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Àííîòàöèÿ. Ñòàòüÿ ïîñâÿùåíà îáîáùåííûì ìíîãîîáðàçèÿì Êåíìîöó, à èìåííî èññëåäîâàíèþ èõ

ñâîéñòâ èíòåãðèðóåìîñòè. Èññëåäîâàíèå âåäåòñÿ ìåòîäîì ïðèñîåäèíåííûõ G-ñòðóêòóð, ïîýòîìó âíà-
÷àëå ïîñòðîåíî ïðîñòðàíñòâî ïðèñîåäèíåííîé G-ñòðóêòóðû ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãî-

îáðàçèé. Äàëåå îïðåäåëÿþòñÿ îáîáùåííûå ìíîãîîáðàçèÿ Êåíìîöó (êîðî÷å GK-ìíîãîîáðàçèÿ), ïðè-

âîäèòñÿ ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé òàêèõ ìíîãîîáðàçèé. Îïðåäåëåíû ïåðâîå, âòîðîå

è òðåòüå �óíäàìåíòàëüíûå òîæäåñòâà GK-ñòðóêòóð. Ñ�îðìóëèðîâàíû îïðåäåëåíèÿ ñïåöèàëüíûõ

îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó (SGK-ìíîãîîáðàçèé) I è II ðîäîâ. Â ðàáîòå èññëåäóþòñÿ GK-

ìíîãîîáðàçèÿ, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðûõ âïîëíå èíòåãðèðóåìî. Ïîêàçàíî, ÷òî

ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíî-

ñòè ïåðâîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ, ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé. Ïîëó÷åíî ëîêàëü-

íîå ñòðîåíèå GK-ìíîãîîáðàçèÿ ñ çàìêíóòîé êîíòàêòíîé �îðìîé, ïðèâåäåíû âûðàæåíèÿ ïåðâîãî è

âòîðîãî ñòðóêòóðíûõ òåíçîðîâ. Òàêæå â ðàáîòå âû÷èñëåíû êîìïîíåíòû òåíçîðà Íåéåíõåéñà GK-

ìíîãîîáðàçèÿ. Ïîñêîëüêó çàäàíèå òåíçîðà Íåéåíõåéñà ðàâíîñèëüíî çàäàíèþ ÷åòûðåõ òåíçîðîâ N (1)
,

N (2)
, N (3)

, N (4)
, òî èññëåäóåòñÿ ãåîìåòðè÷åñêèé ñìûñë îáðàùåíèÿ â íóëü ýòèõ òåíçîðîâ. Ïîëó÷åíî

ëîêàëüíîå ñòðîåíèå èíòåãðèðóåìîé è íîðìàëüíîé GK-ñòðóêòóðû. Äîêàçàíî, ÷òî õàðàêòåðèñòè÷å-

ñêèé âåêòîð GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ

Òåîðåìà. Ïóñòü M � GK-ìíîãîîáðàçèå. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû: 1) GK-

ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþ�îðìó; 2) F ab = Fab = 0; 3) N (2)(X,Y ) = 0; 4) N (3)(X) =
0; 5) M � SGK-ìíîãîîáðàçèå âòîðîãî ðîäà; 6) M � ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâå-

äåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Êëþ÷åâûå ñëîâà: îáîáùåííîå ìíîãîîáðàçèå Êåíìîöó, ìíîãîîáðàçèå Êåíìîöó, íîðìàëüíîå ìíîãî-

îáðàçèå, òåíçîð Íåéåíõåéñà, èíòåãðèðóåìàÿ ñòðóêòóðà, ïðèáëèæåííî êåëåðîâî ìíîãîîáðàçèå.

Mathemati
al Subje
t Classi�
ation (2000): 58A05.

1. Ââåäåíèå

Â 1972 ã. Êåíìîöó [1℄ ââåë â ðàññìîòðåíèå íîâûé êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷å-

ñêèõ ñòðóêòóð, õàðàêòåðèçóåìûõ òîæäåñòâîì

∇X(Φ)Y = 〈ΦX,Y 〉 − η(Y )ΦX, X, Y ∈ X (M).


© 2018 Àáó-Ñàëååì À., �óñòàíîâ À. �., Õàðèòîíîâà Ñ. Â.



Ñâîéñòâà èíòåãðèðóåìîñòè îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó 5

Ñòðóêòóðû Êåíìîöó åñòåñòâåííî âîçíèêàþò â êëàññè�èêàöèè Òàííî ñâÿçíûõ ïî÷òè

êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ãðóïïà àâòîìîð�èçìîâ êîòîðûõ èìååò ìàêñè-

ìàëüíóþ ðàçìåðíîñòü [2℄. Îíè îáëàäàþò ðÿäîì èíòåðåñíûõ ñâîéñòâ. Íàïðèìåð, ñòðóê-

òóðû Êåíìîöó íîðìàëüíû è èíòåãðèðóåìû, îíè íå ÿâëÿþòñÿ íè ñàñàêèåâûìè ñòðóê-

òóðàìè, íè êîñèìïëåêòè÷åñêèìè ñòðóêòóðàìè. Èçâåñòíû ïðèìåðû ñòðóêòóð Êåíìîöó

íà íå÷åòíîìåðíûõ ïðîñòðàíñòâàõ Ëîáà÷åâñêîãî êðèâèçíû (−1). Òàêèå ñòðóêòóðû ïî-

ëó÷àþòñÿ ñ ïîìîùüþ êîíñòðóêöèè êîñîãî (warped) ïðîèçâåäåíèÿ R ×f Cn â ñìûñëå

Áèøîïà è Î'Íåéëà [3℄ êîìïëåêñíîãî åâêëèäîâà ïðîñòðàíñòâà è âåùåñòâåííîé ïðÿìîé,

ãäå f(t) = cet. Âñÿêîå êîí�îðìíî-ïëîñêîå ìíîãîîáðàçèå Êåíìîöó, à òàêæå ëîêàëüíî-

ñèììåòðè÷åñêîå ìíîãîîáðàçèå Êåíìîöó ëîêàëüíî ýêâèâàëåíòíî ìíîãîîáðàçèþ Êåíìîöó

òàêîãî òèïà [1℄. Êèðè÷åíêî Â. Ô. [4℄ äîêàçàë, ÷òî êëàññ ìíîãîîáðàçèé Êåíìîöó ñîâïàäàåò

ñ êëàññîì ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ïîëó÷àåìûõ èç êîñèìïëåêòè÷å-

ñêèõ ìíîãîîáðàçèé êàíîíè÷åñêèì êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì êîñèìïëåêòè÷åñêîé

ñòðóêòóðû.

Â ñâîåé äèññåðòàöèîííîé ðàáîòå [5℄ Óìíîâà Ñ. Â. èçó÷àëà ìíîãîîáðàçèÿ Êåíìîöó è

èõ îáîáùåíèÿ. Îíà âûäåëèëà êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ÿâëÿ-

þùèéñÿ îáîáùåíèåì ìíîãîîáðàçèé Êåíìîöó è íàçâàííûé êëàññîì îáîáùåííûõ (êîðî÷å,

GK-ìíîãîîáðàçèÿ) ìíîãîîáðàçèé Êåíìîöó. Óìíîâà Ñ. Â. âûäåëÿåò äâà ïîäêëàññà îáîá-

ùåííûõ ìíîãîîáðàçèé Êåíìîöó, íàçâàííûõ ñïåöèàëüíûìè îáîáùåííûìè ìíîãîîáðàçèÿ-

ìè Êåíìîöó (êîðîòêî, SGK-ìíîãîîáðàçèÿ) I è II ðîäà. Â ðàáîòå [5℄ äîêàçàíî, ÷òî îáîá-

ùåííûå ìíîãîîáðàçèÿ Êåíìîöó ïîñòîÿííîé êðèâèçíû ÿâëÿþòñÿ ìíîãîîáðàçèÿìè Êåí-

ìîöó ïîñòîÿííîé êðèâèçíû (−1). Êðîìå òîãî, äîêàçàíî, ÷òî êëàññ SGK-ìíîãîîáðàçèé

II ðîäà ñîâïàäàåò ñ êëàññîì ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, ïîëó÷àåìûõ

èç òî÷íåéøèõ êîñèìïëåêòè÷åñêèõ ìíîãîîáðàçèé êàíîíè÷åñêèì ïðåîáðàçîâàíèåì òî÷íåé-

øåé êîñèìïëåêòè÷åñêîé ñòðóêòóðû, à òàêæå äàíî ëîêàëüíîå ñòðîåíèå ýòèõ ìíîãîîáðàçèé

ïîñòîÿííîé êðèâèçíû.

Â äàííîé ñòàòüå ìû èçó÷àåì ñâîéñòâà èíòåãðèðóåìîñòè îáîáùåííûõ ìíîãîîáðàçèé

Êåíìîöó. �àáîòà îðãàíèçîâàíà ñëåäóþùèì îáðàçîì. Âî ââåäåíèè ìû ïðèâîäèì ïðåäâà-

ðèòåëüíûå ñâåäåíèÿ, íåîáõîäèìûå â äàëüíåéøåì èçëîæåíèè, ñòðîèì ïðîñòðàíñòâî ïðè-

ñîåäèíåííîé G-ñòðóêòóðû. Â ï. 2 äàíî îïðåäåëåíèå îáîáùåííûõ ìíîãîîáðàçèé Êåíìîöó,

ïðèâåäåíà ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû, ñ�îðìóëèðîâàíî îïðåäåëåíèå SGK-ìíîãîîáðàçèé I è II

ðîäîâ. Èññëåäîâàíû GK-ìíîãîîáðàçèÿ, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòî-

ðûõ âïîëíå èíòåãðèðóåìî. Ïîêàçàíî, ÷òî ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà

èíòåãðàëüíûõ ïîäìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî �óíäàìåíòàëüíîãî

ðàñïðåäåëåíèÿ îáîáùåííîãî ìíîãîîáðàçèÿ Êåíìîöó, ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé

ñòðóêòóðîé. Ïîëó÷åíî ëîêàëüíîå ñòðîåíèå GK-ìíîãîîáðàçèÿ ñ çàìêíóòîé êîíòàêòíîé

�îðìîé, ïðèâåäåíû àíàëèòè÷åñêèå âûðàæåíèÿ ïåðâîãî è âòîðîãî ñòðóêòóðíûõ òåíçî-

ðîâ. Â ï. 3 èññëåäóþòñÿ ñâîéñòâà òåíçîðà Íåéåíõåéñà, ïîëó÷åíî ëîêàëüíîå ñòðîåíèå èí-

òåãðèðóåìîé è íîðìàëüíîé GK-ñòðóêòóðû. Äîêàçàíî, ÷òî õàðàêòåðèñòè÷åñêèé âåêòîð

GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. Òàêæå èññëåäîâàíî îáðàùåíèå â íóëü

òåíçîðîâ N (2)
, N (3)

, N (4)
. Îñíîâíûå ðåçóëüòàòû ñîñðåäîòî÷åíû â ïàðàãðà�àõ 2 è 3.

Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè 2n+1, X (M) � C∞
-ìîäóëü ãëàäêèõ

âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M . Â äàëüíåéøåì âñå ìíîãîîáðàçèÿ, òåíçîðíûå ïîëÿ

è ò. ï. îáúåêòû ïðåäïîëàãàþòñÿ ãëàäêèìè êëàññà C∞
.

Îïðåäåëåíèå 1.1 [6℄. Ïî÷òè êîíòàêòíîé ñòðóêòóðîé íà ìíîãîîáðàçèè M íàçûâà-

åòñÿ òðîéêà (η, ξ,Φ) òåíçîðíûõ ïîëåé íà ýòîì ìíîãîîáðàçèè, ãäå η � äè��åðåíöèàëüíàÿ

1-�îðìà, íàçûâàåìàÿ êîíòàêòíîé �îðìîé ñòðóêòóðû, ξ � âåêòîðíîå ïîëå, íàçûâàåìîå
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õàðàêòåðèñòè÷åñêèì, Φ � ýíäîìîð�èçì ìîäóëÿ X (M), íàçûâàåìûé ñòðóêòóðíûì ýí-

äîìîð�èçìîì. Ïðè ýòîì

1) η(ξ) = 1; 2) η ◦ Φ = 0; 3) Φ(ξ) = 0; 4) Φ2 = −id+ η ⊗ ξ. (1.1)

Åñëè, êðîìå òîãî, íà M �èêñèðîâàíà ðèìàíîâà ñòðóêòóðà g = 〈·, ·〉 òàêàÿ, ÷òî

〈ΦX,ΦY 〉 = 〈X,Y 〉 − η(X)η(Y ), X, Y ∈ X (M),

òî ÷åòâåðêà (η, ξ,Φ, g = 〈·, ·〉) íàçûâàåòñÿ ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé

(êîðî÷å, AC-ñòðóêòóðîé).
Ìíîãîîáðàçèå, íà êîòîðîì �èêñèðîâàíà ïî÷òè êîíòàêòíàÿ (ìåòðè÷åñêàÿ) ñòðóêòóðà,

íàçûâàåòñÿ ïî÷òè êîíòàêòíûì (ìåòðè÷åñêèì (êîðî÷å, AC-)) ìíîãîîáðàçèåì.
Êîñîñèììåòðè÷íûé òåíçîð Ω(X,Y ) = 〈X,ΦY 〉, X,Y ∈ X (M), íàçûâàåòñÿ �óíäàìåí-

òàëüíîé �îðìîé AC-ñòðóêòóðû [6℄.

Ïóñòü (η, ξ,Φ, g) � ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íà ìíîãîîáðàçèèM2n+1
.

Â ìîäóëå X (M) âíóòðåííèì îáðàçîì îïðåäåëåíû äâà âçàèìíî äîïîëíèòåëüíûõ ïðî-

åêòîðà m = η ⊗ ξ è l = id − m = −Φ2
[5, 6℄. Òàêèì îáðàçîì, X (M) = L ⊕ M,

ãäå L = Im(Φ) = ker η � òàê íàçûâàåìîå êîíòàêòíîå ðàñïðåäåëåíèå, dim L = 2n,
M = Imm = ker(Φ) = L(ξ) � ëèíåéíàÿ îáîëî÷êà õàðàêòåðèñòè÷åñêîãî âåêòîðà (ïðè÷åì l
è m ÿâëÿþòñÿ ïðîåêòîðàìè íà ïîäìîäóëè L è M ñîîòâåòñòâåííî).

Î÷åâèäíî, ðàñïðåäåëåíèÿ L è M èíâàðèàíòíû îòíîñèòåëüíî Φ è âçàèìíî îðòîãîíàëü-

íû. Î÷åâèäíî òàêæå, ÷òî Φ̃2 = −id,
〈
Φ̃X, Φ̃Y

〉
=
〈
X,Y

〉
, X,Y ∈ X (M), ãäå Φ̃ = Φ|L.

Ñëåäîâàòåëüíî, {Φ̃p, gp|L} � ýðìèòîâà ñòðóêòóðà íà ïðîñòðàíñòâå Lp.

Êîìïëåêñè�èêàöèÿ X (M)C ìîäóëÿ X (M) ðàñïàäàåòñÿ â ïðÿìóþ ñóììó X (M)C =

D
√
−1

Φ ⊕D−
√
−1

Φ ⊕D0
Φ ñîáñòâåííûõ ïîäïðîñòðàíñòâ ñòðóêòóðíîãî ýíäîìîð�èçìà Φ, îòâå-

÷àþùèõ ñîáñòâåííûì çíà÷åíèÿì

√
−1, −

√
−1 è 0 ñîîòâåòñòâåííî. Ïðè÷åì ïðîåêòîðàìè

íà ñëàãàåìûå ýòîé ïðÿìîé ñóììû áóäóò, ñîîòâåòñòâåííî, ýíäîìîð�èçìû [6℄

π = σ ◦ l = −1

2
(Φ2 +

√
−1Φ), π̄ = σ̄ ◦ l = −1

2
(−Φ2 +

√
−1Φ),

m = id+Φ2, σ =
1

2
(id−

√
−1Φ), σ̄ =

1

2
(id+

√
−1Φ).

Îòîáðàæåíèÿ σp : Lp → D
√
−1

Φ è σ̄p : Lp → D−
√
−1

Φ ÿâëÿþòñÿ ñîîòâåòñòâåííî

èçîìîð�èçìîì è àíòèèçîìîð�èçìîì ýðìèòîâûõ ïðîñòðàíñòâ. Ïîýòîìó ê êàæäîé òî÷-

êå p ∈ M2n+1
ìîæíî ïðèñîåäèíèòü ñåìåéñòâî ðåïåðîâ ïðîñòðàíñòâà Tp(M)C âèäà

(p, ǫ0, ǫ1, . . . , ǫn, ǫ1̂, . . . , ǫn̂), ãäå ǫa =
√
2σp(ea), ǫâ =

√
2σ̄p(ea); ǫ0 = ξp, ãäå {ea} � îðòî-

íîðìèðîâàííûé áàçèñ ýðìèòîâà ïðîñòðàíñòâà Lp. Òàêîé ðåïåð íàçûâàåòñÿ A-ðåïåðîì [6℄.

Ëåãêî âèäåòü, ÷òî ìàòðèöû êîìïîíåíò òåíçîðîâ Φp è gp â A-ðåïåðå èìåþò âèä

(Φji ) =




0 0 0
0

√
−1 In 0

0 0 −
√
−1 In


 , (gij) =




1 0 0
0 0 In
0 In 0


 , (1.2)

ãäå In � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n. Õîðîøî èçâåñòíî [6, 7℄, ÷òî ñîâîêóïíîñòü òà-

êèõ ðåïåðîâ îïðåäåëÿåò G-ñòðóêòóðó íà M ñî ñòðóêòóðíîé ãðóïïîé {1} × U(n), ïðåä-

ñòàâëåííîé ìàòðèöàìè âèäà




1 0 0
0 A 0
0 0 A



, ãäå A ∈ U(n). Ýòà G-ñòðóêòóðà íàçûâàåòñÿ

ïðèñîåäèíåííîé [6, 7℄.
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Ïîä÷åðêíåì, ÷òî ïðîñòðàíñòâî ïðèñîåäèíåííîé G-ñòðóêòóðû ñîñòîèò èç êîìïëåêñíûõ

ðåïåðîâ, ò. å. ðåïåðîâ êîìïëåêñè�èêàöèè ñîîòâåòñòâóþùèõ êàñàòåëüíûõ ïðîñòðàíñòâ.

Ïîýòîìó, äàæå èìåÿ äåëî ñ âåùåñòâåííûìè òåíçîðàìè, ìû, ãîâîðÿ îá èõ êîìïîíåíòàõ íà

ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ïîäðàçóìåâàåì êîìïîíåíòû êîìïëåêñíûõ

ðàñøèðåíèé ýòèõ òåíçîðîâ. Â ñâîþ î÷åðåäü, êîìïëåêñíûé òåíçîð ÿâëÿåòñÿ êîìïëåêñíûì

ðàñøèðåíèåì âåùåñòâåííîãî òåíçîðà òîãäà è òîëüêî òîãäà, êîãäà îí èíâàðèàíòåí îòíî-

ñèòåëüíî îïåðàòîðà êîìïëåêñíîãî ñîïðÿæåíèÿ. Ñëåäóÿ îáùåïðèíÿòîé òðàäèöèè, áóäåì

íàçûâàòü òàêîé òåíçîð âåùåñòâåííûì. Â ÷àñòíîñòè, ñóììà ÷èñòîãî êîìïëåêñíîãî òåíçîðà

è êîìïëåêñíî ñîïðÿæåííîãî åìó òåíçîðà ÿâëÿåòñÿ âåùåñòâåííûì òåíçîðîì.

Íà ïðîòÿæåíèè âñåé ðàáîòû áóäåì ïîäðàçóìåâàòü, ÷òî èíäåêñû i, j, k, . . . ïðîáåãàþò
çíà÷åíèÿ îò 0 äî 2n, èíäåêñû a, d, c, d, f, g, . . . � çíà÷åíèÿ îò 1 äî n, è ïîëîæèì â = a+ n,
ˆ̂a = a, 0̂ = 0. Ïîñêîëüêó Φ è g � òåíçîðû òèïîâ (1, 1) è (2, 0) ñîîòâåòñòâåííî, èõ êîìïî-
íåíòû íà ïðîñòðàíñòâå ðàññëîåíèÿ âñåõ ðåïåðîâ íàä M óäîâëåòâîðÿþò óðàâíåíèÿì

dΦij +Φkj θ
i
k − Φikθ

k
j = Φij,kω

k, dgij − gkjθ
k
i − gikθ

k
j = gij,kθ

k, (1.3)

ãäå {ωi}, {θij} � êîìïîíåíòû �îðì ñìåùåíèÿ è �îðì ðèìàíîâîé ñâÿçíîñòè ∇ ñîîòâåò-

ñòâåííî, Φij,k, gij,k � êîìïîíåíòû êîâàðèàíòíîãî äè��åðåíöèàëà Φ è g â ýòîé ñâÿçíîñòè
ñîîòâåòñòâåííî. Áîëåå òîãî, â ñèëó îïðåäåëåíèÿ ðèìàíîâîé ñâÿçíîñòè ∇g = 0 è, çíà÷èò,

gij,k = 0. (1.4)

Ñ ó÷åòîì (1.2) è (1.4) ñîîòíîøåíèÿ (1.3) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû
ïåðåïèøóòñÿ â �îðìå [6℄

Φab,i = 0, Φâ
b̂,i

= 0, Φ0
0,i = 0, θ0a = −

√
−1Φ0

a,iω
i, θ0â =

√
−1Φ0

â,iω
i,

θa0 =
√
−1Φa0,iω

i, θâ0 = −
√
−1Φâ0,iω

i,

θa
b̂
=

√
−1

2
Φa
b̂,i
ωi, θâb = −

√
−1

2
Φab,iω

i, θ00 = 0, θij + θĵ
î
= 0.

Êðîìå òîãî, çàìåòèì, ÷òî â ñèëó âåùåñòâåííîñòè ñîîòâåòñòâóþùèõ �îðì è òåíçîðîâ

ωi = ωî, θij = θî
ĵ
, Φij,k = Φî

ĵ,k̂
, ãäå t→ t̄ � îïåðàòîð êîìïëåêñíîãî ñîïðÿæåíèÿ.

Ñ ó÷åòîì ýòèõ ñîîòíîøåíèé ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé ðèìàíîâîé ñâÿç-

íîñòè dωi = −θij ∧ ωj ïî÷òè êîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû çàïèøåòñÿ â ñëåäóþùåé �îðìå [6℄:

1) dω = Cabω
a ∧ ωb + Cabωa ∧ ωb + Cbaω

a ∧ ωb + Caω ∧ ωa + Caω ∧ ωa;
2) dωa = −θab ∧ ωb +Bab

cω
c ∧ ωb +Babcωb ∧ ωc +Ba

bω ∧ ωb +Babω ∧ ωb;
3) dωa = θba ∧ ωb +Bab

cωc ∧ ωb +Babcω
b ∧ ωc +Ba

bω ∧ ωb +Babω ∧ ωb,

ãäå ω = π∗(η), π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðèñîåäèíåííîé G-ñòðóêòóðû
íà ìíîãîîáðàçèå M ,

Bab
c = −

√
−1

2
Φa
b̂,c
; Babc =

√
−1

2
Φa
[b̂,ĉ]

; Ba
b =

√
−1Φa0,b;

Bab =
√
−1

(
Φa
0,b̂

− 1

2
Φa
b̂,0

)
; Bab

c =

√
−1

2
Φâb,ĉ; Babc = −

√
−1

2
Φâ[b,c];

Ba
b = −

√
−1Φâ

0,b̂
; Bab = −

√
−1

(
Φâ0,b −

1

2
Φâb,0

)
;
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Cab = −
√
−1Φ0

[a,b]; Cab =
√
−1Φ0

[â,b̂]
;

Cab = −
√
−1
(
Φ0
â,b +Φ0

b,â

)
= Ba

b −Bb
a; Ca =

√
−1Φ0

a,0; Ca = −
√
−1Φ0

â,0.

Ïðè ýòîì

Babc = Babc, Bab = Bab, θba = −θab .
Ââåäåì îáîçíà÷åíèÿ:

Cabc =

√
−1

2
Φa
b̂,ĉ
; Cabc = −

√
−1

2
Φâb,c;

F ab =
√
−1Φ0

â,b̂
; Fab = −

√
−1Φ0

a,b.

(1.5)

Äëÿ òåíçîðíûõ êîìïîíåíò �îðìû ðèìàíîâîé ñâÿçíîñòè èìåþò ìåñòî ñëåäóþùèå ñî-

îòíîøåíèÿ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû [6℄:

1) θa
b̂
=

√
−1
2 Φa

b̂,i
ωi; 2) θâb = −

√
−1
2 Φab,iω

i; 3) θa0 =
√
−1Φa0,iω

i;

4)θâ0 = −
√
−1Φâ0,iω

i; 5) θ0a = −
√
−1Φ0

a,iω
i; 6) θ0â =

√
−1Φ0

â,iω
i;

7) θ00 = 0; 8) θij + θĵ
î
= 0; 9) θ00,i = θab,i = θâ

b̂,i
= 0.

(1.6)

2. Îáîáùåííûå ìíîãîîáðàçèÿ Êåíìîöó

Ïóñòü (M2n+1,Φ, ξ, g = 〈·, ·〉) � ïî÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå.

Îïðåäåëåíèå 2.1 [1℄. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, õàðàêòåðèçóåìàÿ

òîæäåñòâîì

∇X(Φ)Y = −η(Y )ΦX − 〈X,ΦY 〉 , X, Y ∈ X (M),

íàçûâàåòñÿ ñòðóêòóðîé Êåíìîöó.

Ìíîãîîáðàçèå, ñíàáæåííîå ñòðóêòóðîé Êåíìîöó, íàçûâàåòñÿ ìíîãîîáðàçèåì Êåíìî-

öó.

Ïîëîæèì â ýòîì òîæäåñòâå Y = X. Òîãäà ïîëó÷èì

∇X(Φ)X = −η(X)ΦX, X ∈ X (M).

Â ïîëó÷åííîì òîæäåñòâå ñäåëàåì çàìåíó X → X + Y (ïîëÿðèçàöèÿ ïî X), òîãäà
ïîëó÷èì

∇X(Φ)Y +∇Y (Φ)X = −η(Y )ΦX − η(X)ΦY, X, Y ∈ X (M). (2.1)

Îïðåäåëåíèå 2.2 [5℄. Êëàññ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, õàðàêòå-

ðèçóåìûõ òîæäåñòâîì (2.1), íàçûâàåòñÿ îáîáùåííûìè ìíîãîîáðàçèÿìè Êåíìîöó (êîðî÷å,

GK-ìíîãîîáðàçèÿìè).

�àñïèñàâ òîæäåñòâî (2.1) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû, ïîëó÷èì
ñëåäóþùåå.

Ïðåäëîæåíèå 2.1. Êîìïîíåíòû êîâàðèàíòíîãî äè��åðåíöèàëà ñòðóêòóðíîãî ýí-

äîìîð�èçìà íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû óäîâëåòâîðÿþò ñëåäóþùèì

ñîîòíîøåíèÿì:

1) Φ0
0,i = Φab,0 = Φâ

b̂,0
= 0; 2) Φ0

i,0 = Φi0,0 = 0; 3) Φb0,a = −Φâ
0,b̂

= −
√
−1δba;

4) Φâb,ĉ = Φa
b̂,c

= 0; 5) Φâ0,b +Φâb,0 = 0; 6) Φa
0,b̂

+Φa
b̂,0

= 0;

7) Φ0
a,b +Φ0

b,a = 0; 8) Φ0
â,b̂

+Φ0
b̂,â

= 0; 9) Φ0
a,b̂

+Φ0
b̂,a

= 0;

10) Φĉa,b +Φĉb,a = 0; 11) Φĉˆ̂a,b̂ +Φĉ
b̂,â

= 0.

(2.2)
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Ñ ó÷åòîì ïðåäëîæåíèÿ 2.1 ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé

ïðèìåò âèä [8℄

1) dω = Fabω
a ∧ ωb + F abωa ∧ ωb;

2) dωa = −θab ∧ ωb + Cabcωb ∧ ωc −
3

2
F abω ∧ ωb + δabω ∧ ωb; (2.3)

3) dωa = θba ∧ ωb + Cabcω
b ∧ ωc − 3

2
Fabω ∧ ωb + δbaω ∧ ωb,

ãäå

Cabc =

√
−1

2
Φa
b̂,ĉ
; Cabc = −

√
−1

2
Φâb,c; C [abc] = Cabc; C[abc] = Cabc;

Cabc = Cabc; F ab =
√
−1Φ0

â,b̂
; Fab = −

√
−1Φ0

a,b;

F ab + F ba = 0; Fab + Fba = 0; F ab = Fab.

(2.4)

Èç (2.3) ñëåäóåò

Ïðåäëîæåíèå 2.2 [5℄. Åñëè Cabc = Cabc = 0 è F ab = Fab = 0, òî GK-ìíîãîîáðàçèå

ÿâëÿåòñÿ ìíîãîîáðàçèåì Êåíìîöó.

Ïðåäëîæåíèå 2.2 äàåò ïðèìåðû GK-ìíîãîîáðàçèé.

Ñòàíäàðòíàÿ ïðîöåäóðà äè��åðåíöèàëüíîãî ïðîäîëæåíèÿ ïåðâîé ãðóïïû ñòðóêòóð-

íûõ óðàâíåíèé GK-ìíîãîîáðàçèé ïîçâîëÿåò ïîëó÷èòü ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2.1. Ïîëíàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé GK-ìíîãîîáðàçèé íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû èìååò âèä

1) dω = Fabω
a ∧ ωb + F abωa ∧ ωb;

2) dωa = −θab ∧ ωb + Cabcωb ∧ ωc −
3

2
F abω ∧ ωb + δabω ∧ ωb;

3) dωa = θba ∧ ωb + Cabcω
b ∧ ωc − 3

2
Fabω ∧ ωb + δbaω ∧ ωb;

4) dθab = −θac ∧ θcb +
(
Aadbc − 2CadhChbc −

3

2
F adFbc

)
ωc ∧ ωd

+

(
−1

3
δabFcd+

2

3
δacFdb+

2

3
δadFbc

)
ωc∧ωd+

(
1

3
δabF

cd− 2

3
δcbF

da− 2

3
δdbF

ac

)
ωc∧ωd; (2.5)

5) dCabc + Cdbcθad + Cadcθbd + Cabdθcd = Cabcdωd − 2δ
[a
d F

bc]ωd − Cabcω;

6) dCabc − Cdbcθ
d
a − Cadcθ

d
b − Cabdθ

d
c = Cabcdω

d − 2δd[aFbc]ωd − Cabcω;

7) dF ab + F cbθac + F acθbc = −2F abω;

8) dFab − Fcbθ
c
a − Facθ

c
b = −2Fabω.

Ïðè ýòîì

Aad[bc] = A
[ad]
bc = 0; Ca[bcd] =

3

2
F a[bF cd]; FadC

dbc = 0;

è �îðìóëû êîìïëåêñíî ñîïðÿæåííûå.

Ïðîäè��åðåíöèðîâàâ âíåøíèì îáðàçîì óðàâíåíèÿ (2.5), ïîëó÷àåì

1) dAadbc +Ahdbc θ
a
h +Aahbc θ

d
h −Aadhcθ

h
b −Aadbhθ

h
c = Aadbchω

h +Aadhbc ωh +Aadbc0ω;

2) dCabcd + Chbcdθah + Cahcdθbh + Cabhdθch + Cabchθdh = Cabcdhωh + Cabcd0ω;

3) dCabcd − Chbcdθ
h
a − Cahcdθ

h
b − Cabhdθ

h
c − Cabchθ

h
d = Cabcdhω

h + Cabcd0ω.
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Ïðè ýòîì ñïðàâåäëèâû ñëåäóþùèå òîæäåñòâà:

1) Aadb[ch] = 0; 2) A
a[dh]
bc = 0;

3) Aadbc0 = −2Aadbc − 4CadhChbc + F adFbc − 2δabF
dhFhc − 2δacF

dhFhb − 2δdbF
ahFhc;

4)
(
Aagb[c − 2CagfCfb[c

)
C|g|dh] = 0;

5)

(
Aahb[c −

3

2
F ahFb[c

)
F|h|d] = 0;

6) CabcgCgdh = 0; 7) CabchFhd = 0;

8) 2F abFcd =
(
δadFch − δacFdh

)
F hb +

(
δbcFdh − δbdFch

)
F ha;

9) 2F abF cd = F acF db + F adF bc

è �îðìóëû êîìïëåêñíî ñîïðÿæåííûå.

Òîæäåñòâî F adCdbc = 0 íàçîâåì ïåðâûì �óíäàìåíòàëüíûì òîæäåñòâîì GK-ñòðóê-

òóðû; òîæäåñòâî Aadb[cCgf ]d = 2CadhChb[cCgf ]d � âòîðûì �óíäàìåíòàëüíûì òîæäå-

ñòâîì; òîæäåñòâî Aadb[cF|d|g] = 3
2F

adFb[cF|d|g] � òðåòüèì �óíäàìåíòàëüíûì òîæäå-

ñòâîì.

Îïðåäåëåíèå 2.3 [5℄. GK-ñòðóêòóðà íàçûâàåòñÿ: ñïåöèàëüíîé îáîáùåííîé ñòðóê-

òóðîé Êåíìîöó I ðîäà (êîðîòêî, SGK-ñòðóêòóðîé I ðîäà), åñëè Cdbc = Cdbc = 0; ñïåöè-
àëüíîé îáîáùåííîé ñòðóêòóðîé Êåíìîöó II ðîäà (êîðîòêî, SGK-ñòðóêòóðîé II ðîäà),

åñëè Fad = F ad = 0.
Çàìåòèì, ÷òî èç âèäà óðàâíåíèÿ (2.5(1)) âûòåêàåò òîæäåñòâî

dη(X,Y ) + dη(ΦX,ΦY ) = 0,

à òàêæå ðàâíîñèëüíîå åìó òîæäåñòâî dη(ΦX,Y ) = dη(X,ΦY ) äëÿ ëþáûõ X,Y ∈ X (M).
Â ñàìîì äåëå,

(dη)ab = dη(ǫa, ǫb) = −dη(Φǫa,Φǫb) = Fab, (dη)âb = dη(ǫâ, ǫb) = dη(Φǫâ,Φǫb) = 0,

(dη)ab̂ = dη(ǫa, ǫb̂) = dη(Φǫa,Φǫb̂) = 0, (dη)âb̂= dη(ǫâ, ǫb̂)= −dη(Φǫâ,Φǫb̂)=F
ab,

(dη)a0 = dη(ǫa, ξ) = −dη(Φǫa,Φξ) = 0, (dη)â0 = dη(ǫâ, ξ) = −dη(Φǫâ,Φξ) = 0,

(dη)0a = dη(ξ, ǫa) = −dη(Φξ,Φǫa) = 0, (dη)(0â) = dη(ξ, ǫâ) = −dη(Φξ,Φǫâ) = 0,

(dη)00 = dη(ξ, ξ) = −dη(Φξ,Φξ) = 0.

Îáðàòíî, î÷åâèäíî, ÷òî âûïîëíåíèå ýòèõ ñîîòíîøåíèé âëå÷åò ñïðàâåäëèâîñòü òîæ-

äåñòâà dη(X,Y ) + dη(ΦX,ΦY ) = 0 äëÿ ëþáûõ X,Y ∈ X (M).
Ïóñòü M � GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî. Äè��åðåíöèàëüíàÿ 1-�îðìà ω = η ◦ π∗, π � åñòåñòâåííàÿ ïðî-

åêöèÿ â ãëàâíîì ðàññëîåíèè ðåïåðîâ íàä ìíîãîîáðàçèåì M , à π∗ � ïîðîæäåííîå åé

óâëå÷åíèå π-ñâÿçíûõ âåêòîðíûõ ïîëåé íà ìíîãîîáðàçèè M , ÿâëÿåòñÿ �îðìîé Ï�à��à

ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ, ò. å. êîáàçèñîì êîðàñïðåäåëåíèÿ àññîöèèðî-

âàííîãî ñ ïåðâûì �óíäàìåíòàëüíûì ðàñïðåäåëåíèåì L. Ïî êëàññè÷åñêîé òåîðåìå Ôðî-

áåíèóñà âïîëíå èíòåãðèðóåìîñòü ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ ðàâíîñèëüíà

ñóùåñòâîâàíèþ �îðìû θ, ÷òî dω = θ ∧ ω.
Òåîðåìà 2.2. GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî, ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.
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⊳ Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà ÿâëÿåòñÿ âïîëíå èíòåãðèðóåìîé, åñëè

dη ∧ η = 0. Òàê êàê ω = π∗(η), π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðèñîåäèíåííîé

G-ñòðóêòóðû íà ìíîãîîáðàçèè M , èç (2.5(1)) ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû ïåðâîå �óíäà-

ìåíòàëüíîå ðàñïðåäåëåíèå áûëî âïîëíå èíòåãðèðóåìî, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

ñëàãàåìûå Fabω
a ∧ ωb ∧ ω è F abωa ∧ ωb ∧ ω áûëè ðàâíû íóëþ. Çíà÷èò, íåîáõîäèìî, ÷òî-

áû Fab = F ab = 0. Ñîãëàñíî îïðåäåëåíèþ 2.3 GK-ñòðóêòóðà ÿâëÿåòñÿ SGK-ñòðóêòóðîé

II ðîäà. ⊲

Ïîñêîëüêó âñÿêîå SGK-ìíîãîîáðàçèå II ðîäà ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî

òî÷íåéøå êîñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ [5℄, à òî÷íåéøå êîñèìïëåêòè÷åñêîå ìíîãî-

îáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà

âåùåñòâåííóþ ïðÿìóþ [6℄, òî ïðåäûäóùóþ òåîðåìó ìîæíî ñ�îðìóëèðîâàòü â ñëåäóþùåì

âèäå.

Òåîðåìà 2.3. GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî, ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî

êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Ïóñòü M � GK-ìíîãîîáðàçèå, ïåðâîå �óíäàìåíòàëüíîå ðàñïðåäåëåíèå êîòîðîãî

âïîëíå èíòåãðèðóåìî. Òîãäà ïåðâàÿ ãðóïïà ñòðóêòóðíûõ óðàâíåíèé òàêîãî ìíîãîîáðàçèÿ

èìååò âèä

1) dω = 0;

2) dωa = −θab ∧ ωb +Cabcωb ∧ ωc + δabω ∧ ωb;
3) dωa = θba ∧ ωb + Cabcω

b ∧ ωc + δbaω ∧ ωb.
Ïóñòü N ⊂M � èíòåãðàëüíîå ìíîãîîáðàçèå ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî �óí-

äàìåíòàëüíîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ M . Òîãäà íà íåì åñòåñòâåííûì îáðàçîì

èíäóöèðóåòñÿ ïî÷òè ýðìèòîâà ñòðóêòóðà (J, g̃), ãäå J = Φ|
L

, g̃ = g|
L

. Òàê êàê �îðìà ω
ÿâëÿåòñÿ �îðìîé Ï�à��à ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ, òî ïåðâàÿ ãðóïïà

ñòðóêòóðíûõ óðàâíåíèé ïî÷òè ýðìèòîâîé ñòðóêòóðû íà N èìååò âèä

1) dω = 0;

2) dωa = −θab ∧ ωb + Cabcωb ∧ ωc;
3) dωa = θba ∧ ωb +Cabcω

b ∧ ωc.
Èñïîëüçóÿ òàáëèöó ¾Îáîáùåííûå êëàññû �ðåÿ � Õåðâåëëû¿ [6℄, ïîëó÷àåì, ÷òî ïî÷òè

ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ïîäìíîãîîáðàçèÿõ ìàêñèìàëüíîé

ðàçìåðíîñòè ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ GK-ìíîãîîáðàçèÿ M , ÿâëÿåòñÿ

ïðèáëèæåííî êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2.4. Ïî÷òè ýðìèòîâà ñòðóêòóðà, èíäóöèðóåìàÿ íà èíòåãðàëüíûõ ïîä-

ìíîãîîáðàçèÿõ ìàêñèìàëüíîé ðàçìåðíîñòè ïåðâîãî �óíäàìåíòàëüíîãî ðàñïðåäåëåíèÿ

GK-ìíîãîîáðàçèÿ M , ÿâëÿåòñÿ ïðèáëèæåííî êåëåðîâîé ñòðóêòóðîé.

Òåîðåìà 2.5. GK-ìíîãîîáðàçèå ñ çàìêíóòîé êîíòàêòíîé �îðìîé ÿâëÿåòñÿ SGK-

ìíîãîîáðàçèåì II ðîäà, ò. å. ìíîãîîáðàçèåì ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíûì ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

⊳ Ïîñêîëüêó ω = ω0 = π∗(η), ãäå π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðè-

ñîåäèíåííîé G-ñòðóêòóðû íà ìíîãîîáðàçèè M , òî èç (2.5(1)) ñëåäóåò, ÷òî êîíòàêòíàÿ

�îðìà GK-ìíîãîîáðàçèÿ çàìêíóòà òîãäà è òîëüêî òîãäà, êîãäà Fab = F ab = 0, ò. å.
ñîãëàñíî îïðåäåëåíèþ 2.3, òîãäà è òîëüêî òîãäà, êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ SGK-

ìíîãîîáðàçèåì II ðîäà. À çíà÷èò, ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíûì ïðîèçâåäåíèþ

ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. ⊲
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�àññìîòðèì ñèñòåìû �óíêöèé íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû:
1) C = {Cijk}, ïîëîæèâ Cab̂ĉ = Cabc, C âbc = Cabc, âñå îñòàëüíûå êîìïîíåíòû � íó-

ëåâûå; 2) F = {F ij}, ïîëîæèâ F ab̂ = F ab, F âb = Fab, âñå îñòàëüíûå êîìïîíåíòû F �

íóëåâûå.

Ïî Îñíîâíîé òåîðåìå òåíçîðíîãî àíàëèçà ñ ó÷åòîì (2.5(5))�(2.5(8)) ñåìåéñòâà �óíê-

öèé C è F îïðåäåëÿþò âåùåñòâåííûå òåíçîðíûå ïîëÿ òèïà (2, 1) è (1, 1) íà ìíîãîîá-

ðàçèè M , êîòîðûå ìû îáîçíà÷èì òåìè æå ñèìâîëàìè. Íàçîâåì ýòè òåíçîðû ïåðâûì è

âòîðûì ñòðóêòóðíûìè òåíçîðàìè GK-ñòðóêòóðû.

Òåîðåìà 2.6. Ñòðóêòóðíûå òåíçîðû GK-ñòðóêòóðû èìåþò ñëåäóþùèå âûðàæåíèÿ:

1) C(X,Y ) = −1

2
Φ ◦ ∇ΦY (Φ)ΦX = −1

2
Φ2 ◦ ∇ΦY (Φ)Φ

2X;

2) (X) = Φ ◦ ∇Φ2X(Φ)ξ − Φ2X = −Φ ◦ ∇X(Φ)ξ − Φ2X = −∇Xξ − Φ2X

= −Φ2 ◦ ∇ΦX(Φ)ξ − Φ2X = −Φ ◦ ∇ΦX(Φ)ξ − Φ2X (∀X,Y ∈ X (M)).

⊳ Â [8℄ ïîëó÷åíî àíàëèòè÷åñêîå âûðàæåíèå ïåðâîãî ñòðóêòóðíîãî òåíçîðà

C(X,Y ) =
1

4

{
Φ ◦ ∇Φ2Y (Φ)Φ

2X − Φ2 ◦ ∇Φ2Y (Φ)ΦX
}

= −1

4

{
Φ ◦ ∇ΦY (Φ)ΦX +Φ2 ◦ ∇ΦY (Φ)Φ

2X
}

(∀X,Y ∈ X (M)).

(2.6)

Ïðîäè��åðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî Φ2 = −id+η⊗ ξ, ïîëó÷èì ∇Y (Φ)ΦX+
Φ ◦ ∇ΦY (Φ)X = ξ∇Y (η)X + η(X)∇Y ξ. Â ïîñëåäíåì ðàâåíñòâå ñíà÷àëà ñäåëàåì çàìåíó

X → ΦX, à çàòåì íà ïîëó÷åííîå òîæäåñòâî ïîäåéñòâóåì îïåðàòîðîì Φ2
. Òîãäà ïîëó÷èì

Φ ◦ ∇Y (Φ)ΦX = Φ2 ◦ ∇Y (Φ)Φ
2X. Â ïîëó÷åííîì òîæäåñòâå ñäåëàåì çàìåíó Y → ΦY .

Òîãäà

Φ ◦ ∇ΦY (Φ)ΦX = Φ2 ◦ ∇ΦY (Φ)Φ
2X (∀X,Y ∈ X (M)). (2.7)

Ñ ó÷åòîì (2.7) ðàâåíñòâî (2.6) çàïèøåòñÿ â âèäå

C(X,Y ) = −1

2
Φ ◦ ∇ΦY (Φ)ΦX = −1

2
Φ2 ◦ ∇ΦY (Φ)Φ

2X (∀X,Y ∈ X (M)).

Íàïîìíèì [6, 9℄, ÷òî òðåòèé, ÷åòâåðòûé è ïÿòûé ñòðóêòóðíûå òåíçîðû ïî÷òè êîí-

òàêòíîé ìåòðè÷åñêîé ñòðóêòóðû èìåþò ñëåäóþùèå àíàëèòè÷åñêèå âûðàæåíèÿ:

1) D(X) = −1

2

{
Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ −

1

2
Φ ◦ ∇ξ(Φ)Φ

2X +
1

2
Φ2 ◦ ∇ξ(Φ)ΦX

}
;

2) E(X) = −1

2

{
Φ ◦ ∇Φ2X(Φ)ξ +Φ2 ◦ ∇ΦX(Φ)ξ

}
;

3) F (X) =
1

2

{
Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ

}
(∀X ∈ X (M)).

(2.8)

Ïðèìåíèâ ïðîöåäóðó âîññòàíîâëåíèÿ òîæäåñòâà [6, 7℄ ê ðàâåíñòâó Φb0,a = −
√
−1δba,

ïîëó÷èì Φ2 ◦ ∇Φ2X(Φ)ξ − Φ ◦ ∇ΦX(Φ)ξ = −2ΦX äëÿ ëþáîãî X ∈ X (M). Ïîäåéñòâóåì
îïåðàòîðîì Φ íà îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà. Òîãäà Φ ◦∇Φ2X(Φ)ξ +Φ2 ◦∇ΦX(Φ)ξ =
2Φ2X äëÿ ëþáîãî X ∈ X (M).

Ïîñêîëüêó òðåòèé è ïÿòûé ñòðóêòóðíûå òåíçîðû äëÿ ëþáîãî X ∈ X (M) ñâÿçàíû
ñîîòíîøåíèåì D(X) = −3

2F (X), òî

Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ +Φ ◦ ∇ξ(Φ)Φ
2X − Φ2 ◦ ∇ξ(Φ)ΦX = 0 (∀X ∈ X (M)).
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Â (2.1) ïîëîæèì Y = ξ. Òîãäà ïîëó÷èì ∇X(Φ)ξ +∇ξ(Φ)X = −ΦX (∀X ∈ X (M)).
Â ïîñëåäíåì òîæäåñòâå ïîäñòàâèì ñíà÷àëà X → ΦX, à çàòåì X → Φ2X. Òîãäà

ïîëó÷èì

1) ∇ΦX(Φ)ξ +∇ξ(Φ)ΦX = −Φ2X;

2) ∇Φ2X(Φ)ξ +∇ξ(Φ)Φ
2X = ΦX (∀X ∈ X (M)).

(2.9)

Íà îáå ÷àñòè ðàâåíñòâà (2.9 (1)) ïîäåéñòâóåì îïåðàòîðîì Φ2
, à íà îáå ÷àñòè ðàâåíñòâà

(2.9 (2)) ïîäåéñòâóåì îïåðàòîðîì Φ. Òîãäà ïîëó÷èì

1) Φ2∇ΦX(Φ)ξ +Φ2∇ξ(Φ)ΦX = Φ2X;

2) Φ∇Φ2X(Φ)ξ +Φ∇ξ(Φ)Φ
2X = Φ2X (∀X ∈ X (M)).

(2.10)

Ïðîäè��åðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî η ◦ Φ = 0, ïîëó÷àåì

∇X(η)(ΦY ) + η ◦ ∇X(Φ)Y = 0 (∀X,Y ∈ X (M)). (2.11)

Â ÷àñòíîñòè, åñëè â ïîñëåäíåì ðàâåíñòâå ïîëîæèòü Y = ξ, òî η{∇X(Φ)ξ} = 0 äëÿ

ëþáîãî X ∈ X (M).
Ïðîäè��åðåíöèðîâàâ êîâàðèàíòíî ðàâåíñòâî Φ2 = −id+ η ⊗ ξ, ïîëó÷àåì

∇X(Φ)ΦY +Φ ◦ ∇ΦX(Φ)Y = ξ∇X(η)Y + η(Y )∇Xξ.

Â ïîëó÷åííîì ðàâåíñòâå ñäåëàåì çàìåíó Y = ξ. Òîãäà ñ ó÷åòîì òîæäåñòâà ∇X(η)ξ = 0
äëÿ ëþáîãî X ∈ X (M), ïîëó÷èì òîæäåñòâî

Φ ◦ ∇ΦX(Φ)Y = ∇Xξ (∀X ∈ X (M)). (2.12)

Ñ ó÷åòîì (2.10) è (2.12) äëÿ (2.8(3)) èìååì

F (X) =
1

2

{
Φ ◦ ∇Φ2X(Φ)ξ − Φ2 ◦ ∇ΦX(Φ)ξ

}
=

1

2
{∇Φ2Xξ − Φ ◦ ∇ΦXξ}

= Φ ◦ ∇Φ2X(Φ)ξ − Φ2X = −Φ ◦ ∇X(Φ)ξ − Φ2X = −∇Xξ − Φ2X

= −Φ2 ◦ ∇ΦX(Φ)ξ − Φ2X = −Φ ◦ ∇ΦX(Φ)ξ − Φ2X (∀X ∈ X (M)). ✄

3. Ñâîéñòâà èíòåãðèðóåìîñòè GK-ìíîãîîáðàçèé

Íàïîìíèì [6℄, ÷òî êîìïîíåíòû òåíçîðà Íåéåíõåéñà

NΦ(X,Y ) =
1

4
{Φ2[X,Y ] + [ΦX,ΦY ]− Φ[ΦX,Y ]− Φ[X,ΦY ]}

íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû èìåþò ñëåäóþùèé âèä:

1) N0
ab = −

√
−1

2
Φ0
[a,b]; 2) N0

âb = −N0
bâ = −

√
−1

2
Φ0
(â,b); 3) N0

âb̂
=

√
−1

2
Φ0
[â,b̂]

;

4) Na
b̂0

= −Na
0b̂

=

√
−1

4
Φa
b̂,0

−
√
−1

2
Φa
0,b̂
; 5) Na

b̂ĉ
=

√
−1Φa

[b̂,ĉ]
;

6) N â
b0 = −N â

0b =

√
−1

2
Φâ0,b −

√
−1

2
Φâb,0; 7) N â

bc = −
√
−1Φâ[b,c].

Îñòàëüíûå êîìïîíåíòû ýòîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ.
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Ñ ó÷åòîì (2.2) êîìïîíåíòû òåíçîðà Íåéåíõåéñà NΦ(X,Y ) GK-ñòðóêòóðû íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ïðèìóò ñëåäóþùèé âèä:

1) N0
ab =

1
2Fab; 2) N0

âb̂
= 1

2F
ab; 3) Na

b̂0
= −Na

0b̂
= 3

4F
ab;

4) Na
b̂ĉ
= 2Cabc; 5) N â

b0 = −N â
0b =

3
4Fab; 6) N â

bc = 2Cabc.
(3.1)

Îñòàëüíûå êîìïîíåíòû ýòîãî òåíçîðà òîæäåñòâåííî ðàâíû íóëþ.

Òåîðåìà 3.1. Òåíçîð Íåéåíõåéñà îïåðàòîðà Φ GK-ñòðóêòóðû îáëàäàåò ñâîéñòâàìè:

1) NΦ

(
Φ2X,Φ2Y

)
+NΦ(ΦX,ΦY ) = 0;

2) NΦ

(
Φ2X,ΦY

)
−NΦ

(
ΦX,Φ2Y

)
= 0;

3) NΦ(X, ξ) = −1

4

{
Φ∇ΦXξ + 2∇Xξ +Φ2X

}
(∀X,Y ∈ X (M)).

⊳ 1): Ïðèìåíÿÿ ïðîöåäóðó âîññòàíîâëåíèÿ òîæäåñòâà [4, 7℄ ê ðàâåíñòâàì N0
ab̂

= N c
ab̂

=

N ĉ
ab̂

= 0, ïîëó÷èì òîæäåñòâî NΦ(Φ
2X,Φ2Y )+NΦ(ΦX,ΦY ) = 0 äëÿ ëþáûõ X,Y ∈ X (M).

2): Ñäåëàâ â ïîñëåäíåì òîæäåñòâå çàìåíó Y → ΦY , äëÿ ëþáûõ X,Y ∈ X (M) ïîëó-
÷àåì òîæäåñòâî NΦ(Φ

2X,ΦY )−NΦ(ΦX,Φ
2Y ) = 0.

3): Âèä òåíçîðà Íåéåíõåéñà

NΦ(X,Y ) =
1

4

{
Φ2[X,Y ] + [ΦX,ΦY ]− Φ[ΦX,Y ]− Φ[X,ΦY ]

}

ñ ó÷åòîì �îðìóëû [X,Y ] = ∇XY −∇YX, âûðàæàþùåé îòñóòñòâèå êðó÷åíèÿ ñâÿçíîñòè,
ïðèìåò âèä

NΦ(X,Y ) =
1

4
{∇ΦX(Φ)Y −∇ΦY (Φ)X +Φ∇Y (Φ)X − Φ∇X(Φ)Y } (∀X,Y ∈ X (M)).

Îòñþäà

NΦ(X, ξ) =
1

4
{∇ΦX(Φ)ξ +Φ∇ξ(Φ)X − Φ∇X(Φ)ξ} (∀X ∈ X (M)). (3.2)

Ïîëîæèì â (2.1) Y = ξ. Òîãäà ∇X(Φ)ξ + ∇ξ(Φ)X = −ΦX äëÿ ëþáîãî X ∈ X (M).
Ñ ó÷åòîì ïîëó÷åííîãî ðàâåíñòâà ñîîòíîøåíèå (3.2) ïðèìåò âèä

NΦ(X, ξ) = −1

4

{
Φ∇ΦXξ + 2∇Xξ +Φ2X

}
(∀X ∈ X (M)). ✄

Îïðåäåëåíèå 3.1 [6℄. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ èíòå-

ãðèðóåìîé, åñëè NΦ = 0.

Òåîðåìà 3.2. Èíòåãðèðóåìàÿ GK-ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó.

⊳ Ïóñòü GK-ñòðóêòóðà ÿâëÿåòñÿ èíòåãðèðóåìîé. Òîãäà, ñîãëàñíî îïðåäåëåíèþ 3.1,

NΦ = 0. Ïîñëåäíåå ðàâåíñòâî ñ ó÷åòîì (3.1) ðàâíîñèëüíî ñîîòíîøåíèÿì F ab = Fab = 0;
Cabc = Cabc = 0. È ñîãëàñíî ïðåäëîæåíèþ 2.2 ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó. ⊲

Èçâåñòíî [10℄, ÷òî çàäàíèå òåíçîðà Íåéåíõåéñà ðàâíîñèëüíî çàäàíèþ ÷åòûðåõ òåíçî-

ðîâ N (1)
, N (2)

, N (3)
, N (4)

, à èìåííî:

N (1)(X,Y ) = NΦ(X,Y ) + 2 dη(X,Y )ξ; N (2)(X,Y ) = (LΦXη)(Y )− (LΦY η)(X);

N (3)(X) = (LξΦ)(X); N (4)(X) = (Lξη)(X) (∀X,Y ∈ X (M)),

ãäå LX � ïðîèçâîäíàÿ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
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Âû÷èñëèì êîìïîíåíòû ýòèõ òåíçîðîâ íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû.

Ó÷èòûâàÿ, ÷òî ω = ω0 = π∗(η), ãäå π � åñòåñòâåííàÿ ïðîåêöèÿ ïðîñòðàíñòâà ïðè-

ñîåäèíåííîé G-ñòðóêòóðû íà ìíîãîîáðàçèå M , à òàêæå òî îáñòîÿòåëüñòâî, ÷òî íà ïðî-

ñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ξa = ξa = 0, ξ0 = 1, ñîãëàñíî (1.1(1)) íàõîäèì,
÷òî íà ýòîì ïðîñòðàíñòâå

1) (dη ⊗ ξ)aij = (dη ⊗ ξ)âij = 0; 2) (dη ⊗ ξ)0ab = Fab;

3) (dη ⊗ ξ)0
âb̂

= F ab; 4) (dη ⊗ ξ)0âb = (dη ⊗ ξ)0
ab̂

= 0;

5) (dη ⊗ ξ)00a = (dη ⊗ ξ)0a0 = 0; 6) (dη ⊗ ξ)00â = (dη ⊗ ξ)0â0 = 0;

7) (dη ⊗ ξ)000 = 0.

(3.3)

Ñ ó÷åòîì ñîîòíîøåíèé (3.1) è (3.3) ïîëó÷àåì, ÷òî íà ïðîñòðàíñòâå ïðèñîåäèíåííîé

G-ñòðóêòóðû, òåíçîð N (1)(X,Y ) = NΦ(X,Y )+2 dη(X,Y )ξ èìååò ñëåäóþùèå êîìïîíåíòû:

1) (N (1))0ab =
5
2Fab; 2) (N (1))0

âb̂
= 5

2F
ab;

3) (N (1))a
b̂0

= −(N (1))a
0b̂

= 3
4F

ab; 4) (N (1))âb0 = −(N (1))â0b =
3
4Fab;

5) (N (1))a
b̂ĉ

= 2Cabc; 6) (N (1))âbc = 2Cabc,

(3.4)

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Îïðåäåëåíèå 3.2 [6, 10℄. Ïî÷òè êîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ íîð-

ìàëüíîé, åñëè NΦ(X,Y ) + 2 dη(X,Y )ξ = 0.

Ïîíÿòèå íîðìàëüíîñòè áûëî ââåäåíî Ñàñàêè è Õàòàêåÿìîé [11℄ è ÿâëÿåòñÿ îäíèì èç

íàèáîëåå �óíäàìåíòàëüíûõ ïîíÿòèé êîíòàêòíîé ãåîìåòðèè, òåñíî ñâÿçàííûì ñ ïîíÿòèåì

èíòåãðèðóåìîñòè ñòðóêòóðû.

Òåîðåìà 3.3. Íîðìàëüíàÿ GK-ñòðóêòóðà ÿâëÿåòñÿ ñòðóêòóðîé Êåíìîöó, à çíà÷èò,

ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíà êîñèìïëåêòè÷åñêîé ñòðóêòóðå.

⊳ Èç îïðåäåëåíèÿ 3.2 è (3.4) ñëåäóåò, ÷òî GK-ñòðóêòóðà ÿâëÿåòñÿ íîðìàëüíîé òî-

ãäà è òîëüêî òîãäà, êîãäà F ab = Fab = 0, Cabc = Cabc = 0. Ñîãëàñíî ïðåäëîæåíèþ 2.2

GK-ñòðóêòóðà ÿâëÿåòñÿ Êåíìîöó ñòðóêòóðîé. Ïîñêîëüêó ñòðóêòóðà Êåíìîöó ïîëó÷àåò-

ñÿ èç êîñèìïëåêòè÷åñêîé êàíîíè÷åñêèì êîíöèðêóëÿðíûì ïðåîáðàçîâàíèåì, òî íîðìàëü-

íàÿ GK-ñòðóêòóðà ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíà êîñèìïëåêòè÷åñêîé ñòðóêòó-

ðå. ⊲

Èç òåîðåì 3.2 è 3.3 ñëåäóåò

Òåîðåìà 3.4. Ïóñòü S = (ξ, η,Φ, g = 〈·, ·〉) � AC-ñòðóêòóðà. Òîãäà ñëåäóþùèå óòâåð-
æäåíèÿ ýêâèâàëåíòíû:

1) S = (ξ, η,Φ, g = 〈·, ·〉) � èíòåãðèðóåìàÿ GK-ñòðóêòóðà;

2) S = (ξ, η,Φ, g = 〈·, ·〉) � íîðìàëüíàÿ GK-ñòðóêòóðà;

3) S = (ξ, η,Φ, g = 〈·, ·〉) � ñòðóêòóðà Êåíìîöó.

Òåïåðü âû÷èñëèì êîìïîíåíòû òåíçîðà N (2)(X,Y ) = (LΦXη)(Y ) − (LΦY η)(X), ãäå
LX � ïðîèçâîäíàÿ Ëè â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X.
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Îïðåäåëåíèå 3.3 [6℄. Ïóñòü M � ãëàäêîå ìíîãîîáðàçèå, X � âåêòîðíîå ïîëå íà M ,

{Ft} � ñîîòâåòñòâóþùàÿ åìó ëîêàëüíàÿ îäíîïàðàìåòðè÷åñêàÿ ãðóïïà äè��åîìîð�èç-

ìîâ ìíîãîîáðàçèÿ, T � òåíçîðíîå ïîëå òèïà (r, s) íà M . Ïðîèçâîäíîé Ëè òåíçîðíîãî

ïîëÿ T â íàïðàâëåíèè âåêòîðíîãî ïîëÿ X íàçûâàåòñÿ òåíçîðíîå ïîëå LXT íàM , â êàæ-

äîé òî÷êå p ∈M îïðåäåëÿåìîå �îðìóëîé

(LXT )p = lim
t→0

1

t

(
(F−t)∗TFt(p) − Tp

)
.

Îïåðàòîð LX : T (M) → T (M), ñîïîñòàâëÿþùèé òåíçîðíîìó ïîëþ T ∈ T (M) òåíçîð-
íîå ïîëå LXT , íàçûâàåòñÿ îïåðàòîðîì äè��åðåíöèðîâàíèÿ Ëè â íàïðàâëåíèè âåêòîð-

íîãî ïîëÿ X.
Îïåðàòîð äè��åðåíöèðîâàíèÿ Ëè îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè [6℄:

1) îïåðàòîð LX ÿâëÿåòñÿ äè��åðåíöèðîâàíèåì òåíçîðíîé àëãåáðû T (M) ìíîãîîá-
ðàçèÿ, ñîõðàíÿþùèì òèï òåíçîðîâ è ïåðåñòàíîâî÷íûì ñ îïåðàòîðàìè ñâåðòêè;

2) LXf = X(f), ∀ f ∈ C∞(M);
3) LXY = [X,Y ], ∀X,Y ∈ X (M).
Çàìå÷àòåëüíûì îáñòîÿòåëüñòâîì ÿâëÿåòñÿ òî, ÷òî ïåðå÷èñëåííûå ñâîéñòâà îïåðàòîðà

äè��åðåíöèðîâàíèÿ Ëè îäíîçíà÷íî îïðåäåëÿþò ýòîò îïåðàòîð.

Çàìå÷àíèå 3.1 [6℄. Ïóñòü t � ïðîèçâîëüíûé òåíçîð òèïà (r, s) íà M . Âûðàæåíèå

LX(t)(X1, . . . ,Xr, u
1, . . . , us), áóäó÷è ëèíåéíûì ïî àðãóìåíòàì X1, . . . ,Xr, u

1, . . . , us, íå
ÿâëÿåòñÿ ëèíåéíûì ïî àðãóìåíòó X.

Ñ ó÷åòîì ïåðå÷èñëåííûõ ñâîéñòâ èìååì

LΦX(η(Y )) = LΦX

(
C

(1)
(1)η ⊗ Y

)
= C

(1)
(1)LΦX(η ⊗ Y )

= C
(1)
(1)LΦX(η) ⊗ Y + C

(1)
(1)η ⊗ LΦX(Y ) = LΦX(η)⊗ Y + η ⊗ LΦX(Y ),

ò. å. LΦX(η(Y )) = LΦX(η)⊗ Y + η ⊗ LΦX(Y ).
Ñ ó÷åòîì òîæäåñòâà [X,Y ] = ∇XY −∇YX è ñâîéñòâ îïåðàòîðà äè��åðåíöèðîâàíèÿ

Ëè èç ïîëó÷åííîãî ðàâåíñòâà èìååì

LΦX(η)(Y ) = LΦX(η(Y ))− η(LΦXY ) = (ΦX)(η(Y ))− η([ΦX,Y ])

= (ΦX)(η(Y ))− η(∇ΦXY ) + η(∇Y (ΦX)) = {(ΦX)(η(Y ))− η(∇ΦXY )}
+ η{∇Y (Φ)X +Φ∇YX} = ∇ΦX(η)(Y ) + η{∇Y (Φ)X} + η{Φ∇YX}

= ∇ΦX(η)(Y ) + η{∇Y (Φ)X},
ò. å.

LΦX(η)(Y ) = ∇ΦX(η)(Y ) + η{∇Y (Φ)X} (∀X,Y ∈ X (M)). (3.5)

�àññìîòðèì õàðàêòåðèñòè÷åñêèé âåêòîð GK-ìíîãîîáðàçèÿ. Ïîñêîëüêó ξ ÿâëÿåòñÿ

òåíçîðîì òèïà (0, 1), òî åãî êîìïîíåíòû {ξi} íà ãëàâíîì ðàññëîåíèè B(M) ðåïåðîâ íàäM
óäîâëåòâîðÿþò äè��åðåíöèàëüíûì óðàâíåíèÿì [6℄

dξi − ξkθik = ξi,jθ
j, (3.6)

ãäå {ξi,j} � ñèñòåìà �óíêöèé, ñëóæàùàÿ êîìïîíåíòàìè êîâàðèàíòíîãî äè��åðåíöèàëà

âåêòîðà ξ â ñâÿçíîñòè ∇. �àñïèñûâàÿ (3.6) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòó-
ðû, ñ ó÷åòîì ñîîòíîøåíèé ξa = ξâ = 0, ξ0 = 1, è âèäà òåíçîðíûõ êîìïîíåíò �îðìû

ðèìàíîâîé ñâÿçíîñòè [3℄:

1) θa
b̂
=

1

2
F abω + Cabcωc; 2) θâb =

1

2
Fabω + Cabcω

c;
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3) θa0 = δabω
b − F abωb; 4) θâ0 = δbaωb − Fabω

b; 5) θ0a = Fabω
b − δbaωb;

6) θ0â = F abωb − δabω
b; 7) θ00 = 0; 8) θij + θî

ĵ
= 0,

ïîëó÷èì

1) ξa
,b̂
= −F ab; 2) ξâ,b = −Fab; 3) ξa,b = δab ; 4) ξâ

,b̂
= δba,

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Òåîðåìà 3.5. Õàðàêòåðèñòè÷åñêèé âåêòîð ξ GK-ñòðóêòóðû íå ÿâëÿåòñÿ âåêòîðîì

Êèëëèíãà.

⊳ Ïîñêîëüêó δab + δab = ξa,b + ξb̂,â = ξâ,b + ξb,â 6= 0, ò. å. 〈∇Xξ, Y 〉 + 〈X,∇Y ξ〉 6= 0 äëÿ

ëþáûõ X,Y ∈ X (M), òî ξ íå ÿâëÿåòñÿ âåêòîðîì Êèëëèíãà. ⊲

Àíàëîãè÷íî äëÿ êîíòàêòíîé �îðìû GK-ìíîãîîáðàçèÿ:

1) ηa,b = −Fab; 2) ηâ,b̂ = −F ab; 3) ηa,b̂ = δba; 4) ηâ,b = δab , (3.7)

à îñòàëüíûå êîìïîíåíòû íóëåâûå.

Òåîðåìà 3.6. Êîíòàêòíàÿ �îðìà GK-ñòðóêòóðû íå ÿâëÿåòñÿ �îðìîé Êèëëèíãà.

Ñîãëàñíî ñîîòíîøåíèþ (3.5) N (2)(X,Y ) ïðèìåò ñëåäóþùèé âèä:

N (2)(X,Y ) = ∇ΦX(η)(Y ) + η{∇Y (Φ)X} −∇ΦY (η)(X) − η{∇X(Φ)Y }, (3.8)

äëÿ ëþáûõ X,Y ∈ X (M).
Èç (3.7) ñëåäóåò, ÷òî N (2)(X,Y ) = −N (2)(Y,X), çíà÷èò òåíçîð N (2)(X,Y ) êîñîñèì-

ìåòðè÷åí, ò. å. ÿâëÿåòñÿ 2-�îðìîé.

Íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû òîæäåñòâî (3.8) ïðèìåò âèä

N
(2)
ij = ηj,kΦ

k
i − ηi,kΦ

k
j + ηkΦ

k
i,j − ηkΦ

k
j,i. (3.9)

Ñ ó÷åòîì ñîîòíîøåíèé ηâ = ηa = 0, η0 = 1 è âèäà ìàòðèöû Φ íà ïðîñòðàíñòâå

ïðèñîåäèíåííîé G-ñòðóêòóðû (1.2), èç (3.9) èìååì

1) N
(2)
ab = 4

√
−1Fab; 2) N

(2)

âb̂
= −4

√
−1F ab, (3.10)

îñòàëüíûå êîìïîíåíòû íóëåâûå.

Èç (3.10) íåïîñðåäñòâåííî ñëåäóåò ñëåäóþùàÿ

Òåîðåìà 3.7. Íà GK-ìíîãîîáðàçèè N (2)(X,Y ) = 0 òîãäà è òîëüêî òîãäà, êîãäà

F ab = Fab = 0.
Èç îïðåäåëåíèÿ 2.2 è òåîðåìû 3.7 ñëåäóåò

Òåîðåìà 3.8. GK-ìíîãîîáðàçèå ñ N (2)(X,Y ) = 0 ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì

II ðîäà.

Èñïîëüçóÿ ëîêàëüíîå ñòðîåíèå SGK-ìíîãîîáðàçèÿ II ðîäà [5℄, òåîðåìó 3.8 ìîæíî

ñ�îðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.9. GK-ìíîãîîáðàçèå ñ N (2)(X,Y ) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêó-

ëÿðíî òî÷íåéøå êîñèìïëåêòè÷åñêîìó ìíîãîîáðàçèþ.

Ïîñêîëüêó òî÷íåéøå êîñèìïëåêòè÷åñêîå ìíîãîîáðàçèå ëîêàëüíî ýêâèâàëåíòíî ïðî-

èçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ [5℄, òî ïðåäû-

äóùóþ òåîðåìó ìîæíî ñ�îðìóëèðîâàòü òàê:
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Òåîðåìà 3.10. GK-ìíîãîîáðàçèå ñ N (2)(X,Y ) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêó-

ëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñ-

ëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü

ãëîáàëüíûìè.

�àññìîòðèì òåïåðü òåíçîð

N (3)(X) = Lξ(Φ)(X) = Lξ(ΦX)−ΦLξX = [ξ,ΦX]− Φ[ξ,X]

= ∇ξ(ΦX)−∇ΦXξ − Φ(∇ξX −∇Xξ) = ∇ξ(Φ)X +Φ∇ξX

−∇ΦXξ − Φ∇ξX +Φ∇Xξ = ∇ξ(Φ)X −∇ΦXξ +Φ∇Xξ.

(3.11)

Òàêèì îáðàçîì, íà GK-ìíîãîîáðàçèè

N (3)(X) = ∇ξ(Φ)X −∇ΦXξ +Φ∇Xξ (∀X ∈ X (M)). (3.12)

Íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû òîæäåñòâî (3.12) ðàâíîñèëüíî ñîîò-

íîøåíèÿì

1)
(
N (3)

)a
b̂
= −3

√
−1F ab; 2)

(
N (3)

)â
b
= 3

√
−1Fab, (3.13)

îñòàëüíûå êîìïîíåíòû íóëåâûå.

Èç (3.13) è îïðåäåëåíèÿ 2.3 ñëåäóåò

Òåîðåìà 3.11. Íà GK-ìíîãîîáðàçèè N (3)(X) = 0 òîãäà è òîëüêî òîãäà, êîãäà

F ab = Fab = 0, ò. å. êîãäà ìíîãîîáðàçèå ÿâëÿåòñÿ SGK-ìíîãîîáðàçèåì II ðîäà.

Èñïîëüçóÿ ëîêàëüíîå ñòðîåíèå SGK-ìíîãîîáðàçèÿ II ðîäà [5℄, òåîðåìó 3.11 ìîæíî

ñ�îðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.12. GK-ìíîãîîáðàçèå ñ N (3)(X) = 0 ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿð-
íî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ. Åñëè

ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âûáðàòü ãëî-

áàëüíûìè.

È, íàêîíåö, ðàññìîòðèì òåíçîð N (4)(X) = (Lξη)(X) äëÿ ëþáîãî X ∈ X. Èìååì

N (4)(X) = (Lξη)(X) = Lξ(η(X)) − η(LξX) = ξ(η(X)) − η([ξ,X])

= ∇ξ(η(X)) − η(∇ηX) + η(∇Xξ) = ∇ξ(η)(X) + η(∇ξX)− η(∇ξX)

+ η(∇Xξ) = ∇ξ(η)(X) + η(∇Xξ) = ∇ξ(η)(X),

ò. å.

N (4)(X) = ∇ξ(η)(X) (∀X ∈ X). (3.14)

Ñ ó÷åòîì (3.7) òîæäåñòâî (3.14) íà ïðîñòðàíñòâå ïðèñîåäèíåííîé G-ñòðóêòóðû ðàâ-

íîñèëüíî ñîîòíîøåíèÿì (N (4))i = 0, ò. å. N (4)(X) = 0.
Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùàÿ

Òåîðåìà 3.13. Íà GK-ìíîãîîáðàçèè N (4)(X) = 0.
�åçóëüòàòû òåîðåì 2.5, 3.9�3.12 ìîæíî ñ�îðìóëèðîâàòü â âèäå ñëåäóþùåé îñíîâíîé

òåîðåìû.

Îñíîâíàÿ òåîðåìà. Ïóñòü M � GK-ìíîãîîáðàçèå. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ

ýêâèâàëåíòíû:

1) GK-ìíîãîîáðàçèå èìååò çàìêíóòóþ êîíòàêòíóþ �îðìó ;

2) F ab = Fab = 0;
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3) N (2)(X,Y ) = 0;
4) N (3)(X) = 0;
5) M � SGK-ìíîãîîáðàçèå II ðîäà;
6) M � ëîêàëüíî êàíîíè÷åñêè êîíöèðêóëÿðíî ïðîèçâåäåíèþ ïðèáëèæåííî êåëåðîâà

ìíîãîîáðàçèÿ íà âåùåñòâåííóþ ïðÿìóþ.

Åñëè ìíîãîîáðàçèå îäíîñâÿçíî, òî óêàçàííûå ëîêàëüíûå ýêâèâàëåíòíîñòè ìîæíî âû-

áðàòü ãëîáàëüíûìè.
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Abstra
t. The arti
le is devoted to generalized Kenmotsu manofolds, namely the study of their

integrability properties. The study is 
arried out by the method of asso
iated G-stru
tures; therefore, the
spa
e of the asso
iated G-stru
ture of almost 
onta
t metri
 manifolds is 
onstru
ted �rst. Next, we de�ne

the generalized Kenmotsu manifolds (in short, the GK-manifolds) and give the 
omplete group of stru
tural
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equations of su
h manifolds. The �rst, se
ond, and third fundamental identities of GK-stru
tures are de�ned.

De�nitions of spe
ial generalized Kenmotsu manifolds (SGK-manifolds) of the I and II kinds are given.

We 
onsider GK-manifolds the �rst fundamental distribution of whi
h is 
ompletely integrable. It is shown that

the almost Hermitian stru
ture indu
ed on integral manifolds of maximal dimension of the �rst distribution of

a GK-manifold is nearly Kahler. The lo
al stru
ture of a GK-manifold with a 
losed 
onta
t form is obtained,

and the expressions of the �rst and se
ond stru
tural tensors are given. We also 
ompute the 
omponents of the

Nijenhuis tensor of a GK-manifold. Sin
e the setting of the Nijenhuis tensor is equivalent to the spe
i�
ation

of four tensors N (1)
, N (2)

, N (3)
, N (4)

, the geometri
 meaning of the vanishing of these tensors is investigated.

The lo
al stru
ture of the integrable and normal GK-stru
ture is obtained. It is proved that the 
hara
teristi


ve
tor of a GK-stru
ture is not a Killing ve
tor. The main result is Theorem: Let M be a GK-manifold.

Then the following statements are equivalent: 1) GK-manifold has a 
losed 
onta
t form; 2) F ab = Fab = 0;
3) N (2)(X,Y ) = 0; 4) N (3)(X) = 0; 5) M � is a se
ond-kind SGK manifold; 6) M is lo
ally 
anoni
ally


on
ir
ular with the produ
t of a nearly Kahler manifold and a real line.

Key words: generalized Kenmotsu manifold, Kenmotsu manifold, normal manifold, Nijenhuis tensor,

integrable stru
ture, nearly Kahler manifold.
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Àííîòàöèÿ. Ïîñòðîåíû íîâûå ñïåöèàëüíûå ðÿäû ïî ìîäè�èöèðîâàííûì ïîëèíîìàì Ìåéêñíåðà

Mα
n,N (x) = Mα

n (Nx). Ýòè ïîëèíîìû ïðè α > −1 îáðàçóþò îðòîãîíàëüíóþ ñ âåñîì ρ(Nx) ñèñòåìó
íà ðàâíîìåðíîé ñåòêå Ωδ = {0, δ, 2δ, . . .}, ãäå δ = 1/N , N > 0. Óïîìÿíóòûå ñïåöèàëüíûå ðÿäû ïî

ïîëèíîìàì Mα
n,N (x) ïîÿâèëèñü êàê åñòåñòâåííûé è àëüòåðíàòèâíûé ðÿäàì Ôóðüå � Ìåéêñíåðà àï-

ïàðàò îäíîâðåìåííîãî ïðèáëèæåíèÿ äèñêðåòíîé �óíêöèè f , çàäàííîé íà ðàâíîìåðíîé ñåòêå Ωδ, è

åå êîíå÷íûõ ðàçíîñòåé ∆ν
δf . Îñíîâíîå âíèìàíèå â íàñòîÿùåé ñòàòüå óäåëåíî èññëåäîâàíèþ àïïðîê-

ñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì óêàçàííûõ ðÿäîâ. Â ÷àñòíîñòè, ïîëó÷åíà ïîòî÷å÷íàÿ îöåíêà

äëÿ �óíêöèè Ëåáåãà ÷àñòè÷íûõ ñóìì ñïåöèàëüíîãî ðÿäà. Ñëåäóåò îòìåòèòü, ÷òî íîâûå ñïåöèàëüíûå

ðÿäû, â îòëè÷èå îò ðÿäîâ Ôóðüå � Ìåéêñíåðà, îáëàäàþò òåì ñâîéñòâîì, ÷òî èõ ÷àñòè÷íûå ñóììû

ñîâïàäàþò ñî çíà÷åíèÿìè èñõîäíîé �óíêöèè â òî÷êàõ 0, δ, . . . , (r − 1)δ.

Êëþ÷åâûå ñëîâà: ïîëèíîìû Ìåéêñíåðà, àïïðîêñèìàòèâíûå ñâîéñòâà, ðÿä Ôóðüå, ñïåöèàëüíûå

ðÿäû, �óíêöèÿ Ëåáåãà.

Mathemati
al Subje
t Classi�
ation (2000): 41A10.

1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû íîâûå ñïåöèàëüíûå ðÿäû ïî ìîäè�èöèðîâàííûì

ïîëèíîìàì Ìåéêñíåðà Mα
n,N (x) = Mα

n (Nx) ñ α > −1, îðòîãîíàëüíûì íà ðàâíîìåðíîé

ñåòêå Ωδ = {0, δ, 2δ, . . .}, ãäå δ = 1
N , N > 0, è èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà èõ

÷àñòè÷íûõ ñóìì. Â ÷àñòíîñòè, ïîëó÷åíà îöåíêà ñâåðõó äëÿ �óíêöèè Ëåáåãà ÷àñòè÷íûõ

ñóìì ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ìåéêñíåðà Mα
n,N (x). Ñïåöèàëüíûå ðÿäû ïî ïî-

ëèíîìàì ÌåéêñíåðàMα
n,N (x) îáëàäàþò çíà÷èòåëüíî ëó÷øèìè àïïðîêñèìàòèâíûìè ñâîé-

ñòâàìè, ÷åì ðÿäû Ôóðüå ïî óêàçàííûì ïîëèíîìàì. Íàïðèìåð, íîâûå ñïåöèàëüíûå ðÿäû,

ñîîòâåòñòâóþùèå çàäàííîìó r ∈ N, îáëàäàþò òåì ñâîéñòâîì, ÷òî ÷àñòè÷íûå ñóììû ýòèõ

ðÿäîâ èíòåðïîëèðóþò èñõîäíóþ �óíêöèþ â òî÷êàõ 0, δ, . . . , (r − 1)δ.
Ïðè èññëåäîâàíèè àïïðîêñèìàòèâíûõ ñâîéñòâ ÷àñòè÷íûõ ñóìì ñïåöèàëüíîãî ðÿäà

íàì ïîíàäîáÿòñÿ íåêîòîðûå ñâîéñòâà ïîëèíîìîâ Ìåéêñíåðà Mα
n,N (x), êîòîðûå ìû ïðè-

âåäåì â ñëåäóþùåì ïóíêòå.

2. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ Ìåéêñíåðà

Äëÿ q 6= 0 è ïðîèçâîëüíîãî α ∈ R êëàññè÷åñêèå ïîëèíîìû Ìåéêñíåðà [1�3℄ ìîæíî

îïðåäåëèòü ñ ïîìîùüþ ðàâåíñòâà

Mα
n (x) =Mα

n (x, q) =

(
n+ α

n

) n∑

k=0

n[k]x[k]

(α+ 1)kk!

(
1− 1

q

)k
,
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ãäå x[k] = x(x − 1) . . . (x − k + 1), (a)k = a(a + 1) . . . (a + k − 1). Ïðè α > −1 è 0 < q < 1
ïîëèíîìû ÌåéêñíåðàMα

n (x) îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó íà ñåòêå {0, 1, . . .} ñ âåñîì
ρ(x) = ρ(x, α, q) = qx Γ(x+α+1)

Γ(x+1) (1−q)α+1
, à, áîëåå òî÷íî, èìååò ìåñòî ñëåäóþùåå ðàâåíñòâî:

∞∑

x=0

mα
n(x)m

α
k (x)ρ(x) = δnk, 0 < q < 1, α > −1,

ãäå mα
n(x) = mα

n(x, q) = {hαn(q)}−
1
2Mα

n (x), h
α
n(q) =

(n+α
n

)
q−nΓ(α+ 1).

Ïóñòü N > 0, δ = 1
N , q = e−δ, Ωδ = {0, δ, 2δ, . . .}. Ìíîãî÷ëåíû Mα

n,N (x) =Mα
n (Nx, e

−δ)

è mα
n,N (x) = mα

n(Nx, e
−δ) =

{
hαn(e

−δ)
}− 1

2 Mα
n,N (x) â ñëó÷àå α > −1 îáðàçóþò îðòîãîíàëü-

íóþ è îðòîíîðìèðîâàííóþ íà Ωδ ñèñòåìû ñ âåñîì ρ(Nx) = ρ(Nx;α, e−δ).
Â äàëüíåéøåì, ïðè îöåíêå �óíêöèè Ëåáåãà, âàæíóþ ðîëü èãðàåò ñëåäóþùàÿ �îðìóëà

Êðèñòî��åëÿ � Äàðáó:

K
α
n,N(t, x) =

n∑

k=0

mα
k,N(t)m

α
k,N (x)

=
δ
√

(n+ 1)(n + α+ 1)

(eδ/2 − e−δ/2)(x− t)

[
mα
n+1,N(t)m

α
n,N (x)−mα

n,N (t)m
α
n+1,N (x)

]
. (1)

êîòîðóþ ìîæíî çàïèñàòü [4℄ òàê:

K
α
n,N (t, x) =

αn
(αn + αn−1)

mα
n,N (t)m

α
n,N (x) +

αnαn−1

(αn + αn−1)

δ
(
e

δ
2 − e−

δ
2

)
1

(x− t)

×
[
mα
n,N(x)

(
mα
n+1,N (t)−mα

n−1,N (t)
)
−mα

n,N (t)
(
mα
n+1,N (x)−mα

n−1,N (x)
)]
,

(2)

ãäå αn =
√

(n+ 1)(n + α+ 1). Äëÿ 0 < δ 6 1, N = 1
δ , λ > 0, 1 6 n 6 λN , α > −1,

0 6 x <∞, s > 0, θn = 4n+ 2α+ 2 ñïðàâåäëèâû [2, 5℄ ñëåäóþùèå îöåíêè:

e−
x
2

∣∣mα
n,N(x± sδ)

∣∣ 6 c(α, λ, s)θ
−α

2
n Aαn(x),

Aαn(x) =





θαn , 0 6 x 6
1
θn
,

θ
α
2
− 1

4
n x−

α
2
− 1

4 , 1
θn
< x 6

θn
2 ,[

θn

(
θ

1
3
n + |x− θn|

)]− 1
4
, θn

2 < x 6
3θn
2 ,

e−
x
4 , 3θn

2 < x <∞,

(3)

e−
x
2

∣∣mα
n+1,N (x± sδ)−mα

n−1,N (x± sδ)
∣∣

6 c(α, λ, s)





θ
α
2
−1

n , 0 6 x 6
1
θn
,

θ
− 3

4
n x−

α
2
+ 1

4 , 1
θn
< x 6

θn
2 ,

x−
α
2 θ

− 3
4

n

(
θ

1
3
n + |x− θn|

) 1
4

, θn
2 < x 6

3θn
2 ,

e−
x
4 , 3θn

2 < x <∞.

(4)

Çäåñü è äàëåå c, c(α), c(α, . . . , λ)� ïîëîæèòåëüíûå ÷èñëà, çàâèñÿùèå òîëüêî îò óêàçàííûõ

ïàðàìåòðîâ, ïðè÷åì ðàçëè÷íûå â ðàçíûõ ìåñòàõ.
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3. Íåðàâåíñòâî Ëåáåãà äëÿ ÷àñòè÷íûõ ñóìì

ñïåöèàëüíîãî ðÿäà ïî ïîëèíîìàì Ìåéêñíåðà

Â ðàáîòå [6℄ áûëè ââåäåíû ñïåöèàëüíûå ðÿäû ïî êëàññè÷åñêèì ïîëèíîìàì Ëàãåð-

ðà è èññëåäîâàíû àïïðîêñèìàòèâíûå ñâîéñòâà èõ ÷àñòè÷íûõ ñóìì. Â íàñòîÿùåé ðàáîòå

ìû ðàññìîòðèì ñïåöèàëüíûå ðÿäû ïî ïîëèíîìàì Ìåéêñíåðà, êîòîðûå ÿâëÿþòñÿ äèñ-

êðåòíûì àíàëîãîì âûøåóïîìÿíóòûõ ñïåöèàëüíûõ ðÿäîâ ïî ïîëèíîìàì Ëàãåððà. Íàì

ïîíàäîáÿòñÿ íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü Ω � äèñêðåòíîå ìíîæåñòâî, ñîñòîÿùåå èç

áåñêîíå÷íîãî ÷èñëà ðàçëè÷íûõ òî÷åê äåéñòâèòåëüíîé îñè, µ = µ(x) � íåîòðèöàòåëüíàÿ

�óíêöèÿ, îïðåäåëåííàÿ íà ýòîì ìíîæåñòâå. ×åðåç l2,µ(Ω) îáîçíà÷èì ïðîñòðàíñòâî �óíê-

öèé f , çàäàííûõ íà Ω è òàêèõ, ÷òî

∑
x∈Ω f

2(x)µ(x) < ∞. Ìû ðàññìîòðèì ñëó÷àé, êîãäà

Ω = Ωδ = {0, δ, 2δ, . . .}, δ = 1
N , µ(x) = ρ(Nx) = ρ(Nx;α, e−δ). Ïóñòü d(x) ∈ l2,ρ(Ωδ), òîãäà

ïðè x ∈ Ωr,δ = {rδ, (r + 1)δ, . . .} ìû ìîæåì îïðåäåëèòü äèñêðåòíûé àíàëîã ïîëèíîìà

Òåéëîðà ñëåäóþùåãî âèäà:

Pr−1,N (x) =

r−1∑

ν=0

∆ν
δd(0)

ν!
(Nx)[ν], ∆0

δd(x) = d(x),

∆1
δd(x) = d(x + δ) − d(x), ∆ν

δd(x) = ∆δ(∆
ν−1
δ d(x)). Ëåãêî ïðîâåðèòü, ÷òî �óíêöèÿ

dr(x) =
d(x)−Pr−1,N (x)

N−r(Nx)[r]
ïðèíàäëåæèò ïðîñòðàíñòâó l2,ρN,r

(Ωr,δ), ãäå ρN,r(x) = ρ(N(x− rδ)),

à ìîäè�èöèðîâàííûå ïîëèíîìû Ìåéêñíåðà mα
k,N,r(x) = mα

k,N(x − rδ) (k = 0, 1, . . .) ïðè
α > −1 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ â l2,ρN,r

(Ωr,δ) ñ âåñîì ρN,r(x). Ïîýòîìó ìû

ìîæåì îïðåäåëèòü êîý��èöèåíòû Ôóðüå � Ìåéêñíåðà

d̂αr,k =
∑

t∈Ωr,δ

dr(t)ρN,r(t)m
α
k,N,r(t) =

∑

t∈Ωr,δ

d(t)− Pr−1,N (t)

N−r(Nt)[r]
ρN,r(t)m

α
k,N,r(t)

è ðÿä Ôóðüå � Ìåéêñíåðà

dr(x) =

∞∑

k=0

d̂αr,km
α
k,N,r(x),

êîòîðûé â ñèëó áàçèñíîñòè â l2,ρN,r
(Ωr,δ) ñèñòåìû ïîëèíîìîâ Ìåéêñíåðà mα

k,N,r(x) (k =
0, 1, . . .) ñõîäèòñÿ ðàâíîìåðíî îòíîñèòåëüíî x ∈ Ωr,δ. Îòñþäà ñëåäóåò, ÷òî

d(x) = Pr−1,N (x) +N−r(Nx)[r]
∞∑

k=0

d̂αr,km
α
k,N,r(x), x ∈ Ωδ. (5)

Ñëåäóÿ [7, 8℄, ìû áóäåì íàçûâàòü (5) ñïåöèàëüíûì ðÿäîì ïî ïîëèíîìàì Ìåéêñíåðà äëÿ

�óíêöèè d(x). ×àñòè÷íóþ ñóììó ðÿäà (5) îáîçíà÷èì ÷åðåç

Sαn+r,N(d, x) = Pr−1,N (x) +N−r(Nx)[r]
n∑

k=0

d̂αr,km
α
k,N,r(x).

Åñëè d(x) = pn+r(x) ïðåäñòàâëÿåò ñîáîé àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè n + r, òî,
î÷åâèäíî, d̂αr,k = 0 ïðè k > n + 1 è ïîýòîìó èç (5) ñëåäóåò Sαn+r,N(pn+r, x) ≡ pn+r(x),
ò. å. Sαn+r,N(d, x) ÿâëÿåòñÿ ïðîåêòîðîì íà ïîäïðîñòðàíñòâî àëãåáðàè÷åñêèõ ïîëèíîìîâ

pn+r(x) ñòåïåíè íå âûøå n+r. Îáîçíà÷èì ÷åðåç qn+r(x) àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè

n+ r, äëÿ êîòîðîãî ∆id(0) = ∆iqn+r(0) (i = 0, . . . , r − 1). Òîãäà
∣∣d(x)− Sαn+r,N(d, x)

∣∣ =
∣∣d(x) − qn+r(x) + qn+r(x)− Sαn+r,N(d, x)

∣∣
6 |d(x)− qn+r(x)|+

∣∣Sαn+r,N(qn+r − d, x)
∣∣ .
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Îòñþäà äëÿ x ∈ Ωr,δ

e−
x
2 x−

r
2
+ 1

4

∣∣d(x)− Sαn+r,N(d, x)
∣∣

6 e−
x
2 x−

r
2
+ 1

4 |d(x)− qn+r(x)|+ e−
x
2 x−

r
2
+ 1

4

∣∣Sαn+r,N (qn+r − d, x)
∣∣ . (6)

Òàê êàê Pr−1,N (qn+r − d, x) = 0, òî

e−
x
2 x−

r
2
+ 1

4

∣∣Sαn+r,N(qn+r − d, x)
∣∣

= e−
x
2 x−

r
2
+ 1

4N−r(Nx)[r]
∣∣∣∣∣
n∑

k=0

( ̂qn+r − d)αr,km
α
k,N (x− rδ)

∣∣∣∣∣

6 e−
x
2 x−

r
2
+ 1

4 (Nx)[r]
∑

t∈Ωr,δ

|qn+r(t)− d(t)|
(Nt)[r]

ρN,r(t)

∣∣∣∣∣
n∑

k=0

mα
k,N (t− rδ)mα

k,N (x− rδ)

∣∣∣∣∣

= e−
x
2 x−

r
2
+ 1

4 (Nx)[r]
∑

t∈Ωr,δ

|qn+r(t)− d(t)|
(Nt)[r]

ρN,r(t)
∣∣K α

n,N (t− rδ, x− rδ)
∣∣ .

(7)

Ïîëîæèì

Erk(d, δ) = inf
qk

sup
x∈Ωr,δ

e−
x
2x−

r
2
+ 1

4 |d(x)− qk(x)| , (8)

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåì àëãåáðàè÷åñêèì ïîëèíîìàì qk(x) ñòåïåíè k, äëÿ êî-

òîðûõ ∆id(0) = ∆iqk(0) (i = 0, . . . , r − 1). Òîãäà èç (6) è (7), ó÷èòûâàÿ (8), ïîëó÷àåì

e−
x
2 x−

r
2
+ 1

4

∣∣d(x)− Sαn+r,N (d, x)
∣∣ 6 Ern+r(d, δ)

(
1 + lα,Nn,r (x)

)
, (9)

ãäå

lα,Nn,r (x) = e−
x
2 x−

r
2
+ 1

4 (Nx)[r]
∑

t∈Ωr,δ

e−
t
2
+rδt

r
2
− 1

4Γ(Nt− r + α+ 1)

(Nt)[r]Γ(Nt− r + 1)

×
(
1− e−δ

)α+1 ∣∣K α
n,N (t− rδ, x− rδ)

∣∣ .

Â ñâÿçè ñ íåðàâåíñòâîì (9) âîçíèêàåò çàäà÷à îá îöåíêå �óíêöèè Ëåáåãà lα,Nn,r (x) ïðè

n 6 λN , λ > 1. Â íàñòîÿùåé ðàáîòå ìû îãðàíè÷èìñÿ èññëåäîâàíèåì âåëè÷èíû lα,Nn,r (x)

íà ìíîæåñòâàõ G1 =
[
rδ, 3λθn

]
è G2 =

[
3λ
θn
, θn2
]
. À îöåíêà �óíêöèè lα,Nn,r (x) íà ïðîìåæóò-

êå

(
θn
2 ,∞

)
ÿâëÿåòñÿ îáúåêòîì èññëåäîâàíèÿ äðóãîé íàøåé ðàáîòû. Ïðè äîêàçàòåëüñòâå

ñëåäóþùåé òåîðåìû ìû âîñïîëüçóåìñÿ òåõíèêîé äîêàçàòåëüñòâà òåîðåìû 4 èç ðàáîòû [6℄.

Òåîðåìà 1. Ïóñòü r ∈ N, r − 1
2 < α < r + 1

2 , θn = 4n + 2α + 2, λ > 1, 0 < δ 6 1,
δ = 1/N , n 6 λN. Òîãäà èìåþò ìåñòî ñëåäóþùèå îöåíêè:

1) åñëè x ∈ G1 =
[
rδ, 3λθn

]
, òî

lα,Nn,r (x) 6 c(α, λ, r)

{
ln(n + 1), α = r,

1 + nα−r, α 6= r;
(10)

2) åñëè x ∈ G2 =
[
3λ
θn
, θn2
]
, òî

lα,Nn,r (x) 6 c(α, λ, r)

[
ln(1 + nx) +

(n
x

)α−r
2

]
. (11)
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⊳ Ïóñòü x ∈ G1 =
[
rδ, 3λθn

]
. Òîãäà

lα,Nn,r (x) = S1 + S2, (12)

ãäå

S1 6 c(r)e−
x
2 x−

r
2
+ 1

4 (Nx)r
∑

t∈Ωr,δ ,

rδ6t6 4
θn

e−
t
2 t

r
2
− 1

4 (Nt)α−r
(
1− e−δ

)α+1 ∣∣K α
n,N (t− rδ, x− rδ)

∣∣ ,

S2 6 c(r)e−
x
2 x−

r
2
+ 1

4 (Nx)r

×
∑

t∈Ωr,δ ,
4
θn
<t<∞

e−
t
2 t

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)

(
1− e−δ

)α+1 ∣∣K α
n,N (t− rδ, x− rδ)

∣∣ .

Îöåíèì S1. Èç (1) è (3) ïîëó÷àåì

S1 6 c(α, r)x
r
2
+ 1

4 δ
∑

t∈Ωr,δ ,

rδ6t6 4
θn

tα−
r
2
− 1

4

n∑

k=0

∣∣e−x
2mα

k,N(x− rδ)
∣∣∣∣e− t

2mα
k,N(t− rδ)

∣∣

6 c(α, λ, r)δx
r
2
+ 1

4

∑

t∈Ωr,δ ,

rδ6t6 4
θn

tα−
r
2
− 1

4

n∑

k=0

θαk 6 c(α, λ, r)δx
r
2
+ 1

4

∑

t∈Ωr,δ ,

rδ6t6 4
θn

tα−
r
2
− 1

4 θα+1
n

6 c(α, λ, r)θ
α− r

2
+ 3

4
n

4
θn

+δ∫

0

tα−
r
2
− 1

4 dt 6 c(α, λ, r)θ
α− r

2
+ 3

4
n

tα−
r
2
+ 3

4

α− r
2 +

3
4

∣∣∣∣∣

4
θn

+δ

0

= c(α, λ, r).

(13)

Ïåðåéäåì ê îöåíêå âåëè÷èíû S2. Äëÿ ýòîãî ïðåäñòàâèì åå â âèäå S2 6 S21+S22+S23,
ãäå

S21 = e−
x
2 x

r
2
+ 1

4N r
∑

t∈Ωr,δ ,
4
θn
<t<∞

e−
t
2 t

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)

×
(
1− e−δ

)α+1 ∣∣mα
n,N(x− rδ)mα

n,N (t− rδ)
∣∣ ,

S22 =
αnαn−1

αn + αn−1

δ

e
δ
2 − e−

δ
2

e−
x
2 x

r
2
+ 1

4N r
∣∣mα

n+1,N (x− rδ)−mα
n−1,N (x− rδ)

∣∣

×
∑

t∈Ωr,δ ,

4
θn
<t<∞

e−
t
2 t

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)(t− x)

(
1− e−δ

)α+1 ∣∣mα
n,N(t− rδ)

∣∣ ,

S23 =
αnαn−1

αn + αn−1

δ

e
δ
2 − e−

δ
2

e−
x
2 x

r
2
+ 1

4N r
∣∣mα

n,N (x− rδ)
∣∣

×
∑

t∈Ωr,δ ,
4
θn
<t<∞

e−
t
2 t

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt+ 1)(t− x)

(
1− e−δ

)α+1 ∣∣mα
n+1,N (t− rδ)−mα

n−1,N (t− rδ)
∣∣ .
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Îöåíèì âåëè÷èíó S21. Èç (3) èìååì

S21 6 c(α, λ, r)x
r
2
+ 1

4 θ
α
2
n

∑

t∈Ωr,δ,
4
θn
<t<∞

t
r
2
− 1

4 e−
t
2
Γ(Nt− r + α+ 1)

trΓ(Nt− r + 1)

×
(
1− e−δ

)α+1 ∣∣mα
n,N (t− rδ)

∣∣ . (14)

Ïóñòü

W =
∑

t∈Ωr,δ ,
4
θn
<t<∞

e−
t
2 t−

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(
1− e−δ

)α+1 ∣∣mα
n,N(t− rδ)

∣∣ =W1 +W2,

ãäå

W1 =
∑

t∈Ωr,δ ,
4
θn
<t6 3θn

2

e−
t
2 t−

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(
1− e−δ

)α+1 ∣∣mα
n,N (t− rδ)

∣∣ ,

W2 =
∑

t∈Ωr,δ ,
3θn
2
<t<∞

e−
t
2 t−

r
2
− 1

4Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(
1− e−δ

)α+1 ∣∣mα
n,N (t− rδ)

∣∣ .

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî ê âåëè÷èíå W1, ïîëó÷àåì

W1 6




∑

t∈Ωr,δ ,
4
θn
<t6 3θn

2

(
1− e−δ

)α+1
t−r−

1
2
Γ(Nt− r + α+ 1)

Γ(Nt− r + 1)




1
2

×




∑

t∈Ωr,δ ,
4
θn
<t6 3θn

2

(
1− e−δ

)α+1 e−tΓ(Nt− r + α+ 1)

Γ(Nt− r + 1)

(
mα
n,N(t− rδ)

)2




1
2

6 c(α)




3θn
2∫

0

tα−r−
1
2 dt




1
2

6 c(α, r)θ
α−r
2

+ 1
4

n .

(15)

W2 6 c(α, λ, r)θ
−α

2
n δ

∑

t∈Ωr,δ ,
3θn
2
<t<∞

e−
t
4 tα−

r
2
− 1

4 6 c(α, λ, r)θ
−α

2
n e−n. (16)

Èç îöåíîê (15) è (16) íàõîäèì

W 6 c(α, λ, r)θ
α−r
2

+ 1
4

n .

Èç ïîñëåäíåãî íåðàâåíñòâà è (14) èìååì

S21 6 c(α, λ, r)θα−rn . (17)
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Ïåðåéäåì ê îöåíêå âåëè÷èíû S22. Â ñèëó (4) è (3)

S22 6 c(α, λ, r)nx
r
2
+ 1

4 θ
α
2
−1

n θ
−α

2
n δ

∑

t∈Ωr,δ ,
4
θn
<t<∞

t
r
2
− 1

4 tα−rAαn(t)
t− x

= S1
22 + S2

22 + S3
22,

ãäå

Si22 = c(α, λ, r)nx
r
2
+ 1

4 θ−1
n δ

∑

t∈Bi

t
r
2
− 1

4 tα−rAαn(t)
t− x

, i = 1, 2, 3,

B1 =

(
4

θn
,
θn
2

]
∩ Ωr,δ, B2 =

(
θn
2
,
3θn
2

]
∩ Ωr,δ, B3 =

(
3θn
2
,∞
)
∩Ωr,δ.

Èç (3) ïîëó÷àåì

S1
22 6 c(α, λ, r)x

r
2
+ 1

4 θ
α
2
− 1

4
n δ

∑

t∈B1

t
r
2
− 1

4 tα−rt−
α
2
− 1

4

t− x

6 c(α, λ, r)θ
α
2
− r

2
− 1

2
n


δ
(

4

θn

)α
2
− r

2
− 3

2

+

θn
2∫

4
θn

t
α
2
− r

2
− 3

2 dt




6
c(α, λ, r)
α
2 − r

2 − 1
2

θ
α
2
− r

2
− 1

2
n t

α
2
− r

2
− 1

2

∣∣∣∣∣

θn
2

4
θn

6 c(α, λ, r)θ
α
2
− r

2
− 1

2
n

(
4

θn

)α
2
− r

2
− 1

2

= c(α, λ, r), (18)

S2
22 6 c(α, λ, r)x

r
2
+ 1

4 θ
− 1

4
n δ

∑

t∈B2

t
r
2
− 1

4 tα−r
[
θ

1
3
n + |t− θn|

]− 1
4

t− x

6 c(α, λ, r)θ
α−r− 7

4
n

3θn
2∫

θn
2

[
θ

1
3
n + |t− θn|

]− 1
4
dt 6 c(α, λ, r)θ

α−r− 7
4

n θ
3
4
n 6 c(α, λ, r)θα−r−1

n ,

(19)

S3
22 6 c(α, λ, r)x

r
2
+ 1

4 δ
∑

t∈B3

t
r
2
− 1

4 tα−re−
t
4

t− x

6 c(α, λ, r)θ
− r

2
− 1

4
n

∞∫

3θn
2

−δ

tα−
r
2
− 5

4 e−
t
4 dt 6 c(α, λ, r)θ

− r
2
− 1

4
n e−n. (20)

Ñîáèðàÿ îöåíêè (18)�(20), íàõîäèì

S22 6 c(α, λ, r)(1 + θα−r−1
n ). (21)

Îöåíèì S23:

S23 6 c(α, λ, r)nθ
α
2
n x

r
2
+ 1

4 δ
∑

t∈Ωr,δ,
4
θn
<t<∞

t
r
2
− 1

4 tα−r

(t− x)

× e−
t
2

∣∣mα
n+1,N (t− rδ)−mα

n−1,N(t− rδ)
∣∣ 6 S1

23 + S2
23 + S3

23,
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ãäå

Si23 = c(α, λ, r)θ
α
2
+1

n x
r
2
+ 1

4 δ
∑

t∈Bi

tα−
r
2
− 1

4

(t− x)
e−

t
2

∣∣mα
n+1,N (t− rδ)−mα

n−1,N (t− rδ)
∣∣ .

Â ñèëó (4) ïîëó÷àåì

S1
23 6 c(α, λ, r)θ

α
2
− r

2
+ 3

4
n δ

∑

t∈B1

θ
− 3

4
n tα−

r
2
− 1

4 t−
α
2
+ 1

4

t− x

6 c(α, λ, r)θ
α
2
− r

2
n


δ
(

4

θn

)α
2
− r

2
−1

+

θn
2∫

4
θn

t
α
2
− r

2
−1 dt




6 c(α, λ, r)




2 ln θn − 3 ln 2, α = r,

θ
α
2
− r

2
n

[(
θn
2

)α
2
− r

2 −
(

4
θn

)α
2
− r

2

]
, α 6= r,

(22)

S2
23 6 c(α, λ, r)θ

α
2
− r

2
+ 3

4
n δ

∑

t∈B2

θ
− 3

4
n tα−

r
2
− 1

4 t−
α
2

[
θ

1
3
n + |t− θn|

] 1
4

t− x

6 c(α, λ, r)θ
α−r− 5

4
n

3θn
2

+δ∫

θn
2
−δ

[θ
1
3
n + |t− θn|]

1
4 dt 6 c(α, λ, r)θ

α−r− 5
4

n θ
5
4
n = c(α, λ, r)θα−rn ,

(23)

S3
23 6 c(α, λ, r)θ

α
2
− r

2
+ 3

4
n δ

∑

t∈B3

tα−
r
2
− 1

4 e−
t
4

t− x

6 c(α, λ, r)θ
α
2
− r

2
+ 3

4
n

∞∫

3θn
2

−δ

tα−
r
2
− 5

4 e−
t
4 dt 6 c(α, λ, r)θ

α
2
− r

2
+ 3

4
n e−n. (24)

Èç îöåíîê (22)�(24) âûâîäèì

S23 6 c(α, λ, r)

{
2 ln θn − 3 ln 2, α = r,

θα−rn , α 6= r.
(25)

Ñîáèðàÿ îöåíêè (17), (21) è (25), íàõîäèì

S2 6 c(α, λ, r)

{
ln(n+ 1), α = r,

1 + nα−r, α 6= r.
(26)

Èç (12), (13) è (26) èìååì

lα,Nn,r (x) 6 c(α, λ, r)

{
ln(n+ 1), α = r,

1 + nα−r, α 6= r.

Òåì ñàìûì îöåíêà (10) äîêàçàíà.
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Ïåðåéäåì ê äîêàçàòåëüñòâó îöåíêè (11). Ïóñòü x ∈ G2 =
[
3λ
θn
, θn2
]
. Ââåäåì îáîçíà÷åíèÿ

D1 =

[
rδ, x−

√
x

θn

]
∩ Ωr,δ,

D2 =

(
x−

√
x

θn
, x+

√
x

θn

]
∩ Ωr,δ,

D3 =

(
x+

√
x

θn
,∞
)
∩ Ωr,δ.

Òîãäà lα,Nn,r (x) = J1 + J2 + J3, ãäå

Ji 6 c(α, r)e−
x
2x

r
2
+ 1

4 δ
∑

t∈Di

e−
t
2 tα−

r
2
− 1

4

∣∣K α
n,N (t− rδ, x− rδ)

∣∣ , i = 1, 2, 3.

Îöåíèì J2. Äëÿ ýòîãî çàìåòèì, ÷òî â ñèëó íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî

∣∣K α
n,N (t− rδ, x− rδ)

∣∣ 6
∣∣K α

n,N(t− rδ, t− rδ)
∣∣ 12 ∣∣K α

n,N (x− rδ, x− rδ)
∣∣ 12 .

Äàëåå, åñëè

3λ
θn

6 x 6
θn
2 , òî x−

√
x
θn

>
λ
θn
, êðîìå òîãî, äëÿ t ∈ D2, èìååì c1x 6 t 6 c2x.

Òîãäà

J2 6 c(α, r)x
r
2
+ 1

4

∣∣e−xK α
n,N (x− rδ, x− rδ)

∣∣ 12 δ
∑

t∈D2

tα−
r
2
− 1

4

∣∣e−tK α
n,N (t− rδ, t− rδ)

∣∣ 12 .

Îòäåëüíî îöåíèì âåëè÷èíó |e−tK α
n,N(t−rδ, t−rδ)|. Èñïîëüçóÿ (1), (3) è (4), ïî÷òè äîñëîâ-

íî ïîâòîðÿÿ ðàññóæäåíèÿ äîêàçàòåëüñòâà ëåììû 7.1 èç ðàáîòû [6℄, â êîòîðîé ïîëó÷åíà

îöåíêà ÿäðà Êðèñòî��åëÿ � Äàðáó äëÿ ïîëèíîìîâ Ëàãåððà, ìîæíî äîêàçàòü ñëåäóþùåå

óòâåðæäåíèå.

Ëåììà 1. Ïóñòü α > −1, θn = 4n + 2α + 2, λ > 1, t >
3
θn
. Òîãäà ðàâíîìåðíî

îòíîñèòåëüíî n è N òàêèõ, ÷òî 1 6 n 6 λN , èìååò ìåñòî îöåíêà

∣∣e−tK α
n,N (t− rδ, t− rδ)

∣∣ 6 c(α, λ, r)t−α−
1
2n

1
2 .

Âåðíåìñÿ ê îöåíêå âåëè÷èíû J2. Â ñèëó ëåììû 1 ìû ìîæåì çàïèñàòü

J2 6 c(α, λ, r)x
r
2
+ 1

4x−
α
2
− 1

4n
1
4 δ
∑

t∈D2

tα−
r
2
− 1

4 t−
α
2
− 1

4n
1
4

6 c(α, λ, r)x
r
2
−α

2 n
1
2 δ
∑

t∈D2

t
α
2
− r

2
− 1

2 6 c(α, λ, r)x−
1
2n

1
2

∑

t∈D2

δ 6 c(α, λ, r).
(27)

Ïåðåéäåì ê îöåíêå âåëè÷èíû J1. Ñ ýòîé öåëüþ ïðåäñòàâèì åå â âèäå J1 6 J11+J12+J13,
ãäå

J11 6 c(α, r)e−
x
2 x

r
2
+ 1

4 δ
∑

t∈D1

e−
t
2 tα−

r
2
− 1

4

∣∣mα
n,N (x− rδ)mα

n,N (t− rδ)
∣∣ ,

J12 6 c(α, r)ne−
x
2 x

r
2
+ 1

4

∣∣mα
n+1,N(x− rδ)−mα

n−1,N (x− rδ)
∣∣ δ
∑

t∈D1

e−
t
2 tα−

r
2
− 1

4

|t− x|
∣∣mα

n,N(t− rδ)
∣∣ ,
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J13 6 c(α, r)ne−
x
2 x

r
2
+ 1

4

∣∣mα
n,N (x− rδ)

∣∣ δ

×
∑

t∈D1

e−
t
2 tα−

r
2
− 1

4

|t− x|
∣∣mα

n+1,N (t− rδ)−mα
n−1,N (t− rδ)

∣∣ .

Îöåíèì âåëè÷èíó J11. Äëÿ ýòîãî çàïèøåì åå â ñëåäóþùåì âèäå:

J11 6 c(α, r)
(
J1
11 + J2

11

)
, (28)

ãäå (áóäåì ñ÷èòàòü, ÷òî J1
11 = 0, åñëè rδ > λ

θn
)

J1
11 6 c(α, λ, r)x

r
2
+ 1

4 θ
α
2
− 1

4
n x−

α
2
− 1

4 δ
∑

t∈Ωr,δ ,

rδ6t6 λ
θn

tα−
r
2
− 1

4 6 c(α, λ, r)x
r
2
−α

2 θ
α
2
− 1

4
n

λ
θn

+δ∫

0

tα−
r
2
− 1

4 dt

6
c(α, λ, r)

α− r
2 + 3

4

x
r
2
−α

2 θ
α
2
− 1

4
n θ

r
2
−α− 3

4
n = c(α, λ, r)(xθn)

r
2
−α

2 θ−1
n 6 c(α, λ, r)θ

− 1
2

n , (29)

J2
11 6 c(α, λ, r)x

r
2
−α

2 θ
− 1

2
n δ

∑

t∈Ωr,δ,
λ
θn
<t6x−

√
x
θn

tα−
r
2
− 1

4 t−
α
2
− 1

4 6 c(α, λ, r)x
1
2 θ

− 1
2

n . (30)

Èç íåðàâåíñòâ (28), (29) è (30) èìååì

J11 6 c(α, λ, r)

[(
x

θn

) 1
2

+ θ
− 1

2
n

]
. (31)

×òîáû îöåíèòü âåëè÷èíó J12, ïðåäñòàâèì åå â âèäå

J12 = J1
12 + J2

12, (32)

â êîòîðîì

J1
12 6 c(α, λ, r)nx

r
2
+ 1

4 θ
− 3

4
n x−

α
2
+ 1

4 θ
α
2
n δ

∑

t∈Ωr,δ ,

rδ6t6 λ
θn

t
r
2
− 1

4 tα−r

x− t
6 c(α, λ, r)θ

α
2
+ 1

4
n x

r−α
2

+ 1
2

× 1

x
δ
∑

t∈Ωr,δ ,

rδ6t6 λ
θn

tα−
r
2
− 1

4 6
c(α, λ, r)

α− r
2 +

3
4

θ
α
2
+ 1

4
n x

r−α
2

− 1
2 θ

−α+ r
2
− 3

4
n = c(α, λ, r) (xθn)

r−α
2

− 1
2 , (33)

J2
12 6 c(α, λ, r)nx

r−α
2

+ 1
2 θ

− 3
4

n θ
− 1

4
n δ

∑

t∈Ωr,δ ,
λ
θn
<t6x−

√
x
θn

t
r
2
− 1

4 t
α
2 − r − 1

4

x− t
6 c(α, λ, r)x

r−α
2

+ 1
2

×


δ
(
λ
θn

)α−r
2

− 1
2

x−
(
λ
θn

) +

x−
√

x
θn

+δ∫

λ
θn

t
α−r
2

− 1
2

x− t
dt


 6 c(α, λ, r)

1−
√

1
xθn

+ δ
x∫

λ
xθn

y
α−r
2

− 1
2

1− y
dy
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6 c(α, λ, r)

1
3∫

λ
xθn

y
α−r
2

− 1
2 dy + c(α, λ, r)

1−
√

1
xθn

+ δ
x∫

1
3

1

1− y
dy 6 c(α, λ, r)

(
1 + ln

√
xθn

)
. (34)

Èç (32)�(34) ïîëó÷àåì

J12 6 c(α, λ, r)
(
1 + ln

√
xθn

)
. (35)

Ïîâòîðÿÿ ðàññóæäåíèÿ, êîòîðûå ïðèâåëè íàñ ê îöåíêàì (33)�(35), ìîæíî ïîêàçàòü,

÷òî

J13 6 c(α, λ, r)
(
1 + ln

√
xθn

)
. (36)

Èç (31), (35) è (36) èìååì

J1 6 c(α, λ, r)
(
1 + ln

√
xθn

)
. (37)

Îöåíèì âåëè÷èíó J3. Äëÿ ýòîãî âîñïîëüçóåìñÿ �îðìóëîé (2). Òîãäà

J3 6 c(α, r)(J31 + J32 + J33), (38)

ãäå

J31 = e−
x
2x−

r
2
+ 1

4 (Nx)r
∣∣mα

n,N (x− rδ)
∣∣ ∑

t∈D3

e−
t
2 t

r
2
− 1

4 (Nt)α−r(1− e−δ)α+1
∣∣mα

n,N(t− rδ)
∣∣ ,

J32 = ne−
x
2 x−

r
2
+ 1

4 (Nx)r
∣∣mα

n+1,N (x− rδ)−mα
n−1,N (x− rδ)

∣∣

×
∑

t∈D3

e−
t
2 t

r
2
− 1

4 (Nt)α−r

t− x
(1− e−δ)α+1

∣∣mα
n,N (t− rδ)

∣∣ ,

J33 = ne−
x
2 x−

r
2
+ 1

4 (Nx)r
∣∣mα

n,N(x− rδ)
∣∣ ∑

t∈D3

e−
t
2 t

r
2
− 1

4 (Nt)α−r

t− x

× (1− e−δ)α+1
∣∣mα

n+1,N (t− rδ)−mα
n−1,N (t− rδ)

∣∣ .

Âåëè÷èíó J31 ïðåäñòàâèì â âèäå J31 = J1
31 + J2

31 + J3
31. Îáðàùàÿñü ê íåðàâåíñòâó (3),

ïîëó÷àåì

J1
31 6 c(α, λ)x

r
2
+ 1

4 θ
− 1

4
n x−

α
2
− 1

4 δ
∑

t∈Ωr,δ,

x+
√

x
θn
<t6 θn

2

t
r
2
− 1

4 θ
− 1

4
n t−

α
2
− 1

4 tα−r

6 c(α, λ)x
r−α
2 θ

− 1
2

n


δ
(
x+

√
x

θn

)α−r
2

− 1
2

+

θn
2∫

x+
√

x
θn

t
α−r
2

− 1
2dt




6 c(α, λ, r)x
r−α
2 θ

− 1
2

n

[(
θn
2

)α−r
2

+ 1
2

−
(
x+

√
x

θn

)α−r
2

+ 1
2

]

6 c(α, λ, r)x
r−α
2 θ

− 1
2

n θ
α−r
2

+ 1
2

n 6 c(α, λ, r)
(n
x

)α−r
2
,

(39)
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J2
31 6 c(α, λ)x

r
2
+ 1

4 θ
− 1

4
n x−

α
2
− 1

4 δ
∑

t∈Ωr,δ ,
θn
2
<t6 3θn

2

t
r
2
− 1

4 tα−rθ
−α

2
n

[
θn

(
θ

1
3
n + |t− θn|

)] 1
4

6 c(α, λ)
(n
x

)α
2
− r

2
n−

3
4

∑

t∈Ωr,δ ,
θn
2
<t6 3θn

2

δ
(
θ

1
3
n + |t− θn|

) 1
4

6 c(α, λ)
(n
x

)α
2
− r

2
n−

3
4

3θn
2∫

θn
2

dt
(
θ

1
3
n + |t− θn|

) 1
4

6 c(α, λ)
(n
x

)α
2
− r

2
, (40)

J3
31 6 c(α, λ)x

r
2
−α

2 θ
− 1

4
n δ

∑

t∈Ωr,δ,

3θn
2 <t<∞

t
r
2
− 1

4 tα−rθ
−α

2
n e−

t
4

6 c(α, λ)n−
1
4
−α

2 x
r
2
−α

2 δ
∑

t∈Ωr,δ,

3θn
2 <t<∞

tα−
r
2
− 1

4 e−
t
4

6 c(α, λ)n−
1
4
−α

2 x
r
2
−α

2

∞∫

3θn
2

−δ

tα−
r
2
− 1

4 e−
t
4 dt 6 c(α, λ, r)

(n
x

)α
2
− r

2
. (41)

Èç (39)�(41) âûâîäèì

J31 6 c(α, λ, r)
(n
x

)α
2
− r

2
. (42)

Ïåðåéäåì ê îöåíêå âåëè÷èíû J32, äëÿ ýòîãî ïðåäñòàâèì åå â âèäå

J32 6 J1
32 + J2

32 + J3
32,

â êîòîðîì

J1
32 6 c(α, λ)nx

r
2
+ 1

4 θ
− 3

4
n x−

α
2
+ 1

4 δ
∑

t∈Ωr,δ ,

x+
√

x
θn
<t6 θn

2
+
√

x
θn

tα−
r
2
− 1

4 θ
− 1

4
n t−

α
2
− 1

4

t− x

6 c(α, λ)x
r
2
−α

2
+ 1

2

θn
2
+
√

x
θn∫

x+
√

x
θn

−δ

t
α−r
2

− 1
2

t− x
dt

6 c(α, λ)

2x∫

x+
√

x
θn

−δ

dt

t− x
+ c(α, λ)x

r
2
−α

2
+ 1

2

θn
2
+
√

x
θn∫

2x

t
α−r
2

− 3
2 dt 6 c(α, λ, r) ln

√
θn
x
,

(43)
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J2
32 6 c(α, λ)nx

r−α
2

+ 1
2 θ

− 3
4

n δ
∑

t∈Ωr,δ,
θn
2
+
√

x
θn
<t6 3θn

2

tα−
r
2
− 1

4 θ
−α

2
n

t− x

[
θn

(
θ

1
3
n + |t− θn|

)]− 1
4

6 c(α, λ)x
r−α
2

+ 1
2 θ

α−r
2

− 1
4

n

3θn
2∫

θn
r2

+
√

x
θn

−δ

(
θ

1
3
n + |t− θn|

)− 1
4 dt

t− x
= c(α, λ)x

r−α
2

+ 1
2 θ

α−r
2

− 1
4

n

×




θn−θ
1
3
n∫

θn
2
+
√

x
θn

−δ

(
θ

1
3
n − t+ θn

)− 1
4 dt

t− x
+

3θn
2∫

θn−θ
1
3
n

(
θ

1
3
n + |t− θn|

)− 1
4 dt

t− x




6 c(α, λ)

(
θn
x

)α−r
2
(
x

θn

) 1
2

ln
θn − x

θn
2 +

√
x
θn

− x
,

(44)

J3
32 6 c(α, λ)nx

r−α
2

+ 1
2 θ

− 3
4

n δ
∑

t∈Ωr,δ ,
3θn
2
<t<∞

e−
t
4 tα−

r
2
− 1

4 θ
−α

2
n

t− x

6 c(α, λ)x
r−α
2

+ 1
2 θ

−α
2
+ 1

4
n δ

∑

t∈Ωr,δ,
3θn
2
<t<∞

e−
t
4 tα−

r
2
− 5

4 6 c(α, λ, r)e−
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2 . (45)

Èç (43)�(45) ïîëó÷àåì îöåíêó
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
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+
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)1
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Àíàëîãè÷íî îöåíèì âåëè÷èíó J33. Ñ ýòîé öåëüþ ïðåäñòàâèì åå â âèäå J33 6 J1
33+J

2
33+J

3
33,

ãäå
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√
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√

x
θn

t
r
2
− 1

4 θ
− 3

4
n t−

α
2
+ 1

4 tα−r

t− x
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√
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√
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√
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√
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]
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(47)
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
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
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4 δ
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2
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Èç (47)�(49) ïîëó÷àåì

J33 6 c(α, λ, r)


ln
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θn
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2


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

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 . (50)

Â ñâîþ î÷åðåäü èç (38), (42), (46) è (50) âûâîäèì îöåíêó

J3 6 c(α, λ, r)
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ln
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xθn +

(
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

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2
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. (51)

Ñîáèðàÿ îöåíêè (27), (37) è (51), ìû ïîëó÷àåì ñëåäóþùåå íåðàâåíñòâî:

lα,Nn,r (x) 6 c(α, λ, r)

[
ln(1 + nx) +

(n
x

)α−r
2

]
.
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Abstra
t. In this arti
le the new spe
ial series in the modi�ed Meixner polynomials Mα
n,N (x) = Mα

n (Nx)
are 
onstru
ted. For α > −1, these polynomials 
onstitute an orthogonal system with a weight-fun
tion

ρ(Nx) on a uniform grid Ωδ = {0, δ, 2δ, . . .}, where δ = 1/N , N > 0. Spe
ial series in Meixner polynomials

Mα
n,N (x) appeared as a natural (and alternative to Fourier�Meixner series) apparatus for the simultaneous

approximation of a dis
rete fun
tion f given on a uniform grid Ωδ and its �nite di�eren
es ∆ν
δf . The

main attention is paid to the study of the approximative properties of the partial sums of the series under


onsideration. In parti
ular, a pointwise estimate for the Lebesgue fun
tion of mentioned partial sums is

obtained. It should also be noted that new spe
ial series, unlike Fourier�Meixner series, have the property

that their partial sums 
oin
ide with the values of the original fun
tion in the points 0, δ, . . . , (r − 1)δ.

Key words:Meixner polynomials, approximative properties, Fourier series, spe
ial series, Lebesgue fun
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Abstra
t. We show how binary 
orresponden
es 
an be used for simple formalization of the notion

of problem, de�nition of the basi
 
omponents of problems, their properties, and 
onstru
tions.

In parti
ular, formalization of the following notions is presented: 
ondition, data, unknowns, and solutions

of a problem, solvability and unique solvability, inverse problem, 
omposition and restri
tion of problems,

isomorphism between problems. We also 
onsider topologi
al problems and the related notions of stability

and 
orre
tness. A 
onne
tion is indi
ated between the stability and 
ontinuity of a uniquely solvable to-

pologi
al problem. The de�nition of parametrized set is given. The notions are introdu
ed of parametrized

problem, the problem of re
onstru
tion of an obje
t by the values of parameters, as well as the notions of

lo
ally free set of parameters and stability with respe
t to a set of parameters.

As an illustration, we 
onsider a singularly perturbed system of ordinary di�erential equations whi
h

des
ribe a pro
ess in 
hemi
al kineti
s and burning. Dire
t and inverse problems are stated for su
h

a system. We extend the 
lass of problems under study by 
onsidering polynomials of arbitrary degree as

the right-hand sides of the di�erential equations. It is shown how the inverse problem of 
hemi
al kineti
s


an be 
orre
ted and made more pra
ti
al by means of the 
omposition with a simple auxiliary problem

whi
h represents the relation between fun
tions and �nite sets of numeri
al 
hara
teristi
s being measured.

For the 
orre
ted inverse problem, formulas for the solution are presented and the 
onditions of unique

solvability are indi
ated. Within the study of solvability, a 
riterion is established for linear independen
e

of fun
tions in terms of �nite sets of their values. With the help of the 
riterion, realizability is 
lari�ed

of the 
ondition for unique solvability of the inverse problem of 
hemi
al kineti
s.

Key words: binary 
orresponden
e, inverse problem, solvability, 
omposition, stability, 
orre
tness,

di�erential equation, 
hemi
al kineti
s, linear independen
e.

Mathemati
al Subje
t Classi�
ation (2000): 34A55.

We 
ontinue the study started in [1, 2℄ whi
h is devoted to formalization of the notion

of problem and solution of the inverse problem of 
hemi
al kineti
s. In parti
ular, we extend

the 
lass of problems under study by 
onsidering polynomials of arbitrary degree as the right-

hand sides of the di�erential equations.

1. Formalization of the notion of problem

In this se
tion, we employ binary 
orresponden
es for formalizing the notion of problem,

basi
 
omponents of problems, their properties, and 
onstru
tions: the 
ondition of a problem,

data and unknowns, solvability and unique solvability, inverse problem, 
omposition and rest-
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ri
tion of problems. We also 
onsider topologi
al problems, the related notions of stability

and 
orre
tness, and problems with parameters.

1.1. By a problem we mean an arbitrary 
orresponden
e between the elements of two sets,

i. e., a triple P = (A,B,C), where A and B are any sets and C ⊆ A×B. The sets A, B, and C
(i. e., the set of departure, the set of destination, and the graph of the 
orresponden
e P ) are
denoted by DomP , ImP , and GrP and 
alled the domain of data, the domain of unknowns,

and the 
ondition of the problem P . The 
ontainment (a, b) ∈ GrP is written as P (a, b) and
is treated as the 
ondition expressing the fa
t that the unknown b 
orresponds to the data a.
Therefore, the problem P assumes the following informal interpretation:

Given data a ∈ DomP , �nd unknowns b ∈ ImP whi
h meet the 
ondition P (a, b).

The image P [X] and preimage P−1[Y ] of subsets X ⊆ DomP and Y ⊆ ImP with respe
t to

the 
orresponden
e P are de�ned by the traditional formulas

P [X] = {b ∈ ImP : (∃x ∈ X) P (x, b)},
P−1[Y ] = {a ∈ DomP : (∃ y ∈ Y ) P (a, y)}.

1.2. A solution to a problem P for a data instan
e a ∈ DomP is an arbitrary unknown

b ∈ ImP whi
h meets the 
ondition P (a, b). The set of solutions to P for a is denoted by P [a].
Therefore,

P [a] = P [{a}] = {b ∈ ImP : P (a, b)}, a ∈ DomP.

A problem P is solvable for a ∈ DomP whenever P [a] 6= ∅, i. e., given a, the problem P has

at least one solution. The domain of de�nition of the 
orresponden
e P

domP := {a ∈ DomP : P [a] 6= ∅}

is 
alled the domain of solvability of the problem P . If domP = DomP , the problem P is


alled solvable or, more pre
isely, everywhere solvable.

1.3. A problem P is said to be uniquely solvable for a ∈ DomP if, given a, the problem P
has a unique solution, i. e., P [a] = {b} for some b ∈ ImP . The 
orresponding solution b is
denoted by P s(a). Therefore, if P is uniquely solvable for a then

P [a] = {P s(a)}.

The set

domP s := {a ∈ DomP : P is uniquely solvable for a}
is 
alled the domain of unique solvability of the problem P , and the fun
tion

P s : domP s → ImP, a 7→ P s(a)

is 
alled the solution fun
tion of the problem P . Obviously, domP s ⊆ domP ⊆ DomP . The
problem P is uniquely solvable on a set D ⊆ DomP if D ⊆ domP s

. The problem P is 
alled

uniquely solvable or, more pre
isely, everywhere uniquely solvable if it is uniquely solvable on

DomP , i. e., domP s = DomP . In this 
ase, the 
orresponden
e P is an everywhere de�ned

fun
tion and thus 
oin
ides with P s

.

1.4. Given a problem P = (DomP, ImP, GrP ), the inverse problem is the inverse


orresponden
e

P−1 :=
(
ImP, DomP, (GrP )−1

)
, where (GrP )−1 = {(b, a) : (a, b) ∈ GrP}.
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Remark. If a problem P models a real physi
al pro
ess, 
onsideration of the inverse

problem P−1
is motivated by the sear
h of a relatively simple formal law whi
h des
ribes

the pro
ess with adequate a

ura
y. The data of the inverse problem are experimentally

measurable 
hara
teristi
s of the pro
ess, while the unknowns are, for instan
e, the 
oe�
ients

of a di�erential equation des
ribing the pro
ess under observation.

In the 
ase when the problem P is based on a fun
tional equation, the formal data of the

inverse problem P−1
are fun
tions of the 
orresponding 
lass, while, in pra
ti
e, the role of da-

ta of the inverse problem is not played by the fun
tions themselves but rather by some of

their 
hara
teristi
s whi
h 
an be measured, i. e., by 
ertain �nite sets of numbers.

The inverse problem 
an be suitably 
orre
ted by means of the 
omposition (see 1.5) of the

problem P−1
and a simple auxiliary problem whi
h represents the relation between fun
tions

and their 
hara
teristi
s being measured. (An example of su
h 
orre
tion is presented in 2.3.)

1.5. The 
omposition of problems P and Q is the 
omposition of the 
orresponden
es,

whi
h is the problem

Q ◦ P := (DomP, ImQ, GrQ ◦GrP )

with 
ondition

GrQ ◦GrP =
{
(a, c) ∈ DomP × ImQ : (∃ b ∈ ImP ∩DomQ) P (a, b) & Q(b, c)

}
.

The 
omposition Q ◦ P is usually 
onsidered in the 
ase when ImP = DomQ.

1.6. The restri
tion of a problem P onto subsets A ⊆ DomP and B ⊆ ImP is the problem

P
∣∣B
A
:=
(
A, B, GrP ∩ (A×B)

)
.

The restri
tions P |A := P
∣∣ImP

A
and P |B := P

∣∣B
DomP

are parti
ular 
ases.

The restri
tion of a problem 
an be de�ned by means of 
omposition with the


orresponding embedding problems. Given arbitrary sets X and Y , 
onsider the problem

Id

Y
X := (X,Y, IYX ), where

IYX = {(z, z) : z ∈ X ∩ Y } = {(x, y) ∈ X × Y : x = y}.

Then, for every problem P and any subsets A ⊆ DomP and B ⊆ ImP , the following hold:

P |A = P ◦ IdDomP
A , P |B = Id

B
ImP ◦ P, P

∣∣B
A
= Id

B
ImP ◦ P ◦ IdDomP

A .

1.7. An isomorphism between problems P and Q is a pair (f, g) of bije
tive mappings
f : DomP → DomQ, g : ImP → ImQ su
h that

GrQ =
{(
f(a), g(b)

)
: (a, b) ∈ GrP

}
.

Two problems are 
alled isomorphi
 if there is an isomorphism between them.

1.8. Call P a topologi
al problem if the domain of data DomP and the domain of un-

knowns ImP are endowed with any topologies, i. e., the domains are topologi
al spa
es.

An isomorphism (f, g) between topologi
al problems is a topologi
al isomorphism if ea
h of

the mappings f and g is a topologi
al isomorphism (i. e., a homeomorphism).
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All the notions introdu
ed here, whi
h are related to topologies or 
ontinuity, admit

natural analogs for the 
ase of uniformities and uniform 
ontinuity. (Metri
 and, in parti
ular,

normed spa
es are examples of uniform spa
es.) We will not present the 
orresponding 
lari�ed

de�nitions, whi
h are rather obvious.

1.9. A topologi
al problem P is 
alled stable at a point a ∈ domP if the 
orresponden
e

P is upper semi-
ontinuous at the point, i. e., for every neighborhood V of the set P [a] in
ImP , the preimage P−1[V ] is a neighborhood of the point a in domP . The problem P is

stable on a set D ⊆ domP if P is stable at ea
h point a ∈ D. The problem P is 
alled stable

or, more pre
isely, everywhere stable if P is stable on domP .

In the 
ase when a is an interior point of domP s

relative to domP (i. e., there exists an

open set G ⊆ DomP su
h that a ∈ G∩domP ⊆ domP s

), the stability of the problem P at a
is equivalent to the 
ontinuity of the fun
tion P s

at a. Analogously, if a set D is in
luded in

the interior of domP s

relative to domP (i. e., there exists an open set G ⊆ DomP su
h that

D ⊆ G ∩ domP ⊆ domP s

), then the stability of the problem P on D is equivalent to the


ontinuity of the fun
tion P s

on D. In parti
ular, the stability of a uniquely solvable problem
is equivalent to its 
ontinuity.

1.10. A topologi
al problem P is 
alled 
orre
t (or, more pre
isely, lo
ally 
orre
t) at

a point a ∈ DomP if a is an interior point of domP s

and the problem P is stable at a. In other
words, a problem is 
orre
t at a if, for data su�
iently 
lose to a, the problem has a unique

solution, and the solution 
ontinuously depends on the data as it tends to a. A problem P
is said to be 
orre
t (or, more pre
isely, 
onditionally 
orre
t) on a set D ⊆ DomP if P is


orre
t at ea
h point a ∈ D. A problem P is 
alled 
orre
t if P is 
orre
t on DomP . Therefore,
the 
orre
tness of a problem means its unique solvability and stability (or, whi
h is the same,


ontinuity).

1.11. By a family (vi)i∈I we traditionally mean a fun
tion de�ned on I, and the term

vi denotes the value of the fun
tion at a point i ∈ I. Given an arbitrary family (Vi)i∈I , the
symbol

∏
i∈I Vi stands for the 
orresponding Cartesian produ
t, whi
h is the set of families

(vi)i∈I su
h that vi ∈ Vi for all i ∈ I. If π : X →
∏
i∈I Vi, i ∈ I, and J ⊆ I, the fun
tions

πi : X → Vi, πJ : X →
∏

j∈J
Vj

are de�ned by the formulas

πi(x) := π(x)i ∈ Vi, πJ(x) := π(x)|J ∈
∏

j∈J
Vj , x ∈ X.

1.12. A parametrization of a setX is an arbitrary inje
tive mapping π de�ned on Domπ :=
domπ = X and a
ting into the Cartesian produ
t Imπ :=

∏
i∈I Vi of some family (Vi)i∈I .

In this 
ase, I is 
alled the set of parameters and denoted by Parπ, the elements i ∈ Parπ are

alled parameters, the set Imπi := Vi is 
alled the range of the parameter i, and πi(x) ∈ Imπi
is the value of the parameter i for an obje
t x ∈ X. The produ
t

∏
j∈J Vj is 
alled the range

of the set of parameters J ⊆ Par π and denoted by ImπJ .

Note that the range Imπi of a parameter i need not 
oin
ide with the set imπi = πi[X]
of the values of the parameter, i. e., the in
lusion imπi ⊆ Imπi 
an be stri
t. In the 
ase of

equality imπi = Imπi, the range of the parameter i is 
alled exa
t.
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A set endowed with a parametrization is 
alled a parametrized set. By default, the

parametrization of X is denoted by π or, more expli
itely, by πX .

1.13. When 
onsidering a parametrization π of a topologi
al spa
e X, it is natural to
endow the set ImπJ , where J ⊆ Parπ, with the image of the topology of X with respe
t

to πJ , i. e., to assume open those subsets U ⊆ ImπJ whose preimage π−1
J [U ] is open in X.

In this 
ase, π o

urs a 
ontinuous mapping from X into Imπ and a topologi
al isomorphism
between X and imπ.

The ranges Imπi of the parameters i ∈ Par π usually have their own natural topologies

whi
h make the mappings πi 
ontinuous. Otherwise, Imπi 
an be endowed with the image of
the topology of X with respe
t to πi or with the topology indu
ed from Imπ in whi
h the

open subsets of Imπi are the sets of the form {ui : u ∈ U}, where U is open in Imπ.

The ranges of parameters are often Bana
h spa
es. In this 
ase, parametrized topologi
al

spa
es are 
lose analogs of Bana
h bundles (see, for instan
e, [3℄), where the domain I
of a bundle V plays the role of the set of parameters, and the stalks V (i) are the ranges
of parameters i ∈ I.

1.14. A problem P is 
alled parametrized (or a problem with parameters) if its domain

of data DomP and domain of unknowns ImP are parametrized sets. Every problem 
an

be regarded parametrized if we assume that non-parametrized domains X are endowed with

trivial parametrizations having single parameter: π1(x) = x for all x ∈ X.

As is easily seen, the pair (πA, πB) is an isomorphism between a parametrized

problem (A,B,C) and the problem (A′, B′, C ′), where A′ = imπA, B′ = imπB , and
C ′ =

{(
πA(a), πB(b)

)
: (a, b) ∈ C

}
. Furthermore, if the problem (A,B,C) is topologi
al then

so are the problem (A′, B′, C ′) and the isomorphism (πA, πB).

1.15. Let π be a parametrization of a set A, a ∈ A, J ⊆ Par π, J ′ := Parπ\J . Denote by
Res

a
J(A) the problem (Im πJ , A,R

a
J ), where

RaJ = {(v, b) : v ∈ ImπJ , b ∈ A, πJ(b) = v, πJ ′(b) = πJ ′(a)},

whi
h is the problem of re
onstru
tion of an element of A by the values of the parameters J
on assuming �xed the values of the rest parameters. In the 
ase J = {i}, we write Resai (A)
instead of Res

a
{i}(A).

Sin
e π is inje
tive, the problem Res

a
J(A) is uniquely solvable on the set

domRes

a
J(A) = {πJ ′(b) : b ∈ A, πJ ′(b) = πJ ′(a)}

and its solution for every v ∈ domRes

a
J(A) is determined by the formula

Res

a
J(A)

s(v) = π−1 (v ⊗ πJ ′(a)) , where (v ⊗ w)i =

{
vi, if i ∈ J ;

wi, if i /∈ J.

1.16. Let π be a parametrization of a topologi
al spa
e A, a ∈ A, J ⊆ Par π. A set

of parameters J is lo
ally free at the point a, if the domain of solvability domRes

a
J(A) of

the problem Res

a
J(A) is a neighborhood of the point πJ(a) in the topologi
al spa
e ImπJ .

Therefore, a lo
ally free set of parameters realizes all su�
iently small 
hanges of values with

the values of the rest parameters �xed. A parameter i is lo
ally free at a if so is the set {i}.



42 Gutman A. E., Kononenko L. I.

1.17. Let P be a parametrized topologi
al problem, a ∈ domP , and let J ⊆ Parπ,
where π := πdomP

. The problem P is stable at the point a with respe
t to J , if the problem
P ◦ ResaJ(domP ) is stable at the point πJ(a). Stability of a problem at a with respe
t to J
is usually 
onsidered in the 
ase when the set of parameters J is lo
ally free at the point a.

The problem P is stable on a set D ⊆ domP with respe
t to J , if P is stable at ea
h point

a ∈ D with respe
t to J . The problem P is stable with respe
t to J if P is stable on domP
with respe
t to J . In the 
ase J = {i}, the term stability with respe
t to the parameter i
is used.

If the natural topology on im πJ is 
onsidered and a is an interior point of domP s

relative

to domP , the stability of a uniquely solvable problem P at the point a with respe
t to J
is equivalent to the 
ontinuity at a of the fun
tion

v ∈ πJ [domR] 7→ P s (Rs(v)) , where R := Res

a
J(DomP ).

The latter, in its turn, means that the solution P s(b) 
ontinuously depends on the values

πJ(b) of the parameters J as πJ(b) tend to πJ(a) with the equality πJ ′(b) = πJ ′(a) preserved.

1.18. Let P be a parametrized topologi
al problem, i ∈ Parπ. The problem P is 
alled

a �problem with small parameter i � if Imπi ⊆ R, the number 0 is a limit point of Imπi, and
a question is under 
onsideration about any asymptoti
 behavior of P for the values of i 
lose
to 0, for instan
e, about the stability of P with respe
t to i at a point a with πi(a) = 0.

2. The inverse problem of 
hemi
al kineti
s

As an illustration, we 
onsider a singularly perturbed system of ordinary di�erential

equations whi
h arises in modeling 
ertain pro
esses of 
hemi
al kineti
s and burning (see,

for instan
e, [4, 5℄). Within the study of the 
orresponding inverse problem, a 
riterion will be

established for linear independen
e of fun
tions in terms of �nite sets of their values (see 2.5).

2.1. Suppose that m,n ∈ N, X := Rm, Y is a domain in Rn, T := R, 0 < ε0 ∈ R. Put

E := {ε ∈ R : 0 6 ε 6 ε0}, F := C(X × Y × T × E, Rm), G := C(X × Y × T × E, Rn).

Consider the problem P with domain of data DomP = F ×G×E, domain of unknowns
ImP = C1(T,X) ×C1(T, Y ), and 
ondition

P ((f, g, ε), (x, y)) ⇔
{
ẋ(t) = f(x(t), y(t), t, ε),

ε ẏ(t) = g(x(t), y(t), t, ε)
for all t ∈ T,

where f ∈ F , g ∈ G, ε ∈ E, x ∈ C1(T,X), y ∈ C1(T, Y ).

Solution of the problem P is based on the method of integral manifolds (see [6�8℄),

a 
onvenient tool for studying multidimensional singularly perturbed systems of di�erential

equations whi
h makes it possible to lower the dimension of the system under study.

In the problem P , the number ε plays the role of �small parameter� thus splitting the

system into �slow� and �fast� subsystems:

ẋ(t) = f(x(t), y(t), t, ε) and ε ẏ(t) = g(x(t), y(t), t, ε).

Solution of P in a sense redu
es to solving the so 
alled degenerate system whi
h is obtained

from the initial system by putting the parameter ε equal to zero. This is justi�ed by the

results of A. N. Tikhonov (see, for instan
e, [9℄) on passing to a solution to the degenerate

problem as a small parameter tends to zero.
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2.2. The inverse problem to P 
onsists in �nding the unknown fun
tions on the right-

hand side of the system, given some data on the solution to the dire
t problem P . The 
lose

onne
tion of the initial problem with the degenerate system motivates the study of the 
ase

ε = 0. We additionally assume that the �slow surfa
e� de�ned by the equation

g
(
x, y, t, 0

)
= 0


onsists of a single sheet (with respe
t to the dependen
e of y on x) and that the fun
tion

g ∈ G meets the 
ondition of the impli
it fun
tion theorem, whi
h fa
t allows us to repla
e

the equation

g(x(t), y(t), t, 0) = 0

by the equivalent equation of the form

y(t) = h(x(t), t).

We also assume that the right-hand side f of the main di�erential equation is a polynomial

(whi
h is natural for problems of 
hemi
al kineti
s).

So, 
onsider the partial 
ase of the problem P in whi
h m = n = 1, E = {0}, and the

fun
tions f ∈ F are polynomials in two variables of degree at most p ∈ N:

f(x, y, t, ε) =
∑

(i,j)∈K(p)

γij x
iyj,

where γij ∈ R, (i, j) ∈ K(p),

K(p) := {(i, j) : 0 6 i, j ∈ Z, i+ j 6 p} .

Introdu
e the notation

κ(p) :=
(p + 1)(p + 2)

2

for the number of elements of the set K(p) and �x an arbitrary enumeration

K(p) =
{
(i1, j1), (i2, j2), . . . ,

(
iκ(p), jκ(p)

)}
.

Therefore, the expression

∑κ(p)
k=1 γk x

ikyjk is the general form of a polynomial in two variables

x, y of degree at most p.

As a result of the above agreements, we arrive at the problem Q with domain of data

DomQ = Rκ(p), domain of unknowns ImQ = C1(R)2, and 
ondition

Q
(
γ, (x, y)

)
⇔




ẋ(t) =

κ(p)∑
k=1

γk x(t)
ik y(t)jk ,

y(t) = h(x(t), t)

for all t ∈ R,

where γ1, γ2, . . . , γκ(p) ∈ R, x, y ∈ C1(R), h ∈ C1(R2).

2.3. The formal inverse problem Q−1
, whi
h has pairs of fun
tions (x, y) ∈ C1(R)2 as

data, is very simple and impra
ti
al. For representing the domain of data, �nite 
olle
tions

of the values of fun
tions or their derivatives are more adequate than everywhere de�ned

fun
tions. The 
orresponding 
orre
tion of the inverse problem is realized by 
omposition of
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the problem Q−1
and the auxiliary problem R with domain of data DomR = (Rκ(p))3, domain

of unknowns ImR = C1(R)2, and 
ondition

R ((τ, α, β), (x, y)) ⇔
{
x(τ1) = α1, x(τ2) = α2, . . . , x(τκ(p)) = ακ(p),

ẋ(τ1) = β1, ẋ(τ2) = β2, . . . , ẋ(τκ(p)) = βκ(p),

where τ, α, β ∈ Rκ(p), x, y ∈ C1(R).

As 
ompared to the formal inverse Q−1
, the 
omposition Q−1 ◦ R is more pra
ti
al and

amounts to the following problem: Given τ, α, β ∈ Rκ(p), �nd the 
oe�
ients γ ∈ Rκ(p) for

whi
h there exist fun
tions x, y ∈ C1(R) subje
t to the 
ondition





x(τ1) = α1, x(τ2) = α2, . . . , x(τκ(p)) = ακ(p),

ẋ(τ1) = β1, ẋ(τ2) = β2, . . . , ẋ(τκ(p)) = βκ(p),

ẋ(t) =
κ(p)∑
k=1

γk x(t)
ik y(t)jk for all t ∈ R,

y(t) = h
(
x(t), t

)
for all t ∈ R.

2.4. The following assertion 
an be proven for arbitrary p ∈ N in the same way as the


ase p = 1 whi
h is 
onsidered in [10, 11℄.

Theorem. If τ, α ∈ Rκ(p) meet the 
ondition

∆(τ, α) :=

∣∣∣∣∣∣∣∣∣∣

αi11 h(α1, τ1)
j1 αi21 h(α1, τ1)

j2 . . . α
iκ(p)
1 h(α1, τ1)

jκ(p)

αi12 h(α2, τ2)
j1 αi22 h(α2, τ2)

j2 . . . α
iκ(p)
2 h(α2, τ2)

jκ(p)

. . . . . . . . . . . .

αi1κ(p) h(ακ(p), τκ(p))
j1 αi2κ(p) h(ακ(p), τκ(p))

j2 . . . α
iκ(p)
κ(p) h(ακ(p), τκ(p))

jκ(p)

∣∣∣∣∣∣∣∣∣∣

6= 0,

then, given arbitrary β ∈ Rκ(p), the problem Q−1◦R is uniquely solvable for the data (τ, α, β),
and its solution (γ1, γ2, . . . , γκ(p)) = (Q−1◦R)s(τ, α, β) 
an be 
al
ulated by Cramer's formulas

γk =
∆k(τ, α, β)

∆(τ, α)
, k = 1, 2, . . . , κ(p),

where ∆k(τ, α, β) is the determinant of the matrix formed from the above matrix by repla
ing

the kth 
olumn

(
αik1 h(α1, τ1)

jk , αik2 h(α2, τ2)
jk , . . . , αikκ(p) h(ακ(p), τκ(p))

jk
)
with the 
olumn

β = (β1, β2, . . . , βκ(p)).

2.5. The following 
riterion 
lari�es the 
ase in whi
h there exist numbers τ1, . . . , τκ(p)
satisfying the hypothesis of Theorem 2.4.

Theorem. Let n ∈ N, let T be an arbitrary set, and let ϕi : T → R, i = 1, . . . , n.
The family of fun
tions ϕ1, . . . , ϕn is linearly independent in the ve
tor spa
e RT if and only

if there are points t1, . . . , tn ∈ T satisfying the 
ondition

∣∣∣∣∣∣∣∣

ϕ1(t1) ϕ2(t1) . . . ϕn(t1)
ϕ1(t2) ϕ2(t2) . . . ϕn(t2)
. . . . . . . . . . . .

ϕ1(tn) ϕ2(tn) . . . ϕn(tn)

∣∣∣∣∣∣∣∣
6= 0 . (1)
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⊳ For 
onvenien
e, introdu
e a notation for the matrix in (1):

Mn(ϕ1, . . . , ϕn; t1, . . . , tn) :=




ϕ1(t1) ϕ2(t1) . . . ϕn(t1)
ϕ1(t2) ϕ2(t2) . . . ϕn(t2)
. . . . . . . . . . . .

ϕ1(tn) ϕ2(tn) . . . ϕn(tn)


 .

The 
ase n = 1 is trivial: if {ϕ1} is linearly independent then ϕ1 6= 0 and, hen
e, for some
point t1 ∈ T we have ϕ1(t1) 6= 0, i. e., |M1(ϕ1; t1)| 6= 0.

Let n ∈ N and assume that for every linearly independent family ϕ1, . . . , ϕn : T → R

there exist points t1, . . . , tn ∈ T satisfying (1). Now 
onsider a linearly independent family

ϕ1, . . . , ϕn, ϕn+1 : T → R. By the indu
tion hypothesis, there are points t1, . . . , tn ∈ T su
h

that the matrix

M :=Mn(ϕ1, . . . , ϕn; t1, . . . , tn)

is invertible. We are to �nd a point t ∈ T whi
h ensures invertibility of the matrix

M(t) :=Mn+1(ϕ1, . . . , ϕn, ϕn+1; t1, . . . , tn, t).

Assume to the 
ontrary that |M(t)| = 0 for all t ∈ T . Then, for ea
h t ∈ T , there is a tuple
0 6=

(
α1(t), . . . , αn+1(t)

)
∈ Rn+1

satisfying the 
ondition

M(t)
(
α1(t), . . . , αn+1(t)

)
= 0

or, whi
h is the same,





ϕ1(t1)α1(t) + · · ·+ ϕn(t1)αn(t) + ϕn+1(t1)αn+1(t) = 0,

ϕ1(t2)α1(t) + · · ·+ ϕn(t2)αn(t) + ϕn+1(t2)αn+1(t) = 0,

. . . ,

ϕ1(tn)α1(t) + · · ·+ ϕn(tn)αn(t) + ϕn+1(tn)αn+1(t) = 0,

(2)

ϕ1(t)α1(t) + · · · + ϕn(t)αn(t) + ϕn+1(t)αn+1(t) = 0. (3)

The subsystem (2) is equivalent to the equality

M(α1(t), . . . , αn(t)) + αn+1(t)(ϕn+1(t1), . . . , ϕn+1(tn)) = 0

whi
h implies

(α1(t), . . . , αn(t)) = −αn+1(t)M
−1 (ϕn+1(t1), . . . , ϕn+1(tn)) . (4)

Due to (4), in the 
ase αn+1(t) = 0 we would have α1(t) = · · · = αn+1(t) = 0, whi
h

ontradi
ts the 
ondition (α1(t), . . . , αn+1(t)) 6= 0. Consequently, αn+1(t) 6= 0 and

(
α1(t)

αn+1(t)
, . . . ,

αn(t)

αn+1(t)

)
= −M−1 (ϕn+1(t1), . . . , ϕn+1(tn)) . (5)

A

ording to (5), the numbers β1 :=
α1(t)
αn+1(t)

, . . . , βn := αn(t)
αn+1(t)

do not depend on t. It remains

to observe that (3) implies

β1ϕ1(t) + · · ·+ βnϕn(t) + ϕn+1(t) = 0 for all t ∈ T


ontrary to the linear independen
e of the family ϕ1, . . . , ϕn, ϕn+1. ⊲
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2.6. Theorems 2.4 and 2.5 dire
tly imply the following 
ondition for unique solvability of

the �
orre
ted inverse problem� Q−1 ◦R.
Theorem. Let x ∈ C1(R), h ∈ C1(R2). If the family of fun
tions

t 7→ x(t)ik h(x(t), t)jk , k = 1, 2, . . . , κ(p),

is linearly independent in the ve
tor spa
e RR
then there exist τ1, . . . , τκ(p) ∈ R su
h that,

for all β1, . . . , βκ(p) ∈ R, the problem Q−1 ◦ R is uniquely solvable for the data τ1, . . . , τκ(p),
x(τ1), . . . , x(τκ(p)), β1, . . . , βκ(p).
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Àííîòàöèÿ. Ïîêàçàíî, êàê áèíàðíûå ñîîòâåòñòâèÿ ìîãóò áûòü èñïîëüçîâàíû äëÿ ïðîñòîé �îðìà-

ëèçàöèè ïîíÿòèÿ çàäà÷è, îïðåäåëåíèÿ îñíîâíûõ êîìïîíåíòîâ çàäà÷, èõ ñâîéñòâ è êîíñòðóêöèé. Â ÷àñò-

íîñòè, ïðåäëîæåíà �îðìàëèçàöèÿ ñëåäóþùèõ ïîíÿòèé: óñëîâèå, äàííûå, èñêîìûå è ðåøåíèÿ çàäà÷è,

ðàçðåøèìîñòü è îäíîçíà÷íàÿ ðàçðåøèìîñòü, îáðàòíàÿ çàäà÷à, êîìïîçèöèÿ è îãðàíè÷åíèå çàäà÷, èçîìîð-

�èçì ìåæäó çàäà÷àìè. �àññìîòðåíû òîïîëîãè÷åñêèå çàäà÷è è ñâÿçàííûå ñ íèìè ïîíÿòèÿ óñòîé÷èâîñòè

è êîððåêòíîñòè. Óêàçàíà ñâÿçü ìåæäó óñòîé÷èâîñòüþ è íåïðåðûâíîñòüþ îäíîçíà÷íî ðàçðåøèìîé òîïî-

ëîãè÷åñêîé çàäà÷è. Äàíî îïðåäåëåíèå ïàðàìåòðèçàöèè ìíîæåñòâà. Ââåäåíû ïîíÿòèÿ ïàðàìåòðèçîâàííîé

çàäà÷è, çàäà÷è âîññòàíîâëåíèÿ îáúåêòà ïî çíà÷åíèÿì ïàðàìåòðîâ, à òàêæå ïîíÿòèÿ ëîêàëüíî ñâîáîäíîãî

íàáîðà ïàðàìåòðîâ è óñòîé÷èâîñòè îòíîñèòåëüíî íàáîðà ïàðàìåòðîâ.

Â êà÷åñòâå èëëþñòðàöèè ðàññìîòðåíà ñèíãóëÿðíî âîçìóùåííàÿ ñèñòåìà îáûêíîâåííûõ äè��åðåíöèàëü-

íûõ óðàâíåíèé, îïèñûâàþùàÿ ïðîöåññ õèìè÷åñêîé êèíåòèêè è ãîðåíèÿ. Äëÿ òàêîé ñèñòåìû ñ�îðìóëè-

ðîâàíû ïðÿìàÿ è îáðàòíàÿ çàäà÷à. Èçó÷àåìûé êëàññ çàäà÷ ðàñøèðåí çà ñ÷åò ðàññìîòðåíèÿ ìíîãî÷ëåíîâ

ïðîèçâîëüíîé ñòåïåíè â êà÷åñòâå ïðàâûõ ÷àñòåé äè��åðåíöèàëüíûõ óðàâíåíèé. Ïîêàçàíî, êàê îáðàò-

íàÿ çàäà÷à õèìè÷åñêîé êèíåòèêè ìîæåò áûòü ñêîððåêòèðîâàíà è ïðèáëèæåíà ê ïðàêòèêå ïîñðåäñòâîì

êîìïîçèöèè ñ ïðîñòîé âñïîìîãàòåëüíîé çàäà÷åé, ðåàëèçóþùåé ñâÿçü ìåæäó �óíêöèÿìè è êîíå÷íûìè

íàáîðàìè èçìåðÿåìûõ ÷èñëîâûõ õàðàêòåðèñòèê. Ïðèâåäåíû �îðìóëû ðåøåíèÿ è óêàçàíû óñëîâèÿ îä-

íîçíà÷íîé ðàçðåøèìîñòè ñêîððåêòèðîâàííîé îáðàòíîé çàäà÷è. Â ðàìêàõ èññëåäîâàíèÿ ðàçðåøèìîñòè

ïîëó÷åí êðèòåðèé ëèíåéíîé íåçàâèñèìîñòè âåùåñòâåííûõ �óíêöèé â òåðìèíàõ êîíå÷íûõ íàáîðîâ èõ

çíà÷åíèé. Ñ ïîìîùüþ óñòàíîâëåííîãî êðèòåðèÿ óòî÷íåíà ðåàëèçóåìîñòü óñëîâèÿ îäíîçíà÷íîé ðàçðåøè-

ìîñòè îáðàòíîé çàäà÷è õèìè÷åñêîé êèíåòèêè.

Êëþ÷åâûå ñëîâà: áèíàðíîå ñîîòâåòñòâèå, îáðàòíàÿ çàäà÷à, ðàçðåøèìîñòü, êîìïîçèöèÿ, óñòîé÷è-

âîñòü, êîððåêòíîñòü, äè��åðåíöèàëüíîå óðàâíåíèå, õèìè÷åñêàÿ êèíåòèêà, ëèíåéíàÿ íåçàâèñèìîñòü.
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Àííîòàöèÿ. Â ïðîñòðàíñòâå öåëûõ �óíêöèé ýêñïîíåíöèàëüíîãî òèïà, ðåàëèçóþùåì ñèëüíîå ñîïðÿ-

æåííîå ê ïðîñòðàíñòâó Ôðåøå �óíêöèé, áåñêîíå÷íî äè��åðåíöèðóåìûõ íà âåùåñòâåííîì èíòåðâà-

ëå, ñîäåðæàùåì íà÷àëî êîîðäèíàò, èññëåäîâàíû ëèíåéíûå íåïðåðûâíûå îïåðàòîðû, ïåðåñòàíîâî÷-

íûå ñ îïåðàòîðîì Ïîììüå. Îíè çàäàþòñÿ ëèíåéíûì íåïðåðûâíûì �óíêöèîíàëîì íà óïîìÿíóòîì

ïðîñòðàíñòâå öåëûõ �óíêöèé, à çíà÷èò, ñ òî÷íîñòüþ äî ñîïðÿæåííîãî ê ïðåîáðàçîâàíèþ Ôóðüå �

Ëàïëàñà, áåñêîíå÷íî äè��åðåíöèðóåìîé �óíêöèåé íà èñõîäíîì èíòåðâàëå. Äàíà ïîëíàÿ õàðàêòåðè-

çàöèÿ �óíêöèîíàëîâ, îïðåäåëÿþùèõ óêàçàííûì îáðàçîì èçîìîð�èçìû. Äîêàçàíî, ÷òî èçîìîð�èçì

çàäàåòñÿ �óíêöèÿìè, íå ðàâíûìè 0 â íà÷àëå êîîðäèíàò (è òîëüêî èìè). Ñóùåñòâåííóþ ðîëü â äî-

êàçàòåëüñòâå ñîîòâåòñòâóþùåãî êðèòåðèÿ èãðàåò ìåòîä, èñïîëüçóþùèé òåîðèþ êîìïàêòíûõ îïåðà-

òîðîâ â áàíàõîâûõ ïðîñòðàíñòâàõ. Âûäåëåí êëàññ òåõ áåñêîíå÷íî äè��åðåíöèðóåìûõ íà èñõîäíîì

èíòåðâàëå �óíêöèé, êîòîðûå çàäàþò îïåðàòîðû èç óïîìÿíóòîãî êîììóòàíòà, áëèçêèå ê èçîìîð-

�èçìó. Òàêèå îïåðàòîðû èìåþò êîíå÷íîìåðíîå ÿäðî. Äëÿ èíòåðâàëà, îòëè÷íîãî îò âåùåñòâåííîé

ïðÿìîé, ìû îïðåäåëÿåì òàêæå êëàññ îïåðàòîðîâ èç êîììóòàíòà îïåðàòîðà Ïîììüå, íå ÿâëÿþùèõñÿ

ñþðúåêòèâíûìè. Ñîïðÿæåííûé ê ëèíåéíîìó íåïðåðûâíîìó îïåðàòîðó, ïåðåñòàíîâî÷íîìó ñ îïåðà-

òîðîì Ïîììüå, ðåàëèçóåòñÿ â ïðîñòðàíñòâå áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé êàê îïåðàòîð,

ïîëó÷åííûé �èêñèðîâàíèåì îäíîãî ñîìíîæèòåëÿ â ïðîèçâåäåíèè Äþàìåëÿ. Ñóùåñòâåííîå îòëè÷èå

ðàññìîòðåííîé ñèòóàöèè îò èññëåäîâàâøèõñÿ ðàíåå ñîñòîèò â îòñóòñòâèè öèêëè÷åñêèõ âåêòîðîâ ó

îïåðàòîðà Ïîììüå â èñõîäíîì ïðîñòðàíñòâå öåëûõ �óíêöèé.
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êîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé, êîììóòàíò, èçîìîð�èçì.
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Ââåäåíèå

Â íàñòîÿùåé ðàáîòå èçó÷àþòñÿ ñâîéñòâà êîììóòàíòà îïåðàòîðà Ïîììüå D0 â ïðî-

ñòðàíñòâå HΩ öåëûõ �óíêöèé ýêñïîíåíöèàëüíîãî òèïà, èçîìîð�íîãî ñèëüíîìó ñîïðÿ-

æåííîìó ê ïðîñòðàíñòâó Ôðåøå E (Ω) �óíêöèé, áåñêîíå÷íî äè��åðåíöèðóåìûõ íà èí-
òåðâàëå Ω ⊆ R. �àíåå îïåðàòîð D0 è åãî îäíîìåðíîå âîçìóùåíèå D0,g0 èçó÷àëèñü â [1�4℄

â ñ÷åòíîì èíäóêòèâíîì ïðåäåëå E âåñîâûõ ïðîñòðàíñòâ Ôðåøå öåëûõ �óíêöèé (åñëè

g0 ≡ 1, òî D0 = D0,g0). Â. À. Òêà÷åíêî [5, 6℄ èñïîëüçîâàë îïåðàòîð D0,g0 â ñëó÷àå g0 = eP ,
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ãäå P � íåêîòîðûé ìíîãî÷ëåí (ñì. [1℄). Â [5, 6℄ îí äåéñòâóåò â (LB)-ïðîñòðàíñòâå öåëûõ

�óíêöèé, ðîñò êîòîðûõ îïðåäåëÿåòñÿ ρ-òðèãîíîìåòðè÷åñêè âûïóêëîé (ρ > 0) �óíêöèåé
ñî çíà÷åíèÿìè â (−∞,+∞]. Ñîïðÿæåííûé ê íåìó íàçâàí â [5℄ îïåðàòîðîì îáîáùåííî-

ãî èíòåãðèðîâàíèÿ. Êîíñòðóêöèè ïîäîáíîãî ðîäà â (LB)-ïðîñòðàíñòâå öåëûõ �óíêöèé

ýêñïîíåíöèàëüíîãî òèïà èñïîëüçîâàëèñü È. Ô. Êðàñè÷êîâûì-Òåðíîâñêèì [7℄. Â [1℄ áûë

èññëåäîâàí êîììóòàíò D0,g0 â êîëüöå âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â E. Ñâîé-
ñòâà àëãåáðû, îáðàçîâàííîé ñîïðÿæåííûì E′

ê E ñ óìíîæåíèåì, îïðåäåëÿåìûì îïåðà-

òîðîì ñäâèãà äëÿ D0,g0 , èçó÷åíû â [2℄, öèêëè÷åñêèå âåêòîðû è ñîáñòâåííûå çàìêíóòûå

èíâàðèàíòíûå ïîäïðîñòðàíñòâà D0,g0 â E îïèñàíû â [3, 4℄. Ñóùåñòâåííûì îòëè÷èåì ðàñ-

ñìàòðèâàåìîé çäåñü ñèòóàöèè îò èçó÷åííûõ ðàíåå êîíêðåòíûõ ñëó÷àåâ ÿâëÿåòñÿ íåêâàçè-

àíàëèòè÷íîñòü ïðîñòðàíñòâà E (Ω), èçîìîð�íîãî ñîïðÿæåííîìó ê HΩ (â [3, 4℄ ñîïðÿæåí-

íîå ê E ðåàëèçóåòñÿ êàê íåêîòîðîå ïðîñòðàíñòâî àíàëèòè÷åñêèõ �óíêöèé). Ñëåäñòâèåì

ýòîãî ÿâëÿåòñÿ îòñóòñòâèå öèêëè÷åñêèõ âåêòîðîâ ó îïåðàòîðà Ïîììüå â HΩ. Â ñèòóàöè-

ÿõ, èññëåäîâàííûõ â [3, 4℄, öèêëè÷åñêèìè âåêòîðàìè D0 ÿâëÿþòñÿ âñå �óíêöèè èç E,
îòëè÷íûå îò ìíîãî÷ëåíà (ò. å. èõ ¾áîëüøå¿, ÷åì �óíêöèé, íå ÿâëÿþùèõñÿ öèêëè÷åñêè-

ìè).

Îñíîâíîé öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïèñàíèå ëèíåéíûõ íåïðåðûâíûõ â HΩ îïå-

ðàòîðîâ, ïåðåñòàíîâî÷íûõ â HΩ ñ D0 è ÿâëÿþùèõñÿ èçîìîð�èçìîì HΩ èëè áëèçêèõ

ê íåìó. Âñÿêèé îïåðàòîð B èç êîììóòàíòà K (D0) îïåðàòîðà D0 çàäàåòñÿ íåêîòîðûì

ëèíåéíûì íåïðåðûâíûì �óíêöèîíàëîì ϕ íà HΩ. Ñ ó÷åòîì ðå�ëåêñèâíîñòè E (Ω) è òåî-
ðåìû Ïýëè � Âèíåðà � Øâàðöà ñîïðÿæåííîå ê HΩ ìîæíî îòîæäåñòâèòü ñ E (Ω), è òîãäà
ýëåìåíòû K (D0) îïðåäåëÿþòñÿ (îäíîçíà÷íî) �óíêöèÿìè èç E (Ω). Ïîêàçàíî, ÷òî èçîìîð-
�èçì çàäàåòñÿ òîé è òîëüêî òîé �óíêöèåé, êîòîðàÿ íå ðàâíà 0 â íà÷àëå êîîðäèíàò. Ïðè
ýòîì ñóùåñòâåííóþ ðîëü èãðàåò ìåòîä, èñïîëüçóþùèé òåîðèþ êîìïàêòíûõ îïåðàòîðîâ

â áàíàõîâûõ ïðîñòðàíñòâàõ. �àíåå â àíàëîãè÷íûõ âîïðîñàõ îí ïðèìåíÿëñÿ Â. À. Òêà-

÷åíêî [6℄. Â äðóãîì êðàéíåì ñëó÷àå, êîãäà áåñêîíå÷íî äè��åðåíöèðóåìàÿ â Ω �óíêöèÿ

îáðàùàåòñÿ òîæäåñòâåííî â 0 â íåêîòîðîé îäíîñòîðîííåé îêðåñòíîñòè íà÷àëà êîîðäè-

íàò (è èíòåðâàë Ω ñ ñîîòâåòñòâóþùåé ñòîðîíû îãðàíè÷åí), îíà çàäàåò íåñþðúåêòèâíûé

îïåðàòîð. Êàê ïîêàçàíî â [1℄, ñ ïîìîùüþ îïåðàòîðà ñäâèãà äëÿ îïåðàòîðà Ïîììüå â ñî-

ïðÿæåííîì H ′
Ω ê ïðîñòðàíñòâó HΩ ìîæíî ââåñòè àññîöèàòèâíîå è êîììóòàòèâíîå óìíî-

æåíèå. Åãî åñòåñòâåííîé ðåàëèçàöèåé â E (Ω) ÿâëÿåòñÿ ïðîèçâåäåíèå Äþàìåëÿ, èãðàþùåå
âàæíóþ ðîëü â ðàçëè÷íûõ âîïðîñàõ àíàëèçà (ñì., íàïðèìåð, ðàáîòû Ì. Ò. Êàðàåâà [8,

9℄). Ýòî ïðîèçâåäåíèå òîæå ñóùåñòâåííî èñïîëüçóåòñÿ â äîêàçàòåëüñòâàõ.

1. Âñïîìîãàòåëüíûå ñâåäåíèÿ

Ïóñòü Ω � èíòåðâàë â R, ñîäåðæàùèé 0; (Kn)n∈N � èñ÷åðïûâàþùàÿ Ω ïîñëåäîâà-

òåëüíîñòü îòðåçêîâ: Kn ⊂ intKn+1, n ∈ N; Ω =
⋃
n∈NKn. Ïðè ýòîì äëÿ ìíîæåñòâà

M ⊂ R ñèìâîë intM îáîçíà÷àåò âíóòðåííîñòü M â R. Áóäåì ñ÷èòàòü, ÷òî 0 ∈ K1. Ïóñòü

HM(x) := supy∈M (xy), x ∈ R, � îïîðíàÿ �óíêöèÿ ìíîæåñòâà M ⊂ R; A(C) � ïðîñòðàí-

ñòâî öåëûõ â C �óíêöèé.

Äàëåå äëÿ n ∈ N

HΩ,n :=

{
f ∈ A(C) : ‖f‖n := sup

z∈C

|f(z)|
(1 + |z|)n exp(HKn(Im z))

< +∞
}
;

HΩ,n ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì ñ íîðìîé ‖·‖n. Ïðè ýòîì HΩ,n ⊂ HΩ,n+1, n ∈ N,

è ýòè âëîæåíèÿ íåïðåðûâíû. Ïîëîæèì HΩ :=
⋃
n∈NHΩ,n è ñíàáäèì HΩ òîïîëîãèåé èí-

äóêòèâíîãî ïðåäåëà ïðîñòðàíñòâ HΩ,n, n ∈ N, îòíîñèòåëüíî èõ âëîæåíèé â HΩ.
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Ïîëîæèì eλ(x) := e−iλx, x, λ ∈ C. Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X ñèìâîë

X ′
îáîçíà÷àåò òîïîëîãè÷åñêîå ñîïðÿæåííîå ê X. Ïóñòü E (Ω) � ïðîñòðàíñòâî Ôðåøå âñåõ

áåñêîíå÷íî äè��åðåíöèðóåìûõ â Ω �óíêöèé. Ïî òåîðåìå Ïýëè � Âèíåðà �Øâàðöà [10,

òåîðåìà 7.3.1℄ ïðåîáðàçîâàíèå Ôóðüå � Ëàïëàñà F (ϕ)(λ) := ϕ(eλ), λ ∈ C, ϕ ∈ E (Ω)′, óñòà-
íàâëèâàåò òîïîëîãè÷åñêèé èçîìîð�èçì ñèëüíîãî ñîïðÿæåííîãî ê E (Ω) íà HΩ. Îòìåòèì,

÷òî E (Ω) ðå�ëåêñèâíî.
Ïóñòü L (HΩ) � ïðîñòðàíñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â HΩ. Îïåðà-

òîð Ïîììüå Dz, z ∈ C, îïðåäåëÿåòñÿ ðàâåíñòâîì

Dz(f)(t) :=

{
f(t)−f(z)

t−z , t 6= z,

f ′(z), t = z,

f ∈ HΩ. Ïî [1℄ Dz ∈ L (HΩ) äëÿ ëþáîãî z ∈ C.

Ñëåäóÿ [11, 12℄, ââåäåì ñäâèãè Tz, z ∈ C, äëÿ D0, ëèíåéíî è íåïðåðûâíî äåéñòâóþùèå

â HΩ: äëÿ f ∈ HΩ

Tz(f)(t) :=

{
tf(t)−zf(z)

t−z , t 6= z,

f(z) + zf ′(z), t = z.

Ïóñòü K (D0) � ìíîæåñòâî âñåõ ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ â HΩ, ïåðåñòà-

íîâî÷íûõ ñ D0 â HΩ, ò. å. êîììóòàíò D0 â êîëüöå L (HΩ).

Òåîðåìà 1. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) B ∈ K (D0).
(ii) Ñóùåñòâóåò �óíêöèîíàë ϕ ∈ H ′

Ω òàêîé, ÷òî B(f)(z) = ϕ(Tz(f)), z ∈ C, f ∈ HΩ.

⊳ Èç [1, òåîðåìà 15℄ ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû. ⊲

Äëÿ ϕ ∈ H ′
Ω ïîëîæèì Bϕ(f)(z) = ϕ(Tz(f)), z ∈ C, f ∈ HΩ.

Îïðåäåëèì áèíàðíóþ îïåðàöèþ ⊗ â HΩ : (ϕ ⊗ ψ)(f) := ϕz(ψ(Tz(f)), ϕ,ψ ∈ H ′
Ω,

f ∈ HΩ. Ïî [1, � 3℄ ïðîèçâåäåíèå ϕ⊗ψ êîððåêòíî îïðåäåëåíî; îíî àññîöèàòèâíî è êîììó-

òàòèâíî. Êðîìå òîãî [1, ñëåäñòâèå 18℄, îòîáðàæåíèå κ(ϕ) := Bϕ ÿâëÿåòñÿ èçîìîð�èçìîì
àëãåáð (H ′

Ω,⊗) è K (D0) (â ïîñëåäíåé ââîäèòñÿ îáû÷íîå îïåðàòîðíîå óìíîæåíèå).

2. Îñíîâíîé ðåçóëüòàò

Êàê îáû÷íî, D(R) � ïðîñòðàíñòâî âñåõ áåñêîíå÷íî äè��åðåíöèðóåìûõ â R �óíêöèé

ñ êîìïàêòíûì íîñèòåëåì. Äëÿ îáîáùåííîé �óíêöèè u ∈ D′(R) ñèìâîë supp(u) îáîçíà-
÷àåò íîñèòåëü u. Îòìåòèì ñâîéñòâî ðàâíîìåðíîé îãðàíè÷åííîñòè íîñèòåëåé îáîáùåííûõ

�óíêöèé F−1(Tz(f)), z ∈ C, äëÿ �èêñèðîâàííîé �óíêöèè f ∈ HΩ.

Ëåììà 1. Äëÿ ëþáûõ m ∈ N f ∈ HΩ,m, z ∈ C, íîñèòåëè F−1(D0(f)) è F−1(Tz(f))
ñîäåðæàòñÿ â Km.

⊳ Ïðèìåíÿÿ ïðèíöèï ìàêñèìóìà ìîäóëÿ, ïîëó÷àåì, ÷òî ‖D0(f)‖m < +∞ è

sup
t∈C

|Tz(f)(t)|
(1 + |t|)m+1 exp(HKm(Im t))

< +∞.

Ïî òåîðåìå Ïýëè � Âèíåðà � Øâàðöà supp (F−1(D0(f))) ⊂ Km è supp (F−1(Tz(f))) ⊂
Km. ⊲

Äëÿ ëîêàëüíî âûïóêëîãî ïðîñòðàíñòâà X, ëèíåéíîãî íåïðåðûâíîãî îïåðàòîðà

A : X → X ýëåìåíò x ∈ X íàçûâàåòñÿ öèêëè÷åñêèì âåêòîðîì A â X, åñëè ñèñòåìà

{An(x) : n > 0} ïîëíà â X, ò. e. åå ëèíåéíàÿ îáîëî÷êà ïëîòíà â X.
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Ñëåäñòâèå 1. Îïåðàòîð D0 íå èìååò â HΩ íè îäíîãî öèêëè÷åñêîãî âåêòîðà.

⊳ Çà�èêñèðóåì f ∈ HΩ,m. Ïî ëåììå 1 íîñèòåëü êàæäîé îáîáùåííîé �óíêöèè

F−1(Dn
0 (f)), n > 0, ñîäåðæèòñÿ â Km. Âîçüìåì íåíóëåâóþ �óíêöèþ h ∈ D(R) òàêóþ,

÷òî (supp(h)) ∩ Km = ∅ è supp(h) ⊂ Ω. Òîãäà F−1(Dn
0 (f))(h) = 0 äëÿ ëþáîãî n > 0.

Çíà÷èò, ìíîæåñòâî

{
F−1(Dn

0 (f)) : n > 0
}
íå ÿâëÿåòñÿ ïîëíûì â ñèëüíîì ñîïðÿæåííîì

ê E (Ω), ñëåäîâàòåëüíî, ìíîæåñòâî {Dn
0 (f) : n > 0} íå ÿâëÿåòñÿ ïîëíûì â HΩ. ⊲

Ýòîò �àêò ïðèíöèïèàëüíî îòëè÷àåò ðàññìàòðèâàåìóþ çäåñü ñèòóàöèþ îò èçó÷åííûõ

ðàíåå. Îí âëå÷åò òàêæå, ÷òî ñåìåéñòâî ñîáñòâåííûõ çàìêíóòûõ D0-èíâàðèàíòíûõ ïîä-

ïðîñòðàíñòâ HΩ î÷åíü øèðîêîå.

Ïóñòü S(R) � ïðîñòðàíñòâî Øâàðöà âñåõ áåñêîíå÷íî äè��åðåíöèðóåìûõ �óíêöèé

h : R → C òàêèõ, ÷òî limt→∞(|t|k|f (k)(t)|) = 0 äëÿ ëþáîãî k ∈ N. Ñèìâîëîì FS îáî-

çíà÷èì ïðåîáðàçîâàíèå Ôóðüå, äåéñòâóþùåå â ïðîñòðàíñòâå S′(R) îáîáùåííûõ �óíêöèé
ìåäëåííîãî ðîñòà íà R.

Äëÿ h ∈ S(R) ââåäåì �óíêöèþ k(h)(z) :=
∫ +∞
−∞

h(t)
t−z dt, z ∈ C\R.

Ëåììà 2. Ïóñòü h ∈ S(R) è A :=
∫ +∞
−∞ h(t) dt. Òîãäà limz→∞,

z∈C\R
(zk(h)(z)) = −A.

Ýòî óòâåðæäåíèå ñîäåðæèòñÿ â [13, ãë. 4, � 71℄. Ïîñêîëüêó �óíêöèè h è h1(t) := th(t)
ïðèíàäëåæàò S(R), òî íàéäåòñÿ C > 0 òàêîå, ÷òî äëÿ ëþáûõ t1, t2 ∈ R, äëÿ êîòîðûõ

|t1|, |t2| > 1, âûïîëíÿþòñÿ íåðàâåíñòâà |h(t1) − h(t2)| 6 C
∣∣ 1
t1

− 1
t2

∣∣
è |h1(t1) − h1(t2)| 6

C
∣∣ 1
t1

− 1
t2

∣∣
(ò. å. â òåðìèíîëîãèè [13℄ h è h1 óäîâëåòâîðÿþò óñëîâèþ H âáëèçè ∞). Êðî-

ìå òîãî, ñóùåñòâóþò ïðåäåëû lim z→∞,
Im z>0

k(h1)(z) è lim z→∞,
Im z<0

k(h1)(z), ðàâíûå 0. Ïîýòîìó

limz→∞,
z∈C\R

(zk(h)(z)) = −A ïî [13, ñ. 260℄.

Çàìå÷àíèå 1. (i) Ïðåîáðàçîâàíèå F̃ : ϕ 7→ (ϕ(eλ), λ ∈ Ω) ÿâëÿåòñÿ òîïîëîãè÷å-

ñêèì èçîìîð�èçìîì ñèëüíîãî ñîïðÿæåííîãî ê HΩ íà E (Ω). Ïðè ýòîì F̃ � îòîáðàæåíèå,

ñîïðÿæåííîå ê F : E (Ω)′ → HΩ îòíîñèòåëüíî äóàëüíûõ ïàð (E (Ω)′,E (Ω)) è (HΩ,H
′
Ω).

Ïîëàãàåì ϕ̂ := F̃ (ϕ), ϕ ∈ H ′
Ω. Äëÿ ëþáûõ ϕ ∈ H ′

Ω, n > 0, ñïðàâåäëèâî ðàâåíñòâî

ϕ̂(n)(0) = ϕt(t
n).

(ii) Îïåðàöèÿ ⊗ ïîñðåäñòâîì F̃ : H ′
Ω → E (Ω) èíäóöèðóåò â E (Ω) ïðîèçâåäåíèå Äþà-

ìåëÿ, ò. å. ϕ̂⊗ ψ = ϕ̂ ∗ ψ̂, ãäå

(g ∗ h)(t) = d

dt

( t∫

0

g(t− τ)h(τ) dτ

)
= g(0)h(t) +

t∫

0

g′(t− τ)h(τ) dτ, g, h ∈ E (Ω).

(iii) Áèëèíåéíàÿ �îðìà 〈f, h〉 := F̃−1(h)(f), f ∈ HΩ, h ∈ E (Ω), çàäàåò äâîéñòâåííîñòü
ìåæäó HΩ è E (Ω). Ïðè ýòîì 〈f, h〉 = F−1(f)(h).

Ñîïðÿæåííûì ê îïåðàòîðó Bϕ : HΩ → HΩ, ϕ ∈ H ′
Ω, îòíîñèòåëüíî ýòîé äâîéñòâåííî-

ñòè ÿâëÿåòñÿ îïåðàòîð Aϕ̂ : E (Ω) → E (Ω), Aϕ̂(h) = ϕ̂ ∗ h.
Âûÿñíèì äàëåå, ïðè êàêèõ óñëîâèÿõ Bϕ ÿâëÿåòñÿ èçîìîð�èçìîì HΩ. Âíà÷àëå îõà-

ðàêòåðèçóåì èíúåêòèâíûå îïåðàòîðû Bϕ.

Ëåììà 3. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) Bϕ èíúåêòèâåí â HΩ.

(ii) ϕ̂(0) 6= 0.

⊳ (i)⇒(ii): Åñëè ϕ̂(0) = 0, òî Bϕ(1) = 0 (ñòîÿùàÿ â ñêîáêàõ �óíêöèÿ òîæäåñòâåííî

ðàâíà 1). Ïîýòîìó îïåðàòîð Bϕ íå ÿâëÿåòñÿ èíúåêòèâíûì.
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(ii)⇒(i): Ïóñòü f ∈ KerBϕ. Òîãäà ϕ(Tz(f)) = 0 äëÿ ëþáîãî z ∈ C. Ñëåäîâàòåëüíî,

F̃−1(ϕ̂)(Tz(f)) = 0 è F−1(Tz(f))(ϕ̂) = 0 äëÿ ëþáîãî z ∈ C. Ïî ëåììå 1 ñóùåñòâóåò

m ∈ N, äëÿ êîòîðîãî íîñèòåëè âñåõ îáîáùåííûõ �óíêöèé F−1(Tz(f)), z ∈ C, ñîäåðæàòñÿ

â Km. Âîçüìåì �óíêöèþ χ ∈ D(R) òàêóþ, ÷òî χ ðàâíà 1 â Km+1 è supp(χ) ⊂ Ω. Òîãäà
F−1(Tz(f)) (χϕ̂) = 0, z ∈ C. Òàêèì îáðàçîì,

F
−1
S (χϕ̂) (Tz(f) |R) = 0, z ∈ C.

Ôóíêöèÿ g := F
−1
S (χϕ̂) ïðèíàäëåæèò S(R) (ïðè ýòîì S(R) îòîæäåñòâëÿåòñÿ ñòàíäàðò-

íûì îáðàçîì ñ ïîäïðîñòðàíñòâîì S′(R)). Çíà÷èò,

+∞∫

−∞

tf(t)g(t)

t− z
dt = zf(z)

+∞∫

−∞

g(t)

t− z
dt, z ∈ C\R.

Ïîëîæèì

α(z) :=

+∞∫

−∞

tf(t)g(t)

t− z
dt, β(z) :=

+∞∫

−∞

g(t)

t− z
dt, z ∈ C\R.

Ïî ëåììå 2

lim
z→∞,z∈C\R

(zβ(z)) = −
+∞∫

−∞

g(t)dt = −χ(0)ϕ̂(0) 6= 0

(�óíêöèÿ tf(t)g(t), t ∈ R, ïðèíàäëåæèò S(R)). Ïîñêîëüêó limz→∞,
z∈C\R

α(z) = 0, òî

limz→∞ f(z) = 0 è, ñëåäîâàòåëüíî, f = 0. Çíà÷èò, KerBϕ = {0}. ⊲
Ââåäåì �óíêöèîíàëû δ0,n ∈ H ′

Ω, n > 0 : δ0,n(f) :=
in

n!f
(n)(0), f ∈ HΩ. Çàìåòèì, ÷òî

δ̂0,n(x) =
1
n!x

n
, x ∈ Ω, è κ(δ0,n) = Bδ0,n = Dn

0 [1, ëåììà 7℄ (îòîáðàæåíèå κ : H ′
Ω → K (D0)

ââåäåíî â � 1).

Ëåììà 4. Ïóñòü ϕ ∈ H ′
Ω è ϕ̂(j)(0) = 0, 0 6 j 6 n − 1, äëÿ íåêîòîðîãî n ∈ N. Òîãäà

ñóùåñòâóåò ψ ∈ H ′
Ω òàêîå, ÷òî ϕ = δ0,n ⊗ ψ. Åñëè ϕ̂(n)(0) 6= 0, òî ψ̂(0) 6= 0.

⊳ Ïîëîæèì ψ := F̃−1(ϕ̂(n)) è h := ϕ̂. Òîãäà

h(t) =
1

n!

d

dt

( t∫

0

(t− τ)nh(n)(τ) dξ

)
, t ∈ Ω,

ò. å. δ̂0,n ∗ h(n) = h. Îòñþäà ñëåäóåò ðàâåíñòâî ϕ = δ0,n ⊗ F̃−1(h(n)). ⊲

Ââåäåì äóàëüíûå ïðåäíîðìû â H ′
Ω: ‖ϕ‖∗n := sup f∈HΩ,

‖f‖n61

|ϕ(f)|, n ∈ N, ϕ ∈ H ′
Ω.

Òåîðåìà 2. Ñëåäóþùèå óòâåðæäåíèÿ ðàâíîñèëüíû:

(i) Bϕ ∈ K (D0,g0) � èçîìîð�èçì HΩ.

(ii) ϕ̂(0) 6= 0.

⊳ (ii)⇒(i): Èñïîëüçóåì ìåòîä äîêàçàòåëüñòâà Â. À. Òêà÷åíêî [6, òåîðåìà 2℄. Ïîñêîëüêó

äëÿ f ∈ HΩ, t 6= z
tf(t)− zf(z)

t− z
= f(z) + t

f(t)− f(z)

t− z
,

òî

Bϕ(f) = ϕ̂(0)f +B(f), B(f)(z) := ϕt(tDz(f)(t)), z ∈ C, f ∈ HΩ. (1)
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Ïîêàæåì, ÷òî B � ëèíåéíûé íåïðåðûâíûé îïåðàòîð â HΩ òàêîé, ÷òî äëÿ ëþáîãî

n ∈ N ñóæåíèå B íà HΩ,n � êîìïàêòíûé îïåðàòîð â HΩ,n. Çà�èêñèðóåì n ∈ N. Ïîëîæèì

Sn = {f ∈ HΩ,n : ‖f‖n 6 1}. Äëÿ ëþáîé �óíêöèè f ∈ Sn

|ϕt(tDz(f)(t))| 6 ‖ϕ‖∗n+1 sup
t∈C

|t||Dz(f)(t)|
(1 + |t|)n+1 exp(HKn+1(Im t))

. (2)

Çà�èêñèðóåì ε > 0. Åñëè z ∈ C, |t− z| > 1
ε , òî äëÿ ëþáîé �óíêöèè f ∈ Sn

|t||Dz(f)(t)|
(1 + |t|)n+1 exp(HKn+1(Im t))

=
|t||f(t)− f(z)|

|t− z|(1 + |t|)n+1 exp(HKn+1(Im t))

6 ε

( |t|
1 + |t| + (1 + |z|)n exp(HKn(Im z))

)
6 2ε(1 + |z|)n exp(HKn(Im z)).

(3)

Åñëè æå |t − z| 6 1
ε äëÿ z ∈ C, òî äëÿ ëþáîé �óíêöèè f ∈ Sn ïî ïðèíöèïó ìàêñèìóìà

ìîäóëÿ íàéäåòñÿ w ∈ C òàêîå, ÷òî |w − z| = 1
ε è âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

|t||Dz(f)(t)|
(1 + |t|)n+1 exp(HKn+1(Im t))

6 ε
1

(1 + |t|)n exp(HKn+1(Im t))

×((1 + |w|)n exp(HKn(Imw)) + (1 + |z|)n exp(HKn(Im z)))

6 ε

((
1 + (2/ε) + |t|

1 + |t|

)n
exp

(
2Cn
ε

)
+ (1 + |z|)n exp(HKn(Im z))

)

6 ε

((
1 +

2

ε

)n
exp

(
2Cn
ε

)
+ (1 + |z|)n exp(HKn(Im z))

)
,

(4)

ãäå Cn := max|ξ|=1HKn(Im ξ) < +∞. Èç (2)�(4) ñëåäóåò, ÷òî

lim
z→∞

sup
f∈Sn

|B(f)(z)|
(1 + |z|)n exp(HKn(Im z))

= 0.

Ïîñëåäíåå âëå÷åò îòíîñèòåëüíóþ êîìïàêòíîñòü B(Sn) â HΩ,n. Ïî ëåììå 3 îïåðàòîð Bϕ
èíúåêòèâåí. Ïîñêîëüêó ϕ̂(0) 6= 0, òî âñëåäñòâèå (1) îí ÿâëÿåòñÿ èçîìîð�èçìîì êàæäîãî

ïðîñòðàíñòâà HΩ,n, n ∈ N. Îòñþäà ñëåäóåò, ÷òî Bϕ � èçîìîð�èçì HΩ.

(i)⇒(ii): Åñëè ϕ̂(0) = 0, òî ïî ëåììå 3 Bϕ íå ÿâëÿåòñÿ èíúåêòèâíûì. ⊲

Ñëåäñòâèå 2. Ïóñòü ϕ ∈ H ′
Ω è ϕ̂(j)(0) = 0, 0 6 j 6 n− 1, ϕ̂(n)(0) 6= 0 äëÿ íåêîòîðîãî

n ∈ N. Òîãäà ñóùåñòâóåò ψ ∈ H ′
Ω, äëÿ êîòîðîãî Bϕ = Dn

0Bψ è Bψ � òîïîëîãè÷åñêèé

èçîìîð�èçì HΩ. Êðîìå òîãî, Bϕ : HΩ → HΩ èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé

îáðàòíûé.

⊳ Ïî ëåììå 4 ñóùåñòâóåò ψ ∈ H ′
Ω òàêîå, ÷òî ϕ = δ0,n ⊗ ψ è ψ̂(n)(0) 6= 0. Òîãäà

Bϕ = Bδ0,nBψ = Dn
0Bψ = BψD

n
0 . Ïî òåîðåìå 2 Bψ � èçîìîð�èçì HΩ. Ïîñêîëüêó îïå-

ðàòîð Dn
0 : HΩ → HΩ ñþðúåêòèâåí, ÿäðî KerBϕ = KerDn

0 n-ìåðíî (à çíà÷èò, òîïî-

ëîãè÷åñêè äîïîëíèìî â HΩ), òî Bϕ : HΩ → HΩ èìååò ëèíåéíûé íåïðåðûâíûé ïðàâûé

îáðàòíûé. ⊲

Îáðàòèìñÿ òåïåðü ê äðóãîé êðàéíåé ñèòóàöèè, êîãäà �óíêöèÿ ϕ̂ ÿâëÿåòñÿ ¾î÷åíü¿

ïëîñêîé â íà÷àëå êîîðäèíàò, ò. å. îíà ðàâíà 0 â íåêîòîðîé îäíîñòîðîííåé îêðåñòíîñòè

íà÷àëà êîîðäèíàò.

Çàìå÷àíèå 2. �àññìîòðèì ñëó÷àé, êîãäà èíòåðâàë Ω îòëè÷åí îò ïðÿìîé R. Òîãäà

Ω = (ω−, ω+), ãäå õîòÿ áû îäíî èç ω−
, ω+

êîíå÷íî. Ïóñòü, íàïðèìåð, ω+ ∈ (0,+∞).
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Ïðåäïîëîæèì, ÷òî ϕ̂ = 0 â íåêîòîðîé ïðàâîñòîðîííåé îêðåñòíîñòè íà÷àëà êîîðäèíàò.

Òîãäà íàéäåòñÿ íåíóëåâàÿ �óíêöèÿ h ∈ E (Ω) òàêàÿ, ÷òî h = 0 â (ω+, ω0] äëÿ íåêîòîðîãî
ω0 ∈ (0, ω+) è

∫ t
0 ϕ̂(t − τ)h(τ) dτ = 0 äëÿ ëþáîãî t ∈ Ω. Çíà÷èò, Aϕ̂(h) = ϕ̂ ∗ h = 0.

Îïåðàòîð Aϕ̂ : E (Ω) → E (Ω) ÿâëÿåòñÿ ñîïðÿæåííûì ê Bϕ : HΩ → HΩ (îòíîñèòåëüíî

äóàëüíîé ïàðû (HΩ,E (Ω))). Òàê êàê Aϕ̂ íåèíúåêòèâåí, òî ïî [14, ãë. 8, � 8.6℄ ImBϕ íå

ÿâëÿåòñÿ ïëîòíûì â HΩ è, òåì áîëåå, Bϕ : HΩ → HΩ íåñþðúåêòèâåí.

Àíàëîãè÷íî, åñëè ω−
êîíå÷íî è ϕ̂ = 0 â íåêîòîðîé ëåâîñòîðîííåé îêðåñòíîñòè íà÷àëà,

òî îïåðàòîð Bϕ : HΩ → HΩ íåñþðúåêòèâåí, ïðè÷åì åãî îáðàç äàæå íå ïëîòåí â HΩ.

Ïðèâåäåííûå ðàññóæäåíèÿ èìåþò íåïîñðåäñòâåííîå îòíîøåíèå ê òåîðåìå Òèò÷ìàðøà

î ñâåðòêå [15℄. Åå äîêàçàòåëüñòâî ñ èñïîëüçîâàíèåì òîëüêî òåîðèè �óíêöèé âåùåñòâåí-

íîãî ïåðåìåííîãî äàíî â [16, ãë. II℄, â [17℄ îíî ïðîâåäåíî ìåòîäàìè �óíêöèîíàëüíîãî

àíàëèçà. Î äåëèòåëÿõ íóëÿ ñâåðòêè Äþàìåëÿ ðå÷ü èäåò â ìîíîãðà�èè È. Äèìîâñêîãî

[18, � 1.1℄.
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Abstra
t. In the spa
e of entire fun
tions of exponential type representing a strong dual to a Fre
het

spa
e of in�nitely di�erentiable fun
tions on a real interval 
ontaining the origin, linear 
ontinuous operators


ommuting with the Pommiez operator are investigated. They are given by a 
ontinuous linear fun
tional on

this spa
e of entire fun
tions and hen
e, up to the adjoint of the Fourier�Lapla
e transform, by an in�nite

di�erentiable fun
tion on the initial interval. A 
omplete 
hara
terization of linear 
ontinuous fun
tionals

de�ning isomorphisms by virtue of the indi
ated 
orresponden
e is given. It is proved that isomorphisms are

determined by fun
tions that do not vanish at the origin (and only by them). An essential role in proving the


orresponding 
riterion is played by a method exploiting the theory of 
ompa
t operators in Bana
h spa
es.

The 
lass of those fun
tions in�nitely di�erentiable on the 
onsidered interval that de�ne the operators from the

mentioned 
ommutant 
lose to isomorphisms is distinguished. Su
h operators have �nite-dimensional kernels.

For an interval other than a straight real line, we also de�ne the 
lass of operators from the 
ommutant of the

Pommiez operator that are not surje
tive. The adjoint of a 
ontinuous linear operator that 
ommutes with

Pommiez operators is realized in the spa
e of in�nitely di�erentiable fun
tions as an operator obtained by

�xing one fa
tor in the Duhamel produ
t. The essential di�eren
e of the situation under 
onsideration from

the previously studied one is the absen
e of 
y
li
 ve
tors of the Pommiez operator in the 
onsidered spa
e of

entire fun
tions.

Key words: Pommiez operator, entire fun
tion of exponential type, spa
e of in�nitely di�erentiable

fun
tions, 
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Àííîòàöèÿ. Èññëåäîâàíà âèäîèçìåíåííàÿ çàäà÷à Êîøè äëÿ ÷åòûðåõìåðíîãî óðàâíåíèÿ âòîðîãî

ïîðÿäêà ãèïåðáîëè÷åñêîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì è ñ îïåðàòîðîì Áåññåëÿ. Â óðàâíåíèè

ïî âñåì ïåðåìåííûì ó÷àñòâóåò ñèíãóëÿðíûé äè��åðåíöèàëüíûé îïåðàòîð Áåññåëÿ. Äëÿ ðåøåíèÿ

ñ�îðìóëèðîâàííîé çàäà÷è, ïðèìåíåí îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà äðîáíîãî ïîðÿäêà.

Äîêàçàíà �îðìóëà âû÷èñëåíèÿ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà îò îáîáùåííîãî îïåðàòîðà Ýðäåéè �

Êîáåðà, êîòîðàÿ ïðèìåíÿåòñÿ ïðè èññëåäîâàíèè ñ�îðìóëèðîâàííîé çàäà÷è. �àññìàòðèâàåòñÿ òàêæå

êîí�ëþýíòíàÿ ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ ÷åòûðåõ ïåðåìåííûõ îáîáùàþùàÿ �óíêöèþ �óìáåð-

òà è äîêàçûâàåòñÿ íåêîòîðûå åå ñâîéñòâà. Ïðèíèìàÿ âî âíèìàíèå äîêàçàííûå ñâîéñòâà îïåðàòîðà

Ýðäåéè � Êîáåðà è êîí�ëþýíòíîé ãèïåðãåîìåòðè÷åñêîé �óíêöèè, ðåøåíèå âèäîèçìåíåííîé çàäà-

÷è Êîøè ïðåäñòàâëåíî â êîìïàêòíîé èíòåãðàëüíîé �îðìå, êîòîðàÿ îáîáùàåò �îðìóëó Êèðõãî�à.

Ïîëó÷åííàÿ �îðìóëà ïîçâîëÿåò íåïîñðåäñòâåííî óñìîòðåòü õàðàêòåð çàâèñèìîñòè ðåøåíèÿ îò íà-

÷àëüíûõ �óíêöèé è â ÷àñòíîñòè, óñòàíîâèòü óñëîâèÿ ãëàäêîñòè êëàññè÷åñêîãî ðåøåíèÿ. Â ðàáîòå

òàêæå ñîäåðæèòñÿ êðàòêîå èñòîðè÷åñêîå âñòóïëåíèå â äè��åðåíöèàëüíûå óðàâíåíèÿ ñ îïåðàòîðàìè

Áåññåëÿ.

Êëþ÷åâûå ñëîâà: çàäà÷à Êîøè, äè��åðåíöèàëüíûé îïåðàòîð Áåññåëÿ, îáîáùåííûé îïåðàòîð Ýð-

äåéè � Êîáåðà äðîáíîãî ïîðÿäêà.

Mathemati
al Subje
t Classi�
ation (2000): 35L15.

1. Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ïóñòü x = (x1, x2, . . . , xn) � òî÷êà n-ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà Rn; Ω = {(x, t) :
x ∈ Rn, t ∈ R, xk > t > 0, k = 1, . . . , n }, Rn+ = {x ∈ Rn : xk > 0, k = 1, . . . , n }.
�àññìîòðèì âèäîèçìåíåííóþ çàäà÷ó Êîøè äëÿ óðàâíåíèÿ

Lλα,β(u) ≡
∂2u

∂t2
+

2β

t

∂u

∂t
−

n∑

k=1

(
∂2u

∂x2k
+

2αk
xk

∂u

∂xk

)
+ λ2u = 0, (x, t) ∈ Ω, (1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = f(x), lim
t→+0

t2βut(x, t) = g(x), x ∈ R
n
+, (2)

ãäå f(x) è g(x) � çàäàííûå íåïðåðûâíûå �óíêöèè, à αk, β, λ ∈ R, ïðè÷åì 0 < αk < 1,
k = 1, . . . , n, 0 < β < 1

2 .
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Óðàâíåíèå (1) ïðè ðàçëè÷íûõ çíà÷åíèÿõ n, β, λ è αk, k = 1, . . . , n, âîçíèêàåò âî ìíîãèõ
êëàññè÷åñêèõ çàäà÷àõ ãåîìåòðèè, ïðèêëàäíîé ìàòåìàòèêè è �èçèêè, êîòîðûå èçó÷àþò-

ñÿ â òå÷åíèå áîëåå ÷åì äâóõ ñòîëåòèé ñî âðåìåí Ýéëåðà. Äè��åðåíöèàëüíîå óðàâíåíèå

ñ ñèíãóëÿðíûìè êîý��èöèåíòàìè ïðè ìëàäøèõ ÷ëåíàõ âïåðâûå ðàññìîòðåíî Ýéëåðîì

â ðàáîòå [1℄ â ñâÿçè ñ èçó÷åíèåì äâèæåíèÿ âîçäóõà â òðóáàõ ðàçíîãî ñå÷åíèÿ è êîëåáàíèé

ñòðóí ïåðåìåííîé òîëùèíû, êîòîðîå çàìåíîé ïåðåìåííûõ ñâîäèòñÿ ê óðàâíåíèþ (1) ïðè

n = 1, β 6= 0, α1 6= 0, λ = 0. Îáùåå ðåøåíèå àíàëîãè÷íîãî óðàâíåíèÿ, ðàññìîòðåííîå

Ýéëåðîì, ïðè n = 1, α1 = β, λ = 0 íàøåë Á. �èìàí [2℄, ïîñòðîèâøèé ðåøåíèå çàäà÷è Êî-
øè ñ ïîìîùüþ âñïîìîãàòåëüíîé �óíêöèè è ìåòîäîì, êîòîðûé âïîñëåäñòâèè áûë íàçâàí

åãî èìåíåì. Óðàâíåíèå (1) ïðè n = 1, β 6= 0, α1 = 0, λ = 0 ïîçæå ðàññìàòðèâàë Ïóàñ-

ñîí [3℄, íàéäÿ äëÿ íåãî ãèïåðáîëè÷åñêèé àíàëîã ïðåäñòàâëåíèÿ ðåøåíèé, íàçûâàåìûé

ïðåäñòàâëåíèåì Ïóàññîíà. Â ýòîé ðàáîòå îí òàêæå ðàññìîòðåë óðàâíåíèå (1) ïðè n = 3,
β = 1, αk = 0, k = 1, 2, 3, λ = 0. Çíà÷èòåëüíî ïîçæå óðàâíåíèå (1) ïðè n = 1, α1 = 0,
λ = 0 è 0 < β < 1/2 âñòðå÷àëîñü ïðè èññëåäîâàíèè âîïðîñîâ êðèâèçíû ïîâåðõíîñòåé

â ìîíîãðà�èè �. Äàðáó [4℄, ãäå îíî íàçâàíî óðàâíåíèåì Ýéëåðà � Ïóàññîíà. Ïîýòîìó

âïîñëåäñòâèè ìíîãèå àâòîðû ñòàëè íàçûâàòü óðàâíåíèÿ âèäà (1) è èõ ýëëèïòè÷åñêèå

àíàëîãè óðàâíåíèÿìè Ýéëåðà � Ïóàññîíà � Äàðáó.

Âàæíûé ÷àñòíûé ñëó÷àé óðàâíåíèÿ (1) ïðè n = 1, β = 1/6, α1 = 0, λ = 0 ÿâëÿåò-

ñÿ îñíîâíûì îáúåêòîì èññëåäîâàíèÿ ðàáîòû [5℄. Ïîëó÷åííûå çäåñü ðåçóëüòàòû ñûãðàëè

êëþ÷åâóþ ðîëü ïðè èçó÷åíèè êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî ýëëèïòèêî-

ãèïåðáîëè÷åñêîãî òèïà yuxx + uyy = 0, íàçâàííîãî âïîñëåäñòâèè óðàâíåíèåì Òðèêîìè.

Â ñâÿçè ñ ýòèì èññëåäîâàíèþ ðàçíûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïðè n = 1 ïîñâÿùåíî î÷åíü
ìíîãî ðàáîò. Êðîìå òîãî, òåîðèÿ óðàâíåíèé, ïî îäíîé èç ïåðåìåííûõ êîòîðîé äåéñòâóåò

ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ

B(x)
η = x−2η−1 d

dx
x2η+1 d

dx
=

d2

dx2
+

2η + 1

x

d

dx
, (3)

òåñíî ñâÿçàíà ñ òåîðèåé âûðîæäàþùèõñÿ óðàâíåíèé. Çíà÷èòåëüíûå ðåçóëüòàòû ïî èñ-

ñëåäîâàíèþ âûðîæäàþùèõñÿ äè��åðåíöèàëüíûõ óðàâíåíèé è óðàâíåíèé ñìåøàííîãî

òèïà ïîëó÷åíû â ðàáîòàõ Ô. Òðèêîìè, Ñ. �åëëåðñòåäòà, Ô. È. Ôðàíêëÿ, Ì. Â. Êåë-

äûøà, Ê. È. Áàáåíêî, À. Â. Áèöàäçå, Î. À. Îëåéíèêà, Â. À. Èëüèíà, Å. È. Ìîèñååâà,

È. À. Êèïðèÿíîâà, Ì. Ì. Ñìèðíîâà, À. Ì. Íàõóøåâà, Â. È. Æåãàëîâà, Ñ. Ï. Ïóëüêèíà,

Â. Ô. Âîëêîäàâîâà, Ê. Á. Ñàáèòîâà, À. È. Êîæàíîâà, Ò. Ø. Êàëüìåíîâà, Ì. Ñ. Ñàëîõèò-

äèíîâà, Ò. Ä. Äæóðàåâà, Í. �. �àäæàáîâà è èõ ó÷åíèêîâ è ïîñëåäîâàòåëåé. Áîëåå ïîäðîá-

íóþ èí�îðìàöèþ îá ýòîì íàïðàâëåíèè ìîæíî íàéòè â ìîíîãðà�èÿõ À. Â. Áèöàäçå [6℄,

Ì. Ì. Ñìèðíîâà [7℄, À. Ì. Íàõóøåâà [8℄, �. Êýððîëà è �. Øîóîëòåðà [9℄, Ì. Ñ. Ñàëîõèò-

äèíîâà è Ì. Ìèðñàáóðîâà [10℄ è äð.

Óðàâíåíèå (1) â ñëó÷àå, êîãäà ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ (3) äåéñòâóåò ïî âðå-

ìåííîé ïåðåìåííîé (n > 1, β 6= 0, αk = 0, k = 1, . . . , n, λ = 0), èññëåäîâàíî ê íàñòîÿùåìó
âðåìåíè äîñòàòî÷íî ïîëíî. Ñþäà òàêæå ñëåäóåò îòíåñòè âñå ðàáîòû, ñâÿçàííûå ñ èçó-

÷åíèåì ïðèíöèïà �þéãåíñà äëÿ óðàâíåíèÿ Ýéëåðà � Ïóàññîíà � Äàðáó. Îáçîð ýòèõ

èññëåäîâàíèé ìîæíî íàéòè â ðàáîòàõ À. Âåéíøòåéíà [11℄, Þíãà [12℄, È. À. Êèïðèÿíîâà

è Ë. À. Èâàíîâà [13℄, Ñ. À. Òåðñåíîâà [14℄, Ñ. À. Àëäàøåâà [15℄ è äð.

Çàäà÷à Êîøè äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ (3)

äåéñòâóåò ïî íåñêîëüêèì èëè âñåì ïåðåìåííûì, èññëåäîâàíà ìàëî. Èìååòñÿ ðÿä ðåçóëü-

òàòîâ, ñâÿçàííûõ â îñíîâíîì ñ èçó÷åíèåì íàëè÷èÿ ïðèíöèïà �þéãåíñà (ñì. [16�18℄).

Â äàííîé ðàáîòå äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðèìåíåí îáîáùåííûé îïåðàòîð

èíòåãðèðîâàíèÿ äðîáíîãî ïîðÿäêà Ýðäåéè � Êîáåðà [19℄. Ïðèìåíåíèå ýòîãî îïåðàòîðà
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ïîçâîëÿåò ñâîäèòü óðàâíåíèÿ ñî ñïåêòðàëüíûì ïàðàìåòðîì è ñ ñèíãóëÿðíûì îïåðàòîðîì

Áåññåëÿ, êîòîðûé äåéñòâóåò ïî îäíîé èëè íåñêîëüêèì ïåðåìåííûì, ê íåñèíãóëÿðíûì

óðàâíåíèÿì áåç ñïåêòðàëüíîãî ïàðàìåòðà.

Â ðàáîòå [20℄ ïðè n > 2, λ 6= 0, αk = 0, k = 1, . . . , n, è ðàçëè÷íûõ çíà÷åíèÿõ ïàðà-

ìåòðà β ïîëó÷åíû ÿâíûå �îðìóëû ðåøåíèÿ âèäîèçìåíåííîé çàäà÷è Êîøè ñ ïðèìåíåíè-

åì îäíîìåðíîãî îáîáùåííîãî îïåðàòîðà Ýðäåéè � Êîáåðà äðîáíîãî ïîðÿäêà. Â ðàáîòàõ

[21, 22℄ ïðè n = 1, 2, 0 < β < 1/2, λ 6= 0 è αk 6= 0, k = 1, 2, ïîñòðîåíû ÿâíûå �îðìóëû

ðåøåíèÿ çàäà÷è Êîøè (1), (2) ñ ïðèìåíåíèåì ìíîãîìåðíîãî îïåðàòîðà Ýðäåéè � Êîáåðà,

êîòîðûå ââåäåíû è èññëåäîâàíû â ðàáîòå [23℄. Çäåñü òàêæå èññëåäîâàíà çàäà÷à Êîøè (1),

(2) ïðè n = 3, αk 6= 0, k = 1, 2, 3, β = 0, λ = 0. Â íàñòîÿùåé ðàáîòå ïðè n = 3, èñïîëüçóÿ
îáîáùåííûé îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ Ýðäåéè � Êîáåðà, ïîñòðîåíî â ÿâíîì

âèäå ðåøåíèå çàäà÷è Êîøè (1), (2), êîãäà â óðàâíåíèè (1) ïî âñåì ïåðåìåííûì äåéñòâóåò

ñèíãóëÿðíûé îïåðàòîð Áåññåëÿ, ò. å. ïðè αk 6= 0, k = 1, 2, 3, β 6= 0, λ 6= 0.

2. Îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà è åãî ñâîéñòâà

Â ðàáîòå [19℄ áûë ââåäåí è èññëåäîâàí îáîáùåííûé îïåðàòîð Ýðäåéè � Êîáåðà

Jλ(η, α)f(x) = 2αλ1−αx−2α−2η

x∫

0

t2η+1
(
x2 − t2

)(α−1)/2
Jα−1

(
λ
√
x2 − t2

)
f(t) dt, (4)

ãäå η, α, λ ∈ R, ïðè÷åì α > 0, η > −(1/2); Jν(z) � �óíêöèÿ Áåññåëÿ ïîðÿäêà ν.
Îñíîâíûå ñâîéñòâà îïåðàòîðà (4), ìîæíî íàéòè â ðàáîòàõ [19, 24℄. Ïðèâåäåì íåêîòî-

ðûå èç ýòèõ ñâîéñòâ.

1. Î÷åâèäíî, ÷òî â ïðåäåëå ïðè λ→ 0, îïåðàòîð (4) ñîâïàäàåò ñ îáû÷íûì îïåðàòîðîì

Ýðäåéè � Êîáåðà

Iη,αf(x) =
2x−2(η+α)

Γ(α)

x∫

0

(
x2 − t2

)α−1
t2η+1f(t) dt,

ãäå Γ(·) � ãàììà-�óíêöèÿ Ýéëåðà.

2. Ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:

Jiλ(η + α, β)Jiλ(η, α) = Jλ(η + α, β)Jiλ(η, α) = Iη,α+β,

ãäå i � ìíèìàÿ åäèíèöà, à α, β, λ ∈ R.

3. Èç ïîñëåäíåãî ðàâåíñòâà, âîñïîëüçîâàâøèñü ñâîéñòâîì J0(η, 0) = E, ãäå E � åäè-

íè÷íûé îïåðàòîð, ìîæíî äîîïðåäåëèòü îïåðàòîð Jλ(η, α) ïðè α < 0, ñëåäóþùèì îáðàçîì:

Jλ(η, α)f(x) = x−2(η+α)

(
d

2xdx

)m
x2(η+α+m)Jλ(η, α +m)f(x),

ãäå −m < α < 0, m = 1, 2, . . .
4. Èç ñâîéñòâ 2 è 3 âûòåêàþò ñëåäóþùèå ñîîòíîøåíèÿ äëÿ îáðàòíîãî îïåðàòîðà:

J−1
iλ (η, α) = Jλ(η + α− α), J−1

λ (η, α) = Jiλ(η + α− α).

Ëåììà 1 [25℄. Ïóñòü α > 0, f(x) ∈ C2(0, b), b > 0, �óíêöèÿ x2η+1f(x) èíòåãðèðóåìà
â îêðåñòíîñòè íóëÿ è x2η+1f ′(x) → 0 ïðè n→ 0. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

(
B

(x)
η+α + λ2

)
Jλ(η, α)f(x) = Jλ(η, α)B

(x)
η f(x). (5)
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Â äàëüíåéøåì íàì ïîíàäîáèòñÿ ñëåäóþùèé âèä îïåðàòîðà (4):

Jλ(η, α)f(x) =
2x−2(α+η)

Γ(α)

x∫

0

t2η+1
(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)
f(t) dt, (6)

ãäå J̄v(z) � �óíêöèÿ Áåññåëÿ � Êëè��îðäà [23℄:

J̄v(z) = Γ(v + 1)(z/2)−vJv(z) = 0F1(ν + 1;−z2/4) =
∞∑

k=0

(−z2/4)k
(ν + 1)kk!

. (7)

Òåïåðü, äîêàæåì îäíî ñâîéñòâî îïåðàòîðà (4), íåîáõîäèìîå äëÿ äàëüíåéøåãî èññëå-

äîâàíèÿ. Ïóñòü D0
η = E,

Dη = x−2η

(
1

x

d

dx

)
x2η, Dm

η = Dm−1
η Dη, Dm

η = x−2η

(
1

x

d

dx

)m
x2η .

Òåîðåìà 1. Åñëè α > 0, η > −(1/2), f(x) ∈ Cm(0, b), b > 0, �óíêöèè x2η+1Dk+1
η f(x)

èíòåãðèðóåìû â íóëå è limx→0 x
2ηDk

ηf(x) = 0, k = 0, . . . ,m− 1, òî âåðíî ðàâåíñòâî

Dm
η+αJλ(η, α)f(x) = Jλ(η, α)D

m
η f(x). (8)

⊳ Òåîðåìó äîêàæåì ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïî m.

Ïîêàæåì, ÷òî ðàâåíñòâî (8) ñïðàâåäëèâî ïðè m = 1, ò. å., ÷òî

Dη+αJλ(η, α)f(x) = Jλ(η, α)Dηf(x). (9)

�àññìîòðèì �óíêöèþ

Dη+αJλ(η, α)f(x) =
2x−2(η+α)

Γ(α)
lim
ε→0

Fε(x),

ãäå ε � äîñòàòî÷íî ìàëîå ïîëîæèòåëüíîå äåéñòâèòåëüíîå ÷èñëî, à

Fε(x) =

(
1

x

d

dx

) x−ε∫

0

(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)
t2η+1f(t) dt.

Ïðèìåíÿÿ ïðàâèëî äè��åðåíöèðîâàíèÿ èíòåãðàëà, ïîëó÷àåì

Fε(x) =
εα−1

x
(2x− ε)α−1J̄α−1

(
λ
√
ε(2x− ε)

)
(x− ε)2η+1f(x− ε)

+

x−ε∫

0

(
1

x

d

dx

)[(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)]
t2η+1f(t) dt.

Äàëåå, ó÷èòûâàÿ ëåãêî ïðîâåðÿåìîå ðàâåíñòâî

(
1

x

d

dx

)[(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)]
= −

(
1

t

d

dt

)[(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)]
,
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èìååì

Fε(x) =
εα−1

x
(2x− ε)α−1J̄α−1

(
λ
√
ε(2x − ε)

)
(x− ε)2η+1f(x− ε)

−
x−ε∫

0

(
d

dt

)[(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)]
t2ηf(t) dt.

Ïðèìåíÿÿ ê ïîñëåäíåìó èíòåãðàëó ïðàâèëî èíòåãðèðîâàíèÿ ïî ÷àñòÿì è ïðèíèìàÿ âî

âíèìàíèå óñëîâèå òåîðåìû 1, ïîñëå ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ, ïîëó÷àåì

Fε(x) =
−εα

x(x− ε)
(2x− ε)α−1J̄α−1

(
λ
√
ε(2x − ε)

)
(x− ε)2η+1f(x− ε)

+

x−ε∫

0

[(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)]
t2η+1Dηf(t) dt.

Îòñþäà â ñèëó α > 0 ïðè ε→ 0 ïîëó÷èì ðàâåíñòâî (9).

Ïðåäïîëîæèì, ÷òî ðàâåíñòâî (8) ñïðàâåäëèâî ïðè m = k. Äîêàæåì, ÷òî îíî âåðíî è
ïðè m = k + 1. Ñ ýòîé öåëüþ ðàññìîòðèì ëåâóþ ÷àñòü ðàâåíñòâà (8) ïðè m = k + 1:

Dk+1
η+αJλ(η, α)f(x) = Dη+αD

k
η+αJλ(η, α)f(x).

Ïî ïðåäïîëîæåíèþ èíäóêöèè ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1

Dη+αD
k
η+αJλ(η, α)f(x) = Dη+αJλ(η, α)D

k
ηf(x).

Â ïðàâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà, ïðèìåíÿÿ �îðìóëó (9) ê �óíêöèÿì Dk
ηf(x), ïî-

ëó÷èì

Dk+1
η+αJλ(η, α)f(x) = Jλ(η, α)D

k+1
η f(x). ✄

Ñëåäñòâèå 1. Ïóñòü η = 0, α > 0, f(x) ∈ Cm(0, b), b > 0, �óíêöèè d
dx

(
1
x
d
dx

)k
f(x)

èíòåãðèðóåìû â íóëå è limx→0

(
1
x
d
dx

)k
f(x) = 0, k = 0, . . . ,m− 1. Òîãäà

(
1

x

d

dx

)m x∫

0

(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

)
f(t)t dt

=

x∫

0

(
x2 − t2

)α−1
J̄α−1

(
λ
√
x2 − t2

) [(1

t

d

dt

)m
f(t)

]
t dt. (10)

3. Ïðèëîæåíèå îïåðàòîðà Ýðäåéè � Êîáåðà ê ðåøåíèþ çàäà÷è (1), (2)

Ïóñòü n = 3. Ñíà÷àëà ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ óðàâ-

íåíèÿ

Lλα,β(u) ≡
∂2u

∂t2
+

2β

t

∂u

∂t
−

3∑

k=1

(
∂2u

∂x2k
+

2αk
xk

∂u

∂xk

)
+ λ2u = 0, (x, t) ∈ Ω, (1′)
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óäîâëåòâîðÿþùåãî ïîëóîäíîðîäíûì íà÷àëüíûì óñëîâèÿì

u1(x, 0) = f(x), ut(x, 0) = 0, x ∈ R
3
+. (11)

Ïðåäïîëîæèì, ÷òî ðåøåíèå ýòîé çàäà÷è ñóùåñòâóåò. Ýòî ðåøåíèå èùåì â âèäå

u1(x, t) = J
(t)
λ (−1/2, β)U(x, t), (12)

ãäå U(x, t) � íåèçâåñòíàÿ, äâàæäû íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ, âåðõíèé

èíäåêñ t â îïåðàòîðå îçíà÷àåò ïåðåìåííóþ, ïî êîòîðîé äåéñòâóåò ýòîò îïåðàòîð.

Ïîäñòàâèì (12) â óðàâíåíèå (1′) è íà÷àëüíûå óñëîâèÿ (11), à çàòåì, èñïîëüçóÿ ëåììó 1,
ïîëó÷èì çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ U(x, t) óðàâíåíèÿ

∂2U

∂t2
−

3∑

k=1

(
∂2U

∂x2k
+

2αk
xk

∂U

∂xk

)
= 0, (13)

óäîâëåòâîðÿþùåãî íà÷àëüíûì óñëîâèÿì

U(x, 0) = k0f(x), x ∈ R
3
+, Ut(x, 0) = 0, x ∈ R

3
+, (14)

ãäå k0 = Γ[β + (1/2)]/
√
π.

�åøåíèå çàäà÷è (13), (14) èìååò âèä [23℄

U(x, t) =
k0t

4π

(
1

t

∂

∂t

)2

U0(x, t), (15)

ãäå

U0(x, t) =

∫∫∫

|ξ−x|<t

f(ξ)R(ξ;x, t;α) dξ, (16)

R(ξ;x, t;α) =
3∏

k=1

(
ξk
xk

)αk

F
(3)
B (α1, α2, a3; 1− α1, 1− α2, 1− a3; 1;ω1, ω2, ω3), (17)

F
(3)
B (α1, α2, a3; 1−α1, 1−α2, 1− a3; 1;ω1, ω2, ω3) � ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ Ëàóðè-

÷åëëû òðåõ ïåðåìåííûõ [26℄ ωk = [t2−r2]/(4ξkxk), r2 = |ξ−x|2 =∑3
k=1 (ξk − xk)

2
, ïðè÷åì

0 6 ωk < (1/2), k = 1, 2, 3.
Ïåðåõîäÿ â ðàâåíñòâå (16) ê ñ�åðè÷åñêèì êîîðäèíàòàì ξ = x+ ρz, ãäå ξk = xk + ρzk,

k = 1, 2, 3, z1 = sin θ cosϕ, z2 = sin θ sinϕ, z3 = cos θ, 0 6 θ 6 π, 0 6 ϕ 6 2π, 0 < ρ < t,
ìîæíî ïîêàçàòü, ÷òî

U0(x, 0) = 0, lim
t→0

(
1

t

∂

∂t

)
U0(x, t) = 0. (18)

Äåéñòâèòåëüíî, â ñ�åðè÷åñêèõ êîîðäèíàòàõ ðàâåíñòâî (16) ïðèìåò âèä

U0(x, t) =

t∫

0

ρ2F (x, t; ρ) dρ = t3
1∫

0

µ2F (x, t;µt) dµ, (19)

ãäå

F (x, t; ρ) =

2π∫

0

π∫

0

f(x+ ρz)R(x+ ρz;x, t;α) sin θ dθ dϕ,

�óíêöèÿ R(ξ;x, t;α) îïðåäåëÿåòñÿ ðàâåíñòâîì (17), â êîòîðîì ξ = x+ ρz.
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Ó÷èòûâàÿ, ÷òî ïðè t→ 0, òàêæå ρ→ 0 è R(x;x, 0;α) = 1, F (x, 0; 0) = 4πf(x), èç (19)
èìååì U0(x, 0) = 0. Àíàëîãè÷íî, ó÷èòûâàÿ

(
1

t

∂

∂t

)
F (x, t, µt)

∣∣∣∣
t=0

= 4πf(x)
3∑

k=1

αk(1− αk)

2x2k
,

(
1

t

∂

∂t

)
U0(x, t) = 3t

1∫

0

µ2F (x, t, µt) dµ + t2
1∫

0

µ2
(
1

t

∂

∂t

)
F (x, t, µt) dµ,

ïðè t→ 0 èìååì limt→0(∂/(t∂t))U0(x, t) = 0.
Ïîäñòàâèâ (15) â (12), ïîëó÷èì

u1(x, t) =
k0t

1−2β

2π Γ(β)

t∫

0

J̄β−1

(
λ
√
t2 − s2

)

(t2 − s2)1−β

[(
1

s

∂

∂s

)2

U0(x, s)

]
s ds. (20)

Â ñèëó (18) �óíêöèÿ U0(x, t) óäîâëåòâîðÿåò óñëîâèÿì ñëåäñòâèÿ 1. Òîãäà, ïðèìåíÿÿ �îð-

ìóëó (10) ê ðàâåíñòâó (20), ïîëó÷àåì

u1(x, t) =
k0t

1−2β

2πΓ(β)

(
1

t

∂

∂t

)2
t∫

0

J̄β−1

(
λ
√
t2 − s2

)

(t2 − s2)1−β
U0(x, s)s ds. (21)

Ïîäñòàâëÿÿ çíà÷åíèå �óíêöèè U0(x, s) èç (16) â ðàâåíñòâî (21) è ìåíÿÿ ïîðÿäîê èíòå-

ãðèðîâàíèÿ, èìååì

u1(x, t)=
k0t

1−2β

2πΓ(β)

3∏

k=1

[
x−αk
k

](1

t

∂

∂t

)2
x1+t∫

x1−t

ξα1
1 dξ1

x1+r1∫

x1−r1

ξα2
2 dξ2

x1+r2∫

x1−r2

ξα3
3 f(ξ)q(x, t; ξ) dξ3,

(22)
ãäå

r1 =
√
t2 − (ξ1 − x1)2, r2 =

√
t2 − (ξ1 − x1)2 − (ξ2 − x2)2,

q(x, t; ξ) =

t∫

r

J̄β−1

(
λ
√
t2 − s2

)

(t2 − s2)1−β
F

(3)
B (α1, α2, a3; 1− α1, 1− α2, 1− a3; 1;ω1, ω2, ω3)s ds, (23)

r = |ξ − x| , ωk =
s2 − r2

4ξkxk
, k = 1, 2, 3.

Äëÿ âû÷èñëåíèÿ èíòåãðàëà (23) âûïîëíèì çàìåíó ïåðåìåííûõ ïî �îðìóëå z =
(s2 − r2)/(t2 − r2). Çàòåì, ïðèíèìàÿ âî âíèìàíèå ðàçëîæåíèå �óíêöèè Áåññåëÿ � Êëè�-

�îðäà â ðÿä (7) è ó÷èòûâàÿ ðàâíîìåðíóþ ñõîäèìîñòü äàííîãî ðÿäà ïðè ëþáûõ çíà÷åíèÿõ

àðãóìåíòà, ìåíÿåì ïîðÿäîê èíòåãðèðîâàíèÿ è ñóììèðîâàíèÿ:

q(x, t; ξ) =
1

2

(
t2 − r2

)β ∞∑

k=0

σk4
(β)kk!

×
1∫

0

(1− z)β+k−1F
(3)
B (α1, α2, a3; 1− α1, 1− α2, 1− a3; 1;σ1z, σ2z, σ3z) dz, (24)

ãäå σk = [t2 − r2]/(4ξkxk), 0 6 σk < (1/2), k = 1, 2, 3, σ4 = (−λ2/4)[t2 − r2].
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Ëåììà 2. Ïóñòü c > d > 0, |xk| < 1, k = 1, . . . , n. Òîãäà ñïðàâåäëèâî ðàâåíñòâî

1∫

0

zd−1(1− z)c−d−1F
(n)
B (a1, . . . , an; b1, . . . , bn; d;x1z, . . . , xnz) dz

=
Γ(d)Γ(c − d)

Γ(c)
F

(n)
B (a1, . . . , an; b1, . . . , bn; c;x1, . . . , xn),

ãäå F
(n)
B (a1, . . . , an; b1, . . . , bn; c;x1, . . . , xn) � ãèïåðãåîìåòðè÷åñêàÿ �óíêöèÿ Ëàóðè÷åë-

ëû n ïåðåìåííûõ [26℄.

Ýòó ëåììó ìîæíî äîêàçàòü, ïîëüçóÿñü ðàçëîæåíèåì ãèïåðãåîìåòðè÷åñêîé �óíêöèè

Ëàóðè÷åëëû n ïåðåìåííûõ â ðÿä è îïðåäåëåíèåì ãàììà- è áåòà-�óíêöèé Ýéëåðà.

Ïðèìåíÿÿ ê (24) ëåììó 2 ïðè n = 3, ïîëó÷àåì

q(x, t; ξ) =
1

2β

(
t2 − r2

)β ∞∑

k=0

σk4
(β + 1)kk!

× F
(3)
B (α1, α2, a3; 1 − α1, 1− α2, 1− a3;β + k + 1;σ1, σ2, σ3). (25)

Ïðè n > 1 ââåäåì îáîçíà÷åíèå

Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c; z1, z2, . . . , zn)

=

∞∑

kn=0

zknn
(c)knkn!

F
(n−1)
B (a1, . . . , an−1; b1, . . . , bn−1; c+ kn; z1, . . . , zn−1)

=

∞∑

k1, k2, ..., kn=0

(a1)k1 . . . (an−1)kn−1(b1)k1 . . . (bn−1)kn−1

(c)k1+k2+...+knk1!k2! . . . kn!
zk11 z

k2
2 . . . zknn . (26)

�àññìàòðèâàåìûé ãèïåðãåîìåòðè÷åñêèé ðÿä ñõîäèòñÿ ïðè |zk| < 1, k = 1, . . . , n− 1,
|zn| <∞, c 6= 0,−1,−2, . . . , è ïðè n = 2 îí ñîâïàäàåò ñ �óíêöèåé �îðíà [26℄

Ξ2(a1, b1; c; z1, z2) = Ξ
(2)
2 (a1, b1; c; z1, z2), à ïðè n = 3 � 
 âûðîæäåííîé ãè-

ïåðãåîìåòðè÷åñêîé �óíêöèåé òðåõ ïåðåìåííûõ [27℄ 3Φ
(5)
B (a1, a2, b1, b2, c; z1, z2, z3) =

Ξ
(3)
2 (a1, a2; b1, b2; c; z1, z2, z3).

Ó÷èòûâàÿ ââåäåííîå îáîçíà÷åíèå è ïîëàãàÿ Ξ
(4)
2 (α1, α2, α3; 1 − α1, 1 − α2, 1 − α3; 1 +

β;σ1, σ2, σ3, σ4) = Ξ
(4)
2 (α; 1−α; 1+β;σ), ãäå α = (α1, α2, α3), 1−α = (1−α1, 1−α2, 1−α3),

σ = (σ1, σ2, σ3, σ4) èç (23), ïîëó÷àåì

q(x, t; ξ) =
1

2β

(
t2 − r2

)β
Ξ
(4)
2 (α; 1 − α; 1 + β;σ). (27)

Ïîäñòàâëÿÿ (27) â (22), èìååì

u1(x, t) =
k0t

1−2βx−α

4πβΓ(β)

(
1

t

∂

∂t

)2 ∫∫∫

|ξ−x|<t

ξαf(ξ)
(
t2 − r2

)β
Ξ
(4)
2 (α; 1 − α; 1 + β;σ) dξ, (28)

ãäå x−α = x−α1
1 x−α2

2 x−α3
3 , ξα = ξα1

1 ξα2
2 ξα3

3 , σk = [t2 − |ξ − x|2]/(4ξk, xk), σ4 = −(λ2/4)[t2 −
|ξ − x|2], ïðè÷åì 0 6 σk < (1/2), k = 1, 2, 3.
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Äàëåå íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 3. Åñëè �óíêöèè zk, k = 1, . . . , n, íå çàâèñÿò îò x è |zkx| < 1, k = 1, . . . , n−1,
c 6= 1, 0,−1,−2, . . . , òî èìååò ìåñòî ðàâåíñòâî

∂

∂x

[
xc−1 Ξ

(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c; z1x, z2x, . . . , znx)

]

= (c− 1)xc−2 Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c− 1; z1x, z2x, . . . , znx).

⊳ Ëåììà 3 ëåãêî äîêàçûâàåòñÿ ñ ïðèìåíåíèåì ñëåäóþùèõ �îðìóë:

Ξ
(n)
2 (a1, . . . , an−1; b1, . . . , bn−1; c; z1, z2, . . . , zn)

=
∞∑

k1, k2, ..., kn−1=0

(a1)k1 . . . (an−1)kn−1(b1)k1 . . . (bn−1)kn−1

(c)k1+k2+...+kn−1k1!k2! . . . kn−1!

× zk11 z
k2
2 . . . z

kn−1

n−1 Īc+k1+k2+...+kn−1−1(2
√
zn ),

d

dx

[
xc+p−1Īc+p−1(2

√
znx )

]
= (c+ p− 1)xc+p−2Īc+p−2(2

√
znx ),

c+ p− 1

(c)p
=

c− 1

(c− 1)p
,

ãäå p = k1 + k2 + . . . + kn−1, Īν(z) = Γ(ν + 1)(z/2)−νIν(z), Iν(z) � ìîäè�èöèðîâàííàÿ

�óíêöèÿ Áåññëåÿ. ⊲

Ïåðåõîäÿ ê ñ�åðè÷åñêèì êîîðäèíàòàì â ðàâåíñòâå (28) è âû÷èñëèâ ïðîèçâîäíóþ

ñ ó÷åòîì ëåììû 3, ïîëó÷àåì îêîí÷àòåëüíûé âèä ðåøåíèÿ u1(x, t):

u1(x, t) = γ1t
1−2β

(
1

t

∂

∂t

)∫∫∫

|ξ−x|<t

f(ξ)Rλ(ξ, x, t;α, β) dξ, (29)

ãäå

γ1 = 22−2β Γ(2β)

4πΓ2(β)
, Rλ(ξ, x, t;α, β) =

(
ξ

x

)α (
t2 − r2

)β−1
Ξ
(4)
2 (α; 1 − α;β;σ).

Òåïåðü ðàññìîòðèì çàäà÷ó íàõîæäåíèÿ êëàññè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1′), óäî-
âëåòâîðÿþùåãî ïîëóîäíîðîäíûì íà÷àëüíûì óñëîâèÿì

u(x, 0) = 0, lim
t→+0

t2βut(x, t) = g(x), x ∈ R
3
+. (30)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì íåòðóäíî óáåäèòüñÿ, ÷òî åñëè u1 = u1(x, t, 1 − β)
åñòü ðåøåíèå óðàâíåíèÿ Lλα,1−β(u1) = 0, óäîâëåòâîðÿþùåå óñëîâèÿì (11), òî �óíêöèÿ

u2(x, t) = t1−2βu1(x, t, 1−β) ïðè 0 < β < (1/2) áóäåò ðåøåíèåì óðàâíåíèÿ (1), óäîâëåòâî-

ðÿþùèì íà÷àëüíûì óñëîâèÿì u2(x, 0) = 0, limt→+0 t
2βu2t(x, t) = (1− 2β)f(x), x ∈ R3

+.

Ó÷èòûâàÿ ýòî ñâîéñòâî è çàìåíÿÿ (1− 2β)f(x) íà g(x), èç ðàâåíñòâà (29) ïîëó÷àåì

u2(x, t) = γ2

(
1

t

∂

∂t

)∫∫∫

|ξ−x|<t

g(ξ)Rλ(ξ, x, t;α, 1 − β) dξ, (31)

ãäå γ2 = 22βΓ(2− 2β)/[4πΓ2(1− β)].
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Òàêèì îáðàçîì, â ñèëó �îðìóë (28), (31) è ïðèíöèïà ëèíåéíîé ñóïåðïîçèöèè ðåøåíèå

çàäà÷è (1), (2) ïðè n = 3 èìååò âèä

u(x, t) = γ1t
1−2β

(
1

t

∂

∂t

)∫∫∫

|ξ−x|<t

f(ξ)Rλ(ξ, x, t;α, β) dξ

+ γ2

(
1

t

∂

∂t

)∫∫∫

|ξ−x|<t

g(ξ)Rλ(ξ, x, t;α, 1 − β) dξ. (32)

Óñòàíîâëåííàÿ �îðìóëà (32) ïîçâîëÿåò óêàçàòü òî÷íóþ ñòåïåíü ãëàäêîñòè íà÷àëüíûõ

�óíêöèé, ïðè ýòîì ñïðàâåäëèâà

Òåîðåìà 2. Ïóñòü f(x), g(x) ∈ C3(R3
+). Òîãäà �îðìóëà (32) îïðåäåëÿåò êëàññè÷åñêîå

ðåøåíèå çàäà÷è (1), (2) ïðè n = 3.
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Abstra
t. The modi�ed Cau
hy problem is investigated for a four-dimensional se
ond order equation

of hyperboli
 type with spe
tral parameter and with the Bessel operator. The equation 
ontains a singular

di�erential Bessel operator on all variables. To solve the formulated problem, a generalized Erd�elyi�Kober

fra
tional order operator is applied. To solve the problem, a generalized Erd�elyi�Kober fra
tional order operator

is applied. A formula is obtained for 
al
ulating the high order derivatives of the generalized operator Erd�elyi�

Kober, that is then used in the study of the problem. We also 
onsider the 
on�uent hypergeometri
 fun
tion

of four variables, whi
h generalizes the Humbert fun
tion; some properties of this fun
tion are proved. Taking

into a

ount the proven properties of the Erd�elyi�Kober operator and the 
on�uent hypergeometri
 fun
tion,

the solution of the modi�ed Cau
hy problem is presented in a 
ompa
t integral form that generalizes the

Kir
hho� formula. The obtained formula allows us to see dire
tly the nature of the dependen
e of the solution

on the initial fun
tions and, in parti
ular, to establish the smoothness 
onditions for the 
lassi
al solution.

The paper also 
ontains a brief histori
al introdu
tion to di�erential equations with Bessel operators.

Key words: Cau
hy problem, Bessel di�erential operator, generalized Erd�elyi�Kober operator of fra
-

tional order.
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Àííîòàöèÿ. (n + 1)-ìåðíàÿ ãåîìåòðèÿ ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè çàäàåòñÿ íåêîòîðîé

íåâûðîæäåííîé è äè��åðåíöèðóåìîé �óíêöèåé ïàðû òî÷åê f íà ìíîãîîáðàçèè M , ÿâëÿþùèìñÿ

èíâàðèàíòîì ãðóïïû äâèæåíèé ðàçìåðíîñòè (n + 1)(n + 2)/2. Ïîëíîé êëàññè�èêàöèè òàêèõ ãåî-

ìåòðèé ðàçìåðíîñòè n + 1 ïîêà íåò, íî õîðîøî èçâåñòíû îòäåëüíûå ïðèìåðû: ãîåìåòðèÿ åâêëèäà,

ñèìïëåêòè÷åñêàÿ ãåîìåòðèÿ, ãåîìåòðèè ïîñòîÿííîé êðèâèçíû. Â ïîñëåäíåå âðåìÿ ìåòîäîì âëîæå-

íèÿ áûëè íàéäåíû íåêîòîðûå ðàíåå íåèçâåñòâûå ãåîìåòðèè ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè.

Ìåòîä âëîæåíèÿ äàåò âîçìîæíîñòü íàõîæäåíèÿ �óíêöèé f , çàäàþùèõ (n + 1)-ìåðíûå ãåîìåòðèè
ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, ïî �óíêöèÿì θ èçâåñòíûõ n-ìåðíûõ ãåîìåòðèåé ëîêàëüíîé
ìàêñèìàëüíîé ïîäâèæíîñòè. Ýòà çàäà÷à ñâîäèòñÿ ê ðåøåíèþ �óíêöèîíàëüíûõ óðàâíåíèé ñïåöèàëü-

íîãî âèäà, ÿâëÿþùèõñÿ ñëåäñòâèåì èíâàðèàíòíîñòè �óíêöèè ïàðû òî÷åê f îòíîñèòåëüíî ãðóïïû

äâèæåíèé. Òàêèå óðàâíåíèÿ ðåøàþòñÿ â äàííîé ðàáîòå. Äè��åðåíöèðîâàíèåì îíè ñâîäÿòñÿ ñíà÷àëà

ê �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèÿì, îò êîòîðûõ ðàçäåëåíèåì ïåðåìåííûõ ïåðåõîäèì

ê äè��åðåíöèàëüíûì óðàâíåíèÿì. Çàòåì ðåøåíèÿ ïîñëåäíèõ óðàâíåíèé ïîäñòàâëÿåì â èñõîäíûå

�óíêöèîíàëüíûå óðàâíåíèÿ, ïîñëå ÷åãî ïîëó÷àåì îêîí÷àòåëüíûé ðåçóëüòàò.

Êëþ÷åâûå ñëîâà: �óíêöèîíàëüíîå óðàâíåíèå, �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíåíèå,

äè��åðåíöèàëüíîå óðàâíåíèå.

Mathemati
al Subje
t Classi�
ation (2000): 39b62.

Ââåäåíèå

Íà ïðèìåðå õîðîøî èçâåñòíîãî �óíêöèîíàëüíîãî óðàâíåíèÿ Êîøè ïðîèëëþñòðèðóåì

ìåòîä ðåøåíèÿ:

g(u+ v) = g(u) + g(v),

ãäå g � �óíêöèÿ êëàññà C1
, u è v � íåçàâèñèìûå ïåðåìåííûå. Ýòî óðàâíåíèå ñíà÷àëà

äè��åðåíöèðóåì ïî ïåðåìåííûì u è v: g′(u+v) = g′(u), g′(u+v) = g′(v). Äàëåå âû÷èòàåì
èç ïåðâîãî óðàâíåíèÿ âòîðîå è ðàçäåëÿåì ïåðåìåííûå: g′(u) = g′(v) = a = const. Çàòåì
èíòåãðèðóåì è ðåçóëüòàò ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå, ïîñëå ÷åãî çàïèñûâàåì îò-

âåò: g(u) = au. Òàêèì ñïîñîáîì â äàííîé ðàáîòå ðåøàþòñÿ �óíêöèîíàëüíûå óðàâíåíèÿ,

ïîÿâëÿþùèåñÿ ïðè êëàññè�èêàöèè ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ìå-

òîäîì âëîæåíèÿ [1�3℄.

Ïîä (n + 1)-ìåðíîé ãåîìåòðèåé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ïîíèìàåòñÿ

ãåîìåòðèÿ ìíîãîîáðàçèÿ M , çàäàâàåìàÿ íåêîòîðîé íåâûðîæäåííîé è äîñòàòî÷íî äè�-

�åðåíöèðóåìîé �óíêöèåé f : M × M → R (íå îáÿçàòåëüíî ìåòðèêîé), ÿâëÿþùàÿñÿ
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èíâàðèàíòîì ãðóïïû äâèæåíèé ðàçìåðíîñòè (n+1)(n+2)/2. Ñóòü ìåòîäà âëîæåíèÿ ñî-
ñòîèò â ïîèñêå �óíêöèé f , çàäàþùèõ (n+1)-ìåðíûå ãåîìåòðèè ëîêàëüíîé ìàêñèìàëüíîé
ïîäâèæíîñòè, ïî �óíêöèÿì θ ðàíåå èçâåñòíûõ n-ìåðíûõ ãåîìåòðèåé ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè, ïðè÷åì �óíêöèÿ f èùåòñÿ â âèäå

f(x, y) = ψ
(
θ(x, y), xn+1, yn+1

)
, (0.1)

ãäå θ(x, y) = θ(x1, . . . , xn, y1, . . . , yn), à (x1, . . . , xn, xn+1) è (y1, . . . , yn, yn+1) � êîîðäèíàòû

òî÷åê x è y ñîîòâåòñòâåííî. Çàïèñûâàÿ óñëîâèå ëîêàëüíîé èíâàðèàíòíîñòè �óíêöèè f
îòíîñèòåëüíî ãðóïïû äâèæåíèé [4℄, ïîëó÷àåì �óíêöèîíàëüíîå óðàâíåíèå

n∑

k=1

(
Xk(x)

∂θ

∂xk
+Xk(y)

∂θ

∂yk

)
∂ψ

∂θ
+Xn+1(x)

∂ψ

∂xn+1
+Xn+1(y)

∂ψ

∂yn+1
= 0. (0.2)

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íàèáîëåå âàæíûå ÷àñòíûå ñëó÷àè, êîãäà ïîñëåäíèå

àðãóìåíòû â �óíêöèè (0.1) ïðåäñòàâëÿþòñÿ â âèäå êîìáèíàöèé w = xn+1 − yn+1
è

z = xn+1 + yn+1
. Òîãäà óðàâíåíèå (0.2) ñâîäèòñÿ ê (1.8) è (1.9), îò êîòîðûõ ïðèõîäèì

ê (1.10) è (1.11). �åçóëüòàòû, ïîëó÷àåìûå â ýòîé ñòàòüå, áóäóò èñïîëüçîâàòüñÿ ïðè íà-

õîæäåíèè ãåîìåòðèé ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè ìåòîäîì âëîæåíèÿ.

Âûøå ñ�îðìóëèðîâàííàÿ çàäà÷à ðåøàëàñü â ðàáîòàõ [1�3℄:

θ(x, y) =

n∑

k=1

εk
(
xk − yk

)2
, εk = ±1,

θ(x, y) = x1y2 − x2y1 (ñì. â [2℄),

θ(x, y) =
[
(x1 − y1)

2 + (x2 − y2)
2
]
e
2 γ arctg

x2−y2
x1−y1 ,

θ(x, y) =
[
(x1 − y1)

2 − (x2 − y2)
2
]
e
2 βAr(c) th

x2−y2
x1−y1 ,

θ(x, y) = (x1 − y1)
2 e

2
x2−y2
x1−y1

(ñì. â [3℄).

Óðàâíåíèÿ (1.10) è (1.11) òàêæå ðåøàëèñü â ðàáîòå [5℄, â êîòîðîé

θ(x, y) =

n∑

k=1

εkx
kyk, εk = ±1.

Çàìåòèì, ÷òî çàäà÷ó âëîæåíèÿ ìîæíî òàêæå ðåøàòü è àíàëèòè÷åñêè, ò. å. èñêàòü

ðåøåíèå óðàâíåíèÿ (0.2) â âèäå ðÿäîâ Òåéëîðà [6, 7℄.

1. Ïîñòàíîâêà çàäà÷è è îñíîâíûå ðåçóëüòàòû

�àññìîòðèì äè��åðåíöèðóåìóþ êëàññà C4
�óíêöèþ f : Sf → R, ãäå Sf ⊂ Rn+1 ×

Rn+1
� îòêðûòàÿ è ïëîòíàÿ îáëàñòü îïðåäåëåíèÿ. Ïóñòü U0 ⊂ Rn+1

� íåêîòîðàÿ êî-

îðäèíàòíàÿ îêðåñòíîñòü, x, y ∈ U0, ïðè÷åì 〈x, y〉 ∈ Sf . �àññìîòðèì îêðåñòíîñòè òî-

÷åê x è y: U(x) ⊂ U0 è U(y) ⊂ U0, ïðè÷åì 〈x′, y′〉 ∈ Sf äëÿ ëþáûõ x′, y′, x′ ∈ U(x),
y′ ∈ U(y). Îáîçíà÷èì ÷åðåç U(〈x, y〉) ⊂ Rn+1 × Rn+1

íåêîòîðóþ îêðåñòíîñòü ïàðû 〈x, y〉:
U(〈x, y〉) ⊂ U(x)× U(y), â êîòîðîé �óíêöèÿ f èìååò îäèí èç ñëåäóþùèõ âèäîâ:

f(x, y) = σ (θ(x, y), w) , (1.1)

f(x, y) = κ (θ(x, y), z) , (1.2)
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ãäå θ, σ, κ � �óíêöèè êëàññà C4
â ýòîé îêðåñòíîñòè, θ(x, y) = θ(x1, . . . , xn, y1, . . . , yn),

(x1, . . . , xn, xn+1), (y1, . . . , yn, yn+1) � êîîðäèíàòû òî÷åê x è y ñîîòâåòñòâåííî,

w = xn+1 − yn+1
, z = xn+1 + yn+1

. Äîïîëíèòåëüíî ïîòðåáóåì, ÷òîáû â ïðîèçâîëüíîé

ñèñòåìå êîîðäèíàò â U0 è â ëþáîé òî÷êå èç U(〈x, y〉) âûïîëíÿëèñü íåðàâåíñòâà [5℄:

∂θ

∂xi
6= 0,

∂θ

∂yi
6= 0, (1.3)

∂σ

∂θ
6= 0,

∂σ

∂w
6= 0, (1.4)

∂κ

∂θ
6= 0,

∂κ

∂z
6= 0. (1.5)

Ýòè òðåáîâàíèÿ ÿâëÿþòñÿ íåîáõîäèìûìè ïðè îïðåäåëåíèè ãåîìåòðèè ëîêàëüíîé ìàêñè-

ìàëüíîé ïîäâèæíîñòè. Åñëè îíè íå âûïîëíÿþòñÿ, òî çàäà÷à âëîæåíèÿ äëÿ ãåîìåòðèè

ëîêàëüíîé ìàêñèìàëüíîé ïîäâèæíîñòè, î êîòîðîé êðàòêî ãîâîðèëîñü âî ââåäåíèè, íå

èìååò ðåøåíèÿ.

Òàêæå áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ f � äâóõòî÷å÷íûé èíâàðèàíò äåéñòâèÿ

íåêîòîðîé ãðóïïû Ëè â ïðîñòðàíñòâå Rn+1
[6℄. Ìíîæåñòâî òàêèõ äåéñòâèé çàäàåò ãðóïïó

Ëè ïðåîáðàçîâàíèé ïðîñòðàíñòâà Rn+1
. Ïðîèçâîëüíûé îïåðàòîð àëãåáðû Ëè ýòîé ãðóï-

ïû ïðåîáðàçîâàíèé â îêðåñòíîñòè U(x) èìååò âèä [8℄

X = X1∂x1 + · · · +Xn∂xn +Xn+1∂xn+1 , (1.6)

ãäå Xs = Xs(x
1, . . . , xn, xn+1) � �óíêöèè êëàññà C3

â îêðåñòíîñòè U(x) ⊂ U0 ⊂ Rn+1
,

s = 1, . . . , n+1. ×åðåç îïåðàòîðû çàïèñûâàåòñÿ êðèòåðèé ëîêàëüíîé èíâàðèàíòíîñòè [4℄:

X(x)f(x, y) +X(y)f(x, y) = 0. (1.7)

�àâåíñòâî (1.7) ðàñïèñûâàåì äëÿ �óíêöèé (1.1) è (1.2), ïîñëå ïðîñòûõ ïðåîáðàçîâà-

íèé ïîëó÷àåì

[X] = (Xn+1(x)−Xn+1(y))ϕ(θ,w), (1.8)

[X] = (Xn+1(x) +Xn+1(y))λ(θ, z), (1.9)

ãäå ââåäåíî ñîêðàùàþùåå îáîçíà÷åíèå:

[X] =
n∑

k=1

(
Xk(x)

∂θ

∂xk
+Xk(y)

∂θ

∂yk

)
,

ïðè÷åì ϕ(θ,w) = − ∂σ
∂w/

∂σ
∂ϑ è λ(θ, z) = −∂κ

∂z /
∂κ
∂θ � �óíêöèè êëàññà C3

â U(〈x, y〉), à òàêæå
ϕ 6= 0, λ 6= 0, ïîñêîëüêó èíîå ïðîòèâîðå÷èò íåðàâåíñòâàì (1.4) è (1.5). Óðàâíåíèÿ (1.8)

è (1.9) ÿâëÿþòñÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûìè îòíîñèòåëüíî íåèçâåñòíûõ êîì-

ïîíåíò îïåðàòîðà (1.6), à òàêæå �óíêöèé σ è κ, è âûïîëíÿþòñÿ òîæäåñòâåííî ïî êîîð-

äèíàòàì òî÷åê x è y â îêðåñòíîñòè U(〈x, y〉).
Äè��åðåíöèðóÿ óðàâíåíèÿ (1.8) è (1.9) ïî ïåðåìåííûì xn+1

è yn+1
, à òàêæå ââîäÿ ñî-

êðàùàþùåå îáîçíà÷åíèå Y = Xn+1, ïîëó÷àåì íîâûå �óíêöèîíàëüíî-äè��åðåíöèàëüíûå

óðàâíåíèÿ â îêðåñòíîñòè U(〈x, y〉):
(
(Y (x))′xn+1 + (Y (y))′yn+1

)
ϕ′
w + (Y (x)− Y (y))ϕ′′

ww = 0, (1.10)

(
(Y (x))′xn+1 + (Y (y))′yn+1

)
λ′z + (Y (x) + Y (y))λ′′zz = 0. (1.11)
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Îñíîâíûì ñîäåðæàíèåì äàííîé ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî ñëåäóþùèõ òåîðåì.

Òåîðåìà 1. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíå-

íèå (1.10), ãäå w = xn+1 − yn+1
, Y 6= const, ϕ′

w 6= 0, èìååò ðåøåíèÿ

Y = C
(
x1, . . . , xn

)
, ϕ = a(θ)w + b(θ); (1.12)

Y = rxn+1 + c, ϕ = a(θ)
1

w
+ b(θ); (1.13)

Y = r
(
xn+1

)2
+ c, ϕ = a(θ)

1

w
+ b(θ); (1.14)

Y = r cos
(
ωxn+1 + α

)
+ c, ϕ = a(θ) ctg

ωw

2
+ b(θ); (1.15)

Y = reωx
n+1

+ c, ϕ = a(θ)
eωw

eωw − 1
+ b(θ); (1.16)

Y = r ch
(
ωxn+1 + α

)
+ c, ϕ = a(θ) cth

ωw

2
+ b(θ); (1.17)

Y = r sh
(
ωxn+1 + α

)
+ c, ϕ = a(θ) th

ωw

2
+ b(θ), (1.18)

ãäå r, c, α = const, C(x1, . . . , xn) 6= const, a(θ), b(θ) � �óíêöèè êëàññà C3
, a(θ) 6= 0.

Òåîðåìà 2. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíå-

íèå (1.11), ãäå z = xn+1 + yn+1
, Y 6= 0, λ′z 6= 0, èìååò ðåøåíèÿ:

Y = C
(
x1, . . . , xn

)
, λ(θ, z) = a(θ)z + b(θ); (1.19)

Y = rxn+1 + c, λ = a(θ)
1

rz + 2c
+ b(θ); (1.20)

Y = r cos
(
ωxn+1 + α

)
, λ = a(θ) tg

ωz + 2α

2
+ b(θ); (1.21)

Y = reωx
n+1

, λ = a(θ)e−ωz + b(θ); (1.22)

Y = r ch
(
ωxn+1 + α

)
, λ = a(θ) th

ωz + 2α

2
+ b(θ); (1.23)

Y = r sh
(
ωxn+1 + α

)
, λ = a(θ) cth

ωz + 2α

2
+ b(θ), (1.24)

ãäå r, c, α = const, C(x1, . . . , xn) 6= const, a(θ), b(θ) � �óíêöèè êëàññà C3
, a(θ) 6= 0.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 1. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíîå óðàâíåíèå

C(x)− C(y) = ξ(θ(x, y), w), (2.1)

ãäå C(x) = C(x1, . . . , xn) � �óíêöèÿ êëàññà C3
, ξ � �óíêöèÿ êëàññà C1

, èìååò ðåøåíèå

C(x) = c = const. (2.2)

⊳ Ïðîäè��åðåíöèðóåì óðàâíåíèå (2.1) ïî êîîðäèíàòå xn+1
, ïîëó÷èì ξ′w = 0. Çíà÷èò,

ξ(θ(x, y), w) = ξ(θ(x, y)). Òîãäà óðàâíåíèå (2.1) ïðèìåò âèä

C(x)− C(y) = ξ(θ(x, y)). (2.3)
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Äàëåå âûäåëÿþòñÿ äâà ñëó÷àÿ: ξ′θ = 0 è ξ′θ 6= 0.
1. Åñëè â (2.3) ξ′θ = 0, òî C(x)− C(y) = 
onst. �àçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì (2.2).

2. Åñëè æå â (2.3) ξ′θ 6= 0 â U(〈x, y〉), òî äëÿ íåêîòîðîé êîîðäèíàòû xi

∂C(x)

∂xi
= ξ′θ

∂θ(x, y)

∂xi
6= 0, i = 1, . . . , n.

Äàëåå îò êîîðäèíàò xi ïåðåõîäèì ê íîâûì êîîðäèíàòàì x′i ïî �îðìóëàì x′1 =
x′1, . . . , x′i−1 = x′i−1

, x′i = C(x1, . . . , xn), x′i+1 = x′i+1, . . . , x′n = x′n. Íåñëîæíî äîêà-

çàòü, ÷òî ÿêîáèàí â äàííîé çàìåíå êîîðäèíàò ðàâåí

∂C(x)
∂xi

è ïîýòîìó îòëè÷åí îò íóëÿ.

Òîãäà â íîâûõ êîîðäèíàòàõ óðàâíåíèå (2.3) ïðèìåò âèä x′i − y′i = ξ(θ(x, y)), ñëåäîâà-
òåëüíî, ïî òåîðåìå î íåÿâíîé �óíêöèè, â U(〈x, y〉) áóäåì èìåòü θ = η(x′i − y′i), ãäå η �
íåêîòîðàÿ �óíêöèÿ êëàññà C1

. Ïîýòîìó

∂θ
∂x′j

= 0, j 6= i, ÷òî ïðîòèâîðå÷èò íåðàâåíñòâó

èç (1.3). Òàêèì îáðàçîì, ñïðàâåäëèâà �îðìóëà (2.2). ⊲

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 2. Â îêðåñòíîñòè U(〈x, y〉) �óíêöèîíàëüíîå óðàâíåíèå

C(x) + C(y) = ξ(θ(x, y), z),

ãäå C(x) = C(x1, . . . , xn) � �óíêöèÿ êëàññà C4
, ξ � �óíêöèÿ êëàññà C1

, èìååò ðåøåíèå

C(x) = c = const.

3. Äîêàçàòåëüñòâî òåîðåìû 1

Â ýòîì ïàðàãðà�å ¾ïî óìîë÷àíèþ¿ âñå óðàâíåíèÿ ðåøàþòñÿ â îêðåñòíîñòè U(〈x, y〉).
Âíà÷àëå çàìåòèì, ÷òî Y = const òîãäà è òîëüêî òîãäà, êîãäà Y (x) − Y (y) = 0. Ïðÿìîå
óòâåðæäåíèå î÷åâèäíî. Äëÿ äîêàçàòåëüñòâà îáðàòíîãî óòâåðæäåíèÿ ïðèìåíÿåì ðàçäåëå-

íèå ïåðåìåííûõ: Y (x) = Y (y) = const. Ïî óñëîâèþ òåîðåìû Y 6= const, ñëåäîâàòåëüíî,
Y (x)− Y (y) 6= 0. Òîãäà îò óðàâíåíèÿ (1.10) ïðèõîäèì ê íîâîìó

(Y (x))′xn+1 + (Y (y))′yn+1

Y (x)− Y (y)
= −ϕ

′′
ww

ϕ′
w

. (3.1)

Äè��åðåíöèðóÿ ýòî óðàâíåíèå ñíà÷àëà ïî xn+1
, à çàòåì ïî yn+1

, ïîñëå ÷åãî ïåðâûé

ðåçóëüòàò ñêëàäûâàåì ñî âòîðûì, ïîëó÷àåì ðàâåíñòâî

((Y (x))′′xn+1 + (Y (y))′′yn+1)(Y (x)− Y (y)) − ((Y (x))′xn+1)
2 + ((Y (y))′yn+1)

2 = 0. (3.2)

Ýòî ðàâåíñòâî ÿâëÿåòñÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèåì, êîòîðîå âû-

ïîëíÿåòñÿ òîæäåñòâåííî â îêðåñòíîñòè U(〈x, y〉).
Âîçìîæíû äâà ñëó÷àÿ: (Y (x))′xn+1 = 0 è (Y (x))′xn+1 6= 0.
Â ïåðâîì ñëó÷àå èç óðàâíåíèÿ (1.10) ïîëó÷àåì ϕ′′

ww = 0, ñëåäîâàòåëüíî, ñïðàâåäëèâî
ðåøåíèå (1.12).

Âî âòîðîì ñëó÷àå òîæäåñòâî (3.2) äè��åðåíöèðóåì ïî ïåðåìåííûì xn+1
è yn+1

, ïîñëå

÷åãî äåëèì íà íåíóëåâîå ïðîèçâåäåíèå (Y (x))′xn+1(Y (y))′yn+1 6= 0 è ðàçäåëÿåì ïåðåìåííûå,

çàòåì ïîëó÷àåì äè��åðåíöèàëüíîå óðàâíåíèå

(Y (x))′′′xn+1 + µ(Y (x))′xn+1 = 0, µ = const. (3.3)
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Ýòî óðàâíåíèå èìååò ñëåäóþùèå ðåøåíèÿ:

ïðè µ = 0

Y = A
(
x1, . . . , xn

)(
xn+1

)2
+B

(
x1, . . . , xn

)
xn+1 + C

(
x1, . . . , xn

)
;

ïðè µ > 0

Y = A
(
x1, . . . , xn

)
cosωxn+1 +B

(
x1, . . . , xn

)
sinωxn+1 + C

(
x1, . . . , xn

)
, ω =

√
µ;

ïðè µ < 0

Y = A
(
x1, . . . , xn

)
eωx

n+1
+B

(
x1, . . . , xn

)
e−ωx

n+1
+ C

(
x1, . . . , xn

)
, ω =

√−µ.

Çàòåì íàéäåííîå ïîäñòàâëÿåì â (3.2) è ïîëó÷àåì:

ïðè µ = 0

Y = rxn+1 + C
(
x1, . . . , xn

)
; (3.4)

Y = r
(
xn+1

)2
+ c; (3.5)

ïðè µ > 0

Y = r cos
(
ωxn+1 + p(x1, . . . , xn)

)
+ c, ω =

√
µ; (3.6)

ïðè µ < 0

Y = A
(
x1, . . . , xn

)
eωx

n+1
+ c, ω = ±

√
−µ; (3.7)

Y = r ch
(
ωxn+1 + p

(
x1, . . . , xn

))
+ c, ω =

√−µ; (3.8)

Y = r sh
(
ωxn+1 + p

(
x1, . . . , xn

))
+ c, ω =

√−µ; (3.9)

ïðè÷åì r, c = const, r 6= 0.
Äàëåå �óíêöèþ (3.4) ïîäñòàâëÿåì â óðàâíåíèå (3.1):

2r

rw + C(x1, . . . , xn)− C(y1, . . . , yn)
= −ϕ

′′
ww

ϕ′
w

. (3.10)

Ê óðàâíåíèþ (3.10) ïðèìåíÿåì ëåììó 1, ïîëó÷àåì C(x1, . . . , xn) = c = const. Çíà÷èò,
óðàâíåíèå (3.10) ïðèíèìàåò áîëåå ïðîñòîé âèä:

2

w
= −ϕ

′′
ww

ϕ′
w

.

Èíòåãðèðóÿ ïîñëåäíåå, ïîëó÷àåì ϕ = a(θ) 1
w + b(θ). Îáúåäèíÿÿ íàéäåííîå ñ (3.4), ïîëó-

÷àåì (1.13).

Ôóíêöèþ (3.5) ïîäñòàâëÿåì â óðàâíåíèå (3.1), â ðåçóëüòàòå, êàê è âûøå, ïîëó÷àåì

ϕ = a(θ) 1
w + b(θ). Îáúåäèíÿÿ íàéäåííîå ñ (3.5), ïîëó÷àåì (1.14).

Òåïåðü �óíêöèþ (3.6) ïîäñòàâëÿåì â óðàâíåíèå (3.1) è ïðèìåíÿåì òðèãîíîìåòðè÷å-

ñêèå �îðìóëû:

−ω sin(ωxn+1 + p(x)) + sin(ωyn+1 + p(y))

cos(ωxn+1 + p(x))− cos(ωyn+1 + p(y))

= ω
sin ωz+p(x)+p(y)

2 cos ωw+p(x)−p(y)2

sin ωz+p(x)+p(y)
2 sin ωw+p(x)−p(y)

2

= ω ctg
ωw + p(x)− p(y)

2
= −ϕ

′′
ww

ϕ′
w

,
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ãäå, íàïðèìåð, p(x) = p(x1, . . . , xn), ñëåäîâàòåëüíî,

p(x)− p(y) = −2ωw − 2arcctg
ϕ′′
ww

ωϕ′
w

.

Ïðèìåíÿÿ ê ýòîìó ðàâåíñòâó ëåììó 1, ïîëó÷àåì p(x1, . . . , xn) = α = const. Â ðåçóëüòàòå

èìååì óðàâíåíèå

ω ctg
ωw

2
= −ϕ

′′
ww

ϕ′
w

,

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì ϕ = a(θ)ctgωw2 + b(θ). Â èòîãå ïðèõîäèì ê (1.15).

(3.7) ïîäñòàâëÿåì â (3.1):

ω
A(x)eωx

n+1
+A(y)eωy

n+1

A(x)eωxn+1 −A(y)eωyn+1 = ω
A(x)/A(y) + e−ωw

A(x)/A(y) − e−ωw
= −ϕ

′′
ww

ϕ′
w

,

ãäå, íàïðèìåð, A(x) = A(x1, . . . , xn), ñëåäîâàòåëüíî

A(x)/A(y) = e−ωw
ϕ′′
ww − ωϕ′

w

ϕ′′
ww + ωϕ′

w

.

Ëîãàðè�ìèðóÿ ïîñëåäíåå âûðàæåíèå è ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì A(x1, . . . , xn) = r =
const. Òîãäà áóäåì èìåòü äè��åðåíöèàëüíîå óðàâíåíèå

ω
1 + e−ωw

1− e−ωw
= −ϕ

′′
ww

ϕ′
w

,

èíòåãðèðóÿ êîòîðîå, ïîëó÷àåì ϕ = a(θ) 1
1−e−ωw + b(θ). Îáúåäèíÿÿ íàéäåííîå ñ (3.1), ïî-

ëó÷àåì (1.16).

È, íàêîíåö, �óíêöèè (3.8) è (3.9) ïîäñòàâëÿåì â óðàâíåíèå (3.1) è ïðèìåíÿåì ñâîé-

ñòâà ãèïåðáîëè÷åñêèõ �óíêöèé, ïîòîì, êàê è âûøå, ñ òðèãîíîìåòðè÷åñêèìè �óíêöèÿìè,

óñòàíàâëèâàåì, ÷òî p(x1, . . . , xn) = α = const. Â èòîãå ïðèõîäèì ê óðàâíåíèÿì

ω cth
ωw

2
= −ϕ

′′
ww

ϕ′
w

, ω th
ωw

2
= −ϕ

′′
ww

ϕ′
w

.

Èíòåãðèðóÿ ïîñëåäíèå óðàâíåíèÿ, ïîëó÷àåì ϕ = a(θ)(
)thωw2 + b(θ). Îáúåäèíÿÿ íàéäåí-
íîå ñ (3.8) è (3.9), èìååì (1.17) è (1.18).

Òåîðåìà 1 äîêàçàíà.

4. Äîêàçàòåëüñòâî òåîðåìû 2

Ýòà òåîðåìà äîêàçûâàåòñÿ êàê è òåîðåìà 1, ïîýòîìó íåêîòîðûå ðàññóæäåíèÿ áó-

äåì îïóñêàòü. Êàê è âûøå ¾ïî óìîë÷àíèþ¿ âñå óðàâíåíèÿ ðåøàþòñÿ â U(〈x, y〉). Âíà-
÷àëå çàìåòèì, ÷òî Y = 0 òîãäà è òîëüêî òîãäà, êîãäà Y (x) + Y (y) = 0. Â ïðÿ-

ìóþ ñòîðîíó ýòî î÷åâèäíî. Â îáðàòíóþ ñòîðîíó ïðèìåíÿåì ðàçäåëåíèå ïåðåìåííûõ:

Y (x) = −Y (y) = const = 0. Ïî óñëîâèþ òåîðåìû Y 6= 0, ñëåäîâàòåëüíî Y (x) + Y (y) 6= 0.
Òîãäà îò óðàâíåíèÿ (1.11) ïðèõîäèì ê íîâîìó:

(Y (x))′xn+1 + (Y (y))′yn+1

Y (x) + Y (y)
= −λ

′′
zz

λ′z
. (4.1)
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Äè��åðåíöèðóåì ýòî óðàâíåíèå ñíà÷àëà ïî xn+1
, çàòåì ïî yn+1

, ïîñëå ÷åãî èç ïåðâîãî

ðàâåíñòâà âû÷èòàåì âòîðîå:

((Y (x))′′xn+1 − (Y (y))′′yn+1)(Y (x) + Y (y))− ((Y (x))′xn+1)
2 + ((Y (y))′yn+1)

2 = 0. (4.2)

Âîçìîæíû äâà ñëó÷àÿ: (Y (x))′xn+1 = 0 è (Y (x))′xn+1 6= 0.
Â ïåðâîì ñëó÷àå óðàâíåíèå (1.11) èìååò ðåøåíèå (1.19).

Âî âòîðîì ñëó÷àå òîæäåñòâî (4.2) äè��åðåíöèðóåì ïî ïåðåìåííûì xn+1
è yn+1

, ïîñëå

÷åãî äåëèì íà íåíóëåâîå ïðîèçâåäåíèå (Y (x))′xn+1(Y (y))′yn+1 6= 0 è ðàçäåëÿåì ïåðåìåííûå,

çàòåì ïîëó÷àåì äè��åðåíöèàëüíîå óðàâíåíèå (3.3). �åøåíèÿ ýòîãî óðàâíåíèÿ, íàéäåí-

íûå â òåîðåìå 1, ïîäñòàâëÿåì â (4.2):

ïðè µ = 0
Y = rxn+1 + C

(
x1, . . . , xn

)
; (4.3)

ïðè µ > 0
Y = r cos

(
ωxn+1 + p(x1, . . . , xn)

)
, ω =

√
µ; (4.4)

ïðè µ < 0
Y = A

(
x1, . . . , xn

)
eωx

n+1
, ω = ±√−µ; (4.5)

Y = r ch
(
ωxn+1 + p

(
x1, . . . , xn

))
, ω =

√
−µ; (4.6)

Y = r sh
(
ωxn+1 + p

(
x1, . . . , xn

))
, ω =

√−µ; (4.7)

ïðè÷åì r, c = const, r 6= 0.
Äàëåå, ïîñòóïàåì êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1, ò. å. �óíêöèè (4.3)�(4.7)

ïîäñòàâëÿåì â óðàâíåíèå (4.1) è ïðèìåíÿåì ëåììó 2, à çàòåì ðåøàåì. Â èòîãå ïîëó-

÷àåì (1.20)�(1.24).

5. Çàêëþ÷åíèå

Óñëîâèÿ (1.3) äàþò ñóùåñòâåííûå îãðàíè÷åíèÿ íà âûáîð �óíêöèè θ. Òàê, íà ïëîñêî-
ñòè R2

�óíêöèþ θ ìîæíî áðàòü â âèäå:

θ(x, y) = x1y1 + x2y2, θ(x, y) = (x1 − y1)
2 + (x2 − y2)

2, θ(x, y) = (x1 − y1)
2 + (x2 − y2)

3,

θ(x, y) = x1y2 − x2y1, θ(x, y) =
[
(x1 − y1)

2 + (x2 − y2)
2
]
e
2γ arctg

x2−y2
x1−y1 , θ(x, y) =

x2 − y2
x1 − y1

,

ò. å. äëÿ ýòèõ �óíêöèé äîêàçàííûå çäåñü ðåçóëüòàòû âåðíû. À, íàïðèìåð, äëÿ �óíêöèé

θ(x, y) = x1y1 + x2, θ(x, y) = (x1 − y1)
2 + (y2)

2
äîêàçàííîå âûøå íåñïðàâåäëèâî.
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Abstra
t. The (n+1)-dimensional geometry of lo
al maximummobility is given by some non-degenerate

and di�erentiable fun
tion f of the pair of points on the manifold M , whi
h is à motion group invariant of

dimension (n+1)(n+2)/2. There is no 
omplete 
lassi�
ation of su
h geometries of dimension n+1, but some
examples are well known: Eu
lidean geometry, symple
ti
 geometry, 
onstant 
urvature geometry. Re
ently,

some previously unknown geometries of lo
al maximummobility has been found using the embedding method.

The embedding method enables one to �nd fun
tions f that de�ne (n + 1)-dimensional geometries of lo
al
maximummobility by fun
tions θ of known n-dimensional geometry of lo
al maximum mobility. This problem

is redu
ed to the solution of fun
tional equations of a spe
ial type, whi
h are a 
onsequen
e of the invarian
e

of the fun
tion f of the pair of points with respe
t to the motion group. Su
h equations are solved in this

paper. By di�erentiation, they are �rst redu
ed to fun
tional di�erential equations, from whi
h we pass to

di�erential equations by separating the variables. Then the solutions of the latter are substituted into the

original fun
tional equations, after whi
h we get the �nal result.
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Abstra
t. In the 
lassi
al theory of approximation of fun
tions on R
+
, the modulus of smoothness are

basi
ally built by means of the translation operators f → f(x+ y). As the notion of translation operators
was extended to various 
ontexts (see [2℄ and [3℄), many generalized modulus of smoothness have been

dis
overed. Su
h generalized modulus of smoothness are often more 
onvenient than the usual ones for the

study of the 
onne
tion between the smoothness properties of a fun
tion and the best approximations

of this fun
tion in weight fun
tional spa
es (see [4℄ and [5℄). In [1℄, Abilov et al. proved two useful

estimates for the Fourier transform in the spa
e of square integrable fun
tions on 
ertain 
lasses of fun
tions


hara
terized by the generalized 
ontinuity modulus, using a translation operator. In this paper, we also

dis
uss this subje
t. More spe
i�
ally, we prove some estimates (similar to those proved in [1℄) in 
ertain


lasses of fun
tions 
hara
terized by a generalized 
ontinuity modulus and 
onne
ted with the generalized

Fourier transform asso
iated with the di�erential-di�eren
e operator T (α,β)
in L2

α,β(R). For this purpose,
we use a generalized translation operator.

Key words: Cherednik�Opdam operator, generalized Fourier transform, generalized translation.

Mathemati
al Subje
t Classi�
ation (2010): 34K99, 42A63.

1. Introdu
tion

In [1℄, Abilov et al. proved two useful estimates for the Fourier transform in the spa
e

of square integrable fun
tions on 
ertain 
lasses of fun
tions 
hara
terized by the generalized


ontinuity modulus, using a translation operator.

In this paper, we prove some estimates in 
ertain 
lasses of fun
tions 
hara
terized by

a generalized 
ontinuity modulus and 
onne
ted with the generalized Fourier transform

asso
iated to T (α,β)
in L2

α,β(R) analogs of the statements proved in [1, 2�4℄. For this purpose,
we use a generalized translation operator.

In se
tion 2, we give some de�nitions and preliminaries 
on
erning the generalized Fourier

transform. Some estimates are proved in se
tion 3.

2. Preliminaries

In this se
tion, we develop some results from harmoni
 analysis related to the di�erential-

di�eren
e operator T (α,β)
. Further details 
an be found in [5℄ and [6℄. In the following we �x

parameters α, β subje
t to the 
onstraints α > β > −1
2 and α > −1

2 .
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Let ρ = α + β + 1 and λ ∈ C. The Opdam hypergeometri
 fun
tions G
(α,β)
λ on R are

eigenfun
tions T (α,β)G
(α,β)
λ (x) = iλG

(α,β)
λ (x) of the di�erential-di�eren
e operator

T (α,β)f(x) = f ′(x) +
[
(2α + 1) coth x+ (2β + 1) tanh x

]f(x)− f(−x)
2

− ρf(−x)

that are normalized su
h that G
(α,β)
λ (0) = 1. In the notation of Cherednik one would write

T (α,β)
as

T (k1 + k2)f(x) = f ′(x) +

{
2k1

1 + e−2x
+

4k2
1− e−4x

}(
f(x)− f(−x)

)
− (k1 + 2k2)f(x),

with α = k1+k2− 1
2 and β = k2− 1

2 . Here k1 is the multipli
ity of a simple positive root and k2
the (possibly vanishing) multipli
ity of a multiple of this root. By [5℄ or [6℄, the eigenfun
tion

G
(α,β)
λ is given by

G
(α,β)
λ (x) = ϕα,βλ (x)− 1

ρ− iλ

∂

∂x
ϕα,βλ (x) = ϕα,βλ (x) +

ρ

4(α + 1)
sinh(2x)ϕα+1,β+1

λ (x),

where ϕα,βλ (x) =2 F1

(
ρ+iλ
2 ; ρ−iλ2 ;α+ 1;− sinh2 x

)
is the 
lassi
al Ja
obi fun
tion.

Lemma 2.1 [7℄. The following inequalities are valid for Ja
obi fun
tions ϕα,βλ (x)

(i) |ϕα,βλ (x)| 6 1;

(ii) 1− ϕα,βλ (x) 6 x2(λ2 + ρ2).

Denote L2
α,β(R), the spa
e of measurable fun
tions f on R su
h that

‖f‖2,α,β =

(∫

R

|f(x)|2Aα,β(x) dx
)1/2

< +∞,

where

Aα,β(x) = (sinh |x|)2α+1(cosh |x|)2β+1.

The generalized Fourier transform of f ∈ Cc(R) (the spa
e of 
ontinuous fun
tions on R with


ompa
t support) is de�ned by

H f(λ) =

∫

R

f(x)G
(α,β)
λ (−x)Aα,β(x) dx for all λ ∈ C.

The inverse transform is given as

H
−1g(x) =

∫

R

g(λ)G
(α,β)
λ (x)

(
1− ρ

iλ

) dλ

8π|cα,β(λ)|2
,

here

cα,β(λ) =
2ρ−iλΓ(α+ 1)Γ(iλ)

Γ
(
1
2 (ρ+ iλ)

)
Γ
(
1
2(α− β + 1 + iλ)

) .

The 
orresponding Plan
herel formula was established in [5℄, to the e�e
t that

∫

R

|f(x)|2Aα,β(x) dx =

+∞∫

0

(
|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ),
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where f̌(x) := f(−x) and dσ is the measure given by

dσ(λ) =
dλ

16π|cα,β(λ)|2
.

A

ording to [6℄ there exists a family of signed measures µ
(α,β)
x,y su
h that the produ
t

formula

G
(α,β)
λ (x)G

(α,β)
λ (y) =

∫

R

G
(α,β)
λ (z) dµ(α,β)x,y (z),

holds for all x, y ∈ R and λ ∈ C, where

dµ(α,β)x,y (z) =





Kα,β(x, y, z)Aα,β(z) dz, xy 6= 0;

dδx(z), y = 0;

dδy(z), x = 0

and

Kα,β(x, y, z) =Mα,β| sinhx× sinh y × sinh z|−2α

π∫

0

g(x, y, z, χ)α−β−1
+

×
[
1− σχx,y,z + σχx,z,y + σχz,y,x +

ρ

β + 1
2

coth x× coth y × coth z(sinχ)2
]
(sinχ)2βdχ,

if x, y, z ∈ R\{0} satisfy the triangular inequality ‖x−y‖< |z|< |x|+ |y|, and Kα,β(x, y, z) = 0
otherwise. Here

σχx,y,z =

{
coshx+cosh y−cosh z cosχ

sinhx sinh y , xy 6= 0;

0, xy = 0
(∀x, y, z ∈ R, χ ∈ [0, 1])

and

g(x, y, z, χ) = 1− cosh2 x− cosh2 y × cosh2 z + 2cosh x× cosh y × cosh z × cosχ.

Lemma 2.2 [6℄. For all x, y ∈ R, we have

(i) Kα,β(x, y, z) = Kα,β(y, x, z);

(ii) Kα,β(x, y, z) = Kα,β(−x, z, y);
(iii) Kα,β(x, y, z) = Kα,β(−z, y,−x).
The produ
t formula is used to obtain expli
it estimates for the generalized translation

operators

τ (α,β)x f(y) =

∫

R

f(z) dµ(α,β)x,y (z).

It is known from [6℄ that

H τ (α,β)x f(λ) = G
(α,β)
λ (x)H f(λ), (1)

for f ∈ Cc(R).
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For α > −1
2 , we introdu
e the Bessel normalized fun
tion of the �rst kind jα de�ned by

jα(x) = Γ(α+ 1)

∞∑

n=0

(−1)n
(
x
2

)2n

n!Γ(n+ α+ 1)
, x ∈ R.

In the terms of jα(x), we have (see [8℄)
√
hxJα(hx) = O(1), hx > 0, (2)

where Jα(x) is Bessel fun
tion of the �rst kind, whi
h is related to jα(x) by the formula

jα(x) =
2αΓ(α+ 1)

xα
Jα(x). (3)

Lemma 2.3 [9℄. Let α > β >
−1
2 , α 6= −1

2 . Then for |ν| 6 ρ, there exists a positive


onstant c0 su
h that ∣∣1− ϕα,βλ+iν(x)
∣∣ > c0|1− jα(λx)|.

For f ∈ L2
α,β(R), we de�ne the �nite di�eren
es of �rst and higher order as follows:

∆1
hf = ∆hf =

(
τ
(α,β)
h + τ

(α,β)
−h − 2I

)
f,

∆k
hf = ∆h

(
∆k−1
h f

)
=
(
τ
(α,β)
h + τ

(α,β)
−h − 2I

)k
f, k = 2, 3, . . . ,

where I is the unit operator in the spa
e L2
α,β(R).

The generalized modulus of 
ontinuity of a fun
tion f ∈ L2
α,β(R) is de�ned by

ω(f, δ)2,α,β = sup
0<h6δ

∥∥∆k
hf
∥∥
2,α,β

, δ > 0.

3. Main Result

The goal of this work is to prove some estimates for the integral

J2
N (f) =

+∞∫

N

(
|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ),

in 
ertain 
lasses of fun
tions in L2
α,β(R).

Lemma 3.1. If f ∈ Cc(R), then

H τ̌ (α,β)x f(λ) = G
(α,β)
λ (−x)H f̌(λ). (4)

⊳ For f ∈ Cc(R), we have

H τ̌ (α,β)x f(λ) =

∫

R

τ (α,β)x f(−y)G(α,β)
λ (−y)Aα,β(y) dy =

∫

R

τ (α,β)x f(y)G
(α,β)
λ (y)Aα,β(y) dy

=

∫

R



∫

R

f(z)Kα,β(x, y, z)Aα,β(z) dz


G(α,β)

λ (y)Aα,β(y) dy

=

∫

R

f(z)



∫

R

G
(α,β)
λ (y)Kα,β(x, y, z)Aα,β(y) dy


Aα,β(z) dz.
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Sin
e Kα,β(x, y, z) = Kα,β(−x, z, y), it follows from the produ
t formula that

H τ̌ (α,β)x f(λ) = G
(α,β)
λ (−x)

∫

R

f(z)G
(α,β)
λ (z)Aα,β(z) dz

= G
(α,β)
λ (−x)

∫

R

f(−z)G(α,β)
λ (−z)Aα,β(z) dz = G

(α,β)
λ (−x)H f̌(λ). ✄

Lemma 3.2. For f ∈ L2
α,β(R), then

∥∥∆k
hf
∥∥2
2,α,β

= 22k
+∞∫

0

∣∣ϕα,βλ (h)− 1
∣∣2k (|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ).

⊳ From formulas (1) and (4), we have

H
(
∆k
hf
)
(λ) =

(
G

(α,β)
λ (h) +G

(α,β)
λ (−h)− 2

)k
H (f)(λ)

and

H (∆̌k
hf)(λ) =

(
G

(α,β)
λ (−h) +G

(α,β)
λ (h)− 2

)k
H (f̌)(λ).

Sin
e

G
(α,β)
λ (h) = ϕα,βλ (h) +

ρ

4(α+ 1)
sinh(2h)ϕα+1,β+1

λ (h),

and ϕα,βλ is even, then

H
(
∆k
hf
)
(λ) = 2k

(
ϕα,βλ (h)− 1

)k
H (f)(λ)

and

H
(
∆̌k
hf
)
(λ) = 2k

(
ϕα,βλ (h)− 1

)k
H (f̌)(λ). ✄

Now by Plan
herel Theorem, we have the result.

Theorem 3.1. Given k and f ∈ L2
α,β(R). Then there exist a 
onstant c > 0 su
h that,

for all N > 0,
JN (f) = O

(
ω
(
f, cN−1

)
2,α,β

)
.

⊳ Firstly, we have

J2
N (f) 6

+∞∫

N

|jα(λh)| dµ(λ) +
+∞∫

N

|1− jα(λh)| dµ(λ), (5)

with dµ(λ) = (|H f(λ)|2+|H f̌(λ)|2)dσ(λ). The parameter h > 0 will be 
hosen in an instant.
In view of formulas (2) and (3), there exist a 
onstant c1 > 0 su
h that

|jα(λh)| 6 c1(λh)
−α− 1

2 .

Then

+∞∫

N

|jα(λh)| dµ(λ) 6 c1(hN)−α−
1
2J2

N (f).
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Choose a 
onstant c2 su
h that the number c3 = 1− c1c
−α− 1

2
2 is positive.

Setting h = c2/N in the inequality (5), we have

c3J
2
N (f) 6

+∞∫

N

|1− jα(λh)| dµ(λ). (6)

By H�older inequality and Lemma 2.3 the se
ond term in (6) satis�es

+∞∫

N

|1− jα(λh)| dµ(λ) =
+∞∫

N

|1− jα(λh)| × 1 dµ(λ)

6

( +∞∫

N

|1− jα(λh)|2k dµ(λ)
)1/2k( +∞∫

N

dµ(λ)

)1−1/2k

6

( +∞∫

N

|1− jα(λh)|2k dµ(λ)
)1/2k

(JN (f))
2−1/k

6
1

c0

( +∞∫

N

|1− ϕα,βλ (h)|2k dµ(λ)
)1/2k

(JN (f))
2−1/k.

From Lemma 3.2, we 
on
lude that

+∞∫

N

∣∣1− ϕα,βλ (h)
∣∣2k dµ(λ) 6

∥∥∆k
hf
∥∥2
2,α,β

.

Therefore

+∞∫

N

∣∣1− jα(λh)
∣∣ dµ(λ) 6 1

c0

∥∥∆k
hf
∥∥1/k
2,α,β

(JN (f))
2−1/k.

For h = c2/N , we obtain

c3J
2
N (f) 6

1

c0
ω
(
f,
c2
N

)1/k
2,α,β

(JN (f))
2−1/k.

Consequently by raising both sides to the power k and simplifying by (JN (f))
2k

we �nally

obtain

ck0c
k
3JN (f) 6 ω

(
f,

c

N

)
2,α,β

for all N > 0. The theorem is proved with c = c2. ⊲

Theorem 3.3. Let f ∈ L2
α,β(R). Then, for all N > 0,

ω
(
f,N−1

)
2,α,β

= O


N−2k

(
N∑

l=0

(l + 1)4k−1J2
l (f)

)1/2

 .
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⊳ From Lemma 3.2, we have

∥∥∆k
hf
∥∥2
2,α,β

= 22k
+∞∫

0

∣∣ϕα,βλ (h)− 1
∣∣2k (|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ).

This integral is divided into two

+∞∫

0

=

N∫

0

+

+∞∫

N

= I1 + I2,

where N = [h−1]. We estimate them separately.

From (i) of Lemma 2.1, we have the estimate

I2 6 c4

+∞∫

N

(
|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ) = c4J

2
N (f).

Now, we estimate I1. From formula (ii) of Lemma 2.1, we have

I1 6 h4k
N∫

0

(λ+ ρ)4k
(
|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ)

= h4k
N−1∑

l=0

l+1∫

l

(λ+ ρ)4k
(
|H f(λ)|2 + |H f̌(λ)|2

)
dσ(λ)

6 h4k
N−1∑

l=0

(l + ρ+ 1)4k
(
J2
l (f)− J2

l+1(f)
)
.

From the inequality l + ρ+ 1 6 (ρ+ 1)(l + 1) we 
on
lude

I1 6 (ρ+ 1)4kh4k
N−1∑

l=0

al
(
J2
l (f)− J2

l+1(f)
)

with al = (l + 1)4k.

For all integers m > 1, the Abel transformation shows

m∑

l=0

al
(
J2
l (f)− J2

l+1(f)
)
= a0J

2
0 (f) +

m∑

l=1

(al − al−1)J
2
l (f)− amJ

2
m+1(f)

6 a0J
2
0 (f) +

m∑

l=1

(al − al−1)J
2
l (f),

be
ause amJ
2
m+1(f) > 0.

Hen
e

I1 6 (ρ+ 1)4kN−4k

(
J2
0 (f) +

N−1∑

l=1

(
(l + 1)4k − l4k

)
J2
l (f)

)
,
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sin
e N 6 1/h. Moreover by the �nite in
rements theorem, we have (l + 1)4k − l4k 6 4k(l +
1)4k−1. Then

I1 6 (ρ+ 1)4kN−4k

(
J2
0 (f) + 4k

N−1∑

l=1

(l + 1)4k−1J2
l (f)

)
.

Combining the estimates for I1 and I2 gives

∥∥∆k
hf
∥∥2
2,α,β

= O

(
N−4k

N∑

l=0

(l + 1)4k−1J2
l (f)

)
,

whi
h implies

ω(f,N−1)2,α,β = O


N−2k

(
N∑

l=0

(l + 1)4k−1J2
l (f)

)1/2

 ,

and this ends the proof. ⊲
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Àííîòàöèÿ. Â êëàññè÷åñêîé òåîðèè ïðèáëèæåíèÿ �óíêöèé íà R
+
, ìîäóëü ãëàäêîñòè â îñíîâíîì

ñòðîèòñÿ ïîñðåäñòâîì îïåðàòîðîâ ñäâèãà f(·) 7→ f(·+ y). Ïîñêîëüêó ïîíÿòèå îïåðàòîðà ñäâèãà áûëî
ðàñøèðåíî â ðàçëè÷íûõ íàïðàâëåíèÿõ (ñì. [2℄ è [3℄), áûëè îáíàðóæåíî ìíîãî äðóãèõ îáîáùåííûõ

ìîäóëåé ãëàäêîñòè. ×àñòî ïðè èçó÷åíèÿ âçàèìîñâÿçè ñâîéñòâ ãëàäêîñòè �óíêöèè è íàèëó÷øåãî

ïðèáëèæåíèÿ ýòîé �óíêöèè â âåñîâûõ �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ òàêèå îáîáùåííûå ìîäóëè

ãëàäêîñòè îêàçûâàþòñÿ áîëåå óäîáíûìè, ÷åì îáû÷íûå (ñì. [4℄ è [5℄). Â ðàáîòå [1℄ Àáèëîâ è äð. äëÿ

ïðåîáðàçîâàíèÿ Ôóðüå â ïðîñòðàíñòâå êâàäðàòè÷íî èíòåãðèðóåìûõ �óíêöèé äîêàçàëè ñ èñïîëüçî-

âàíèåì îïåðàòîðà ñäâèãà äâå ïîëåçíûå îöåíêè íà íåêîòîðûõ êëàññàõ �óíêöèé, õàðàêòåðèçóåìûõ

îáîáùåííûì ìîäóëåì íåïðåðûâíîñòè. Â äàííîé ñòàòüå ìû òàêæå îáñóæäàåì ýòîò âîïðîñ. Áîëåå

êîíêðåòíî, ìû äîêàçûâàåì íåêîòîðûå îöåíêè (àíàëîãè÷íûå äîêàçàííûì â [1℄) â êëàññàõ �óíêöèé,

õàðàêòåðèçóåìûõ îáîáùåííûì ìîäóëåì íåïðåðûâíîñòè è ñâÿçàííûõ ñ îáîáùåííûì ïðåîáðàçîâàíèå

Ôóðüå, àññîöèèðîâàííîå ñ äè��åðåíöèàëüíî-ðàçíîñòíûì îïåðàòîðîì T (α,β)
â ïðîñòðàíñòâå L2

α,β(R).
Äëÿ ýòîé öåëè ìû èñïîëüçóåì îáîáùåííûé îïåðàòîð ñäâèãà.

Êëþ÷åâûå ñëîâà: îïåðàòîð ×åðåäíèêà � Îïäàìà, îáîáùåííîå ïðåîáðàçîâàíèå Ôóðüå îáîáùåííûé

ñäâèã.
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Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàþòñÿ çàìêíóòûå âûïóêëûå ìíîãîãðàííèêè â òðåõìåðíîì åâêëè-

äîâîì ïðîñòðàíñòâå, íåêîòîðûå âåðøèíû êîòîðûõ ÿâëÿþòñÿ îäíîâðåìåííî èçîëèðîâàííûìè, ñèì-

ìåòðè÷íûìè è ðîìáè÷åñêèìè. �îìáè÷íîñòü âåðøèíû îçíà÷àåò, ÷òî âñå ãðàíè ìíîãîãðàííèêà, èíöè-

äåíòíûå ýòîé âåðøèíå, ÿâëÿþòñÿ ðàâíûìè ìåæäó ñîáîé ðîìáàìè â êîëè÷åñòâå n. Ñèììåòðè÷íîñòü
âåðøèíû îçíà÷àåò, ÷òî îíà ðàñïîëîæåíà íà íåòðèâèàëüíîé îñè âðàùåíèÿ ïîðÿäêà n ìíîãîãðàííèêà.

Ó÷èòûâàÿ, ÷òî ñîâîêóïíîñòü âñåõ ðîìáîâ âåðøèíû P íàçûâàåòñÿ ðîìáè÷åñêîé çâåçäîé âåðøèíû P ,
èçîëèðîâàííîñòü âåðøèíû P îçíà÷àåò, ÷òî åå ðîìáè÷åñêàÿ çâåçäà íå èìååò îáùèõ òî÷åê ñ ðîìáè÷å-

ñêèìè çâåçäàìè äðóãèõ âåðøèí ìíîãîãðàííèêà. Ïðåäïîëîæèì, ÷òî â ìíîãîãðàííèêå èìåþòñÿ òàêæå

ãðàíè Fi, íå ïðèíàäëåæàùèå íè îäíîé ðîìáè÷åñêîé çâåçäå, ïðè÷¼ì ó êàæäîé ãðàíè Fi ñóùåñòâóåò îñü

âðàùåíèÿ, êîòîðàÿ ÿâëÿåòñÿ ëîêàëüíîé îñüþ âðàùåíèÿ çâåçäû ýòîé ãðàíè. Ìíîãîãðàííèêè ñ òàêèìè

óñëîâèÿìè íàçâàíû â ðàáîòå RS-ìíîãîãðàííèêàìè (îò ïåðâûõ áóêâ ñëîâ rombi
, symmetry). RS-
ìíîãîãðàííèêè îêàçûâàþòñÿ ñâÿçàííûìè ñ ìíîãîãðàííèêàìè, ñèëüíî ñèììåòðè÷íûìè îòíîñèòåëüíî

âðàùåíèÿ. Ìíîãîãðàííèêè, ñèëüíî ñèììåòðè÷íûå îòíîñèòåëüíî âðàùåíèÿ áûëè ðàíåå ââåäåíû è

ïîëíîñòüþ ïåðå÷èñëåíû àâòîðîì; îíè ÿâëÿþòñÿ îáîáùåíèåì êëàññà ïðàâèëüíûõ (ïëàòîíîâûõ) ìíî-

ãîãðàííèêîâ. Îòìåòèì, ÷òî ñðåäè ñèëüíî ñèììåòðè÷íûõ ìíîãîãðàííèêîâ åñòü ñåìü òàêèõ, êîòîðûå íå

ÿâëÿþòñÿ êîìáèíàòîðíî ýêâèâàëåíòíûìè íè ïðàâèëüíûì, íè ðàâíîóãîëüíî-ïîëóïðàâèëüíûì (àðõè-

ìåäîâûì). Â íàñòîÿùåé ðàáîòå íàéäåíû âñå RS-ìíîãîãðàííèêè è óñòàíàâëèâàåòñÿ ñâÿçü íåêîòîðûõ
èç íèõ ñ ïàðàëëåëîýäðàìè â òðåõìåðíîì åâêëèäîâîì ïðîñòðàíñòâå.

Êëþ÷åâûå ñëîâà: ñèëüíî ñèììåòðè÷íûé ìíîãîãðàííèê, ðîìáè÷åñêàÿ âåðøèíà, RS-ìíîãîãðàííèê,
TE-ïðåîáðàçîâàíèå, ïàðàëëåëîîýäð.

Mathemati
al Subje
t Classi�
ation (2000): 52B10, 52B15.

Ââåäåíèå

Òåìà íàñòîÿùåé ñòàòüè îòíîñèòñÿ ê íàïðàâëåíèþ, â êîòîðîì ðàññìàòðèâàþòñÿ ðàç-

ëè÷íûå îáîáùåíèÿ ïðàâèëüíûõ (ïëàòîíîâûõ) ìíîãîãðàííèêîâ (ñì., íàïðèìåð, [1�6℄ è

ññûëêè â ñïèñêå ëèòåðàòóðû â [2℄). Ê òàêèì îáîáùåíèÿì îòíîñÿòñÿ, â ÷àñòíîñòè, êëàññû

ñèëüíî ñèììåòðè÷íûõ ìíîãîãðàííèêîâ, ðàññìîòðåííûå àâòîðîì â ðàáîòàõ [2�4℄; îñîáåí-

íîñòüþ ýòèõ îáîáùåíèé ÿâëÿåòñÿ òî, ÷òî â îñíîâó ïîëîæåíû ñâîéñòâà ñèììåòðèè ýëå-

ìåíòîâ ìíîãîãðàííèêà. Íàïðèìåð, â [2℄ ðàññìàòðèâàåòñÿ êëàññ ìíîãîãðàííèêîâ, ñèëüíî

♯
�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �îññèéñêîãî �îíäà �óíäàìåíòàëüíûõ èññëåäîâà-

íèé, Ïðàâèòåëüñòâà Êðàñíîÿðñêîãî êðàÿ, Êðàñíîÿðñêîãî êðàåâîãî �îíäà ïîääåðæêè íàó÷íîé è íàó÷íî-

òåõíè÷åñêîé äåÿòåëüíîñòè, ïðîåêò � 16-41-240670.
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ñèììåòðè÷íûõ îòíîñèòåëüíî âðàùåíèÿ ãðàíåé. Íàïîìíèì, ÷òî çàìêíóòûé âûïóêëûé

ìíîãîãðàííèê â E3
íàçûâàåòñÿ ñèëüíî ñèììåòðè÷íûì îòíîñèòåëüíî âðàùåíèÿ ãðàíåé,

åñëè ó êàæäîé ãðàíè èìååòñÿ îñü âðàùåíèÿ ìíîãîãðàííèêà, ïåðïåíäèêóëÿðíàÿ ýòîé ãðà-

íè è ïåðåñåêàþùàÿ åå îòíîñèòåëüíóþ âíóòðåííîñòü. Â [2℄ íàéäåí ïîëíûé ïåðå÷åíü òàêèõ

ìíîãîãðàííèêîâ, à òàêæå äâîéñòâåííûõ èì � ñèëüíî ñèììåòðè÷íûõ îòíîñèòåëüíî âðà-

ùåíèÿ ìíîãîãðàííûõ óãëîâ. Â ÷èñëå ýòèõ ìíîãîãðàííèêîâ èìåþòñÿ ñåìü, êîòîðûå äàæå

êîìáèíàòîðíî íå ýêâèâàëåíòíû ïðàâèëüíûì è àðõèìåäîâûì.

Â [4℄ áûëî äîêàçàíî, ÷òî ãëîáàëüíîå óñëîâèå íà îñü âðàùåíèÿ ìîæíî îñëàáèòü, à èìåí-

íî, áûëà äîêàçàíà ëåììà: äëÿ òîãî ÷òîáû ìíîãîãðàííèê áûë ñèëüíî ñèììåòðè÷íûì, íåîá-

õîäèìî è äîñòàòî÷íî, ÷òîáû ó êàæäîé ãðàíè F èìåëàñü îñü âðàùåíèÿ, êîòîðàÿ ÿâëÿåòñÿ

îñüþ âðàùåíèÿ çâåçäû ãðàíè F . Ïîä çâåçäîé ãðàíè F (âåðøèíû V ) ïîíèìàåòñÿ ñîâîêóï-
íîñòü âñåõ ãðàíåé, èìåþùèõ õîòÿ áû îäíó îáùóþ âåðøèíó ñ ãðàíüþ F (âåðøèíîé V ).

Â íàñòîÿùåé ðàáîòå ââîäèòñÿ è ïîëíîñòüþ ïåðå÷èñëÿåòñÿ êëàññ çàìêíóòûõ âûïóê-

ëûõ ìíîãîãðàííèêîâ â E3
ñ ñèììåòðè÷íûìè ðîìáè÷åñêèìè âåðøèíàìè (êëàññ RS) è

óñòàíàâëèâàåòñÿ ñâÿçü ýòîãî êëàññà ñ ïàðàëëåëîýäðàìè â E3
.

Ñëåäóþùèå îïðåäåëåíèÿ ÿâëÿþòñÿ ïîäãîòîâèòåëüíûìè äëÿ ââåäåíèÿ ïîíÿòèÿ ìíî-

ãîãðàííèêà ñ ðîìáè÷åñêèìè âåðøèíàìè.

Îïðåäåëåíèå 1. Âåðøèíà V ìíîãîãðàííèêà íàçûâàåòñÿ ðîìáè÷åñêîé, åñëè åå çâåçäà

ñîñòîèò èç ðàâíûõ ðîìáîâ, èìåþùèõ îáùåé âåðøèíîé V . Ïðè ýòîì âñå ðîìáû îäèíàêîâî

ðàñïîëîæåíû, ò. å. ñõîäÿòñÿ â âåðøèíå V ëèáî îñòðûìè, ëèáî òóïûìè óãëàìè.

Åñëè ÷èñëî òàêèõ ðîìáîâ ðàâíî n, òî âåðøèíó áóäåì íàçûâàòü n-ðîìáè÷åñêîé.

Îïðåäåëåíèå 2. n-ðîìáè÷åñêàÿ âåðøèíà íàçûâàåòñÿ ñèììåòðè÷íîé, åñëè îíà ðàñ-

ïîëîæåíà íà íåòðèâèàëüíîé îñè âðàùåíèÿ ïîðÿäêà n ìíîãîãðàííèêà.

Îïðåäåëåíèå 3. �îìáè÷åñêàÿ âåðøèíà íàçûâàåòñÿ èçîëèðîâàííîé, åñëè åå çâåçäà íå

èìååò îáùèõ ýëåìåíòîâ ñî çâåçäîé ëþáîé äðóãîé ðîìáè÷åñêîé âåðøèíû ìíîãîãðàííèêà.

Îïðåäåëåíèå 4.Ôèãóðà, ñîñòîÿùàÿ èç ðîìáîâ çâåçäû èçîëèðîâàííîé ñèììåòðè÷íîé

n-ðîìáè÷åñêîé âåðøèíû, íàçûâàåòñÿ ñèììåòðè÷íîé n-ðîìáè÷åñêîé øàïî÷êîé, à ñàìà

âåðøèíà íàçûâàåòñÿ âåðøèíîé øàïî÷êè.

Îïðåäåëåíèå 5. Äâå ðàâíûå ñèììåòðè÷íûå n-ðîìáè÷åñêèå øàïî÷êè, ðàñïîëîæåí-
íûå äðóã ê äðóãó ñâîèìè âîãíóòûìè ñòîðîíàìè, áóäåì íàçûâàòü çåðêàëüíî ðàñïîëîæåí-

íûìè, åñëè îíè ëèáî ñèììåòðè÷íû îòíîñèòåëüíî ïëîñêîñòè, ëèáî ìîãóò áûòü ñîâìåùåíû

ïðè ïîìîùè çåðêàëüíîãî ïîâîðîòà âîêðóã îñè, ïðîõîäÿùåé ÷åðåç èõ âåðøèíû.

Çåðêàëüíûé ïîâîðîò âîêðóã îñè L � ýòî êîìïîçèöèÿ ïîâîðîòà âîêðóã îñè L è îòðà-

æåíèÿ â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé ýòîé îñè.

Èç îïðåäåëåíèÿ 5, â ÷àñòíîñòè, ñëåäóåò, ÷òî ðîìáîýäð � ýòî âûïóêëûé ìíîãîãðàííèê,

ñîñòàâëåííûé èç äâóõ ðàâíûõ ñèììåòðè÷íûõ çåðêàëüíî ðàñïîëîæåííûõ 3-ðîìáè÷åñêèõ

øàïî÷åê.

Åñëè ðàññìàòðèâàòü ìíîãîãðàííèêè, êàæäàÿ âåðøèíà êîòîðûõ ÿâëÿåòñÿ ñèììåòðè÷-

íîé ðîìáè÷åñêîé, íî íå èçîëèðîâàííîé, òî, êàê èçâåñòíî, êëàññ òàêèõ ìíîãîãðàííèêîâ

èñ÷åðïûâàåòñÿ äâóìÿ ìíîãîãðàííèêàìè: ðîìáè÷åñêèì äîäåêàýäðîì è ðîìáîòðèàêîíòàýä-

ðîì [2℄.

1. Ìíîãîãðàííèêè ñ ðîìáè÷åñêèìè âåðøèíàìè

Äàëåå áóäåì ðàññìàòðèâàòü ìíîãîãðàííèêè, êàæäàÿ ðîìáè÷åñêàÿ âåðøèíà êîòîðûõ

ÿâëÿåòñÿ ñèììåòðè÷íîé è èçîëèðîâàííîé. Ïðè ýòîì êàæäàÿ ãðàíü F , íå âõîäÿùàÿ â çâåç-
äó ðîìáè÷åñêîé âåðøèíû, èìååò îñü âðàùåíèÿ, ïåðïåíäèêóëÿðíóþ F . Ïðåäïîëàãàåòñÿ,
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÷òî ýòà îñü âðàùåíèÿ ÿâëÿåòñÿ îñüþ âðàùåíèÿ çâåçäû ãðàíè F . Òàêîé êëàññ ìíîãîãðàí-
íèêîâ áóäåì îáîçíà÷àòü RS.

Òåîðåìà. Âñÿêèé ìíîãîãðàííèê êëàññà RS ìîæåò áûòü ïîëó÷åí ïðè ïîìîùè ïðåîá-

ðàçîâàíèÿ îòñå÷åíèÿ íåêîòîðûõ òðåõãðàííûõ âåðøèí îäíîãî èç ñèëüíî ñèììåòðè÷íûõ

îòíîñèòåëüíî âðàùåíèÿ ãðàíåé ìíîãîãðàííèêîâ è ïîñëåäóþùåãî ñèììåòðè÷íîãî ïðîäëå-

íèÿ ïîëó÷åííûõ òðåóãîëüíûõ ñå÷åíèé äî ðîìáîâ.

⊳ Îïåðàöèÿ îòñå÷åíèÿ âåðøèíû îïðåäåëÿåòñÿ, íàïðèìåð, â [6, ñ. 76℄, [7, ñ. 439℄. Ïðåîá-

ðàçîâàíèå îòñå÷åíèÿ âåðøèíû è ïîñëåäóþùåãî ñèììåòðè÷íîãî ïðîäëåíèÿ â ñâîåé ïëîñêî-

ñòè ïîëó÷èâøåéñÿ â ðåçóëüòàòå îòñå÷åíèÿ ãðàíè, óïîìÿíóòîå â òåîðåìå, áóäåì íàçûâàòü

TE-ïðåîáðàçîâàíèåì.

�àññìîòðèì íåêîòîðûé RS-ìíîãîãðàííèê M . Ïóñòü A � íåêîòîðàÿ åãî èçîëèðîâàí-

íàÿ n-ðîìáè÷åñêàÿ âåðøèíà. Ïðîâåäåì ïëîñêîñòü p, îïîðíóþ êM â òî÷êå A ïåðïåíäèêó-

ëÿðíî îñè âðàùåíèÿ, ïðîõîäÿùåé ÷åðåç A. Ñäâèíåì ïàðàëëåëüíî ïëîñêîñòü p â íàïðàâëå-
íèè îò òî÷êè A ê âíóòðåííîñòèM äî òåõ ïîð, ïîêà ýòà ïëîñêîñòü ïðîéäåò ÷åðåç ìåíüøèå

äèàãîíàëè âñåõ ðîìáîâ ðîìáè÷åñêîé øàïî÷êè ñ âåðøèíîé A. Óäàëèì ÷àñòü ìíîãîãðàííè-

êà, ëåæàùóþ ïî òó ñòîðîíó îò ïëîñêîñòè p, êîòîðàÿ ñîäåðæèò âåðøèíó A. Ïåðåñå÷åíèå
ïëîñêîñòè p ñ M ïðåäñòàâëÿåò ñîáîé ãðàíü F . ×åðåç âíóòðåííîñòü F ïðîõîäèò îñü âðà-

ùåíèÿ ìíîãîãðàííèêà M . Êàæäîå ðåáðî ãðàíè F ÿâëÿåòñÿ ñòîðîíîé òðåóãîëüíèêà, âõî-

äÿùåãî â çâåçäó F . Ýòè òðåóãîëüíèêè îáðàçóþò çàìêíóòóþ çîíó ãðàíåé. Îáîçíà÷èì ýòó

çîíó Z. Ëþáûå äâà ñîñåäíèå òðåóãîëüíèêà çîíû Z èìåþò òîëüêî îäíó îáùóþ âåðøèíó,

êîòîðàÿ ÿâëÿåòñÿ òàêæå è âåðøèíîé ãðàíè F . Íè ÷åðåç îäèí èç ýòèõ n òðåóãîëüíèêîâ íå
áóäåò ïðîõîäèòü îñü âðàùåíèÿ ìíîãîãðàííèêà M .

Ïðîäåëàåì ýòî ñ êàæäîé ðîìáè÷åñêîé âåðøèíîé ìíîãîãðàííèêà M . Ïîëó÷èì ìíîãî-

ãðàííèê M ′
, ó êîòîðîãî ÷åðåç êàæäóþ ãðàíü, èñêëþ÷àÿ òðåóãîëüíûå, ïðîõîäÿò îñè âðà-

ùåíèÿ. Äàëåå ðàññóæäàåì àíàëîãè÷íî ñëó÷àþ ìíîãîãðàííèêîâ ñ èçîëèðîâàííûìè íåñèì-

ìåòðè÷íûìè ïîÿñàìè [4℄, ò. å. ðàññìîòðèì îäèí èç òðåóãîëüíèêîâ T çîíû Z. Ïðîäîëæèì
òðè ãðàíè, èìåþùèå îáùèå ðåáðà ñ T , äî èõ ïåðåñå÷åíèÿ â îäíîé òî÷êå. Ïðîäåëàåì ýòî

ñ êàæäûì òðåóãîëüíèêîì êàæäîé çîíû. Ïîëó÷èì íîâûé ìíîãîãðàííèê M ′′
.

×åðåç öåíòð êàæäîé ãðàíè ìíîãîãðàííèêà M ′′
áóäåò ïðîõîäèòü îñü âðàùåíèÿ ìíîãî-

ãðàííèêà. Òàêèì îáðàçîì, M ′′
ÿâëÿåòñÿ ñèëüíî ñèììåòðè÷íûì îòíîñèòåëüíî âðàùåíèÿ

ãðàíåé.

Ïðîâåäåì òåïåðü âñå ïîñòðîåíèÿ â îáðàòíîì ïîðÿäêå. Ïîëó÷èì èç ìíîãîãðàííèêà M ′′

ìíîãîãðàííèê M ñ èçîëèðîâàííûìè ñèììåòðè÷íûìè ðîìáè÷åñêèìè âåðøèíàìè. ⊲

Çàìå÷àíèå. Èç ïðèâåäåííîãî äîêàçàòåëüñòâà âèäíî, ÷òî äëÿ êàæäîé ðîìáè÷åñêîé

âåðøèíû V äîñòàòî÷íî ñ÷èòàòü îñü âðàùåíèÿ, ïðîõîäÿùóþ ÷åðåç V , ëîêàëüíîé îñüþ

âðàùåíèÿ �èãóðû, ñîñòîÿùåé èç ðîìáè÷åñêîé øàïî÷êè ñ âåðøèíîé V è âñåõ ãðàíåé,

èìåþùèõ õîòÿ áû îäíó îáùóþ âåðøèíó ñ ðîìáàìè ýòîé øàïî÷êè.

Äàëåå ïðåîáðàçîâàíèå óäëèíåíèÿ (âäîëü îñè âðàùåíèÿ) ìíîãîãðàííèêà îçíà÷àåò òà-

êîé ñäâèã åãî äâóõ ðàâíûõ ñèììåòðè÷íûõ ðîìáè÷åñêèõ øàïî÷åê âäîëü îñè âðàùåíèÿ ýòèõ

øàïî÷åê, ÷òî ðàññòîÿíèå ìåæäó âåðøèíàìè øàïî÷åê óâåëè÷èâàåòñÿ. Ïðè ýòîì ðàçäâè-

ãàåìûå îáùèå âåðøèíû ðîìáîâ øàïî÷åê, îòëè÷íûå îò âåðøèí øàïî÷åê, áóäóò êîíöàìè

íîâûõ ðàâíûõ è ïàðàëëåëüíûõ îñè ñäâèãà ðåáåð.

Íàïîìíèì, ÷òî óñå÷åííûé ðîìáè÷åñêèé òðèàêîíòàýäð è 2-é ïîëóóñå÷åííûé ðîìáè÷å-

ñêèé òðèàêîíòàýäð � ýòî äâà òèïà ñèëüíî ñèììåòðè÷íûõ ìíîãîãðàííèêîâ èç [2℄, êîòîðûå

ìîãóò áûòü ïîëó÷åíû îòñå÷åíèåì âåðøèí ðîìáè÷åñêîãî òðèàêîíòàýäðà. Óñå÷åííûé èêî-

ñàýäð � îäèí èç ïîëóïðàâèëüíûõ (àðõèìåäîâûõ) ìíîãîãðàííèêîâ, ïîëó÷åííûé îòñå÷åíè-

åì âåðøèí èêîñàýäðà. Óäëèíåííûé ðîìáè÷åñêèé äîäåêàýäð � ìíîãîãðàííèê, ïîëó÷åííûé
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èç ðîìáîäîäåêàýäðà ïðåîáðàçîâàíèåì óäëèíåíèÿ âäîëü îñè AB 4-ãî ïîðÿäêà (ðèñ. 2, e).

Óäëèíåííûé ðîìáîýäð ïîëó÷àåòñÿ ïðåîáðàçîâàíèåì óäëèíåíèÿ âäîëü îñè AB ðîìáîýä-

ðà � ìíîãîãðàííèêà, ñîñòàâëåííîãî èç øåñòè ðàâíûõ ðîìáîâ (ðèñ. 2, f).

Ñëåäñòâèå. Ñëåäóþùèå òèïû ìíîãîãðàííèêîâ èñ÷åðïûâàþò êëàññ RS:
a)�b) ìíîãîãðàííèêè ñ 5-ðîìáè÷åñêèìè âåðøèíàìè, TE-ïðåîáðàçîâàííûå èç óñå÷åí-

íîãî ðîìáè÷åñêîãî òðèàêîíòàýäðà;

c) ìíîãîãðàííèê ñ 5-ðîìáè÷åñêèìè âåðøèíàìè, TE-ïðåîáðàçîâàííûé èç 2-ãî ïîëó-

óñå÷åííîãî ðîìáè÷åñêîãî òðèàêîíòàýäðà;

d) ìíîãîãðàííèê ñ 5-ðîìáè÷åñêèìè âåðøèíàìè, TE-ïðåîáðàçîâàííûé èç óñå÷åííîãî

èêîñàýäðà;

e) óäëèíåííûé ðîìáè÷åñêèé äîäåêàýäð ñ 4-ðîìáè÷åñêèìè âåðøèíàìè;

f) óäëèíåííûå ðîìáîýäðû ñ 3-ðîìáè÷åñêèìè âåðøèíàìè.

⊳ Òàê êàê âñå ìíîãîãðàííèêè, ñèëüíî ñèììåòðè÷íûå îòíîñèòåëüíî âðàùåíèÿ ãðàíåé

ïåðå÷èñëåíû, òî äîñòàòî÷íî âûáðàòü èç íèõ òå, êîòîðûå äîïóñêàþò TE-ïðåîáðàçîâàíèå.
Ìíîãîãðàííèêè, ñîîòâåòñòâóþùèå òèïàì a)�f) ñëåäñòâèÿ, ïðåäñòàâëåíû íà ðèñ. 1 è 2.

Óñå÷åííûé ðîìáè÷åñêèé òðèàêîíòàýäð ïîëó÷åí îòñå÷åíèåì âåðøèí ñòåïåíè 3 è ñòå-

ïåíè 5 â ðîìáè÷åñêîì òðèàêîíòàýäðå. Ïîýòîìó, ïðèìåíÿÿ TE-ïðåîáðàçîâàíèå ê êàæäîé
òðåõãðàííîé âåðøèíå êàæäîé ïÿòèóãîëüíîé ãðàíè óñå÷åííîãî ðîìáè÷åñêîãî òðèàêîíòà-

ýäðà, ïîëó÷èì ìíîãîãðàííèê ïóíêòà a). Åñëè òðåóãîëüíûå ãðàíè äîñòàòî÷íî áîëüøèå,

ò. å. áóäóò èìåòü îáùèå âåðøèíû ñ ðîìáàìè, òî ïîëó÷èì ìíîãîãðàííèê b).

2-é ïîëóóñå÷åííûé ðîìáè÷åñêèé òðèàêîíòàýäð ïîëó÷åí èç ðîìáè÷åñêîãî òðèàêîíòàýä-

ðà îòñå÷åíèåì òîëüêî âåðøèí ñòåïåíè 5. Ïîýòîìó, ïðèìåíÿåì TE-ïðåîáðàçîâàíèå ê âåð-
øèíàì 5-óãîëüíûõ ãðàíåé 2-ãî ïîëóóñå÷åííîãî ðîìáè÷åñêîãî òðèàêîíòàýäðà. Ïîëó÷èì

ìíîãîãðàííèê ïóíêòà 
).

a cb

�èñ. 1. RS-ìíîãîãðàííèêè.

d e f

A    

B

A    

B

�èñ. 2. RS-ìíîãîãðàííèêè.

Ïðèìåíÿÿ àíàëîãè÷íî TE-ïðåîáðàçîâàíèå ê óñå÷åííîìó èêîñàýäðó, ïîëó÷èì ìíîãî-

ãðàííèê d). Ìíîãîãðàííèê e) ïîëó÷àåòñÿ ïðèìåíåíèåì TE-ïðåîáðàçîâàíèÿ ê òðåõãðàí-

íûì óãëàì âåðõíåãî è íèæíåãî êâàäðàòíûõ îñíîâàíèé ïðÿìîóãîëüíîãî ïàðàëëåëåïèïåäà.

Ìíîãîãðàííèê f) ïîëó÷àåòñÿ ïðèìåíåíèåì TE-ïðåîáðàçîâàíèÿ ê òðåõãðàííûì óãëàì îñ-

íîâàíèé ïðàâèëüíîé 6-óãîëüíîé ïðèçìû. ⊲

Îòìåòèì, ÷òî íàëè÷èå îñè ñèììåòðèè 5-ãî ïîðÿäêà â íåêîòîðûõ ìíîãîãðàííèêàõ êëàñ-

ñà RS ìîæåò ñëóæèòü óêàçàíèåì íà âîçìîæíûå èõ ïðèëîæåíèÿ â òåîðèè êâàçèêðèñòàë-

ëîâ (ñì., íàïðèìåð, [8℄).
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2. Ñâÿçü RS-ìíîãîãðàííèêîâ ñ ïàðàëëåëîýäðàìè

Êàê èçâåñòíî, [9℄ âûïóêëûé ìíîãîãðàííèê P íàçûâàåòñÿ ïàðàëëåëîýäðîì, åñëè âñå

ïðîñòðàíñòâî E3
ìîæíî ðàçáèòü íà ïàðàëëåëüíûå êîïèè P .

Âñåãî ñóùåñòâóåò ïÿòü à��èííûõ òèïîâ ïàðàëëåëîýäðîâ: ïàðàëëåëåïèïåä, 6-óãîëü-

íàÿ ïðèçìà, ðîìáîäîäåêàýäð, óäëèíåííûé ðîìáîäîäåêàýäð è óñå÷åííûé îêòàýäð.

Îïðåäåëåíèå 6. Ïðàâèëüíûì áóäåì íàçûâàòü ïàðàëëåëîýäð, ãðàíÿìè êîòîðîãî ìî-

ãóò áûòü ðàâíûå ìåæäó ñîáîé ðîìáû è (èëè) ïðàâèëüíûå ìíîãîóãîëüíèêè è êîòîðûé

ÿâëÿåòñÿ åäèíñòâåííûì ñ òî÷íîñòüþ äî ïîäîáèÿ â ñâîåì à��èííîì êëàññå.

Î÷åâèäíî, ÷òî ïðàâèëüíûå ïàðàëëåëîýäðû ñëåäóþùèå: êóá, ïðàâèëüíàÿ 6-óãîëü-

íàÿ ïðèçìà ñ êâàäðàòíûìè áîêîâûìè ãðàíÿìè, ðîìáîäîäåêàýäð, óñå÷åííûé îêòàýäð

ñ ïðàâèëüíûìè 6-óãîëüíûìè è êâàäðàòíûìè ãðàíÿìè, 12-ãðàííèê ñ ïðàâèëüíûìè

6-óãîëüíûìè è ðîìáè÷åñêèìè ãðàíÿìè � óäëèíåííûé ðîìáîäîäåêàýäð.

Çàìå÷àíèå. Â ñëåäóþùåì ïðåäëîæåíèè ïðàâèëüíûé ïëîñêèé 6-óãîëüíèê ðàññìàò-

ðèâàåòñÿ êàê ïðåäåëüíàÿ �îðìà 3-ðîìáè÷åñêîé øàïî÷êè, ó êîòîðîé òðè ðîìáà â âåðøèíå

øàïî÷êè èìåþò òóïûå óãëû ïî 2π/3. Òàêèì îáðàçîì, äâå çåðêàëüíî ðàñïîëîæåííûå ðîì-

áè÷åñêèå øàïî÷êè ñîâïàäàþò è îáðàçóþò â ýòîì ñëó÷àå äâàæäû ïîêðûòûé ïëîñêèé ïðà-

âèëüíûé 6-óãîëüíèê; åãî ìû áóäåì ñ÷èòàòü çàìêíóòûì âûïóêëûì ìíîãîãðàííèêîì �

ðîìáîýäðîì, ñîñòàâëåííûì èç äâóõ 3-ðîìáè÷åñêèõ øàïî÷åê. Àíàëîãè÷íî, êâàäðàò ðàñ-

ñìàòðèâàåòñÿ êàê ïðåäåëüíàÿ �îðìà 4-ðîìáè÷åñêîé øàïî÷êè, ó êîòîðîé ÷åòûðå ðîìáà

ñòàíîâÿòñÿ êâàäðàòàìè. Â ýòîì ñëó÷àå äâå çåðêàëüíî ðàñïîëîæåííûå 4-ðîìáè÷åñêèå øà-

ïî÷êè ñîâïàäàþò è îáðàçóþò äâàæäû ïîêðûòûé êâàäðàò, êîòîðûé ìû òàê æå áóäåì

ñ÷èòàòü çàìêíóòûì âûïóêëûì ìíîãîãðàííèêîì. Îòìåòèì, ÷òî ñ ýòîé òî÷êè çðåíèÿ ïðà-

âèëüíàÿ 4-óãîëüíàÿ è ïðàâèëüíàÿ 6-óãîëüíàÿ ïðèçìà ìîãóò ñ÷èòàòüñÿ ïðåäåëüíûìè (âû-

ðîæäåííûìè) �îðìàìè RS-ìíîãîãðàííèêîâ. Ñðåäè ïðàâèëüíûõ ïàðàëëåëîýäðîâ òîëüêî
óäëèíåííûé ðîìáîäîäåêàýäð ÿâëÿåòñÿ íåâûðîæäåííûì RS-ìíîãîãðàííèêîì.

Ïðåäëîæåíèå. Äëÿ êàæäîãî ïðàâèëüíîãî ïàðàëëåëîýäðà P ñóùåñòâóåò åäèíñòâåí-

íûé ìíîãîãðàííèê R ñ ðîìáè÷åñêèìè ãðàíÿìè òàêîé, ÷òî P ìîæåò áûòü ïîëó÷åí èç R
ëèáî ïðåîáðàçîâàíèåì óäëèíåíèÿ, ëèáî (â ñëó÷àå, êîãäà P � óñå÷åííûé îêòàýäð) îòñå-

÷åíèåì ðîìáè÷åñêèõ âåðøèí.

⊳ Ïðèíèìàÿ âî âíèìàíèå ïðåäûäóùåå çàìå÷àíèå, âèäèì, ÷òî êóá è ïðàâèëüíàÿ

6-óãîëüíàÿ ïðèçìà ñ êâàäðàòíûìè áîêîâûìè ãðàíÿìè ïîëó÷àþòñÿ, ñîîòâåòñòâåííî, ïó-

òåì ïðåîáðàçîâàíèÿ óäëèíåíèÿ äâàæäû ïîêðûòûõ êâàäðàòà è ïðàâèëüíîãî 6-óãîëüíèêà.

�îìáîäîäåêàýäð ïîëó÷àåì óäëèíåíèåì ðîìáîýäðà, ó êîòîðîãî ðîìáû ðàâíû ðîìáàì

â ðîìáîäîäåêàýäðå, ò. å. ó êàæäîãî ðîìáà îòíîøåíèå äèàãîíàëåé ðàâíî

√
2. Ïðè÷åì óäëè-

íåíèå ïðîâîäèòñÿ âäîëü çåðêàëüíîé îñè 6-ãî ïîðÿäêà íà ðàññòîÿíèå, ðàâíîå äëèíå ñòîðî-

íû ðîìáîâ. Òàêèì îáðàçîì, ðîìáîäîäåêàýäð ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìíîãîãðàííèêà f)

íà ðèñ. 2.

Ïîëíûì îòñå÷åíèåì òðåõãðàííûõ âåðøèí ðîìáîäîäåêàýäðà, ïðè êîòîðîì îòñåêàþùàÿ

ïëîñêîñòü ïðîõîäèò ÷åðåç êîíöû ðåáåð, èíöèäåíòíûõ îòñåêàåìîé âåðøèíå, ñ ïîñëåäóþ-

ùèì îòñå÷åíèåì 4-ãðàííûõ âåðøèí ðîìáîäîäåêàýäðà, ïîëó÷àåì ÷åòâåðòûé ïðàâèëüíûé

ïàðàëëåëîýäð � óñå÷åííûé îêòàýäð.

�àññìîòðèì òåïåðü äâå çåðêàëüíî ðàñïîëîæåííûå ñèììåòðè÷íûå 4-ðîìáè÷åñêèå øà-

ïî÷êè ñ ñîâïàäàþùèìè ãðàíè÷íûìè âåðøèíàìè íà áîëüøèõ äèàãîíàëÿõ ðîìáîâ øàïî-

÷åê. Ïðè ýòîì øàïî÷êè âûáåðåì òàêèå, ÷òîáû íà ãðàíèöå êàæäîé øàïî÷êè âñå ñîñåäíèå

ðîìáû ñîñòàâëÿëè ìåæäó ñîáîé óãëû ïî 2π/3. Ïðèìåíÿÿ ïðåîáðàçîâàíèå óäëèíåíèÿ íà

ðàññòîÿíèå, ðàâíîå ñòîðîíå ðîìáîâ, ê ìíîãîãðàííèêó îáðàçîâàííîìó ýòèìè øàïî÷êàìè,

ïîëó÷èì ïÿòûé ïðàâèëüíûé ïàðàëëåëîýäð � óäëèíåííûé ðîìáîäîäåêàýäð. ⊲
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Abstra
t. Closed 
onvex polyhedra in three-dimensional Eu
lidean spa
e, some verti
es of whi
h are

simultaneously isolated, symmetri
 and rhombi
 are 
onsidered in this paper. The rhombi
ity of the vertex

means that all the fa
es of the polyhedron in
ident to this vertex are n rhombi equal to ea
h other. The

symmetry of a vertex means that it is lo
ated on a nontrivial rotation axis of order n of the polyhedron.

Taking into a

ount that the set of all rhombi of a vertex P is 
alled a rhombi
 star of a vertex P , the
isolation of a vertex P means that its rhombi
 star has no 
ommon points with rhombi
 stars of other

verti
es of a polyhedron. Suppose that in a polyhedron there are also fa
es Fi that do not belong to a

single rhombi
 star, and ea
h of Fi has a rotation axis, whi
h is the lo
al axis of rotation of a star of this fa
e.

Polyhedra with su
h 
onditions are 
alled in the paper RS-polyhedra (from the �rst letters of the words rombi
,

symmetry). RS-polyhedrons are related to polyhedra that are strongly symmetri
 with respe
t to rotation.

Polyhedra, strongly symmetri
 with respe
t to rotation were previously introdu
ed and are 
ompletely listed

by the author; they are a generalization of the 
lass of regular (Platoni
) polyhedra. We note that among

strongly symmetri
 polyhedra there are seven su
h that are not 
ombinatori
ally equivalent to either regular

or equilateral semiregular (Ar
himedean). In the present paper, all RS-polyhedrons are found. It is shown
that some of them are related to parallelohedra in three-dimensional Eu
lidean spa
e.

Key words: strongly symmetri
al polyhedron, rhombi
 vertex, RS-polyhedron, TE-transformation,
parallelohedron.
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1
Ìîñêîâñêèé àâèàöèîííûé èíñòèòóò (íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò),
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Àííîòàöèÿ. Â ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷àõ ÷àñòî íóæíî âîññòàíîâèòü êàêóþ-ëèáî õàðàêòå-

ðèñòèêó îáúåêòà ïî íåêîòîðîé èí�îðìàöèè (êàê ïðàâèëî, íåïîëíîé èëè íåòî÷íîé) î äðóãèõ åãî

õàðàêòåðèñòèêàõ. Ñóùåñòâóþò ðàçëè÷íûå ïîäõîäû ê ðåøåíèþ àíàëîãè÷íûõ çàäà÷. Â äàííîé ðàáîòå

èñïîëüçîâàëñÿ ïîäõîä, îñíîâàííûé íà èäåÿõ Àíäðåÿ Íèêîëàåâè÷à Êîëìîãîðîâà (â ðàáîòàõ î n-ïîïå-
ðå÷íèêàõ) î íàèëó÷øèõ ñðåäñòâàõ ïðèáëèæåíèÿ êîíå÷íîìåðíûìè ïîäïðîñòðàíñòâàìè. Ñóòü ìåòîäà

çàêëþ÷àåòñÿ â òîì, ÷òî èùåòñÿ íàèëó÷øåå ñðåäñòâî àïïðîêñèìàöèè íà öåëîì êëàññå. �àññìàòðèâàåò-

ñÿ çàäà÷à îäíîâðåìåííîãî âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé âñåõ ïîðÿäêîâ îò 1 äî
(n−1)-ãî âêëþ÷èòåëüíî íà êëàññå ïîñëåäîâàòåëüíîñòåé ñ îãðàíè÷åííîé n-îé ðàçäåëåííîé ðàçíîñòüþ.
Ïðè ýòîì ïðåîáðàçîâàíèå Ôóðüå äàííîé ïîñëåäîâàòåëüíîñòè èçâåñòíî ïðèáëèæåííî íà íåêîòîðîì

îòðåçêå â ñðåäíåêâàäðàòè÷íîé íîðìå. Ïîñòðîåíî ñåìåéñòâî îïòèìàëüíûõ ìåòîäîâ âîññòàíîâëåíèÿ.

Ñðåäè íàéäåííûõ ìåòîäîâ åñòü òå, êîòîðûå èñïîëüçóþò ìèíèìàëüíóþ èí�îðìàöèþ î ïîñëåäîâà-

òåëüíîñòè, ïðåäâàðèòåëüíî ¾ñãëàæèâàÿ¿ åå. Íàéäåíî òî÷íîå çíà÷åíèå îïòèìàëüíîé ïîãðåøíîñòè

âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé. Ïðåäåëüíûì ïåðåõîäîì èç ïîëó÷åííûõ ðåçóëü-

òàòîâ âûòåêàåò íåïðåðûâíûé ñëó÷àé.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå âîññòàíîâëåíèå, îïåðàòîð ðàçäåëåííîé ðàçíîñòè, ïðåîáðàçîâàíèå

Ôóðüå.

Mathemati
al Subje
t Classi�
ation (2000): 65K10.

1. Ââåäåíèå

Âïåðâûå çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ �óíêöèîíàëîâ áûëà ïîñòàâëåíà

Ñ. À. Ñìîëÿêîì â ðàáîòå [1℄. Îí æå äîêàçàë, ÷òî ñðåäè îïòèìàëüíûõ ìåòîäîâ âîññòà-

íîâëåíèÿ íà âûïóêëîì ìíîæåñòâå åñòü ëèíåéíûé. Â îáùåì ñëó÷àå ìåòîä îïòèìàëü-

íîãî âîññòàíîâëåíèÿ ëèíåéíûõ îïåðàòîðîâ ïî ïðèáëèæåííîé èí�îðìàöèè ðàçðàáîòàí

�. �. Ìàãàðèëîì-Èëüÿåâûì è Ê. Þ. Îñèïåíêî â ðàáîòå [2℄. Â äàííîé ðàáîòå ðàññìàòðè-

âàåòñÿ çàäà÷à îäíîâðåìåííîãî âîññòàíîâëåíèÿ îïåðàòîðîâ ðàçäåëåííûõ ðàçíîñòåé ðàç-

ëè÷íûõ ïîðÿäêîâ â ñðåäíåêâàäðàòè÷íîé íîðìå íà êëàññå ïîñëåäîâàòåëüíîñòåé ñ îãðàíè-

÷åííîé n-é ðàçäåëåííîé ðàçíîñòüþ ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ñàìîé

ïîñëåäîâàòåëüíîñòè. Àíàëîãè÷íàÿ çàäà÷à âîññòàíîâëåíèÿ ïðîèçâîäíîé êàêîãî-ëèáî ïî-

ðÿäêà (èëè ñàìîé �óíêöèè) íà ñîáîëåâñêîì êëàññå ðàññìàòðèâàëàñü â ðàáîòå [3℄. Ïðå-

äåëüíûì ïåðåõîäîì èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò íåïðåðûâíûé ñëó÷àé, èññëåäî-

âàííûé â ðàáîòå [3℄. Îäíîâðåìåííîå âîññòàíîâëåíèå ðàçäåëåííûõ ðàçíîñòåé ïî íåòî÷íî
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çàäàííîé ñàìîé ïîñëåäîâàòåëüíîñòè ðàññìàòðèâàëîñü â ðàáîòå [4℄. Â ðàáîòå [5℄ èçó÷àëàñü

çàäà÷à îïòèìàëüíîãî âîññòàíîâëåíèÿ íåêîòîðîé �èêñèðîâàííîé ðàçäåëåííîé ðàçíîñòè

ïî íåòî÷íî çàäàííîìó ïðåîáðàçîâàíèþ Ôóðüå ñàìîé ïîñëåäîâàòåëüíîñòè â ðàâíîìåðíîé

ìåòðèêå.

2. Îñíîâíûå ïîíÿòèÿ

Ïóñòü n ∈ N. Ïóñòü l2,h(Z), h > 0, � ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòåé x = {xj}j∈Z
òàêèõ, ÷òî

∑
j∈Z |xj|2 < ∞, ñ íîðìîé ‖x‖l2,h(Z) =

(
h
∑

j∈Z |xj |2
)1/2

. �àññìîòðèì êëàññ

ïîñëåäîâàòåëüíîñòåé

W
n
2,h =

{
x ∈ l2,h(Z) :

∥∥∆n
hx
∥∥
l2,h(Z)

6 1
}
.

Ïðåîáðàçîâàíèåì Ôóðüå ïîñëåäîâàòåëüíîñòè x = {xj}j∈Z ∈ l2,h(Z) ÿâëÿåòñÿ �óíêöèÿ

(Fx)(ω) = h
∑

j∈Z
xj e

−ijhω ∈ L2([−π/h, π/h]),

îïåðàòîðà ðàçäåëåííîé ðàçíîñòè ïåðâîãî ïîðÿäêà � �óíêöèÿ

(
F∆1

hx
)
(ω) = h

∑

j∈Z

xj+1 − xj
h

e−ijhω =
eihω − 1

h
(Fx)(ω),

ïðåîáðàçîâàíèåì Ôóðüå îïåðàòîðà ðàçäåëåííîé ðàçíîñòè ïîðÿäêà m � �óíêöèÿ

(
F∆m

h x
)
(ω) =

(eihω − 1)m

hm
(Fx)(ω).

Ñòàâèòñÿ çàäà÷à îäíîâðåìåííîãî îïòèìàëüíîãî âîññòàíîâëåíèÿ îïåðàòîðîâ âñåõ ðàç-

íîñòåé (∆1
hx,∆

2
hx, . . . ,∆

n−1
h x) ïîñëåäîâàòåëüíîñòè x ∈ W n

2,h ïðè óñëîâèè, ÷òî åå ïðå-

îáðàçîâàíèå Ôóðüå íà îòðåçêå [−σ;σ], 0 < σ 6 π/h, íàì èçâåñòíî ñ òî÷íîñòüþ äî

δ : ‖Fx(ω) − y(ω)‖L2([−σ;σ]) 6 δ, δ > 0.
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìîòðèì âñåâîçìîæíûå îòîáðàæåíèÿ ϕ(y) =

(ϕ1(y), ϕ2(y), . . . , ϕn−1(y)), ϕk(y) : L2([−σ;σ]) → l2,h(Z), 1 6 k 6 n− 1.
Îáîçíà÷èì ∆ = (∆1,∆2, . . . ,∆n−1).
Ïîãðåøíîñòüþ ìåòîäà ϕ íàçûâàåòñÿ âåëè÷èíà

e
(
W

n
2,h, F,∆, δ, ϕ

)
= sup

x∈W n
2,h, y∈L2([−σ;σ]),

‖Fx(ω)−y(ω)‖L2([−σ;σ])6δ

√√√√
n−1∑

k=1

pk
∥∥∆k

hx− ϕk(y)
∥∥2
l2,h(Z)

.

Çäåñü p = (p1, p2, . . . , pn−1), pk > 0, 1 6 k 6 n − 1, � âåñîâûå êîý��èöèåíòû, îäíî-

âðåìåííî íå ðàâíûå 0, âàðüèðóÿ êîòîðûå ìîæíî îòäàâàòü ïðåäïî÷òåíèå áîëåå òî÷íîìó

âîññòàíîâëåíèþ îïåðàòîðà êàêîé-ëèáî ðàçíîñòè.

Ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ íàçûâàåòñÿ âåëè÷èíà

E
(
W

n
2,h, F,∆, δ

)
= inf

ϕ:L2([−σ;σ])→(l2,h(Z))n
e
(
W

n
2,h, F,∆, δ, ϕ

)
.

Ìåòîä ϕ̂, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçîâåì îïòèìàëüíûì ìåòîäîì.
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3. Îñíîâíûå ðåçóëüòàòû

Ïóñòü x � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ

n−1∑

k=1

pkx
k
n =

n−1∑

k=1

pk
k

n

(
δ2

2π

)n−k
n

x.

�àññìîòðèì îáå ÷àñòè óðàâíåíèÿ. Ôóíêöèÿ y =
∑n−1

k=1 pkx
k
n
âîãíóòà, limx→0 y

′ = 0. Ôóíê-

öèÿ y =
∑n−1

k=1 pk
k
n

(
δ2

2π

)n−k
n x � ïðÿìàÿ ñ ïîëîæèòåëüíûì óãëîâûì êîý��èöèåíòîì, ïðî-

õîäÿùàÿ ÷åðåç íà÷àëî êîîðäèíàò. Ýòî îçíà÷àåò, ÷òî ïðè x > 0 ãðà�èêè ýòèõ �óíêöèé

èìåþò åäèíñòâåííóþ òî÷êó ïåðåñå÷åíèÿ, ò. å. äàííîå óðàâíåíèå âñåãäà èìååò åäèíñòâåí-

íûé êîðåíü.

Ââåäåì îáîçíà÷åíèÿ

σ̂ =

{
2
h arcsin hx

1
2n

2 , x
1
2n < 2

h ,
π
h , x

1
2n >

2
h ,

t(ω) =
4 sin2 ωh2

h2
, ωσ = t(σ).

Òåîðåìà 1. Ïóñòü n ∈ N, δ > 0. Òîãäà

E
(
W

n
2,h, F,∆, δ

)
=





(
n−1∑
k=1

pk

(
δ2

2π

)n−k
n

)1/2

, σ > σ̂,

(
n−1∑
k=1

pkω
k
σ

(
δ2

2π

(
k
n

) k
n−k

n−k
n + ω−n

σ

))1/2

, σ < σ̂.

Âñå ìåòîäû

ϕ̂k(y) =




∆k
hF

−1(αk(ω)y(ω)), ω ∈ (−σ;σ),
0, ω /∈ (−σ;σ),

ãäå

αk(ω) =





λ̂1+θk(ω)

λ̂1+λ̂2tn(ω)
, ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),
(1)

à θk(·) äëÿ ïî÷òè âñåõ ω ∈ (−σ;σ) óäîâëåòâîðÿþò óñëîâèþ
n−1∑

k=1

pkt
k(ω)|θk(ω)|2 6 λ̂1λ̂2t

n(ω)

(
λ̂1 + λ̂2t

n(ω)−
n−1∑

k=1

pkt
k(ω)

)
, (2)

â êîòîðîì

λ̂1 =





n−1∑
k=1

pk

(
δ2

2π

)− k
n (

1− k
n

)
, σ > σ̂,

n−1∑
k=1

pkω
k
σ

(
k
n

) k
n−k

(
1− k

n

)
, σ < σ̂,

λ̂2 =





n−1∑
k=1

pk
k
n

(
δ2

2π

)n−k
n
, σ > σ̂,

n−1∑
k=1

pkω
k−n
σ , σ < σ̂,

ÿâëÿþòñÿ îïòèìàëüíûìè.
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4. Äîêàçàòåëüñòâî

Äîêàæåì, ÷òî

E
(
W

n
2,h, F,∆, δ

)
> sup

x∈W n
2,h,

‖Fx(ω)‖L2([−σ;σ])6δ

√√√√
n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

. (3)

Äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè x ∈ W n
2,h òàêîé, ÷òî ‖Fx(ω)‖L2([−σ;σ]) 6 δ, è äëÿ ëþáîãî

ìåòîäà ϕ èìååì

(
2

n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

)1/2

=

(
n−1∑

k=1

pk
∥∥∆k

h(x)−∆k
h(−x) + ϕ(0) − ϕ(0)

∥∥2
l2,h(Z)

)1/2

6

(
n−1∑

k=1

pk
∥∥∆k

h(x)− ϕ(0)
∥∥2
l2,h(Z)

+

n−1∑

k=1

pk
∥∥∆k

h(−x)− ϕ(0)
∥∥2
l2,h(Z)

)1/2

6

(
2
n−1∑

k=1

sup
x∈W n

2,h,

‖Fx(ω)‖L2([−σ;σ])6δ

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

− ϕ(0)

)1/2

6

(
2e2
(
W

n
2,h, F,∆, δ, ϕ

))1/2
,

ò. å. äëÿ ëþáîãî ìåòîäà ϕ

e
(
W

n
2,h, F,∆, δ, ϕ

)
> sup

x∈W n
2,h,

‖Fx(ω)‖L2([−σ;σ])6δ

√√√√
n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

.

Èç äàííîãî íåðàâåíñòâà ñëåäóåò íåðàâåíñòâî (3).

Ýòî îçíà÷àåò, ÷òî êâàäðàò ïîãðåøíîñòè îïòèìàëüíîãî âîññòàíîâëåíèÿ íå ìåíüøå çíà-

÷åíèÿ ýêñòðåìàëüíîé çàäà÷è

n−1∑

k=1

pk
∥∥∆k

hx
∥∥2
l2,h(Z)

→ max,
∥∥∆n

hx
∥∥
l2,h(Z)

6 1,
∥∥Fx(ω)

∥∥
L2([−σ;σ]) 6 δ. (4)

Ïåðåéäåì ê êâàäðàòó çàäà÷è è ïðèìåíèì òåîðåìó Ïëàíøåðåëÿ. Çàäà÷à (4) ïðèíèìàåò

âèä

1

2π

n−1∑

k=1

pk

π/h∫

−π/h

|eihω − 1|2k
h2k

∣∣Fx(ω)
∣∣2 dω → max, (5)

σ∫

−σ

∣∣Fx(ω)
∣∣2 dω 6 δ2,

1

2π

π/h∫

−π/h

|eihω − 1|2n
h2n

∣∣Fx(ω)
∣∣2 dω 6 1.

Ïîëîæèì

ω0 =





2
h arcsin

(
h
2

(
δ2

2π

)− 1
2n

)
, σ > σ̂,

2
h arcsin

(
sin hσ

2

(
k
n

) 1
2(n−k)

)
, σ < σ̂.

(6)
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�àññìîòðèì ñëó÷àé σ > σ̂. Òî÷êà x0 = 2π
δ2

� òî÷êà êàñàíèÿ ïðÿìîé y = λ̂1 + λ̂2x è

�óíêöèè ỹ =
∑n−1

k=1 pkx
k
n
(ñì. ðèñ. 1). Ïðè σ > σ̂ â ñèëó ìîíîòîííîñòè �óíêöèè ỹ âûïîë-

íÿåòñÿ äâîéíîå íåðàâåíñòâî ωnσ > ωnσ̂ > x0. Ýòî îçíà÷àåò, ÷òî àðãóìåíò �óíêöèè àðêñèíóñ
â ðàâåíñòâå (6) íå ïðåâûøàåò 1 ïðè σ > σ̂.

Y

X

ỹ0

x0 ωn
σ̂ ωn

σ

ỹ =
n−1∑
k=1

pkx
k

n

y = λ̂2x

y = λ̂1 + λ̂2x

(2/h)2n

�èñ. 1.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé xm(·), äëÿ êîòîðûõ

(Fxm)(ω) =




D, ω ∈

[
ω0 − 1

m ;ω0

]
,

0, ω /∈
[
ω0 − 1

m ;ω0

]
.

Ïîëîæèì D = δ
√
m. Òîãäà

σ∫

−σ

∥∥Fxm(ω)
∥∥2
L2([−σ;σ]) dω =

ω0∫

ω0− 1
m

D2 dω =
D2

m
= δ2.

Êðîìå òîãî,

1

2π

π/h∫

−π/h

tn(ω)
∥∥Fxm(ω)

∥∥2
L2([−π;π]) dω =

1

2π

ω0∫

ω0− 1
m

tn(ω)D2 dω

=
δ2m

2π

ω0∫

ω0− 1
m

(
4

h2
sin2

hω

2

)n
dω 6

δ222n sin2n hω0
2

2πh2n
= 1.

Òåì ñàìûì �óíêöèè xm(·) äîïóñòèìû â çàäà÷å (5). Ñëåäîâàòåëüíî, ïðè D = δ
√
m çíà-
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÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû

1

2π

n−1∑

k=1

pk

π/h∫

−π/h

tk(ω)
∥∥Fxm(ω)

∥∥2
L2([−π/h,π/h]) dω =

1

2π

n−1∑

k=1

pk

ω0∫

ω0− 1
m

tk(ω)D2 dω

=
δ2m

2π

n−1∑

k=1

pk

ω0∫

ω0− 1
m

4k

h2k
sin2k

hω

2
dω >

n−1∑

k=1

pk
δ222k sin2k

h(ω0− 1
m)

2

2πh2k
.

Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðè m→ ∞ ñòðåìèòñÿ ê âåëè÷èíå

∑n−1
k=1 pk

(
δ2

2π

)n−k
n
.

Â ñëó÷àå σ < σ̂ î÷åâèäíî, ÷òî ω0 < σ < π
h . �àññìîòðèì ïîñëåäîâàòåëüíîñòü �óíêöèé

xm(·) òàêóþ, ÷òî

(Fxm)(ω) =





D1, ω ∈
[
ω0 − 1

m ;ω0

]
,

D2, ω ∈
[
σ;σ + 1

m

]
,

0, ω /∈
[
ω0 − 1

m ;ω0

]
∪
[
σ;σ + 1

m

]
.

Âîçüìåì

D1 = δ
√
m, D2 =


2 sin

h(σ+ 1
m)

2

h




−n√√√√m

(
2π − δ2ωσn

(
k

n

) n
n−k

)
.

Òîãäà

σ∫

−σ

∥∥Fxm(ω)
∥∥2
L2([−σ;σ]) dω =

σ+ 1
m∫

σ

D2
1 dω = δ2.

Àíàëîãè÷íî

1

2π

π/h∫

−π/h

tn(ω)
∥∥Fxm(ω)

∥∥2
L2([−π/h,π/h]) dω =

1

2π




ω0∫

ω0− 1
m

tn(ω)D2
1 dω +

σ+ 1
m∫

σ

tn(ω)D2
2 dω




6
1

2π


δ2

(
2

h
sin

hω0

2

)2n

+
D2

2

m

(
2

h
sin

h
(
σ + 1

m

)

2

)2n

 = 1.

Òàêèì îáðàçîì, �óíêöèè xm(·) òàêæå äîïóñòèìû â çàäà÷å (5). Çíà÷èò, ïðè óêàçàííûõ

âûøå çíà÷åíèÿõ δ, D1 è D2, çíà÷åíèå ýòîé çàäà÷è íå ìåíåå âåëè÷èíû

1

2π

n−1∑

k=1

pk

π/h∫

−π/h

tk(ω)
∥∥Fxm(ω)

∥∥2
L2([−π/h,π/h])dω =

1

2π

n−1∑

k=1

pk




ω0∫

ω0− 1
m

tk(ω)D2
1dω +

σ+ 1
m∫

σ

tk(ω)D2
2dω




>
1

2π

n−1∑

k=1

pk


δ2

(
2

h
sin

h
(
ω0 − 1

m

)

2

)2k

+


2 sin

h(σ+ 1
m)

2

h




−2n(
2π − δ2ωσ

n

(
k

n

) n
n−k

)
ωkσ


 .
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Âåëè÷èíà, ñòîÿùàÿ â ïðàâîé ÷àñòè ýòîãî íåðàâåíñòâà ïðè m→ ∞ ñòðåìèòñÿ ê

n−1∑

k=1

pkω
k
σ

(
δ2

2π

(
k

n

) k
n−k n− k

n
+ ω−n

σ

)
.

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî

E
(
W

n
2,h, F,∆, δ

)
>





(
n−1∑
k=1

pk

(
δ2

2π

)n−k
n

)1/2

, σ > σ̂,

(
n−1∑
k=1

pkω
k
σ

(
δ2

2π

(
k
n

) k
n−k

n−k
n + ω−n

σ

))1/2

, σ < σ̂.

Ïîñòðîèì îïòèìàëüíûå ìåòîäû. Îïòèìàëüíûå ìåòîäû áóäåì èñêàòü ñðåäè ìåòîäîâ

âèäà ϕk(y) = Λky, ãäå Λk : L2([−σ;σ]) → l2,h(Z) � ëèíåéíûé íåïðåðûâíûé îïåðàòîð,

äåéñòâèå êîòîðîãî â îáðàçàõ Ôóðüå èìååò âèä

F (Λky)(ω) =

{
(eihω−1)k

hk
αk(ω)y(ω), ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),

ãäå �óíêöèÿ αk(ω) ∈ L∞((−σ;σ)), αk(ω) = 0, ω /∈ (−σ;σ), 1 6 k 6 n− 1.

Äëÿ îöåíêè ïîãðåøíîñòè òàêèõ ìåòîäîâ ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

n−1∑

k=1

pk
∥∥∆k

hx− Λky
∥∥2
l2,h(Z)

→ max,

∥∥Fx(ω)− y(ω)
∥∥
L2([−σ;σ]) 6 δ, x ∈ W

n
2,h, y ∈ L2([−σ;σ]).

Ïåðåïèøåì ýòó çàäà÷ó â îáðàçàõ Ôóðüå:

1

2π

π/h∫

−π/h

n−1∑

k=1

pkt
k(ω)

∣∣Fx(ω)− αk(ω)y(ω)
∣∣2 dω → max,

σ∫

−σ

∣∣Fx(ω)− y(ω)
∣∣2 dω 6 δ2,

1

2π

π/h∫

−π/h

tn(ω)
∣∣Fx(ω)

∣∣2 dω 6 1.

(7)

Èñïîëüçóÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî, ïîëó÷àåì

∣∣Fx(ω)− αk(ω)y(ω)
∣∣2 =

∣∣Fx(ω)(1− αk(ω)) + αk(ω)(Fx(ω) − y(ω))
∣∣2

=

∣∣∣∣∣∣
αk(ω)

√
λ̂1√

λ̂1

(
Fx(ω)− y(ω)

)
+

1− αk(ω)√
λ̂2 tn(ω)

√
λ̂2 tn(ω)Fx(ω)

∣∣∣∣∣∣

2

6 qk(ω)
(
λ̂1
∣∣Fx(ω)− y(ω)

∣∣2 + λ̂2 t
n(ω)

∣∣Fx(ω)
∣∣2
)
,

ãäå qk(ω) =
|αk(ω)|2
λ̂1

+ |1−αk(ω)|2
λ̂2tn(ω)

.
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Ó÷èòûâàÿ óñëîâèÿ â çàäà÷å (7), èìååì

1

2π

π/h∫

−π/h

n−1∑

k=1

pkt
k(ω)

∣∣Fx(ω)− αk(ω)y(ω)
∣∣2 dω 6 ‖Q(·)‖L∞((−σ;σ))

(
λ̂1δ

2 + λ̂2
)
,

ãäå Q(ω) =
∑n−1

k=1 pkt
k(ω)qk(ω).

Åñëè ‖Q(·)‖L∞((−σ;σ)) 6 1, òî çíà÷åíèå çàäà÷è (7)

λ̂1
δ2

2π
+ λ̂2 =





n−1∑
k=1

pk

(
δ2

2π

)n−k
n

, σ > σ̂,

n−1∑
k=1

pkω
k
σ

(
δ2

2π

(
k
n

) k
n−k

n−k
n + ω−n

σ

)
, σ < σ̂,

íå ïðåâîñõîäèò λ̂1
δ2

2π + λ̂2 6 E2(W n
2,h, F,∆, δ).

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò îöåíêà ñâåðõó ïîãðåøíîñòè îïòèìàëüíîãî âîñ-

ñòàíîâëåíèÿ. Òåì ñàìûì ìåòîäû, â êîòîðûõ ak(·), k = 1, . . . , n − 1, âûáðàíû òàê, ÷òî

‖Q(·)‖L∞((−σ;σ)) 6 1, áóäóò îïòèìàëüíûìè.
Ïîêàæåì, ÷òî óñëîâèå ‖Q(·)‖L∞((−σ;σ)) 6 1 ýêâèâàëåíòíî âûðàæåíèþ (2) â óñëîâèè

òåîðåìû. Èìååì

Q(ω)=

n−1∑

k=1

pkt
k(ω)qk(ω)=

n−1∑

k=1

pkt
k(ω)

(
λ̂1+λ̂2t

n(ω)

λ̂1λ̂2tn(ω)

∣∣∣∣αk(ω)−
λ̂1

λ̂1+λ̂2tn(ω)

∣∣∣∣
2

+
1

λ̂1+λ̂2tn(ω)

)
.

Ïóñòü θk(ω) = αk(ω)
(
λ̂1 + λ̂2t

n
)
− λ̂1.

Òîãäà óñëîâèå ‖Q(·)‖L∞((−σ;σ)) 6 1 ýêâèâàëåíòíî óñëîâèþ (2).

�àññìîòðèì �óíêöèþ

g(t) = −
n−1∑

k=1

pkt
k + λ1χ[−σ,σ] + λ2t

n, t ∈
[
0, 4/h2

]
.

Â ñèëó âîãíóòîñòè �óíêöèè ỹ =
∑n−1

k=1 pkx
k/n

â ñëó÷àå σ > σ̂ áóäåò âûïîëíÿòüñÿ íåðà-

âåíñòâî ỹ 6 λ̂1 + λ̂2x äëÿ âñåõ x ∈ [0;ωnσ ] (ñì. ðèñ. 1). Òàê êàê ωnσ > ωnσ̂ , íåðàâåíñòâî∑n−1
k=1 pkx

k/n < λ̂2x âûïîëíÿåòñÿ ïðè x ∈ (ωnσ ; (2/h)
2n]. Ýòî îçíà÷àåò íåîòðèöàòåëüíîñòü

�óíêöèè g(t) ïðè âñåõ t ∈ [0, 4/h2].
Â ñëó÷àå σ < σ̂ ïðÿìàÿ y = λ̂2x ïåðåñåêàåò ãðà�èê �óíêöèè ỹ =

∑n−1
k=1 pkx

k/n
â òî÷-

êå ωnσ , ïðÿìàÿ y = λ̂1 + λ̂2x êàñàåòñÿ äàííîé �óíêöèè â òî÷êå x0 < ωnσ , ò. å. è â ýòîì

ñëó÷àå �óíêöèÿ g(t) > 0.
Òàêèì îáðàçîì, â ñèëó íåîòðèöàòåëüíîñòè �óíêöèè g(t) ïðàâàÿ ÷àñòü íåðàâåíñòâà (2)

íåîòðèöàòåëüíà.

Âåðõíÿÿ è íèæíÿÿ îöåíêè ïîãðåøíîñòè ñîâïàäàþò, ÷òî äîêàçûâàåò îïòèìàëüíîñòü

ìåòîäà.

Ïóñòü W n
2 (R) = {f(·) ∈ L2(R) : f (n−1) ∈ LAC(R), f (n)(·) ∈ L2(R)} � ñîáîëåâñêîå

ïðîñòðàíñòâî, ãäå LAC(R) � ìíîæåñòâî �óíêöèé, àáñîëþòíî íåïðåðûâíûõ íà êàæäîì

êîíå÷íîì îòðåçêå. �àññìîòðèì êëàññ �óíêöèé

W
n
2 (R) =

{
f(·) ∈ W

n
2 (R) :

∥∥f (n)(·)
∥∥
L2(R)

6 1, (Ff)(·) ∈ L2(R)
}
,
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ãäå (Ff)(·) � ïðåîáðàçîâàíèå Ôóðüå �óíêöèè f . Áóäåì ñ÷èòàòü, ÷òî äàíà �óíêöèÿ

y(·) ∈ L2([−σ;σ]) òàêàÿ, ÷òî ‖(Ff)(·) − y(·)‖L2([−σ;σ]) 6 δ, ãäå δ > 0 � çàäàííàÿ âåëè-

÷èíà ïîãðåøíîñòè.

Çàìåòèì, ÷òî, â ïðåäåëå ïðè h → 0 k-ÿ ðàçäåëåííàÿ ðàçíîñòü ïîñëåäîâàòåëüíîñòè

x ∈ W n
2,h ïåðåõîäèò â ïðîèçâîäíóþ k-ãî ïîðÿäêà �óíêöèè f(·) ∈ Wn

2 (R),

lim
h→0

t(ω) = ω2, lim
h→0

ωσ = σ2, lim
h→0

σ̂ =

(
δ2

2π

)− 1
2n

(
n−1∑

k=1

pk
k

n

) 1
2(k−n)

.

Íå îáîñíîâûâàÿ ñòðîãî ïðåäåëüíûé ïåðåõîä, ïðèâåäåì ðåçóëüòàò, êîòîðûé ïîëó÷àåò-

ñÿ ñ ïîìîùüþ òàêîãî ïåðåõîäà (ýòîò ðåçóëüòàò ìîæåò áûòü ïîëó÷åí è íåïîñðåäñòâåí-

íî, èñïîëüçóÿ òó æå ñõåìó ðàññóæäåíèé): ïîãðåøíîñòü îäíîâðåìåííîãî îïòèìàëüíî-

ãî âîññòàíîâëåíèÿ ïðîèçâîäíûõ âñåõ ïîðÿäêîâ (D1f(·), D2f(·), . . ., Dn−1f(·)) �óíêöèè
f(·) ∈ Wn

2 (R) ðàâíà

E
(
W
n
2 (R), F,D, δ

)
= lim

h→0
E
(
W

n
2,h, F,∆, δ

)

=





(
n−1∑
k=1

pk

(
δ2

2π

)n−k
n

)1/2

, σ >

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

(
n−1∑
k=1

pkσ
2k

(
δ2

2π

(
k
n

) k
n−k

n−k
n + σ−2n

))1/2

, σ <
(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

ãäå D = (D1,D2, . . . ,Dn−1).
Âñå ìåòîäû

ϕ̂k(y) =

{(
F−1(αk(ω)y(ω))

)(k)
, ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),
ãäå

αk(ω) =





λ̂1+θk(ω)

λ̂1+λ̂2ωn
, ω ∈ (−σ;σ),

0, ω /∈ (−σ;σ),
à θk(·) äëÿ ïî÷òè âñåõ ω ∈ (−σ;σ) óäîâëåòâîðÿþò óñëîâèþ

n−1∑

k=1

pkω
2k
∣∣θk(ω)

∣∣2 6 λ̂1λ̂2ω
2n

(
λ̂1 + λ̂2ω

2n −
n−1∑

k=1

pkω
2k

)
,

â êîòîðîì

λ̂1 =





n−1∑
k=1

pk

(
δ2

2π

)− k
n (

1− k
n

)
, σ >

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

n−1∑
k=1

pkσ
2k
(
k
n

) k
n−k

(
1− k

n

)
, σ <

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

λ̂2 =





n−1∑
k=1

pk
k
n

(
δ2

2π

)n−k
n
, σ >

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,

n−1∑
k=1

pkσ
2(k−n), σ <

(
δ2

2π

)− 1
2n

(
n−1∑
k=1

pk
k
n

) 1
2(k−n)

,
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ÿâëÿþòñÿ îïòèìàëüíûìè, è ïðè

pk =

{
1, k = r,

0, k 6= r

ìû ïîëó÷àåì ðåçóëüòàò, àíàëîãè÷íûé ðåçóëüòàòó, ïîëó÷åííîìó ïðè âîññòàíîâëåíèè ïðî-

èçâîäíîé �óíêöèè ïîðÿäêà r â ðàáîòå [3℄.

Çàìå÷àíèå 1. Åñëè ïðåîáðàçîâàíèå Ôóðüå ïîñëåäîâàòåëüíîñòè ñ îãðàíè÷åííîé n-é
ðàçäåëåííîé ðàçíîñòüþ íà îòðåçêå [−σ;σ] èçâåñòíî ïðèáëèæåííî, òî ñ óâåëè÷åíèåì ïî-

ëóäëèíû îòðåçêà σ ïîãðåøíîñòü îïòèìàëüíîãî âîññòàíîâëåíèÿ óìåíüøàåòñÿ, íî ëèøü äî
îïðåäåëåííîãî ïðåäåëà: ïðè σ > σ̂ ýòà ïîãðåøíîñòü ïîñòîÿííà, ò. å. çà ïðåäåëàìè îòðåçêà
[−σ̂; σ̂ ] èí�îðìàöèÿ î ïðåîáðàçîâàíèè Ôóðüå ïîñëåäîâàòåëüíîñòè èç äàííîãî êëàññà íå

íóæíà.
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hara
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from some information (usually in
omplete or ina
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onsider the problem of simultaneous re
overy of operators of divided di�eren
es of a sequen
e of all orders

from 1 to (n−1)th in
lusive, in a 
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es with bounded nth divided di�eren
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of this sequen
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ertain interval sequen
e in the mean square norm. A family of

optimal re
overy methods is 
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ted. Among the methods found are those that use minimal sequen
e

information, pre-smoothing it. The exa
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overing divided-di�eren
e operators
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÆÈÇÍÜ

Øàðàïóäèíîâ Èäðèñ Èäðèñîâè÷

(íåêðîëîã)

Îòå÷åñòâåííàÿ íàóêà ïîíåñëà òÿæåëóþ óòðàòó. 7 àâãó-

ñòà 2018 ã. íà 71-ì ãîäó æèçíè ñêîðîïîñòèæíî ñêîí÷àëñÿ

èçâåñòíûé ðîññèéñêèé ìàòåìàòèê Øàðàïóäèíîâ Èäðèñ Èä-

ðèñîâè÷, äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîð.

Èäðèñ Èäðèñîâè÷ ðîäèëñÿ 7 èþíÿ 1948 ãîäà â ñåëåíèè

�îãàòëü Áîòëèõñêîãî ðàéîíà �åñïóáëèêè Äàãåñòàí. Â 1966 ã.

îêîí÷èë ñðåäíþþ øêîëó â ñåëåíèè Áîòëèõ è ïîñòóïèë íà

�èçèêî-ìàòåìàòè÷åñêèé �àêóëüòåò Äàãåñòàíñêîãî ãîñóäàð-

ñòâåííîãî ïåäàãîãè÷åñêîãî èíñòèòóòà, êîòîðûé îêîí÷èë ñ

îòëè÷èåì â 1971 ã.

Àñïèðàíòóðó Èäðèñ Èäðèñîâè÷ ïðîõîäèë ïðè Ìîñêîâ-

ñêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì èíñòèòóòå, ãäå è çà-

ùèòèë êàíäèäàòñêóþ äèññåðòàöèþ. Ñ 1975 ã. ðàáîòàë â

Äàãåñòàíñêîì ãîñóäàðñòâåííîì ïåäàãîãè÷åñêîì óíèâåðñè-

òåòå, ñ 1992 ïî 2017 ãã. � çàâåäóþùèì êà�åäðîé ìàòåìà-

òè÷åñêîãî àíàëèçà. Â 1989 ã. ïîñòóïèë â äîêòîðàíòóðó ïðè

ìåõàíèêî-ìàòåìàòè÷åñêîì �àêóëüòåòå Ì�Ó, â 1991 ã. óñïåøíî çàùèòèë äîêòîðñêóþ äèñ-

ñåðòàöèþ â Ìàòåìàòè÷åñêîì èíñòèòóòå èì. Â. À. Ñòåêëîâà �ÀÍ.

Ñ 2001 ã. è äî ïîñëåäíèõ äíåé îí çàâåäîâàë Îòäåëîì ìàòåìàòèêè è èí�îðìàòèêè

(ÎÌÈ) Äàãåñòàíñêîãî íàó÷íîãî öåíòðà �ÀÍ, ïðè ýòîì ñ 2007 ïî 2011 ãã. çàâåäîâàë îä-

íîâðåìåííî è Ëàáîðàòîðèåé òåîðèè �óíêöèé è ïðèáëèæåíèé Þæíîãî ìàòåìàòè÷åñêî-

ãî èíñòèòóòà Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà �ÀÍ. Ñîçäàíèå ÎÌÈ ñòàëî âîçìîæ-

íûì ëèøü áëàãîäàðÿ åãî êèïó÷åé ýíåðãèè è óíèêàëüíîìó ñî÷åòàíèþ ãëóáîêèõ ïîçíàíèé

â êëàññè÷åñêèõ îáëàñòÿõ ìàòåìàòèêè ñ æèâûì èíòåðåñîì ê ñîâðåìåííûì íàïðàâëåíèÿì

êîìïüþòåðíûõ íàóê. Çäåñü îí íàøåë ïðèëîæåíèå ñâîèì íåäþæèííûì ñèëàì îðãàíèçàòî-

ðà íàóêè, ñîçäàë ñâîþ íàó÷íóþ øêîëó, è íûíå ó÷åíèêè Èäðèñà Èäðèñîâè÷à ïðîäîëæàþò

ðàçâèâàòü åãî íàó÷íûå èäåè è íàõîäèòü èì íîâûå ïðèìåíåíèÿ.

Øàðàïóäèíîâ Èäðèñ Èäðèñîâè÷ îòíîñèòñÿ ê áëåñòÿùåé ïëåÿäå ðîññèéñêèõ èññëåäî-

âàòåëåé ìèðîâîãî óðîâíÿ, îí ÿâëÿåòñÿ îäíèì èç îáùåïðèçíàííûõ îñíîâàòåëåé ñîâðåìåí-

íîé òåîðèè ïðîñòðàíñòâ Ëåáåãà è Ñîáîëåâà ñ ïåðåìåííûì ïîêàçàòåëåì è òåîðèè îðòî-

ãîíàëüíûõ ïîëèíîìîâ äèñêðåòíîé ïåðåìåííîé. À â ïîñëåäíèå ãîäû èì áûëè ïîëó÷åíû

ïðèíöèïèàëüíî íîâûå îñíîâîïîëàãàþùèå ðåçóëüòàòû â òàêîé àêòóàëüíîé è àêòèâíî ðàç-

âèâàþùåéñÿ îáëàñòè êàê òåîðèÿ ñèñòåì �óíêöèé, îðòîãîíàëüíûõ â ñìûñëå Ñîáîëåâà.

Óøåë èç æèçíè âûäàþùèéñÿ ó÷åíûé, çàìå÷àòåëüíûé ïåäàãîã, äîáðûé è îòçûâ÷èâûé

÷åëîâåê, ëþáÿùèé îòåö è äåä. Ñâåòëàÿ ïàìÿòü îá Èäðèñå Èäðèñîâè÷å Øàðàïóäèíîâå

íàâñåãäà ñîõðàíèòñÿ â íàøèõ ñåðäöàõ.

�åäêîëëåãèÿ
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Â ýòîì ãîäó èñïîëíèëîñü 85 ëåò èçâåñòíîìó ìàòå-

ìàòèêó, äîêòîðó �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åñ-

ñîðó Ñàíèêèäçå Äæåìàëè �óðèåâè÷ó. Äæåìàëè �óðèå-

âè÷ ðîäèëñÿ 23 àâãóñòà 1933 ã. â ã. Òáèëèñè. Â 1956 ã.

îêîí÷èë ìåõàíèêî-ìàòåìàòè÷åñêèé �àêóëüòåò Òáèëèñ-

ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Åìó äîâåëîñü ïðî-

ñëóøàòü êóðñû ëåêöèé âñåìèðíî èçâåñòíûõ ìàòåìàòè-

êîâ: Í. È. Ìóñõåëèøâèëè, È. Í. Âåêóà, Ø. Å. Ìèêå-

ëàäçå, Â. Ä. Êóïðàäçå, À. Â. Áèöàäçå, Ä. À. Êâåñåëàâà,

À. È. Êàëàíäèÿ è äð.

Ïîä ðóêîâîäñòâîì èçâåñòíîãî ãðóçèíñêîãî ìàòåìà-

òèêà, ëàóðåàòà ãîñóäàðñòâåííîé ïðåìèè, ïðî�åññîðà

Ø. Å. Ìèêåëàäçå îí ïîäãîòîâèë äèññåðòàöèþ íà ñîèñêà-

íèå ó÷åíîé ñòåïåíè êàíäèäàòà �èçèêî-ìàòåìàòè÷åñêèõ

íàóê ïî ñïåöèàëüíîñòè 01.01.07 � âû÷èñëèòåëüíàÿ ìàòå-

ìàòèêà, êîòîðóþ çàùèòèë 1963 ã. Â 1983 ã. áëåñòÿùå çàùèòèë äèññåðòàöèþ íà ñîèñêàíèå

ó÷åíîé ñòåïåíè äîêòîðà �èçèêî-ìàòåìàòè÷åñêèõ íàóê ïî òîé æå ñïåöèàëüíîñòè. Åãî íà-

ó÷íûå èíòåðåñû � ýòî ÷èñëåííûå ðåøåíèÿ èíòåãðàëüíûõ è èíòåãðî-äè��åðåíöèàëüíûõ

óðàâíåíèé, çàäà÷è òåîðèè óïðóãîñòè è äðóãèå ðîäñòâåííûå âîïðîñû.

Â 2003 ã. åìó ïðèñâîèëè âûñøóþ íàãðàäó Íàöèîíàëüíîé àêàäåìèè ïðèêëàäíûõ íàóê

�îññèè. Â òåêñòå íàãðàæäåíèÿ ïîä÷åðêèâàåòñÿ: ¾... Âû, Äæåìàëè �óðèåâè÷, ÿâëÿåòåñü

âûäàþùèìñÿ ñîâðåìåííûì ó÷åíûì-ìàòåìàòèêîì. Øèðîêî èçâåñòíû Âàøè �óíäàìåí-

òàëüíûå òðóäû. Âàìè ïîëó÷åíû îñíîâîïîëàãàþùèå ðåçóëüòàòû ê âàæíîé îáëàñòè ìàòå-

ìàòèêè. Âàøå èìÿ øèðîêî èçâåñòíî â �ðóçèè, â �îññèè è â äðóãèõ ñòðàíàõ...¿.

Ä. �. Ñàíèêèäçå ïðèíàäëåæèò êðóïíûé âêëàä â ñîâðåìåííîé òåîðèè ÷èñëåííûõ

ìåòîäîâ. Îí ñîçäàòåëü òáèëèññêîé øêîëû àïïðîêñèìàöèè ñèíãóëÿðíûõ îïåðàòîðîâ è

ïðèçíàííûé àâòîðèòåò ïî ÷èñëåííîìó ðåøåíèþ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé,

à òàêæå àâòîð è ñîàâòîð ñâûøå 220 íàó÷íûõ ðàáîò. Ê ÷èñëó åãî íàèáîëåå èçâåñòíûõ

ðåçóëüòàòîâ îòíîñÿòñÿ:

1) �àâíîìåðíûå îöåíêè ïîãðåøíîñòè êâàäðàòóðíûõ �îðìóë äëÿ ñèíãóëÿðíûõ èíòå-

ãðàëîâ ñ âåñàìè ßêîáè.

2) Âïåðâûå ðàññìîòðåí ñèíãóëÿðíûé èíòåãðàë íà êóñî÷íî-ãëàäêèõ ëèíèÿõ èíòåãðèðî-

âàíèÿ ñ óãëîâûìè òî÷êàìè. Ïîñòðîåíà òàêàÿ âû÷èñëèòåëüíàÿ ñõåìà, êîòîðàÿ ãàðàíòèðóåò

àïïðîêñèìàöèþ âûñøåé ñòåïåíè òî÷íîñòè.

3) Äëÿ èíòåãðàëîâ òèïà Êîøè è èõ ïðîèçâîäíûõ ïîñòðîåíû òàêèå âû÷èñëèòåëüíûå

àëãîðèòìû, êîòîðûå ãàðàíòèðóþò ñõîäèìîñòü è ðàâíîìåðíûå îöåíêè.

4) Âïåðâûå ðàçðàáîòàí àëãîðèòì ïðèìåíåíèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé

â ÷èñëåííûõ êîí�îðìíûõ îòîáðàæåíèÿõ. Â ðåçóëüòàòå ïîëó÷åííîãî ñèíãóëÿðíîãî óðàâ-

íåíèÿ ñòðîèòñÿ âû÷èñëèòåëüíàÿ ñõåìà, êîòîðàÿ îáîñíîâûâàåòñÿ.
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5) �åøåíèå ãðàíè÷íûõ çàäà÷ òåîðèè �óíêöèé, ìàòåìàòè÷åñêîé �èçèêè è òåîðèè

óïðóãîñòè. Âñå ýòè çàäà÷è ðåøàþòñÿ ÷èñëåííî áåç ïðåîáðàçîâàíèÿ êîíòóðîâ èíòåãðè-

ðîâàíèÿ, ò. å. ïî ïðÿìîé àïïðîêñèìàöèè ñîîòâåòñòâóþùèõ ñèíãóëÿðíûõ èíòåãðàëüíûõ

óðàâíåíèé.

Â íåêîòîðûõ ñëó÷àÿõ âû÷èñëèòåëüíûå ñõåìû îáîñíîâûâàþòñÿ. Ìíîãî ñèë Äæå-

ìàë �óðèåâè÷ îòäàåò íàó÷íî-îðãàíèçàöèîííîé è íàó÷íî-ïåäàãîãè÷åñêîé äåÿòåëüíîñòè.

Ñ 1967 ã. ïî ñåãîäíÿøíèé äåíü îí ðàáîòàåò çàâåäóþùèì îòäåëîì ¾×èñëåííûå ìåòîäû

àíàëèçà¿ â èíñòèòóòå Âû÷èñëèòåëüíîé ìàòåìàòèêè èì Í. È. Ìóñõåëèøâèëè ÀÍ �ðóçèè,

è ïî ñîâìåñòèòåëüñòâó � äîöåíòîì êà�åäðû Âû÷èñëèòåëüíîé ìàòåìàòèêè Òáèëèññêîãî

ãîñóäàðñòâåííîãî óíèâåðñèòåòà.

Ä. �. Ñàíèêèäçå � ïîñòîÿííûé ÷ëåí îðãêîìèòåòà ìåæäóíàðîäíîãî ñèìïîçèóìà

ïîä íàçâàíèåì ¾Ìåòîä äèñêðåòíûõ îñîáåííîñòåé â çàäà÷àõ ìàòåìàòè÷åñêîé �èçèêè

(ÌÄÎÇÌÔ)¿, êîòîðûé ïðîâîäèòñÿ ðåãóëÿðíî ñ 1983 ã. Îí òàêæå ðåãóëÿðíî ó÷àñòâóåò

â ðàáîòå êîí�åðåíöèè Þæíîãî ìàòåìàòè÷åñêîãî èíñòèòóòà �ÀÍ ¾Ïîðÿäêîâûé àíàëèç

è ñìåæíûå âîïðîñû ìîäåëèðîâàíèÿ¿. Òàêæå ïîñòîÿííûé ÷ëåí îðãêîìèòåòà ìåæäóíà-

ðîäíîé íàó÷íî-òåõíè÷åñêîé êîí�åðåíöèè ¾Àíàëèòè÷åñêèå è ÷èñëåííûå ìåòîäû ìîäå-

ëèðîâàíèÿ åñòåñòâåííî-íàó÷íûõ è ñîöèàëüíûõ ïðîáëåì¿ Ïåíçåíñêîãî ãîñóäàðñòâåííîãî

óíèâåðñèòåòà. Ïðîâîäèò àêòèâíóþ ïåäàãîãè÷åñêóþ ðàáîòó. Èìååò äåñÿòêè ó÷åíèêîâ ïî

âñåìó ìèðó, â òîì ÷èñëå è â �îññèè.

×åëîâå÷åñêèå êà÷åñòâà Äæåìàëà �óðèåâè÷à îêàçàëèñü èíâàðèàíòíûìè: íåñìîòðÿ íà

ýïîõàëüíûå ïåðåìåíû ïîñëåäíåé ÷åòâåðòè âåêà îí îñòàëñÿ ÷åëîâåêîì, â êîòîðîì êðóïíûé

ó÷åíûé ñî÷åòàåòñÿ ñ óäèâèòåëüíî ñêðîìíûì è ìÿãêèì ÷åëîâåêîì, çäîðîâûé ïðàãìàòèçì

ñ òîíêèì ÷óâñòâîì þìîðà, íàó÷íàÿ ïðèíöèïèàëüíîñòü ñ äîáðîòîé è âíèìàòåëüíûì îò-

íîøåíèåì ê ëþäÿì.

Ñåãîäíÿ Ä. �. Ñàíèêèäçå ïîëîí ýíåðãèè è èíòåðåñà ê ìíîãèì îáëàñòÿì ìàòåìàòèêè.

Æåëàåì åìó äîëãèõ ëåò ñ÷àñòëèâîé æèçíè, áëàãîïîëó÷èÿ áëèçêèõ è íîâûõ ìàòåìàòè÷å-

ñêèõ äîñòèæåíèé.

À. �. Êóñðàåâ, À. Ô. Ìàòâååâ, È.Â. Áîéêîâ,

È. Ä. Ìóçàåâ, À. Â. Ñåòóõà, Ø. Ñ. Õóáåæòû



Âíèìàíèþ àâòîðîâ

Âëàäèêàâêàçñêèé ìàòåìàòè÷åñêèé æóðíàë (ÂÌÆ) � íàó÷íîå ïåðèîäè÷åñêîå èçäà-

íèå, âûõîäÿùåå ÷åòûðå ðàçà â ãîä. Æóðíàë èçäàåòñÿ Þæíûì ìàòåìàòè÷åñêèì èíñòèòó-

òîì � �èëèàëîì Âëàäèêàâêàçñêîãî íàó÷íîãî öåíòðà �ÀÍ.

Ê ïóáëèêàöèè â ÂÌÆ ïðèíèìàþòñÿ ñòàòüè, ñîäåðæàùèå íîâûå ðåçóëüòàòû â îáëà-

ñòè ìàòåìàòèêè è ñòàòüè îáçîðíîãî õàðàêòåðà. Ñòàòüè, ðàíåå îïóáëèêîâàííûå, à òàêæå

ïðèíÿòûå ê îïóáëèêîâàíèþ â äðóãèõ æóðíàëàõ, ðåäêîëëåãèåé íå ðàññìàòðèâàþòñÿ. Ïî-

ñòóïèâøèå â ðåäàêöèþ ÂÌÆ ñòàòüè ïðîõîäÿò îáÿçàòåëüíîå íàó÷íîå ðåöåíçèðîâàíèå.

Òåêñò ñòàòüè äîëæåí áûòü íàïèñàí íà ðóññêîì èëè àíãëèéñêîì ÿçûêå è òùàòåëüíî

âûâåðåí. Â íà÷àëå ñòàòüè óêàçûâàåòñÿ èíäåêñ ÓÄÊ, Ô.È.Î. àâòîðà(îâ), àííîòàöèÿ (íå ñî-

äåðæàùàÿ �îðìóë) è êëþ÷åâûå ñëîâà. Íàçâàíèå ñòàòüè, Ô.È.Î. àâòîðà(îâ), àííîòàöèþ

è êëþ÷åâûå ñëîâà íåîáõîäèìî äàòü íà àíãëèéñêîì è ðóññêîì ÿçûêàõ.

Ñïèñîê ëèòåðàòóðû ïå÷àòàåòñÿ â êîíöå òåêñòà ñòàòüè â ïîðÿäêå öèòèðîâàíèÿ èñòî÷íè-

êîâ. Â íåì äîëæíû áûòü óêàçàíû: äëÿ ñòàòüåé � àâòîð, ïîëíîå íàçâàíèå ñòàòüè, æóðíàë,

ãîä èçäàíèÿ, òîì, íîìåð (âûïóñê), ñòðàíèöû íà÷àëà è êîíöà ñòàòüè; äëÿ êíèã � àâòîð,

ïîëíîå íàçâàíèå, ãîðîä, èçäàòåëüñòâî, ãîä èçäàíèÿ, îáùåå êîëè÷åñòâî ñòðàíèö. Ññûëêè

íà ëèòåðàòóðó â òåêñòå äàþòñÿ â êâàäðàòíûõ ñêîáêàõ.

Ñòàòüÿ ïîäïèñûâàåòñÿ àâòîðîì (êîëëåêòèâîì àâòîðîâ) ñ óêàçàíèåì �àìèëèè, èìåíè

è îò÷åñòâà, ïîëíîãî ïî÷òîâîãî àäðåñà, ìåñòà ðàáîòû, äîëæíîñòè, ïîëíîãî ñëóæåáíîãî

àäðåñà, àäðåñà ýëåêòðîííîé ïî÷òû è íîìåðà òåëå�îíà.

Îáúåì ìàòåðèàëà äîëæåí áûòü íå áîëåå 2 óñë. ïå÷. ëèñòîâ (≈ 17 ñòð. �îðìàòà À4).

Ñòàòüè áîëüøåãî îáúåìà ìîãóò áûòü ïðèíÿòû ê ïóáëèêàöèè ïî ðåøåíèþ ðåäêîëëåãèè

â èñêëþ÷èòåëüíûõ ñëó÷àÿõ.

Ñòàòüþ íåîáõîäèìî ïîäãîòîâèòü ñ èñïîëüçîâàíèåì ìàêðîïàêåòà LaTeX è î�îðìèòü

ñîãëàñíî ñòàíäàðòíûì òðåáîâàíèÿì, ïðåäúÿâëÿåìûì ê àâòîðñêèì îðèãèíàëàì. Ïðè ïîä-

ãîòîâêå �àéëà îñîáîå âíèìàíèå ñëåäóåò îáðàòèòü íà íåæåëàòåëüíîñòü èñïîëüçîâàíèÿ

íîâûõ (ââîäèìûõ àâòîðîì ïðè íàáîðå) êîìàíäíûõ ïîñëåäîâàòåëüíîñòåé, îñîáåííî ñ ïà-

ðàìåòðàìè. Ñëåäóåò èñïîëüçîâàòü â îñíîâíîì ñòàíäàðòíûå ñðåäñòâà ìàêpîïàêåòà. Òàêæå

êðàéíå íåæåëàòåëüíî èñïîëüçîâàòü áåç íåîáõîäèìîñòè çíàêè ïpîáåëà. Â ðåäàêöèþ ñòà-

òüè íàïðàâëÿòü ïî ýëåêòðîííîé ïî÷òå â âèäå ps- èëè pdf-�àéëà è tex-�àéëà, ëèáî ïî

ïî÷òå ñ ïðèëîæåíèåì ýëåêòðîííîé âåðñèè.

Ñòàòüè, ñîäåðæàùèå ðèñóíêè, ðàññìàòðèâàþòñÿ òîëüêî ïîñëå ñîãëàñîâàíèÿ ñ ðåäàê-

öèåé òåõíè÷åñêèõ âîïðîñîâ ïîäãîòîâêè ðèñóíêîâ.

Ïðèíÿòûå ê ïóáëèêàöèè â ÂÌÆ ñòàòüè ïðîõîäÿò ðåäàêöèîííóþ ïîäãîòîâêó, ïîñëå

÷åãî òåêñò ñòàòüè íàïðàâëÿåòñÿ àâòîðó íà êîððåêòóðó. Ïëàòà çà ïóáëèêàöèþ íå âçûìà-

åòñÿ.

Àâòîðñêèå ïðàâà íà æóðíàë â öåëîì ïðèíàäëåæàò Þæíîìó ìàòåìàòè÷åñêîìó èíñòè-

òóòó � �èëèàëó ÂÍÖ �ÀÍ è �åäêîëëåãèè æóðíàëà, êîòîðûå îáëàäàþò èñêëþ÷èòåëüíûì

ïðàâîì ïîëó÷àòü è ðàñïðåäåëÿòü ëþáûå ïëàòåæè, ñâÿçàííûå ñ ïåðåóñòóïêîé àâòîðñêèõ

ïðàâ íà æóðíàë.

Àäðåñ ðåäàêöèè: 362027, Âëàäèêàâêàç, Ìàðêóñà, 22

Òåëå�îí: (8672) 50-18-06;

E-mail: rio�smath.ru

Çàâ. ðåäàêöèåé: Êèáèçîâà Â. Â.
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Òîì 20

Âûïóñê 3

Çàâ. ðåäàêöèåé Â. Â. Êèáèçîâà

Çàðåãèñòðèðîâàí â Ôåäåðàëüíîé ñëóæáå ïî íàäçîðó â ñ�åðå ñâÿçè,

èí�îðìàöèîííûõ òåõíîëîãèé è ìàññîâûõ êîììóíèêàöèé.

Ñâèäåòåëüñòâî î ðåãèñòðàöèè ÏÈ �ÔÑ77-70008 îò 31 ìàÿ 2017 ã.

Ïîäïèñàíî â ïå÷àòü 18.10.2018. Äàòà âûõîäà â ñâåò 25.10.2018.

Ôîðìàò áóìàãè 60×841/8. �àðí. øðè�òà Computer modern.

Óñë. ï. ë. 12,56. Òèðàæ 100 ýêç. Öåíà ñâîáîäíàÿ.

Ó÷ðåäèòåëü:

Ôåäåðàëüíîå ãîñóäàðñòâåííîå áþäæåòíîå ó÷ðåæäåíèå íàóêè
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�îññèéñêîé àêàäåìèè íàóê¿ (ÂÍÖ �ÀÍ)

Èçäàòåëü:

Þæíûé ìàòåìàòè÷åñêèé èíñòèòóò � �èëèàë Ô�ÁÓÍ ÔÍÖ

¾Âëàäèêàâêàçñêèé íàó÷íûé öåíòð �îññèéñêîé àêàäåìèè íàóê¿

Àäðåñ èçäàòåëÿ:

362027, ã. Âëàäèêàâêàç, óë. Ìàðêóñà, 22.

Îòïå÷àòàíî ÈÏ Öîïàíîâîé À.Þ.

362000, ã. Âëàäèêàâêàç, ïåð. Ïàâëîâñêèé, 3.
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