTBeHHYI0 POIb B J10-
Ka3aTeIbCTBE COOTBETCTBYIOIEr0 KPUTEPHS UIPAT METO, UCIOJIB3Y O TEOPUI0 KOMIIAKTHBIX OIlepa-
TOpPOB B GAHAXOBBIX MPOCTPAHCTBaX. Brimesen kiaacc Tex 6eckoHevHO quddepeHImpyeMbIX Ha UCXOIHOM
uHTepBaie (MYHKIWI, KOTOPBIE 33aJai0T ONEePATOPhl U3 YIOMSHYTOrO0 KOMMYTAHTa, OJIM3KHE K H30MOD-
dbusmy. Takue omepaTopbl UMEIOT KOHEYHOMEPHOE siapo. [ljisi WHTepBaia, OTJMYHOIO OT BEleCTBEHHOMN
MIPSIMOI, MBI OIIPEIEIsIeM TaK¥Ke KJIACC OMepaTOpPOB M3 KOMMYTAHTA Ooreparopa IIoMMbe, He sIBIISIONIIXCS
ciopbeKTUBHbIMU. COIPSIKEHHBIN K JTHHEHHOMY HEIPEPHIBHOMY OIEPATODPY, IEPECTAHOBOYHOMY C OIlepa-
Topom [Tommbe, peammn3yercs B mpocTpaHcTBe OeCKOHeTIHO auddepeHnupyeMbix HyHKIMI KaK OIepaTop,
MOJIy9eHHbIH (DUKCUPOBAHNEM OIHOTO COMHOXWTENs B rpon3nenennn /[oamests. CylecTBeHHOE OTINYINe
PACCMOTPEHHOM CATYAIHMH OT WUCC/IEIOBABIINXCS DaHee COCTOUT B OTCYTCTBHU IUKIMYECKHX BEKTODPOB Y
oneparopa [ToMMbe B HCXOTHOM IIPOCTPAHCTBE IENbIX (hyHKINIA.

KumroueBrbie ciioBa: omeparop [lommbe, menas MyHKINS IKCIIOHEHITHAIHFHOTO THUIIA, TPOCTPAHCTBO Oec-
xonewHo aud depeHmpyeMbrx GYHKIWN, KOMMYTaHT, T30MOD(GU3M.

Mathematical Subject Classification (2000): 46E10, 30D15, 47L10, 26E10.

BBeneunune

B macrogmeit pabore m3ydaioTcs cBOCTBa KOMMyTaHTa omeparopa Ilomvmbe Dy B mpo-
crpauctBe Hq menbix pyHKOUH 3KCIOHEHITNAIBLHOTO THUIA, U30MOP(MHOTO CHUIBHOMY COMPSsi-
KeHHOMY K mpocTtpancTBy ®Pperre () dbyuknuii, 6eckonedno audepeHimpyemMbx Ha WH-
repsare () C R. Panee oneparop Dy n ero ogrnomeproe Bo3mytenne Dy 40 n3yvamnch B [1-4]
B CYETHOM WHIYKTHBHOM Tipejese F BecoBbix mpoctpancTs @perre menbix yHkuumii (ecim
go =1, 10 Dy = Dy 4,). B. A. Trauenxo [5, 6] ncrommzosar omeparop Dy 4, B c1yHae go = e’
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rae P — mekoropsrit Mmuorodnex (cu. [1]). B [5, 6] ou geiicteyer B (LB)-mpocTpancTse menbix
dbyHKIHMIT, POCT KOTOPHIX ONPENETAETCS P-TPUTOHOMETPUYIECKH BhITYKI0i (p > 0) dynkmeii
co 3HaueHusiMu B (—00, +00]. CompsizKeHHBIN K HeMy Ha3BaH B [5| omeparopoMm 0600IIEHHO-
ro unrerpuposanns. Koucrpykmun mogobuoro poga B (LB)-mpocrpancree mebix dbyHKIuit
9KCIOHEHIMAIBHOr0 Tuma ncmosib3osainchk . @. Kpacunukosbiv-Teproscknm [7]. B [1] 6e11
HCCIIeIOBAH KOMMYTAHT g 4 B KOJIBIIE BCEX JIMHEIHEIX HEMPEPLIBHEIX orepaTopos B L. Croii-
cTBa anrebpbl, 00pa30BaHHOlN conpskeHHbIM E' kK F ¢ yMHOKEHHEM, ONMPEIETIeMbIM OTepa-
TopoM caBura s Do g, W3yHUeHbl B 2|, IUKINUECKHe BEKTOPHI U COOCTBEHHbIE 3aMKHYTHIE
MHBapUaHTHEIE ToAnpocTparcTBa Do ¢ B E ommcansr B 3, 4]. CyInecTBeHHBIM OTANYHEM pac-
CMATPUBAEMOIl 37IeCh CUTYAIUHU OT U3yYEHHBIX paHee KOHKPETHBIX CJIYYIAEB SIBJISeTCS HEKBa3W-
aHAJMTUIHOCTH TipocTpancTBa & (§2), m3omopdroro conpsixkennomy Kk Ho (B [3, 4] conpsixken-
Hoe K F peanmsyercss Kak HEKOTOPOE MPOCTPAHCTBO aHaauTH4IecKux dyukiwii). Creacreuem
9TOTO SBJSIETCS OTCYTCTBUE MUKJINIECKNX BEKTOPOB y omeparopa Ilomvbe B Hg. B curyanm-
SIX, UCCTEOBAHHBIX B [3, 4|, mukamyeckumu BekTopamu Dy sBisiioTcs Bce dbyHKInu u3 F),
OTJIMYHBIE OT MHOTOUIEHA (T. €. mX «BoJbIIey, ueM (hyHKIWi, HE SABISIOMUXCS TUKITIECKU-

OcHOBHO TIETRI0 JAHHON PADOTHI SIBISIETCS OMNCAHIe TNHEITHBIX HePephIBHBIX B Hq ote-
paTopoB, MepecTaHoBOUYHBIX B Hqo ¢ Dy n apasiommxcst n3omopduamom Hqg mianm OIn3KMX
K Hemy. Begkwmii onmeparop B u3 kommytanta £ (D) omeparopa Dy 3amaercsi HEKOTOPBIM
JIMHERHBIM HenpepbIBHbIM (yHKIMoHaIoM ¢ Ha Hg. C yuerom peduiekcusrocrn & (§2) n reo-
pembr 15 — Bunepa — [lIBapiia conpsizkernoe K Hg MOXKHO 0TOXKIeCTBUTE ¢ & (), u Torma
snementsl £ (Dy) onpenesnsttorcst (ogno3uawHo) dyukimsmu u3 (). [Tokazano, aTo n3oMop-
du3M 3aaeTcs TO U TOMBKO Toit (yHKIME, KoTopas He paBHa 0 B Hauaje koopauHat. [Ipu
9TOM CYITIECTBEHHYTIO POJIb WTPAET METOJ, MCIMOJB3YIOMNH TEOPHIO KOMITAKTHRIX OTIePATOPOB
B HAHAXOBBIX MPOCTPAHCTBAX. PaHee B aHAJOTMYHBIX BOTMpocax oH mpuMmensiics B. A. Tka-
genko [6]. B npyrom kpaiinem ciydae, korga 6eckonedno nuddepenippyemvast B £ dyHKIst
obparaercss ToxkaecTBeHHO B () B HEKOTOPOIT OJHOCTOPOHHEH OKPECTHOCTU HAYaJa KOOPIH-
nar (n maTEpBaAT {) C COOTBETCTBYIOIIEH CTOPOHBI OIPAHUYEH ), OHA 33/AeT HECIOPbEK THBHBIH
oneparop. Kak nmokazano B [1], ¢ momomipio oneparopa casura jiisi oneparopa [lomvbe B co-
npsizkeHHOM HY, K mpocrpancTBy Hg MOXKHO BBECTH aCCOIMATHBHOE M KOMMYTATHBHOE YMHO-
xkenne. Ero ecrecrennoii peanmnzanueit B & (§2) siasiercs npoussenenve Joamers, nrpaoiiee
BAYKHYIO POJIb B PA3/IMYHBIX BOMpocax anaan3a (cMm., nampumep, paborst M. T. Kapaesa |8,
9]). DTo nponsBesieHNe TOXKE CYIIECTBEHHO MCIOIB3YETC B J0KA3ATEJIhCTRAX.

1. BcomomorarejbHBIE CBEAEHUS

[Tycrs Q@ — unrepsan B R, comepxammii 0; (K, )peny — wucuepnbiaionias §) mocsieaosa-
TeJILHOCTL OoTpe3koB: K, C intK,y1, n € N; Q = UneN K,. Ilpu sTOM AT MHOXKECTBa
M C R cuvBout int M oboznauaer sayrpenrocts M B R. Bynem canrars, uro 0 € K. Ilycrs
Hy(z) = supyep (2y), © € R, — onopras dynkmus muoxectsa M C R; A(C) — npocrpan-
ctBo meeix B C dyrkmmii.

Hanee nia n € N

[/ (2)
(1+ [z])" exp(H,, (Im 2))

Hqp = {f € AC) : ||f|ln := sup < —i—oo} ;

zeC
Hgq ,, siBRsieTcst 6aHaXOBBIM IIPOCTPAHCTBOM € HOPMOiL || - ||,,. IIpm aTtom Ho ,, C Ho py1, n € N,
7 3TW BJIOYKeHUsT HenmpephiBHKI. [lomoxxnm Hq = UneN Hq , n cnabaum Hq Tomoorueit nH-
JYKTHBHOTO IpeJesia npocrpancTs Hg ,, n € N, oTHOCHTe1bHO UX BIoXKeHnuit 8 Hq.
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[Monoxum ey (x) := e~ g\ € C. st TOKAIBHO BBITYK/IOTO MPOCTPAHCTBA X CHMBOJ
X' obozmagaer Tonosorngeckoe conpsizkennoe K X . I[Tyers & (2) — mpocrpancrso ®perme Beex
6eckoneuno muddepenimpyembix B ) dyukiwmii. [To Teopeme [Tam — Bunepa — IIsapia [10,
Teopema 7.3.1] npeoGpaszosanne @ypre — Jlammaca F () () := p(ey), A € C, o € &(2), ycra-
HABJIMBAET TOMOJIOTUIECKU H30MOPMU3IM CHIBHOTO compsizkeHHOTO K & () Ha Hg. OTMmernM,
aro & (§2) pediekcuBHO.

[Tycrs £ (Hg) — mpocTpaHCTBO BCEX JIMHEHBIX HeNpepbiBHBIX oneparopos B Hg. Onepa-

top llommee D,, z € C, onpeaensercss paBeHCTBOM

IOG) g,

D.()(t) = {f,(tz; T

f € Hq.Ilo [1] D, € Z(Hgq) ans moboro z € C.
Cnemys [11, 12], BBegem casuru T, z € C, ayust Dy, TUHEHAHO U HEIPEPHIBHO JIEHCTBYIONIIE

B Ho: nist f € Hq
tf(t)—2f(2)
77 t # Z7
T.(f)(t) = o
F)+20), b=
[Iycrs # (Dy) — MHOXKECTBO BCEX JIMHEHHBIX HEMPEPBIBHBIX OmeparopoB B Hg, mepecra-
HoBOuHBIX ¢ Dy B Hg, T. e. kommyTtantT Dy B Kosbie £ (Hg).
Teopema 1. Crexyromue yTBEpKICHAS PABHOCHILHBL:
(i) B € ' (Dy).
(ii) CymecrByer ¢pyukmnuonan ¢ € Hy, rakoii, uro B(f)(z) = ¢(T(f)), z € C, f € Hq.
< U3 [1, reopema 15| ciemyer cnpaBemjimBoCcTh T€OPEMBI. [>
Hna ¢ € Hy, nonoxum By(f)(z) = ¢(T:(f)), z € C, f € Hq.
Onpezennmv Gunapuyio onepaunio ® B Ho @ (¢ @ ¥)(f) = @.(0(T:(f)), v, € Hf,
f € Hq. ITo [1, § 3| mpoussenenne ¢ ® ) KOPPEKTHO OMPEEIEHO; OHO ACCOIMATHBHO M KOMMY-

tarusro. Kpowme toro [1, crencreue 18], orobpaxkenne r(p) := B, sBisiercss n30MophuI3MOM
anrebp (H¢, ®) u # (Dy) (B mocsiequeit BBOJUTCS 0GBITHOE OMEPATOPHOE YMHOMKEHHE).

2. OcHOBHOII pe3yJsibTaT

Kaxk o6srano, D(R) — nmpocrpamcrso Beex 6eckoredno nuddepennupyemsix B R dbyukmmii
¢ KOMTAKTHBIM HOCcuTeneM. s obobmennoit dbynkimpm u € D'(R) cumBon supp(u) o6o3na-
9aeT HOCUTETh 4. OTMETHM CBOMCTBO PABHOMEDPHON OTPAHUIEHHOCTH HOCUTENIEH 0600IEHHbIX
bymxmmit F YT, (f)), 2 € C, ana bukcnposannoit bynxmun f € Hq.

Jdemma 1. Jlnsg mo6erx m € N f € Hqm, 2 € C, mocuremn F~H(Do(f)) u FHT.(f))
conep>karcst B K,,.

< Ilpumensis TpUHIAT MaKCHMyMa MOy/ad, moaydaem, 9To || Do(f)||m < +oo u

- T.(/)(0)
et (1+ )T exp(H,, (tm D))

< +00.

o Teopeme Iamn — Bumepa — Isapma supp (F (Do (f))) C K, n supp (F~HT.(f))) C
K. >

Jl1st  JIOKAJIBHO BBIIYKJIONO TIPOCTPAHCTBA X, JHHEHAHOTO HENPEPBIBHOTO OMEepaTopa
A: X — X sjpevment x € X HasblBaeTCA yukauueckum sexmopom A B X, ecqm cucrema
{A"(z) : n > 0} momma B X, T. e. ee nuHeitHAs 000/09Ka I0THA B X .
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Caencrsue 1. Omeparop Dy me nmeer B Hq HEH 0JHOTO IHKJIHYECKOTO BEKTOPA.

< Badurcupyem f € Hqp,. [o memme 1 HOCHTETh Kaxka0#t 0000IMIeHHON (ByHKINHT
“1(DE(f)), n = 0, conepxurcst B K,,,. Bozbmenm wenynenyto dynknmnio h € D(R) Takyio,
ato (supp(h)) N K, = @ u supp(h) C Q. Torma Z~H(D2(f))(h) = 0 ana moboro n > 0.
Bmaunt, muoxecrso {FH(D{(f)): n > 0} He ABIAETCS TONHBIM B CHIBHOM COTPSIZKEHHOM
K & (1), cienoBarenso, Muoxkectso {Dg(f) : n > 0} me asasgerca nomusiM B Ho. >

9ToT PaKkT TPUHIUTHAIBHO OTINIAET PACCMATPUBAEMYIO 3[€Ch CUTYAIINIO0 OT W3yJYeHHBIX
panee. OH BJIeUeT Tak»Ke, UTO CEMEHCTBO COOCTBEHHBIX BaMKHYTBIX [o-MHBAPUAHTHBIX TOJI-
npoctpaucte Hq ovens mmpokoe.

[Iycrs S(R) — mpocrpancrso [IIBapia Beex Geckoneuno mudepeHimpyemMbix hyHKIi
h: R — C rmaxnx, uro limsoo([t[¥]f*)(t)]) = 0 mnst mo6oro k € N. Cumpomom Fg 06o-
suaunM npeobpazosanne Pypwe, neiicraytomee B npocrpanctse S’ (R) 0600mennbIx dhyHKIMIi
MeJIeHHOro pocrta Ha R.

Ima h € S(R) Beemem beHKHI/IIO k(h)(z) = [0 h(t dt, z € C\R.
JIemma 2. ITycts h € S(R f+oo )dt. Torma hmz—>o\o (zk(h)(2)) = —A.
€C\R

Dro yrBepxaenue coaepxkurcs B [13, v, 4, § 71]. Tlockonbky dyukmmu h u hy(t) := th(t)
npunaiexar S(R), ro waiigercs C' > 0 Takoe, uTo st J0ObIX t1,te € R, myst KOTOPBIX
|t1], [t2| = 1, BeimosmsioTca mepaBencTsa |h(t1) — h(t2)| < C‘% - %| u |hy(t1) — hi(t2)| <
C ‘ & 5 (1. e. B repmunosiorun (13| h u hy ynosmersopsitor yeaosuio H BOmm3u oo). Kpo-
Me TOrO, CYIIeCTBYIOT IMPeIeIbl 11m1z~>o>o k(hi)(z) n hmﬁl?z?é k(h1)(z), pasubie 0. ITosromy

hmze—é:o\o (zk(h)(z)) = —A 1o [13, c. 260].

BAMEUAHNE 1. (i) HpeoGpasosanue .Z : ¢ > (p(ex), A € ) sBasieTcss ToMOIOrIIe-
cKUM n30MOPGMU3MOM CHIILHOTO cornpsizkenHoro K Hg Ha &(Q2). IIpn srom F — orobparkenne,
conpsikenHoe K % : &(Q1) — Hq orHocuTenbHo ayanbubix map (&(Q2),&(Q)) u (Ho, H).

[Tonaraem @ := gzv(gp), p € H{,. Hns mobeix ¢ € H{, n > 0, cupaBeJyinBO PaBEHCTBO
P (0) = pe(t™). N

(ii) Onepaunst ® nocpencrsom Z : H{, — &(Q) ungynupyer B & () npousseznerne Troa-
MEeJIs, T. €. @ = Qx* 121\, rie

(g4 h)(t) = %(/g(t — 7)) dT> — g(Oh(t) + [ gt —n)h(r)dr, g,he Q).

o _

(iii) Bumneiinas dopya (f,h) :=.Z L(h)(f), f € Ho, h € £(RQ), 3a12€T ABOACTBEHHOCTS
vesxy Ho w &(2). Tipu arom (f, h) = .F~L1(f)(h).

ConpskennsiM K omeparopy By, : Ho — Ho, ¢ € H{,, OTHOCUTEIBHO 3TOil J[BOHCTBEHHO-
cri siByisierca oneparop Ag : £(Q) — &£(2), Ag(h) = @ * h.

Brigcaum ganee, npu Kakux yciaopuax B, apasgerca usomopdusmom Hg. Bragane oxa-
pakTepusyeM MHbHBEKTUBHBIE OTIEPATOPHI BSO'

JIemma 3. Cuexyrorime yTBep:K/IeHHs DABHOCHIBHBI:

(i) B, nawexrupen B Hq.

(i) p(0) # 0.

< (i)=(ii): Ecmr ¢(0) = 0, To By(1) = 0 (crosimast B cKoOkax (byHKIUS TOXKIECTBEHHO
pasra 1). [TosTomy omeparop B, He SBIAETCA HHBLEKTUBHBIM.
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(ii)=(i): Iycrs f € Ker B,. Torna ¢(T%(f)) = 0 ana moboro z € C. CrenoBarenbHo,
F- YONTL(f) = 0 m ZF YT.(f))(@P) = 0 gns moboro z € C. Tlo memme 1 cymectryer
m € N, 1719 KoToporo HocuTesnn Beex obobmenurx dymakmmit .7 (T, (f)), z € C, conepxarcs
B

K,,. Bosbmem dyukuuio x € D(R) rakyio, uro x paBHa 1 B K41 n supp(x) C Q. Torza
3'7_1(T (f)) (xp) =0, z € C. Takum 06pazom,

s (@) (T(f) |g) =0, zeC.

Oyuxims g := Fg ' (xP) npunagrexur S(R) (npu srom S(R) orToxkecrrisiercs cramiapt-
HBIM 06pazom ¢ noanpocrpancTeoM S’ (R)). 3uadur,

+o0 +o0

/ %dt =z2f(2) / %dt, z € C\R.
TTooxkum

oo T o
a(z) = / L dt, B(z):= / P dt, ze C\R.
ITo nemme 2
+oo
dm 6BE) == [ et = —x(©0)70) £0

—00
(bynxmus tf(t)g(t), t € R, mpumagmexur S(R)). IMockonbky limzﬁo\o, a(z) = 0, To
zeC\R

lim, o f(2) = 0 u, cregosarensro, f = 0. Suaunt, Ker B, = {0}. >

Beegem dynkumonanst dp, € Hf,, n > 0: dp,(f) := %f(")(O), f € Hq. 3amernm, 910
Son(z) = L™, 2 € Q, u k(6o,n) = Bs,,, = D [1, nemma 7| (oroGpaskenue « : H{, — ¢ (Dy)
BBEJIeHO B §1).

Jlemma 4. Iycrs ¢ € Hy mw 9(0) =0,0< j <n—1, gz HEKOTOPOro N, € N. Torzxa
cymecryer ¢ € H{, rakoe, 1o ¢ = &y pn @ 1. ECJH/I 2™ (0) # 0, 1o P(0) # 0.

< Hosnowny ¢ 1= F L@ i b := @. Torma

h(t) = %% (/(t —7)"h (1) dg), teqQ,

0

T. e. S\O,n % h(") = h. Orcioma clefyer paBeHCTBO @ = do,n @ f_l(h(")). >

Brenem gyansubie mpegnopmbl B Ho: o ||lo|l) :=sup fem,, |¢(f)], n € N, ¢ € H,.
[£lln<1

Teopema 2. Ciexgyomniue yTBep:K/eHUS PABHOCH/ILHBL:

(i) B, € A (Do,g,) — m3omoppusm He.

(i) 3(0) # 0.

< (ii)=(i): Ucnonszyem meron nokazarenbcrsa B. A. Tkauernko [6, reopema 2]. ITockoabky

mns f € Ho, t # z
tf(t) — zf(z) f(t) = f(2)

t—2z t—z

=f(z) +1
TO

Bo(f) = 20)f + B(f), B(f)(2) = @:(tD=(f)(t)), z€C, fe Ho. (1)
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[Tokaxkem, uTo B — /uHEHBbII HempepbIBHBIN omepaTop B Hqg Takoil, uTo ajisa j0b0oro
n € N cyxenne B na Hq , — KoMmakTHbI onepaTop B Ho ,,. Sadukcupyem n € N. [Toroxnm
Sn=A{f€Han: |flln <1}. dna moboit byukmun f € Sy,

D= (f) ()]
1+ [t))** exp(H,,, (Imt))”

o (ED= (S D] < llepllra Sup ¢ (2)

1
D= (f) ()] _ LS (t) — f(2)]
(1 +[t))"+! exp(H,,  (Im8)) |t = 2[(1 + [¢])"+! exp(H,,, (Im 1))

Badurcupyem € > 0. Ecin z € C, |t — z| > =, To mys moboit dyuknun f € S,

(3)

<e€ (1 E||t| + (14 |2|)" exp(H,, (Im z))) < 2e(1+ |z))" exp(Hk,, (Im 2)).

Ecmm xe |t — 2| < % mist z € C, To myia soboit byukIuu f € S, MO TPUHITUIY MAKCAMYMa
mozysist Hadigercst w € C Takoe, uro |w — z| = % W BBITIOJIHAIOTCS CIEAYIONINE HEPABEHCTRA!

D= (f)(@)] < 1
(L + [t exp(Hi,, (Imt)) ~ (1 + [t])" exp(Hi,,, (Imt))
X((1 4 [w])" exp(Hg, (Imw)) + (1 + |2[)" exp(Hx, (Im 2)))

1+ |t

2\" 2C,
<e <<1 + g> exp <T> + (1+ |z|)" exp(HKn(Imz))> ,
rie Cy i= max¢— Hg, (Im§) < +oc. U3 (2)-(4) crenyer, aro

S BU)(E)

= 0.
z=00 reg, (1 +|2])" exp(Hk, (Im 2))

[Tocesree Breder oTHOCHTENLHYIO KOMIAKTHOCTE B(S),) B Ho p. Ilo memme 3 omeparop B,
nabektneeH. [Tockombky (0) # 0, To Bemencreue (1) oH sBiIsIeTcsT H30MOPGMU3MOM KaZK I0TO
npocrpanctsa Hq ,, n € N. Orciona crenyer, uro B, — m3omopdusm Hg.

(i)=(ii): Ecmz $(0) = 0, To mo temme 3 B, He SBIATCS NHBEKTUBHBIM. [>

Cnencrsue 2. TTycrs ¢ € Hby m 9(0) =0, 0< j <n— 1, 3™ (0) # 0 mrs mexoroporo
n € N. Torna cymecrsyer ¢ € H(,, ana xoroporo B, = Dy By u By, — TOmOJOrHIeCKHIT
nzomopcpusm Hq. Kpome toro, B, : Ho — Hq nmeer jmHefiHbIfi HerpephIBHbIA HpaBbIii
0OpATHBIH.

< Io smemme 4 cymecrsyer ¢ € H(, Takoe, 9to ¢ = 0o, ® Y U J(")(O) # 0. Torma
B, = Bs, ,, By = DyBy, = By Dyy. Ilo teopeme 2 By — wnsomopdusm Hg. Ilockobky ome-
parop Dy : Hqg — Hq ciopbextusen, siapo Ker B, = Ker D n-MepHO (a 3HAMHUT, TOIO-
Jormaeckn gonoaanMo B Hq), To B, : Hg — Hgq wMeer JMHeliHbI HETPEPHIBHbIN MpaBbIit
obpaTHbIit. [>

Obparmmes Temeph K Apyroii Kpaitueit cuTyammm, Korga (DYHKIONS (0 ABIAETCA <OYEHB>
IJIOCKO# B HadaJje KOOPAWHAT, T. €. OHa paBHa () B HEKOTOPOI OJHOCTOPOHHEH OKPEeCTHOCTH
Havaa KOOPIUHAT.

SAMEYAHUE 2. Paccmorpum citydaii, Korga naTepBas §2 orimdaen or npsmoit R. Torma
Q = (w,w"), rae xora 6B1 oHO W3 W™, w' Konewno. Ilycrs, HampuMep, w™ € (0,+00).



54 Wranosa O. A.,Menuxos C. H.

[TpenmonoxnuMm, 9to @ = 0 B HEKOTOPOH MPABOCTOPOHHEH OKPECTHOCTH HAadasa KOOPIUHAT.
Torna Haﬁ;[eTc;{ HeHyneBaﬂ byukiusa h € £(Q) raxast, uro h = 0 B (W, wp] a1s1 HEKOTOPOTO
wo € (0,w™ fo (t = 7)h(t)dr = 0 nna moboro t € €. Bmaunt, Ag(h) = @ *xh = 0.
OnepaTop A@ 1 £(Q) = &(Q) apasiercs conpsikennniM K By, : Hg — Hgq (oTHOCHTETHHO
ayaneHoit mapel (Hg, &(€))). Tax xax Ag memabextusen, To no [14, ra. 8, § 8.6] Im B, ne
ABJIseTCA MI0THRIM B Ho n, Tem 6onee, B, : Hg — Hgq HeclophbeKTHBEH.

Awnajiornano, ecim w~ KOHEYHO ¥ @ = () B HEKOTOPOIi JIEBOCTOPOHHEH OKPECTHOCTH HAavYaIa,
To omepatop B, : Hy — Hq HeciopbeKTuBeH, IpudeM ero obpas gaxke He IioTeHn B Hgq.

[TpuBeIeHHbBIE PACCY K IEHIS NMEIOT HEMOCPEICTBEHHOe OTHOIIIEHNE K TeopeMe TuTamapia
o ceeprke [15]. Ee soka3aresbCcTBO € MCIIOJIB30BaHIEM TOJIBKO Teopuu (ByHKINi BelecTBeH-
HOTO mepemenHoro mauo B [16, ra. II|, B [17] ono mpoBemeno meromamu GyHKIIMOHATHLHOTO
anam3a. O menmrensix Hyast cBeprku Jlioamenst peds uaer B moHorpadun . JTumoBckoro

18, § 1.1].
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AND POLYNOMIAL GROWTH ON THE REAL LINE

Ivanova O. A.', Melikhov S. N.1:2

! Southern Federal University,
8 a Mil’chakova st., Rostov-on-Don 344090, Russia;
2 Southern Mathematical Institute VSC RAS,
22 Marcus st., Vladikavkaz 362027, Russia

E-mail: neo_ivolga@mail.ru, melih@math.rsu.ru

Abstract. In the space of entire functions of exponential type representing a strong dual to a Frechet
space of infinitely differentiable functions on a real interval containing the origin, linear continuous operators
commuting with the Pommiez operator are investigated. They are given by a continuous linear functional on
this space of entire functions and hence, up to the adjoint of the Fourier—Laplace transform, by an infinite
differentiable function on the initial interval. A complete characterization of linear continuous functionals
defining isomorphisms by virtue of the indicated correspondence is given. It is proved that isomorphisms are
determined by functions that do not vanish at the origin (and only by them). An essential role in proving the
corresponding criterion is played by a method exploiting the theory of compact operators in Banach spaces.
The class of those functions infinitely differentiable on the considered interval that define the operators from the
mentioned commutant close to isomorphisms is distinguished. Such operators have finite-dimensional kernels.
For an interval other than a straight real line, we also define the class of operators from the commutant of the
Pommiez operator that are not surjective. The adjoint of a continuous linear operator that commutes with
Pommiez operators is realized in the space of infinitely differentiable functions as an operator obtained by
fixing one factor in the Duhamel product. The essential difference of the situation under consideration from
the previously studied one is the absence of cyclic vectors of the Pommiez operator in the considered space of
entire functions.

Key words: Pommiez operator, entire function of exponential type, space of infinitely differentiable
functions, commutant, isomorphism.
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Annoranms. Vccnenosana Bmaon3MeneHHast 3a7ada Komm Uit 9eTHIPEXMEPHOr0 yPABHEHUST BTOPOTO
MOPSIIKA TUTIEPOOJIMTECKOT0 THIIA CO CIIeKTPAILHBIM TapaMeTpoM u ¢ orneparopoM Beccenst. B ypasuerwnn
[0 BCEM TMePEeMEeHHBIM YyJaCTBYeT CHHTYIAPHbIN mnuddepenruanpubiit omeparop Beccens. s pemenus
chOpMyINPOBAHHON 3324, IPUMEHEH 0000meHHbINH omepaTop Dpaeiim — Kobepa ApoOHOTO MOPSIKa.
ITokazaHa (popMyJia BEIUUCIEHNS TTPOU3BOIHBIX BHICOKOTO TTOPSIIKA OT 0OOOIIEHHOTO OTIepaTopa D paeiin —
Kobepa, koTopas mpuMeHsieTcst Ipu UCCIeTOBAHUT CHOPMYTINPOBAHHON 3a1a49u. PaccMaTpuBaeTcss TaKKe
KOHMJTIOIHTHAS TUIIepreoMeTprdecKkast (DYHKIWST YeThIPeX MepeMeHHBIX obobmaomas Gyskmo I'ymbep-
Ta M JTOKA3bIBAETCS HEKOTOPHIE ee cBoiicTBA. [IpmHMMas BO BHMMaHME TOKA3aHHBIE CBOMCTBA OMEPATOPA
Opaeiiu — Kobepa n koHbII0IHTHON runepreoMerpudeckoil (hyHKIUU, PelleHne BUIOM3MEHEeHHON 3a/1a-
uu Komwu mpeacTaB/ieH0 B KOMITAKTHON MHTErpaJibHOM (popme, koTopas obobmaer (dopmyny Kupxroda.
TTonydennas dbopmysia O3BOISET HEMOCPEICTBEHHO YCMOTPETh XapaKTep 3aBUCUMOCTH DENIeHHs OT Ha-
YaIbHBIX (DYHKIWI U B 9aCTHOCTH, YCTAHOBUTH YCJIOBUS TJIAJKOCTH KJIACCUYECKOro pemienus. B pabore
TaKKe COMEP’KUTCS KPATKOE NCTOPUIECKOe BCTYIIIeHMe B quddepeHipaabHbe yPaBHEHHS C OIePATOPAMM
Beccems.

KimroueBbie cioBa: 3anaua Komwu, quddepennuanbuniii oneparop Beccens, 0606uiennbIii omeparop dp-
netim — Kobepa gpoOGHOTO MOpsaKa.
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1. BBegenue. IlocranoBka 3amaun

[ycrs © = (21,22, . .. ,Z,) — TOYKA N-MEPHOIO €BKJIMI0BA ipocTpancTea R™; Q = {(z,1) :
reRteRa,>t>0k=1....n}, R} ={x ¢ R": 2, >0,k =1,...,n}
PaccMoTpuM BEIOM3MEHEHHYIO 3amady Komm 1j1a ypaBHeHus

0%u 28 Ou " (0%u  2ay Ou
2\ =—+———— E —+ — — Nu=0 t) e 1
0 (1) ot? + t Ot pt <8xi + Tp 8xk> X u=0, (z%) ’ (1)
C HAYAJBHBIMU YCJIOBASIMU
= lim ¢ = R" 2
u(m, 0) f((L‘), t—l>r-r|-10t ut(x7t) g(x), LS ’ ( )

rae f(x) n g(x) — 3amannbie HenpepwiBHbe dYHKINN, & ok, S, A € R, npuuem 0 < o < 1,
k=1,...,n,0<pB <1

© 2018 Kapuwmos III. T., Ypuros A. K.



58 Kapuwmos III. T., Ypuros A. K.

Ypasuenue (1) npu pas3audHbIX 3HAYEHUAX N, 5, AU o, k = 1,..., n, BOSHUKAET BO MHOTHX
KJIACCHIECKUX 33a9aX TeOMETPUH, MPUKJIAJHON MaTEMATHKU W (DUBUKHU, KOTOPhIE M3YJaA0T-
¢ B TedeHue Dojiee UeM JIBYX CTOJeTuit co BpeMen Jditnepa. duddepenimanipuoe ypaBHeHme
C CHHTYJISIPHBIMEU KO3 DUIIMEHTAMI TP MJIAJIINX YJIEHAX BIEPBHIE PACCMOTPEHO Difaepom
B pabore [1| B cBsI3U ¢ u3yUeHneM JABUIKEHUs BO3IyXa B TPYOAX PA3HOTO CEYEHUS U KOJTeOAHMIH
CTPYH TIEPEMEHHOIT TOJIIMHBI, KOTOPOE 3aMEHOI MEPEMEHHBIX CBOJIUTCSA K ypasHernio (1) mpu
n=106%#0,a #0, A\ = 0. ObIree perienre aHaJOIHIHOTO yPABHEHWSI, PACCMOTPEHHOE
itepom, mpu n = 1, a; = B, A = 0 mamen Bb. Puman [2|, mocrpousmuii perenne 3amaan Ko-
U C TIOMOIIIBIO BCTIOMOTATEIHLHOM (DYHKITUH W METOIO0M, KOTOPBIil BITOCJIEACTBUN ObLT Ha3BaH
ero umeneM. Ypasuerue (1) mpun =1, f # 0, a3 = 0, A\ = 0 noz:xke paccmarpusan [lyac-
COH [3], HafIs /T HEro TUNepOOINYecKnil aHAIOT TPEICTABICHUST PeIeHuil, Ha3hbIBAEMbBIi
npezcrasiennem [lyaccoma. B aroii pabore oH Takxke paccmorpen ypasaenue (1) mpu n = 3,
B=1a,=0,k=1,23 X\ = 0. Buaunrensuo nosxe ypasuenue (1) mpu n = 1, ag = 0,
A=0mu0 < f < 1/2 BeTpevyasoch TpH UCCTETOBAHUN BOMPOCOB KPUBU3HBI MTOBEPXHOCTEH
B Monorpaduu I'. Tapby [4], rue oHo wazsano ypasuennem Jitnepa — [lyaccona. TTostomy
BIIOCJIEICTBAM MHOTHE aBTOPBI CTAJN HA3BIBATH ypaBHeHWs! Bujaa (1) W WX S/IMOTHYECKUE
aHajIoru ypasHeHusimu Jitnepa — [lyaccona — dap0y.

Baskubrii wacTHbIil caydail ypasuenns (1) mpu n = 1, § = 1/6, oy = 0, A\ = 0 gaBiager-
sl OCHOBHBIM 00beKTOM mccaenoBanns paborst [5]. [Tomydentsie 3/1ech pe3ysbTaThl ChIrPaJI
KJIIOUEBYIO0 POJIb TPU U3YUYEHUN KPAEBOH 3a/adun Jjis YPABHEHUST CMEITAHHOTO 3JIIAITHKO-
rumepboIMIeCcKOr0 TUTIA YUy, + Uyy = 0, HA3BAHHOTO BIOC/AEICTBUU ypaBHeHHeM TprkoMu.
B cBs13u ¢ 9THM HMCCTEIOBAHUIO PA3HBIX 33024 /i ypaBHenus (1) mpu n = 1 MOCBSIIEHO OYeHb
muOTO pabdor. Kpome Toro, Teopus ypaBHeHWUil, IO OJHON W3 MEPEMEHHBIX KOTOPOii TeiCTByeT
CUHTYJISIPHBI omepaTop Beccenst

d d 2 2n+1d
B&®) — p=2n—1 2 2p+1 =& _ % AT
n o dz " dr  dx? x dx’

3)

TECHO CB4d3aHa C TeOpI/Ieﬁ BBIPDOZK TATOIITUXCA ypaBHeHHﬁ. 3Ha‘{I/ITe.}IBHbIe pe3yabTaThl IO WC-
CTIETOBAHUIO BBIPOKIAIOMNXCS MU depeHImaIbHbIX YPABHEHUH W YPABHEHUH CMEITaHHOTO
tura, mosrydenbl B paborax @. Tpukomwu, C. Tlemnepcrenra, ®. . @pankas, M. B. Ken-
moima, K. U, Babenko, A. B. Bumamze, O. A. Oneiinuka, B. A. Unbuna, E. 1. Mouceera,
N. A. Kunpustrora, M. M. Cuupnosa, A. M. Haxymesa, B. 1. 2Kerasosa, C. I1. [Tyiskuna,
B. @. Bonkomasosa, K. B. Caburosa, A. 1. Koxanosa, T. I1I. Kansmenosa, M. C. Camoxur-
mwaoBa, T. II. Ixxypaesa, H. P. Pazxabosa n ux yaeHnkoB u mocienoBareseit. Bosee momgpob-
HyI0 nHGOPMAUIO 00 STOM HAMPABIEHUN MOXKHO HaiiTh B MoHorpadusx A. B. Bumamse (6],
M. M. Cmvupnosa [7], A. M. Haxymesa [8], P. Kapposa n P. ITToyoarepa [9], M. C. Canoxur-
muHoBa n M. Mupcabyposa [10] u ap.

Ypaguenne (1) B ciyuae, korga cuaryaspHbiii oneparop Beccenst (3) meiicryer no Bpe-
MeHHO#t mepemennoii (n > 1, 8#0,ar =0,k =1,...,n, A\ = 0), uccieg0BaAHO K HACTOAIIEMY
BpeMern goctarodro mosaHo. Cioma Tak¥Ke CaegayeT OTHECTH BCe PAabOTHI, CBA3AHHBIE C M3Y-
wenneM mnpuHnuna [rofirenca gns ypaBuenust Jitepa — Ilyaccona — dapby. O630p 3Tmx
MCCae0BaHnii MOKHO HaiiTi B paborax A. Beitumrreitna [11], FOnra [12], . A. Kunpusinosa
u JI. A. sanosa [13|, C. A. Tepcenosa [14], C. A. Annamesa [15] u ap.

Bagaua Komm mns ypasrenns (1) B cayuae, korga cuaryasprbiii oneparop Beccens (3)
JTIECTBYET M0 HECKOJTBLKUM WJIM BCEM TTEPEMEHHBIM, UCCTeTOBaHa Mayio. VIMeeTcss psar pesyiib-
TATOB, CBSI3aHHBIX B OCHOBHOM C M3ydYeHHeM Hajngusi npurimna [oiirenca (cm. [16-18)).

B mammuoit paboTe mjst permeHust MOCTABIEHHON 3aa9mn TpruMeHeH 000DOIIeHHbBIH ormepaTop
WHTErpupoBanus ApobHOro mopsika dpaeiin — Kobepa [19]. [Ipumenenne 3Toro omeparopa
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MO3BOJISIET CBOAUTH YPABHEHUS CO CIIEKTPAIBHBIM MTapaMeTPOM U C CHHTY/ISIPHBIM OTIEPATOPOM
Beccenst, koroperit feficTByer 1m0 OMHON MM HECKOIBKUM MEPEMEHHBIM, K HECHHTYIAPHBIM
ypaBHEHUSAM 6e3 CIEeKTPaIbHOTO MapaMeTpa.

B pa6ore [20] mpu n > 2, A # 0, o, = 0, k = 1,...,n, n Pa3INIHBIX 3HAYEHUSIX Mapa-
MeTpa [ ToIydeHnbl sBHbIe (OPMYJIbI PEIeHns BUIOM3MEeHeHHO 3aaun Ko ¢ mpuMeHenn-
eM OJIHOMEPHOr'o 000DIIeHHOro oreparopa Jdpaeiin — Kobepa npobHoro nopsiaka. B paborax
21, 22 mpu n = 1,2, 0 < B < 1/2, A # 0w o # 0, k = 1,2, nocrpoensl siBHbIE HOPMYJIBI
perternst 3aaan Kommmn (1), (2) ¢ mpuMenerrem MHOrOMEpHOTO omeparopa dpaeiin — Kobepa,
KOTODBIE BBEJIEHBI 1 MCCIe0Babl B pabore [23]. Bueckh Takxke ncciepopana 3amada Komm (1),
(2) mpun =3, a #0, k =1,2,3, =0, A = 0. B macrosiieii pabore npu n = 3, UCIOIb3Ys
00600IIIeH bl oTIepaTop JPOOHOr0 MHTErpupoBanus Idpaeitn — Kobepa, mocrpoeHo B SIBHOM
sujie perrerne 3amaun Kommm (1), (2), korma B ypasuenun (1) mo Bcem mepeMeHHBIM JefHCTByeT
CUHTYJISIPHBIN omieparop bBeccesst, T. e. pu o # 0, k= 1,2,3, 8 £ 0, A # 0.

2. O6061enHsbIi oreparop dpaeiim — Kobepa u ero coiicTBa

B pa6ore [19] 6p11 BBEsIEH 1 nccsegoBan 0600MIeH b oneparop dpein — Kobepa

xT

J)\(’r], oz)f(x) — 2a)\1ax2a277/t277+1 ($2 _ t2)(a_1)/2¢]a71 <)\1 /2 — t2> f(t) dt, (4)

0

rae n, o, A € R, npuaem a > 0, n = —(1/2); J,(2) — dynkuus Beccenst nopsizika v.
OcHoBHbIe cBOficTBaA omepaTopa (4), MoxkHO HafiTu B paborax [19, 24|. [Ipusegem HekoTo-
pble U3 9TUX CBONCTB.
1. OueBuHO, uTO B mpeese nmpu A — 0, omeparop (4) coBmagaer ¢ OGBIYHBIM OMIEPATOPOM
Opueitn — Kobepa

Qx—Q(U‘f'Of)

In,af(x) = F(Oz)

/KxQ—t%WJR"“f@)ﬁ,
0

rae I'(+) — ramma-dynknus Diiaepa.
2. CupaBeIUBbI CJIEIYIOIINE PABEHCTBA!

JZ)\(TI + Q, B)Jlk(na (X) - J)\(Tl + a, B)Jlk(na (X) - In,a+ﬁ7

rje ¢ — MHUMast eIUHUIA, a o, 3, A € R.
3. I3 mocseqaero paBeHCTBa, BOCIONB30BABINCH cBolicTBOM Jo(n,0) = E, rne E — eau-
HUYHBIH OMEepaTop, MOYKHO JI00NpPeIesnTh oneparop Jy (1, a) npu a < 0, ciaegyrommm o6pa3om:

d

Ja(n, @) f(z) = 2200+ (—

MM>:MHHWAWﬂ+mﬁ@%

e —m<a<0,m=1,2,...
4. N3 cBoO#CTB 2 1 3 BBITEKAIOT CJIEIYIONINE COOTHOIIEHUS [I/IsT OOPATHOTO OMEPATOpa:

Ji;\l(n’a) :J)\(’r/—}'a_a)’ J,(l(ﬁ,a) :Ji)\(’l’}—f—Oé—Oé).

Jdemma 1 [25]. Iyers o > 0, f(x) € C2(0,b), b > 0, pyuxmua 221! f(z) urrerpupyema
B okpecraoctn wyms w x2L f'(2) — 0 mpm n — 0. Torga cupaBeInBO PaBEHCTBO

(ByYa + X2) Iy, ) f(2) = Jy(n, @) B f (=), (5)
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B nanbHeiiem HaM MOHAJIOOUTCS CJIeTyIONMuMil B omeparopa (4):

—2(a+n) |
e @) = 25 [ e (W B ) joa, )
0

I'(c)
rie J,(z) — bynaxmaa Beccers — Kmuddopaa [23]:

To(2) = D0+ 1)(2/2) 7 00(2) = oFyor + 15— /4y = 3 /D (7)
v v ; 2 (V+ 1)]{;]{!‘

Tenepn, MOKaXKeM OJHO CBOWCTBO omepartopa (4), Heobxomaumoe I JaabHeHTero nceie-
nopanus. Ilyctb DS =F,

1d 1 d\™
D, = a2 < > a®, Dt=Dy D, Dt =a? <— —> 2.

z dx

Teopema 1. Ecmm oo > 0, n > —(1/2), f(x) € C™(0,b), b > 0, pynxmum z*1 1 DEFLf ()
WHTErpupyeMbl B HyJe u limg_ g xQ"D,’;f(x) =0,k=0,...,m— 1, To BepHO paBeHCTRO

DﬁaJA(U,a)f(x) = J/\(U,Q)Dznf(ﬂf) (8)

<1 TeopeMmy JOKazKeM METOIOM MATEMATHYECKONR MHIYKIINU IIO 171.
[MTokaskem, uTo paBeHCTBO (8) cnpaseauBo npm m = 1, T. €., 9TO

Dn+a<]/\(77,04)f($) = J/\(U,Q)an(l")- (9)
PaccmorpuM dyuKImo
9 —2(n+a)
Dn+a<]/\(77,04)f($) = W gli%F ( )

rae € — JOCTaTOYHO MaJio€ IIOJIOKUTEJIbBHOE ,Z[GI7ICTBI/IT€J'IBHO€ Y9HUCJIO0, a

Fe(z) = <l i) /( — ) Jaa <)\\/3627>t2n+1

T dx

[Tpumensist mpaBuio auddepeHInpoBaHN UHTErPAIa, MOJIyIaeM

a—1

F.(z) = c 2z — &) am1(MWez —¢) ) (z — &) f(z — )

X

r—¢

(TR

T dx

Jlaee, yauThIBast JIETKO TPOBEPSIEMOE PABEHCTBO

() - (57 2)) == () - ()

T dx t dt
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nMeeM

[Ipumensist K moc/IemHEMY WHTErPAJIy MPABUIO WHTETPUPOBAHUA MO YACTSAM W MPUHUMAA BO
BHUMAHIE YCIOBHE TEOpeMbl 1, Mocje MpuBeIeHUsT TOJ00HBIX IIEHOB, MOy IaeM

2z —e)* o1 (MWez —¢) ) (z — &) f(z — )
r—e

+ / {(m2—t2) Jo—1 ()\\/xQ )] 211 p nf(t)dt

0

Fe(e) = x(w - 5)

Orciona B ey a > 0 nipu € — 0 nostyanm paerctso (9).
[Ipesmosoxkum, uro paBeHCTBO (8) crnpasemauBo mpu m = k. JIoKazkeM, 9TO OHO BEPHO W
npu m = k + 1. C 3T0it mesbi0 paccMOTPUM JIEBYIO 9acTh pasencTra (8) mpm m = k + 1:

DsiéJA(na (X)f( ) Dn-l—oan—l—aJ)\(na (X)f(.%’)

ITo mpeanosokennio NHIYKIMN TPV BHIMTOJTHEHNN YCIOBUH TeopeMbl 1
k
DnJraDnJraJ)\(n’ O‘)f(x) = Dn+a‘])\(na a)an(x)

B npagoii wactn mociearero pasencrsa, npumensst hopmyny (9) k dyHkImsiv Df] f(z), no-
JIyIUAM

Dyt da(n, ) f(x) = Ja(n, @) Dy*! f(z).

Caencrue 1. ITycte 1 = 0, a > 0, f(x) € C™(0,b), b > 0, PpyuknuI %(%%)kf(x)
HHTErpupyeMbl B HyJIe W limg_,q (——)kf(x) =0,k=0,...,m—1. Torga

T dx

<li)mj(x2_t2) Tt (W =B ) f)tdt

:/(xQ—tZ) Tt (W= ) [(t dt>mf(t)]tdt. (10)

0

3. Ilpunoxkenne oneparopa dpzaeiin — Kobepa k permennio 3agaun (1), (2)

[Mycts n = 3. CHagasga paccCMOTPUM 3329y HAXOXKTEHUS KJIACCHIECKOTO PENTeHusT yPaB-
HEeHUd

Pu 2B Ou B Zg: (82u 2ay Ou

> _Ju LS ou - 20 = 0 iy
ap(W) = 5+ 5 027 " Bmk>+)\u 0, (1€, (1)

k=1
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YJIOBJIETBOPSIOIIETO MOTYOHOPOIHBIM HAYATBHBIM YCIOBHSIM
ur(z,0) = f(z), w(2,0)=0, xR (11)

[Mpenmooum, 9TO perrerHne 3TOM 3aJa9u CYIIECTBYET. DTO PEIIeHNe UIIEM B BUIE

ur(z,t) = JP (=12, 8) U(x, 1), (12)

rae U(xz,t) — Henm3BecTHasi, IBaXK/bl HenpepbiBHO Mrddepenippyemast DyHKIWsI, BEPXHUIT
WHJIEKC { B OTepaToOpe 03HAUAET MEPEMEHHYIO, 0 KOTOPOii JeHCTBYeT STOT OMepaTop.

[Moncrasum (12) B ypasuenne (1) u nagansubie yenorus (11), a 3arem, ucnonssys gemmy 1,
MOJTyIUM 33a9y HaXOXKIeHus pernernst U(z,t) ypaBHeHUs

RPU  C~(PU 2 U

8t2 Z <31‘2 + Tk a.%'k) ’ ( )
k=1 k

y,Z[OBJIeTBOpHIOHleFO Ha4Ya/JIbHBIM YCJIOBI/IHM

U(x,0) = kof(z), ze€R3, Up(x,0) =0, xcR3, (14)
rae ko =T[B+ (1/2)]/y/T.

Pemenne 3amaun (13), (14) nmeer Bug 23]

k t(19)
rie
o) ///f R(E 2, 0) dE, (16)
|§—z|<t
R(§7x7t7a) = H <§];;> F(3 (041704270/3,1—(11,1—042,1—0/3;1;0)1701270)3)7 (17)

k=1

Fg’) (a1,00,a3;1 —aq,1 — a9, 1 —as; 1wy, we, ws) — runepreomerpudeckast Gyukiws Jlaypu-
desiter Tpex mepemennbix [26] wy = [t2 —72]/(4€pxy), 12 = |€ —x|? = S33_, (& — a1)?, npuuen
0<wp < (1/2), k=1,2,3.

[Mepexonst B pasencrse (16) k cdhepuuecknum koopamuaram & = x + pz, tae & = xp + pzk,
k=1,2,3, z1 =sinfcosp, zo0 =sinfsinp, z3 =cosf, 0 <O T, 0< <21, 0 < p <t
MOKHO TIOKQ3aTh, 9TO

Uo(,0) =0, lim (% %) Us (1) = 0. (18)
HeiictBuTensHo, B chepruecKux KOOpIUHATAX paBeHCTBO (16) mpumer Bu
¢ 1
/pQF ,t;p) dp = t3/u2F(w,t;Mt) dy, (19)
0 0
rae
o1

F(z,t;p) = //f(a: + p2)R(z + pz;x,t; ) sin 0 d6 dep,

dyukmms R(&; z, t; o) onpenensiercst pasencrsoM (17), B KoropoMm & = z + pz.
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YunteiBag, uro npu t — 0, rakxe p — 0 u R(z;x,0;a) = 1, F(2,0;0) = 47 f(x), u3 (19)
nveem Up(z,0) = 0. Anajsorndno, yanTriBast

10
(t at> F(x,t, put) »

1 1
16 2 2 2
t) =3t | pPF(w,t, ut)dp +t t,ut)d
<t8t>on 3/u (.t put) dp + /u tat F(z,t, put) du,
0 0

npu t — 0 umeem limy_,o(9/(t0t))Uy(x,t) = 0.
[Moxcrasue (15) B (12), moay4anm

3
— 47Tf(9”)z M7
k=

. ka

t

s (2. 1) _ kot' 2/3/ 51 (A2 —s2) [<s £>2U0($’S)] " 0

27T (12 — s?)1=8
0

B cuny (18) dyukmms Uy(x,t) ymosnersopsier yceaosusam caegctsus 1. Torma, npumensia dbop-
myay (10) x paserncrsy (20), noayvaem

u(z,t) = Uo(z, s)sds. (21)

20 (B -B

t _
kot 27 2 [ Js )\\/t2—52)
t 875 /
0

[Moncrasnss 3navenve dynkunn Up(x,s) u3 (16) B paBercrBo (21) u MeHsist MOPsIJIOK WHTe-
IPUPOBAHMSI, IMEEM

k t1*25 3 r1+t T1+1r1 1472
(@)= QSTF(/B) 11 (=] (t 8t> / &' da / 2" de2 / &°f(Oal@,t:6) des,
k=1 a a
xr1—Tr1 xr1—T2
(22)
rie
r =12 — (& — x1)?, =V — (&G —11)2 - (& —12)2,
t _
Jg_1 (AMW12 — 52
(z,t;6) = / 5(;2(_ )8 ) F (a1, a9,a3;1 — a1, 1 — an, 1 — ag; 1wy, wa, w3)s ds, (23)
2 g2
7’. ‘g x" wk 4§kxk ) 7 )

st BeIumMC/IeHust uHTerpaga (23) BBIMOJIHEM 3aMEHYy TepeMeHHbIX Mo dopMmyne z =
(s —72)/(t? — r?). Barem, npuaMMasg BO BHEMaHWE paszaowenne dbynxmun Beccens — K-
dbopma B pa (7) u yauTbiBast pABHOMEPHYIO CXOUMOCTD JIAHHOTO PSAJIA TIPH JIOOBIX 3HATEHUAX
ApryMeHTa, MEHSIeM TTOPSIIOK WHTErPUPOBAHWS U CyMMUPOBAHMWS:

1 5 >
Q(.%',t,f) = 5 - 7" Z kk'

k=0

1
X / Btk— 1F( )(alya2)a3; 1- g, 1-— a9, 1-— as; 1;0-1'250-2'2’0-3'2) dZ? (24)
0

tie oy = [ — 2]/ (4€ar), 0 < op < (1/2), k= 1,2,3, 04 = (~A2/A)[2 — 12,
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Jlemma 2. ITycts ¢ > d >0, || < 1, k =1,...,n. Torjga cipaBeiiBo paBeHCTBO
1
/zd 1 —d- 1F(n)(a1,...,an;bl,...,bn;d;xlz,...,xnz)dz
0
r'dI'(c—d
= %Flgn)(al,...,an;bl,...,bn;c;xl,...,xn),
e Fén) (a1y...,an;b1,...,by;c21,. .., @y) — rumepreomerpuueckass GyHkmus Jlaypmaes-

JIBI N [IepeMeHHbIX [26)].
OTy JeMMy MOXKHO JTOKA3aTh, MOJB3YICh PA3I0KEHNEM TUIIEPreOMeTPUIecKol (pyHKIINN
Jlaypude bl n mepeMeHHBIX B Psijl U ONpeIeIeHneM raMMa- 1 bera-yHKIunit Ditrepa.
[Mpumenss x (24) memmy 2 pu n = 3, moaydaem

o0
2\8
t;
q(z,t;8) = Z ﬁ+1kkz'
k=0
X F](gg)(a1,a2,a3;1 —ai, 1 —ag,1—a3 B +k+1;01,02,03). (25)

IIpu n > 1 BBemem obo3HAUEHWE

Egn)(al,...,an_l;bl,...,bn_l;c;zl,ZQ,...,zn)
) . . .
:ZWFB (al,...,anfl,bl,...,bn,1,6+k$n,21,...,anl)
kn=0 n

- i (@)ky - (@n—1)k 01k Ok gy ko kn (26)

1 ~2 n
c kilko!. .. k!
K1, Ko, .., k=0 ()k1+k2+...+kn 1:/~2 n

Paccmarpuaemblit runepreomerpudeckuii psi cxomures mpu |zg| < 1, k=1,...,n —1,
|zn| <00, ¢ # 0,—1,—2,..., w npu n = 2 ou coBmagaer ¢ dyukmueii [opua [26]
—_ —(2 "
Eo(a1,b1;¢21,22) = :;)(al,bl;c;21,22), a mpu N = 3 — C BLIPOXKIEHHONH TI'H-

. . 5
epreoMeTpudeckoii  byHKIeil Tpex mepeMeHHbIX |[27] 3@%)(a1,a2,b1,b2,c; 21,29,23) =

=)

Ey 7 (a1, a2; b1, bo; c; 21, 22, 23).
—(4
YauthiBasi BBEIEHHOE 0DO3HAUEHUE U MOJIATAsT :g )(al,a2,a3; l1—a1,1 —az,1 —as3;1+

5;01)0-2,0-3,0-4) ——é)(a 1- Q; ]‘+B’ ) rme o = (a15a25a3)? l-—a= (1—Q1,1—Q2,1—a3),

o = (01,02,03,04) U3 (23), nosydaem

1@, :6) = o= (2 =12 20 (051 - as 1 + B 0). (27)

26

IMoncrasasst (27) B (22), nmeem
kot! =28« =), . :
et = (3 m) J[[ero@ - sPei-as s e
[E—z|<t

rae 3% = @y My oy, €0 = 16760, op = [ — |§ — 2]/ (46, k), oa = —(N/A)[E?
€ — z|?], mpmaenm 0 < o, < (1/2), k=1,2,3.
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Jlasee HaM ITOHAJIOOUTCA CAETYIOIMIASA TEMMA.

Jlemmva 3. Ecim pyuknun z,, k= 1,...,n, He 3apucar orx u |zpzr| < 1, k=1,...,n—1
VHKII k> ) s Ty k ’ ) ) ’
c#1,0,—1,—2,..., TO HMeEeT MecTo PABEHCTBO
0
c—1=(n) . .
p [z 2 (a1, .. an—13b1, .. b1 G 21, 20, L 20) |
c—2 ,:(n) . . .
=(c—1)2 725 (a1,...,ap—1;b1,...,bp_1;¢ — L; 212, 202, . . ., 2p).

< Jlemma 3 JIerKO JOKA3bIBACTCS C TPUMEHEHUEM CJIeYIOMMIX (hOpMyJI:

Egn)(al, ey p—1; bl, . ,bn_l; Ci 21,29y .. ,Zn)
_ i (@) - (@n-1)kn 1 (01 -+ (1) s

(O)kr kot b K1 o2l k!

k17k27"' kn—lzo
k‘l k‘g kn 17 2
X 21 257 o 2 etk a1 —1(24/ 20 ),
c+p—1 c¢—1
(C)p (c— 1)p,

e p =k +ko+ ... +kn1, L(2) = T(v+ 1)(2/2)7"1,(2), I,(z) — Momudbunuposanaas
dyukins beccnes. >

d 1= C
— (2P ey 1 (2Vz07)] = (c+p— D2 Loy 2(2y/207 ),

dzx

[Mepexonst k cdepuueckuM KoOOpAMHATAM B pPaBeHCTBE (28) M BBIYMUCINB MPOU3BOIHYTO
C YUETOM JIeMMBI 3, OJTy9IaeM OKOHYATEIbHBIN BUJl perenus uq(x,t):

w2, 8) = 1t 25<tat>///f VRA(E, 2, 150, B) d, (29)

[E—z|<t

rje

71:2225%%, Ry(€, 2,60, ) = (%) (22 = )P 20 (051 — a3 B o).

Tereph paccMOTPUM 3aJ1a9y HAXOKICHWs KIACCHYeCKoro perenust ypasaerus (1), ymo-
BJIETBOPSIOIIETO MOJIYOJHOPOIHBIM HAYAIbHBIM YCJIOBUASIM

0)=0, lim t*Pu(z,t) = cR3. 30
’U,(.%'7 ) 9 t—l>r—r|—10 ut(xa ) g(.%'), T + ( )
Hernocpe/IcTBeHHBIM BBIYHUCIEHNEM HETPYAHO yOemnThes, 9ro ecan u; = ui(x,t, 1 — )

ecTh pemrenne ypasrenus L) ol 5(u1) = 0, ymosmersopsttoree ycaosusim (11), To dbyHKIHSI

ug(z,t) = =2y (z,t,1— B) mpu 0 < B < (1/2) 6yner pemenmem ypasrenns (1), yaoBaeTso-

PSIOIIIM HAMATHLHBIM yetoBusiM ug(z,0) = 0, limg_s o t2Pug (2, 1) = (1 — 26) f(x), z € Ri’_.
2

YuaursiBast 910 cBoiicro u 3amensist (1 — 20) f(z) na g(x), u3 pasencrsa (29) morydaem

ug(x,t) = <t (%) /// RN\, x, t o, 1 — B) dE, (31)

[E—z|<t

e yp = 22°T(2 — 28) /[4x T (1 — B)].
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Takum 0b6pazom, B cury dopmyst (28), (31) u mpuHIUTA THHEAHON CYTEPIO3UIUN PEIeHNe
sagaqn (1), (2) mpu n = 3 uveer Buj

we) =t (3 5) [[[ O mEa o
|§—z|<t
e (1) [[] s anar-nae @)

|E—x|<t

Yeranosnennas dpopmyna (32) MO3BOAAET yKA3aTh TOYHYIO CTENEHD TVIAKOCTH HATATBHBIX
GYHKITHI, TPU STOM CIPABETHBA

Teopema 2. ITycrs f(x), g(z) € C3(R3). Torxa ¢popmyna (32) onpenesnser kiaccuiueckoe
pererne 3agaqn (1), (2) npmn = 3.
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Abstract. The modified Cauchy problem is investigated for a four-dimensional second order equation
of hyperbolic type with spectral parameter and with the Bessel operator. The equation contains a singular
differential Bessel operator on all variables. To solve the formulated problem, a generalized Erdélyi-Kober
fractional order operator is applied. To solve the problem, a generalized Erdélyi—-Kober fractional order operator
is applied. A formula is obtained for calculating the high order derivatives of the generalized operator Erdélyi—
Kober, that is then used in the study of the problem. We also consider the confluent hypergeometric function
of four variables, which generalizes the Humbert function; some properties of this function are proved. Taking
into account the proven properties of the Erdélyi-Kober operator and the confluent hypergeometric function,
the solution of the modified Cauchy problem is presented in a compact integral form that generalizes the
Kirchhoff formula. The obtained formula allows us to see directly the nature of the dependence of the solution
on the initial functions and, in particular, to establish the smoothness conditions for the classical solution.
The paper also contains a brief historical introduction to differential equations with Bessel operators.

Key words: Cauchy problem, Bessel differential operator, generalized Erdélyi-Kober operator of frac-
tional order.
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Awnunoranusa. (n + 1)-mMepHas reoMeTpus JOKATHLHON MAKCHMAIBHON TOJBUKHOCTH 3aJa6TCS HEKOTOPOit
HEBBIPOXKIAEHHON U muddepennupyemoit (yHkImeil mapsl Todek [ Ha MHOTO0Opasmu M, SBISIOIIMMCS
MHBAPUAHTOM TPYIIbl AmKeHwmi pasmeproctu (n + 1)(n + 2)/2. Honnoit kmaccudukammm Takux reo-
MeTpuil pa3MepHOCTH 1 + 1 [MOKa HET, HO XOPOIIO H3BECTHBI OTIE/bHbIE IPUMEDPHI: TOEMeTPUs eBKIINIA,
CHUMITJIEKTUYIECKAsT TeOMETPHsI, TeOMETPUIN TTOCTOSTHHON KPMBU3HBI. B rmocsieqmee BpeMst METOIOM BJIOYKE-
Hus ObLIM HaliZleHbl HEKOTODbIE PaHee HEM3BECTBBIE T€OMETPUM JIOKATBHON MAKCHMAIbHON [TOJBUKHOCTH.
Merton BnOXKEHUS AT BO3MOXKHOCTH HaxOXKaeHus byHknuit f, 3amaomux (n + 1)-meprble reomerpumn
JIOKQJIFHON MAKCHMAJIBHOM MMOIBUKHOCTH, 10 (DYHKINSIM 6 M3BECTHBIX N-MEPHBIX T€OMEeTpHeil JTOKAILHOM
MaKCHMAJIbHO MOIBIKHOCTH. DTa 3aa9a CBOAUTCS K PeleHnio (hyHKIMOHAIBHBIX yPABHEHUHN CIICIa b
HOT'O BHJA, SIBISIONUXCS CAEJICTBHEM WHBAPUAHTHOCTH (DYHKIUH Hapbl TOYEK f OTHOCHUTEIHHO IPYIIIBI
nsmkennii. Takme ypasHeHMs permaiorcs B faHHoi pabore. InddepeHnmpoBannemM OHI CBOISTCS CHAMTAA
K dyuKIpoHabHO- UM DEepeHIIaTPHBIM yPABHEHNUIM, OT KOTOPBIX Pa3/e/IeHHeM [TePeMEHHBIX IePEeXOIM
K muddepeHnnanbHbIM yPaBHEHUSIM. 3aTEM PelleHds [TOCIeIHUX yPABHEHUH [TOACTABIISEeM B HUCXOIHbIE
dbyHKIMOHAIBHBIE YPABHEHHSI, [TOCJIE Uero MOJyvYaeM OKOHYATEILHBINH Pe3yJsIbTar.

KioueBbie cioBa: (yHKIMOHAJIRHOE ypaBHEHHUE, (YHKIMOHAILHO-IN(GbEpEeHIINATILHOe YpPaBHEHE,
muddepeHuaIbHoe ypaBHEHNE.

Mathematical Subject Classification (2000): 39b62.

BBenenune

Ha mpumepe xoporio nzsecTHOro OyHKITMOHAJIHHOTO ypaBHeHUsa Ko mponLIiocTpupyem
METOJI, PEIeHNST:

g(u+v) = g(u) + g(v),

re ¢ — bynxnug kaacca O, w n v — He3aBHCHMEBIE IepeMeHHEBIe. DTO ypaBHEHHe CHAYATA
mmddepenipyem mo nepemennbiM u 1 v: ¢ (utv) = ¢'(u), ¢’ (u+v) = ¢'(v). danee oranraem
U3 TEPBOrO YPaBHEHUs BTOPOEe U pazjensiem mepemennbe: ¢ (u) = ¢'(v) = a = const. 3arem
WHTErPUPYEM M PE3YJIHTAT TTOACTARIAEM B MCXOAHOE YPABHEHUE, MTOCJE 9er0 3alnChIBAEM OT-
BeT: g(u) = au. Takum crocoboMm B TaHHON pabore pemaioTcest byHKIMOHATBHBIE YPABHEHNUS,
TTOSTBJISTIOIIIECST TIPYW KIaCCHUKAIINNA TeOMETPHiT TOKATHRHON MaKCIMAILHOW TTOIBUKHOCTHA Me-
TozoM BitOXKeHus [1-3].

ITox (n + 1)—MepH0171 reoMeTpueil JJOKaJIbHOW MAaKCUMAJBHOW TOJIBAXKHOCTH TTOHUMAETCH
reoMeTpusi MHOTOOOpasuss M, 3aaBaeMast HEKOTOPOi HEBBIPOXKIECHHONW W JOCTATOYHO ud-
dbepennupyemoit dbyukuumein f : M x M — R (#e o6g3aTeslbHO METPUKOIR), SIBIAIOIIASICS

© 2018 Ksipos B. A.



70 Kripos B. A.

MHBAPUAHTOM TPYIIEI JABUKeHuil pasmepruoctu (n+ 1)(n + 2)/2. Cyrb MeToma BIOKEHUs CO-
CTOUT B TOUCKe PYHKIWI [, 3aJaf0Inx (n+ 1)—MeprIe TeOMeTPHN JIOKAJTHBHOIN MaKCUMaJIbHON
MOJBUXKHOCTH, TI0 (DYHKIMAM ) paHee M3BECTHBIX N-MEPHBIX eoMeTpueii JIOKAIbLHON MaKCh-
MaJILHON TTOABUKHOCTH, TipudeM (hyHKIUS [ WIETCS B BUIE

f(xay) = ¢(9(x,y)’xn+1’yn+1), (01)

_ 1 n ,1 n 1 n n+1 1 n ,ntl
rae O(z,y) =0z, ..., 2™y ... y"),a (. 2™ 2" ) u (v .y Yt
TOYEK T W Y COOTBETCTBEHHO. 3alliChiBas yCJIOBHE JIOKAILHONW MHBAPUAHTHOCTH (ByHKIUKA f

OTHOCHUTEJIbHO TPYTIIEI ABUKeHui [4], mosyuaem GyHKIMOHATBHOE ypABHEHIe

— KOOPJMHATHI

n

06 96\ 9 o .
1;1 (Xk(x)@ + Xk(y)a—yk> 20 Xn+1(w)—axn+1 + XnH(y)W —0. (0.2)

B mamHoit pabore paccMaTpHBaIOTCS HAMOO0JEe BAYKHBIE YACTHBIE CIydad, KOTJIA MOCJIE/THHe
aprymentsl B dynxnun (0.1) mpejgcrapisiores B BuAe Kombmmammit w = x"tl — yntl
z ="ty Torma ypasmenne (0.2) cBommres x (1.8) m (1.9), 0T KOTOPHIX MPUXOIIM
K (1.10) u (1.11). Pesyabrarsl, noaydaemble B 910l craThe, OyJAyT MCIOJL30BATHCA MPU Ha-
XOKJIEHUN TeOMETPHii JIOKAJIBHOM MAaKCHMATBHON MOJABUKHOCTH METOOM BJIOKEHUSI.

n

Brime cdhopmynnposannast 3aj1ava permanach B paborax [1-3]:

n

O(x,y) = Z&c(ﬂﬂk - yk)27 ep = 1,
k=1

0(z,y) = z'y* — 2’y (em. B [2)),
B(x,y) = [(@1 — y1)? + (22 — yo)?] 728501
0(z,y) = [(x1 — )% — (x2 — y2)?] Q2 BAT(©) thi?iii
O(,y) = (@1 —y)* 1 (o [3)).

Ypasuennst (1.10) u (1.11) rakske pemaaucs B pabore [5], B KOTOPOIt

n
k, k
O(z,y) =Y epa™yb, e ==£L
k=1
Ba.MeTI/IM7 9TO 3aJa49y BJIO2KEHWYA MOXKHO TaKzXKe pPenraTh U aHAJINTUYEeCKH, T. €. MCKATh
perernie ypapuerust (0.2) B Buzge psuos Teitnopa [6, 7).

1. ITocTaHOBKa 3aJa4YM U OCHOBHbIE PE3yJIbTAThI

Paccmorpum guddepentmpyemyio kaacca C* bynkimio f : Sy — R, roe Sy C R x
R™! — orkphiTasg u mioTHas o6acTh onpenenenus. Ilycts Uy C R — mexoropas xo-
OpAWHATHAS OKPECTHOCTH, ¥,y € Uy, mpuuem (x,y> S Sf. Paccmorpum okpectrocTn TO-
uek = u y: U(z) C Up u U(y) C Uy, npuuem (2,y') € Sy mna mobeix 2/, v/, 2’ € Ul(x),
y' € U(y). O6ozmauamv gepes U((x,y)) C R"! x R mexoropyio oxpecrrocTs mapst {,y):
U({z,y)) C U(x) x U(y), B kKoTopoii dyHKIWs [ MMeeT OIUH U3 CJIEAYIONMX BUIOB:

flz,y) = o (0(x,y),w), (1.1)
flz,y) = 2 (0(z,9), 2) (1.2)
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e 0, o, » — dbynxmun kracca C*4 B sroit okpectnocru, 0(x,y) = O(z, ... 2"yl ... y"),
(xt, .. 2 ) (vt .y g™t —  koopamEATEI TOMEeK T WM Y COOTBETCTBEHHO,
w =zt — gyt = gt 4 gyt TlonommurensHo morpebyeM, 4TOOLI B IIPOM3BOILHOM
cucreme kKoopanuar B Uy u B 11060it Touke u3 U((z,y)) BBIIOIHSINCH HEpaBeHCTBA [5:
00 00
£ () £, 1.3
5 7 O oy # (1.3)
0o 0o
L0, == +£0 1.4
80 # ) aw # ) ( )
0x O
— #£0, — #0. 1.5
80 # ) az % ( )

DT TpebOBAHWS SIBISIOTCS HEOOXOAUMBIMU TTPU OTPEIETEHUN TeOMETPUN JIOKAJIHHOW MaKCH-
MaJIbHOW TOABUKHOCTH. EC/M OHM He BBIMOIHSIOTCA, TO 3aa9a BJIOXKEHUSA I TeOMETPUN
JIOKAJTBHOM MAKCUMAJBHONW TOJBUXKHOCTH, O KOTOPOil KPAaTKO TOBOPWUJIOCH BO BBEJCHUH, HE
MMeeT PereHwus.

Tak:xe Oyaem mpeamnogaraTb, 4To (GyHKIUS f — ABYXTOUEUHBIH WHBAPDUAHT JefCTBUS
HeKoTopoit rpymme! JIu B mpocTpancree R ! [6]. MHO>XKecTBO Takux AefCTBUI 3a1aeT rPyTIny
JIu mpeoGpazosanuii mpocrpancrtea R™ . [Iponssosbublil oneparop aarebps Jlu 3Toit rpy-
bl ipeobpasosanuii B okpecrnocrn U(z) nmeer Bu [§]

X = Xlaxl —+ .-+ Xnaxn —+ Xn+18$n+1, (16)

e Xy = Xg(zb, ..., 2" 2" — dymkmm xmacca C3 B oxpecrroctn U(x) C Uy C R*HH
s=1,...,n+ 1. Yepe3 onepaTopsl 3amUCHIBACTCA KPUTEPHil JTOKATBHOI WHBAPDHAHTHOCTH |4]:
X(@)f(z,y) + X(y)f(z,y) = 0. (1.7)

Pagencrro (1.7) pacrmceisaem st dbynxknuii (1.1) u (1.2), mocste mpocThix mpeoGpasosa-
HUI TT0JIyYaeM

[X] = (Xn-i-l(x) - Xn+1(y))<p(0,w), (1'8)
[X] = (XnJrl(x) + Xn+1(y)))\(9, Z)’ (1'9)
I7le BBEJIEHO COKPaIAioIiee 0603HadYeHNE:

n

X1 =3 (Xule) g + Xelw ).

k=1

mpmaem (0, w) = —92 /9% w \(0,z) = —%2 /%% — pynxmm kracca C2 5 U((z,y)), a Taxxe

v # 0, A # 0, mockobKy uHOe mporuBopeunt HepasencTsam (1.4) u (1.5). Ypasuenns (1.8)
u (1.9) aeasrores dyaEoHATLHO- UM MEPEHIMATEHBIMI OTHOCUTETHHO HEM3BECTHBIX KOM-
nouenT omeparopa (1.6), a Takxke GYHKIMI 0 U 3¢, U BBIMOJHAIOTCS TOXKJIECTBEHHO MO KOOD-
JuHaTaM Touek  u y B okpecrnocru U((x,y)).

Jnddepennupys ypasuennsa (1.8) u (1.9) mo mepemenaeiv 2" ¢+ a Taksxe BBOIS CO-
kpararoiiee oboznavenme ¥ = X, 41, mojsydaem HOBbIe (DYHKITMOHAIHHO- (D dEPEeHInaIbHbIE
ypasuenns B okpectaoctu U ({(x,y)):

(Y (@))gnrr + (Y @))yor1) 2 + (V@) = Y ()P = 0, (1.10)

(Y (@))gnr + (Y (9))ysr ) A + (V(2) + Y ()AL, = 0. (L.11)
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OCHOBHBIM COJIEPXKAHUEM JAHHON pabOThI IBISETCA JTOKA3ATEILCTBO CJAELYIONINX TEOPEM.

Teopema 1. B okpecraocrn U({(x,y)) ¢yHaKumonamso-muhpepenimaisuoe ypaBHe-
mme (1.10), rae w = a™ T — y" 1Y = const, ¢!, # 0, mueer perrenmst

Y:C(xl,...,x"), v = a(f)w + b(h); (1.12)
Y=rz"l ¢, ¢= a(H)% + b(0); (1.13)
1

Y = r(w"+1)2 +ec, p= a(@)a +b(6); (1.14)
Y =rcos (wz"t +a) +¢, o =a(l)ctg % + b(0); (1.15)
Y= et s o a(é’)ewi — +b(6); (1.16)

Y n+1 ww
=rch (wz"™ +a) +¢, ¢ =a(f)cth - T b(6); (1.17)

n+1 ww
Y =rsh(wz"™ +a)+c, ¢=a(f)th - + b(0), (1.18)

rre 7, ¢, = const, C(x!, ... 2") # const, a(f), b(§) — Gymaxmmm xracca C3, a(f) # 0.
Teopema 2. B okpecraocrn U({(x,y)) dyHKunoHaIbHO-I1(DEPEHIITAILHOE YyPaBHE-
mme (1.11), rme z = " + ¢yt Y #£ 0, N, # 0, mveer pemenns:

Y =0C(z',...,2"), A0,2)=a(0)z+b(0); (1.19)

Y =ra™ e, A= a(0)— eV b(9); (1.20)

Y =rcos (wz"t +a), A=a(f)tg @ + b(0); (1.21)
Y =reor™ A= a(0)e™ % + b(0); (1.22)

Y =rch(wz" +a), A=a(f)th @ + b(0); (1.23)
Y =rsh(wz" +a), A=a(f)cth wz2;2a + b(0), (1.24)

re 7, ¢, = const, C(x!,... 2") # const, a(f), b(§) — Gynxmmm kracca C3, a(f) # 0.
2. BcriomoraresibHbIE YTBEPXKIEHUST

JIemma 1. B okpecraocru U ({x,y)) ¢dpyHKIHOHATbHOE ypaBHEHHE

rre C(z) = C(x!,...,2") — ¢ynxmusa xkmacca C3, ¢ — ¢ynxmus knacca O, mueer perrenne
C(z) = ¢ = const. (2.2)

< TIpomddepenmupyem ypasrenwe (2.1) mo xoopmurare " momyanv ¢/ = 0. Sraunr,
£0(x,y),w) =&(0(x,y)). Torma ypaBuenue (2.1) mpumer Bu

C(z) = Cly) = £(0(x,y)). (2.3)
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Jasee BemensioTcs asa caydas: & = 0 u ) # 0.
1. Ecm 8 (2.3) £, = 0, to C'(z) — C(y) = const. Paznensist nepemenmbie, noaydaem (2.2).
2. Ecm ke B (2.3) &) # 0 B U({(z,9y)), TO 1Ist HEKOTOPOI KOOPMHATEI

aC(z) ¢ 00(x,y)
ozt~ S0 ogi

#0, i=1,...,n.

Jlasee oT KOOpAWHAT ' HepexoquM K HOBBIM Koopauaatam z’' mo dopmymram z'l =
ot = T gt = Ot 2, 2/ = 2L 2™ = 2™ Hecnoxno moxa-
3aTh, YTO AKOOMAH B JAHHOH 3aMeHe KOOPIMHAT PaBeH agggf) U TI03TOMY OTJIMYCH OT HYyJIS.
Torga B HOBBIX KoOpAmHATaX ypapHenme (2.3) mpumer sum 2t — y't = £(0(x,y)), crenosa-
TeTBHO, IO TeopeMme o HeaBHoit byukmun, B U((z,y)) 6yzem uvmers 6 = n(z" — y'*), roe n —

mexoropast dpyukims kiacca C1. TToaromy

907 = 0, J 2 {, 9TO MPOTUBOPEUYNT HEPABEHCTBY

u3 (1.3). Takum obpasom, cupasemiusa dhopmyra (2.2). >
AHAIOTHYIHO JTOKA3BIBACTCS CJIEIYIONAS TIEMMA.

JIlemma 2. B okpecruocrn U((x,y)) dbyHKIHOHAIEHOE ypaBHEHHE

C(z) + Cly) =€£(0(,y),2),
rre C(z) = C(x!,. .., 2") — ¢ynxmua xmacca C*, ¢ — ¢ynxmusa xnacca O, mvmeer perrenme

C(z) = ¢ = const.

3. lokazaTesibCcTBO TeopeMmbl 1

B sTom maparpade «mo yMouaHuio» Bce ypaBHeHus perraiorcsa B okpectaoctu U ((z,y)).
Brauasie 3amernm, aro Y = const Torga n Toapko Torga, Korma Y (x) — Y (y) = 0. Ipsmoe
yTBepZK/IeHIe 09eBIIHO. [I1s ToKa3aTebeTBa 06PATHOTO YTBEPK ICHNS IPUMEHSIEM pa3/iesie-
uue nepemennsix: Y () = Y (y) = const. ITo ycimosuio reopemsr Y # const, ciieoBaresnbHo,
Y(xz) —Y(y) # 0. Torma or ypasuerng (1.10) npuxoauM K HOBOMY

Y(@))gns + Y@yt o,
Y(z) - Y(y) e

+1

(3.1)

Nuddepenmupys 310 ypasHenue cuadaia mo x"T1 a zarem nmo y"t!, mocie wero mepswrit

pe3yabTaT CKJIabIBaeM CO BTOPBIM, MOJIYyYaeM PABEHCTBO

(Y (@) + (Y (@) ) (Y (@) = Y () = (Y (2))nsr)” + (Y (@))yn)* = 0. (3.2)

DT0 paBEHCTBO SIBJISETCsT (PYHKIMOHAJIBHO-IUMDPEPEHInaIbHBIM YPABHEHHEM, KOTOPOE BhI-
MOJTHSETCST TOXKIeCTBeHHO B okpecTHOCTH U ((7,9)).
. / _ /

Bozmoskuer gpa ciaywas: (Y(x)) 1 = 0w (Y(2)) .1 #0.

B nepsom ciayuae u3 ypasuenus (1.10) moxyaaem ¢, = 0, cle10BaTeNbHO, CIPABEITABO
pemmenne (1.12).

Bo Bropom ciyuae Toxaectso (3.2) mudbdepennupyem mo mepemensaeiM " i 4" moce
dero Jie/ImM Ha Herysesoe npomsseenne (Y (x))! .. (Y(y)); w1 7 0 1 pazzensem mepeMeHHEIe,
3aTeM mosydaeMm auddepennraabHoe ypaBHeHne

(¥ (@))hes + (Y (2)) s = 0, p = const. (3.3)
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DTO ypaBHEHUE NMeeT CJIeTyIOIIne PeIeHns:
mpu =0

Y= Az, a") (@ + Bl e O 2
npu >0
Y = A(e!,...,2") coswa™ ! + B(2!,...,a") sinwa™ ! + C (2., 2", w=
mpu < 0

+1

Y = A(ﬂ:l,...,x”)ewwwr1 —i—B(azl,...,x")e_“mn —|—C'(x1,...,x"), w=+/—u.

Barem HaiizenHoe nojcTaBasieM B (3.2) u noayvaem:

npu ¢ =10
Y =rz" 4 C’(xl, ) (3.4)
Y = r(m"H)Z + ¢ (3.5)

mpu p >0
Y = rcos (wx”“ +p(zt, ... M) e w= (3.6)

mpu 1 < 0
Y:A(a:l,...,x")e“’xwr1 +e, w=EtV—u; (3.7)
Y =rch (wx"‘H +p(x1, ")) e w=y—p (3.8)
Y:rsh(wxnﬂ—i—p(xl,...,w"))—i—c, w =/ (3.9)

mpudeM r, ¢ = const, r # 0.
Hanee dynknuio (3.4) nogcrasnsiem B ypasaenne (3.1):

2

2r :_(wa
rw+C(zl, ... 27) = C(yL,...,y") P

(3.10)

K ypasrermio (3.10) mpumensiem gevvy 1, momyuaem C(xl,... 2") = ¢ = const. 3waunr,

ypasuenne (3.10) mpurnmaer Gojee mpocToii BUI:
2 Puw

w P
Unrerpnpys mociaeanee, momyaaem ¢ = a(f) + b(f). Obbeanmas naitenmoe ¢ (3.4), momy-
qaem (1.13).
Oynkmmio (3.5) mogcrasiasiem B ypasuenue (3.1), B pe3ysbrare, Kak W BBIIIE, MOIyYaeM
¢ =a(f)L +b(6). O6vesunss naitnenmoe c (3.5), nomyqaem (1.14).
Tenepn dyukmnumio (3.6) mogcrasiasem B ypasHenue (3.1) u mpuMeHsieM TPHUTOHOMETDPHYIE-
ckue (GOpMYyJIb:

sin(wx™ ! + p(z)) + sin(wy™ ! + p(y))
cos(wz™t + p(x)) — cos(wy™*1 + p(y))

wz+p(z)+p(y)
2

ww+p(z)—p(y) "
2

= wectg ww —}—p(m) _p(y) _ _Soww’

2 Oy

sin CcOS

0 wz+p(ﬂ§)+p(y)

si ww+p(;)_1’7(y)

sin
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e, mampuvep, p(z) = p(x!,..., z"), cregosarensHo,
SOI/
p(x) — p(y) = —2ww — 2arcctng7;”.
w
[puvensist K 3ToMy paBeHcTRY Jemmy 1, momygaem p(z!, ..., 2") = a = const. B pesysrare
nMeeM ypaBHEHNe
i
ww
wetg — = — Puw ,
2 P

MHTErpupys KoTopoe, noaydaem ¢ = a(f)ctg®® 4 b(f). B urore npuxozum x (1.15).
(3.7) moncrasasem B (3.1):

A@)e™ " + A)ed™ A /Aly) +e g,

Y A@)e T T = Alyen ™ Y A@) [Aly) — e T gl
e, marmpuvep, A(x) = A(zh, ..., 2"), ciemorarensro
A(w)/A(y) = v TP
Prow + WPy
JTorapudyupyst mocTeHee BhIpaskenue w npuMersst memmy 1, momyaaem A(z!, ... 2") =r =

const. Torma Hymem nmers auddepennaibHoe ypaBHEeHe

ST P

—ww VA
1—e Puw

HHTErPUPYs KOTOPOE, TIOJIyUaeM ¢ = 0(9)1_6%% + b(0). O6beauusa maiinennoe ¢ (3.1), mo-
aygaem (1.16).

U, nakowner, dysxiun (3.8) u (3.9) noxcrasisiem B ypaBuenue (3.1) u mpumeHsieM CBOIi-
crBa runepboanaecknx (MyHKIINI, TOTOM, KaK U BBIIIE, C TPUTOHOMETPUIECKUMU (DYHKITUSIMU,

ycramasmBaeM, 4to p(x!,...,z") = a = const. B nTOre mMpEXOIMM K ypaBHEHIAM
ww o oW o
weth— = ——%, wth— = -,
2 Puw 2 Puw

Uurerpupys mociequue ypasaenus, nomydaeMm ¢ = a(f)(c)th®® 4 b(f). Obbenunssa Haiigen-
Hoe ¢ (3.8) u (3.9), umeem (1.17) u (1.18).
Teopema 1 mokazaHa.

4. Jloka3aTeJibCTBO TEOPEMBI 2

dTa TeopeMa JOKA3LIBACTCA KaK M TeopeMa 1, MO3TOMY HEeKOTOPBIE pacCy:KIeHHs Oy-
Jem ornyckarh. Kak u BbIIe «I10 yModaHuio» Bce ypasHenusi permaiorcs B U((z,y)). Bua-
gase 3amernM, 9To Y = 0 Torma m ToiabKO Torma, korma Y (z) + Y(y) = 0. B mpa-
MYIO CTOPOHY 3TO O4YeBHJIHO. B 00paTHYI0 CTOPOHY MPUMEHSIEM Da3fie/leHne TePEMEeHHBIX:
Y(xz) = =Y (y) = const = 0. ITo ycnosuio reopembr Y # 0, cieposarensho Y (z) + Y (y) # 0.
Torma or ypasuenus (1.11) mpuxoauM K HOBOMY:

(Y(x));n+l + (Y(y));n‘H _)‘Zz

Y(x) +Y(y) N

(4.1)
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Jnddepennupyem 310 ypapHenue cHadasa mo z"T1, 3arem mo ™!, nocie wero u3 mepsoro
PaBE€HCTBa BBIYHUTAEM BTOPOE:

(Y (@))gmer = (Y (@))yoe ) (Y (2) + Y (1) = (V@) s1)* + (Y () )* = 0. (4.2)

Bosmoxusr gsa caydas: (Y (x)) .1 =0 u (Y(x)) .1 #0.

B mepBom ciyuae ypasuernne (1.11) umeer pererwne (1.19).

Bo Bropom cirywae Toxectso (4.2) muddepentmpyenm o mepemennbiv 2wyt nocre
dero Jie/ MM Ha HemyJsesoe npomsseenue (Y (x))! 1 (Y(y)); ni1 7 01 pazjessem nepeMeHHEIe,
3aTeM mosydaeM jauddepernuanbaoe ypapuenne (3.3). Pemenns 3roro ypasHeHus1, HalieH-

Hble B Teopeme 1, nojacrasiasiem B (4.2):

npu ¢ =10
Y =ra™t 4 C(wl, - ,x"); (4.3)

mpu p >0
Y = rcos (wx"+1 —i—p(wl, .. ,x")), w = /14 (4.4)

mpu 1 < 0
Y:A(xl,...,x")e“mnﬂ, w =+t (4.5)
Y =rch (wx"+1+p(x1,...,x”)), w == (4.6)
—rsh(wx"‘H—{—p(ml,...,x")), w =/ —u; (4.7)

npuuem 1, ¢ = const, r # 0.
Hasee, mocTymaeM Kak W TIPH JOKa3aTeqbCcTBe Teopembl 1, T. e. dbymriunum (4.3)—(4.7)
nojacrasasieM B ypasuenue (4.1) m mpumensiem jemmy 2, a 3arem perraem. B wmrore moy-

qaem (1.20)—(1.24).
5. 3akJrouenue

Yemosug (1.3) maroT cyrecTBeHHbIe OrpaHuydenns Ha BbIOop dyuknun §. Tax, Ha MI0CKO-
cri R? dyukmmo § moxuo 6parh B Buje:

O(x,y) =a'y' + 2%y, O(x,y) = (21 —1)* + (2 — 12)°,  O(z,y) = (x1 — 1) + (22 — 12)°,

2~ arct, 2 v2 T2 — Y2
Y g2 —v1, Q(x,y) = 7.%.1 — zl,

T. €. JJIst 9TuX (DYHKINNA JOKAa3aHHBIE 37eCh PE3yJIbTaThl BEpHbI. A, HanpuMep, 1y QyHKIH
O(x,y) = z'y' + 22, 0(z,y) = (1 — y1)? + (y2)? HOKa3aHHOE BLINIE HECIPABEINBO.

0(z,y) = z1y2 —x2y1, O(z,y) = [(21 —y1)* + (x2 — 1) ]
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Abstract. The (n+ 1)-dimensional geometry of local maximum mobility is given by some non-degenerate
and differentiable function f of the pair of points on the manifold M, which is a motion group invariant of
dimension (n+1)(n—+2)/2. There is no complete classification of such geometries of dimension n+ 1, but some
examples are well known: Euclidean geometry, symplectic geometry, constant curvature geometry. Recently,
some previously unknown geometries of local maximum mobility has been found using the embedding method.
The embedding method enables one to find functions f that define (n + 1)-dimensional geometries of local
maximum mobility by functions 6 of known n-dimensional geometry of local maximum mobility. This problem
is reduced to the solution of functional equations of a special type, which are a consequence of the invariance
of the function f of the pair of points with respect to the motion group. Such equations are solved in this
paper. By differentiation, they are first reduced to functional differential equations, from which we pass to
differential equations by separating the variables. Then the solutions of the latter are substituted into the
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Abstract. In the classical theory of approximation of functions on R™, the modulus of smoothness are
basically built by means of the translation operators f — f(z +y). As the notion of translation operators
was extended to various contexts (see [2] and [3]), many generalized modulus of smoothness have been
discovered. Such generalized modulus of smoothness are often more convenient than the usual ones for the
study of the connection between the smoothness properties of a function and the best approximations
of this function in weight functional spaces (see [4] and [5]). In [1], Abilov et al. proved two useful
estimates for the Fourier transform in the space of square integrable functions on certain classes of functions
characterized by the generalized continuity modulus, using a translation operator. In this paper, we also
discuss this subject. More specifically, we prove some estimates (similar to those proved in [1]) in certain
classes of functions characterized by a generalized continuity modulus and connected with the generalized
Fourier transform associated with the differential-difference operator 7(*?) in Li’ 5(R). For this purpose,
we use a generalized translation operator.

Key words: Cherednik—Opdam operator, generalized Fourier transform, generalized translation.
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1. Introduction

In [1], Abilov et al. proved two useful estimates for the Fourier transform in the space

of square integrable functions on certain classes of functions characterized by the generalized
continuity modulus, using a translation operator.
In this paper, we prove some estimates in certain classes of functions characterized by
a generalized continuity modulus and connected with the generalized Fourier transform
associated to T(®f) in Li,ﬁ (R) analogs of the statements proved in |1, 2—4|. For this purpose,
we use a generalized translation operator.

In section 2, we give some definitions and preliminaries concerning the generalized Fourier
transform. Some estimates are proved in section 3.

2. Preliminaries

In this section, we develop some results from harmonic analysis related to the differential-
difference operator T(®#). Further details can be found in [5] and [6]. In the following we fix
parameters «, 8 subject to the constraints a > 8 > —% and a > —%.

(© 2018 El Ouadih S., Daher R., Lafdal H. S.
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Let p = a+ g+ 1 and A € C. The Opdam hypergeometric functions Gg\a’ﬁ) on R are
eigenfunctions T(O"B)Gg\a’ﬁ ) (x) = z')\G(Aa’B ) (x) of the differential-difference operator

f(x) = f(=x)

TR f(x) = f'(x) + [(2cc+ 1) coth z + (28 + 1) tanh z 5

—pf(—x)
that are normalized such that GE\Q’B ) (0) = 1. In the notation of Cherednik one would write
T(@h) as

2k, n 4ks
I4+e 22 1—e 4

Tll + k) f(0) = ') + { b (@) = 1(-0) = (1 + 200 ),
with oo = k1 + ko —% and 8 = ko — % Here kq is the multiplicity of a simple positive root and ko
the (possibly vanishing) multiplicity of a multiple of this root. By [5] or [6], the eigenfunction
Gg\a’ﬁ) is given by

1 0 ap
p—i)dx

() = 93P (@) + —L— sinh(22) T (),

G (@) = 3 7(@) TorD)

where goi"ﬁ(x) =9 I <%M, %M; o+ 1; — sinh? x) is the classical Jacobi function.

Lemma 2.1 [7]|. The following inequalities are valid for Jacobi functions gpi"ﬁ(az)

() 3" (@)] <1
(i) 1= o7 (@) < 2% + 7).
Denote L? 5(R), the space of measurable functions f on R such that

1/2
1fll2,08 = (/!f(w)IQAa,/s(w)dx> < +o0,
R

where
Ay p(z) = (sinh \x!)zo‘ﬂ (cosh \x!)zﬁﬂ.

The generalized Fourier transform of f € C.(R) (the space of continuous functions on R with
compact support) is defined by

HFO) = / F@) G (—2)Ag g(z)de forall AeC.
R

The inverse transform is given as
) dA

#70@) = [ane @ (1= ) e
R 7

here .
27T (o + 1)T(30)

T(i(p+iN)T(A(a—B+1+iN)
The corresponding Plancherel formula was established in [5], to the effect that

Ca,p(A) =

+oo

[15@PAus@)ds = [ (#50F +1#50)P) do)
R

0
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where f(z) := f(—z) and do is the measure given by

dA

0N = e OV

According to [6] there exists a family of signed measures M;Off ) such that the product
formula

G ()G (y /G @D (2) dulesf) (2),
holds for all z,y € R and A € C, where

%7B(x7yaz)Aa7ﬁ(Z) dZ7 Ty 3& O7

du{yP (z) =

and

Heop(,y,2) = My g|sinhx x sinhy x sinh z| 2% /g(x,y,z,x)iﬁl
0

X [1 ONyst Xy T 05, o+ P cothz x cothy x coth z(sin x)? | (sin x)** dy;,

7yx 1
B+ 3

if z,y, z € R\{0} satisfy the triangular inequality ||z —yl|| <|z| <|z|+|y|, and £, g(x,y,2) =0
otherwise. Here

sinh z sinh y

cosh z+cosh y—cosh z cos x P .
o » o wy #0;
Xz { (Vz,y,z € R, x €[0,1])

0, 2y =0
and

g(x,y,z,x) =1— cosh? z — cosh? y x cosh? z 4+ 2 cosh z x coshy x cosh z X cos .

Lemma 2.2 [6]. For all x,y € R, we have

(i) Hap(2,y,2) = Hap(y, @, 2);

(11) ‘%,5(x’ Y, Z) = %75(—$, 2 y);

(iii) A4 8(2,y,2) = Hapg(—2,y, —x).

The product formula is used to obtain explicit estimates for the generalized translation
operators

It is known from [6] that

for f € C.(R).
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For a > —%, we introduce the Bessel normalized function of the first kind j, defined by

- B 00 (_1)n(§)2"
Ja(x) =T(a+ 1)7§m, z €R.

In the terms of j,(z), we have (see [8])

VhaJy(he) = O(1), hz >0, (2)

where J,(x) is Bessel function of the first kind, which is related to j,(z) by the formula

) 2T (x + 1
jolz) = %Ja@:). )
Lemma 2.3 [9]. Let a« > 8 > _71, a # 5. Then for |v| < p, there exists a positive

constant cq such that
1= o3 @)] = colt = Ga(A2)]
For f € Li 5(R), we define the finite differences of first and higher order as follows:
ALf = Auf= (T}(la,ﬁ) e 21) 1,
k
ARf=an(AFT ) = (AP + 75D —ar) g k=23,

where [ is the unit operator in the space L? 5(R).
The generalized modulus of continuity of a function f € Li 5(1&) is defined by

W(f, 5)2,0475 = Oilllzgé HAszZa,B’ 6>0.

3. Main Result

The goal of this work is to prove some estimates for the integral

—+00

R0 = [ (500 +12F0)) do(),

N

in certain classes of functions in L? 5(R).
Lemma 3.1. If f € C.(R), then

A f(N) = G (—a) A F(N). (4)

< For f € C.(R), we have

/ 7 G () Au py) dy = / @) ()G () An s (9) dy
R R

— [ | [ 100 Hastan. 20 40(2) 2| G5 ) Awstw) dy
R

R

= [ 161 | [ 657 ) A9, 2) Aas0) dy | Aas(c)
R R
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Since J, g(x,y,2) = Ko g(—x,2,y), it follows from the product formula that
AP f(A) = GP) (—a) / F(2)GP (2) Ag 5(2) d2
R

— Gl (- / f(= D Aap(x)dze = GO () A FON). >
Lemma 3.2. For f € Li’B(R), then
AL 0y =2 [ 16870 = 1P* (S5O + 12 F0P) do().
0

< From formulas (1) and (4), we have

AL = (68D 1) + G (-h) — 2) ()

and
ABENM) = (607 (h) + G5 () —2) A ().

Since

Gg\a,ﬁ) (h) — gpivﬁ(h) + smh(2h) o+l B+1(h)7

p
4(a+1)

and <p§f’6 is even, then

k
HBLF) =2 (57 () = 1) 2 (H))
and N
HBENO) =24 (657 (0) = 1) A (). =
Now by Plancherel Theorem, we have the result.

Theorem 3.1. Given k and f € Liﬁ(R). Then there exist a constant ¢ > 0 such that,
for all N > 0,

IN() = Ow(f,eNTY), . 5)-

< Firstly, we have

/ua (AR dja( /|1—Ja AR dja(N), (5)

with du(X\) = (|2 f(N)[2+]f(V)|?)do()\). The parameter h > 0 will be chosen in an instant.
In view of formulas (2) and (3), there exist a constant ¢; > 0 such that

lJa(AR)| < c1(AR) ™2
Then

+oo
/ aOR)| du(N) < e (hN) =3 72 (f).
N
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_1
2

Choose a constant ¢y such that the number ¢c3 =1 — clc;a is positive.

Setting h = c2/N in the inequality (5), we have

—+00

e T3 (f) < / 11— juAB)| da(N).

N

By Hoélder inequality and Lemma 2.3 the second term in (6) satisfies

/\1—ga AR dps(A /u—yauh)rxldum

+oo 1/2k , +oo 1-1/2k
< ( / \1—ja<Ah>r2kdu<A>> < / duw)
N
“+oo

N

From Lemma 3.2, we conclude that

+oo
[ =@ du) < |84 o

Therefore

[ 1= g i) < A FEE SOn (0

For h = ¢y /N, we obtain

1/k

k() < (1), Inp

Consequently by raising both sides to the power k& and simplifying by (Jn(f))?*

obtain
c
COCI§JN(f) < W(f7ﬁ)2a6

for all N > 0. The theorem is proved with ¢ = cs. >
Theorem 3.3. Let f € Liﬁ(R). Then, for all N > 0,

N

1/2
W(fiN )05 =0 | N7 (Z(l + 1>4"—1Jf<f>>

=0

we finally
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<1 From Lemma 3.2, we have

Jak f\\m,ﬁ—z%/w )= 1PF (5P + 1A FOE) do().

This integral is divided into two

+o0 N +o00

/:/+/:h+&

0 0 N

where N = [h~!]. We estimate them separately.
From (i) of Lemma 2.1, we have the estimate

+o0

B<c [ (SO + 1 FWP) doh) = eaTk (),

N

Now, we estimate I;. From formula (ii) of Lemma 2.1, we have

L<h* [N+ o) (| FN)P + |12 FNP) do(N)

1
A+ o) (|2 F NP+ |2 FN) do(N)

N—
h4k

=0

,_.

TY~—7F

N-1
< ht Z(l +p+ D™ (IP() = T () -
1=0

From the inequality [+ p+ 1 < (p+ 1)(I + 1) we conclude

=

L < (p+1)*pt ar (JP(f) = J2a(f)
!

Il
o

with a; = (I + 1)**.
For all integers m > 1, the Abel transformation shows

Zal (Jl2(f) - J12+1(f)) = aOJo ) + Z (@ — a1 Jz (f) - aer2n+1(f)
1=1

<aods(f) + > (e — aimy) JP(f),
=1

because anJ2 1 (f) = 0.

Hence
N—1

I < (p+ )Nk <J0 + Y (@+1) l4k)Jl2(f)> ,

=1
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since N < 1/h. Moreover by the finite increments theorem, we have (I + 1) — [*F < 4k(l +
1)*=1 Then

N-1
L<(p+ NI +4k Y (1 + D)™ LI ()
=1
Combining the estimates for I; and I gives
N
HA sza,ﬁ N~ Z(Z"‘l)%flJl?(f) )
1=0
which implies
N 1/2
W, N oas=0 | NS 1+ )" IR(f) :
1=0
and this ends the proof. >
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HEKOTOPBIE OITEHKU 1J/Id OBOBIIEHHOT O TIPEOBPASOBAHUSA ®YPBE,
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Mapoxkko, Maapud 20100 Kacabramnka
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Annoramus. B xrmaccmdeckoit Teopun mpubmmkenns bymakmmit ma RY, MOIyas rIagkocTE B OCHOBHOM
crpourcs nocpeacTsoM oneparopos casura f(-) — f(- +y). Ilockonbky moHsiTre omeparopa cABUra GbLIO
PACIINPEHO B PA3JMUHBIX HampasieHusix (cM. [2] u [3]), Gbum o6HApYKEHO MHOTO ApYruX OGOOIIEHHBIX
MOyJIel TIaaKOCTH. JacTo Mpy M3ydeHWs B3aUMOCBSA3U CBONCTB TUIAJAKOCTH (DYHKIUU U HAWLYUIIETrO
MpUOIMKEHNsT 3TOW (PYHKIMU B BECOBBIX (DYHKIMOHAIBHBIX IMPOCTPAHCTBAX TaKre OOOOIMEHHBIE MOy I
[VIAZIKOCTH OKa3BIBAIOTCS Oojiee ymoGHBIME, ueM oObranbe (cM. [4] u [5]). B pa6ore [1] AGumos u ap. mst
npeobpazoBanusa Pypbe B MPOCTPAHCTBE KBAAPATUIHO WHTEIPUPYEMbIX (DyHKIUH HOKA3aIU C UCIIOTH30-
BaHMEM OIEPaTOpa CIBWra JBE TOJE3HBIE OIEHKN Ha HEKOTOPHIX KJACCaX (DYHKIWIA, XapaKTepHu3yeMbIX
00ODOIIEHHBIM MOJIYJIEM HEMpEepHIBHOCTH. B maHHOI cTaThe MBI TakKe OOCy’KIaeM 3TOT Bompoc. Bostee
KOHKPETHO, MBI JOKQ3bIBAEM HEKOTODBIE ONEHKU (AHAIOTHYIHBIE MTOKa3aHHBIM B [1]) B kmaccax dyrkmmit,
XapaKTepU3yeMBbIX 0OOOIIEHHBIM MOIYJIEM HEIPEPHIBHOCTY U CBSI3AHHBIX C 000OIIEHHBIM ITPeobpa3oBaHne
dypre, accommmposanHoe ¢ muddepermmanbro-pasHocTHBM omrepatopom 1) B mpocrpancTse Liy s(R).
115t 9TOM e MBI UCIIOIb3yeM ODOODMIEHHBIN OTIepaTop CIABUTA.

KiroueBsie ciioBa: oneparop Yepenunka — Ommama, 0606merHoe mpeobpasosanne Pypne 06001eHHBIIT
CIBUT.
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CUMMETPUYHBIE MHOTOTPAHHUKI C POMBUYECKIIMI BEPIITTHAMII?
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Anvoranusa. B pabore paccMarpuBaioTCa 3aMKHYThIE BBIITyKJIble MHOMOIPDAHHUKY B TPEXMEPHOM €BKJIU-
JIOBOM IIPOCTPAHCTBE, HEKOTOPHIE BEPIIMHBI KOTOPHIX SIBISIIOTCS OJHOBPEMEHHO M30JIMPOBAHHBIMUI, CHM-
METPUYHBIMUA U POMOUYecCKuMu. POMOMYHOCTD BEPIIUHBI 03HAYAET, YTO BCE I'PAHU MHOTOTDAHHUKA, WHIIH-
JIEHTHBIE STOI BEPIIVHE, sB/IAIOTCI PABHBIMU MEXy C000# pombamu B KomugecTBe n. CUMMETPUIHOCTH
BEPIINHBI 03HAYAET, YTO OHA PACITOJIOKEHA Ha HETPUBHUAILHON OCH BPAIIEHUS ITOPSIIKA 7 MHOTOTDAHHUKA.
YVauTsiBasi, 9TO COBOKYITHOCTEH BCEX POMOOB BepimuHbl PP Ha3biBaeTCs poMOMYIecKoi 3Be3/101 BepmuHbl P,
HM30JIMPOBAHHOCTD BEPIIUHBI P 03HA4aeT, 9To ee poMOHUUYecKas 3Be3/1a He UMeeT OOIUX TOYeK ¢ poMbOumde-
CKUMH 3BE3JaMHI JIPYTUX BEPIIMH MHOTOrpaHHUKa. [Ipeamosoxnm, 970 B MHOTOTPAHHIKE NMEIOTCST TaKyKe
rpanu F;, He npunanmexaniye Hu OqHON POMOUYIECKOH 3Be3/1e, IpuaéM y KaxKIou rpanu F; cymecrsyer och
BpAIIEHHUsI, KOTOPAs SBJISIETCS JIOKAJIHHON OChIO BPAILIEHUST 3Be3IbI 3TON rpaHn. MHOMOrPDAHHUKN C TAKUMU
YCTIOBUSIMU HA3BaHBI B pabore RS-muororpamnmkaMu (OT MepBBIX OyKB CJI0B rombic, symmetry). RS-
MHOTOTPAHHUKYU OKA3bIBAIOTCS CBI3AHHBIMU C MHOTOTDAHHUKAMY, CUJIBHO CUMMETPUYHBIMUA OTHOCUTETHHO
BpameHnsi. MHOrOrpaHHUKHN, CHUILHO CHMMETPUYHBIE OTHOCUTEIHHO BDPAIIEHUs OLIIN paHee BBEIEHBI 1
MOJTHOCTHIO MEPEIUCIEHBI ABTOPOM; OHM ABJIAIOTCA 0000IIEHNEM KIacca PABUILHBIX (TLIATOHOBBIX) MHO-
rorpanaukoB. OTMeTHM, 9TO CPey CUIBLHO CUMMETPUYIHBIX MHOTOIPDAHHUKOB €CTh CEMb TAKUX, KOTOPBIE HE
SIBJIAIOTCS KOMOMHATOPHO 3KBUBAJIEHTHRIMA HU MPABUIBHBIM, HA PABHOYTO/IBHO-TIOTYTIPABUTHHBIM (apXW-
MemoBbIM). B Hacrosameit pabore Haiiensl Bce RS-MHOTOTDAHHUKY M yCTAHABIUBAETCS CBA3H HEKOTODPHIX
W3 HUX C MAPAJIIETI03IPAMU B TPEXMEPHOM €BK/IUI0BOM IIPOCTPAHCTBE.

KitroueBblie ciioBa: CHIBHO CHMMETPUIHBIM MHOTOIPDAHHUK, pOMOWYeCcKas BepmnHa, RS-MHOTOTPDAHHUK,
T E-tipeobpa3oBanre, MapaJLie003Ip.

Mathematical Subject Classification (2000): 52B10, 52B15.

BBeneunune

Tema macTostIeit cTaTb OTHOCUTCS K HATTPABJIEHWIO, B KOTOPOM PACCMATPHUBAIOTCS pas-

JIUYHBIE 00O0OIIEHNs TTPABUIBHBIX (IJIATOHOBBIX) MHOTOTPAHHUKOB (CM., Hampumep, [1-6] u
ceplakn B crimcke aureparypbl B [2]). K raknm 06061ieHrsiM OTHOCATCS, B 9aCTHOCTH, KJIaCChI
CUJIBHO CHMMETPUIHBIX MHOTOTPAHHUKOB, PACCMOTPEHHBIE aBTOPOM B paborax [2—4|; ocoben-
HOCTBIO 3TUX ODOOIIEHWiT SBIAETCA TO, 9TO B OCHOBY MOJIOXKEHBI CBOWCTBA CUMMETPUW 3JIe-
MEHTOB MHOTOrpanuuka. Hampuwmep, B 2| paccmarpuBaercs Kaace MHOTOTPAHHUKOB, CUAbHO

 PaBora BbImomnHeHa mpu (EHAHCOBOH MOmmep:kke Poccmiickoro $horma byHIAMEHTATBHBIX HUCCIETI0BA-

umit, [IpaBurennscrBa KpacHospckoro kpasi, KpacHosipckoro kpaeBoro (hoHIa MOIIEPKKU HAYIHON U HAYTHO-
TeXHUYECKOH JiesiTeabHOCTH, TPOoeKT Ne 16-41-240670.
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CUMMEMPUUHBLT OTIHOCUMEAbHO 6pauleHus eparet. HamoMHnM, 9T0 3aMKHYTBIM BBILYKJILIA
MHOTOTPAHHUK B F° HA3BIBAETCS CUALHO CUMMEMPUUHLM OMHOCUMEALHO EPAULHUA 2paHet,
€CIN Y KaryKI0i rpaHi NMEeTCs OCh BpAIEeHs MHOIOTPAHHUKA, MEPIEHUKY/ISIPHAs 3TOM rpa-
HU ¥ [IePECeKaolasi ee OTHOCUTEJLHYIO BHYTPEHHOCTh. B [2] Hafigen moHblii nepedeHs Takmx
MHOTOTPAHHUKOB, & TAKKe IBOMCTBEHHBIX UM — CHJILHO CHMMETPHUUYHBIX OTHOCHTEILHO Bpa-
[IIEHNsT MHOTOTPAHHBIX yIJIOB. B 4nc/ie 9TMX MHOTOTPAHHUKOB MMEIOTCSI CEMb, KOTOPBIE JarKe
KOMOWHATOPHO HE SKBUBAJIEHTHBI MPABUIHHBIM W aAPXUMEIOBBIM.

B [4] 6B110 TOKA3aHO, UTO TIOGATBLHOE YCIOBHE Ha OCh BPAIIEHUST MOKHO OCTa0UTh, & MMEH-
HO, OB TOKa3aHa, JIeMMa: I TOI0 9TOOBI MHOTOTDAHHHUK OBII CHIBHO CHMMETPHIHBIM, HE00-
XOIUMO H JOCTATOYHO, YTOOBI Y KasKJJ0H rpann F' uMesrach oCh BPAIeHHs, KOTOPAasl SIBISETCS
ocpro Bpamennst 3se3ab1 rpann F. Tlox 38e310it rpann F' (Bepmmasl V') mOHMMAETCS COBOKYTI-
HOCTH BCEX IpaHeli, MMEOIuX X0Ts Obl OHYy OOIINYI0 BepImHy ¢ rpanbio F' (Bepmmunoii V).

B macrosmeit pabore BBOAUTCA W MOJTHOCTHIO MEPEIUCISIETCT KIACC 3aMKHYTBIX BBITYK-
JILIX MHOTOTDAHHHKOB B F° ¢ CHMMETPHYHBIME DPOMOMYECKHMH BepmmmHaME (Kaacc RS) m
YCTAHAB/IMBAETCS CBSI3b 9TOIO K/IACCA C TapasiesodapaMu B B3

Cremyrorume Onpene/eHns ABISIOTCA MOATOTOBUTENLHBIMI /IS BBEIEHNUSA MTOHSITHS MHO-
TOTPAHHUKA C POMOUIECKUMU BEPITAHAMU.

OnPEAEJEHUE 1. Beprimaa V' MHOTOTpaHHUKA HA3BIBAETCS POoMOUYECcKol, eC/IU ee 3Be3/1a
COCTOWT W3 PaBHBIX POMDOOB, mMmeromnx obmeit seprmaoit V. Ilpu aTom Bce pOMOBI OAMHAKOBO
PACIIONIOXKEHBI, T. €. CXOAATCs B Bepiuue V jubo OCTpbIMU, JUOO TYIBIMU YTJIAMA.

Ecnn wucio takux pomMbOB paBHO N, TO BEPIIUHY OYIEM HA3BIBATH N-POMOUYCCKOT.

ONPEAEJIEHUE 2. n-poMbudecKasi BEPITHHA, HA3BIBAETCST CUMMEMPUYHOT, €CJIN OHA pac-
MoJI0KeHa Ha HeTPUBUAJIBHOI OCU BpallleHUd MOPSIKA 7 MHOTOTDAHHUKA.

OMNPEAEJEHUE 3. Pombudeckast BepiinHa HA3BIBACTCS U30AUPOSAHHOT, €CIIA ee 3Be3/a He
“MeeT ODIIMUX DIEMEHTOB CO 3BE3/I0 JI000M APyroit POMOUIECKO BEPITMHBI MHOTOTDAHHIKA.

ONPEJENEHUE 4. Purypa, COCTOAIIAA 13 pOMOOB 3BE3/IbI M30JINPOBAHHON CHMMETPUIHOM
N-POMOMTECKON BEPITUHBI, HA3BIBAECTCT CUMMEMPUYHOT N-pombuUYecKot wanowkot, a cama
BEPINMHA HA3BIBAETCS GEPULUHOT ULANOYKU.

ONPEAEJEHUE 5. /IBe paBHBbIE CUMMETPUUIHBIE N-POMOUYECKUE ITATTOYKHU, PACITOJIOKEH-
HbIE JIPYT K JIPDYT'y CBOMMHU BOTHYTHIMU CTOPOHAMMU, Oy/ieM HA3BIBATH 3€PKAALHO PACTLOAONHCEH-
HbLMAU, €CJTH OHU JINOO CUMMETPUIHBI OTHOCUTETHHO TIJIOCKOCTH, JIMOO MOTYT OBITH COBMEIIEHb
IIPU OMOIIY 3€PKAJILHOI'O IIOBOPOTa BOKPYI OCHU, IIPOXOAAIEH Yepe3 UX BEePIIUHbL.

3epKaJIbHBIM TTOBOPOT BOKPYT 0CH L — 3TO KOMIIO3UIUS TTOBOPOTA BOKPYT ocu L u oTpa-
JKEHUd B IJIOCKOCTH, HMEPICHIUKY/IAPHOI 3TOH OCH.

U3 ompenenerws 5, B 9aCTHOCTH, CJEIYET, ITO POMO0IIP — 9TO BBIMYKJIBIH MHOTOTPAHHNK,
COCTABJIEHHBIN U3 JIBYX PABHBIX CUMMETPUYHBIX 3€PKAJTBHO PACIIOIOKEHHBIX 3-POMOUIECKUX
HIAI0YCK.

Ecnm paccmaTpuBaTh MHOTOTPAHHUKY, KayK/Iad BEPITNHA KOTOPBIX ABJIIETCI CHIMMETPUI-
HOIl poMOMYecKoii, HO He W30JIUPOBAHHON, TO, KAK M3BECTHO, KJIACC TAKUX MHOTOIDAHHUKOB
HUCUYEPIIBIBAETCS JBYMST MHOTOIPDAHHUKAMU: POMOUYIECKUM JOJIEKAIPOM U POMOOTPUAKOHTAI/I-
poum [2].

1. MHOrorpaHHUKM C POMOUYECKUMHU BEPHIMHAMU

Jlamee 6ymem paccMaTpUBaATh MHOTOTPAHHUKH, KayK/1as POMOUYECKAsT BEPITHHA KOTOPBIX
SIBJISIETCA CHMMETPUYIHON 1 n3ouposanuoii. [Ipu srom Kaxmas rpanb F', He BXomdaiias B 38e3-
Iy pOMOWYECKOil BepIUHBI, UMeeT OCh BpallleHus, neprueHukyaspuayio F. [Ipeamomaraercs,
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YTO 3TA OCh BPAIEHNUS SIBJISETCSI OChIO BpallieHus 3Be3bl rpann F. Takoil kioacc MHOTOrpaH-
HUKOB Oymem obozuadath R.S.

Teopema. Besikmit mHororpanauk kjiaacca RS MoxkeT ObITH MOJIyYeH IPH MOMOIIH TTPe0d-
Pa30BaHUSI OTCEUEHUS HEKOTOPBIX TPEeXTPAHHBIX BEPIMHH OJHOTO W3 CHABHO CHMMETDHYHDBIX
OTHOCHTEJILHO BPAIeHUsT TpaHeil MHOTOMPDAHHUKOB U IIOCIEIYION[er0o CAMMETPHIHOTO MPOJIIe-
HHST TOJTyUYeHHBIX TPEYTOJBHBIX CEUEHHIT 0 POMOOB.

< Omneparust OTCeUeHusI BEPITHHBI OMPeIe/IsieTcst, HarmpuMep, B [6, ¢. 76], [7, ¢. 439]. [Ipeo6-
pPa30BaHME OTCEUEHNsT BEPIUHBI U MTOCIEIYIOIEr0 CAMMETPUTHOTO MPOJIEHNUsT B CBOEH TLJI0OCKO-
CTH TIOJTyYUBIIIEHCS B PE3Y/IbTaTe OTCEUEHUsT TPAHU, YIIOMSIHYTOE B Teopeme, OyaeM Ha3bIBATh
T E-npeobpasosaruem.

Paccvorpum mekoropswiit RS-muororpanauk M. [lycts A — HeKoTOpast ero n30JnpoBaH-
Hast N-poMbUUIecKas BepimuHa. [IpoBeIeM MI0CKOCTE P, OMOpHYIO K M B TOUKe A mepreHInKy-
JISTPHO OCH BpallleHus, Tpoxosiieit vepe3 A. CasuHeM mapaJjjiehHo MIOCKOCTH P B HApaB/Ie-
HUU OT TOYKM A K BHyTpeHHOCTH M 110 TeX Top, TMOKa 3Ta TIOCKOCTH TPOHIeT depe3 MeHbIITHe
JMaroHa/Id BCEX POMOOB pOMOMYECKO 1IalloYKu ¢ BepimnHoi A. YiaanM 4acTh MHOMOIPAHHN-
Ka, JIEJKAIIYIO TI0 Ty CTOPOHY OT TIOCKOCTH P, KoTopas cojep:kuT Bepruny A. Tlepeceuernne
miockoctu p ¢ M mpeacrasisier coboit rpans F'. Hepes BayTpennocTs F' mpoxomuT och Bpa-
menns Muororpananka M. Kaxmpoe pebpo rpauu F' sBjisieTcs CTOPOHON TPEYTOIbBHUKA, BXO-
JISIIEr0o B 3Be31y F. DTU TpeyrobHUKN 00pa3yioT 3aMKHYTYIO 30HY rpateil. Qbo3HaINM 3Ty
3oHY Z. JI1obOble JBa coceHme TPEYTOAbHUKA 30HBI Z UMEIOT TOJBKO OJHY OOIIYI0 BEPIIIHY,
KOTOpasi SBJISIeTCs TaKyKe U BepiiuHoi rpann F. Hu uepe3 ofguH u3 9TUX 1 TPEyroJbHUKOB He
OyaeT mpoOXOanUTh OCh BpalleHust MEOrorpananka M.

[Iponemaem 310 ¢ Kaxk 0¥t pombudeckoit BepiuHoi Muororpanuuka M. [logyanm mMHOTO-
rpanank M’ y KOTOPOro depe3 KayKJylo I'PaHb, UCKII0Yasd TPEYroabHble, TPOXOAAT OCH Bpa-
menns. Jlamee paccyKaeM aHAJOTHIHO CIYyIai0 MHOTOTPAHHUKOB C U30JIMPOBAHHBIMY HECUM-
MeTpUYHbIMY Tosicam¥ [4], T. e. pacemorpuM ofH U3 TpeyrosbHUKoB 1 30HbI Z. [Ipogosknm
Tpu TpaHu, uMeoIue obirue pedbpa ¢ 1', 1o ux mepecedenusi B onHo# Touke. [Iponemaem 3To
C KasKJbIM TPeyTOJLHUKOM KasK10it 30HbI. Ilosyunm HOBbI MHOrOrpanauk M.

Yepes meHTp KaxK0il rpanu MEOrorpanauka M Gymer mpoXoauTh 0Ch BPAINEHNS MHOTO-
rpananka. Takum obpasom, M” aBjigercs CUILHO CUMMETPUYHBIM OTHOCUTEILHO BPAIeHUs
rpaHei.

[TposeeM Tereph Bee MTOCTPOeHUs B ob6paTHOM nopsake. [Tosyuny n3 Mmuororpannuka M
MHOTOTPaHHUK M € W30/ IMPOBAHHBIMU CUMMETPUIHBIMYU POMOUYECKUMU BepITHHAMU. [>

SAMEYAHUE. V3 mpuBeIeHHOTO T0KA3ATEIBCTBA BUIHO, UTO /IS KAXKI0H pOMOUTIECKOit
BEPIMMHBI V' TOCTATOYHO CUUTATH OCh BPAIEHWS, MPOXOJSINIYI0 depe3 V', A0KaAbHot OChIO
Bpalennst (purypbl, COCTOAIIEH W3 POMOMIECKON IMIamovYKu C BeprimHOoi V' u Bcex TpaHeit,
IMEIOIIX XOTS OBl OHY OOIIMYIO BEPIIHHY ¢ POMOAME 3TOH MIAMOYKA.

Hanee npeobpasosanue yorunenus (BIOJIb OCH BPAIEHWs) MHOTOIPAHHUKA, O3HAIAET Ta-
KOI CJIBUT €T0 IBYX PABHBIX CUMMETPUIHBIX POMOUIECKUX MTATOYEK BIOJIb OCHA BPAIEHHUST STHX
MAMOYeK, YTO PACCTOSTHUE MEXKIY BEPITHHAMU MMATOYeK yBEIUIUBaeTCs. [Ipu 9ToOM pas3aBu-
raemMble 0DIIre BEPITUHBI POMOOB MIATIOYEK, OTJIUIHBIE OT BEPIIMWH MIATOYEK, OYIYT KOHIIAMT
HOBBIX PaBHBIX U TApaJIeIbHBIX OCH CIABUTA, pebep.

HanomuanuMm, 9To ycewernnwvili pombuseckusi mpuakonmasdp U 2-4 nosyyceuennvits pomoue-
cKul mpuaKxonmasdp — 3TO JIBa TUIA CUIBHO CHMMETPHYHBIX MHOTOIPAHHUKOB 13 [2], KOTOpbIe
MOTYT OBITH MTOJIYUEHBI OTCEUEHUEM BEPIITUH POMOUYECKOTO TPUAKOHTAIPA. YeeuerHvil uKo-
cas0p — OMH W3 TOMYTTPABUIBLHBIX (APXMMEIOBBIX) MHOTOTDAHHUKOB, MOJTY YeHHBIH OTCEIeH -
€M BEpIIUH UKOCAIPA. Yoaunennvili pombuseckuti dodexasdp — MHOTOTPAHHUK, IOy IeHHBIN
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13 poMOO/IOIeKadIpa peobpa3oBaHneM yInHeHus BIA0Ib ocu AB 4-ro mopsaka (puc. 2, e).
Yoaunennviti pomb6osdp mosrydaercst mpeobpa3oBaHUeM YIJIUHEHUS BIOJIL ocu AB pomb603-
pa — MHOTOTPAHHWKA, COCTABIEHHOTO M3 IECTH PAaBHBIX poMGoB (puc. 2, f).

Caencrsue. Cenyromniue THIIEI MHOTOTPDAHHUKOB HCUEPITBIBAIOT Kjaacc RS':

a)-b) mHOrorpanaukn ¢ 5-pombudecknvu Bepimaami, T E-ripeobpaszoBaHHbie H3 ycedeH-
HOI'O POMOHYIECKOTO TPUAKOHTAIIPA,;

¢) MHOrorpaHHuK ¢ b-pombuuecknuvu BepinnHavmu, T E-npeobpa3oBaHHbIii 3 2-10 101y~
YCEUEHHOTO0 POMOUIECKOTO TPUAKOHTAIIPA;

d) mHOrorpaHuuk c¢ 5-pombuueckumu BeprinHavu, T E-npeo6pa3oBaHHBIN H3 yCeUeHHOIO
HKOCa3pa;

€) YJJIMHEeHHBIH POMOMYIecKuii jojekasap ¢ 4-poMOuIecKuMu BePITHHAMH;

f) yanmuaerHBIE POMOOIAPHI ¢ 3-POMOUIECKUMH BEPIIHHAMH.

< Tak KaK Bce MHOTOTPAHHUKN, CUJIBHO CUMMETPUIHBIE OTHOCUTEILHO BPAIEHUS T'DaHei
MEePEYNC/IEHBI, TO JOCTATOYHO BHIOPATH M3 HUX Te, KOTOPbhie J0myckaioT 1 F-mpeobpasoBanue.
MHororpaHHUKY, COOTBETCTBYOIME TUmaM a)—f) CaeIcTBusi, MpeCTaBIeHbl Ha puc. 1 u 2.

Vcedennbiit poMOUIECKUiT TPUAKOHTAIAP TOIYyIEH OTCEUEHWEM BEPIITUH CTENeHU 3 U CTe-
meHu 5 B poMbuueckoMm Tpuakontasnape. [lostomy, npumensis T E-nipeobpazoBanne K KaxKI0u
TPeXTPAHHON BepInHe KayKI0f MITHyTrOJbHON IPAHN YCEIeHHOT0 POMOMYECKOTO TPUAKOHTA~
97pa, TOJIYYNM MHOTOTDAHHUK TYHKTA a). KCIM TpeyroabHble TPAHU JOCTATOYHO OOJIbIITE,
T. . OyIyT UMeTh O0IIMe BEPIIMHBI ¢ POMOAME, TO TIOJIyINM MHOTOTDAHHUK b).

2-it oIy yCeUeHHBI pOMOUYIECKUiT TPUAKOHTASAP TOTYIEH U3 POMONIECKOTO TPUAKOHTAI-
pa oTceuenneM TOJIHKO Bepiua crernenn H. [losromy, mpumensem T E-npeobpazoBanue K Bep-
[TUHAM D-YTOJBHBIX T'DAHEl 2-TO TOJYYyCeIeHHOTO0 POMOMYECKOro TpuakoHTadapa. llomyuanm
MHOTOTPDAHHWK TTYHKTA C).

Puc. 2. RS-MHOrOrpanaukm.

[Tpumensist anagornano T E-npeobpaszoBanme K yCEICHHOMY WKOCAIAPY, MOTYIUM MHOTO-
rpanauk d). MuOrorpanuuk e) moiydaercs npumenenneM 1 E-mpeobpasoBaHusi K TPEXTPaH-
HBIM yTJIaM BEPXHETO U HUYKHEr0 KBAJPATHBIX OCHOBAHUI MPIMOYTOILHOTO TTaPa/ILIeIeNNIIe I a.
Mmuororpauuauk f) mosyaaercs npumenernem 1" E-ipeobpa3oBaHisa K TPEXTPAHHBIM yTJIaM OC-
HOBAHWI MPABUILHON 6-yroabHON TPpU3MBbI. >

OTmeTuM, 9TO HAIMYNE OCH CUMMETPHUHN 5-TO MOPSIKA B HEKOTOPHIX MHOTOTPAHHUKAX KJTaC-
ca RS MOXkeT CyXKUTh yKa3aHUEM Ha BO3MOYKHBIE UX MTPUJIOKEHUS B TEOPUN KBA3UKPUCTAJI-
708 (cM., Harpumep, [8]).
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2. CBs3bp RS-MHOTOrpaHHUKOB C MapaJijiesio3gpamMmun

Kak u3BectHO, [9| BBIMYKJIBIi MHOTOTPAHHUK P HA3BIBACTCI NAPAAAEA0IOPOM, €CIH BCE
npocTparcTBO £3 MOKHO pa3buTh Ha mapaJiienbHbe Komun P.

Bcero cymecrByer narh adduHHBIX THIIOB TApaJsIe/I03IPOB: Mapasaeaenunesa, 6-yroib-
Hag IpuU3Ma, pOMOOIOIEKAdIP, VATUHEHHBI POMOOIOTEKAdIP U YCEUeHHBIN OKTadIP.

ONPEAEJEHUE 6. IIpasuavtvim OyAeM HA3BIBATEH MAPAJLIETIO3IP, TPAHIMEI KOTOPOTO MO-
ryT OBITH PaBHBIE MEXKIy CO0Oii poMOBI M (MJIM) MPABIJIBHBIE MHOTOYTOJBHUKU W KOTOPBIMH
SIBJISTETCST €UHCTBEHHBIM C TOYHOCTRHIO 0 ToI00mns B cBoeM adhduHHOM Kitacce.

O4eBuaHO, YTO MPABMJIBHBIE MAPAJIIETOIPHI CAEAVIONNe: KyD, MpaBHIbHAA 06-yro/Ib-
Has TPU3Ma C KBAAPATHBIMU OOKOBBIME T'PAHAMU, POMOOIOIEKAIID, YCEUEHHBIN OKTAIIP
C TPABUIBHBIMU 6-yrOJbHBIMA ¥ KB3APATHBIMU TPAHAMH, 12-TpaHHHK C IPABUILHBIMI
6-yrOJIbHBIMI ¥ POMOMYECKUMU TPAHIMUA — YIJIMHEHHBIH POMOOIOIEKAIIP.

SAMEYAHUE. B cireayromemM mpeioyKeHnn TPaBUIbHBIN MJIOCKW 6-yTOIBHUK paccMaT-
pUBaeTCs Kak mnpeenbaas GpopMa 3-poMOUTIECKOil MATOYKY, Y KOTOPOit Tpu poMba B BEpIInHE
MANOYKY UMEIOT TyTibie yruibl 110 27 /3. Takum 06pa3om, J1Be 3epKaIbHO PACIOIOKEHHBIE POM-
Ouveckme MAMOYKYM COBMAJAIOT U 00PA3YIOT B 9TOM CIyUae JBaK bl MOKPHITHIN TIJIOCKUH Mpa-
BUJIBbHBIN 6-yTOJBHUK; €r0 MbI OyIeM CUYNTATh 3aMKHYTBHIM BBITYKIBIM MHOTOTPAHHUKOM —
POMBO3IPOM, COCTABMEHHBIM U3 JBYX 3-pPOMOMUYECKUX IMATOYEK. AHATOIMYIHO, KBAJPAT pac-
CMaTpUBAETCA KaK mpemeabHas ¢hopma 4-poMOUTECKOil MamoIKu, y KOTOPOil deThipe pomba
CTAHOBSTCS KBaJparaMu. B 3ToMm cydae JiBe 3epKaJibHO paCIOJIOKeHHbIe 4-POMOMIecKre 1a-
MOYKN COBMAJAIOT U OOpA3yIOT JIBaXKIbl MOKPBITHIM KBAJPAT, KOTOPBI MBI TaK Ke Oymem
CYUTATH 3aMKHYTBIM BBITYKJIBIM MHOTOIPAHHUKOM. OTMETHM, 9TO C 3TOW TOYKHU 3PEHUS MTpa-
BUJIbHASI 4-yTO/IbHAS U TPABUIbHASA 6-yTOIbHAS TPU3Ma MOTYT CIUTATHCS MTPEIeTbHBIME (BBI-
poxkgenabivm) dopmavu RS-muororpanankos. Cpey MPaBUIbHBIX MaPAJIET0IPOB TOIBKO
YIJIAHEHHBIH POMOOIOIEKAS TP SIBJISETCS HEBBIPOKIEHHBIM R.S-MHOTOTDAHHUKOM.

Ilpeanoxxkenue. Jlis Kaxka0ro nmpaBuIbHOTO mapaJsuienrodapa P cyimecrsyer eqnrcrsen-
HBIIf MHOTOTpaHHUK R ¢ poMOmdeckuMu rpaHsMd Takoi, uro P moxer O6bITH mogayded u3z R
b0 npeobpazoBanueM yaanHEHus, 6o (B caydae, korga P — ycedeHHbIH OKTaIp) OTCE-
YeHHEM POMOUYECKUX BEPIIIHH.

< IlpuauMas BO BHUMAaHWE NPEIBIIyINEe 3aMedaHue, BUAUM, YTO KyO U MpaBUIbHAS
6-yFO.}IBHaH Tpru3Ma C KBaJAPaTHBIMI 6OKOBLIMI/I TPaHAMU TOJIYYIal0TCdAd, COOTBETCTBEHHO, ITy-
TeM TTpeobpa30BaHUs YIJUHEHUS TBAYXK/IbI MOKPBITHIX KBAPATa U MPABUIBHOTO 6-yTOTBHUKA.

Pombomoaexasap morydaeM ymiwmHeHHEM POMO031pa, ¥ KOTOPOTo POMOBI PABHBI poMbam
B POMBOJIOIEKASTIPE, T. €. ¥ KasKI0r0 poMOa OTHOIIEHNe quaroHaseil pasnuo v/2. Ilpiden ymm-
HEHUE TTPOBOIUTCS BIIOJIh 3€PKAIBHON 0cr 6-T0 TIOpSIIKA, Ha PACCTOSTHIE, pABHOE JIJINHE CTOPO-
HBI poM60B. Takum 06pazoM, poMGOIOIEKAIIP ABIFETCS TACTHBIM CIyIaeM MHOTOTpAHHUKA f)
Ha puc. 2.

[TosHBIM OTCEUTEHNEM TPEXTPAHHBIX BEPIIUH POMOOIOTEKAdIPA, TPU KOTOPOM OTCEKAOIAsT
IJTIOCKOCTH MTPOXOJUT Uepe3 KOHITHI pebep, MHITMIEHTHBIX 0TCEKAEMO#l BEpIINHE, C TOCIETY0-
M OTCEeYeHreM 4-rpaHHBIX BEPITUH POMOOIOIEKAdIPA, MOTYyIAEM UeTBEPTHIN MPABUIHHBII
MapasIes odIp — YCEUeHHBINH OKTadIp.

Paccmorpum Terephb IBe 3epKabHO PACIOIOKEHHBIE CHMMETPUIHBIE 4-pOMOUTIECKHe TI1a-
MOYKN C COBMAAMONIAMA TPAHUIHBIMU BEPITMHAMEU HA OOJBIMUX JUATOHAISIX POMOOB ITAIo-
gek. [Ipm sToM 1mamoukn BeibepeM Takwme, 9TOOBI HA TPAHUIE KAXKION IATOYKNA BCE COCETHUE
POMOBI COCTABIIAIN MeXK Ty coboit yrel mo 27 /3. [IpuMensisg mpeobpasoBaHue yIIHHEHWS Ha
paccrosiaue, paBHOE CTOPOHE POMOOB, K MHOTOTPAHHUKY OOPA30BAHHOMY STUMU MTATIOYKAMUT,
MOJTY UM TSITHIN MPABUIBHBIN TApPAJIeN03Ip — YAJUHEHHBIH pOMOOIOIEKAdIP. >
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Abstract. Closed convex polyhedra in three-dimensional Euclidean space, some vertices of which are
simultaneously isolated, symmetric and rhombic are considered in this paper. The rhombicity of the vertex
means that all the faces of the polyhedron incident to this vertex are m rhombi equal to each other. The
symmetry of a vertex means that it is located on a nontrivial rotation axis of order n of the polyhedron.
Taking into account that the set of all rhombi of a vertex P is called a rhombic star of a vertex P, the
isolation of a vertex P means that its rhombic star has no common points with rhombic stars of other
vertices of a polyhedron. Suppose that in a polyhedron there are also faces F; that do not belong to a
single rhombic star, and each of F; has a rotation axis, which is the local axis of rotation of a star of this face.
Polyhedra with such conditions are called in the paper RS-polyhedra (from the first letters of the words rombic,
symmetry). RS-polyhedrons are related to polyhedra that are strongly symmetric with respect to rotation.
Polyhedra, strongly symmetric with respect to rotation were previously introduced and are completely listed
by the author; they are a generalization of the class of regular (Platonic) polyhedra. We note that among
strongly symmetric polyhedra there are seven such that are not combinatorically equivalent to either regular
or equilateral semiregular (Archimedean). In the present paper, all RS-polyhedrons are found. It is shown
that some of them are related to parallelohedra in three-dimensional Euclidean space.
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parallelohedron.
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AHHOTaLII/ISI. B Pa3IUYHBIX TPUKJJIAIHBIX 337a9aX YaCTO HYXKHO BOCCTaHOBUTH KaKyIO—III/I6O XapakTe-
pucTrky o6beKkTa 1Mo HeKOTOPOi mHbOpManuu (KaK MPaBUIIO, HEMOJHON WM HETOYHON) O IPYTHX ero
xapakrepucTukax. CyIecTByOT pa3InvHbIe MOAXOAbI K PEIIeHNIO aHAJIOTMYIHBIX 3adad. B nammoit pabore
MCTIO/TH30BAJICS TTOXO, OCHOBAHHBINH Ha nuaeax Angpes Huxkonaesnaa Komvoroposa (B paGoTax 0 n-more-
PEYHUKAX) O HAWIY9IIAX CPEACTBAX MPHUOIMKEHNS KOHETHOMEPHBIMHU noanpocrpancTamu. CyTh MeToa
3aKJ/II0YAETCS B TOM, YTO HINETCS HAWIyHINee CPEICTBO alIPOKCUMAIINY Ha IeJI0M Kiacce. PaccmarpuBaer-
cs 331292 OJHOBPEMEHHOT'O0 BOCCTAHOBJIEHUS OIIEPATOPOB Pa3JeIeHHBIX PA3HOCTEll BCeX MOPSAIKOB OT 1 10
(n—1)-ro BKIIOYATEIHLHO HA KJIACCE TTOCTIE0BATENBHOCTEN C OrPAHUTIEHHOM N-0i PA3IETeHHON PA3HOCTHIO.
IIpu sTom mpeobpazoBanmne Pyphe MAHHON MTOCJIEIOBATEIHHOCTH W3BECTHO TPUOJIMIKEHHO HA HEKOTOPOM
OTpe3Ke B CpegHeKBaApATUIHON HOopMe. IlocTpoeHo ceMeiicTBO ONTMMAIBLHBIX METOIOB BOCCTAHOBJICHIM.
Cpenu HaliIEHHBIX METOOB €CTh T€, KOTOPbIE UCIOIL3YI0T MUHUMAJIbHYIO HH(MOPMAIUIO O MOCIeI0Ba-
TEJIBbHOCTU, TPEABAPUTEILHO <«CrJIa’KUBadA» e€e. Haﬁ,Z[QHO TOYHOE 3HAYUEHWE OTTUMAJJIHLHON TIOTPENTHOCTU
BOCCTAHOBJIEHHUS OIIEPATOPOB Pa3IeIeHHBIX pa3HoCTeil. IIpeneTbHBIM epexoqoM U3 MOJIYyYeHHBIX Pe3yJib-
TATOB BBITEKaeT HeIIPePBIBHBIN CIydail.

KurodeBble cJIOBa: ONTUMAJIBHOE BOCCTAHOBJIEHEE, OEPATOD DA3/IeIeHHON PA3HOCTH, IPeodpPa30oBaHMe
Dypbe.
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1. BBenenue

BHepBbIe 3aJa9a ONTHUMaJIBHOTO BOCCTAaHOBJICHUA d)YHKL[I/IOHaJIOB ObLIa IIOCTABJIEHA

C. A. Cvongrom B pabore [1]. On ke mokazaa, 4TO CpeIu ONTHUMAILHBIX METOIOB BOCCTA-

HOBJICHUS Ha BBIITYKJ/JIOM MHOXKECTBE €CTh JIMHENHBIN. B O6H_[eM CJIy4dae MeTOJ OIITHUMa.JIb-
HOTO BOCCTAHOBJIEHUsI JIMHEWHBIX OMEPATOPOB MO TPUOIMKEHHONU wHMOpMaIun pa3paboTaH
I'. I. Marapunom-Unbsiessivm u K. FO. Ocunenko B pabore [2|. B mamnoit pabore paccmarpu-
BaeTCsT 3aJ1a9a OJJHOBPEMEHHOTO BOCCTAHOBJIEHUsI OMEPATOPOB Pa3IeIeHHBIX PA3HOCTEH pas-
JINYHBIX MMOPSIIKOB B CPEIHEKBAIPATUTIHON HOPME HA KJIACCE MOCJIeI0BATETHLHOCTEH ¢ OTpaHu-
YEeHHOU M-t Pa3Ie/eHHOl PA3HOCTHIO IO HETOYHO 33JaHHOMY TpeodpasoBanuio Pyprbe camoii
MOCTIEIOBATEILHOCTH. AHAJOTHYHAS 33/1a9a BOCCTAHOBJIEHUS TPOM3BOIHON KaKOTO-THHO TTO-
psizika (nam camoit yHKIMM) Ha coBOJEBCKOM KJacce paccmarpupasiach B pabore [3]. TIpe-
JIeJIBHBIM TIEPEeX0/I0M U3 MOJTYIEeHHBIX Pe3Y/IHTATOB BHITEKAET HEMPEPBIBHBIN CIy4ail, HCCaemno-
BaHHBIN B pabore [3]. OmHOBpPEMEHHOE BOCCTAHOBJIEHNE Pa3/le/IeHHBIX PA3HOCTEHl M0 HETOYHO
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3aJIaHHOf CaMOii MOC/Ie0BATEIEHOCTH PACCMATPUBAIOCH B paboTe [4]. B pabore [5] usyuanacs
3a/a9a ONTUMAJJIHLHOTO BOCCTAHOBJIEHUST HEKOTOPOW (PUKCHPOBAHHON pa3/e/IeHHONl Pa3HOCTH
[0 HETOYHO 33JaHHOMY Mpeobpazosannuio Oypbe camMoil MOC/IeI0BATEIFHOCTH B PABHOMEPHOI
MeTpUKe.

2. OcHOBHBIE TOHATUA

IIycts n € N. Ilycts Iy ,(Z), h > 0, — mpocTpaHCTBO TOCAeg0BaTeNbHOCTEH & = {)} ez
2 o — (h 12\1/2 p

jez |j1® < o0, ¢ mopwoit ||z, , z) = ( >jez ) ) /7. Pacemorpuy Kiace

MOCJIeIOBATETHbHOCTEMH

TaKuX, 4TO »

Wi ={webyp@): Al <1}

IIpeobpazoBannem Pypbe MoCIEIOBATENIBHOCTH & = {Z;}jez € la n(z) aBngerca Gyukiua

(Fa)(w) =hY_zje 7" e Ly([—m/h, 7 /h)),
JEL
oriepaTopa Pas3ie/IeHHON Pa3HOCTU MEPBOrO MOPSIKA — (DYHKITHST
thw
1 — X -1
(FALz)(w) = h% %th] o iihw QT (Fz)(w),
J

npeobpazopanrem Pypbe omeparopa pa3geIeHHOl PA3HOCTH MOPAIKa M — PYHKITUI

eihw _1\m
(Fape) @) = o P,

CrasuTcs 3a/1a49a 0JHOBPEMEHHOTO ONTUMAILHOTO BOCCTAHOBJICHUS OMEPaTOPOB BCEX Pas-
HOCTeil (Akx,A%x,...,AZﬁlx) TOCTIeIOBATEIBHOCTH & € #4% TPH yCIOBHM, YTO ee TIpe-
obpazosanne Pypbe Ha orpeske [—o;0], 0 < o < m/h, HAM W3BECTHO C TOYHOCTBHIO JI0
d: ||F,I(W) - y(w)HLz([—U;JD < 67 6> 0.

B kadecTBe METOJ0B BOCCTAHOBJIEHWs] PACCMOTPHM BCEBO3MOKHBIE oTOOpaxkenns p(y) =
(1), 02(y), - -, on1(y)), er(y) : La([=030]) = lop(Z), 1 <k <n—1.

Ob6oznaunm A = (Al, AQ, ey An—l)-

Hozpeumocmmo memoda  Ha3bIBaETCA BeJIUINHA

n—1
Wy FN, 6, ) = Akgy — >
6( 2:h SD) T€WYY,, 521132([*0;0])7 kz:lpkH ne SDk(y)Hth(Z)

1Fz(w)=y(@)llLy (—0i01) <O

Baeck p = (p1,P2,--+,Pn-1), Pk = 0, 1 < k < n — 1, — BecoBble KOIDDUIMEHTHI, OTHO-
BpeMeHHO He paBHbe (), BApHUPYS KOTOPbIE MOXKHO OTJIABATH MPEANOYTEHNE 00/Iee TOTHOMY
BOCCTAHOBJIEHUIO OTIEPATOPA KAKONH-TNO0 PA3HOCTH.

HOFpeHlHOCTbIO OIITUMAJIBHOT'O BOCCTAHOBJIEHUYA HA3BIBAETCA BEJINYUNHA

B35, 11 8.0) = o L2<[fo;31r>li<zg,h<z>>n e(#3h .88, ¢).

MGTO,Z[ @, Ha KOTOPOM JOCTUTa€TCA HUXKHAA I'PaHb, HA30BEM ONMUMAAOHDBILM MEMOJOM.
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3. OcHoBHBIE PE3yJIbTAThHI

[IycTts & — MOMOXKUTENHHBIN KOPEHDb YPAaBHEHUST

rn = — | — x.
Dk e
k=1 k=1
Paccmorpum obe gactn ypaBHeHI/IS{. OyHKIMS Yy = ZZ;% pkx% Bormyra, lim, .oy = 0. Oynk-

g y = Zk 1Pky (52) " r — TpAMas C MOJOKUTEIbHBIM YTJIOBBIM KO3(MDDUITHEHTOM, TPO-
XOZSIIAsT Yepe3 HAadaJ0 KOOPAWHAT. DTo o3Havaer, uro npu x > 0 rpadukn stux QyHKIHI
UMEIOT €eAMHCTBEHHYIO TOYKY TepeCcedeHusd, T. €. JaHHOE€ YPpaBHEHUE BCErJa MMeeT € JTMHCTBEH-
HBIII KOPEHbD.
Baexem obo3HaveHms

2 ha 7 L
5— {E arcsin =5, x?
€T 2n

s
I

E(#yy,, F,A6) =

Bce merombr

riae
7)‘1+9’“( w) w € (=00
ou(w) = | Ty @€ ) (1)
07 w ¢ (_07 U)a
a O(-) st nourn Beex w € (—0;0) YJAOBIETBOPSIIOT yCIOBHIO
L N N n—1
ka Nou()? < ") (34 Rar") = S ) @)
k=1
B KOTOPOM
n-1 52 _% k ~
R ZPk(g) (1-%), ozo,
N = k=1
Sk (k) iE k ~
kz1pkw0 (5) " (1 - E) ) o<o,
nl k(82 et ~
. kg pkﬁ <ﬁ> ) oz g,
A ={ 57
n—
3 prwkm, o <0,
k=1

ABJIAIOTCA OIITHMAaJIbHBIMHA.
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4. Jloka3aTeJIbCTBO

JlokaxkeM, UTO

E(%’fh,F,Z,é) > sup ZpkHA beh (3)

z€WS,,
|Fz (W) Ly ([~ o;07) <O

o n o
Mot moGoit nmocenosarensuoctn @ € #yy, taKoit, uto ||Fx(w)l|1,((~e0)) < 0, 1 st soboro
MEeTO/IA ( MMeeM

n—1 1/2 1/2
(S sttt ) = (ki) a1 1000,

k=1

n—1 n—1 1/2
< (zpkuaﬁz(m) — O, ) + Dbl A () — eo(O)HZ,h(m)
k=1 k=1

1/2
_ 1/2
2 Z sup pkHAﬁmHZ’h(Z) - <p(0)> < <2e2 (7/27}” F A0, cp)) ,

x%h,

||FI(w)||L2( —oi0]) <O

T. €. JIJIsT JIF0DOT0 MEeTOoIa,

n—1
e(Wah, FL A, 6,¢) > xes%m ;PkHAﬁ“HZ,h@ '

”F"L‘(w)llLQ([fo';o'])gé

U3 naHHOro HEpaBeHCTBA C/leyeT HEPABEHCTBO (3).
DT0 03HAUAET, UTO KBAJAPAT MOTPEITHOCTH ONTHMAILHOTO BOCCTAHOBJIEHUS HE MEHbIIIe 3Ha-
YEHUH SKCTPEeMa/IbHON 3a1a4u

n—1

ZPRHA%HZMZ) — max, HAZleg,h(Z) <L HFx(W)HLz([—a;a}) <o (4)
k=1

[lepeiigem K KBaIpaTy 33Ja4u 1 mpuMeHnM teopemy [Lnammepesns. 3agaqa (4) mpuHIMaeT
BU/T

zhw _ |2k

Zpk / | Fa( )|2dw—>max, (5)
—7/h
o n/h
9 5 1 |ezhw_ |2n 9
/‘Fﬂ:(w)‘ dw < 67, o / T‘Fx )| dw < 1
—o —7/h
[Tomoxmm .
% arcsin (% <%> 2"), o >0,
wo = (6)

o

1
. - h k\ 30n=R) ~
arcsin (sm . (E) 2(n ’“)>, 0<a0.
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Pacemorpum ciayuait o > 0. Touka xg = §—§ — TOYKA KACAHWS TPSAMOH y = A1 + dox u

~ —-1 k ~ ~
byuxkuun §y = Y, — prxn (eM. puc. 1). Ilpu o > 0 B custy MOHOTOHHOCTH (DYHKIIUH § BBITIOJ-
HSETCS JBOMHOE HEPABEHCTBO Wy > W2 > 2o. DTO 03HAYALT, UTO APIyMEHT (DYHKITUH APKCHHYC
B pasencrse (6) we npepbimaer 1 npu o > 0.

yle +X2:L‘

Puc. 1.
Pacemorpum mocsieoBaTeIbHOCTD (DYHKITHI Ty, (), 7T KOTOPBIX

D7 WG[WO—%§WOL
0, wgé[wo—iwo]

(Fam)(w) =

[Monoxxum D = §y/m. Torma

/Hme HL2( o‘o'] / l)2 dw = — = 52

1

wo— 57
Kpowme toro,
1 w/h , 1 wo
o / t"(w) HFxm(w)HLQ([imﬂ]) dw = o / t"(w) D? dw
—m/h 1

62m o 4 ) how 522211 2n h;)()
2 h2 sin 2 dw = 2mh2n

1
wo——

m

Tem cambiM bYHKIUA T, (+) gomyctumbl B 3agade (5). Coenosarensro, npu D = §y/m 3Ha-
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yeHHe 3TOH 3aJa4ui He MeHee BeIUYNHE
1 n—1 w/h ) 1" 1 «“o
k _ k 2
%Zl)k / t (W)HFxm(W)HLQ([fw/h,W/h])dw %Zpk / t"(w)D” dw
k=1 77T/h = wo_%
62 n—1 “o 4k‘ ok hew n—1 5222]{: Qk h( 07%)
_ 2
or 2Pk / pk ST o dw > ) b 2h?k
D k=1

m

BeJ'II/I“II/IHa CTOAdIIad B HpaBOI/I JaCTHU 5TOro HepaBeHCTBa HpI/I m — OO CTpeMI/ITCH K BeJINYNHE
2 n—k
n
Zk 1 Pk (27r)

B cnywae 0 < 0 oweBnano, uTo wo < 0 < 7. PaccmoTpnm mocienoBaTebHOCT by HKIWiT
T (+) TaKyio, 94TO

D1, we€ [wy— 13w

(Fzp)(w) =1 Dy, we€ [U;O’ + %],
0, wgé[wo—iwo]u[a;a—i—%].
Bosbmem
. h(a+ L ) -n _n_
2 — _m/ k n—k
s ove (22 [ (97
h n
Torma
o U+i
2 2 2
/ HFxm(w)HLQ([fo;oD dw = / Dy dw = §~.
Anagornano
m/h wo U+%
1 2 1 n 2 n 2
o / w)HFxm(w)HLM_W/hJ/hD dw = 7 / t"(w) D7 dw + / t"(w) D3 dw

—7/h WO*% o

2n

1 2 hwo\*" D2 _h(o+d)
<— |82 - - — s =1
on <h ST ) L (hsm 2

Takum o6pazom, OYHKIUHA T, (+) TakzKe TOmycTuMbl B 3a1ade (5). 3HAUMT, MpH yKA3aHHBIX
BhIIe 3HaueHusX 0, D1 u Do, 3HaUeHne 3TOH 33029 HE MEHEe BeJIMIUHBI

w/h

wo 0"'%
Zm [ %Zm [ tpto+ [ #w)Dja
—7/h

1

0= 7y g
- 2k . h(o+E) —2n _n_
1l 2 . h(wo 1) 2s8in —524 k\ -k
= o kz_lpk 52 <E sin —— "= o + — 2 2 — 62wy" (E) wh
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Bennunna, crodmasa B mpaBoil YaCTW 3TOTO HEPABEHCTBA MPU 1M —> 0O CTPEMUTCH K

k(a <k>n—kn—k _n)
Zpkwa — | = +w, " |.
2mr \n n

k=1

Taxum 06pa3oM, MbI TOKA3ATIH, ITO

n—k

ek~ 1/2

n—1 52 n .
( Z pk‘ <ﬂ> ) 9 g > g,

k=1

_k_ 1/2

S S N A N - ~

Zpkwo, o \ n T—i—wa , o<o.

k=1

[TocTponm onTuMaabHbIe MeTOABI. OnTUMaIbHBIE METOILI OyIeM MCKATh CPeIn METOI0B
Buna ¢rp(y) = Agy, toe Ay @ Lo([—o;0]) — lop(Z) — nmmeitasiit menpephIBHBIA OmepaTop,
JIeiiCTBIE KOTOPOTo B 0bpasax Pypbe mMeeT BUT

E(%?ha F,Z, 5) >

(ethw —1)k '
Pl (w) = 4w - axWyw),  we (—o50),
(Ary)(w) {0, i

pre by ag(w) € Lao((—030)), ap(w) = 0, w & (—o30), 1 <k <n—1.
JL1st OIEHKW MTOTPENTHOCTH TAKUX METOJ[0B PACCMOTPHUM SKCTPEMAIHHYIO 33Ty

n—1
ZpkHAZx — AkyHi’h(Z) — max,
k=1

|Fa(w) — y(w)HLQ([io;JD <0, T € W'y, Yy € La([—0;0]).

[Tepemmiem Ty 3ama1y B obpazax Pypbe:

1 ﬂ/h n—1
- / Zpktk(W)‘Fﬂc(w) — oz,yg(w)y(w)‘2 dw — max,
i k=1
y m/h (7)
/ |Fa(w) - y(w)|* dw < 87, % / ()| Fa(w)|* dw < 1.
7 N

Ucnonb3ys mepasencro Kommm — ByHsIKOBCKOrO, mosydaem

|Fa(w) — ap(@)y()|* = [Fa@)(1 — ap(w)) + ax(@)(Fa(w) — y(w))|
— 2

ar(w)r/ A

= L (Fm(w) — y(w)) +

A1 Aa t(w)
< ar(@) (M| Fa(w) = y(@)[* + X ()| Fa@) ),

—

1w X2 t7(w) Fo(w)
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YunteiBag yciaoBus B 3agaqe (7), mMeem

7r/h

[ $ it )] ) — o)) s < 1) oy (u8? + 3)

_ﬂ/hk 1

e Q(w) = SpZ prt* (w) gk ().

Ecmu [|Q() |l pos ((—o0)) < 1, TO 3HAMEHEE 3271241 (7)

n—k

n—1 52 n N
~ 52 N Z Pk <ﬂ> ) g2zo0,
Mo+ Ay = F=L k

2m n—1 il 5 (e\"F nek
ne _ ~
> Piwo | 57 ( tw, "), o<o,
k=1

HE IIPEBOCXOIUT )\12 +)\2 E?( oo E A, 6).

I3 mocsiesnero HepaBeHCTBA, CJeyeT OeHKa CBePXy MOTPENTHOCTH ONTHMAJJIbLHOTO BOC-
craHOBJIeHUs. TeM caMbIM MeTOZbI, B KOTOPHIX ag(-), K = 1,...,n — 1, BEIOpaHBl Tak, 9ITO
Qs (—oi0)) < 1, OyyT OTTHMATEHBIMY.

[oxaxewm, uto yeaosue [|Q(-)||r. ((—o:i0)) < 1 SKBUBATEHTHO BRIPasKeHHIO (2) B yCTOBUI
Teopembl. veem

n—1 n—1 ~ ~ ~

A1+ Xat™(w A

=3 et (@) (@) =3 prtt () (Q ‘ak«u)— _—
k=1

k=1 )\1)\2tn(w) A1 +)\2t"(w)

2 1
+ == .
A1+ Agt™ (w) )

[Iycrs Ok (w) = ag(w) (Xl + XQt") ~ A
Torma yenosue [|Q(-)|| . ((—oi0)) < 1 3KBUBaTERTHO yCmOBHIO (2).
Paccemorpum dyuKIIo

n—1

9(t) = =3 pit* + MX(oo] + Nat", € [0,4/h7].
k=1

B cuny BOTHYTOCTH | dbyurn y = 227% pez®/™ B ciyuae o > G GymeT BBINOTHATHCS HEPa-
BEHCTBO § < AL + Ao gyt Beex z € [0;w?] (em. pue. 1). Tak Kak w? > W2, HEePaBEHCTBO
Zk:l praF/" < Npx BRIMOMHSIETCH TIPH T € (w?; (2/h)?"]. DTO O3HAUAET HEOTPHUIATETHLHOCTE
dbynkumn g(t) npn Beex t € [0,4/h?].

B ciyuae o0 < 0 npaMast y = )\Qx nmepecekaer rpaduK GYHKIUN §j = Zk 1 PrT k/n g pou-
Ke wy, IpsaMas Yy = )\1 + )\gx KacaeTcsl JaHHOU (DYHKIUU B TOUKe Tg < W[, T. €. ¥ B 3TOM
cnyudae dbyukima g(t) = 0.

Takum 06pazom, B cuity HeorpuilaTeabHocTH dyHKIMY ¢(t) mpaBasi 4acTh HepaBeHCTBa (2)
HEOTPUIATETHHA.

BepxHsst 1 HUKHSAS OIEHKN TOTPEITHOCTH COBIAIAIOT, YTO JTOKA3BIBAET OMTUMATHLHOCTH
MeTojIa.

Mycts #3*(R) = {f(-) € Ly(R) : f™1) € LACR), f™(-) € Ly(R)} — cobomerckoe
npocrpanctso, tiae LAC(R) — muoxkecTBO (DyHKIMIT, aGCOTIOTHO HENMPEPHIBHLIX HA KAXKIOM
KOHEYHOM OTpe3Ke. PaccMoTpuM Kiace (pyHKITHi

W3(R) = {£() € 1R : [F™O)] ) <1 FHE) € La(®)],
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rae (Ff)(-) — mpeobpazosanne @ypbe byukiuu f. Bygem cumrars, uro mgana (yHKIus
y(-) € La([~0;0]) rakas, aro |(Ff)(-) — y()lLy(=0w0]) < 0, TAC 0 > 0 — 3aTaHHAST BejH-
YMHA TOTPEITHOCTH.
Bamernm, uro, B npenesne npu h — 0 k- pazgeneHHas pasHOCTh MOCIEIOBATENTLHOCTH
T € W4y}, TIepexoiuT B Npom3BojHyIo k-ro nopsanka bynkmn f(-) € WH(R),
1

L — 3(k—n)

. t( ) ) . ) . 52 2n "Z:l k 2(k—n)

mt(w) = w 1m Wy = 1m = -— — .
T 50 7 . haOU 2 k_lpkn

He 060cHOBBIBast CTPOro MpeeabHBIN Mepexol, PUBEIEM Pe3yJIbTaT, KOTOPBIH IMOTydaeT-
Csl C TIOMOIIBIO TAKOTO MEPEXoaa (3TOT PE3YJILTAT MOMKET OBITH TOJIY9IeH W HETOCPEICTBEH-
HO, UCIOJIB3YS TY K€ CXeMY DPACCYKJEHHUi): MOrPenrHOCTh OJHOBPEMEHHOTO OMTHMAJTBLHO-
O BOCCTAHOBJIEHWsI MPOM3BOMHEIX Beex mopsakow (D1f(), D2f(-), ..., D" L1f(.)) bynkmun
7() € Wi(R) pasma

E(W3(R), F,D,8) = lim E(#3,, F,A.6)

=l 2k [ 62 k n—k n—k —92 1/2 52 —% n—1 i 2(k—n)
k‘zlpka 2w\ n T+U ! ’ o< <%) k;zlpkﬁ )

e D = (DY, D% ..., D" 1).
Bce meronnr

> _ (F 1(ak(w)y(w)))(k), we (—0;0),
Pr(y) = {0, T
rie i
Oék(w) = %ﬁz(ﬁ’ we (_O-;O-)’
0, w ¢ (—0;0),

a Ok (+) mast mouTn BCex w € (—0;0) YAOBJIETBOPSIOT YCJIOBHUIO

n—1 n—1

2 A~ A~ o~ o~
ZPW%W(W)! < A hgw? <>\1 + Agw?™ — Zpkw%) ,
=1

B KOTOPOM

~ k=1 k=1
AL = .
n—1 L /n-1 2(k—n)
2k n k 52 2n k
S ot (5)TF(1-5), o< (£) ( mk )"
k=1 k=1
1 n—=Fk 1 1 L
n— - -1 /n— 2(k—n)
k(02 ® 52\ k
> Py (g) ) oz (g) ( pkﬁ) )
~ k=1 k=1
Ao = .
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ABJIAIOTCA OIITUMAJIbHBIMU, U IIDKU

1, k=r,

Px =
0, k#r
MBI TIOJIY9aeM Pe3y/IbTaT, AHAJOTHIHBIN Pe3yIbTaTy, Oy IeHHOMY IPU BOCCTAHOBICHUN IIPO-
W3BO/IHOM (byHKIMN nopsijika r B pabore [3].

3AMEYAHUE 1. Ecniu npeobpazosanne Pypbe MOCIEI0BATEIHHOCTH C OTPAHUYEHHON N-it
pasiesleHHOll PA3HOCTHIO Ha OTPe3Ke [—0; 0| M3BECTHO NPUOIINIKEHHO, TO C YBEJINYEHUEM I10-
JIYJJTAHBL OTPe3Ka ¢ MOTPEITHOCTD ONTHMAIBHOTO BOCCTAHOBJIECHNS YMEHBIIAETCS, HO JIAIIH JI0
ONPEJIEJIEHHOTO MPEJIEIa: IPU 0 3> 0 3Ta NOTPENTHOCTH MOCTOSTHHA, T. €. 34 TPEJIETaMI OTPE3Ka
[—0; 0| urdopmaiua o npeobpazopanny Pyprbe MOCTEIOBATETLHOCTH U3 JAHHOTO KJIACCA HE
Hy’KHA.

Jlureparypa

1. Cmoasx C. A. O6 onTuMasbHOM BOCCTaHOBJIeHNN YHKIWMA n bYHKIMOHAIOB OT HuxX: [Incc....K.d.-
m.ua.—M.: MV, 1965.

2. Marapun-Uneses I. T, Ocunenko K. KO. OurumasibHOe BOCCTaHOBIeHUE (DYHKIIANA U UX TPOU3BOIHBIX
0 PUOINKEHHOM MHGOPMALNK O CIEKTPe W HEPABEHCTBA ISl TPOU3BOAHBIX // DYHKIMOH. aHAIN3
m ero npmr.—2003.—T. 37.—C. 51-64. DOI: 10.4213/faal57.

3. Marapun-Wnpses I. I, Ocunienko K. 0. OnrumaabHOE BOCCTAHOBJIEHUE JIMHEHHBIX OMEPATOPOB IO
Herounoit madopmamun // Mar. dopym. T. 2. VccrenoBanus 1Mo BBITYKJIOMY aHAJINW3y / OTB. DEZ.
B. M. Tuxommpos.—Bramunkaskas: KOMI BHIT PAH, 2009.—C. 158-192.—(1rorm mayxu. FODO).

4. Vayuek C. A. OurumanbHOEe BOCCTAHOBIEHUE PA3EIeHHBIX PA3HOCTEH 110 HETOYHO 33IaHHON IT0CIe/10-
BaresnsHocTH // dnd. ypasrenns.—2015.—T. 51, Ne 7.—C. 951-957. DOI: 10.1134/S0374064115070122.

5. Vuyuek C. A. O BocCTaHOBJIEHUU OMEPATOPA PA3NEIEHHON PA3HOCTH 0 HETOYHO 33IAHHOMY IIpeodpa-
zoBanuio Pypre // Bianukask. mar. xypu.—2015.—T. 17, Ne 3.—C. 84-92. DOI: 10.23671/
VNC.2017.3.7268.

6. Marapun-Wnpses I. I., Ocunrenko K. FO. Kax mannydmum 06pa3oM BOCCTAHOBUTH (DYHKIIUIO IO HETOY-

HO 3azaHHOMYy cuekTpy? // Mar. 3amerku.—2012.—T. 92, Ne 1.—C. 59-67. DOI: 10.4213/mzm9042.

Cmamuosa nocmynuaa 11 aseycma 2017 .

Vladikavkaz Mathematical Journal
2018, Volume 20, Issue 3, P. 94-104

OPTIMAL RECOVERY OF THE OPERATORS
OF THE DIVIDED DIFFERENCE OF THE INACCURATELY
GIVEN SEQUENCE BY THE FOURIER TRANSFORM
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Abstract. In various applications, it is often necessary to reconstruct some characteristic of an object
from some information (usually incomplete or inaccurate) about its other characteristics. There are various
approaches to solving similar problems. In this paper, we used an approach based on the ideas of Andrei
Nikolaevich Kolmogorov concerning the best means of approximation by finite-dimensional subspaces. The
essence of the method lies in the fact that the best means of approximation on the whole class is sought. We
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consider the problem of simultaneous recovery of operators of divided differences of a sequence of all orders
from 1 to (n—1)th inclusive, in a class of sequences with bounded nth divided difference. The Fourier transform
of this sequence is known inaccurately at a certain interval sequence in the mean square norm. A family of
optimal recovery methods is constructed. Among the methods found are those that use minimal sequence
information, pre-smoothing it. The exact value of the optimal error of recovering divided-difference operators
is found. The passage to the limit from the obtained results implies a continuous case.

Key words: optimal recovery, operator of a divided difference, Fourier transform.
Mathematical Subject Classification (2000): 65K10.
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MATEMATUYECKA{A 2KM3HDb

MTapanyaurnoB Uapuc UapucoBuya
HEKPOJIOT

OreuecTBerHast HayKa TOHECIA TSIXKEIYIO yTpaTy. 7 aBry-
cra 2018 r. ma 71-M romy KW3HU CKOPOMOCTHKHO CKOHYIAJICS
u3BecTHBII poccuiickuii maremaruk [lapamymuaos Uapuc W -
pHCOBHY, NOKTOp (PU3UKO-MATEMATHYECKUX HAYK, IPodeccop.

Napuc Napucosnu poanacs 7 miorst 1948 roma B cemennm

loraras Bornuxckoro paitona Pecriy6iuku Jarecran. B 1966 r. 1 - -
OKOHYMJT CPEITHIONI0 IMTKOJIY B CeJIeHNMN BOTInMX m mocTynmia Ha \! [ -
dusuko-maremarndeckuii paxyabreT JlarecTaHcKoro rocyaap- . S
CTBEHHOTO IeIaTOTMYeCKOT0 WHCTUTYTA, KOTOPBI OKOHYMI C 2 “:’
ormarem B 1971 1. N W |

Acmmpantypy Unpuc Uapucoru npoxomna npu MocKoB-
CKOM TOCYIapPCTBEHHOM TEJArOTHIECKOM WHCTUTYTE, TIe W 3a- N
AT KAHIUAATCKY0 aucceptammio. C 1975 r. pabortan B \

N

N

JlarecTaHCKOM TOCYJapPCTBEHHOM TIeJArOTHIECKOM YHUBEPCHU-
rere, ¢ 1992 mo 2017 rr. — 3aBexayromuM Kadeapoit Marema-
Trdeckoro ananan3a. B 1989 r. mocrynmi B JOKTOPAHTYPY 1pn
MexaHuKOo-MareMmaTundeckoMm dakyabrere MI'Y, B 1991 1. ycmerrso 3amuTyi JOKTOPCKYO JUC-
cepranmio B Maremarnaeckom nacruryte uMm. B. A. Crexkyosa PAH.

C 2001 r. u g0 mociaeanux jHeH oH 3aBegoBaa OTAEIOM MareMaTWuKU U MHGOPMATUKA
(OMI) Harecrarckoro mayuroro renrpa PAH, mpu stom ¢ 2007 mo 2011 rr. 3aBemoBat oj-
HOBpeMeHHO u JlaGoparopueit Teopun GyHKIui u npudamKennit KOKHOrO MaTreMaTudecKo-
ro mHCTHTYTa Biagnkaskazckoro mayumoro menTpa PAH. Cozmanme OMU cramgo BO3MOK-
HBIM JIMTITH OJIAro/[apsi ero Kuiy4veil SHEPTUH M YHUKAJIHLHOMY COYETAHWIO MIyOOKMX TTO3HAHMN
B KJIACCHIECKUX 00JACTIX MATEMATUKU C KUBBIM WHTEPECOM K COBPEMEHHBIM HAIPAB/IEHUSIM
KOMITBIOTEPHBIX HAYK. 3;[6(}]) OH HallleJI TPUJIO?KEHNE CBOUM HEIIO?)KMHHBIM CHUJIaM OPTaHW3aTO-
pa HayKH, CO3/IAJ CBOIO HAYTHYIO IIKOJTY, U HblHEe yaenuku W apuca VapucoBuya mpoIo/KamoT
Pa3BUBATH €TI0 Hay9IHBIE NIEN U HAaXOJUTH UM HOBBIEC TPDUMEHEHNA.

[Tapanymumnos Unpuc U npucoBud oTHOCUTCS K OJECTAIIEH TIIesie POCCUUCKUX UCCIET0-
BaTeeil MUPOBOTO YPOBHSI, OH SIBJISIETCS OJHUM W3 OOIIENPU3HAHHBIX OCHOBATEEH COBPEMEH-
HOIT Teopuu npocTpatcTe Jlebera u CobojieBa ¢ TEpeMEeHHBIM MOKA3aTeIeM W TEOPUH OPTO-
TOHAJILHBIX TIOJUHOMOB JTUCKPETHOW TepeMeHHO#i. A B TocjemHne TOABl UM ObLIA TOTYIeHbI
NMPpUHOUTINAJIBHO HOBBIE OCHOBOTIIOJ/IAralOIe pe3yabTaThl B TaKOM aKTyaJ[bHOfI " aKTUBHO pPa3-
BUBAOIIECT 00/1aCTH KaK Teopus cucteM (DyHKIN, OPpTOTOHAIBHBIX B cMbicie Cobosesa.

Vien u3 KuU3HU BBIIAIONIUNACT YIEHbBIH, 3aMeYIATeIbHBIN Tegaror, T00phIil 1 OT3LIBUNBLIT
1esoBeK, obgamuii orer; u gen. Ceerras mamsts o6 Umgpuce Umgpucosude [lapamyauaose
HABCETIa COXPAHUTCS B HAIUX CEP/ITax.

Pedxoanezus
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I2KEMAJIN TYPUEBUYY CAHUKNAS3E 85 JIET

B stom romy wmcmommmiock 85 JeT mM3BECTHOMY MaTe-
MaTHUKY, JOKTOPY (PU3NKO-MATEMATHIECKAX HAYK, mpodec-
copy Canukugze Ixemamau ['ypuesnuy. Ixxemanu ['ypue-
Bu4a pommiics 23 asrycra 1933 r. B r. Touaucu. B 1956 r.
OKOHYMJI MeXaHWKO-MaTeMarwdeckuii daxymabrer Tommmc-
CKOT'0 TOCYITAPCTBEHHOTO YHUBepcuTeTa. EMy moBEIOCH po-
CJIyIIaTh KYPChI .T[eK]_[I/Iﬁ BCEMUWPHO M3BECTHBIX MaTeMaTu-
koB: H. U. Mycxemumsuan, 1. H. Bekya, [II. E. Muxe-
ganze, B. . Kynpazgze, A. B. Bumagze, /1. A. Keecenaga,
A. U. Kanagausa u gp.

[Ton pyKOBOACTBOM HU3BECTHOTO TPY3UHCKOTO MATEMAa-
THKa, Jiaypeara TOCYJapCTBEHHOIl mpemun, mpodeccopa
III. E. Mukenaa3e oH TOATOTOBUII TUCCEPTAITAIO HA COMCKA-
HUE yquOﬁ CTEeMMeHU KaHJIUJ1aTa (l)I/ISI/IKO-MaTeMaTI/ILIeCKI/IX
Hayk o creruanabroct 01.01.07 — BeraucanTebHAT MaTe-
MaTuKa, KoTopyio 3ammtua 1963 r. B 1983 r. 6utecTsiie 3amuTia AUCCEPTAIAIO HA, COUCKAHNE
YUI€HO CTermeHu JOKTOpa (PU3NKO-MATEMATHIECKUX HAYK IO TOU Ke crenuaabHocTn. Ero Ha-
yUHBbIE HHTEPEChl — 9TO UNCIEHHBIE PEIeHNsT NHTEerPAJbHBIX U UHTErpo-auddepeHua bHbIX
YPaBHEHW, 3aa491 TEOPUU YIPYTOCTH W JIPyTrue POACTBEHHBIE BOIPOCHI.

B 2003 1. emy mpucBonm BeICITYIO Harpaay HammonaabHON akageMun TPUKJIAIHBIX HAYK
Poccun. B Tekcre HarpaxiaeHus momdepkuBaeTcs: «... Bul, /xemanu I'ypueBud, siBiasieTech
BBIJAOIINMCSA COBPEMEHHBIM ydueHbiM-MaTemaTukoMm. Illupoko m3sectanr Bamm dynmaven-
TaJbHBIE TPY/Ibl. BaMu mOJyYeHbl OCHOBOTIOIATAIONINE PE3YIBTATHI K BaXKHOM 06/IACTH MaTe-
MaTuku. Barme mMmst mupoko m3BectHo B ['pysun, B Poccum u B apyrux crpaHax...».

. T. Canvkugze TpuUHAIEXKWT KPYMHBI BKJAJ B COBPEMEHHOW TEOPUM YHCJIEHHBIX
MeronoB. OH cozjaresb TOMIUCCKON IMIKOJBI ANIpPOKCUMAINNA CUHTYISPHBIX OMEPATOPOB U
NPU3HAHHBIN ABTOPUTET M0 YUCIACHHOMY PEIIeHUI0 CUHTYISPHBIX WHTErPAJILHBIX YPABHEHUI,
a TakKe aBTOp U coaBTOp cBbime 220 HaydHbix paboT. K wmcay ero mambosiee M3BECTHBIX
PE3YITATOR OTHOCSTCS:

1) PaBHOMEpPHBIE ONEHKM MOTPENTHOCTH KBAJAPATYPHBIX (DOPMYJI JIJIT CHHTYJISPHBIX WHTE-
rpaJjioB ¢ Becamu Zkobu.

2) Briepebie pacCMOTPEH CHHTYJISIPHBI HHTErPa/I Ha KyCOUHO-TJIQKAX JTUHUSX WHTETPUPO-
BAHU C yIJIOBbIMI TOUKaMu. [locTpoena Takast BEITUCIUTE/IHHAA CXeMa, KOTOPas TAaPaHTUPYeT
AMMTPOKCUMAIIUIO BBICITIEH CTEMeHN TOYHOCTH.

3) st marerpanos tuna Komm u ux NpPOM3BOJHBIX MOCTPOEHBI TAKNE BBIYUCIUTETHHBIE
AJITOPUTMBI, KOTOPbIE TAPAHTUPYIOT CXOTUMOCTH U PABHOMEDHBIE OIEHKU.

4) Buepsbie pa3paboTaH aJrOPUTM MPUMEHEHUs CHHTY/ISPHBIX HHTEIPAJTBLHBIX YPABHEHUIT
B YUC/IEHHBIX KOH(MOPMHBIX 0TOOparkeHusIX. B pe3y/ibTare MOIy9eHHOTO CHUHTYIIPHOTO yPaB-
HEHUSI CTPOUTCS BBIYUCTUTEIbHAS CXeMa, KOTOpas 060CHOBBIBAETCH.
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5) Permenne rpaHUYHBIX 3329 TeOpUH (GYHKIWH, MATeMATHIECKONW (DU3NKKU W Teopuu
yupyroctu. Bece sTtm 3a7aum pemraiorcs 9mcIeHHO 0e3 mpeoOpa3oBaHUs KOHTYPOB WHTErPU-
POBaHUsI, T. €. IO MPSIMON AMMPOKCUMAIUU COOTBETCTBYIOIINX CUHTYISPHBIX HHTEIPATbHBIX
YPaBHEHUIA.

B HeKOTOpBIX Caydasix BBIUMCJUTENIbHBIE CXeMBI 00OCHOBBIBatoTCst. Muoro cma JIxke-
vas ['yprueBud OTHaeT HAYYHO-OPTaHW3AIMOHHOW W HAYIHO-TIEJATOTUIECKON IedTeTHHOCTH.
C 1967 r. 0 CeromHANIHUN IeHbL OH pabdoTaeT 3aBELYIONIUM OTAEIOM «UHUC/IeHHBIE METOIbI
aHaan3ay B MHCTUTYTe Bohruncaurensroit maremaruku um H. 1. Mycxenumeunn AH Tpyzwn,
U TI0 COBMECTHUTEILCTBY — JOIEeHTOM Kadenpsl Borancinrensuoit maremarnkn TOMInccKoOro
TOCYZAPCTBEHHOI'O YHUBEPCUTETA.

. T. Canukugze — MOOCTOSTHHBIN UYJeH OPrKOMUTETa MEXKIyHAPOIHOTO CHUMITO3MyMa
moJ, Ha3BaHmeM «MeTom IUCKPeTHBIX OCODEHHOCTEH B 3aJadaX MAaTeMAaTHIeCKol (HhHU3nMKH
(MJIO3M®)», xoTopsrit mposoanuTcest peryasapao ¢ 1983 . O TakyKe peryasipHO ydacTBYeT
B pabore xoudepenmuu Fxmoro maremarnueckoro uacruryta PAH «IlopankoBbiit anamns
U CMEXHBIE BOIPOCHI MOJAEINPOBAHUSY. TaK»Ke TOCTOSHHBIN UI€H OPIKOMHUTETa, MEXKITyHa-
POIHONM HayYHO-TEXHUYECKONH KOH(MepeHInn «AHAJINTHYECKHe W UUCACHHBIE METOILI MOIE-
JINPOBAHUSA €CTECTBEHHO-HAYIHBIX U COMUAJIHHBIX MMpobaemMy [leH3eHCKOro rocymapCTBEHHOTO
yuuBepcuTera. 1[IpoBoauT akTUBHYIO memarorndeckyio pabory. VMeer mecaTku yIeHUKOB IO
BCeMy MuUpy, B ToM uncje u B Poccumn.

Yenoseueckne kagectsa /xemasa ['ypueBndaa okasaainch MHBAPUAHTHBIMU: HECMOTPST HA,
SMOXATBHBIE TIePEMEHBI MOC/TeTHEl YeTBEPTH BEKA OH OCTAJICS YeJIOBEKOM, B KOTOPOM KPYITHBIN
YUI€HBIIT COUeTaeTCs C YANBUTEIHLHO CKPOMHBIM W MATKUM YEJIOBEKOM, 3T0POBBIN TPArMaTH3M
C TOHKUM YyBCTBOM IOMODA, HaydHAs TPUHIUIUAJLHOCTD C T0OpPOTON W BHUMATEIBHBIM OT-
HOTIIEHUEM K JIIOJISIM.

Ceromus /. I. Canukuaze mOMIOH SHEPTUU W UHTEPECA K MHOTUM ODJACTIM MaTEeMATHKH.
Kenaem emy D0/ITHX JIET CIACTAUBOIN YKU3HU, O/IATOMOIYyUnsT OJTU3KUX W HOBBIX MATEMATHIe-
CKUX JTOCTUKEHMUIA.

A. I Kycpaes, A. @. Mamsees, U.B. Botixos,
H. JI. Mysaes, A. B. Cemyzxa, III. C. Xybesrcmot



BruumaHuio aBTOpOB

Bnagmkaskazckuit maremarmaecknit xypuan (BM2K) — mayunoe nepmommaeckoe m3ia-
HIE, BBIXOsIINee YeThipe pas3a B rof. 2KypHaaa n3naercs HOKHBIM MaTeMaTHIECKUM UHCTUTY-
ToM — duaraioM BiaankaBkasckoro HaydHoOro meaTtpa PAH.

K ny6mukarmuun 8 BM2K mpuHuMaroTCs CTaThu, COAEPKAIINE HOBBIE PE3YIbTATHI B 00JI1a-
CTU MaTeMaTHKN U CTaThiu 0630pHOTO Xapakrepa. Crarbu, paHee OmyOJUKOBAHHBIE, & TaK¥Ke
MpPUHSTHIE K OMYOJUKOBAHUIO B APYTUX KYPHAJIAX, PeJKoIerneii He paccMarpuBaorcs. [1o-
crynusire B pegakimio BM2K cratbu mpoxoadar obs3areibHOe HAYyTHOE PeleH3npOBaHue.

Texkcr crarhbu HOYKEH OBITH HANMCAH HA PYCCKOM WJIN QHTJIMACKOM SI3BIKE W TIATEJTHHO
BeIBepeH. B Hauase crarsn ykassiBaercs ungekc YK, @.11.0. asropa(os), annorarust (He co-
nepxamast (hopmys) n Kmodesbie ciosa. Hassanme crareu, @.I1.0. aBropa(os), anHOTAIINIO
U KJIOUEBBIE CJIOBA HEOOXOIUMO MATh HA AHTVIMHCKOM U PYCCKOM SI3BIKAX.

Crucok ImTeparyphl MeIaTaeTCsl B KOHIIE TEKCTa CTATHU B MOPSIIKE [UTHPOBAHUST HCTOTHI-
KOB. B HEM JO/IKHBI OBITH YKA3aHBI: JJIsI CTaThell — aBTOP, TOJHOE HA3BAHNE CTATHH, Ky PHAJT,
rOJ M3JaHUst, TOM, HOMED (BBITYCK), CTPAHMIHI HAYAIA W KOHIA CTATHW; JJIst KHUT — aBTOpP,
MOJTHOE Ha3BaHUe, TOPO, U3AATEJbCTBO, IO U3daHUs, 00Iee KoaudecTBo crpanut]. CcbLikn
Ha JINTEPATypPy B TEKCTE JAIOTCS B KBAIPATHBIX CKOOKAX.

CraThs MOAMUCHIBAETCS aBTOPOM (KOJIJIEKTUBOM aBTOPOB) € yKa3aHueM (DaMUINH, WMEHN
U OTYECTBA, TOJHOTO MOYTOBOTO AJpeca, MecTa pabOThl, MOJIXKHOCTHU, MOJTHOTO CIyKEOHOTO
aJipeca, aJipeca dJeKTPOHHON MouYThl 1 HOMepa TejedoHa.

ObbeM marepuasa JOIKeH ObITH He 6osee 2 yci. med. juctos (R~ 17 cTp. dopmara A4).
Crarbu 6oJibIIero 06beMa, MOTYT OBITH MPUHSITHI K ITyOJIUKAIIME 110 PEIIEHIIO PEIKOLIErTI
B UCKJIIOUUTEBHBIX CIyJasx.

Crarbio HEOOXOIUMO MOATOTOBUTH C MCIOJb30BaHmeM Makpornakera LaTeX n odpopmuth
COTJIACHO CTAHJAPTHBIM TPEOOBAHUSIM, MPEIbIBAIEMbIM K aBTOPCKUM opuruaaaam. [Ipu moma-
roToBke daita ocoboe BHUMAHWE CIeAyeT OOPATUTH HA HEXKEIATEJTHHOCTH WCIIOJIb30BAHUST
HOBBIX (BBOJIMMBIX ABTOPOM TIpU HAOOpE) KOMAHJIHBIX MOCIEI0BATETLHOCTEH, OCODEHHO C Ma-
pamerpamu. Cireyer UCIOIL30BATH B OCHOBHOM CTaHIAPTHBIE CPEICTBA MaKpomakeTa. TakKe
KpaiiHe HeXKeJaTeJbHO MCIOIB30BAThH 0e3 HeoOX0IUMOCTH 3HaKM mpobesa. B pemakiumio cra-
ThU HaIPAB/IATEH [0 3JEKTPOHHOW moure B BuAe ps- wian pdf-caitna n tex-daitna, ambo 1o
MoYTe C MPUJIOYKEHNEM 3JIEKTPOHHON BEPCHH.

Crarbu, cojep:Kalme puCyHKH, PACCMATPUBAIOTCS TOJIBKO TOCJE COTJIACOBAHUS C PEIAK-
el TEXHIIECKUX BOTIPOCOB MOATOTOBKU PUCYHKOR.

[Ipunsareie ¥ nybaukanun B8 BM2K ctarsu npoxogaT pegakIiMoHHYIO TOATOTOBKY, MOCTE
Yero TeKCT CTAThU HAIPABJISIETCS aBTOPY Ha KOppekTypy. [laara 3a myOanKaInio He B3bIMa-
ercs.

ABTopckue mpaBa Ha, XKypHAJ B IeJoM mpuHaiexkar K)KHOMY MaTeMaTndeckKoMy WHCTH-
ryry — punnany BHIT PAH u Pegrosternn »xypHasia, KOTOPbIE 06JIaIaI0T HCKIIOUNTETEHBIM
MPAaBOM TIOJIy9aTh U PACIPEIEIATEH JIOObIE TIATEXKN, CBA3aHHBIE C TIEPEYCTYTKON aBTOPCKUX
mpaB Ha XKYpHAJ.

AJIPEC PEIAKIIMU: 362027, BaangukaBka3, Mapkyca, 22
TEAE®OH: (8672) 50-18-06;
E-MAIL: rio@smath.ru

3AB. PEJAKIIUEN: Kubuzosa B. B.
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ITogmucano B meuars 18.10.2018. Jara BeIxoma B cet 25.10.2018.
Dopmar Gymaru 60x84'. Mapu. mpudra Computer modern.
Ven. m. 1. 12,56. Tupax 100 sk3. Iena cBobomHast.

Yupenurein:
DemepaabHOE TOCYIAPCTBEHHOE DIOIKETHOE YUPEKIeHNe HAYKU
DemepabHbI HAyIHBIN TIeHTP «BragumkaBka3ckuil HayIHBIN TIEHTD
Poccniickoit akamemnn nayk» (BHIT PAH)

Nz nmarennb:
FOxupiit maremaruaeckuit uncruryt — bumman OTBYH OHIT
«BragmkaBka3ckmit Hay4IHbIH 1eHTp Poccmiickoit akageMun HayKs»

A pec usngarens:

362027, r. Bragukaska3, yi1. Mapkyca, 22.

Orneuarano UII Ionanosoit A. FO.
362000, r. Biragukaskagz, nep. IlaBmoBckmuit, 3.
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