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!×'õaÕ�çFÝ�ò1Ø�ç	×	ä
íeê�Ý�çFÝ�õ#Ù{í�Ù�ã°Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø�à�á�ó'ã,ã]Ý�ó�Õ�Ö�Ù{ý�ÙeÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ�×

(bo) V ç1Ø�Û	Ü1Ø�Ü	ß0í�ç1Ù{ý�Ù C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù{ý�ÙÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ�Þ{Ý�Ö	û!Øsä'í{å1ä	Ø�Þ�á�äkó�Õ�Ö	×1ãNÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã ñ
�© Á�À�¿¢É �¹���������"!5¬�#[¬ ¡�$3���{��� #[¬��]¬
1 % �������������� {�����{�����@ {���'&¹�������{���������� {��£�£�����²���� % ���������{������®¢�(&T����£��)&¹����£����1���{������´�����¥T�{�����{��£�������������¡ {�����������+*ð¿¢É�©-,�¿�©/.�¿¢À�¿¢Ã�01�¹���������"!5¬�#[¬ 2���*ï¿�Ä¢©-,�¿�©¯¿�Á�À�Ã3.�0�$3���{��� #[¬��]¬ 2�¬
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 �î4 � 4
?FB]l�
Tp
�]iFf�
To��'p�m��	����pög�iFp
�]p��To��

� Ø�å1æüçFÝ{á�Þ�Ù�ä

xØ�ý�ÙüÛFÝ�ÜFÝ�ý�ÜFÝ{þ[Ý � Õ�Ý{þP×	Ö�á�×	Ü1Ù{í#Ý�Þ�æøÞ�Ø�Ü1ã3×	ç1Ù�åFÙ{ý�× �xà�Ù�ê�Ù{Õ�çFÝ�ò1Ø�ç	×	äa×�í�í�Ø�á�Þ�×
Þ�Ü1Ø�ê{ó�Ø�ã3ß�Ø�Û1Ù{ç	ä'Þ�×	ä ñ ZPØ�Ù�ê�õ#Ù�ì1×1ã3ß�Øeá�í�Ø�ìFØ�ç	×	ä�Ùní�Ø�Ö	Þ�Ù{Ü	ç	ß5õ�Ü1Ø��xØ�Þ�Ö'Ý�õa×aÜ1Ø��xØ�Þ�Ù{ò	ç1Ù V ç1Ù{Ü1ã3× VÜ1Ù{í#Ý�ç	ç	ß5õkÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�õöã,Ù�û�ç1Ù<çFÝ�è	Þ�×kí<ã,Ù{ç1Ù{ý�ÜFÝ{þP×	×

[12] ñWLó�á�Þ�æ
V
�>í�Ø�Ö	Þ�Ù{Ü	ç1Ù�ØSÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�ÙxçFÝ�ìüÛ1Ù�åFØ�ãúìFØ�è1á�Þ�í�×	Þ�Ø�å1æ�ç	ß5õüò	×1á�Ø�åü×

E
�IìFØ�è1á�Þ�í�× VÞ�Ø�å1æ�çFÝ�äaÝ�Ü�õ'×1ã,Ø�ìFÙ{í#Ý<í�Ø�Ö	Þ�Ù{Ü	çFÝ�äöÜ1Ø��xØ�Þ�Ö'Ý ñ G^Þ�Ù�ê{ÜFÝ�û!Ø�ç	×1Ø · : V → E+

çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä �{~���vx|�z��
�1|����1|�z�tP|�� à�Ø�á�å1×öÙ{ç1Ù�ó�ìFÙ{í{åFØ�Þ�í�Ù{Ü#ä	Ø�Þná�åFØ�ì1ó ��
!×1ã°Ý�Ö�á�×1Ù�ã]Ý{ã �

1) v > 0; v = 0 ⇔ v = 0 (v ∈ V ) !
2) v1 + v2 6 v1 + v2 (v1, v2 ∈ V ) !
3) λv = |λ| v (λ ∈ R, v ∈ V ) ñ_5Ø�Ö	Þ�Ù{Ü	çFÝ�äkç1Ù{Ü1ã]ÝxçFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä z�r#"%$1|#& w�tP|�� àFØ�á�å1×
4)
ì	å1äLå �Lê{ß5õ

e1, e2 ∈ E+
×
x ∈ V

×	Õ]Û	Ü1Ø�ìFá�Þ{Ý�í{åFØ�ç	×	ä
x = e1+e2

á�åFØ�ì1ó�Ø�ÞSá�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×1Ø
x1, x2 ∈ V

Þ{Ý�Ö	×'õ�à	ò	Þ�Ù
x = x1 + x2

×
xk = ek (k := 1, 2) ñY5Ü1Ù{è	Ö'Ý

(V, · , E)
÷±ì�Ý�åFØ�Ø

(V,E)
à
(V, · )

×'å1× ì�Ý�û!Ø
V

ì	å1ä Ö	ÜFÝ�Þ�Ö�Ù�á�Þ�× ÿ çFÝ�Õ�ß0í#Ý{Ø�Þ�á�äz@~�'�~�vx|�(��1|����1|�z	tPw{z�|{��r{�1�*)¹tây{z�|���v^z�r{�1��v���|�t à�Ø�á�å1×
·
� ô�Þ�Ù

E V Õ�çFÝ�ò	çFÝ�äøí�Ø�Ö	Þ�Ù{Ü	çFÝ�äüç1Ù{Ü1ã]Ý'àÕ�Ý�ì�Ý�ç	çFÝ�äkçFÝ
V ñ M]á�å1×kí�Ø�Ö	Þ�Ù{Ü	çFÝ�äkç1Ù{Ü1ã]Ý ·

ÜFÝ�Õ�åFÙ�û�×1ã]Ý'à1Þ�Ù�Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù
V
Þ{Ý�Ö	û!ØsçFÝ�Õ�ß0í#Ý VØ�Þ�á�ä z�r#"%$1|#& w�t+)¹t ñ��ó�ìFØ�ã ý�Ù{í�Ù{Ü	×	Þ�æ1à5ò	Þ�Ùîá�Ø�Þ�æ

(vα)α∈∆ (bo)
���-,	|�.�w1vx��u Ö ô�åFØ�ã,Ø�ç	Þ�ó

v ∈ V
×¨Û	×1á�Ý�Þ�æ

v =
bo V lim vα

à]Ø�á�å1×¨á�ó 
xØ�á�Þ�í�ó�Ø�Þ ó'ê{ß0í#Ý���
�Ý�ä°á�Ø�Þ�æ
(eγ)γ∈Γ

í
E+

Þ{Ý�Ö'Ý�ä�à�ò	Þ�Ù
infγ∈Γ(eγ) = 0

×
ì	å1ä�å �Lê�Ù{ý�Ù

γ ∈ Γ
á�ó 
xØ�á�Þ�í�ó�Ø�Þö×	ç'ìFØ�Ö�á

α(γ) ∈ ∆
Þ{Ý�Ö�Ù{è�àTò	Þ�Ù

v − vα(γ) 6 eγ
ì	å1ä�å �Lê�Ù{ý�Ù

α > α(γ) ñ H�Ø�Þ�æ (vα)α∈∆
çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä

(bo)
��}�/��*.�r�ts~��1vxr0$*1��1|�� àFØ�á�å1×�á�Ø�Þ�æ

(vα − vβ)(α,β)∈∆×∆

(bo) V á¢õ#Ù�ì1×	Þ�á�äaÖøç	ó�å � ñ \TØ��xØ�Þ�Ù{ò	ç1Ù V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�ØxÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�ÙeçFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä (bo)
��y1|-$1�*)¹t à

Ø�á�å1×NÖ'Ý�ûxì�Ý�ä
(bo) V þPó�ç'ì�Ý{ã,Ø�ç	Þ{Ý�å1æ�çFÝ�ä á�Ø�Þ�æ (bo) V á¢õ#Ù�ì1×	Þ�á�ä°Öîô�åFØ�ã,Ø�ç	Þ�óÚô�Þ�Ù{ý�ÙaÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý ñ\3Ý�Õ�åFÙ�û�×1ã,Ù�Ø�à
(bo) V Û1Ù�å1ç1Ù�Ø^Ü1Ø��xØ�Þ�Ù{ò	ç1Ù V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�ØLÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù[çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä y{z�|���v^z�r{�*���v���|�t320r{�1r#,	r5476sr{�1vx|�z�|{��w*(�r ñWLó�á�Þ�æ

X
�éç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�ØSÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù ñ � ×	ç1Ø�è	ç	ß0èøÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü T : V → X

çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä
(bo)

���F~�y{z@~�z�)]���*)¹t à1Ø�á�å1×kå �Lê{ó �
(bo) V á¢õ#Ù�ì1ä

!ó �Lá�äaá�Ø�Þ�æ (vα)α∈∆

í
V
Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü�Û1Ø�Ü1Ø�í�Ù�ì1×	Þní

á¢õ#Ù�ì1ä

!ó �Lá�äkÛ1Ù�ç1Ù{Ü1ã,Øsá�Ø�Þ�æ
(Tvα)α∈∆

í
X ñ8]åFØ�ã,Ø�ç	Þ

u
Ü1Ø��xØ�Þ�Ù{ò	ç1Ù V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù{ý�ÙxÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý (V,E)

çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä |��%��|-$*��|�t ô�åFØ Vã,Ø�ç	Þ{Ý
v ∈ V

à#Ø�á�å1×
u ⊥ v−u ñ ��ó�ìFØ�ãúÛ	×1á�Ý�Þ�æ v =

⊔n
i=1 vi

à#Ø�á�å1×
v =

∑n
i=1 vi

×
vi⊥vj

à
i 6= j ñ9 å1ä

n = 2
ê{ó�ìFØ�ãúÛ	×1á�Ý�Þ�æ

v = v1t v2 ñ _Nô�Þ�Ù�ãÚá�å1ó�òFÝ{ØSÙ�á�Ö�Ù�å1Ö	× v1 à v2 ô�åFØ�ã,Ø�ç	Þ{Ý v çFÝ�Õ�ß0í#Ý��SÞ�á�ä�0"�r{w�tP�1|:.�|�y1|-$1�1w1v�~;$*1��*)¹tPw ñ Köç1Ù�û!Ø�á�Þ�í�Ù[í�á�Ø�õ<Ù�á�Ö�Ù�å1Ö�Ù{í!ô�åFØ�ã,Ø�ç	Þ{Ý v Ù�ê�Ù{Õ�çFÝ�òFÝ{Ø�Þ�á�änò1Ø�Ü1Ø�Õ Fv ñKöç1Ù�û!Ø�á�Þ�í�Ù
D ⊂ V

çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä |
< z�r{�1w*('~��1�*)¹t y1|��1|�z�ts~ à,Ø�á�å1×¨á�ó 
xØ�á�Þ�í�ó�Ø�Þ
e ∈ E+Þ{Ý�Ö�Ù{è�à]ò	Þ�Ù�ç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í�Ù

v 6 e
í�ß0Û1Ù�å1ç	ä	Ø�Þ�á�äNì	å1äîí�á�Ø�õÚô�åFØ�ã,Ø�ç	Þ�Ù{í

v ∈ D ñ WLó�á�Þ�æ�Þ�Ø�Û1Ø�Ü	æ
T : V → X

� ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�ØxÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù ñ�� ×	ç1Ø�è	ç	ß0è�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü T : V → X
çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä

AM
�=��|�tPy1r
��vx�*)¹t à@Ø�á�å1×úÙ�ê{ÜFÝ�Õ

T (D)
å �Lê�Ù{ý�ÙøÙ{ý�ÜFÝ�ç	×	ò1Ø�ç	ç1Ù{ý�ÙøÛ1Ùüç1Ù{Ü1ã,Ø�ã3ç1Ù�û!Ø�á�Þ�í#Ý

D ⊂ VÛ	Ü1Ø�ì1Ö�Ù�ã3ÛFÝ�Ö	Þ�Ø�çaí
X ! C �=��|�tPy1r
��vx�*)¹t à'Ø�á�å1×kì	å1änå �Lê�Ù{ý�Ù v ∈ V

ã3ç1Ù�û!Ø�á�Þ�í�Ù
T (Fv)

Û	Ü1Ø�ì1Ö�Ù�ã VÛFÝ�Ö	Þ�ç1Ù<í
X ñWLó�á�Þ�æ
X
� í�Ø�Ö	Þ�Ù{Ü	ç1Ù�Ø�Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù ñ � ×	ç1Ø�è	ç1Ù�Ø<Ù{Þ�Ù�ê{ÜFÝ�û!Ø�ç	×1Ø T : V → X

çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä
|�yF~�z�r{vx|�z�|�t>��|��F~�(��1|
<�|Sz�r{�	<�r à1Ø�á�å1×

T (V )
� Ö�Ù{ç1Ø�ò	ç1Ù�ã,Ø�Ü	ç1Ù�Ø[Û1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ùní

X ñWLó�á�Þ�æ
X
� ê�Ý�çFÝ�õ#Ù{í�ÙeÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ùe×

S
� å1×	ç1Ø�è	ç	ß0èaÙ{Û1Ø�ÜFÝ�Þ�Ù{Üö×	Õ

V
í
X ñ G^Û1Ø�ÜFÝ�Þ�Ù{Ü SçFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä /
"���w�t à�Ø�á�å1×aì	å1ä�å �Lê{ß5õ

v ∈ V
à
ε > 0

çFÝ�è'ìFØ�Þ�á�ä�ÛFÝ�ÜFÝ
u,w

í�Õ�Ý�×1ã3ç1ÙüìFÙ{Û1Ù�å1ç	× VÞ�Ø�å1æ�ç	ß5õkÙ�á�Ö�Ù�å1Ö�Ù{ínô�åFØ�ã,Ø�ç	Þ{Ý
v
Þ{Ý�Ö	×'õ�à	ò	Þ�Ù

‖S(u− w)‖ < ε ñ9 å1ä<Û1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í
H
×
K
í�Ø�Ö	Þ�Ù{Ü	ç1Ù{ý�Ù!Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý

X
ê{ó�ìFØ�ãú×1á�Û1Ù�å1æ�Õ�Ù{í#Ý�Þ�æ�á�åFØ�ì1ó ��
xØ�Ø

Ù�ê�Ù{Õ�çFÝ�ò1Ø�ç	×1Ø?�
H+K := {v+u : v ∈ H; u ∈ K} ñ H�ó'ã,ã3ó H + . . .+H n V Ö�Ù{Û	×	èüã3ç1Ù�û!Ø�á�Þ�í#Ý Hê{ó�ìFØ�ã Ù�ê�Ù{Õ�çFÝ�òFÝ�Þ�æeò1Ø�Ü1Ø�Õ

nH ñ
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	1Ø�å1æ � Û1Ù{Ö'Ý�Õ�Ý�Þ�æ1àFò	Þ�Ù<á�ó'ã,ã]Ýxó�Õ�Ö�Ù{ý�Ù�×kÛ1Ù{Ü#ä�ì1Ö�Ù{í�Ùeç1Ø�Û	Ü1Ø�Ü	ß0í�ç1Ù{ý�Ù

C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù{ý�ÙÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝkä'í{å1ä	Ø�Þ�á�äÚó�Õ�Ö	×1ãðÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã ñ WLÜ	×	í�Ø�ìFØ�ãðç1Ø�Ù�ê�õ#Ù�ì1×1ã3ß�Øüì	å1ä�ì�Ý�å1æ�ç1Ø�è �xØ�ý�Ùö×	Õ�åFÙ Vû!Ø�ç	×	äøí�á�Û1Ù�ã,Ù{ý�Ý�Þ�Ø�å1æ�ç	ß�Ø!Ü1Ø�Õ�ó�å1æ�Þ{Ý�Þ�ß ñ�öp
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E
*
X � �{��$���� - 
 - /#" - ����"���$@����
 -�4@+�-�� ���

�	���[��.0� �	�	$@���	$	.0�
AM � � - �3/����@��$	.0� (bo) � $@��/#"¹��"�.0
�$	.0� - /@��"���� - "

T : V → X
�'
������������

 1
��	�1� 4
�������! "�$#$%$�'&�(,G^Þ�ã,Ø�Þ�×1ã0à�ò	Þ�ÙøåFØ�ã,ã]Ý �eÙ�á�Þ{Ý{Ø�Þ�á�ä í�Ø�Ü	ç1Ù{è�à¹Ø�á�å1× ó�á�åFÙ{í�×1Ø

AM V Ö�Ù�ã3ÛFÝ�Ö	Þ Vç1Ù�á�Þ�× Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ�Õ�Ý{ã,Ø�ç	×	Þ�æ�çFÝ�ê�Ù�åFØ�Øøá�å�Ý{ê�Ù�Øüó�á�åFÙ{í�×1Ø
C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�á�Þ�×�à,Þ{Ý�ÖNÖ'Ý�ÖNí � � �0Û	Ü	×ìFÙ{Ö'Ý�Õ�Ý�Þ�Ø�å1æ�á�Þ�í�Ø[Þ�Ø�Ù{Ü1Ø�ã3ß � ñ ���'à	Û1Ù�á�ó 
xØ�á�Þ�í�ó�à	×1á�Û1Ù�å1æ�Õ�ó�Ø�Þ�á�äöÞ�Ù�å1æ�Ö�Ù C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�á�Þ�æ ñH]åFØ�ì1ó ��
�Ý�änåFØ�ã,ã]Ý�ä'í{å1ä	Ø�Þ�á�äøÖ'å �Sò1Ø�í�Ù{è ñ�öp
���Sf*)@B �  1�����

V � /#" - ����"���$@����
 -+� ��$����'� � ;[��$@� - " - 
����#�e$����Ú/ - "������ - 
 - / - �	$ - � *
����
���� - �3$ - ��
'���@� - "�$ - �ö"¹���e����� - �

E
*
X � �{��$���� - 
 - /#" - ����"���$@����
 -�*

v ∈ V
�
T : V → X �

(bo) � $@��/#"¹��"�.0
�$	.0� C � � - �3/����@��$	.0� - /@��"���� - " 4�+�-�� ���e��������,:� -��{- ε > 0
�� �-e������
� 1���x"���
���� ���$	�@�

v =
⊔n

i=1 vi
����� - � * ��� - �����Ú��,:� - �N/���"�.

v1i , v
2
i


�
����1�3$ - � - / - �	$	�@��������$	..� - ��� - �	� - 

/ �@������$@��� vi * 1 6 i 6 n

* ��/#"���
'�����	�	
 - $@��"���
'��$@����
 -
‖T (v1i − v2i )‖ < ε

4
C
WLÜ1Ø�ì1Û1Ù�åFÙ�û�×1ã0àFò	Þ�Ùxó�Þ�í�Ø�Ü#ûxìFØ�ç	×1ØLåFØ�ã,ã3ß ç1Ø�í�Ø�Ü	ç1Ù ñ 8�Þ�Ù�Ù{Õ�çFÝ�òFÝ{Ø�Þ�à1ò	Þ�ÙxçFÝ�è'ìFØ�Þ�á�ä ε > 0Þ{Ý�Ö�Ù�Ø�àFò	Þ�Ù<ì	å1äüå �Lê�Ù{ý�ÙeÜFÝ�Õ�ê{×1Ø�ç	×	ä

v =
⊔n

i=1 vi
à
n ∈ N

à1çFÝ�è'ì1ó�Þ�á�äkç1Ù�ã,Ø�Ü
1 6 i0 6 n

×öÞ{Ý�Ö'Ý�ä
ÛFÝ�ÜFÝ

v1i0 , v
2
i0

í�Õ�Ý�×1ã3ç1ÙkìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß5õÚÙ�á�Ö�Ù�å1Ö�Ù{í�ô�åFØ�ã,Ø�ç	Þ{Ý
vi0
à�ò	Þ�Ùöá�Û	ÜFÝ�í�Ø�ì	å1×	í�Ùöç1Ø�ÜFÝ�í�Ø�ç Vá�Þ�í�Ù ∥∥T (v1i0 −v2i0)

∥∥ > ε ñ WPÙ{Ö'Ý�û!Ø�ã0à�ò	Þ�ÙsÙ{Þ�á��5ì�Ýsá�åFØ�ì1ó�Ø�Þ�à�ò	Þ�ÙLì	å1äxå �Lê�Ù{ý�Ù k ∈ N
çFÝ�è'ìFØ�Þ�á�äeçFÝ Vê�Ù{Ü

v1, . . . , vk
Û1Ù{ÛFÝ�Ü	ç1Ù^ì1×	Õ�ë �Sç	Ö	Þ�ç	ß5õ�Ù�á�Ö�Ù�å1Ö�Ù{ísô�åFØ�ã,Ø�ç	Þ{Ý

v
Þ{Ý�Ö�Ù�Ø�à�ò	Þ�Ù^ì	å1ä[å �Lê�Ù{ý�Ù

1 6 i 6 ká�ó 
xØ�á�Þ�í�ó�Ø�Þ[ÛFÝ�ÜFÝ
v1i , v

2
i

í�Õ�Ý�×1ã3ç1ÙsìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß5õüÙ�á�Ö�Ù�å1Ö�Ù{í
vi
Þ{Ý�Ö'Ý�ä�à�ò	Þ�Ù

‖T (v1i −v
2
i )‖ > ε

2 ñ9 Ù{Ö'Ý�û!Ø�ãïô�Þ�Ùøó�Þ�í�Ø�Ü#ûxìFØ�ç	×1ØnÛ1Ùø×	ç'ì1ó�Ö�		×	× ñ 9 å1ä k = 1
ó�Þ�í�Ø�Ü#ûxìFØ�ç	×1ØüÙ{ò1Ø�í�×'ì1ç1Ù ñ WLÜ1Ø�ì1Û1Ù�åFÙ Vû�×1ã0à'ò	Þ�Ù�Ù{ç1Ù�í�Ø�Ü	ç1Ù!ì	å1ä

k > 1
×øÛ1Ù{Ö'Ý�û!Ø�ã0à1ò	Þ�Ù�Þ�Ù{ý�ì�Ý�Ù{ç1Ù�á�Û	ÜFÝ�í�Ø�ì	å1×	í�Ù<×nì	å1ä

k + 1 ñ WLó�á�Þ�æ
v1, . . . , vk

�ïçFÝ{ê�Ù{Ü�Û1Ù{ÛFÝ�Ü	ç1ÙSì1×	Õ�ë �Sç	Ö	Þ�ç	ß5õ<Ù�á�Ö�Ù�å1Ö�Ù{í[ô�åFØ�ã,Ø�ç	Þ{Ý
v
à�ì	å1äxÖ�Ù{Þ�Ù{Ü	ß5õxí�ß0Û1Ù�å1ç	ä	Ø�Þ�á�ä

×	ç'ì1ó�Ö�		×1Ù{ç	ç1Ù�ØnÛ	Ü1Ø�ì1Û1Ù�åFÙ�û!Ø�ç	×1Ø�à3× Û	ó�á�Þ�æ
u = v −

⊔k
i=1 vi ñ M]á�å1×ÚçFÝ�è'ì1ó�Þ�á�ä í�Õ�Ý�×1ã3ç1ÙkìFÙ{Û1Ù�å Vç	×	Þ�Ø�å1æ�ç	ß�Ø<Ù�á�Ö�Ù�å1Ö	×

u1
×
u2

ô�åFØ�ã,Ø�ç	Þ{Ý
u
Þ{Ý�Ö	×1Ø�à�ò	Þ�Ù

‖Tu1 − Tu2‖ >
ε
2

à�Þ�ÙüíøÖ'Ý�ò1Ø�á�Þ�í�Ø
vk+1í�Ù{Õ�æ�ã,Ø�ãaô�åFØ�ã,Ø�ç	Þ

u ñ _úÛ	Ü1Ù{Þ�×	í�ç1Ù�ãúá�å1ó�òFÝ{Ø5çFÝ�è'ìFØ�Þ�á�ä<Ù�á�Ö�Ù�åFÙ{Ö vi0 0 ç1Ù�ã,Ø�Ü1Ù�ã 1 6 i0 6 k
Þ{Ý�Ö�Ù{è�à

ò	Þ�ÙLá�ó 
xØ�á�Þ�í�ó �SÞLí�Õ�Ý�×1ã3ç1ÙSìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß�Ø^Ù�á�Ö�Ù�å1Ö	×
v1i0

×
v2i0

ô�åFØ�ã,Ø�ç	Þ{Ý
vi0
à�ì	å1äxÖ�Ù{Þ�Ù{Ü	ß5õxí�ß VÛ1Ù�å1ç	ä	Ø�Þ�á�äöç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í�Ù ∥∥T (v1i0 − v2i0)

∥∥ > ε ñ ZPØPó'ã,Ø�ç	æ���Ý�äkÙ�ê�
!ç1Ù�á�Þ�×�à�ã,Ù�û!Ø�ã°Û1Ù�å�Ý�ý�Ý�Þ�æ1àFò	Þ�Ù
i0 = k ñ H�Ù{ý�å�Ý{á�ç1Ù!åFØ�ã,ã,Ø � T ä'í{å1ä	Ø�Þ�á�äüó�Õ�Ö	×1ãîÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã ñ WPÙ�á�åFØ�ì1ç1Ø�ØPÙ{Õ�çFÝ�òFÝ{Ø�Þ�à1ò	Þ�Ù[ì	å1ä vk×nì	å1änå �Lê�Ù{ý�Ù

δ > 0
çFÝ�è'ì1ó�Þ�á�äüí�Õ�Ý�×1ã3ç1ÙxìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß�Ø[Ù�á�Ö�Ù�å1Ö	×

g
×
h
ô�åFØ�ã,Ø�ç	Þ{Ý

vk
Þ{Ý�Ö	×1Ø�à

ò	Þ�Ù
‖T (g−h)‖ < δ ñ UPá�Û1Ù�å1æ�Õ�ó�änÜFÝ�Õ�åFÙ�û�×1ã,Ù�á�Þ�æ<í�Ø�Ö	Þ�Ù{Ü	ç1Ù{èøç1Ù{Ü1ã3ß¨Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý V ×eåFØ�ã,ã3ó

Ùöì1í�Ù{è	ç1Ù�ãâÜFÝ�Õ�ê{×1Ø�ç	×	× íaí�Ø�Ö	Þ�Ù{Ü	ç1Ù{èNÜ1Ø��xØ�Þ�Ö�Øú÷ á�ã ñ �����'àTÛ ñ � ñ � ñ � ñ ��� ÿ à,çFÝ�è'ìFØ�ãâÞ{Ý�Ö	×1ØüÛ1Ù{ÛFÝ�Ü	ç1Ù
ì1×	Õ�ë �Sç	Ö	Þ�ç	ß�Ø[Ù�á�Ö�Ù�å1Ö	×

g1
à
g2
×
h1
à
h2
ô�åFØ�ã,Ø�ç	Þ�Ù{í

g
×
h
á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	àFò	Þ�Ù

g = g1 t g2; h = h1 t h2; v1k = g1 t h1; v2k = g2 t h2.

QLÜ1Ù�ã,ØPÞ�Ù{ý�Ù	à1á�Û	ÜFÝ�í�Ø�ì	å1×	í�ßâÙ1	1Ø�ç	Ö	×
‖T (g1 + h1 − g2 − h2)‖ = ‖T (v1k − v22)‖ > ε;

‖T (g1 + g2 − h1 − h2)‖ = ‖T (g − h)‖ < δ.
9 Ý�åFØ�ØP×1ã,Ø�Ø�ã

ε 6 ‖T (g1 + h1 − g2 − h2)‖ = ‖T (g1 + g2 − g2 + h1 − h1 + h1 − g2 − h2)‖

6 ‖T (g1 + g2 − h1 − h2)‖+ 2‖T (h1 − g2)‖ < δ + 2‖T (h1 − g2)‖;



� ���{��� - 
�� 4��î4 *	� �	�@��
 �î4 � 4
ε 6 ‖T (g1 + h1 − g2 − h2)‖ = ‖T (g1 + h1 + h2 − h2 − g2 − g1 + g1 − h2)‖

6 ‖T (h1 + h2 − g1 − g2)‖+ 2‖T (h2 − g1)‖ < δ + 2‖T (h2 − g1)‖;G^Þ�á��5ì�Ý�í<á�×'å1ónÛ	Ü1Ù{×	Õ�í�Ù�å1æ�ç1Ù�á�Þ�×
δ > 0

Û1Ù�å1ó�òFÝ{Ø�ã0à1ò	Þ�Ù

‖T (h2 − g1)‖ >
ε

2
; ‖T (h1 − g2)‖ >

ε

2
.

WPÙ�åFÙ�û�×1ã
uk = h2 + g1; uk+1 = h1 + g2; u1k = h2; u2k = g1; u1k+1 = h1; u2k+1 = g2.

Y¹Ù{ý�ì�Ý
v1, . . . , vk−1, uk, uk+1

� çFÝ{ê�Ù{ÜkÛ1Ù{ÛFÝ�Ü	ç1Ùxì1×	Õ�ë �Sç	Ö	Þ�ç	ß5õkÙ�á�Ö�Ù�å1Ö�Ù{íeô�åFØ�ã,Ø�ç	Þ{Ý
v
à	Ù�ê�å�Ý�ì�Ý V��
!×'õøÞ�Ü1Ø�ê{ó�Ø�ã3ß�ã3×�á�í�Ù{è1á�Þ�í#Ý{ã3×�à�×�á�Û	ÜFÝ�í�Ø�ì	å1×	í�Ù�á�Þ�æü×	ç'ì1ó�Ö�		×1Ù{ç	ç1Ù{ý�ÙnÛ1Ø�Ü1Ø�õ#Ù�ì�Ýeó�á�Þ{Ý�ç1Ù{í{åFØ�çFÝ ñWPÙ�åFÙ�û�×1ã

Zv =
{
u−w : u,w ∈ (F )v, u ⊥ w

} ñ UPá�Û1Ù�å1æ�Õ�ó�ä C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�á�Þ�æPÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ T à�Û1Ù Vå1ó�òFÝ{Ø�ã0à�ò	Þ�Ù
Kv := T (Zv)

�ðÖ�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�Ø5Û1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í�Ù ñ WPÙ�åFÙ�û�×1ã B =
{
x ∈ X : ‖x‖ < ε

4

} ñ_ïá�×'å1ókÖ�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�á�Þ�×Úã3ç1Ù�û!Ø�á�Þ�í#Ý
Kv

çFÝ�è'ì1ó�Þ�á�äaç1Ù�ã,Ø�Ü
n ∈ N

×�Ù{Ö	Ü1Ø�á�Þ�ç1Ù�á�Þ�æøç	ó�å1ä
B1

í
XÞ{Ý�Ö	×1Ø�à1ò	Þ�Ù

Kv +B1 ⊂ nB ñ_5Ù{Õ�æ�ã,Ø�ã Þ�Ø�Û1Ø�Ü	æðÙ{Ö	Ü1Ø�á�Þ�ç1Ù�á�Þ�æðç	ó�å1ä
H ⊂ B

×éÖ�Ù{ç1Ø�ò	ç	ß0è>çFÝ{ê�Ù{Ü
x1, . . . , xm

ô�åFØ�ã,Ø�ç VÞ�Ù{í ã3ç1Ù�û!Ø�á�Þ�í#Ý
Kv

Þ{Ý�Ö	×'õ�àSò	Þ�Ù
nH ⊂ B1

×
Kv ⊂

⋃m
i=1(xi + H) ñ WLó�á�Þ�æ1àLÖ	Ü1Ù�ã,ØÚÞ�Ù{ý�Ù	à

l = nm ñ H�Ù{ý�å�Ý{á�ç1Ù�í�ß"�xØ�Û	Ü	×	í�Ø�ìFØ�ç	ç	ß�ãéÜFÝ{á�á�ó�ûxìFØ�ç	×	ä	ãIçFÝ�è'ìFØ�Þ�á�äNçFÝ{ê�Ù{Ü
v1, . . . , vl

Û1Ù{ÛFÝ�Ü	ç1Ù
ì1×	Õ�ë �Sç	Ö	Þ�ç	ß5õNÙ�á�Ö�Ù�å1Ö�Ù{í�ô�åFØ�ã,Ø�ç	Þ{Ý

v
×ÚçFÝ{ê�Ù{ÜîÛFÝ�Ü

v1i , v
2
i

í�Õ�Ý�×1ã3ç1Ù�ìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß5õNÙ�á�Ö�Ù�å VÖ�Ù{í ô�åFØ�ã,Ø�ç	Þ�Ù{í
vi
à0ý�ìFØ

1 6 i 6 l
à�Þ{Ý�Ö�Ù{èïò	Þ�Ù

‖T (v1i − v2i )‖ > ε
2

à
1 6 i 6 l ñ YTÝ�ÖïÖ'Ý�Ö

{T (v1i − v2i ) : 1 6 i 6 mn} ⊂
⋃m

k=1(xk + H)
à�Þ�Ù çFÝ�è'ìFØ�Þ�á�ä¨ç1Ù�ã,Ø�Ü

k0 6 m
Þ{Ý�Ö�Ù{è�à5ò	Þ�Ù

0�� ��� {i 6 l : T (v1i − v2i ) ∈ xk0 + H} > n ñ �5Ø�ÕÚÙ{ý�ÜFÝ�ç	×	ò1Ø�ç	×	äâÙ�ê�
!ç1Ù�á�Þ�×âã,Ù�û!Ø�ã Û1Ù�å�Ý Vý�Ý�Þ�æ1à�ò	Þ�Ù
T (v1i − v2i ) ∈ xk0 + H

ì	å1ä å �Lê�Ù{ý�Ù
1 6 i 6 n ñ YTÝ�Ö Ö'Ý�Ö

‖T (v1i − v2i )‖ >
ε
2

à
H ⊂ B = {x ∈ X : ‖x‖ < ε

4}
à3Þ�Ù

‖xk0‖ >
ε
4

à3Ù{Þ�Ö	ó�ì�Ýaá�åFØ�ì1ó�Ø�Þ�à]ò	Þ�Ù
xk0 /∈ B ñ WLó�á�Þ�æ�Þ�Ø VÛ1Ø�Ü	æ

h =
∑n

i=1(v
1
i − v2i ) ñ YTÝ�Ö°Ö'Ý�Ö Ù�á�Ö�Ù�å1Ö	× vi

Û1Ù{ÛFÝ�Ü	ç1Ù�ì1×	Õ�ë �Sç	Ö	Þ�ç	ßsà�Þ�Ù
h ∈ Zv ñ WLó�á�Þ�æ

x = Th =
∑n

i=1 T (v
1
i − v2i ) ∈ Kv ñ 9 Ý�åFØ�ØP×1ã,Ø�Ø�ã

x ∈ nxk0 + nH ⊂ nxk0 +B1.

Y¹Ù{ý�ì�Ý
nxk0 ∈ Kv − B1 = Kv + B1 ⊂ nH

×°Ù{Þ�á��5ì�Ý�í�ß0í�Ù�ì1×1ã0à]ò	Þ�Ù
xk0 ∈ H ñ WPÙ�å1ó�ò	×'å1×Û	Ü1Ù{Þ�×	í�Ù{Ü1Ø�ò	×1Ø ñ BH]åFØ�ì1ó ��
xØ�ØPí�á�Û1Ù�ã,Ù{ý�Ý�Þ�Ø�å1æ�ç1Ù�Ø!ó�Þ�í�Ø�Ü#ûxìFØ�ç	×1ØPõ#Ù{Ü1Ù��xÙ�×	Õ�í�Ø�á�Þ�ç1Ù�÷ á�ã ñ � �'à�åFØ�ã,ã]Ý+��� ñ ����� ÿ�ñ�öp
���Sf���B �  1�����

(xi)
n
i=1 �

���������@����
 - 
'���@� - " - 
x� - $@���{$ - ����"�$ -��{- $ - "@�3�#" - 
���$	$ -��{- /#" - �����"���$@����
��
X
�ú/� 1�����

(λi)
n
i=1 �

$�� � - "ú�¹���@����
��@��������$	..� �{�@����� ����� - � * ��� -
0 6 λi 6 1

�����
��,:� -��{-

1 6 i 6 n
4¹+�-�� ���ø�� �-e������
� 1���!$�� � - "��¹���@����
��@��������$	..�î�{�@�����

(θi)
n
i=1

* � �¹�
θi ∈ {0, 1}

*
����� - � * ��� -

∥∥∥∥
n∑

i=1

(λi − θi)xi

∥∥∥∥ 6
dim(X)

2
max

i
‖xi‖.

�öp
���Sf
	�B �  1�����
V � /#" - ����"���$@����
 -+� ��$����'� � ;[��$@� - " - 
����#�n$���� / - "������ - 
 - / - �	$ - � *

����
���� - �3$ - �ü
'���@� - "�$ - �<"¹���e����� - �
E
*
X � �{��$���� - 
 - /#" - ����"���$@����
 -�*

S : V → X � �	�	$@���	$	.0�
 1
��	�	� - /@��"���� - "N�

T : V → X � (bo) � $@��/#"¹��"�.0
�$	.0� * C � � - �3/����@��$	.0� - /@��"���� - "N� - $@���{$ -��{-"���$ � � 4T+�-�� ��� - /@��"���� - "
R = S + T

�����	�<���'
������������ü 1
��	�1� 4
C
_5Ù{Õ�æ�ã,Ø�ã�Û	Ü1Ù{×	Õ�í�Ù�å1æ�ç	ß0èeô�åFØ�ã,Ø�ç	Þ

v ∈ V
×
ε > 0 ñ WLÜ	×1ã,Ø�ç	ä'ä!åFØ�ã,ã3ó 2 à{ã,Ù�û�ç1ÙLçFÝ�è	Þ�×�Þ{Ý VÖ�Ù�Ø�ÜFÝ�Õ�ê{×1Ø�ç	×1Ø

v =
⊔n

i=1 vi
ô�åFØ�ã,Ø�ç	Þ{Ý

v
çFÝ5ì1×	Õ�ë �Sç	Ö	Þ�ç	ß�Ø5Ù�á�Ö�Ù�å1Ö	×�à�ò	Þ�Ù0ì	å1äPå �Lê�Ù{è!ÛFÝ�Ü	ß

v1i , v
2
ií�Õ�Ý�×1ã3ç1ÙöìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß5õîÙ�á�Ö�Ù�å1Ö�Ù{í�ô�åFØ�ã,Ø�ç	Þ{Ý

vi
í�ß0Û1Ù�å1ç	ä	Ø�Þ�á�ä

‖T (v1i − v2i )‖ <
ε

2 �
� � (T (V ))

à
ý�ìFØ

1 6 i 6 n ñ UPá�Û1Ù�å1æ�Õ�ó�äaÞ�Ø�Û1Ø�Ü	æøó�Õ�Ù�á�Þ�æøÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ S àFì	å1ä�Ö'Ý�ûxìFÙ{ý�ÙøÙ�á�Ö�Ù�å1Ö'Ý vi Û1Ù�ìFê�Ø�Ü1Ø�ã



� �� 1�,���0 1
�� -��{- �
C � � - �3/����@��$ -��{-e- /@��"���� - " - 
 �

ÛFÝ�Ü	óní�Õ�Ý�×1ã3ç1ÙxìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß5õöÙ�á�Ö�Ù�å1Ö�Ù{í
ui, wi

Þ{Ý�Ö	ó �xà'ò	Þ�Ù
‖S(ui −wi)‖ <

ε
2i+1

à
1 6 i 6 n ñWPÙ�åFÙ�û�×1ã

xi = T (ui − wi)
à
1 6 i 6 n

à�× Û	ó�á�Þ�æ
λi =

1
2

ì	å1ä�å �Lê�Ù{ý�Ù
1 6 i 6 n ñ H�Ù{ý�å�Ý{á�ç1ÙåFØ�ã,ã,Ø

3
ã,Ù�û!Ø�ã Õ�Ý�Û	×1á�Ý�Þ�æ

∥∥∥∥
n∑

i=1

(λi − θi)xi

∥∥∥∥ =
1

2

∥∥∥∥
n∑

i=1

αixi

∥∥∥∥ 6

����� (T (V ))

2
max

i
‖xi‖ <

ε

4
⇒

∥∥∥∥
n∑

i=1

αixi

∥∥∥∥ <
ε

2
,

ý�ìFØ
αi ∈ {−1, 1}

ì	å1äeå �Lê�Ù{ý�Ù
1 6 i 6 n ñ Y¹Ù{ý�ì�Ýxá�ó 
xØ�á�Þ�í�ó�Ø�Þ�ÜFÝ�Õ�ê{×1Ø�ç	×1ØPã3ç1Ù�û!Ø�á�Þ�í#Ý {1, . . . , n}çFÝøì1í#Ýkì1×	Õ�ë �Sç	Ö	Þ�ç	ß5õÚÛ1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í#Ý

I
×
J
Þ{Ý�Ö	×1Ø�àTò	Þ�Ù

αi = 1
à
i ∈ I,

×
αi = −1

à
i ∈ J ñWPÙ�åFÙ�û�×	í

u =
⊔

i∈I

ui t
⊔

i∈J

wi, w =
⊔

i∈J

ui t
⊔

i∈I

wi,

Û1Ù�å1ó�òFÝ{Ø�ã
∥∥R(u− w)

∥∥ =
∥∥(S + T )(u− w)

∥∥ 6
∥∥S(u− w)

∥∥+
∥∥T (u− w)

∥∥

=

∥∥∥∥
∑

i∈I

Sui +
∑

i∈J

Swi −
∑

i∈J

Sui −
∑

i∈I

Swi

∥∥∥∥+
∥∥∥∥
∑

i∈I

Tui +
∑

i∈J

Twi −
∑

i∈J

Tui −
∑

i∈I

Twi

∥∥∥∥

=

∥∥∥∥
∑

i∈I

S(ui − wi) +
∑

i∈J

S(wi − ui)

∥∥∥∥+
∥∥∥∥
∑

i∈I

T (ui −wi)−
∑

i∈J

T (ui − wi)

∥∥∥∥

6

n∑

i=1

∥∥S(ui −wi)
∥∥+

∥∥∥∥
n∑

i=1

αixi

∥∥∥∥ <
n∑

i=1

ε

2i+1
+
ε

2
< ε.

YTÝ�Ö	×1ãNÙ�ê{ÜFÝ�Õ�Ù�ã0à
u
×
w
�>×1á�Ö�Ù�ã]Ý�äüÛFÝ�ÜFÝ[í�Õ�Ý�×1ã3ç1Ù!ìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß5õkÙ�á�Ö�Ù�å1Ö�Ù{í<ô�åFØ�ã,Ø�ç	Þ{Ý

v ñ BH�þsÙ{Ü1ã3ó�å1×	Ü	ó�Ø�ãNÞ�Ø�Û1Ø�Ü	ænÙ�á�ç1Ù{í�ç1Ù{èkÜ1Ø�Õ�ó�å1æ�Þ{Ý�Þ ñ
��p#h	
Tp
�Sf ?FB �  1�����

V � /#" - ����"���$@����
 - � ��$����'� � ;[��$@� - " - 
����#�[$����k/ - "������ - 
 - / - �	$ - � *
����
���� - �3$ - �Ú
'���@� - "�$ - �ú"¹���e����� - �

E
*
X � �{��$���� - 
 - /#" - ����"���$@����
 -�*

S : V → X � �	�	$@��� �$	.0�� 1
��	�	� - /@��"���� - "î�
T : V → X � (bo) � $@��/#"¹��"�.0
�$	.0� C � � - �3/����@��$	.0� - /@��"���� - " 4�+�-�� ���- /@��"���� - "

R = S + T
�����	�<���'
������������n 1
��	�1� 4

C
�0Ý�çFÝ�õ#Ù{í�Ù<Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù

X
ã3ßðã,Ù�û!Ø�ã ÜFÝ{á�á�ã]Ý�Þ�Ü	×	í#Ý�Þ�ænÖ'Ý�ÖöÕ�Ý{ã3Ö	ç	ó�Þ�Ù�ØLå1×	ç1Ø�è	ç1Ù�ØsÛ1Ù�ì VÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù!ê�Ý�çFÝ�õ#Ù{í#ÝPÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý

l∞(BX?)
þPó�ç	Ö�		×	è�à�Ù{ý�ÜFÝ�ç	×	ò1Ø�ç	ç	ß5õeçFÝLÖ�Ù�ã3ÛFÝ�Ö	Þ�Ø ñ 8�Þ�Ùã,Ù�û�ç1Ù<Õ�Ý�Û	×1á�Ý�Þ�æ<í<í�×'ìFØ 	1Ø�Û1Ù{ò	Ö	×kí{åFÙ�û!Ø�ç	×	è��

X ↪→ X?? ↪→ l∞(BX?),

ý�ìFØPÛ1Ù�ì�á�×1ã3í�Ù�åFÙ�ã
↪→

ã3ß Û1Ù{ç	×1ã]Ý{Ø�ãN×	Õ�Ù�ã,Ø�Þ�Ü	×	ò1Ø�á�Ö�Ù�Ø[í{åFÙ�û!Ø�ç	×1Ø�à@Ý!ò1Ø�Ü1Ø�Õ
BX?

Ù�ê�Ù{Õ�çFÝ�òFÝ{Ø�Þ�á�ä
Ø�ì1×	ç	×	ò	ç	ß0è ��Ý�Ü ê�Ý�çFÝ�õ#Ù{í#Ý Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý

X? ñ ULÕ�í�Ø�á�Þ�ç1Ù	à�ò	Þ�ÙÚØ�á�å1× H
� Û	Ü1Ø�ì1Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�Ø

Û1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í�Ù
l∞(D)

ì	å1äöç1Ø�Ö�Ù{Þ�Ù{Ü1Ù{ý�Ùüê�Ø�á�Ö�Ù{ç1Ø�ò	ç1Ù{ý�Ùøã3ç1Ù�û!Ø�á�Þ�í#Ý
D
×
ε > 0

àFÞ�Ùeá�ó 
xØ�á�Þ�í�ó�Ø�Þ
Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü�Ö�Ù{ç1Ø�ò	ç1Ù{ý�ÙnÜFÝ�ç	ý�Ý

R ∈ L (l∞(D))
Þ{Ý�Ö�Ù{è�àFò	Þ�Ù

‖x −Rx‖ 6 ε
ì	å1äøå �Lê�Ù{ý�Ù

x ∈ H
� �'à

åFØ�ã,ã]Ý+��� ñ ��	�� ñ_5Ù{Õ�æ�ã,Ø�ã�Û	Ü1Ù{×	Õ�í�Ù�å1æ�ç	ß0èeô�åFØ�ã,Ø�ç	Þ
v ∈ V

×
ε > 0 ñ YTÝ�Ö<Ö'Ý�Ö T �âô�Þ�Ù

C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç	ß0ènÙ{Û1Ø�ÜFÝ VÞ�Ù{Ü�à�Þ�Ù
K = T (Fv)

�ðÛ	Ü1Ø�ì1Ö�Ù�ã3ÛFÝ�Ö	Þ�ç1Ù�Ø^ã3ç1Ù�û!Ø�á�Þ�í�Ùsí
X
×�à{á�åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	à�í

l∞(BX?) ñ Y¹Ù{ý�ì�ÝçFÝ�è'ìFØ�Þ�á�änå1×	ç1Ø�è	ç	ß0èøç1Ø�Û	Ü1Ø�Ü	ß0í�ç	ß0èkÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜøÖ�Ù{ç1Ø�ò	ç1Ù{ý�ÙxÜFÝ�ç	ý�Ý
R ∈ L (l∞(BX?))

Þ{Ý�Ö�Ù{è�à	ò	Þ�Ù
‖w − Rw‖ 6

ε
2

ì	å1äkå �Lê�Ù{ý�Ù
w ∈ K ñ�� á�ç1Ù	à�ò	Þ�Ù G = R ◦ T

� å1×	ç1Ø�è	ç	ß0è
(bo) V ç1Ø�Û	Ü1Ø�Ü	ß0í�ç	ß0è

C V Ö�Ù�ã3ÛFÝ�Ö	Þ�ç	ß0è°Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü Ö�Ù{ç1Ø�ò	ç1Ù{ý�Ù�ÜFÝ�ç	ý�Ý ñ H�Ù{ý�å�Ý{á�ç1Ù�åFØ�ã,ã,Ø � çFÝ�è'ì1ó�Þ�á�äNí�Õ�Ý�×1ã3ç1Ù�ìFÙ{Û1Ù�å Vç	×	Þ�Ø�å1æ�ç	ß�ØüÙ�á�Ö�Ù�å1Ö	×
v1, v2

ô�åFØ�ã,Ø�ç	Þ{Ý
v
Þ{Ý�Ö	×1Ø�àTò	Þ�Ù

‖(S + G)(v1 − v2)‖ <
ε
2 ñ G^Ö�Ù{ç	òFÝ�Þ�Ø�å1æ�ç1Ù
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‖(S + T )(v1 − v2)‖ = ‖S(v1 − v2) + T (v1 − v2) +G(v1 − v2)−G(v1 − v2)‖

6 ‖(S +G)(v1 − v2)‖+ ‖T (v1 − v2)−G(v1 − v2)‖

<
ε

2
+ ‖T (v1 − v2)−R(T (v1 − v2))‖ 6

ε

2
+
ε

2
= ε. �

�������! "�$#$%$��� ({G^Þ�ã,Ø�Þ�×1ã0à�ò	Þ�Ù0Þ�Ø�Ù{Ü1Ø�ã]Ý��3ç1Ø,í�ß0í�Ù�ì1×	Þ�á�ä[ç1Ø�Û1Ù�á�Ü1Ø�ìFá�Þ�í�Ø�ç	ç1Ù^×	Õ,åFØ�ã,ã3ß �'à�ê�Ø�Õ
×1á�Û1Ù�å1æ�Õ�Ù{í#Ý�ç	×	ä�åFØ�ã,ã3ß � à{íPá�×'å1ó!Þ�Ù{ý�Ù	à�ò	Þ�ÙLÜFÝ�Õ�ã,Ø�Ü	ç1Ù�á�Þ�æ[Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#ÝsÙ�ê{ÜFÝ�Õ�Ù{í[Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ

TìFÙ�å1û�çFÝxê{ß0Þ�æ�Û1Ù�á�Þ�Ù�ä'ç	ç1Ù{èøí�Ø�å1×	ò	×	ç1Ù{è�à	Þ{Ý�ÖøÖ'Ý�ÖøÙ{çFÝ[Õ�Ý�ì�Ý{Ø�Þ�×1á¢õ#Ù�ì1ç	ó �âÙ1	1Ø�ç	Ö	ó�à	Ù{Þ�ç1Ù�á�×	Þ�Ø�å1æ�ç1Ù
Ö�Ù{Þ�Ù{Ü1Ù{èöÛ1Ù�ìFê{×	ÜFÝ{Ø�Þ�á�äöÞ�Ü1Ø�ê{ó�Ø�ã,Ù�Ø[á�Ø�ã,Ø�è1á�Þ�í�Ù<Û1Ù{ÛFÝ�Ü	ç1Ù�ì1×	Õ�ë �Sç	Ö	Þ�ç	ß5õkÙ�á�Ö�Ù�å1Ö�Ù{í ñ
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� B	��B�ceiFg0� ��
To���j3ckB,b>B��øhFiFf�m���
���

�n {���������{���{�������

Lp(R
n)
¡�®¯£��

1 6 p 6 ∞
¡��{�������F�������������������^�� {���{�������

B
¡� {����£����������{���T«,���S���������P�����1�	�£{����¥�������®������	��¥�¬ $,���������S������®������1���S¦ µ����P ����������e�	�{��®¢���1���������e���{����®¢�{����´������<�� {���{�������#¡	��£��{�P����©��������®¢�P��£{�{������£{���ú������ {�����

(−n)
�x���������������{�����ú�����{�����{������´��{�^®¢���� � ������{��«]�������� {���������{���{�������

R
n ¡�L�����������^������®������1���^¦ �¯¥���£���«,���{���! {�P�� {���{���������{�����{�����1�^����£'¡��������������{���������<�{���	�{��®¢���1��������¥��� {��©�{�����������P�	����´����� ����{�����������{��®¢��� £{����®��S�5�����	 ��{�����������	�x����µ & &¹��º��{���{�����	��¬ !]�^��£��{��������µ & &¹��º��{���{����� {���{�������{�

B
���������¢£{�������T�����s�{����������������£��� {�������{������´������������{�����{��¡#�������� {��ª��������T«,�{����®¢�P��®¢�{������ª{����©�{������´L�L {���������{���{�������5�����1�	�{�������	��¥ &¹���{��º�����¬'³T���{���������sº{����´P�{���������Ú�¢�����{�¹ª����������P�L�{�����{��£�����������������{�����{�1�������<�� {���{�������{�

B
¬��]�{�!����·]�����{�xµ������<�¢�¢£���ª��� {���{�1���{���������s�� {��º�������´������<�1������£'¡� {���������{���¹©«,���ö������«]���������{��´e����£{����º��{� �	�{��®¢���1�����{��®¢�< ������{��®¢���� {���{�������{���ø�����������{��ª��{���ø {�����{��£�������������´��{���������£{�{���1��������¥5 ���������¥0�� {���{�����������

Bm
¡�®¯£��

m ∈ Z+

¬�$,�������¢���{��¡�ª{���,�� {���{�������
B
�����{�����{�!�������!�^������´�����s������������ª�����¡�����®¯£��L�����{�����{�	� �������� {���{���������

Bm
¡�®¯£��

m
 {��������®������P������������ª{�����{�!���L�����{�P£��S�{������©��������®¢�!�����{��ª��{��®¢�[ª��{�����

m0

¬��Ú������� ��ª{������£{´�¡F�� {���{���������
Bm

������£��������<�<���{����®¢�{����´��{��©±�{�����{������������� {���{�������{��� ��������������¡1���������{�<������������¥<¥�������·]�!�{��������������¬@�����Lµ����[ {�������������{�[£{�{�<�{�������F���������������1��®¢��� {���{�������{�
B
�� {����£������{��´����{�	������¡��������������^ {����£����������{�����]���������S ������ &¹���{��º����

(β1(m, ξ), β2(m, ξ))
¡��¢��©£���������¥<���[�	�{��²]���������

Z+ × R
¬��1�����ü���{�	�����ø�����{�����������{����������²]£�����������¡@���!�����������������������ú�����{��������� {����£����{���T�����s����«]�������������{���^ª��{���{�

ν
��º{�������0ª��{�����

κm
¡�®¯£��

m ∈ Z+

¡'���������������	���^����£������¢���	��¬1³T��©�{�����{���ü����������´������s�{���������N¦ð�����{���������������{�����{�1�������e�[ {���������{���{�������
Lp(R

n)
�	�{��®¢���1�����{��®¢�[ ������{��®¢��� {���{�������{�

B
¬�����®��������{�]µ������	�������{�������{��¡��� {���{�������

B
�����{�����{�!����®¯£��¹�0������´����3����®¯£���¡�����®¯£��T��®¢�,���{�	����������{���������0�{����������²]£�����������¡��������]��®¢������£��������k�{�������k�����{��¬

»P¼5½�¾1¿¢À�¬ Á�Â�Ã�Ä�¿�Å�ÆTÇ,È¹¬ Á�À�¿¢É�¬ ¿�¬ ¿�¿�Â�Ê�Á�¬
Ë^Ì	Í�Î'Ï�Ð{Ñ5Ï<Ò�Ì	Ó{Ð{Ô#¾' ����������!�� {���{�������#¡����{����®¢�{����´������[�� {���{�������#¡���£{�{������£{�{������£�����¡��	����´����� ����{����������©�����P� £{����®�¡������{�����{�1������´�¡�� &T������ª{�������{�3®������1�����{����¬

�xiFp
�]p��ToTp
_îçFÝ{á�Þ�Ù�ä

xØ�Ø^í�Ü1Ø�ã3ä�×1ã,Ø�Ø�Þ�á�äeç1Ø�ã]Ý�åFÙsÜFÝ{ê�Ù{Þ�à#Û1Ù�á�í�ä

xØ�ç	ç	ß5õeã3ç1Ù{ý�Ù�ã,Ø�Ü	ç	ß�ã ×	ç	Þ�Ø�ý�ÜFÝ�å1æ�ç	ß�ã

Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ{ã0à{ä�ì1ÜFÝ^Ö�Ù{Þ�Ù{Ü	ß5õxÙ�ì1ç1Ù{Ü1Ù�ì1ç	ß°á�Þ�Ø�Û1Ø�ç	×
(−n)

×x×	ç	í#Ý�Ü	×FÝ�ç	Þ�ç	ß Ù{Þ�ç1Ù�á�×	Þ�Ø�å1æ�ç1ÙLý�Ü	ó�Û	Û	ß
í�ÜFÝ�
xØ�ç	×	è

SO(n) ñ 9 å1äxÞ{Ý�Ö	×'õeÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{í[Û1Ù�å1ó�ò1Ø�ç	ß Ö	Ü	×	Þ�Ø�Ü	×	×nÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�×e×�ç��Ø�Þ�Ø�Ü1Ù{í�Ù�á�Þ�×�àÙ{Û	×1á�Ý�ç	ßéÛ1Ù{Ü1Ù�ûxì�Ý{Ø�ã3ß�Ø�ô�Þ�×1ã3×úÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ{ã3× ê�Ý�çFÝ�õ#Ù{í�ß Ý�å1ý�Ø�ê{Ü	ßsà@çFÝ�è'ìFØ�ç	ßIó�á�åFÙ{í�×	äaÛ	Ü	×1ã,Ø Vç	×1ã,Ù�á�Þ�×öÛ	Ü1Ù�Ø�Ö�		×1Ù{ç	ç1Ù{ý�Ùüã,Ø�Þ�Ù�ì�Ýö÷ á�ã ñ à1çFÝ�Û	Ü	×1ã,Ø�Ü�à)���3� � �T× 		×	Þ�×	Ü1Ù{í#Ý�ç	ç	ß�Ø[í<ç	×'õü×1á�Þ�Ù{ò	ç	×	Ö	× ÿ�ñ_�ÜFÝ{ê�Ù{Þ�Ø�� 	��'ê{ß5å�Ý�Û1Ù�á�Þ�Ü1Ù�Ø�çFÝ^×[×1á�á�åFØ�ìFÙ{í#Ý�çFÝ
C∗ V Ý�å1ý�Ø�ê{ÜFÝ'à�Û1Ù�å1ó�ò1Ø�ç	çFÝ�ä[Û	Ü	×1á�Ù�Ø�ì1×	ç1Ø�ç	×1Ø�ã�Ö C∗ VÝ�å1ý�Ø�ê{Ü1Ø^Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{í!á�Ù�ì1ç1Ù{Ü1Ù�ì1ç	ß�ã3×nä�ì1ÜFÝ{ã3×eí�á�Ø�õ�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{íxã3ó�å1æ�Þ�×	Û'å1×	Ö'Ý�Þ�×	í�ç1Ù{ý�Ùxá¢ì1í�×	ý�Ý ñ8�Þ�Ù!çFÝ�Û	ÜFÝ�í{åFØ�ç	×1ØLÛ1Ù�å1ó�ò	×'åFÙ!ÜFÝ�Õ�í�×	Þ�×1ØSíxá�Þ{Ý�Þ�æ�ä�õ � �'à � ��à#ý�ìFØSÜFÝ{á�á�ã]Ý�Þ�Ü	×	í#Ý�å1×1á�æ<×	ç	Þ�Ø�ý�ÜFÝ�å1æ�ç	ß�Ø

Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß á<Ù�ì1ç1Ù{Ü1Ù�ì1ç	ß�ã3×îä�ì1ÜFÝ{ã3×�à�í�Ù{Õ�ã3ó 
xØ�ç	ç	ß�ØeÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ{ã3×îÙ�ì1ç1Ù�á�Þ�Ù{Ü1Ù{ç	ç1Ø�ý�Ùaã3ó�å1æ�Þ�× VÛ'å1×	Ö'Ý�Þ�×	í�ç1Ù{ý�Ùná¢ì1í�×	ý�Ý ñ
�© Á�À�¿¢É"���������{�����P³�¬���¬ ¡�§,��������´�ª���� �]¬�#[¬
1 % �������������� {�����{������ {��� &¹�������{���������� {��£�£�����²���� % ���������{������®¢�(&T����£��)&¹����£����1���{������´�����¥3�{�����{��£�������������¡ {���������'*ð¿¢É�©ùÀ�¿�©ùÀ�À�À�Ê3.�© �]¬
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9 Ý�ç	çFÝ�äîÜFÝ{ê�Ù{Þ{Ý�Û	Ü1Ù�ìFÙ�å1ûxÝ{Ø�Þú×1á�á�åFØ�ìFÙ{í#Ý�ç	×	ä�à,çFÝ�òFÝ�Þ�ß�Øøí � 	�� � � ñ _éç1Ø�èîÜFÝ{á�á�ã]Ý�Þ�Ü	×	í#Ý��SÞ�á�ä

ÛFÝ�Ü	ç	ß�ØsÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü	ßðí�×'ì�Ý
A1P +A2Q

à'ý�ìFØ

(Ajϕ)(x) =

∞∑

`=1

αj`ϕ(x/δj`) +

∫

Rn

kj(x, y)ϕ(y) dy, j = 1, 2,

� P
×
Q
�âÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß ó'ã3ç1Ù�û!Ø�ç	×	ä�çFÝ^õ�Ý�ÜFÝ�Ö	Þ�Ø�Ü	×1á�Þ�×	ò1Ø�á�Ö	×1Ø^þPó�ç	Ö�		×	×xí�ç	ó�Þ�Ü1Ø�ç	ç1Ø�è<×xí�ç1Ø��!ç1Ø�è

òFÝ{á�Þ�Ø�ènØ�ì1×	ç	×	ò	ç1Ù{ý�Ù���Ý�ÜFÝPá�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù ñ WLÜ	×<ô�Þ�Ù�ãúÛ	Ü1Ø�ì1Û1Ù�å�Ý�ý�Ý{Ø�Þ�á�ä�à�ò	Þ�ÙsþPó�ç	Ö�		×	ä kj(x, y)Ù�ì1ç1Ù{Ü1Ù�ì1çFÝ!á�Þ�Ø�Û1Ø�ç	×
(−n)

×e×	ç	í#Ý�Ü	×FÝ�ç	Þ�çFÝ!Ù{Þ�ç1Ù�á�×	Þ�Ø�å1æ�ç1Ù[í�á�Ø�õ<í�ÜFÝ�
xØ�ç	×	è�÷ùÞ�Ù{ò	çFÝ�ä<Û1Ù�á�Þ{Ý�ç1Ù{í�Ö'Ý
Õ�Ý�ì�Ý�ò	×!ê{ó�ìFØ�Þ0ì�Ý�çFÝ5ç	×	û!Ø ÿ�ñ 9 å1äsÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ A1P+A2Q

í0ÜFÝ{ê�Ù{Þ�Ø]Û1Ù�á�Þ�Ü1Ù�Ø�ç!á�×1ã3í�Ù�å¹à�í0Þ�Ø�Ü1ã3×	çFÝ�õ
Ö�Ù{Þ�Ù{Ü1Ù{ý�Ù<Û1Ù�å1ó�ò1Ø�çkÖ	Ü	×	Þ�Ø�Ü	×	è�Ù�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�×öô�Þ�Ù{ý�Ù<Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ ñZL×	û!Ø]×1á�Û1Ù�å1æ�Õ�Ù{í#Ý�ç	ßîá�åFØ�ì1ó ��
!×1Ø]Ù�ê�Ù{Õ�çFÝ�ò1Ø�ç	×	ä �

R
n � n V ã,Ø�Ü	ç1Ù�Ø]Ø�í�Ö'å1×'ìFÙ{í�Ù^Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù !

x = (x1, . . . , xn) ∈ R
n; |x| =

√
x21 + . . .+ x2n; x′ = x/|x|;

x · y = x1y1 + . . . + xnyn; Sn−1 =
{
x ∈ R

n : |x| = 1
}
;

Z+
� ã3ç1Ù�û!Ø�á�Þ�í�Ù 	1Ø�å1ß5õNç1Ø�Ù{Þ�Ü	×�	FÝ�Þ�Ø�å1æ�ç	ß5õ ò	×1á�Ø�å ! R+ = (0,∞) ! Ymµ(σ)

� á�þsØ�Ü	×	ò1Ø�á�Ö	×1Ø
ý�Ý�Ü1ã,Ù{ç	×	Ö	×°Û1Ù{Ü#ä�ì1Ö'Ý

m ! dn(m)
� ÜFÝ�Õ�ã,Ø�Ü	ç1Ù�á�Þ�æ Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ýúá�þsØ�Ü	×	ò1Ø�á�Ö	×'õîý�Ý�Ü1ã,Ù{ç	×	Ö°Û1Ù VÜ#ä�ì1Ö'Ý

m
�

dn(m) = (n+ 2m− 2)
(n+m− 3)!

m!(n− 2)!
;

f̂(ξ) =
∞∫

−∞

f(t)eiξt dt
� Û	Ü1Ø�Ù�ê{ÜFÝ�Õ�Ù{í#Ý�ç	×1Ø��[ó�Ü	æ�ØsþPó�ç	Ö�		×	×

f ñ

?FB,l�
Tp
�]iFf�
To��'p�m��	����pög�iFp
�]p��To��
_ Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

Lp(R)
à
1 6 p 6 ∞

à,ÜFÝ{á�á�ã,Ù{Þ�Ü	×1ã>×	ç	Þ�Ø�ý�ÜFÝ�å1æ�ç1Ù V ÜFÝ�Õ�ç1Ù�á�Þ�ç	ß0è Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
á�í�Ø�Ü	Þ�Ö	×

(V ψ)(t) =

∞∑

`=1

α`ψ(t− τ`) +

∞∫

−∞

h(t− s)ψ(s) ds, t ∈ R,
÷ � ÿ

í�Û	Ü1Ø�ì1Û1Ù�åFÙ�û!Ø�ç	×	×�à5ò	Þ�Ù
h ∈ L1(R)

à
τ` ∈ R

à
α` ∈ C

× ∑∞
`=1 |α`| < ∞ ñ GSê�Ù{Õ�çFÝ�ò	×1ãéò1Ø�Ü1Ø�Õ

P+
÷
P− ÿ Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜÚó'ã3ç1Ù�û!Ø�ç	×	äÚçFÝnõ�Ý�ÜFÝ�Ö	Þ�Ø�Ü	×1á�Þ�×	ò1Ø�á�Ö	ó � þPó�ç	Ö�		× � Û1Ù�åFÙ�û�×	Þ�Ø�å1æ�ç1Ù{è ÷ Ù{Þ�Ü	× V	FÝ�Þ�Ø�å1æ�ç1Ù{è ÿ Û1Ù�å1ó�Ù�á�× ñ _�í�Ø�ìFØ�ãNÛFÝ�Ü	ç	ß0èöÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü

C = V1P+ + V2P−,
÷ � ÿ

ý�ìFØ
V1
×
V2
� Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ßïí�×'ì�Ýk÷ � ÿ�ñ Y¹Ø�Ù{Ü	×	äkÛFÝ�Ü	ç	ß5õöÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{íeí�×'ì�Ýk÷ � ÿ õ#Ù{Ü1Ù��xÙ<×	Õ�í�Ø�á�Þ�çFÝ÷ á�ã ñ � � à'ý�å ñ � � ÿ�ñ H�×1ã3í�Ù�åFÙ�ã°Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ C çFÝ�Õ�ß0í#Ý��SÞ<ÛFÝ�Ü	óøþPó�ç	Ö�		×	è ÷

v1(ξ), v2(ξ) ÿ à	ý�ìFØ

vj(ξ) =

∞∑

`=1

αj` exp(iτj`ξ) + ĥj(ξ), ξ ∈ R.

÷��[ó�ç	Ö�		×	ä
vj(ξ)

ä'í{å1ä	Ø�Þ�á�äöá�×1ã3í�Ù�åFÙ�ã°Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ
Vj ñ ÿ M]á�å1×

inf
ξ∈R

|vj(ξ)| > 0, j = 1, 2,
÷ � ÿ



��� �^
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Þ�Ù<Ù{Þ�ç1Ù��xØ�ç	×1Ø

v1(ξ)/v2(ξ)
ã,Ù�û�ç1Ù<Û	Ü1Ø�ìFá�Þ{Ý�í�×	Þ�æní�í�×'ìFØ

v1(ξ)

v2(ξ)
= α(ξ) + ĥ(ξ),

ý�ìFØ
α(ξ)

� ç1Ø�í�ß0Ü1Ù�ûxìFØ�ç	çFÝ�ä�Û1Ù{ò	Þ�×öÛ1Ø�Ü	×1Ù�ì1×	ò1Ø�á�Ö'Ý�äaþPó�ç	Ö�		×	ä�à	ÜFÝ�Õ�å�Ý�ý�Ý���
�Ý�ä	á�äöínÝ{ê�á�Ù�å �SÞ�ç1Ù
á¢õ#Ù�ì1ä

!×	è1á�äúÜ#ä�ì �[ó�Ü	æ�Ø�à�×

h ∈ L1(R)
� � à@á ñ �
� � � �
� � � ñ G^Û	Ü1Ø�ìFØ�å1×1ã ×	ç'ìFØ�Ö�á�ß

γ ∈ R
×
κ ∈ ZÜFÝ�í�Ø�ç1á�Þ�í#Ý{ã3×

γ = lim
b→+∞

1

2b
∆
[
argα(ξ)

]∣∣∣
b

−b
, κ =

1

2π
∆
[
arg
(
1 + α−1(ξ)ĥ(ξ)

)]∣∣∣∣
∞

−∞

.

l�
Tp
�3m,h��úp��ToTpk? � � à�á ñ ��	
��� B	:����ü� -��{- ��� - ��. - /@��"���� - "
C

��#���

(2)
��.0� - ��"������1� 
s/#" - �����"���$@����
'�

Lp(R)
* $@� - � � - ���1� - �e� - ������� - �{$ -�* ��� - ��. 
�.0/ - �	$��'� - ���x 1��� - 
��@�

(3)
�e"���
�$��'�	�@���

$� ���,ï�	$#�¹���1��.
γ
�
κ
4

)@B,løhFg ��f��ThFi 
�f �#f��]f 
To o°hFg �ThFi	�Th�� 
Tp�����m�����f��
)@B ?FB WLó�á�Þ�æ

1 6 p 6 ∞ ñ _ Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø Lp(R
n)
ÜFÝ{á�á�ã,Ù{Þ�Ü	×1ã°Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

(Kϕ)(x) =

∫

Rn

k(x, y)ϕ(y) dy, x ∈ R
n,

÷ � ÿ
ý�ìFØeþPó�ç	Ö�		×	ä

k(x, y)
Ù{Û	Ü1Ø�ìFØ�åFØ�çFÝkçFÝ

R
n × R

n ÷ùÕ�ìFØ�á�æ�×�ì�Ý�åFØ�Ø<Û	Ü1Ø�ì1Û1Ù�å�Ý�ý�Ý{Ø�Þ�á�ä�à3ò	Þ�Ù
n > 2 ÿ×kó�ìFÙ{í{åFØ�Þ�í�Ù{Ü#ä	Ø�Þná�åFØ�ì1ó ��
!×1ãNó�á�åFÙ{í�×	ä	ã �

1◦.
Ù�ì1ç1Ù{Ü1Ù�ì1ç1Ù�á�Þ�æüá�Þ�Ø�Û1Ø�ç	×î÷

−n ÿ à'Þ ñ Ø ñ
k(αx, αy) = α−nk(x, y) (∀α > 0);

2◦.
×	ç	í#Ý�Ü	×FÝ�ç	Þ�ç1Ù�á�Þ�æüÙ{Þ�ç1Ù�á�×	Þ�Ø�å1æ�ç1Ù<ý�Ü	ó�Û	Û	ß í�ÜFÝ�
xØ�ç	×	è

SO(n)
à	Þ ñ Ø ñ

k(ω(x), ω(y)) = k(x, y) (∀ω ∈ SO(n));

3◦.
á�ó'ã,ã3×	Ü	ó�Ø�ã,Ù�á�Þ�æ1à1Þ ñ Ø ñ

κ :=

∫

Rn

|k(e1, y)||y|
−n/p dy <∞, e1 = (1, 0, . . . , 0).

ULÕ�í�Ø�á�Þ�ç1Ù ÷ á�ã ñ ����à@á ñ � ��� ÿ à@ò	Þ�ÙüÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü K Ù{ý�ÜFÝ�ç	×	ò1Ø�çúí
Lp(R

n)
à�Û	Ü	×	ò1Ø�ã

‖K‖ 6 κ ñ 9 Ý VåFØ�Ø�à�ì	å1äúÖ'Ý�ûxìFÙ{ý�Ù
δ > 0

Ù{Û	Ü1Ø�ìFØ�å1×1ãâÙ{Û1Ø�ÜFÝ�Þ�Ù{Üîã3ó�å1æ�Þ�×	Û'å1×	Ö'Ý�Þ�×	í�ç1Ù{ý�Ùúá¢ì1í�×	ý�Ý
Uδ

þsÙ{Ü1ã3ó�åFÙ{è
(Uδϕ)(x) = δ−n/pϕ(x/δ)

à1×kÜFÝ{á�á�ã,Ù{Þ�Ü	×1ã°Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

A =

∞∑

`=1

a`Uδ` +K,
÷ 	 ÿ

ý�ìFØ
K
� Ù{Û1Ø�ÜFÝ�Þ�Ù{Üúí�×'ì�Ýú÷ � ÿ à a` ∈ C

× ∑∞
`=1 |a`| < ∞ ñ YTÝ�ÖúÖ'Ý�Ö ‖Uδ`‖ = 1

à�Þ�ÙüÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü
AÙ{ý�ÜFÝ�ç	×	ò1Ø�çöí

Lp(R
n) ñ \3Ý{á�á�ã,Ù{Þ�Ü	×1ã°ÛFÝ�Ü	ç	ß0èöÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü

B = A1P +A2Q,
÷ � ÿ
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ý�ìFØ

A1
×
A2

� Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ßIí�×'ì�Ýa÷ 	 ÿ à � P ×
Q
� Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ßéó'ã3ç1Ù�û!Ø�ç	×	äaçFÝ<õ�Ý�ÜFÝ�Ö	Þ�Ø�Ü	×1á�Þ�× Vò1Ø�á�Ö	×1Ø<þPó�ç	Ö�		×	×�í�ç	ó�Þ�Ü1Ø�ç	ç1Ø�èú×úí�ç1Ø��!ç1Ø�èúòFÝ{á�Þ�Ø�è Ø�ì1×	ç	×	ò	ç1Ù{ý�Ù ��Ý�ÜFÝüá�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù ñ ZsÝ���Ý	1Ø�å1æ � Û1Ù�å1ó�ò	×	Þ�æ<ç1Ø�Ù�ê�õ#Ù�ì1×1ã3ß�Ø!×üìFÙ�á�Þ{Ý�Þ�Ù{ò	ç	ß�Ø[ó�á�åFÙ{í�×	äkÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�×�Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ

B ñ)@B )@B 9 å1ä<Þ�Ù{ý�Ùsò	Þ�Ù�ê{ß Û1Ù�å1ó�ò	×	Þ�æ[Ö	Ü	×	Þ�Ø�Ü	×	èüÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�×øÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ
B
í�×'ì�Ýn÷ � ÿ à�ÜFÝ{á�á�ã,Ù{Þ VÜ	×1ãNí

Lp(R
n)
ó�ÜFÝ�í�ç1Ø�ç	×1Ø�à1Û1Ù{Ü1Ù�ûxìFØ�ç	ç1Ù�Ø[ô�Þ�×1ã Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã �

∞∑

`=1

a1`δ
−n/p
1` (Pϕ)(x/δ1`) +

∫

|y|<1

k1(x, y)ϕ(y) dy

+

∞∑

`=1

a2`δ
−n/p
2` (Qϕ)(x/δ2`) +

∫

|y|>1

k2(x, y)ϕ(y) dy = f(x).
÷ � ÿ

YTÝ�ÖÚÖ'Ý�ÖîþPó�ç	Ö�		×	ä
kj(x, y)

ó�ìFÙ{í{åFØ�Þ�í�Ù{Ü#ä	Ø�Þaó�á�åFÙ{í�× �
2◦
à�Þ�Ùöá�ó 
xØ�á�Þ�í�ó�Ø�Þ�Þ{Ý�Ö'Ý�äÚþPó�ç	Ö�		×	ä

k0j(r, ρ, t)
àTò	Þ�Ù

kj(x, y) = k0j(|x|, |y|, x
′ · y′)

� �	à�á ñ ����� ñ JSò	×	Þ�ß0í#Ý�ä ô�Þ�Ù	à�Û1Ø�Ü1Ø�è'ìFØ�ãïíkó�ÜFÝ�í�ç1Ø Vç	×	×ö÷ � ÿ Ö�á�þsØ�Ü	×	ò1Ø�á�Ö	×1ã�Ö�Ù�Ù{Ü�ì1×	çFÝ�Þ{Ý{ã x = rσ
à
y = ρθ ñ O�Ý�Þ�Ø�ãaó'ã3ç1Ù�û�×1ãúÙ�ê�Ø5òFÝ{á�Þ�×�ó�ÜFÝ�í�ç1Ø�ç	×	äçFÝ

r(n−1)/p ×øÛ1Ù�á�åFØPÛ	Ü1Ø�Ù�ê{ÜFÝ�Õ�Ù{í#Ý�ç	×	è�Û1Ù�å1ó�ò	×1ã ó�ÜFÝ�í�ç1Ø�ç	×1Ø
∞∑

`=1

a1`δ
−1/p
1` (P̃Φ)

(
r

δ1`
σ

)
+

1∫

0

∫

Sn−1

1

r
D1

(ρ
r
, σ · θ

)
Φ(ρθ) dρ dθ

+

∞∑

`=1

a2`δ
−1/p
2` (Q̃Φ)

(
r

δ2`
σ

)
+

∞∫

1

∫

Sn−1

1

r
D2

(ρ
r
, σ · θ

)
Φ(ρθ) dρ dθ = F (rσ),

÷ � ÿ
ý�ìFØ

Φ(rσ) = ϕ(rσ)r(n−1)/p, F (rσ) = f(rσ)r(n−1)/p,

Dj(ρ, t) = k0j(1, ρ, t)ρ
(n−1)/p′ , j = 1, 2,

÷ � ÿ
P̃
×
Q̃
� Ý�çFÝ�åFÙ{ý�×�Û	Ü1Ù�Ø�Ö	Þ�Ù{Ü1Ù{í

P
×
Q
ínÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

L̃p(R
n) = {Φ(rσ) : Φ(rσ)r−(n−1)/p ∈

Lp(R
n)} ñ JLã3ç1Ù�ûxÝ�ä Ù�ê�ØöòFÝ{á�Þ�×¨ó�ÜFÝ�í�ç1Ø�ç	×	äâ÷ � ÿ çFÝ á�þsØ�Ü	×	ò1Ø�á�Ö	×1Ø�ý�Ý�Ü1ã,Ù{ç	×	Ö	× Ymµ(σ)

à�×	ç	Þ�Ø Vý�Ü	×	Ü	ó�ä Û1ÙîØ�ì1×	ç	×	ò	ç1Ù{èðá�þsØ�Ü1Øö×¨Û	Ü	×1ã,Ø�ç	ä'ä þsÙ{Ü1ã3ó�å1ó �[ó�ç	Ö'Ý � R�Ø�Ö	Ö�Ø � �	à�á ñ � ����à�Û1Ù�å1ó�ò	×1ãê�Ø�á�Ö�Ù{ç1Ø�ò	ç	ó �âì1×FÝ�ý�Ù{çFÝ�å1æ�ç	ó �Iá�×1á�Þ�Ø�ã3óøÙ�ì1ç1Ù�ã,Ø�Ü	ç	ß5õöó�ÜFÝ�í�ç1Ø�ç	×	è
∞∑

`=1

a1`δ
−1/p
1` (PΦmµ)

(
r

δ1`

)
+

1∫

0

1

r
D1m

(ρ
r

)
Φmµ(ρ) dρ

+

∞∑

`=1

a2`δ
−1/p
2` (QΦmµ)

(
r

δ2`

)
+

∞∫

1

1

r
D2m

(ρ
r

)
Φmµ(ρ) dρ = Fmµ(r),

÷ ��� ÿ
ý�ìFØ

r ∈ R+
à
m ∈ Z+

à
µ = 1, 2, . . . , dn(m)

à
P
×
Q
� Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ßIó'ã3ç1Ù�û!Ø�ç	×	äaçFÝ�õ�Ý�ÜFÝ�Ö	Þ�Ø�Ü	× Vá�Þ�×	ò1Ø�á�Ö	×1Ø[þPó�ç	Ö�		×	×ø×	ç	Þ�Ø�Ü	í#Ý�åFÙ{í

(0, 1)
×
(1,∞)

á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	à

Φmµ(r) =

∫

Sn−1

Φ(rσ)Ymµ(σ) dσ, Fmµ(r) =

∫

Sn−1

F (rσ)Ymµ(σ) dσ,

Djm(ρ) =
2π(n−1)/2

Γ ((n− 1)/2)

1∫

−1

Dj(ρ, t)Pm(t)(1− t2)(n−3)/2dt.
÷ ��� ÿ
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Pm(t)
� ã3ç1Ù{ý�Ù{ò'åFØ�ç	ß � Ø�ûxÝ�ç'ì1ÜFÝ�÷ á�ã ñ à	çFÝ�Û	Ü	×1ã,Ø�Ü�à)� �'à	á ñ � ��� ÿ�ñ_ Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

Lp(R+)
ÜFÝ{á�á�ã,Ù{Þ�Ü	×1ã°Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß

(Rjg)(r) =

∞∑

`=1

aj`δ
−1/p
j` g

(
r

δj`

)
, r ∈ R+,

÷ ��� ÿ

(Kjmg)(r) =

∞∫

0

1

r
Djm

(ρ
r

)
g(ρ) dρ, r ∈ R+,

÷ ��� ÿ
ý�ìFØ

j = 1, 2
à
m ∈ Z+

à�×¨Û1Ù�åFÙ�û�×1ã
Ajm = Rj + Kjm ñ Y¹Ù{ý�ì�ÝNÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü Bm

÷
m ∈ Z+ ÿ àþsÙ{Ü1ã3×	Ü	ó ��
!×	èüåFØ�í�ó �âòFÝ{á�Þ�æ<ó�ÜFÝ�í�ç1Ø�ç	×	ä ÷ ��� ÿ à	×1ã,Ø�Ø�Þ<í�×'ì

Bm = A1mP+A2mQ.
÷ � � ÿ

)@B ��B G^Û	Ü1Ø�ìFØ�å1×1ã ×	Õ�Ù�ã,Ù{Ü1þP×	Õ�ã
Wp : Lp(R+) → Lp(R)

þsÙ{Ü1ã3ó�åFÙ{è

(Wpg)(t) = e−t/pg(e−t).

ZPØ�Þ�Ü	ó�ì1ç1Ù<Û	Ü1Ù{í�Ø�Ü	×	Þ�æ1à1ò	Þ�Ù<Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
Vjm = WpAjmW

−1
p

÷
j = 1, 2

à
m ∈ Z+ ÿ Õ�Ý�ì�Ý{Ø�Þ�á�äkí<Û	Ü1Ù Vá�Þ�ÜFÝ�ç1á�Þ�í�Ø

Lp(R)
þsÙ{Ü1ã3ó�åFÙ{è

(Vjmψ)(t) =

∞∑

`=1

aj`ψ(t+ ln δj`) +

∞∫

−∞

hjm(t− s)ψ(s) ds,
÷ ��	 ÿ

ý�ìFØ
hjm(t) = Djm(et)et/p

′
∈ L1(R).

÷ ��� ÿY¹Ù{ý�ì�Ý<Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
Cm =WpBmW

−1
p

÷ � � ÿÙ{Û	Ü1Ø�ìFØ�å1ä	Ø�Þ�á�äöí�Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø
Lp(R)

ÜFÝ�í�Ø�ç1á�Þ�í�Ù�ã

Cm = V1mP+ + V2mP−,
÷ � � ÿ

ý�ìFØ
V1m

×
V2m

� Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß í�×'ì�ÝÚ÷ ��	 ÿ�ñ YTÝ�Ö	×1ãïÙ�ê{ÜFÝ�Õ�Ù�ã0à3Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
Cm

ä'í{å1ä	Ø�Þ�á�ä ÛFÝ�Ü	ç	ß�ã
×	ç	Þ�Ø�ý�ÜFÝ�å1æ�ç1Ù V ÜFÝ�Õ�ç1Ù�á�Þ�ç	ß�ã Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã á�í�Ø�Ü	Þ�Ö	× ÷ á�ã ñ�� � ÿ�ñ H�×1ã3í�Ù�åFÙ�ãîô�Þ�Ù{ý�Ù�Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ!ä'í{å1ä VØ�Þ�á�äøÛFÝ�ÜFÝ�þPó�ç	Ö�		×	è

(c1m(ξ), c2m(ξ))
í�×'ì�Ý

cjm(ξ) =

∞∑

`=1

aj` exp(−iξ ln δj`) + ĥjm(ξ) = αj(ξ) + ĥjm(ξ), ξ ∈ R,

ý�ìFØ
αj(ξ) =

∞∑

`=1

aj`δ
−iξ
j` .

÷ ��� ÿ
_�ß0ÜFÝ�Õ�×1ãNþPó�ç	Ö�		× �

ĥjm(ξ)
ò1Ø�Ü1Ø�ÕLä�ì1Ü1Ù

kj(x, y)
Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ

Kj
í�×'ì�Ýø÷ � ÿ�ñ JSò	×	Þ�ß0í#Ý�äú÷ ��� ÿ à×1ã,Ø�Ø�ã

ĥjm(ξ) =

∞∫

−∞

hjm(t)eiξt dt =

∞∫

0

Djm(ρ)ρ−1/p+iξ dρ.
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9 Ý�åFØ�Ø�à#Û1Ù�á�åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù�Û	Ü	×1ã,Ø�ç	ä'äeÜFÝ�í�Ø�ç1á�Þ�í�Ùk÷ ��� ÿ à�þsÙ{Ü1ã3ó�å1ó<QsÝ�Þ{Ý�å�Ý�çFÝü÷ á�ã ñ à�çFÝ�Û	Ü	×1ã,Ø�Ü�à � �'àá ñ ����� ÿ ×øÜFÝ�í�Ø�ç1á�Þ�í�Ù�÷ � ÿ à	Û1Ù�å1ó�ò	×1ã

ĥjm(ξ) =
2π(n−1)/2

Γ ((n− 1)/2)

∞∫

0

ρ−1/p+iξ dρ

1∫

−1

Dj(ρ, t)Pm(t)(1 − t2)(n−3)/2 dt

=

∞∫

0

∫

Sn−1

Dj(ρ, e1 · θ)Pm(e1 · θ)ρ
−1/p+iξ dρ dθ =

∫

Rn

kj(e1, y)Pm(e1 · y
′)|y|−n/p+iξ dy,

ý�ìFØ
Pm(t)

� ã3ç1Ù{ý�Ù{ò'åFØ�ç	ß � Ø�ûxÝ�ç'ì1ÜFÝ ñJSò	×	Þ�ß0í#Ý�ä á�Ö'Ý�Õ�Ý�ç	ç1Ù�Ø�àúçFÝ�Õ�Ù{í�Ø�ã ��w�ts��|-$1|�t Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ
B

í�×'ì�Ý ÷ � ÿ ÛFÝ�Ü	ó þPó�ç	Ö�		×	è
(β1(m, ξ), β2(m, ξ))

à1Õ�Ý�ì�Ý�ç	ç	ß5õøçFÝ�ã3ç1Ù�û!Ø�á�Þ�í�Ø
Z+ × R

ÜFÝ�í�Ø�ç1á�Þ�í#Ý{ã3×
βj(m, ξ) = αj(ξ) + σj(m, ξ),

ý�ìFØsþPó�ç	Ö�		×	ä
αj(ξ)

Ù{Û	Ü1Ø�ìFØ�å1ä	Ø�Þ�á�äöþsÙ{Ü1ã3ó�åFÙ{è ÷ ��� ÿ ×

σj(m, ξ) =

∫

Rn

kj(e1, y)Pm(e1 · y
′)|y|−n/p+iξ dy, j = 1, 2.

O�Ý{ã,Ø�Þ�×1ã0à1ò	Þ�ÙxÛ	Ü	×øå �Lê�Ù�ã þP×	Ö�á�×	Ü1Ù{í#Ý�ç	ç1Ù�ã Õ�çFÝ�ò1Ø�ç	×	×
m ∈ Z+

á�Û	ÜFÝ�í�Ø�ì	å1×	í�ÙeÜFÝ�í�Ø�ç1á�Þ�í�Ù
βj(m, ξ) = cjm(ξ), ξ ∈ R.

÷ ��� ÿ
H�×1ã3í�Ù�å�Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ

B
çFÝ�Õ�Ù{í�Ø�ã �F~���)�z�|#& .{~��1�*)¹t à'Ø�á�å1×

inf
Z+×R

|βj(m, ξ)| > 0, j = 1, 2.
÷ �
� ÿ

_aô�Þ�Ù�ãöá�å1ó�òFÝ{Ø]Û1Ù{ò	Þ�×!Û1Ø�Ü	×1Ù�ì1×	ò1Ø�á�Ö	×1Ø5þPó�ç	Ö�		×	×
αj(ξ)

Þ{Ý�Ö	û!Ø5ê{ó�ì1ó�Þ�ç1Ø�í�ß0Ü1Ù�ûxìFØ�ç	ç	ß�ã3×ö÷ á�ã ñ � � àá ñ �
� � � ÿ à	Þ ñ Ø ñ ê{ó�ìFØ�Þ�í�ß0Û1Ù�å1ç1Ø�ç1Ù<ó�á�åFÙ{í�×1Ø
inf
ξ∈R

|αj(ξ)| > 0, j = 1, 2.
÷ � � ÿ

)@B 	�B WLó�á�Þ�æeá�×1ã3í�Ù�å�Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ
B
ä'í{å1ä	Ø�Þ�á�äøç1Ø�í�ß0Ü1Ù�ûxìFØ�ç	ç	ß�ã ñ Y¹Ù{ý�ì�Ý

β1(m, ξ)

β2(m, ξ)
= α(ξ) + ĥm(ξ),

ý�ìFØ
α(ξ) = α1(ξ)/α2(ξ)

à,Ý
hm

� ç1Ø�Ö�Ù{Þ�Ù{ÜFÝ�ä þPó�ç	Ö�		×	ä ×	Õ
L1(R) ñ WPÙ�ì1ò1Ø�Ü	Ö	ç1Ø�ã0à]ò	Þ�Ù�Û1Ù{ò	Þ�×Û1Ø�Ü	×1Ù�ì1×	ò1Ø�á�Ö'Ý�äkþPó�ç	Ö�		×	ä

α(ξ)
ç1Ø^Õ�Ý�í�×1á�×	Þ<Ù{Þ

m ñ 8�Þ�Ù[Û1Ù{Õ�í�Ù�å1ä	Ø�Þ<Ù{Û	Ü1Ø�ìFØ�å1×	Þ�æ�×	ç'ìFØ�Ö�á�ß ν ∈ R×
κm ∈ Z

á�åFØ�ì1ó ��
!×1ã Ù�ê{ÜFÝ�Õ�Ù�ã �

ν = lim
b→+∞

1

2b
∆
[
argα(ξ)

]∣∣∣
b

−b
, κm =

1

2π
∆
[
arg
(
1 + α−1(ξ)ĥm(ξ)

)]∣∣∣∣
∞

−∞

.

�öp
���Sf ?FB �  1�����¨
�.0/ - �	$@��$ -  1��� - 
��@�
(22)

�
ν = 0

4x+�-�� ���°$����#�¹������� ����� - �°�{�@��� -
m0 ∈ Z+

* ��� - �����ü��,:� -��{-
m > m0

- /@��"���� - "
Bm


��#���
(14)

- ��"������1� 4
C
WLÜ1Ø�ìFá�Þ{Ý�í�×1ã Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

Bm
í�í�×'ìFØ

Bm = R1P+R2Q+K1mP+K2mQ,



��� �^
'���'$	�	�	$ � 4��@4 * ; - 
��������� 	� � 4��î4
ý�ìFØ

Rj
×
Kjm

Õ�Ý�ì�Ý��SÞ�á�ä þsÙ{Ü1ã3ó�å�Ý{ã3×I÷ ��� ÿ ×â÷ ��� ÿ á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù ñ \3Ý{á�á�ã,Ù{Þ�Ü	×1ã Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
R1P+ + R2P− =Wp(R1P+R2Q)W−1

p

à'ý�ìFØ

(Rjψ)(t) =
∞∑

`=1

aj`ψ(t+ ln δj`), j = 1, 2.

H�×1ã3í�Ù�åFÙ�ãîô�Þ�Ù{ý�Ù!Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ!ä'í{å1ä	Ø�Þ�á�änÛFÝ�ÜFÝ!þPó�ç	Ö�		×	è
(α1(ξ), α2(ξ)) ñ _°á�×'å1ó<Û	Ü1Ø�ì	åFÙ�û!Ø�ç	×	ä �Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

R1P+ + R2P−
Ù�ê{ÜFÝ�Þ�×1ã íüÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

Lp(R) ñ Y¹Ù{ý�ì�ÝüÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü R1P + R2Q
Ù�ê VÜFÝ�Þ�×1ãNí<Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

Lp(R+) ñULÕ�í�Ø�á�Þ�ç1Ùø÷ á�ã ñ � �'à�á ñ ����� ÿ à#ò	Þ�Ù limm→∞ ‖Kjm‖ = 0 ñ O�çFÝ�ò	×	ÞxçFÝ�è'ìFØ�Þ�á�änÞ{Ý�Ö�Ù�Ø m0 ∈ Z+
à�ò	Þ�Ù

ì	å1äøí�á�Ø�õ
m > m0

á�Û	ÜFÝ�í�Ø�ì	å1×	í�Ù<ç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í�Ù

‖K1mP+K2mQ‖ <
∥∥(R1P+R2Q)−1

∥∥−1
.

Y¹Ù{ý�ì�Ý<Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
Bm

à'ý�ìFØ
m > m0

à1Ù�ê{ÜFÝ�Þ�×1ã ñ B�öp
���Sf )@B �  1�����!
�.0/ - �	$@��$ -  1��� - 
��@�
(22)

�
ν = 0

* �
m0 � �{�@��� -�*�- /#"¹���¹���@��$	$ - ��
[�@��� ����

1
4 � /@��"���� - "

B

��#���

(6)
- ��"������1�¨
n/#" - ����"���$@����
'�

Lp(R
n)
� -�� ���e�Ú� - ����� - � -�� ��� * � -�� ���

- ��"������1�3.ð

Lp(R+)


'��� - /@��"���� - "�.
Bm

*
m = 0, 1, . . . ,m0

4
C
_éÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

L̃p(R
n) = {Φ(rσ) : Φ(rσ) r−(n−1)/p ∈ Lp(R

n)}
ÜFÝ{á�á�ã,Ù{Þ�Ü	×1ãâÙ{Û1Ø�ÜFÝ VÞ�Ù{Ü

B̃
à1Ù{Û	Ü1Ø�ìFØ�å1ä	Ø�ã3ß0èkåFØ�í�Ù{èkòFÝ{á�Þ�æ��âó�ÜFÝ�í�ç1Ø�ç	×	ä ÷ � ÿ�ñ O�Ý�Û	× �xØ�ã Ø�ý�Ù�í�í�×'ìFØ

B̃ = (R̃1 + K̃1)P̃ + (R̃2 + K̃2)Q̃,

ý�ìFØsÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß
K̃j

×
R̃j

Õ�Ý�ì�Ý��SÞ�á�äöþsÙ{Ü1ã3ó�å�Ý{ã3×

(K̃jΦ)(rσ) =

∞∫

0

∫

Sn−1

1

r
Dj

(ρ
r
, σ · θ

)
Φ(ρθ) dρ dθ,

(R̃jΦ)(rσ) =
∞∑

`=1

aj`δ
−1/p
j` Φ

(
r

δj`
σ

)
,

Ý
P̃
×
Q̃
�ïÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß ó'ã3ç1Ù�û!Ø�ç	×	ä<çFÝ�õ�Ý�ÜFÝ�Ö	Þ�Ø�Ü	×1á�Þ�×	ò1Ø�á�Ö	×1ØSþPó�ç	Ö�		×	×xí�ç	ó�Þ�Ü1Ø�ç	ç1Ø�è�×�í�ç1Ø��!ç1Ø�è

òFÝ{á�Þ�Ø�è�Ø�ì1×	ç	×	ò	ç1Ù{ý�Ù ��Ý�ÜFÝxá�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù ñG^ò1Ø�í�×'ì1ç1Ù	à�ò	Þ�Ù^Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
B
Ù�ê{ÜFÝ�Þ�×1ãöí^Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

Lp(R
n)
Þ�Ù{ý�ì�Ý^×[Þ�Ù�å1æ�Ö�Ù^Þ�Ù{ý�ì�Ý'à�Ö�Ù{ý�ì�Ý

Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
B̃
Ù�ê{ÜFÝ�Þ�×1ãNí<Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

L̃p(R
n) ñG^Û	Ü1Ø�ìFØ�å1×1ã í

L̃p(R
n)
Û	Ü1Ù�Ø�Ö	Þ�Ù{Ü

PN
ÜFÝ�í�Ø�ç1á�Þ�í�Ù�ã

(PNΦ)(rσ) =

N∑

m=0

dn(m)∑

µ=1

Φmµ(r)Ymµ(σ),

×øÙ�ê�Ù{Õ�çFÝ�ò	×1ãîò1Ø�Ü1Ø�Õ
QN

ìFÙ{Û1Ù�å1ç	×	Þ�Ø�å1æ�ç	ß0èöÛ	Ü1Ù�Ø�Ö	Þ�Ù{Ü ñ O�Ý{ã,Ø�Þ�×1ã0à'ò	Þ�Ù!Û	Ü1Ù�Ø�Ö	Þ�Ù{Ü	ß PN
×
P̃
Ö�Ù�ã Vã3ó�Þ�×	Ü	ó �SÞ°ã,Ø�ûxì1ó á�Ù�ê�Ù{è ñ 9 Ý�åFØ�Ø�à^á�Û1Ù�ã,Ù�
!æ�� þsÙ{Ü1ã3ó�å1ß �[ó�ç	Ö'Ý � R�Ø�Ö	Ö�Ø ç1Ø�Û1Ù�á�Ü1Ø�ìFá�Þ�í�Ø�ç Vç1Ù Û	Ü1Ù{í�Ø�Ü#ä	Ø�Þ�á�ä�à5ò	Þ�Ù

PN K̃jQN = 0
×
QNK̃jPN = 0 ñ QLÜ1Ù�ã,ØöÞ�Ù{ý�Ù	à5Ù{ò1Ø�í�×'ì1ç	ß ÜFÝ�í�Ø�ç1á�Þ�í#Ý

PN R̃jQN = 0
×
QN R̃jPN = 0 ñ WPÙ�åFÙ�û�×1ã

T̃ = R̃1P̃ + R̃2Q̃.
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Y¹Ù{ý�ì�Ý

B̃ = T̃ + K̃1P̃ + K̃2Q̃ ñ _¨á�×'å1óüí�ß"�xØ�á�Ö'Ý�Õ�Ý�ç	ç1Ù{ý�Ùná�Û	ÜFÝ�í�Ø�ì	å1×	í�ßðÜFÝ�í�Ø�ç1á�Þ�í#Ý

PN T̃QN = 0, QN T̃ PN = 0, PN B̃QN = 0, QN B̃PN = 0.

JSò	×	Þ�ß0í#Ý�äøô�Þ�Ù	à	Õ�Ý�Û	× �xØ�ã ã]Ý�Þ�Ü	×	ò	ç1Ù�ØsÜFÝ�í�Ø�ç1á�Þ�í�Ù
(
PN QN

QN PN

)(
B̃ 0

0 T̃

)(
PN QN

QN PN

)

=

(
T̃ + PN (K̃1P̃ + K̃2Q̃)PN 0

0 T̃ +QN (K̃1P̃ + K̃2Q̃)QN

)
.
÷ ��� ÿ

9 Ù{Ö'Ý�û!Ø�ã0àTò	Þ�ÙöÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü
T̃
Ù�ê{ÜFÝ�Þ�×1ãðíöÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

L̃p(R
n) ñ _âÛ ñ � ñ �kê{ß5åFÙkÛ1Ù{Ö'Ý�Õ�Ý�ç1Ù	àò	Þ�Ù�ó�ÜFÝ�í�ç1Ø�ç	×1Ø ÷ � ÿ à,Û1Ù{Ü1Ù�ûxìFØ�ç	ç1Ù�Ø�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã B̃

à]á�í�Ù�ì1×	Þ�á�ä Ö°ê�Ø�á�Ö�Ù{ç1Ø�ò	ç1Ù{è°ì1×FÝ�ý�Ù{çFÝ�å1æ�ç1Ù{è
á�×1á�Þ�Ø�ã,Øe÷ ��� ÿ�ñ _¨òFÝ{á�Þ�ç1Ù�á�Þ�×�à1ó�ÜFÝ�í�ç1Ø�ç	×1Ø (T̃Φ)(rσ) = F (rσ)

á�í�Ù�ì1×	Þ�á�äöÖká�×1á�Þ�Ø�ã,Ø
∞∑

`=1

a1`δ
−1/p
1` (PΦmµ)

(
r

δ1`

)
+

∞∑

`=1

a2`δ
−1/p
2` (QΦmµ)

(
r

δ2`

)
= Fmµ(r),

÷ � � ÿ
ý�ìFØ

r ∈ R+
à
m ∈ Z+

à
µ = 1, 2, . . . , dn(m) ñ � Ø�í#Ý�äaòFÝ{á�Þ�ækÖ'Ý�ûxìFÙ{ý�Ùkó�ÜFÝ�í�ç1Ø�ç	×	ä�á�×1á�Þ�Ø�ã3ß ÷ � � ÿÛ1Ù{Ü1Ù�ûxì�Ý{Ø�Þ�á�ä¨ç1ØöÕ�Ý�í�×1á�ä

!×1ã Ù{Þ

m
Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã

T = R1P + R2Q
à]ý�ìFØ

Rj
Ù{Û	Ü1Ø�ìFØ�å1ä
�SÞ�á�ä

ÜFÝ�í�Ø�ç1á�Þ�í�Ù�ã ÷ ��� ÿ�ñ G^ò1Ø�í�×'ì1ç1Ù	à0ò	Þ�ÙNÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü T̃
Ù�ê{ÜFÝ�Þ�×1ã í

L̃p(R
n)

Þ�Ù{ý�ì�ÝÚ× Þ�Ù�å1æ�Ö�ÙNÞ�Ù{ý�ì�Ý'à
Ö�Ù{ý�ì�Ý[Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

T
Ù�ê{ÜFÝ�Þ�×1ã í

Lp(R+) ñ O�Ý{ã,Ø�Þ�×1ã0à#ò	Þ�Ù[á�×1ã3í�Ù�åFÙ�ãÚÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ T ä'í{å1ä	Ø�Þ�á�ä<ÛFÝ�ÜFÝ
þPó�ç	Ö�		×	è

(α1(ξ), α2(ξ))
í�×'ì�Ýk÷ ��� ÿ�ñWPÙ�á�Ö�Ù�å1æ�Ö	ó í�ß0Û1Ù�å1ç1Ø�ç1Ùaó�á�åFÙ{í�×1Ø�÷ � � ÿ × ν = 0

à¹Þ�Ùöíaá�×'å1ó�Û	Ü1Ø�ì	åFÙ�û!Ø�ç	×	ä �eÛFÝ�Ü	ç	ß0èîÜFÝ�Õ Vç1Ù�á�Þ�ç	ß0èÚÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü
WpTW

−1
p

Ù�ê{ÜFÝ�Þ�×1ã í
Lp(R)

à¹ÝnÕ�çFÝ�ò	×	Þ�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
T
Ù�ê{ÜFÝ�Þ�×1ã í

Lp(R+) ñH]åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	à�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
T̃
Ù�ê{ÜFÝ�Þ�×1ã í

L̃p(R
n) ñYTÝ�Ö[Ö'Ý�ÖxÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü

T̃
Ù�ê{ÜFÝ�Þ�×1ã0à�Þ�Ù�×	Õ�ã]Ý�Þ�Ü	×	ò	ç1Ù{ý�Ù^ÜFÝ�í�Ø�ç1á�Þ�í#Ý!÷ ��� ÿ á�åFØ�ì1ó�Ø�Þ�à�ò	Þ�Ù^Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü B̃Ù�ê{ÜFÝ�Þ�×1ã Þ�Ù{ý�ì�Ýú× Þ�Ù�å1æ�Ö�ÙÚÞ�Ù{ý�ì�Ý'à�Ö�Ù{ý�ì�ÝÚÙ�ê{ÜFÝ�Þ�×1ã3ß Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß

T̃ + PN (K̃1P̃ + K̃2Q̃)PN
×

T̃ + QN (K̃1P̃ + K̃2Q̃)QN ñ WPÙ{Ö'Ý�û!Ø�ã0à5ò	Þ�ÙúÛ1Ù�á�åFØ�ì1ç	×	è Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü Ù�ê{ÜFÝ�Þ�×1ã>Û	Ü	×°ìFÙ�á�Þ{Ý�Þ�Ù{ò	ç1Ù
ê�Ù�å1æ��xÙ�ãNÕ�çFÝ�ò1Ø�ç	×	×

N ñ_ ����à1á ñ � ��� � ���¹Û1Ù{Ö'Ý�Õ�Ý�ç1Ù	àFò	Þ�Ùxì	å1änå �Lê�Ù{ý�Ù ε > 0
çFÝ�è'ìFØ�Þ�á�äöþPó�ç	Ö�		×	ä

hjN (ρ, t)
í�×'ì�Ý

hjN (ρ, t) =
Γ(n/2)

2πn/2

N∑

m=0

dn(m)hjm(ρ)Pm(t), j = 1, 2,

ý�ìFØ
Pm(t)

� ã3ç1Ù{ý�Ù{ò'åFØ�ç	ß � Ø�ûxÝ�ç'ì1ÜFÝ'à1Þ{Ý�Ö'Ý�ä�à1ò	Þ�Ù<Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü H̃jN
í�×'ì�Ý

(H̃jNΦ)(rσ) =

∞∫

0

∫

Sn−1

1

r
hjN

(ρ
r
, σ · θ

)
Φ(ρθ) dρ dθ

ó�ìFÙ{í{åFØ�Þ�í�Ù{Ü#ä	Ø�Þeç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í�ó
∥∥K̃j − H̃jN

∥∥
L (L̃p(Rn))

< ε.
÷ ��	 ÿ

WLÜ	×�ô�Þ�Ù�ã í�á�Ø�ý�ì�Ýnã,Ù�û�ç1Ùná�ò	×	Þ{Ý�Þ�æ1à�ò	Þ�Ù
N > m0 ñ ZPØ�Û1Ù�á�Ü1Ø�ìFá�Þ�í�Ø�ç	ç1Ùnó�á�Þ{Ý�çFÝ�í{å1×	í#Ý{Ø�Þ�á�ä�ÜFÝ�í�Ø�ç Vá�Þ�í�Ù

QNH̃jNQN = 0
à	×	ÕsÖ�Ù{Þ�Ù{Ü1Ù{ý�Ùeá�åFØ�ì1ó�Ø�Þ�à1ò	Þ�Ù

T̃ +QN (K̃1P̃ + K̃2Q̃)QN = T̃ +QN

(
(K̃1 − H̃1N )P̃ + (K̃2 − H̃2N )Q̃

)
QN .
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Ù�ê{ÜFÝ�Þ�×1ã0à1Þ�Ù�í<á�×'å1ó�÷ ��	 ÿ ã,Ù�û�ç1Ù�ìFÙ�ê{×	Þ�æ�á�äkí�ß0Û1Ù�å1ç1Ø�ç	×	äkç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í#Ý

∥∥QN

(
(K̃1 − H̃1N )P̃ + (K̃2 − H̃2N )Q̃

)
QN

∥∥
L (L̃p(Rn))

< ‖T̃−1‖−1

L (L̃p(Rn))
,

×	ÕsÖ�Ù{Þ�Ù{Ü1Ù{ý�Ù<í�ß0Þ�Ø�Ö'Ý{Ø�ÞnÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�æüÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ
T̃ +QN (K̃1P̃ + K̃2Q̃)QN ñYTÝ�Ö	×1ã Ù�ê{ÜFÝ�Õ�Ù�ã0à�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

B̃
Ù�ê{ÜFÝ�Þ�×1ã Þ�Ù{ý�ì�Ýn×aÞ�Ù�å1æ�Ö�ÙøÞ�Ù{ý�ì�Ý'à�Ö�Ù{ý�ì�ÝøÙ�ê{ÜFÝ�Þ�×1ã Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü

T̃ + PN (K̃1P̃ + K̃2Q̃)PN ñ GSê{ÜFÝ�Þ�×1ã,Ù�á�Þ�æeÛ1Ù�á�åFØ�ì1ç1Ø�ý�Ù	à1íeá�×'å1ónÜFÝ�í�Ø�ç1á�Þ�í#Ý

T̃ + PN (K̃1P̃ + K̃2Q̃)PN = PN B̃PN +QN T̃QN ,

ÜFÝ�í�ç1Ù�á�×'å1æ�çFÝnÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�×aÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ
PN B̃

∣∣
ImPN

����à1á ñ ��� ñ � á�ç1Ù	à1ò	Þ�Ù<ó�ÜFÝ�í�ç1Ø�ç	×1Ø�à1Û1Ù{Ü1Ù�ûxì�Ý VØ�ã,Ù�Ø[Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù�ã
PN B̃

∣∣
ImPN
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B̃
ä'í{å1ä VØ�Þ�á�äøÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�æ<í

Lp(R+)
í�á�Ø�õüÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{í

Bm
à�ý�ìFØ

m = 0, 1, . . . , N ñ JSò	×	Þ�ß0í#Ý�änåFØ�ã,ã3ó���àÛ1Ù�å1ó�òFÝ{Ø�ã0à�ò	Þ�ÙüÙ{Û1Ø�ÜFÝ�Þ�Ù{Ü
B
Ù�ê{ÜFÝ�Þ�×1ã¨Þ�Ù{ý�ì�Ýü×aÞ�Ù�å1æ�Ö�ÙøÞ�Ù{ý�ì�Ý'à�Ö�Ù{ý�ì�ÝøÙ�ê{ÜFÝ�Þ�×1ã3ßIí�á�Ø�Ù{Û1Ø�ÜFÝ�Þ�Ù VÜ	ß

Bm
à	ý�ìFØ

m = 0, 1, . . . ,m0 ñ B
�������! "�$#$%$� &�(@G^Þ�ã,Ø�Þ�×1ã0à1ò	Þ�Ù�×1á�Û1Ù�å1æ�Õ�Ù{í#Ý�ç	×1Ø[í<Õ�Ý�Û	×1á�ä�õ���ç1Ø�Ù{Û	Ü1Ø�ìFØ�åFØ�ç	ç1Ù{ý�Ù��üò	×1á�å�Ý

m0í�Ø�á�æ�ã]Ý�ç1Ø�ó�ìFÙ�ê{ç1Ù ñ WPÙ{ô�Þ�Ù�ã3óüç	×	û!Ø[ã3ß Û	× �xØ�ã0à	ò	Þ�Ù
m ∈ Z+ ñGSá�ç1Ù{í�ç	ß�ã Ü1Ø�Õ�ó�å1æ�Þ{Ý�Þ�Ù�ã°ô�Þ�Ù{èkÜFÝ{ê�Ù{Þ�ß ä'í{å1ä	Ø�Þ�á�äöá�åFØ�ì1ó ��
�Ý�äüÞ�Ø�Ù{Ü1Ø�ã]Ý ñ

��p#h	
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��.0� - ��"������1��
S/#" - ����"���$@����
'�

Lp(R
n)
*

$@� - � � - ���1� - �[� - ������� - �{$ -�* ��� - ��. 
�.0/ - �	$��'�	�@���e��"��x 1��� - 
������
1)
$@��"���
'��$@����
 -

(21); 2) ν = 0;
3) κm = 0

�����ø
'��� �
m ∈ Z+

4
C
�[~�|��0,	|�.�w�tP|���v 1'� G^ò1Ø�í�×'ì1ç1Ù	à3ò	Þ�ÙaÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�æúÙ{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ

B
í
Lp(R

n)
í{åFØ�ò1Ø�ÞúÙ�ê{ÜFÝ VÞ�×1ã,Ù�á�Þ�æ�í

Lp(R+)
í�á�Ø�õ Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{í

Bm
à�ý�ìFØ

m ∈ Z+ ñ Y¹Ù{ý�ì�Ýö×	ÕeÜFÝ�í�Ø�ç1á�Þ�í#ÝÚ÷ � � ÿ í�ß0Þ�Ø�Ö'Ý{Ø�ÞÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�æîí
Lp(R)

í�á�Ø�õ Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü1Ù{í
Cm

à
m ∈ Z+ ñ UPá�Û1Ù�å1æ�Õ�ó�ä°Þ�Ø�Û1Ø�Ü	æÚÜFÝ�í�Ø�ç1á�Þ�í�Ù ÷ ��� ÿ×kÛ	Ü1Ø�ì	åFÙ�û!Ø�ç	×1Ø ��à'ó'ê�Ø�ûxì�Ý{Ø�ã,á�äkíeá�Û	ÜFÝ�í�Ø�ì	å1×	í�Ù�á�Þ�×�ó�á�åFÙ{í�×	èkÞ�Ø�Ù{Ü1Ø�ã3ß ñ

	n|���vxr{vx|�(��1|���v 1'� M]á�å1×>í�ß0Û1Ù�å1ç1Ø�ç	ß ó�á�åFÙ{í�×	ä>Þ�Ø�Ù{Ü1Ø�ã3ßsà[Þ�Ù	àPÛ1Ù�á�åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1ÙïÛ	Ü	×1ã,Ø Vç	ä'äaÜFÝ�í�Ø�ç1á�Þ�í�ÙÚ÷ ��� ÿ à@Û	Ü1Ø�ì	åFÙ�û!Ø�ç	×1Ø��x×�ÜFÝ�í�Ø�ç1á�Þ�í�ÙÚ÷ � � ÿ à�Û1Ù�å1ó�òFÝ{Ø�ã0à�ò	Þ�Ùüí�á�Ø�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü	ß Bm
à

m ∈ Z+
àFÙ�ê{ÜFÝ�Þ�×1ã3ßâí

Lp(R+) ñ QLÜ1Ù�ã,Ø[Þ�Ù{ý�Ù	àF×	Õü÷ �
� ÿ á�åFØ�ì1ó�Ø�Þüí�ß0Û1Ù�å1ç1Ø�ç	×1Ø!ç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í#Ýa÷ � � ÿ�ñY¹Ù{ý�ì�Ý�íeá�×'å1óeåFØ�ã,ã3ß'��Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü
B
Ù�ê{ÜFÝ�Þ�×1ã í

Lp(R
n) ñ BULÕPô�Þ�Ù{èøÞ�Ø�Ù{Ü1Ø�ã3ß¨åFØ�ý�Ö�Ù�Û1Ù�å1ó�òFÝ{Ø�Þ�á�äøÖ	Ü	×	Þ�Ø�Ü	×	èkÙ�ê{ÜFÝ�Þ�×1ã,Ù�á�Þ�×�Ù{Û1Ø�ÜFÝ�Þ�Ù{ÜFÝ

A
í�×'ì�Ýø÷ 	 ÿ�ñ YTÝ�ÖÖ'Ý�Ö

A = AP +AQ
à'Þ�Ù

β1(m, ξ) = β2(m, ξ) := a(m, ξ)
à	ý�ìFØ

a(m, ξ) =
∞∑

`=1

a`δ
−iξ
` +

∫

Rn

k(e1, y)Pm(e1 · y
′)|y|−n/p+iξ dy.

YTÝ�ÖaÖ'Ý�Ö
β1(m, ξ)/β2(m, ξ) ≡ 1

àFÞ�Ù
ν = 0

×
κm = 0

ì	å1äöí�á�Ø�õ
m ∈ Z+ ñ Y¹Ù{ý�ì�Ýe×	Õ!Þ�Ø�Ù{Ü1Ø�ã3ß �

í�ß0Þ�Ø�Ö'Ý{Ø�Þná�åFØ�ì1ó ��
xØ�Øsá�åFØ�ìFá�Þ�í�×1Ø ñ

 m,p
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Lp(R
n)
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 - �

a(m, ξ)
 �� - 
��@����
 - "��'�ø 1��� - 
���,

inf
Z+×R

|a(m, ξ)| > 0.
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Q(∇)
�

á�Þ�Ù{ó�ç1Ù{í�á�Ö	×	è Ö�Ù�ã3ÛFÝ�Ö	Þ�à�Ù{Þ�í�Ø�òFÝ���
!×	è¨Û1Ù�å1ç1Ù{è ê{ó�åFØ�í�Ù{èðÝ�å1ý�Ø�ê{Ü1Ø
∇
×
C(Q(∇),C)

÷ á�Ù�Ù{Þ�í�Ø�Þ Vá�Þ�í�Ø�ç	ç1Ù	à
C∞(Q(∇),C) ÿ � Ö�Ù�ã3Û'åFØ�Ö�á�×1þP×	Ö'Ý 		×	äeÝ�å1ý�Ø�ê{Ü	ß

C(Q(∇),R)
í�á�Ø�õsç1Ø�Û	Ü1Ø�Ü	ß0í�ç	ß5õ!ìFØ�è Vá�Þ�í�×	Þ�Ø�å1æ�ç	ß5õúþPó�ç	Ö�		×	è

f : Q(∇) → R
÷ á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	à�Ö�Ù�ã3Û'åFØ�Ö�á�×1þP×	Ö'Ý 		×	äÚÝ�å1ý�Ø�ê{Ü	ßIí�á�Ø�õ

ç1Ø�Û	Ü1Ø�Ü	ß0í�ç	ß5õ þPó�ç	Ö�		×	è
f : Q(∇) → [−∞,+∞]

à]Û	Ü	×	ç	×1ã]Ý���
!×'õ Õ�çFÝ�ò1Ø�ç	×	ä
±∞

å1× �!æ çFÝ
ç	×	ý�ìFØsç1ØLÛ'åFÙ{Þ�ç	ß5õöã3ç1Ù�û!Ø�á�Þ�í#Ý�õ ÿ¢ÿ�ñH]åFØ�ì1ó ��
!×1ã ��Ý�ý�Ù�ãéí ×	Õ�ó�ò1Ø�ç	×	×¨á�í�Ù{è1á�Þ�í ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è�à�Õ�Ý�ì�Ý�ç	ç	ß5õ çFÝ Ý�å1ý�Ø�ê{Ü1Ø
L∞(Ω,A , µ)

× Û	Ü	×	ç	×1ã]Ý���
!×'õ Õ�çFÝ�ò1Ø�ç	×	ä°íÚÝ�å1ý�Ø�ê{Ü1Ø
L0(Ω,A , µ)

à�á�Þ{Ý�åFÙú×1á�á�åFØ�ìFÙ{í#Ý�ç	×1Øaá�ó V
xØ�á�Þ�í�Ù{í#Ý�ç	×	ä ç1Ø�ç	ó�åFØ�í�ß5õ ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è�à�ó°Ö�Ù{Þ�Ù{Ü	ß5õ Ù�ê�å�Ý{á�Þ�æNÕ�çFÝ�ò1Ø�ç	×	èïá�Ù�ìFØ�Ü#û�×	Þ Vá�ä íkç1Ù{Ü1ã3×	Ü	ó�Ø�ã3ß5õÚ×'ìFØ�Ý�å1æ�ç	ß5õ Û1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�õ ÷ ZPUPW ÿ X ⊂ L0(Ω,A , µ) ñ _âÜFÝ{ê�Ù{Þ�Ø�� 	��
ìFÙ{Ö'Ý�Õ�Ý�ç1Ù	à]ò	Þ�Ùaå �Lê�Ù�ØüÞ{Ý�Ö�Ù�Øøì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1ØöÙ�ê�ä'Õ�Ý�Þ�Ø�å1æ�ç1Ùúä'í{å1ä	Ø�Þ�á�äNç	ó�åFØ�í�ß�ã ñ O�Ý�Þ�Ø�ãí[ÜFÝ{ê�Ù{Þ�Ø�� ���@Ý�çFÝ�åFÙ{ý�×	ò	ç	ß0èüÜ1Ø�Õ�ó�å1æ�Þ{Ý�Þxê{ß5ånÛ1Ù�å1ó�ò1Ø�çeó�û!Ø0ì	å1ä<Ö	í#Ý�Õ�×	ç1Ù{Ü1ã3×	Ü	ó�Ø�ã3ß5õn×'ìFØ�Ý�å1æ�ç	ß5õ
Û1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í

X ⊂ L0(Ω,A , µ) ñQsÝ�ûxìFÙ�Ø]Ö	í#Ý�Õ�×	ç1Ù{Ü1ã3×	Ü	ó�Ø�ã,Ù�Ø�Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ä'í{å1ä	Ø�Þ�á�ä[ã,Ø�Þ�Ü	×	Õ�ó�Ø�ã3ß�ãöÞ�Ù{Û1Ù�åFÙ{ý�×	ò1Ø�á�Ö	×1ãöí�Ø�Ö VÞ�Ù{Ü	ç	ß�ãéÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ã0à�×1ã,Ø���
!×1ãéÙ{ý�ÜFÝ�ç	×	ò1Ø�ç	ç	ó � Ù{Ö	Ü1Ø�á�Þ�ç1Ù�á�Þ�æÚç	ó�å1äð÷ á�ã ñ à]çFÝ�Û	Ü	×1ã,Ø�Ü�à � � àý�å ñ ��à � ��� ÿ�ñ _éÞ�Ù�û!Øní�Ü1Ø�ã3ä ×1ã,Ø��SÞ�á�äîí#Ý�û�ç	ß�ØnÛ	Ü	×1ã,Ø�Ü	ß ×'ìFØ�Ý�å1æ�ç	ß5õîÛ1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í
X ⊆

L0(Ω,A , µ)
áöã,Ø�Þ�Ü	×	Õ�ó�Ø�ã,Ù{è¨í�Ø�Ö	Þ�Ù{Ü	ç1Ù{è Þ�Ù{Û1Ù�åFÙ{ý�×1Ø�è�à�ç1Øk×1ã,Ø���
!×'õ Ù{ý�ÜFÝ�ç	×	ò1Ø�ç	ç	ó � Ù{Ö	Ü1Ø�á�Þ Vç1Ù�á�Þ�ænç	ó�å1ä ñ YTÝ�Ö�Ù{í�ß�ã3×�à@íeòFÝ{á�Þ�ç1Ù�á�Þ�×�à�ä'í{å1ä
�SÞ�á�ä F V ç1Ù{Ü1ã3×	Ü	ó�Ø�ã3ß�Øx×'ìFØ�Ý�å1æ�ç	ß�Ø!Û1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç Vá�Þ�í#Ýúí

L0(Ω,A , µ)
à]Þ ñ Ø ñ ×'ìFØ�Ý�å1æ�ç	ß�Ø�Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý'à5á�çFÝ{ê�û!Ø�ç	ç	ß�Ø�ã,Ù{ç1Ù{Þ�Ù{ç	ç1Ù{è F V ç1Ù{Ü1ã,Ù{è ñWLÜ	×1ã,Ø�ÜFÝ{ã3×üÞ{Ý�Ö	×'õeÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�íxá�å1ó�ûxÝ�Þxá�Ý{ã3×øÝ�å1ý�Ø�ê{Ü	ß

L0(Ω,A , µ)
à�çFÝ�ìFØ�åFØ�ç	ç	ß�Ø

F V ç1Ù{Ü1ã,Ù{è
‖f‖Ω =

∫
Ω

|f |
1+|f | dµ

à�Û1Ù{Ü1Ù�ûxì�Ý���
xØ�èúÞ�Ù{Û1Ù�åFÙ{ý�× � á¢õ#Ù�ì1×1ã,Ù�á�Þ�× Û1Ùøã,Ø�Ü1Ø�� � à�ý�å ñ �'à � ����à�ÝnÞ{Ý�Ö	û!ØÝ�å1ý�Ø�ê{Ü	ß
log V ×	ç	Þ�Ø�ý�Ü	×	Ü	ó�Ø�ã3ß5õö×	Õ�ã,Ø�Ü	×1ã3ß5õkþPó�ç	Ö�		×	è

Llog(Ω,A , µ) =

{
f ∈ L0(Ω,A , µ) :

∫
log(1 + |f |) dµ <∞

}

á
F V ç1Ù{Ü1ã,Ù{è ‖f‖log =

∫
Ω log(1 + |f |)dµ

� ��� ñ 8�Þ�ÙÚÙ{Õ�çFÝ�òFÝ{Ø�Þ�à5ò	Þ�Ùúíîá�å1ó�òFÝ{Økç1Ø�Ý�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{ý�ÙÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�áüã,Ø�Ü1Ù{è
(Ω,A , µ)

á�ó 
xØ�á�Þ�í�ó �SÞaç1Ø�ç	ó�åFØ�í�ß�Ønì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	ä�à3Õ�Ý�ì�Ý�ç	ç	ß�Ø
çFÝ!Ý�å1ý�Ø�ê{Ü1Ø

L∞(Ω,A , µ)
×nÛ	Ü	×	ç	×1ã]Ý���
!×1Ø^Õ�çFÝ�ò1Ø�ç	×	äní

F V ç1Ù{Ü1ã3×	Ü	ó�Ø�ã,Ù�ãî×'ìFØ�Ý�å1æ�ç	ß�ãÚÛ1Ù�ì1Û	Ü1Ù Vá�Þ�ÜFÝ�ç1á�Þ�í�Ø
(L0(Ω,A , µ), ‖ · ‖Ω)

����� ñ QsÝ�Ö ó�û!Ø<í�ß"�xØ�ó�Û1Ù�ã3×	çFÝ�åFÙ�á�æ1à¹ì	å1ä�Þ{Ý�Ö	×'õúÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�íá�ã,Ø�Ü1Ù{è ×¨ZPUPW
X ⊂ L0(Ω,A , µ)

ó�û!Øöç1Øöá�ó 
xØ�á�Þ�í�ó�Ø�Þîç1Ø�ç	ó�åFØ�í�ß5õ ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è
δ : L∞(Ω,A , µ) → X ñ_5Ù{Û	Ü1Ù�á[Ù�çFÝ�õ#Ù�ûxìFØ�ç	×	×�Ö	Ü	×	Þ�Ø�Ü	×	äøì	å1äká�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×	äøç1Ø�ç	ó�åFØ�í�ß5õøì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è�à
Ù{Û	Ü1Ø�ìFØ�åFØ�ç	ç	ß5õÚçFÝ

L∞(Ω,A , µ)
× Û	Ü	×	ç	×1ã]Ý���
!×'õúÕ�çFÝ�ò1Ø�ç	×	äÚí

F V ç1Ù{Ü1ã3×	Ü	ó�Ø�ã3ß5õ ×'ìFØ�Ý�å1æ�ç	ß5õÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�õ�à�ìFÙîá�×'õ°Û1Ù{Ü¨Ù�á�Þ{Ý�í#Ý�åFá�ä Ù{Þ�Ö	Ü	ß0Þ�ß�ã ñ _ çFÝ{á�Þ�Ù�ä

xØ�è ÜFÝ{ê�Ù{Þ�Ø�ó�á�Þ{Ý�çFÝ�í{å1×	í#Ý��SÞ Vá�ä ç1Ø�Ù�ê�õ#Ù�ì1×1ã3ß�Ø ×¨ìFÙ�á�Þ{Ý�Þ�Ù{ò	ç	ß�Øúó�á�åFÙ{í�×	ä¨ì	å1ä¨Û1Ù�å1ç	ß5õ
F V ç1Ù{Ü1ã3×	Ü	ó�Ø�ã3ß5õ ×'ìFØ�Ý�å1æ�ç	ß5õ Û	Ü1Ù Vá�Þ�ÜFÝ�ç1á�Þ�í

X ⊂ L0(Ω,A , µ)
à�Ù�ê�Ø�á�Û1Ø�ò	×	í#Ý���
!×1ØúçFÝ�å1×	ò	×1Øúç1Ø�ç	ó�åFØ�í�ß5õ¨ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è

δ : L∞(Ω,A , µ) → X ñ
)@B]l�
Tp
�]iFf�
To��'p�m��	����pög�iFp
�]p��To��

WLó�á�Þ�æ
K

� Û1Ù�åFØ>Ö�Ù�ã3Û'åFØ�Ö�á�ç	ß5õ ò	×1á�Ø�å
C

å1×1ê�Ù ìFØ�è1á�Þ�í�×	Þ�Ø�å1æ�ç	ß5õ ò	×1á�Ø�å
R ñ WLó�á�Þ�æ

(Ω,A , µ)
��� r?<�r�z�r�tP�%��|{~xy{z�|���v^z�r{�1��v���|<�Pts~�z�|�� à	Þ ñ Ø ñ (Ω,A , µ)

Ø�á�Þ�ænÞ{Ý�Ö�Ù�Ø[Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù
ásã,Ø�Ü1Ù{è�à	ò	Þ�Ù

÷ � ÿ µ �éá�ò1Ø�Þ�ç1Ù[Ý�ì	ì1×	Þ�×	í�çFÝ�äeþPó�ç	Ö�		×	ä�à�Ù{Û	Ü1Ø�ìFØ�åFØ�ç	çFÝ�ä<çFÝ
σ V Ý�å1ý�Ø�ê{Ü1Ø A

Û1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í�ã3ç1Ù Vû!Ø�á�Þ�í#Ý
Ω
á�ÙxÕ�çFÝ�ò1Ø�ç	×	ä	ã3×�í�ÜFÝ{á��!×	Ü1Ø�ç	ç1Ù{èöÛ1Ù�å1ó�Û	Ü#ä	ã,Ù{è

[0;∞] !÷ ��� ÿ Ø�á�å1× F ⊂ E ∈ A
×
µ(E) = 0

à	Þ�Ù
F ∈ A !
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÷ ����� ÿ ì	å1ä å �Lê�Ù{ý�Ù ã3ç1Ù�û!Ø�á�Þ�í#Ý E ∈ A
ç1Ø�ç	ó�åFØ�í�Ù{èïã,Ø�Ü	ß á�ó 
xØ�á�Þ�í�ó�Ø�Þ Þ{Ý�Ö�Ù�Ø ã3ç1Ù�û!Ø�á�Þ�í�Ù

F ∈ A
à'ò	Þ�Ù

F ⊂ E
×
0 < µ(F ) <∞ !÷ � & ÿ ê{ó�åFØ�í#ÝPÝ�å1ý�Ø�ê{ÜFÝ ∇µ

í�á�Ø�õxÖ'å�Ý{á�á�Ù{í
µ V Û1Ù{ò	Þ�×�í�á��5ì1óxÜFÝ�í�ç	ß5õ�ã3ç1Ù�û!Ø�á�Þ�í[×	Õ A

Û1Ù{Ü#ä�ì1Ö�Ù{í�Ù
Û1Ù�å1çFÝ ñ_ ô�Þ�Ù�ã á�å1ó�òFÝ{Ø¨Û1Ù�å1çFÝ�ä ê{ó�åFØ�í#ÝIÝ�å1ý�Ø�ê{ÜFÝ

∇µ
×1ã,Ø�Ø�ÞIÜFÝ�Õ�ìFØ�å1ä
��
xØ�Ø á�Ø�ã,Ø�è1á�Þ�í�ÙIÖ�Ù{ç1Ø�ò Vç	ß5õní�Û1Ù�å1ç1ØsÝ�ì	ì1×	Þ�×	í�ç	ß5õøã,Ø�Üú÷ùÞ{Ý�Ö	×1Øsê{ó�åFØ�í�ß Ý�å1ý�Ø�ê{Ü	ß çFÝ�Õ�ß0í#Ý��SÞ�á�ä t+/�$*1�vxw1�1|�z�tPw{z�|{��r{�1�*)��

tPw � � à � ñ � ñ ����� ÿ�ñ _Iã3ó�å1æ�Þ�×	ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù{è°ê{ó�åFØ�í�Ù{èîÝ�å1ý�Ø�ê{Ü1Ø
∇µ

í�á�Ø�ý�ì�Ýöá�ó 
xØ�á�Þ�í�ó�Ø�ÞöÜFÝ�Õ�ê{×1Ø Vç	×1Ø
{ei}i∈I

Ø�ì1×	ç	×�		ß
1
àFì	å1äöÖ�Ù{Þ�Ù{Ü1Ù{ý�ÙüÖ'Ý�ûxì�Ý�ä�ê{ó�åFØ�í#ÝnÝ�å1ý�Ø�ê{ÜFÝ

ei · ∇µ = {g ∈ ∇µ : g 6 ei}×1ã,Ø�Ø�Þeá�Þ�Ü1Ù{ý�Ù�Û1Ù�åFÙ�û�×	Þ�Ø�å1æ�ç	ó �éÖ�Ù{ç1Ø�ò	ç	ó �Iá�ò1Ø�Þ�ç1ÙeÝ�ì	ì1×	Þ�×	í�ç	ó �éã,Ø�Ü	ó�à
i ∈ I

� � à � ñ � ñ ��� ñGSê�Ù{Õ�çFÝ�ò	×1ãïò1Ø�Ü1Ø�Õ
L0(K) = L0(K)(∇µ) = L0(Ω,A , µ)(K) ∗ V Ý�å1ý�Ø�ê{Ü	óúí�á�Ø�õ�Ö'å�Ý{á�á�Ù{í�ô�Ö Ví�×	í#Ý�åFØ�ç	Þ�ç1Ù�á�Þ�×kÜFÝ�í�ç	ß5õ
µ V Û1Ù{ò	Þ�×øí�á��5ì1óeÖ�Ù�ã3Û'åFØ�Ö�á�ç	ß5õ ÷±ìFØ�è1á�Þ�í�×	Þ�Ø�å1æ�ç	ß5õ ÿ þPó�ç	Ö�		×	è�à'Ù{Û	Ü1Ø�ìFØ VåFØ�ç	ç	ß5õeçFÝ

(Ω,A , µ)
à'ÝPò1Ø�Ü1Ø�Õ

L∞(K) = L∞(K)(∇µ) = L∞(Ω,A , µ)(K)
�éÖ�Ù�ã,ã3ó�Þ{Ý�Þ�×	í�ç	ó �

ê�Ý�çFÝ�õ#Ù{í�ó
∗ V Ý�å1ý�Ø�ê{Ü	ókí�á�Ø�õkÖ�Ù�ã3Û'åFØ�Ö�á�ç	ß5õN÷±ìFØ�è1á�Þ�í�×	Þ�Ø�å1æ�ç	ß5õ ÿ á�ó 
xØ�á�Þ�í�Ø�ç	ç1ÙnÙ{ý�ÜFÝ�ç	×	ò1Ø�ç	ç	ß5õ�×	Õ Vã,Ø�Ü	×1ã3ß5õöþPó�ç	Ö�		×	è�à'Õ�Ý�ì�Ý�ç	ç	ß5õkçFÝ

(Ω,A , µ)
àFá�çFÝ{ê�û!Ø�ç	ç	ó �IÜFÝ�í�ç1Ù�ã,Ø�Ü	ç1Ù{è�ç1Ù{Ü1ã,Ù{è ñ � á�ç1Ù	à1ò	Þ�Ùá�Ý{ã,Ù�á�Ù{Û	Ü#ä'û!Ø�ç	çFÝ�äøòFÝ{á�Þ�æ

L h
0 (C) = {f ∈ L0(C) : f = f} ∗ V Ý�å1ý�Ø�ê{Ü	ß L0(C)

÷ á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	à
L h

∞(C) = L∞(C)∩L h
0 (C) ÿ á�Ù{í�ÛFÝ�ì�Ý{Ø�Þ[á L0(R)

÷ á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	à
0 L∞(R) ÿ�ñ WLÜ	×�ô�Þ�Ù�ãúê{ó�åFØ Ví#Ý�Ý�å1ý�Ø�ê{ÜFÝ

∇µ
Ù{Þ�Ù�ûxìFØ�á�Þ�í{å1ä	Ø�Þ�á�äaáLÛ1Ù�å1ç1Ù{è�ê{ó�åFØ�í�Ù{è�Ý�å1ý�Ø�ê{Ü1Ù{èöí�á�Ø�õü×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ�Ù{íní

L0(K).WLÜ	×úØ�á�Þ�Ø�á�Þ�í�Ø�ç	ç1Ù�ãðÙ{Û	Ü1Ø�ìFØ�åFØ�ç	×	× òFÝ{á�Þ�×	ò	ç1Ù{ý�ÙkÛ1Ù{Ü#ä�ì1Ö'Ýøí
L0(R)

Ý�å1ý�Ø�ê{ÜFÝ
L0(R)

ä'í{å1ä	Ø�Þ Vá�ä�ÜFÝ{á��!×	Ü1Ø�ç	ç1Ù{è�Û1Ù{Ü#ä�ì1Ö�Ù{í�ÙkÛ1Ù�å1ç1Ù{èaí�Ø�Ö	Þ�Ù{Ü	ç1Ù{èúÜ1Ø��xØ�Þ�Ö�Ù{è � � à � ñ � ñ ��� ñ 9 å1äöå �Lê�Ù{ý�Ùnô�åFØ�ã,Ø�ç	Þ{Ý
f ∈ L0(K)

Ù{Û	Ü1Ø�ìFØ�å1×1ã°Ø�ý�Ùxç1Ù�á�×	Þ�Ø�å1ænáLÛ1Ù�ã,Ù�
!æ��âÜFÝ�í�Ø�ç1á�Þ�í#Ý

s(f) = 1− sup
{
e ∈ ∇µ : e · f = 0

}
.

�
á�ç1Ù	à3ò	Þ�Ù

s(f) ∈ ∇µ
×
s(q) = q

ì	å1äÚå �Lê�Ù{ý�Ù
q ∈ ∇µ ñ QLÜ1Ù�ã,ØüÞ�Ù{ý�Ù	à3×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ q ∈ ∇µä'í{å1ä	Ø�Þ�á�äúç1Ù�á�×	Þ�Ø�åFØ�ã ì	å1ä

f ∈ L0(K)
íkÞ�Ù�ã ×úÞ�Ù�å1æ�Ö�ÙkíkÞ�Ù�ãðá�å1ó�òFÝ{Ø�à�Ö�Ù{ý�ì�Ý

q · f = f
à�×ú×	Õ

ÜFÝ�í�Ø�ç1á�Þ�í
e · f = f

à
e ∈ ∇µ

à1á�åFØ�ì1ó�Ø�Þ�à1ò	Þ�Ù
e > q ñ9 å1äöÛ	Ü1Ù{×	Õ�í�Ù�å1æ�ç1Ù{ý�Ùøç1Ø�Û	ó�á�Þ�Ù{ý�ÙnÛ1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í#Ý

M ⊂ L0(K)
Ø�ý�Ùeç1Ù�á�×	Þ�Ø�å1æ

s(M)
Ù{Û	Ü1Ø�ìFØ Vå1ä	Ø�Þ�á�äøÜFÝ�í�Ø�ç1á�Þ�í�Ù�ã

s(M) = sup{s(f) : f ∈M} ñZPØ�ç	ó�åFØ�í�Ù�Ønå1×	ç1Ø�è	ç1Ù�ØüÛ1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù
X
í

L0(K)
çFÝ�Õ�ß0í#Ý{Ø�Þ�á�äN×'ìFØ�Ý�å1æ�ç	ß�ãIÛ	Ü1Ù�á�Þ�ÜFÝ�ç Vá�Þ�í�Ù�ãI÷ á�Ù{Ö	ÜFÝ�
xØ�ç	ç1ÙøUPW ÿ à@Ø�á�å1×a×	Õ f ∈ X

à
g ∈ L0(K)

×�ç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í#Ý
|g| 6 |f |

á�åFØ�ì1ó�Ø�Þ�à�ò	Þ�Ù
g ∈ X ñ M]á�å1× X �éUPW í

L0(K)
×
s(X) = 1

à�Þ�Ù
X
çFÝ�Õ�ß0í#Ý��SÞxþPó�ç'ì�Ý{ã,Ø�ç	Þ{Ý�å1æ�ç	ß�ã ×'ìFØ�Ý�å1æ�ç	ß�ã

Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ã°í
L0(K) ñZPØ�Þ�Ü	ó�ì1ç1Ùxí�×'ìFØ�Þ�æ1à�ò	Þ�Ù!ç1Ø�ç	ó�åFØ�í�Ù�ØSå1×	ç1Ø�è	ç1Ù�ØLÛ1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù

X
í

L0(K)
ä'í{å1ä	Ø�Þ�á�äü×'ìFØ VÝ�å1æ�ç	ß�ãNÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ã°Þ�Ù{ý�ì�Ý�×øÞ�Ù�å1æ�Ö�Ù<Þ�Ù{ý�ì�Ý'à1Ö�Ù{ý�ì�Ý

L∞ ·X = X ñWLó�á�Þ�æ
X
�éÛ	Ü1Ù{×	Õ�í�Ù�å1æ�ç1Ù�Ø^å1×	ç1Ø�è	ç1Ù�Ø^Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù!çFÝ�ìnÛ1Ù�åFØ�ã

K ñ �[ó�ç	Ö�		×	ä ‖ · ‖ : X → RçFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä
F V ç1Ù{Ü1ã,Ù{è�àFØ�á�å1×kí�Ø�Ü	ç	ßðá�åFØ�ì1ó ��
!×1Øsá�í�Ù{è1á�Þ�í#Ý��

(i) ‖x‖ > 0
ì	å1äüí�á�Ø�õ

x 6= 0 !
(ii) ‖αx‖ 6 ‖x‖

ì	å1äøí�á�Ø�õ
x ∈ X

×øí�á�Ø�õøá�Ö'Ý�å1ä'Ü1Ù{í
α ∈ K

á
|α| 6 1 !

(iii) limα→0 ‖αx‖ = 0
ì	å1äüí�á�Ø�õ

x ∈ X !
(iv) ‖x+ y‖ 6 ‖x‖+ ‖y‖

ì	å1äøí�á�Ø�õ
x, y ∈ X ñM]á�å1×

‖ · ‖
Ø�á�Þ�æ

F V ç1Ù{Ü1ã]ÝüçFÝ X à@Þ�ÙøþPó�ç	Ö�		×	ä d(x, y) = ‖x − y‖
Ù{Û	Ü1Ø�ìFØ�å1ä	Ø�ÞöÞ�ÜFÝ�ç1á�å1ä 		× VÙ{ç	ç1Ù!×	ç	í#Ý�Ü	×FÝ�ç	Þ�ç	ó �ïã,Ø�Þ�Ü	×	Ö	óeçFÝså1×	ç1Ø�è	ç1Ù�ãîÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

X
à�Û1Ù{Ü1Ù�ûxì�Ý���
!ó �ïã,Ø�Þ�Ü	×	ò1Ø�á�Ö	ó �

Þ�Ù{Û1Ù�åFÙ{ý�× � çFÝ
X
à�Ù{Þ�ç1Ù�á�×	Þ�Ø�å1æ�ç1ÙöÖ�Ù{Þ�Ù{Ü1Ù{è

X
Ø�á�Þ�ækÞ�Ù{Û1Ù�åFÙ{ý�×	ò1Ø�á�Ö�Ù�Øeå1×	ç1Ø�è	ç1Ù�Ø<Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù

÷ á�ã ñ à�çFÝ�Û	Ü	×1ã,Ø�Ü�à � � à�ý�å ñ ��à � ��� ÿ�ñ M]á�å1× (X, ‖ · ‖)
ä'í{å1ä	Ø�Þ�á�ä Û1Ù�å1ç	ß�ãïã,Ø�Þ�Ü	×	ò1Ø�á�Ö	×1ãïÛ	Ü1Ù�á�Þ�ÜFÝ�ç Vá�Þ�í�Ù�ã0à	Þ�Ù�ÛFÝ�ÜFÝ

(X, ‖ · ‖)
çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä

F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ã ñR�Ù{í�Ù{Ü#ä'Þ�à¹ò	Þ�Ù
F V ç1Ù{Ü1ã]Ý ‖ · ‖

çFÝü×'ìFØ�Ý�å1æ�ç1Ù�ã Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø
X ⊆ L0(K)

ã,Ù{ç1Ù{Þ�Ù{ç	çFÝ'à¹Ø�á�å1×
×	ÕPá�Ù�Ù{Þ�ç1Ù��xØ�ç	×	è

f, g ∈ X
à
|g| 6 |f |

á�åFØ�ì1ó�Ø�Þ�à	ò	Þ�Ù
‖g‖ 6 ‖f‖ ñ F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç	ß�ã ×'ìFØ�Ý�å1æ�ç	ß�ãÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ãâ÷ù×'ìFØ�Ý�å1æ�ç	ß�ã

F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ã ÿ í L0(K)
çFÝ�Õ�ß0í#Ý{Ø�Þ�á�äö×'ìFØ�Ý�å1æ�ç1Ù�Ø[Û	Ü1Ù�á�Þ�ÜFÝ�ç V



� � �^�	�1� - 
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á�Þ�í�Ùúí

L0(K)
à]á�çFÝ{ê�û!Ø�ç	ç1Ù�Øaã,Ù{ç1Ù{Þ�Ù{ç	ç1Ù{è

F V ç1Ù{Ü1ã,Ù{èI÷ á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	à�Û1Ù�å1ç1Ù{è¨ã,Ù{ç1Ù{Þ�Ù{ç	ç1Ù{è
F V ç1Ù{Ü1ã,Ù{è ÿ�ñ

��B��ao����kp�
Tp����To�
ThFiFf��To�� �Tf
L∞

g�h ���Tf 
Tp��To��$�So
i
F �
�Th	
��So�
ThFiFf��������îo �]p#f�m��	�����
	�
ThFg ��
Tf��Tg �'iFf��

� ×	ç1Ø�è	ç	ß0è�Ù{Û1Ø�ÜFÝ�Þ�Ù{Ü δ : L∞ → L0(K)
çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä .�wF}�}]~�z@~��
�1w{z�|{��r{�1wF~�t à'Ø�á�å1×

δ(xy) = δ(x)y + xδ(y)
Û	Ü	×kí�á�Ø�õ

x, y ∈ L∞.ZPÙ�á�×	Þ�Ø�å1æSì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	ä
δ
Ø�á�Þ�æS×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ

s(δ) = sup{s(δ(f)) : f ∈ L∞} ñ _úá�å1ó�òFÝ{Ø�àÖ�Ù{ý�ì�Ý^Ù�ê{ÜFÝ�Õ,ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	ä
δ
á�Ù�ìFØ�Ü#û�×	Þ�á�ä[í�×'ìFØ�Ý�å1æ�ç1Ù�ãkÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

X
à�í�á�Ø�ý�ì�Ý0í�Ø�Ü	ç1Ù

ç1Ø�ÜFÝ�í�Ø�ç1á�Þ�í�Ù
s(δ) 6 s(X)

÷ á�Ü ñ � 	'à'Þ�Ø�Ù{Ü1Ø�ã]Ý � ñ � � ÿ�ñG^Þ�ã,Ø�Þ�×1ã Þ{Ý�Ö	û!Ø�à#ò	Þ�ÙP×	Õ ����à � �'à�Û	Ü1Ø�ì	åFÙ�û!Ø�ç	×1Ø � ñ ����í�ß0Þ�Ø�Ö'Ý{Ø�Þxá�Û	ÜFÝ�í�Ø�ì	å1×	í�Ù�á�Þ�æ�á�åFØ�ì1ó ��
!×'õÜFÝ�í�Ø�ç1á�Þ�í*�
δ(e) = 0

×
δ(e · f) = e · δ(f)

ì	å1äüå �Lê{ß5õ
e ∈ ∇µ

à
f ∈ L∞ ñH]åFØ�ì1ó ��
�Ý�äðÞ�Ø�Ù{Ü1Ø�ã]Ý ì�Ý{Ø�Þ¨ç1Ø�Ù�ê�õ#Ù�ì1×1ã,Ù�Øî×ðìFÙ�á�Þ{Ý�Þ�Ù{ò	ç1Ù�Øîó�á�åFÙ{í�×1Ø ì	å1äïá�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×	ä

ç1Ø�ç	ó�åFØ�í�ß5õüì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	èö×	Õ
L∞

í
L0(K)

÷ á�ã ñ ����à ��� ÿ�ñ
��p#h	
Tp
�Sf ��B ?FB�:���� �� ��@��
 - �a��� � �%��"�.

∇µ
���@���1 �,�-!�@�5 1��� - 
���� / �	
��	
����@��$@��$	. �

(i)
�� �-e������
� 1���[$@��$� ��@��
 - �5�������s��"¹��$��	�#" - 
���$	�@�S�1


L∞



L0(K);
(ii)

�¹ ��������	$ - "@�3�#"1 1����� � �� ��@��
��<��� � �%��"��
∇µ

$@� �'
���������������� - �3��������� - � 4
H]åFØ�ì1ó�Ø�Þ¨Õ�Ý{ã,Ø�Þ�×	Þ�æ1àSò	Þ�Ù°á�ó 
xØ�á�Þ�í�ó �SÞ¨þPó�ç'ì�Ý{ã,Ø�ç	Þ{Ý�å1æ�ç	ß�ØÚ×'ìFØ�Ý�å1æ�ç	ß�ØÚÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý

Xí
L0(K)

à�ç1Ø5á�Ù{í�ÛFÝ�ì�Ý���
!×1Ø5á
L0(K)

à�ì	å1ä!Ö�Ù{Þ�Ù{Ü	ß5õx×1ã,Ø��SÞ�á�ä!ç1Ø�ç	ó�åFØ�í�ß�Ø�ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	ä
δ : L∞ → L0(K)

áPÙ�ê{ÜFÝ�Õ�Ù�ã0à	åFØ�ûxÝ�
!×1ã í
X
÷ á�ã ñ � 		à'Û	Ü	×1ã,Ø�Ü�	 ñ ��� ÿ�ñWLó�á�Þ�æ

e
� ç1Ø�ç	ó�åFØ�í�Ù{èî×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þa×	ÕøÝ�å1ý�Ø�ê{Ü	ß

L0(K)
àTÞ ñ Ø ñ e ∈ ∇µ ñ ��ó�ìFØ�ãðý�Ù{í�Ù{Ü	×	Þ�æ1à

ò	Þ�ÙîUPW
X

í
L0(K)

ä'í{å1ä	Ø�Þ�á�ä
e
� z�r{�%'xw{z@~��1�*)¹t à�Ø�á�å1×

e · X = e · L0(K) ñ _ ô�Þ�Ù�ã á�å1ó�òFÝ{Ø
í�á�Ø�ý�ì�Ý�á�Û	ÜFÝ�í�Ø�ì	å1×	í�Ù�í�Ö'å �Sò1Ø�ç	×1Ø

e ∈ X ñ _ á�×	Þ�ó#Ý 		×	×�à,Ö�Ù{ý�ì�Ý�ê{ó�åFØ�í#ÝaÝ�å1ý�Ø�ê{ÜFÝ
∇µ

ä'í{å1ä	Ø�Þ�á�ä
ç1Ø�Û	Ü1Ø�Ü	ß0í�ç1Ù{è�à	Þ ñ Ø ñ ç1ØS×1ã,Ø�Ø�Þ<Ý�Þ�Ù�ã,Ù{í1à'×'ìFØ�Ý�å1æ�ç1Ù�ØLÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù X = L∞

ç1ØSä'í{å1ä	Ø�Þ�á�ä
e V ÜFÝ{á V�!×	Ü1Ø�ç	ç	ß�ãNì	å1änå �Lê�Ù{ý�Ù�ç1Ø�ç	ó�åFØ�í�Ù{ý�Ù

e ∈ ∇µ ñH�Ù{ý�å�Ý{á�ç1Ù�� 	'à'Þ�Ø�Ù{Ü1Ø�ã]Ý � ñ ����à	×1ã,Ø�Ø�Þeã,Ø�á�Þ�Ù<á�åFØ�ì1ó ��
xØ�ØPó�Þ�í�Ø�Ü#ûxìFØ�ç	×1Ø?�
� �'iFp�
 � �]p��ToTp ��B )@B��5���	�

X � �+� 

L0(K)

�
δ : L∞ → L0(K) � $@��$� ��@��
 - �^�������s� �"¹��$��	�#" - 
���$	�@�!� - ��"���
 - �

δ(L∞)
* �@����� -!�1�N


X
* � -

s(δ) ·X = s(δ) · L0(K)
4

ULÕsÞ�Ø�Ù{Ü1Ø�ã3ß � ñ �L×kó�Þ�í�Ø�Ü#ûxìFØ�ç	×	ä�� ñ �!í�ß0Þ�Ø�Ö'Ý{Ø�Þ

 m,p
�]g �'iFoTp ��B ��B �  1�����

X � �#�¹��������$ - ��/#" - ����"���$@����
 - 

L0(K)

4 �5���	�ø�� �-e������
� 1���^$@��$� ��@��
 - �ü�������s��"¹��$��	�#" - 
���$	�@�
δ : L∞ → X

* � -
X

�'
������������
s(δ) � "������!�#"¹��$	$	.�� * /#"�� / � - �

�� ��@��
��<��� � �%��"��
s(δ) · ∇µ

$@� �'
������������a��� - �3��������� - � 4
C

H�Ù{ý�å�Ý{á�ç1Ùâó�Þ�í�Ø�Ü#ûxìFØ�ç	× � � ñ � ×1ã,Ø�Ø�ã0àxò	Þ�Ù
s(δ) · X = s(δ) · L0(K)

à!íïòFÝ{á�Þ�ç1Ù�á�Þ�×�à
e := s(δ) ∈ X ñ � á�ç1Ù	àFò	Þ�Ùná�ó�û!Ø�ç	×1Ø δe ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	ä δ çFÝ e · L∞ = L∞(e · ∇µ)

Ø�á�Þ�æ
ç1Ø�ç	ó�åFØ�í�Ù�Ø^ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1ØSá�Ù[Õ�çFÝ�ò1Ø�ç	×	ä	ã3×øí

e ·X = e ·L0(K) = L0(K)(e ·∇µ) ñ _ á�×'å1óÞ�Ø�Ù{Ü1Ø�ã3ß � ñ �Pê{ó�åFØ�í#Ý<Ý�å1ý�Ø�ê{ÜFÝ e · ∇µ
ç1ØPä'í{å1ä	Ø�Þ�á�äöÝ�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{è ñ BGSê�Ù{Õ�çFÝ�ò	×1ã ò1Ø�Ü1Ø�Õ

ν
ã,Ø�Ü	ó � Ø�ê�Ø�ý�ÝnçFÝnÙ{Þ�Ü1Ø�Õ�Ö�Ø [0, 1]

×�ò1Ø�Ü1Ø�Õ
Aν

�
σ V Ý�å1ý�Ø�ê{Ü	ó�í�á�Ø�õ�×	Õ�ã,Ø VÜ	×1ã3ß5õnÛ1Ù � Ø�ê�Ø�ý�óeÛ1Ù�ìFã3ç1Ù�û!Ø�á�Þ�íe×	Õ [0, 1] ñ WLó�á�Þ�æ ∇ν

�>Û1Ù�å1çFÝ�äøê{ó�åFØ�í#ÝxÝ�å1ý�Ø�ê{ÜFÝ!í�á�Ø�õeÖ'å�Ý{á�á�Ù{í
ν V Û1Ù{ò	Þ�×Úí�á��5ì1ó�ÜFÝ�í�ç	ß5õÚã3ç1Ù�û!Ø�á�Þ�ía×	Õ Aν ñ M]á�å1× ∇µ

� ç1Ø�Û	Ü1Ø�Ü	ß0í�çFÝ�äîê{ó�åFØ�í#Ý�Ý�å1ý�Ø�ê{ÜFÝÚ÷ùÞ ñ Ø ñç1Øü×1ã,Ø�Ø�Þ Ý�Þ�Ù�ã,Ù{í ÿ à,Þ�Ù�í�á�×'å1ó � � àTý�å ñ �'à3á�åFØ�ìFá�Þ�í�×1Ø � ñ ���^á�ó 
xØ�á�Þ�í�ó �SÞaÞ{Ý�Ö	×1Øüç1Ø�ç	ó�åFØ�í�Ù{è ô�åFØ Vã,Ø�ç	Þ
e ∈ ∇µ

à
µ(e) = 1

à�Û	ÜFÝ�í�×'å1æ�çFÝ�ä ê{ó�åFØ�í#ÝüÛ1Ù�ì�Ý�å1ý�Ø�ê{ÜFÝ
∇0(e)

íkê{ó�åFØ�í�Ù{èÚÝ�å1ý�Ø�ê{Ü1Ø
e · ∇µ

×
×	Õ�Ù�ã,Ù{Ü1þP×	Õ�ã

ϕ
×	Õxê{ó�åFØ�í�Ù{èúÝ�å1ý�Ø�ê{Ü	ß

∇ν
çFÝnê{ó�åFØ�í�ó�Ý�å1ý�Ø�ê{Ü	ó

∇0(e)
à�ò	Þ�Ù

µ(ϕ(g)) = ν(g)
ì	å1ä

í�á�Ø�õ
g ∈ ∇ν

÷ùçFÝ�Û1Ù�ã3ç	×1ã0à�ò	Þ�Ùöê{ó�åFØ�í#ÝüÛ1Ù�ì�Ý�å1ý�Ø�ê{ÜFÝ
∇0(e)

íöê{ó�åFØ�í�Ù{èÚÝ�å1ý�Ø�ê{Ü1Ø
e · ∇µ

çFÝ�Õ�ß0í#Ý VØ�Þ�á�ä y{z�r���w $*1��1|�� à�Ø�á�å1× Þ�Ù{ò	ç	ß�Ø<í�Ø�Ü�õ'ç	×1Øe×úç	×	û�ç	×1Ø<ý�ÜFÝ�ç	×úå �Lê�Ù{ý�ÙkÛ1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í#Ý�×	Õ
∇0(e)Ù�ì1×	çFÝ�Ö�Ù{í�ß�Ø[í

∇0(e)
×øí

e · ∇µ ÿ�ñ
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F � /#" - ����"���$@����
���� ��	

O�Ý{ã,Ø�Þ�×1ã0à#ò	Þ�Ù[í[á�å1ó�òFÝ{Ø�à#Ö�Ù{ý�ì�Ý
∇µ

�Iç1Ø�Ý�Þ�Ù�ã3×	ò1Ø�á�Ö'Ý�äøê{ó�åFØ�í#Ý[Ý�å1ý�Ø�ê{ÜFÝ'à#í�á�Ø�ý�ì�Ý[á�ó 
xØ�á�Þ�í�ó�Ø�Þ
Þ{Ý�Ö�Ù{èüç1Ø�ç	ó�åFØ�í�Ù{ènô�åFØ�ã,Ø�ç	Þ

e ∈ ∇µ
à�ò	Þ�Ù[ê{ó�åFØ�í#Ý!Ý�å1ý�Ø�ê{ÜFÝ

e ·∇µ
ç1Ø�Û	Ü1Ø�Ü	ß0í�çFÝ �����'à�ý�å ñ �'à � �'à#Þ�Ø�Ù VÜ1Ø�ã]Ý � � ñ 8�Þ�ÙSÙ{Õ�çFÝ�òFÝ{Ø�Þ�à{ò	Þ�Ù�ì	å1äPå �Lê�Ù{è!ç1Ø�Ý�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{è<ê{ó�åFØ�í�Ù{è<Ý�å1ý�Ø�ê{Ü	ß ∇µ

í�á�Ø�ý�ì�Ý^çFÝ�è'ì1ó�Þ�á�ä
Þ{Ý�Ö	×1Ø!ç1Ø�ç	ó�åFØ�í�Ù{èaô�åFØ�ã,Ø�ç	Þ

e ∈ ∇µ
×�Û	ÜFÝ�í�×'å1æ�çFÝ�ä�ê{ó�åFØ�í#Ý<Û1Ù�ì�Ý�å1ý�Ø�ê{ÜFÝ

∇0
ínê{ó�åFØ�í�Ù{èúÝ�å1ý�Ø�ê{Ü1Ø

e · ∇µ
àFò	Þ�Ù

e · ∇µ
Ø�á�Þ�æüç1Ø�Û	Ü1Ø�Ü	ß0í�çFÝ�ä�ê{ó�åFØ�í#ÝüÝ�å1ý�Ø�ê{ÜFÝ'à�Ýnê{ó�åFØ�í#Ý<Û1Ù�ì�Ý�å1ý�Ø�ê{ÜFÝ

∇0
×	Õ�Ù�ã,Ù{Ü1þPçFÝ

ê{ó�åFØ�í�Ù{è�Ý�å1ý�Ø�ê{Ü1Ø
∇ν ñWLó�á�Þ�æ

0 6= e ∈ ∇µ
×
∇0

�ïÛ	ÜFÝ�í�×'å1æ�çFÝ�ä�ê{ó�åFØ�í#ÝSÛ1Ù�ì�Ý�å1ý�Ø�ê{ÜFÝLísê{ó�åFØ�í�Ù{èeÝ�å1ý�Ø�ê{Ü1Ø
e ·∇µ ñ GSê�Ù VÕ�çFÝ�ò	×1ã ò1Ø�Ü1Ø�Õ

S (K)(∇0)
ã3ç1Ù�û!Ø�á�Þ�í�Ùeí�á�Ø�õøÞ�Ø�õ

f ∈ L0(K)(e · ∇µ)
à'ì	å1äøÖ�Ù{Þ�Ù{Ü	ß5õöá�Û1Ø�Ö	Þ�ÜFÝ�å1æ Vç	ß�Ø�×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ�ß

{Re f 6 λ}
à
{Im f 6 λ}

Û	Ü	×	çFÝ�ì	åFØ�ûxÝ�Þ
∇0

ì	å1ä<í�á�Ø�õ
λ ∈ R ñ ULÕ�í�Ø�á�Þ�ç1Ù	à�ò	Þ�Ù

S (K)(∇0)
Ø�á�Þ�æ

∗ V Û1Ù�ì�Ý�å1ý�Ø�ê{ÜFÝ<í L0(K)(e · ∇µ)
×

S (K)(∇0) = L0(K)(∇0) ñ

 m,p
�]g �'iFoTp
��B 	�B �5���	�

X � �#�¹��������$ - ��/#" - ����"���$@����
 - 

L0(K)

�
δ : L∞ → L0(K) �$@��$� ��@��
 - �T�������s��"¹��$��	�#" - 
���$	�@��� - ��"���
 - � * �@����� -!�1��


X
* � - �� �-e������
� �,[�L�����	�@��$@��$� ��@��
 - �

�#�¹���3/ - ����$@�
e ∈ X

�</#"���
��	����$�� � �� ��@��
��S/ - ����� � �%��"��
∇0


 �� ��@��
 - �ü��� � �%��"¹�
e ·∇µ

* ��� -
e ·∇µ�������k$@��/#"¹��"�.0
�$�� � �� ��@��
��k��� � �%��"�� *

S (K)(∇0) = L0(K)(∇0) ⊆ X
�
∗ � ��� � �%��"�� S (K)(∇0)

∗ � �1
 - � - " �^$�� ∗ � ��� � �%��"¹� L0(K)(∇ν)
4

C
9 Ù{Ö'Ý�Õ�Ý�Þ�Ø�å1æ�á�Þ�í�Ùeí�ß0Þ�Ø�Ö'Ý{Ø�Þn×	Õsá�åFØ�ìFá�Þ�í�×	ä�� ñ � ñ BH Û1Ù�ã,Ù�
!æ�� á�åFØ�ìFá�Þ�í�×	ä � ñ �aó�á�Þ{Ý�çFÝ�í{å1×	í#Ý{Ø�Þ�á�ä Þ{Ý�Ö	û!Ø�á�åFØ�ì1ó ��
xØ�ØüìFÙ�á�Þ{Ý�Þ�Ù{ò	ç1Ù�Øöó�á�åFÙ{í�×1Ø�àÙ�ê�Ø�á�Û1Ø�ò	×	í#Ý���
xØ�ØöÙ{Þ�á�ó�Þ�á�Þ�í�×1Økç1Ø�ç	ó�åFØ�í�ß5õîì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è°çFÝ

L∞(K)
à,Û	Ü	×	ç	×1ã]Ý���
!×'õ

Õ�çFÝ�ò1Ø�ç	×	äkí
F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç	ß5õö×'ìFØ�Ý�å1æ�ç	ß5õøÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�õ ñ

��p#h	
Tp
�Sf ��B±=@B �  1�����
(X, ‖·‖X ) � F � $ - "@�3�#" - 
���$	$ - �5�#�¹��������$ - ��/#" - ����"���$@����
 - 
 L0(K)

*

e� - � - " - �

‖n · f‖X ↑ ∞
/#"��

n → ∞
�����k�	���[� -��{-

0 < f ∈ X
43+�-�� ������,:� - ���������s��"¹��$��	� �" - 
���$	�@�

δ : L∞ → X
�'
������������k$� ��@��
�.�� 4

C
WLÜ1Ø�ì1Û1Ù�åFÙ�û�×1ã0à	ò	Þ�Ù!á�ó 
xØ�á�Þ�í�ó�Ø�Þ!ç1Ø�ç	ó�åFØ�í�Ù�Ø^ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1Ø

δ : L∞ → X ñ _ á�×'å1óá�åFØ�ìFá�Þ�í�×	ä � ñ �nçFÝ�è'ìFØ�Þ�á�äúÞ{Ý�Ö�Ù{è ç1Ø�ç	ó�åFØ�í�Ù{è ×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ e ∈ X
à�ò	Þ�ÙkUPW

X e V ÜFÝ{á��!×	Ü1Ø�ç	ç1Ùk×ê{ó�åFØ�í#ÝkÝ�å1ý�Ø�ê{ÜFÝ
e · ∇µ

ç1Ø�ä'í{å1ä	Ø�Þ�á�äÚÝ�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{è�à¹íkòFÝ{á�Þ�ç1Ù�á�Þ�×�àTá�ó 
xØ�á�Þ�í�ó�Ø�Þöá�ò1Ø�Þ�ç1Ù�Ø�ì1×	Õ�ë V�Sç	Ö	Þ�ç1Ù�ØxÜFÝ�Õ�ê{×1Ø�ç	×1Ø
{en}

∞
n=1

×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ{Ý
e
àFì	å1äaÖ�Ù{Þ�Ù{Ü1Ù{ý�Ù

en 6= 0
Û	Ü	×�í�á�Ø�õ

n ñ UPá�Û1Ù�å1æ�Õ�ó�äá¢õ#Ù�ì1×1ã,Ù�á�Þ�æ
‖k · en‖X ↑ ∞

Û	Ü	×
k → ∞

à	í�ß�ê�Ø�Ü1Ø�ã°ç1Ù�ã,Ø�Ü
kn

Þ{Ý�Ö�à1ò	Þ�Ù�ê{ß
‖kn · en‖X > n ñ YTÝ�ÖÖ'Ý�Ö

e ·X = e ·L0(K)
à{Þ�ÙLçFÝ�è'ìFØ�Þ�á�ä<Þ{Ý�Ö�Ù�Ø

0 < f ∈ e ·L0(K) ⊆ X
à�ì	å1äxÖ�Ù{Þ�Ù{Ü1Ù{ý�Ù

en ·f = kn ·en ñUPã,Ø�Ø�ã
n < ‖kn · en‖X = ‖en · f‖X 6 ‖f‖Xì	å1ä�í�á�Ø�õxçFÝ�Þ�ó�ÜFÝ�å1æ�ç	ß5õ<ò	×1á�Ø�å
n
à{ò	Þ�ÙPç1Ø�í�Ù{Õ�ã,Ù�û�ç1Ù ñ ULÕ�Û1Ù�å1ó�ò1Ø�ç	ç1Ù{ý�ÙsÛ	Ü1Ù{Þ�×	í�Ù{Ü1Ø�ò	×	äeí�ß0Þ�Ø�Ö'Ý{Ø�ÞÙ{Þ�á�ó�Þ�á�Þ�í�×1ØLì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è
δ : L∞ → X ñ B

9 Ý�ì1×1ãï×'å	å �Lá�Þ�ÜFÝ 		× � ÖÚÞ�Ø�Ù{Ü1Ø�ã,Ø � ñ 	kçFÝkÛ	Ü	×1ã,Ø�Ü1Ø F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù{ý�Ù�×'ìFØ�Ý�å1æ�ç1Ù{ý�ÙaÛ	Ü1Ù Vá�Þ�ÜFÝ�ç1á�Þ�í#Ý
log V ×	ç	Þ�Ø�ý�Ü	×	Ü	ó�Ø�ã3ß5õö×	Õ�ã,Ø�Ü	×1ã3ß5õkþPó�ç	Ö�		×	è

Llog(Ω,A , µ) =

{
f ∈ L0(Ω,A , µ) :

∫
log(1 + |f |) dµ <∞

}

á
F V ç1Ù{Ü1ã,Ù{è ‖f‖log =

∫
Ω log(1 + |f |) dµ

� ��� ñ M]á�å1× 0 < f ∈ Llog(Ω,A , µ)
à'Þ�Ù

∥∥n · f
∥∥
log

=

∫

Ω

log(1 + |n · f |) dµ→ ∞
Û	Ü	×

n→ ∞.

H]åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	à�íøá�×'å1ó�Þ�Ø�Ù{Ü1Ø�ã3ß � ñ 	'à�å �Lê�Ù�Ø!ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1Ø δ : L∞ → Llog(Ω,A , µ)ä'í{å1ä	Ø�Þ�á�äøç	ó�åFØ�í�ß�ã ñ_ Þ�Ù û!Ø í�Ü1Ø�ã3ä�à Ø�á�å1× ÜFÝ{á�á�ã,Ù{Þ�Ü1Ø�Þ�æ
F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�Ø ×'ìFØ�Ý�å1æ�ç1Ù�Ø Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù

L0(Ω,A , µ)
àFçFÝ�ìFØ�åFØ�ç	ç1Ù�Ø

F V ç1Ù{Ü1ã,Ù{è ‖f‖Ω =
∫
Ω

|f |
1+|f | dµ

à1Þ�Ùeá�Ù{ý�å�Ý{á�ç1ÙnÞ�Ø�Ù{Ü1Ø�ã,Ø � ñ ��à1íüá�å1ó�òFÝ{Ø



��� �^�	�1� - 
�� 4 � 4 *�� �	�	�	$ö� 4��<4
Ý�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{ý�Ù�Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#ÝxáSã,Ø�Ü1Ù{è

(Ω,A , µ)
à�ç1ØSá�ó 
xØ�á�Þ�í�ó �SÞ!ç1Ø�ç	ó�åFØ�í�ß�Ø^ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù Ví#Ý�ç	×	äøçFÝ<Ý�å1ý�Ø�ê{Ü1Ø

L∞(Ω,A , µ)
à	Û	Ü	×	ç	×1ã]Ý���
!×1ØsÕ�çFÝ�ò1Ø�ç	×	äkí

(L0(Ω,A , µ), ‖ · ‖Ω) ñ WLÜ	×kô�Þ�Ù�ã
‖n ·f‖Ω =

∫
Ω

|n·f |
1+|n·f | dµ 6 1

ì	å1ä!å �Lê{ß5õxô�åFØ�ã,Ø�ç	Þ�Ù{í
f ∈ L0(Ω,A , µ)

×xçFÝ�Þ�ó�ÜFÝ�å1æ�ç	ß5õ�ò	×1á�Ø�å
n ñ8�Þ�Ù<Ù{Õ�çFÝ�òFÝ{Ø�Þ�àFò	Þ�ÙxìFÙ�á�Þ{Ý�Þ�Ù{ò	ç1Ù�Ø[ó�á�åFÙ{í�×1Ø

‖n · f‖X ↑ ∞
Û	Ü	×

n→ ∞
ì	å1äøÖ'Ý�ûxìFÙ{ý�Ù

0 < f ∈ X×	Õ5Þ�Ø�Ù{Ü1Ø�ã3ß � ñ 	^ç1Ø�ä'í{å1ä	Ø�Þ�á�äxç1Ø�Ù�ê�õ#Ù�ì1×1ã3ß�ãaì	å1äxÙ{Þ�á�ó�Þ�á�Þ�í�×	ä!ç1Ø�ç	ó�åFØ�í�ß5õ[ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è
δ : L∞ → L0(K)

à�Û	Ü	×	ç	×1ã]Ý���
!×'õ[Õ�çFÝ�ò1Ø�ç	×	ä[í
F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç	ß5õ!×'ìFØ�Ý�å1æ�ç	ß5õ[Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�õ ñ_�ß5ìFØ�å1×1ã Ö'å�Ý{á�á

F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç	ß5õú×'ìFØ�Ý�å1æ�ç	ß5õúÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í (X, ‖ · ‖X) ⊆ L0(K)
à@ì	å1ä

Ö�Ù{Þ�Ù{Ü	ß5õ í�Ø�Ü	çFÝïÞ�Ø�Ù{Ü1Ø�ã]Ý � ñ 	 ñ R�Ù{í�Ù{Ü#ä'Þ�à<ò	Þ�Ù F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�Ø ×'ìFØ�Ý�å1æ�ç1Ù�Ø Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù
(X, ‖ · ‖X)

×1ã,Ø�Ø�Þ y1|�z	u*.���|{��|�y1|-$*/��F~�y{z@~�z�)]���*/ � F
���1|�z�t+/ à'Ø�á�å1×k×	Õsó�á�åFÙ{í�×	è

0 6 fn 6 fn+1, fn ∈ X, n ∈ N, sup
n>1

‖fn‖X <∞

á�åFØ�ì1ó�Ø�Þná�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×1ØPÞ{Ý�Ö�Ù{ý�Ù
0 6 f ∈ X

à	ò	Þ�Ù
fn ↑ f ñM]á�å1×

F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�Ø�×'ìFØ�Ý�å1æ�ç1Ù�Ø!Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù (X, ‖ · ‖X)
×1ã,Ø�Ø�ÞnÛ1Ù{Ü#ä�ì1Ö�Ù{í�ÙøÛ1Ù�å1ó�ç1Ø VÛ	Ü1Ø�Ü	ß0í�ç	ó �ïç1Ù{Ü1ã3ó�à

0 < f ∈ X
×
supn>1 ‖n · f‖X <∞

à�Þ�Ùxá�ó 
xØ�á�Þ�í�ó�Ø�Þ�Þ{Ý�Ö�Ù�Ø
0 6 g ∈ X

à'ò	Þ�Ù
n · f ↑ g

à�ò	Þ�Ùüí{åFØ�ò1Ø�ÞkÜFÝ�í�Ø�ç1á�Þ�í#Ý
g = 0

×
f = 0 ñ ULÕ�Û1Ù�å1ó�ò1Ø�ç	ç1Ù{ý�ÙkÛ	Ü1Ù{Þ�×	í�Ù{Ü1Ø�ò	×	äúí�ß0Þ�Ø�Ö'Ý{Ø�Þ�àò	Þ�Ùxå �Lê�Ù�Ø

F V ç1Ù{Ü1ã3×	Ü1Ù{í#Ý�ç	ç1Ù�Ø[×'ìFØ�Ý�å1æ�ç1Ù�ØsÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù (X, ‖ · ‖X)
áLÛ1Ù{Ü#ä�ì1Ö�Ù{í�ÙeÛ1Ù�å1ó�ç1Ø�Û	Ü1Ø VÜ	ß0í�ç1Ù{èöç1Ù{Ü1ã,Ù{èkó�ìFÙ{í{åFØ�Þ�í�Ù{Ü#ä	Ø�Þnó�á�åFÙ{í�×	ä	ãNÞ�Ø�Ù{Ü1Ø�ã3ß � ñ 	 ñ WPÙ{ô�Þ�Ù�ã3óüí�Ø�Ü	çFÝ�á�åFØ�ì1ó ��
�Ý�ä

��p#h	
Tp
�Sf ��B���B �5���	�
(X, ‖·‖X ) � F � $ - "@�3�#" - 
���$	$ - �0�#�¹��������$ - ��/#" - ����"���$@����
 - 
 L0(K)

*
�1����,�-e��� / - "������ - 
 - / - �� 	$@��/#"¹��"�.0
�$� �,

F � $ - "@�¹ * � - ��,:� - � �������s��"¹��$��	�#" - 
���$	�@�
δ : L∞ → X

�'
������������ø$� ��@��
�.�� 4

	�B	��
To��'p�
To � g ����p#g �'iFhFiFf��To�� �Tp�����m,p#i	��� �]o����kp�
Tp����To�
ThFiFf��To �
g�h ���Tf 
Tp��To��$�So°i o �]p#f�m��	�����

F �
	�
ThFg ��
Tf��Tg �'iFf��

_�ô�Þ�Ù�ãöÜFÝ�Õ�ìFØ�åFØ�ó�á�Þ{Ý�çFÝ�í{å1×	í#Ý{Ø�Þ�á�ä<Ù�á�ç1Ù{í�ç1Ù{è!Ü1Ø�Õ�ó�å1æ�Þ{Ý�ÞPçFÝ{á�Þ�Ù�ä

xØ�è!ÜFÝ{ê�Ù{Þ�ßsà�ì�Ý���
!×	è!ç1Ø�Ù�ê Võ#Ù�ì1×1ã3ß�Øs×üìFÙ�á�Þ{Ý�Þ�Ù{ò	ç	ß�Ø[ó�á�åFÙ{í�×	äüì	å1äü×'ìFØ�Ý�å1æ�ç	ß5õ
F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í X ⊆ L0(K)

à1Ù�ê�Ø�á�Û1Ø�ò	×	í#Ý V��
!×1ØPá�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×1Øsç1Ø�ç	ó�åFØ�í�ß5õüì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è
δ : L∞ → X ñZsÝ�Û1Ù�ã3ç	×1ãïÙ{Û	Ü1Ø�ìFØ�åFØ�ç	×1Ø

(o) V Þ�Ù{Û1Ù�åFÙ{ý�×	×îíkòFÝ{á�Þ�×	ò	ç1Ùöó�Û1Ù{Ü#ä�ìFÙ{ò1Ø�ç	ç1Ù�ãâã3ç1Ù�û!Ø�á�Þ�í�Ø
(Z,6) ñR�Ù{í�Ù{Ü#ä'Þ�à�ò	Þ�Ùüá�Ø�Þ�æ

{zα}α∈A ⊂ Z (o)
���-,	|�.�w1vx��u Öaô�åFØ�ã,Ø�ç	Þ�ó

z ∈ Z
( Ù�ê�Ù{Õ�çFÝ�ò1Ø�ç	×1Ø?�

zα
(o)
−→ z

) à
Ø�á�å1×úá�ó 
xØ�á�Þ�í�ó �SÞøÞ{Ý�Ö	×1Ø<á�Ø�Þ�×

{xα}α∈A
×
{yα}α∈A

í
Z
à�ò	Þ�Ù

xα 6 zα 6 yα
ì	å1äaí�á�Ø�õ

α ∈ A×
xα ↑ z

à
yα ↓ z ñH�×'å1æ�ç1Ø�è ��Ý�äN×	ÕøÞ�Ù{Û1Ù�åFÙ{ý�×	è

t
í
Z
à¹ì	å1äÚÖ�Ù{Þ�Ù{Ü	ß5õ

(o) V á¢õ#Ù�ì1×1ã,Ù�á�Þ�æîá�Ø�Þ�Ø�è í{åFØ�ò1Ø�Þ�×'õîá¢õ#Ù Vì1×1ã,Ù�á�Þ�æeí<Þ�Ù{Û1Ù�åFÙ{ý�×	×
t
à	çFÝ�Õ�ß0í#Ý{Ø�Þ�á�ä

(o) V vx|�y1|-$1|
<�wF~�� í (Z,6)
à1Ö�Ù{Þ�Ù{ÜFÝ�äöÙ�ê�Ù{Õ�çFÝ�òFÝ{Ø�Þ�á�ä�ò1Ø�Ü1Ø�Õ

to(Z) ñ M]á�å1× Z = L0(R)
à
µ(Ω) <∞

à	Þ�Ù
(o) V Þ�Ù{Û1Ù�åFÙ{ý�×	ä to(L0(R))

ã,Ø�Þ�Ü	×	Õ�ó�Ø�ã]Ý<×öá¢õ#Ù�ì1×1ã,Ù�á�Þ�æ
Û1Ù�á�åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù�á�Þ�Ø�èaí�ô�Þ�Ù{èkÞ�Ù{Û1Ù�åFÙ{ý�×	×�á�Ù{í�ÛFÝ�ì�Ý{Ø�Þná�Ù<á¢õ#Ù�ì1×1ã,Ù�á�Þ�æ��éÛ1Ù�ã,Ø�Ü1Ø � � à'ý�å ñ �'à � ��� ñWLó�á�Þ�æ

(X, ‖ · ‖X) ⊆ L0(K)
� ×'ìFØ�Ý�å1æ�ç1Ù�Ø

F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù ñ GSê�Ù{Õ�çFÝ�ò	×1ã ò1Ø�Ü1Ø�Õ t(Xh)
í�Ø�Ö VÞ�Ù{Ü	ç	ó � Þ�Ù{Û1Ù�åFÙ{ý�× � í

Xh = {f ∈ X : f = f}
àTÛ1Ù{Ü1Ù�ûxì�Ý{Ø�ã3ó �

F V ç1Ù{Ü1ã,Ù{è ‖ · ‖X ñ 9 Ù�á�åFÙ{í Vç1ÙkÛ1Ù{í�Þ�Ù{Ü#ä'äúìFÙ{Ö'Ý�Õ�Ý�Þ�Ø�å1æ�á�Þ�í�Ù�Þ�Ø�Ù{Ü1Ø�ã3ß C�4�4 ñ � ñ �x×	Õ�� � à�ý�å ñ � à � ����à�Û1Ù�å1ó�ò	×1ã0à¹ò	Þ�Ùöá¢õ#Ù�ì1×1ã,Ù�á�Þ�æÛ1Ù
F V ç1Ù{Ü1ã,Ø ‖fn − f‖X → 0

à
fn, f ∈ Xh à¹í{åFØ�ò1Ø�Þúá�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×1ØüÛ1Ù�ì1Û1Ù�á�åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù�á�Þ�×

{fnk
}∞k=1

à
(o) V á¢õ#Ù�ì1ä

xØ�è1á�äâÖ

f ñ H]åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	àLí�Ø�Ü	ç1Ù á�åFØ�ì1ó ��
xØ�ØÚá�ÜFÝ�í�ç1Ø�ç	×1ØÚÞ�Ù{Û1Ù�åFÙ{ý�×	è
t(Xh)

×
to(X

h) ñ
� �'iFp�
 � �]p��ToTp 	�B ?FB �5���	�

X � �#�¹��������$ - � F � /#" - ����"���$@����
 - 
 L0(K)
* � -

to(X
h) 6 t(Xh)

4
ZsÝ{ãNÛ1Ù{çFÝ�ìFÙ�ê{×	Þ�á�ä�á�åFØ�ì1ó ��
xØ�ØPá�í�Ù{è1á�Þ�í�Ù<Þ�Ù{Û1Ù�åFÙ{ý�×	×

t(Xh) ñ
� �'iFp�
 � �]p��ToTp 	�B )@B �5���	�

(X, ‖ · ‖X) � �#�¹��������$ - �
F � /#" - ����"���$@����
 - 
 L0(K)

*
e ∈ ∇µ

*
� -
e ·Xh = {e · f : f ∈ Xh}

�������
t(Xh) � / - �	$ - �S/ - ��/#" - ����"���$@����
 - 
 Xh 4



:������s��"¹��$��	�#" - 
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���� � �

C
WLó�á�Þ�æ

fn, f ∈ X
×
‖fn − f‖X → 0 ñ Y¹Ù{ý�ì�Ý

∥∥fn − f
∥∥
X

=
∥∥|fn − f |

∥∥
X

=
∥∥|fn − f |

∥∥
X

=
∥∥fn − f

∥∥
X

→ 0.

8�Þ�ÙeÙ{Õ�çFÝ�òFÝ{Ø�Þ�à�ò	Þ�Ù
Xh Ø�á�Þ�æeÕ�Ý{ã3Ö	ç	ó�Þ�Ù�Ø[Û1Ù�ìFã3ç1Ù�û!Ø�á�Þ�í�Ùøí (X, ‖ · ‖X)

àF×kÛ1Ù{ô�Þ�Ù�ã3ó
(Xh, ‖ · ‖X)ä'í{å1ä	Ø�Þ�á�äeÛ1Ù�å1ç	ß�ãÚã,Ø�Þ�Ü	×	ò1Ø�á�Ö	×1ãÚÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù�ã ñ H]åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	à�ì	å1ä<Û1Ù�å1ç1Ù{Þ�ß e ·Xh ⊂ XhìFÙ�á�Þ{Ý�Þ�Ù{ò	ç1Ùeó�á�Þ{Ý�ç1Ù{í�×	Þ�æ

t(Xh) V Õ�Ý{ã3Ö	ç	ó�Þ�Ù�á�Þ�ænã3ç1Ù�û!Ø�á�Þ�í#Ý e ·Xh ñM]á�å1×
e · fn = fn ∈ e · Xh à f ∈ Xh ×

‖fn − f‖X → 0
à�Þ�Ù	à5Ö'Ý�Ö Ù{Þ�ã,Ø�òFÝ�åFÙ�á�æ í�ß"�xØ�à

á�ó 
xØ�á�Þ�í�ó�Ø�Þ�Û1Ù�ì1Û1Ù�á�åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù�á�Þ�æ
{fnk

}∞k=1

à�Ö�Ù{Þ�Ù{ÜFÝ�ä
(o) V á¢õ#Ù�ì1×	Þ�á�äNÖ f ñ H]åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	à

fnk
= e · fnk

(o)
−→ e · f

à'ò	Þ�Ùxí{åFØ�ò1Ø�ÞeÜFÝ�í�Ø�ç1á�Þ�í�Ù
f = e · f

à'×øÛ1Ù{ô�Þ�Ù�ã3ó
f ∈ e ·Xh ñ B

9 å1äk×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ{Ý
e = [E] ∈ X ∩ ∇µ

à
µ(E) < ∞

à1Ù�ê�Ù{Õ�çFÝ�ò	×1ã ò1Ø�Ü1Ø�Õ
t(e ·Xh)

Þ�Ù{Û1Ù�åFÙ{ý�× �
í
e·Xh à�×	ç'ì1ó
		×	Ü	ó�Ø�ã3ó �NÞ�Ù{Û1Ù�åFÙ{ý�×1Ø�è t(Xh)

×	Õ
Xh à�Ý5ò1Ø�Ü1Ø�Õ tµ(e·Xh)

� Þ�Ù{Û1Ù�åFÙ{ý�× � á¢õ#Ù�ì1×1ã,Ù�á�Þ�×
Û1Ù�ã,Ø�Ü1ØPí<×'ìFØ�Ý�å1æ�ç1Ù�ã Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ø

e ·Xh à'×	ç'ì1ó
		×	Ü	ó�Ø�ã3ó �â×	Õ
L0(K)(e · ∇µ) ñH]åFØ�ì1ó ��
�Ý�äÚÞ�Ø�Ù{Ü1Ø�ã]Ýöì�Ý{Ø�ÞaÖ	Ü	×	Þ�Ø�Ü	×	è á�ó 
xØ�á�Þ�í�Ù{í#Ý�ç	×	äîç1Ø�ç	ó�åFØ�í�ß5õÚì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×	è

á�ÙxÕ�çFÝ�ò1Ø�ç	×	ä	ã3×�í�×'ìFØ�Ý�å1æ�ç	ß5õ
F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý�õ ñ

��p#h	
Tp
�Sf 	�B ��B�:����[�#�¹��������$ -��{-
F � /#" - ����"���$@����
�� (X, ‖·‖X)



L0(K)

���@���1 �,�-!�@�¹ 1��� - 
����
/ �	
��	
����@��$@��$	. �

(i)
�� �-e������
� 1���[$@��$� ��@��
 - �0�������s��"¹��$��	�#" - 
���$	�@�^�1


L∞


X �

(ii)
�� �-e������
� 1���Ú����� - �¨$@��$� ��@��
 - � �#�¹���3/ - ����$@�

e = [E] ∈ X
*
µ(E) < ∞

* ��� - �� ��@��
��
��� � �%��"��

e · ∇µ
$@� �'
������������ ��� - �3��������� - �°�¨� - / - � -�� ���

t(e · Xh)
� - 
�/���������� �ü� - / - � -�� �@���

� � - ���1� - ������/ - ����"¹�
tµ(e ·X

h)
4

C (i) =⇒ (ii)
�]M]á�å1× á�ó 
xØ�á�Þ�í�ó�Ø�Þúç1Ø�ç	ó�åFØ�í�Ù�Øüì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1Øk×	Õ

L∞
í
X
à,Þ�Ùúá�Ù Vý�å�Ý{á�ç1Ùeá�åFØ�ìFá�Þ�í�× � � ñ �xçFÝ�è'ìFØ�Þ�á�äkÞ{Ý�Ö�Ù{èöç1Ø�ç	ó�åFØ�í�Ù{èö×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ e = [E] ∈ X

à
µ(E) <∞

à	ò	Þ�Ù
e ·Xh = L0(R)(e ·∇µ) ñ _Úá�×'å1ó[ó�Þ�í�Ø�Ü#ûxìFØ�ç	×	ä � ñ �5×1ã,Ø�Ø�ã0à{ò	Þ�Ù to(e ·Xh) 6 t(e ·Xh).

WPÙ�á�Ö�Ù�å1æ�Ö	ó
µ(E) <∞

à�Þ�Ù
(o) V Þ�Ù{Û1Ù�åFÙ{ý�×	ä to(e ·Xh) = to(L0(R)(e ·∇µ)

ã,Ø�Þ�Ü	×	Õ�ó�Ø�ã]Ý[×ná¢õ#Ù�ì1×1ã,Ù�á�Þ�æ�Û1Ù�á�åFØ VìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù�á�Þ�Ø�èüí
(o) V Þ�Ù{Û1Ù�åFÙ{ý�×	× to(e ·Xh)

á�Ù{í�ÛFÝ�ì�Ý{Ø�Þxá�Ùsá¢õ#Ù�ì1×1ã,Ù�á�Þ�æ��ðÛ1Ù[ã,Ø�Ü1Ø�� � à�ý�å ñ �'à � ��� ñ8�Þ�Ù!Ù{Õ�çFÝ�òFÝ{Ø�Þ�à'ò	Þ�Ù
tµ(e ·X

h) 6 t(e ·Xh) ñ YTÝ�ÖnÖ'Ý�ÖüÞ�Ù{Û1Ù�åFÙ{ý�×	ò1Ø�á�Ö	×1ØLí�Ø�Ö	Þ�Ù{Ü	ç	ß�ØSÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý
(L0(R)(e ·∇µ), ‖ · ‖X )

×
(L0(R)(e ·∇µ), ‖ · ‖E)

ä'í{å1ä
�SÞ�á�ä
F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý{ã3×�à'Þ�Ùs×	Õ �����	à�ò ñ ��àý�å ñ �'à	á�åFØ�ìFá�Þ�í�×1Ø�� ñ ���k÷ � ÿ �Tá�åFØ�ì1ó�Ø�Þ�à1ò	Þ�Ù tµ(e ·Xh) = t(e ·Xh) ñ

(ii) =⇒ (i)
�FWLÜ1Ø�ì1Û1Ù�åFÙ�û�×1ã0àFò	Þ�Ù<á�ó 
xØ�á�Þ�í�ó�Ø�Þ<Þ{Ý�Ö�Ù{è�ç1Ø�ç	ó�åFØ�í�Ù{èk×'ìFØ�ã3Û1Ù{Þ�Ø�ç	Þ

e = [E] ∈ X
à

µ(E) <∞
à]ì	å1ä Ö�Ù{Þ�Ù{Ü1Ù{ý�ÙNê{ó�åFØ�í#ÝîÝ�å1ý�Ø�ê{ÜFÝ

e · ∇µ
ç1Øöä'í{å1ä	Ø�Þ�á�ä Ý�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{è ×¨Þ�Ù{Û1Ù�åFÙ{ý�×	ä

t(e ·Xh)
á�Ù{í�ÛFÝ�ì�Ý{Ø�ÞüásÞ�Ù{Û1Ù�åFÙ{ý�×1Ø�è�á¢õ#Ù�ì1×1ã,Ù�á�Þ�×�Û1Ùeã,Ø�Ü1Ø

tµ(e ·X
h) ñ WPÙ�á�Ö�Ù�å1æ�Ö	ó�ã,Ø�Þ�Ü	×	Õ�ó�Ø�ã,Ù�ØÞ�Ù{Û1Ù�åFÙ{ý�×	ò1Ø�á�Ö�Ù�Øní�Ø�Ö	Þ�Ù{Ü	ç1Ù�ØeÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù

(e · Xh, t(e · Xh))
Û1Ù�å1ç1ÙÚ÷ á�ã ñ ó�Þ�í�Ø�Ü#ûxìFØ�ç	×1Ø � ñ � ÿ àÞ�Ù

e ·Xh Ø�á�Þ�æ�Õ�Ý{ã3Ö	ç	ó�Þ�Ù�ØsÛ1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ùeí (L0(R)(e · ∇µ)
à
tµ(L0(R)(e · ∇µ))) ñ GSá�Þ{Ý�åFÙ�á�æÕ�Ý{ã,Ø�Þ�×	Þ�æ1à�ò	Þ�Ù

µ(E) <∞
à
e ·∇µ ⊂ e ·Xh ×�à�íxá�×'å1ó�×'ìFØ�Ý�å1æ�ç1Ù�á�Þ�×øÛ	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý e ·Xh à�í�Ø�Ü	ç1Ùí�Ö'å �Sò1Ø�ç	×1Ø

L∞(R)(e ·∇µ) ⊂ e ·Xh ñ H]åFØ�ìFÙ{í#Ý�Þ�Ø�å1æ�ç1Ù	à tµ(e ·Xh) V Õ�Ý{ã3ß0Ö'Ý�ç	×1ØSÛ1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý
e ·Xh á�Ù�ìFØ�Ü#û�×	Þ tµ(e ·Xh) V Õ�Ý{ã3ß0Ö'Ý�ç	×1ØSÛ1Ù�ì1Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í#Ý L∞(R)(e ·∇µ) ñ WPÙ�á�åFØ�ì1ç1Ø�Ø�Õ�Ý{ã3ß0Ö'Ý Vç	×1ØPá�Ù{í�ÛFÝ�ì�Ý{Ø�Þeá

L0(R)(e · ∇µ) ñ 8�Þ�Ù�Ù{Õ�çFÝ�òFÝ{Ø�Þ�à1ò	Þ�Ù e ·Xh = L0(R)(e · ∇µ)
÷ á�Ù�Ù{Þ�í�Ø�Þ�á�Þ�í�Ø�ç	ç1Ù	à

e ·X = L0(C)(e · ∇µ) ÿ à	Þ ñ Ø ñ ×'ìFØ�Ý�å1æ�ç1Ù�Ø F V Û	Ü1Ù�á�Þ�ÜFÝ�ç1á�Þ�í�Ù X ä'í{å1ä	Ø�Þ�á�ä
e V ÜFÝ{á��!×	Ü1Ø�ç	ç	ß�ã ñYTÝ�ÖeÖ'Ý�Önê{ó�åFØ�í#Ý[Ý�å1ý�Ø�ê{ÜFÝ

e ·∇µ
ç1Ø�ä'í{å1ä	Ø�Þ�á�änÝ�Þ�Ù�ã3×	ò1Ø�á�Ö�Ù{è�à�Þ�Ùsá�Ù{ý�å�Ý{á�ç1Ù[Þ�Ø�Ù{Ü1Ø�ã,Ø � ñ ��á�ó 
xØ Vá�Þ�í�ó�Ø�ÞLç1Ø�ç	ó�åFØ�í�Ù�Ø�ì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1Ø

δ1
×	Õ

L∞(K)(e·∇µ)
á�ÙSÕ�çFÝ�ò1Ø�ç	×	ä	ã3×�í

L0(K)(e · ∇µ) ñG^Û	Ü1Ø�ìFØ�å1×1ãøå1×	ç1Ø�è	ç1Ù�Ø�Ù{Þ�Ù�ê{ÜFÝ�û!Ø�ç	×1Ø
δ : L∞(K)→L0(K)

à�Û1Ù�å�Ý�ý�Ý�ä
δ(f) = δ1(e·f)

à
f ∈L∞(K) ñ

�
á�ç1Ù	à	ò	Þ�Ù

δ
Ø�á�Þ�æ<ç1Ø�ç	ó�åFØ�í�Ù�ØLì1×1þsþsØ�Ü1Ø�ç�		×	Ü1Ù{í#Ý�ç	×1Øs×	Õ

L∞(K)
í

L0(K)(e · ∇µ)⊂X ñ B
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) ñ� I * na$ )O) $ r � F p � � $)s $U" �Hl � $�F * " l � !() � " I * "us $U" �Hl � & �Hl E=$Qn l I * � F?& *
� " * � �Qs"s � F p $Qn�s $U" �Hl � & * " J ��H/* 0 Vl � & * � "%$ �f*ml � E ñI}AQ��� � G]	�g]	3��C )@B�	:���

(CE, ‖ · ‖CE
)
@
�"&-���
����������	� 0	�%
�!&�';&���%�'����

(CF , ‖ · ‖CF
)
@
��&-�����!�����/' �

���
����������	� )	�%
�!&�' 4 	:���
U : CE → CF

@
�-&-,2����	N��	NLG��'#	#���!&��)�������+�+ ���	NLG�)	(�!����������� 4 �������K&�� 	(�!������� ����
U−1 	(��&�'(�!��,2����	N��	NLG� 4
C
7 *ml x ∈ CE ��F � U(x) > 0 ñ � � F!0 * U � " � s $U" �Hl � & * " J ��H/* 0 l � & * �

�Qs"s � F p �Hl na$ )O) $ r " l I � l
U(y∗) = U(y)∗ na$ � � )O) y ∈ CE ñ � * F!0 * x∗ = x ñ 7 *ml x+ ��F � x−

! *
� s $U" �Hl � & * ��F � F *mp � l � & *

s � ��l "�$Qn ��F $)s *
� � l $ � x ñ 4 l � " 0 ) * � �ul I � l x+, x− ∈ CE ñ 4 n x+ = 0
à l I * F U(x) 6 0 ñ � $�F " *>o J * F l ) E à

U(x) = 0
àyr I � 0 I ��� s ) �+* " x = 0 ñ7 *ml F $ r x+ 6= 0 ñ � *ml y1 = U(x+) ��F � y2 = U(x−) ñ � * I ��& * l I � l

y1 > 0, y2 > 0 ��F � y = y1 − y2 = U(x) > 0.

4
F � � ���Hl � $�F à

y1 + y2 = U(|x|) ��F � ‖U(|x|)‖CF
= ‖ |x| ‖CE

= ‖x‖CE
.



" � F p �

�
l I * �

�
l � 0�� ) � F � J 0 l � $�F à�r * " I $ r l I

�
l

‖x+ + kx−‖CE
= ‖y1 + ky2‖CF

6 ‖x‖CE

÷ � ÿ
na$ � � )O) k ∈ N ñ 4 n k = 1

à l I * F l I * � F *>o J � ) �Hl E ÷ � ÿ � " $ ! & � $ J " ñ � J s"s $U" *'l I � l �Hl � " l � J * na$ � k = n ñ� I * F
−(y1 + ny2) 6 (y1 − y2)− ny2 = y1 − (n+ 1)y2 6 y1 + ny2.

=
E
� � $)s $U" �Hl � $�F �'r * I ��& *'l I � l y1 − (n + 1)y2 ≺≺ y1 + ny2 ñ � � F!0 * (CF , ‖ · ‖CF

) � " �¡" l � $�F p ) E
"�E � �f*ml � � 0 � �(*

�
) �Hl na$ )O) $ r " l I � l ÷ " *�* � $ � $ )O) � � E � ÿ

‖y1 − (n+ 1)y2‖CF
6 ‖y1 + ny2‖CF

6 ‖x‖CE
.

� I-J "
‖y1 + (n+ 1)y2‖CF

= ‖x+ + (n+ 1)x−‖CE
= ‖ |x+ − (n+ 1)x−| ‖CE

= ‖x+ − (n+ 1)x−‖CE
= ‖y1 − (n+ 1)y2‖CF

6 ‖x‖CE
.

� I *
�%* na$ �%* l I * � F *>o J � ) �Hl E ÷ � ÿ I $ ) � "Cna$ � � )O) k ∈ N ñ � � F!0 *
k‖x−‖CE

6 ‖x+ + kx−‖CE
6 ‖x‖CE na$ � � )O) k ∈ N,

�Hl na$ )O) $ r " l I � l ‖x−‖CE
= 0

à l I
�
l � " x > 0 ñ B

���
	���
�� &�(�� I * s � $�$Qn�$Qn � � $)s $U" �Hl � $�F � � " ��F �
)
$ p $ J " l $ l I * s � $�$Qn�$Qn � I * $ �%* � � � F

������à
r I *
�%* l I * s $U" �Hl � & �Hl E]$Qn l I * � F?& *
� " * � �Qs"s � F p na$ � � "%$ �f*ml � �+* "�$Qn = ��F �10 I ) � l�l � 0 * " � " * " l � !() � " I * � ñ6 �E<�� AB<�� 	�B 	:���

(CE , ‖ · ‖CE
)
@
�O&����
����������	� �	�%
�!&�'�&���%D'����

(CF , ‖ · ‖CF
)
@
��&������!�����/' �

���
����������	� 	�%
�!&�' 4 	:���
U : CE → CF

@
� &K,2����	N��	NLG� '#	#���!&�� �������+�+ ���	NLG� 	(�!����������� 4 �������
U(p)



� � � ��	#����L�� 4��!4 *�� �
	#'#	#��� 4 7 4
(
�!���8,2�+ ���	NLG��' � *

U−1(e))
	(�E&�� ����� � %/	#�����9��	����>&�'0,>�!� �+�+ ���	���� �8���E&�� � ����� � %/	#�����9��	����>&�'�,>�!� �+�+ ���	����

p ∈ F (H) (
�!���8,2�+ ���	NLG��' � *

e ∈ F (H))
4

C
� J s"s $U" *�l I � l U(p) = y � " F $ l � � ��F G � $)s *
� � l $ � ñ � � F!0 * y > 0

à
y ∈ CF

�Hl na$ )O) $ r " l I � lkl I *
�%**&w�� " l s � � � r � " * $ ��l I $ p $�F � ) $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F " q1, q2 ∈ F (H) ��F � s $U" �Hl � & * F J � ! *
� "
λ1
à
λ2 " J 0 I l I � l 0 < λ1q1 + λ2q2 6 y ñ = E � � $)s $U" �Hl � $�F ��r * I ��& * l I � l

0 < U−1(λ1q1 + λ2q2) 6 U−1(y) = p.

4 n U−1(qi) = xi
à l I * F 0 < λixi 6 p

à
i = 1, 2 ñ � � F!0 * p � " ��F $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F à �Hl na$ )O) $ r "l I

�
l λixi = γip na$ � "%$ �f* γi > 0 ñ�� $�F " *>o J * F l ) E à qi = U(xi) = U(λi

γi
p) = λi

γi
y
à
i = 1, 2

à�r I � 0 I � "��� s $U"%" � !() * à(! * 0�� J " * q1q2 = 0 ñ� I *
�%* na$ �%* à U(p) = λq na$ � "%$ �f* $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F q ��F � s $U" �Hl � & * F J � ! *
� λ ñ�
$
r J " � F p7l I * � F *>o J � ) �Hl �+* "

1 = ‖p‖CE
= ‖U(p)‖CF

= λ‖q‖CF
= λ,

r * I
��& *5l I � l λ = 1 ñ�� $�F " *>o J * F l ) E à U(p) = q ñ� ��� � )

�
� ) E U−1(e) � "���Fl$�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F na$ � ��F-E $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F

e ∈ F (H) ñ B�'� AQ�A��� J(A�� ��B�	:���
(CE , ‖·‖CE

)
*
(CF , ‖·‖CF

)
&���%

U : CE → CF
@
�������:�1&����*&G�.	#� �����+���!���

4
4

�������
U(F (H)) = F (H)

4
� ) � F * � �

! � H/* 0 l � & * �
�Qs"s � F p ϕ : L (H) → L (H) � " 0��

)O) * �
��F

��1)%�(\!)@ ���>1)471)%2� �����&4 à
� n ϕ(x2) = (ϕ(x))2 ��F � ϕ(x∗) = (ϕ(x))∗ na$ � � )O) x ∈ L (H) ñ 4 n ϕ : L (H) → L (H) � " ��F4
$ ��� ��F � "%$ � $ � s I � " � à l I * F l I *
�%*�*&w�� " l " ��F J F �Hl � � E=$ � ��F ��F l � J F �Hl � � E $)s *
� � l $ � u ∈ L (H) " J 0 Il I
�
l ϕ(x) = u∗xu na$ � � )O) x ∈ L (H)

÷
" *�*
à na$ ��*&w � � s ) * à � �	à � I ñ �'à � � ñ � ñ ��� ÿ�ñ7 *ml H

! *
� k V �����f* F " � $�F � ) 0�$ � s ) *&w � � )O! *
��l "�s �10 * ñ 4 F l I � " 0��#" * L (H) = K (H) ñ4 n (E, ‖ · ‖E) ⊂ c0

� " ��"�E � �f*ml � � 0}" *>o J * F!0 * "�s �10 * à l I * F l I * " *ml
CE(k) := {x ∈ K (H) : {s1(x), . . . , sk(x), 0, . . . } ∈ E} = L (H)

� " � k V �����f* F " � $�F � ) " ��� �f*ml � � 0}"�s �10 * r �Hl I �%* "�s * 0 lKl $ l I * F $ � �

‖x‖CE(k) = ‖{s1(x), . . . , sk(x), 0, . . . }‖E .



" � F p l I * �(* "�0 � � s l � $�F $Qn � )O) s $U" �Hl � & * ) � F * � � " J ��H/* 0 l � & * � "%$ �f*ml � �+* " $Qny" l � $�F p ) E "�E � �f*ml � � 0

"�s �10 * " E(M, τ) � F l I * 0��#" * ��x F �Hl%* &F$�F � * J � ��F,F �
) pF* ! �

� M ��F � ��x F �Hl%*7l � �10 * τ � � àw� I * $ V�%* � � ñ ����à"r * I ��& * l I * na$ )O) $ r � F p6 �E<�� AB<�� =@B 	:���
(E, ‖·‖E) ⊂ c0

@
�C& ���
����������	� 2�!�+�
�
���� +�2�8,.&/ +� � 	N���?& �����!�����/' �O���
����������	� 
������� 4 	:���

U :
(
CE(k), ‖ · ‖CE(k)

)
→
(
CE(k), ‖ · ‖CE(k)

) @
�*&C,2����	N��	NLG�:'#	#���!&��:�������+�+ ���	NLG�2	(�!����������� 4
������� �������!�-��� 	(��� �)&����=���!% &��D	(�!�������8,>�
	(���

ϕ : L (H) → L (H)
���
 �� ���>&
�

U(x) = ϕ(x)
�8���)&�'#'

x ∈ CE(k) = L (H)
4 78�A,.&�����	� ���' &�� *

U(x)U(y) = U(y)U(x)
	#�C&���% ���
' �$	#�

xy = yx
4

� I * na$ )O) $�� � F p � I * $ �%* � p � & * " �
�(* "�0 � � s l � $�F $Qn s $U" �Hl � & * ) � F * � �

! � H/* 0 l � & * � "%$ �f*ml � �+* "
U : (CE, ‖ · ‖CE

) → (CF , ‖ · ‖CF
)
à
�
I * F CF

� " � " l � $�F p ) E "�E � �f*ml � � 0 � �(*
�
) ñ

6 �E<�� AB<	� � ÷
0&n ñ � �'à ����� ÿ B 	:��� (CE, ‖ · ‖CE

)
@
� & ���
����������	� K	�%
�!&�'�&���%

(CF , ‖ · ‖CF
)@
�$& �����!�����/' � ���
����������	� E	�%
�!&�' 4 	:���

U : CE → CF
@
�$&$,2����	N��	NLG�E'#	#���!&��E�������+�+ ���	NLG��	(�!����������� 4

������� �������!����� 	(��� �B&�� ���
	N�8&���� ���B&��>��	N���
	N�8&���� �1,2���1&
�����
u ∈ L (H)

���
 �� ���>&
�
U(x) = u∗xu

�8���
&�'#'

x ∈ CE
4

C
=
E
� � $)s $U" �Hl � $�F �

�
* I

��& * l I � l ��F � F?& *
� " * � "%$ �f*ml � E U−1 � " �
)
"%$ � s $U" �Hl � & * �

�Qs ñ7 *ml p, e, q, f ∈ F (H)
! *

��F $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F " " J 0 I l I
�
l U(p) = q

à
U(e) = f÷

" *�*
� I * $ �%* � � ÿ�ñ 4 n p · e = 0

à l I * F ! E � I * $ �%* � 	
�
* I

��& *5l I � l q · f = 0 ñ



���������
	��
�
�����������������������
����������	� ��������
 ������!�"	#�$	�%
�!&�'(�)���* +���-,.&/ ��0�1,2���1&
������� ��	
7 *ml {pn}

k
n=1 ⊂ F (H)

! *
� s � � � � � " * $ ��l I $ p $�F � ) $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F " ��F � x =∑k

n=1 λnpn ∈ F (H)
à
λn ∈ R

à
n = 1, . . . , k ñ � � F!0 * U(pn) ·U(pm) = 0

à
n 6= m

à
n,m = 1, . . . , k,

�Hl na$ )O) $���" l I � l
U(x2) = U

(
k∑

n=1

λ2npn

)
=

k∑

n=1

λ2nU(pn) = U(x)2

��F �

tr(U(x)) =

k∑

n=1

λntr(U(pn)) =

k∑

n=1

λn = tr(x).

� I *
�%* na$ �%* U(x2) = U(x)2 ��F � tr(U(x)) = tr(x) na$ � � )O) x∗ = x ∈ F (H) ñ 4 F �
� ���Hl � $�F à

U � " �
! � H/* 0 l � $�F $Qn l I * " *ml P(H) $Qn � )O) $�F * V �����f* F " � $�F � ) s � $ H/* 0 l � $�F " ñ4 n p, e, q, f ∈ P(H) ��F � U(p) = q

à
U(e) = f

à l I * F
2tr(pe) = tr(pe) + tr(ep) = tr

(
(p+ e)2 − p− e

)
tr
(
U
(
(p+ e)2

))
− 2

= tr
(
U
(
(p+ e)2

))
− 2 = tr

(
(q + f)2

)
− 2 = 2tr(qf).

� $�F " *>o J * F l ) E à tr(pe) = tr(U(p)U(e)) na$ � � )O) p, e ∈ P(H) ñ � $�� J " � F p � I * $ �%* � � ñ � ñ � � �	à � I ñ �'à
� � ñ ��� � *_pF*ml�l I � l l I *
�%*�*&w�� " l " ��F J F �Hl � � E¡$ � ��F l � J F �Hl � � E=$)s *
� � l $ � u " J 0 I l I � l U(p) = u∗pu na$ �
�
)O)
p ∈ P(H) ñ � I-J " U(x) = u∗xu na$ � � )O) x ∈ F (H) ñ7 *ml 0 6 x ∈ CE ��F � 0 6 xn ∈ F (H)

! * " J 0 I � " *>o J * F!0 * l I � l xn ↑ x ñ � � F!0 * U : CE → CE
� "

��Fy$ ���(*
� � "%$ � $ � s I � " � ÷
" *�*
� � $)s $U" �Hl � $�F � ÿ �Hl na$ )O) $���" l I � l u∗xnu = U(xn) ↑ U(x) ñ#� $�F " *>o J * F l ) E à

U(x) = u∗xu na$ � � )O) x ∈ CE ñ B
	�B2I�<���D)��	��EG���� �|AQ�	�
��<	���6	�g]� AB<?G ��<?D.g � � G]	�g]	�
�<O	�G=� � <\g'A)	�<?G

� $�F " � �(*
� F $�� l I * na$ )O) $�� � F p & *
� " � $�F $Qnks � $ !() * � ÷~� ÿ �
(P+)

��7 *ml (CE, ‖·‖CE
) ��F � (CF , ‖·‖CF

) �
�%* "�E � �f*ml � � 0 � �(* � ) " ��F � ) *ml l I *
�%*�*&w�� " l " �<s $U" �Hl � & *� "%$ �f*ml � E U : (CE , ‖ · ‖CE

) → (CF , ‖ · ‖CF
) ñ 4 " �HlKl � J * l I � lul I * F (E, ‖ · ‖E) = (F, ‖ · ‖F )

3
= * ) $�� �

*tp � & * �]"%$ ) J l � $�F $Qn l I * s � $ !() * � (P+) na$ � l I * 0 ) �#"%"�$Qn�" l � $�F p ) E�"�E � �f*ml � � 0 � �(*
�
)
"

$Qn 0�$ � s �10 l $)s *
� � l $ � " ñ6 �E<�� AB<	� A�B 	:���
(CE , ‖ · ‖CE

)
@
�O&����
����������	� �	�%
�!&�'�&���%D'����

(CF , ‖ · ‖CF
)
@
��&������!�����/' �

���
����������	� �	�%
�!&�' 4 	:���
U : CE → CF

@
�"&",2����	N��	NLG��'#	#���!&����������+�+ ���	NLG�0	(�!����������� 4 �������
(E, ‖ · ‖E) =

(F, ‖ · ‖F )
4

C
=
E
� I * $ �%* �

� l I *
�%*d*&w�� " l " ��F J F �Hl � � E $ � ��F ��F l � J F �Hl � � E $)s *
� � l $ � u ∈ L (H) " J 0 I l I � l
U(x) = u∗xu na$ � � )O) x ∈ CE ñ � �Vw ��F $ ��l I $�F $ � � � ):! �#" � " {ψn}

∞
n=1

� F ��" * s � � � !() * � � )O! *
��l "�s �10 * H ñ7 *ml pn ∈ P(H)
à
pn(ψn) = ψn

à
n ∈ N ñU� $�F " � �(*
� �%* � ) " J ! "�s �10 * GE = {x =

∑∞
n=1 ξnpn : ξn ∈ R

à
x ∈ CE}

� F l I * "�s �10 * (CE , ‖ · ‖CE
) ñ 4 l � " 0 ) * � �ul I � l {ξn}∞n=1 ∈ E ��F � ‖x‖CE

= ‖{ξn}‖E na$ � � )O)
x =

∑∞
n=1 ξnpn ∈ GE ñw� $�F " *>o J * F l ) E à l I * 0�$ � �%* "�s $�F �(* F!0 * GE 3 x ↔ {ξn} ∈ E � �(* F l � x * " l I *=

��F �10
I "�s �10 * " (GE , ‖ · ‖CE

) ��F � (E, ‖ · ‖E) ñ� � F!0 * u � " ��F J
F �Hl � � Es$ � ��F l � J F �Hl � � E $)s *
� � l $ � �Hl na$ )O) $���" l I � l υn = u∗ψnu

à
n ∈ N

à � " ��F
$ ��l I $�F $ � � � )�! �#" � " � F �

� � )O! *
��l "�s �10 * H ñ 7 *ml qn ∈ P(H), qn(υn) = υn
à
n ∈ N ñ � *ml GF ={

x =
∑∞

n=1 ηnqn : ηn ∈ R
à
x ∈ CF

} ñ 4 l � " 0 ) * � �_l I � l_l I * 0�$ � �%* "�s $�F �(* F!0 * GF 3 x ↔ {ηn} ∈ F
� �(* F l � x * " l I * = ��F �10 I "�s �10 * " (GF , ‖ · ‖CF

) ��F � (F, ‖ · ‖F ) ñ � � F!0 * GF = u∗GEu �
*0pF*mltl I

�
l
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L (H)
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CE
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‖x‖CE
= ‖{sn(x)}
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U : (CE , ‖ · ‖CE
) → (CF , ‖ · ‖CF
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�{�1��������{��£{���T«,���s����£'¶

U(x) = u∗xu
£{�{�L������¥

x ∈ CE
¡�®¯£��

u ∈ L (H)
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U : CE → CF
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(E, ‖ · ‖E) = (F, ‖ · ‖F )
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C
(
X,Mn(C)

)
= C(X)⊗Mn(C).

� I * " *ml M
� " ��& * 0 l $ � "�s �10 * � �Hl I s $ � F l V � � " * � ) pF* ! � � � 0�$)s *
� � l � $�F " ñ � I * � �Qs ‖·‖ : M → R+

�(* x F * � �#"
‖a‖ = sup

{ekl}
n
kl=1

⊆{eij}

∥∥∥∥∥

n∑

kl=1

λkl(x)ekl

∥∥∥∥∥,



% � 	:�
 !&�'��-����	NL+&
��	����9� � �

� " ��F $ � � $�F l I * & * 0 l $ � "�s �10 * M
à
�
I *
�%* a ∈ M ��F � a =

∑
i,j∈Ξ λ

ij(x)eij ñ4
F M �

* � F l � $ � J 0 * ��F �#"%"%$
0 � � l � & * � J ) l � s ) � 0�� l � $�F �#"Cna$ )O) $���" � � n
x =

∑

i,j∈Ξ

λij(x)eij , y =
∑

i,j∈Ξ

µij(x)eij

�
�%*}* ) * �f* F l "�$Qn M

l I * F

xy =
∑

i,j∈Ξ

[
∑

ξ

λiξ(x)µξj(x)eij

]
∈ M .

� �Hl I �%* "�s * 0 l�l $ l I � " � J ) l � s ) � 0�� l � $�F M
! * 0�$ �f* " ��F �#"%"%$
0 � � l � & * � ) pF* ! � ����F � M

� " � �%* �
)
$ �

0�$ � s ) *&w &F$�F � * J � ��F,F � ) pF* ! � ��$Qn l E�s * 4 n ! E � I * $ �%* � 	 � F
� � � ñ7 *ml M ! *

� C
∗ V � ) pF* ! � � à ∆ : M → M

! *
�
� V ) $
0�� ) �(*
� � &�� l � $�F ñ � $�� ) *ml J " " I $�� l I

�
l ∆ � "I $ � $ pF* F * $ J " ñ 4 F �(*�* � à na$ �y* �10 I x ∈ M

à
��F � na$ � λ ∈ C

l I *
�%*¡*&w�� " l " � �(*
� � &�� l � $�F Dx,λx " J 0 Il I
�
l ∆(x) = Dx,λx(x) ��F � ∆(λx) = Dx,λx(λx) ñ � I * F

∆(λx) = Dx,λx(λx) = λDx,λx(x) = λ∆(x).

� * F!0 *
à
∆ � " I $ � $ pF* F * $ J " ñ � lul I * " � �f* l ���f* à na$ ��* �10 I x ∈M

à l I *
�%*}*&w�� " l " � �(*
� � &�� l � $�F Dx,x2

" J 0 I l I � l ∆(x) = Dx,x2(x) ��F � ∆(x2) = Dx,x2(x2) ñ � I * F
∆
(
x2
)
= Dx,x2

(
x2
)
= Dx,x2(x)x+ xDx,x2(x) = ∆(x)x+ x∆(x).

4
F
� ��� �Hl � " s � $'& * � l I � ld* & *
� E 4

$ ��� ��F �(*
� � &�� l � $�F $�F �]" * � � V s � ���f* � ) pF* ! � � � " � �(*
� � &�� l � $�F ñ� � F!0 * M � "�" * � � V s � ���f* ÷ � ñ * ñ aMa = {0} ��� s ) �+* " l I � l a = {0} ÿ à l I * �
�Qs ∆ � " � �(*
� � &�� l � $�F � n�Hl � " � � ���Hl � & * ñ � I *
�%* na$ �%* à l $ts � $'& * l I � lul I * � V ) $
0�� ) �(*
� � &�� l � $�F ∆ :M →M � " � �(*
� � &�� l � $�F �Hl � "

" J�� 0 �+* F l_l $ts � $'& *5l I � l ∆ :M →M � " � � ���Hl � & * � F l I * s � $�$Qn�$Qn � I * $ �%* � � ñ
)@B )

�
�3�uD � ��h|<?A)	�
 �yg]	3� �EG7� �jG=� � < �(G'G=�uD�		�yg]	�
�< � ��� < �|A �(G

� > � �yg'A)	��
�

 � ��jE<�h > j �ED.g]	3� �EG

7 *ml Q ! *
��0�$ � s �10 l J � ñ � I * F l I * � ) pF* ! � � C(Q) $Qn � )O) 0�$�F l � F J $ J " 0�$ � s ) *&w F J � ! *
� V &�� ) J * �

n J F!0 l � $�F "}$�F Q � " � C∗ V � ) pF* ! � � ��F � ! E � I * $ �%* � � ñ � � ñ � � F
� ��� l I * " * 0�$�F � � J

�
)
"�s �10 * C(Q)∗∗

� " � 0�$ � � J l
�
l � & * &F$�F � * J � ��F,F �

) pF* ! �
� ñ � * F!0 *7l I *
�%*=*&w�� " l " � I E�s *
� " l $�F * ��F 0�$ � s �10 l J � X

" J 0 I l I � l C(Q)∗∗ ∼= C(X) ñ 4 n � * l � G * l I * ∗ V � ) pF* ! � � C(Q,Mn(C)) $Qn � )O) 0�$�F l � F J $ J " �
�Qs "

$Qn Q l $ Mn(C)
à l I * F �

* �
�2E
�#"%" J �f* l I � l C(Q,Mn(C)) ⊆ M ñ 4 F l I � " 0��#" * l I * " *ml {eij}

$Qn 0�$�F " l ��F l n J F!0 l � $�F " ! * ) $�F p " l $ C(Q,Mn(C)) ��F �Jl I * � * � G 0 ) $U" J �%* $Qn C(Q,Mn(C))
� F M

0�$ � F!0 � �(* " � �Hl I M ñ � * F!0 * ! E�" * s � � � l%* ) E �
*
�
G )
E 0�$�F l � F J �Hl E $Qn � J ) l � s ) � 0�� l � $�F * & *
� E �(*
� � &�� l � $�F

$Qn C(Q,Mn(C))
I
�#" � J F � o J *}*&wyl%* F " � $�F l $ � �(*
� � &�� l � $�F $�F M

� �'à,7 * � �
�
� ñ � ñ � � ñ � I *
�%* na$ �%* à � n

∆ � " �
� V ) $
0�� ) �(*
� � &�� l � $�F $�F C(Q,Mn(C))

à l I * FOna$ ��* & *
� E l �K$ * ) * �f* F l " x à y ∈ C(Q,Mn(C))l I *
�%*¡*&w�� " l " � �(*
� � &�� l � $�F Dx,y : M → M " J 0 I l I � l ∆(x) = Dx,y(x)
à
∆(y) = Dx,y(y)

à � ñ * ñ
Dx,y

� " � �(*
� � &�� l � $�F]$Qn M
÷
F $ l $�F ) Ef$Qn C(Q,Mn(C)) ÿ�ñ � I * na$ )O) $�� � F ptl I * $ �%* � � " l I * G * E �%* " J ) l

$Qn l I � "�" * 0 l � $�F ñ6 �E<�� AB<	� ?FB�	:���
∆

@
��� % � '��
 ���'2%
����	NL	�
��	���� ���
C(Q,Mn(C))

4 �������
∆
	(�
�?%
����	NL	�
��	���� 4

� * x � " l s � $'& * "%$ �f* ) * � �
�#" F * 0 * "%" � � E6na$ �ul I * s � $�$Qn�$Qn � I * $ �%* � � ñ=

E l I * � ! $'& * � ��p J �f* F l "�na$ �=* & *
� E � V ) $
0�� ) �(*
� � &�� l � $�F ∆ $�F C(Q,Mn(F )) ��F � na$ �=* �10 I
x ∈ C(Q,Mn(F ))

l I *
�%*d*&w�� " l a ∈ M " J 0 I l I � l

∆(x) = ax− xa.



� � � �.��,2��L��=� 4 � 4 * � ���+	�����'���L�� 4	�x4
� J l

eij :=
∑

ξ,η∈Ξ

λξηe ξη,

�
I *
�%* na$ � � )O) ξ à η à � n ξ = i

à
η = j l I * F λξη = 1

à
$ l I *
� � � " * λξη = 0

à
��F � 1 � " J F �Hl $Qn l I * � ) pF* ! � �

C(Q) ñ 7 *ml {a(ij)} ⊂ M
! *

��" J
!
" *ml " J 0 I l I � l

∆(eij) = a(ij)eij − eija(ij).

na$ � � )O) i à j à#) *ml aijeij , aij ∈ C(Q)
! *Cl I * (i, j) V l I 0�$ � s $�F * F l $Qn l I *�* ) * �f* F l eiia(ji)ejj $Qn M na$ �

�
)O) s � � � "�$Qn �����u*
�%* F l � F ��� 0 * " i à j ��F � ) *ml ∑ξ 6=η a

ξηeξη
! *<l I * �

�
l � �Vw

�
�Hl I

�
)O)
" J 0 I 0�$ � s $�F * F l " àl I * ���

�
p $�F � ) 0�$ � s $�F * F l "�$Qn � I � 0 I � �%* q *
� $U" ñ

��<	� � �î?FB �����)���/ ��E, ��	#�
i
*
j
���*%/	������!���>�C	#��%/	� +���-����� �8��'#'�� � 	#��� �+�
� ��'#	N� � 	(�BL	��'#	�%

4(eij) =
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη + a(ij)ii eij − eija(ij)jj ,
÷ � ÿ

� �����!�
a(ij)ii

*
a(ij)jj

���!�:� ���� ���	����9�:	#�
C(Q)

� �
	� �� ���!�0������ +�
���� �	����>� �F�����������C��	#�! +�0 +���-,2�������>� �

eiia(ij)eii
*
ejja(ij)ejj

4
C
7 *ml k ! * ��F � � ! �Hl � � � E � F �(*&w �����u*
�%* F l n � $ � i

à
j ��F �

) *ml a(ij, ik) ∈ M
! *

��F *
) * �f* F l " J 0 Il I

�
l

∆(eik) = a(ij, ik)eik − eika(ij, ik) ��F � ∆(eij) = a(ij, ik)eij − eija(ij, ik).

� I * F
ekk∆(eij)ejj = ekk

(
a(ij, ik)eij − eija(ij, ik)

)
ejj = ekka(ij, ik)eij − 0

= ekka(ik)eij − ekkeij
∑

ξ 6=η

aξηeξηejj = ekkakieij − ekkeij
∑

ξ 6=η

aξηeξηejj

= ekk
∑

ξ 6=η

aξηeξηeij − ekkeij
∑

ξ 6=η

aξηeξηejj = ekk

(
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

)
ejj.

� ��� � )
�
� ) E
à

ekk∆(eij)eii = ekk

(
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

)
eii.

7 *ml a(ij, kj) ∈ M
! *

��F *
) * �f* F l " J 0 I l I � l

∆(ekj) = a(ij, kj)ekj − ekja(ij, kj) ��F � ∆(eij) = a(ij, kj)eij − eija(ij, kj).

� I * F
eii∆(eij)ekk = eii

(
a(ij, kj)eij − eija(ij, kj)

)
ekk

= 0− eija(ij, kj)ekk = 0− eija(kj)ekk = 0− eijajkekk

= eii
∑

ξ 6=η

aξηeξηeijekk − eij
∑

ξ 6=η

aξηeξηekk = eii

(
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

)
ekk.

� ) "%$�" ��� � )
�
� ) E � * I ��& *

ejj∆(eij)ekk = ejj

(
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

)
ekk,



% � 	:�
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eii∆(eij)eii = eii

(
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

)
eii,

ejj∆(eij)ejj = ejj

(
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

)
ejj.

� * F!0 * l I *�*>o J � ) �Hl E ÷ � ÿ � "�&�� ) � � ñ B� * l
�
G *�* ) * �f* F l "y$Qn l I * " *ml " {{eiξ}ξ}i ��F � {{eξj}ξ}j

� FJs � � � " ({eαξ}ξ, {eξβ}ξ) " J 0 I l I � l
α 6= β ñ � I * F J " � F p7l I * " *ml {({eαξ}ξ, {eξβ}ξ)} $Qn�" J 0 I s � � � " � * pF*mlKl I * " *ml {eαβ} ñ7 *ml xo = {eαβ}

! *
��" *ml {vijeij}ij " J 0 I l I � l na$ � � )O) i à j � n (α, β) 6= (i, j) l I * F vij = 0 ∈ C(Q)* ) " * vij = 1 ∈ C(Q) ñ � I * F xo ∈ C(Q,Mn(C)) ñ � �Vw �����u*
�%* F l � F ��� 0 * " io

à
jo ñ 7 *ml c ∈ M

! *
��F *

) * �f* F l " J 0 I l I � l

∆(eiojo) = ceiojo − eiojoc ��F � ∆(xo) = cxo − xoc.

� J l c =
∑

i,j∈Ξ c
ijeij ∈ M ��F � ā =

∑
i6=j a

ijeij +
∑

i∈Ξ a
iieii

à
�
I *
�%* aiieii = ciieii na$ �* & *
� E i ∈ Ξ ñ

��<	� � � )@B 	:���
ξ
*
η
@
� ����@G	N��� ����� %/	������!���>�-	#��%/	� +��� * ����% '����

b =
∑

i,j∈Ξ b
ijeij ∈ M

@
�
��� ��'��������>�*���
 ��K��� �
�

∆(eξη) = beξη − eξηb
����%

∆(xo) = bxo − xob.

�������
cξξ − cηη = bξξ − bηη

4
C
� * I

��& *Ol I � l�l I *
�%* *&w�� " l ᾱ à β̄ " J 0 I l I
�
l eξᾱ, eβ̄η ∈ {eαβ}

÷
$ � eᾱη, eξβ̄ ∈ {eαβ}

à
$ �

eᾱ,β̄ ∈ {eαβ} ÿ à ��F � l I *
�%*¡*&w�� " l " � 0 I � � F $Qnus � � � "y$Qn � F ��� 0 * " (α̂, β̂) � F Ω
à
�
I *
�%* Ω = {(α̌, β̌) :

eα̌,β̌ ∈ {eαβ}}
à
0�$�F,F * 0 l � F p s � � � " (ξ, ᾱ) à (β̄, η) à � ñ * ñ

(ξ, ᾱ), (ᾱ, ξ1), (ξ1, η1), . . . , (η2, β̄), (β̄, η).

� I * F
cξξ − cᾱᾱ = bξξ − bᾱᾱ, cᾱᾱ − cξ1ξ1 = bᾱᾱ − bξ1ξ1 ,

cξ1ξ1 − cη1η1 = bξ1ξ1 − bη1η1 , . . . , cη2η2 − cβ̄β̄ = bη2η2 − bβ̄β̄ , cβ̄β̄ − cηη = bβ̄β̄ − bηη.

� * F!0 *

cξξ − bξξ = cᾱᾱ − bᾱᾱ, cᾱᾱ − bᾱᾱ = cξ1ξ1 − bξ1ξ1 ,

cξ1ξ1 − bξ1ξ1 = cη1η1 − bη1η1 , . . . , cη2η2 − bη2η2 = cβ̄β̄ − bβ̄β̄ , cβ̄β̄ − bβ̄β̄ = cηη − bηη.

��F � cξξ − bξξ = cηη − bηη
à
cξξ − cηη = bξξ − bηη ñ� I *
�%* na$ �%* cξξ − cηη = bξξ − bηη ñ B

��<	� � � ��B�	:���
x
@
����� ��'��������>�0��������� ��' �
�G@G� �

C(Q,Mn(C))
4 �������

∆(x) = āx− xā,

� �����!�
ā
	(��%
��M
���+% �G�
� @
��LG� 4

C
7 *ml d(ij) ∈ M

! *
��F *

) * �f* F l " J 0 I l I � l

∆(eij) = d(ij)eij − eijd(ij) ��F � ∆(x) = d(ij)x − xd(ij)



�?� � �.��,2��L��=� 4 � 4 * � ���+	�����'���L�� 4	�x4

��F � i 6= j ñ � I * F
∆(eij) = d(ij)eij − eijd(ij) = eiid(ij)eij − eijd(ij)ejj + (1− eii)d(ij)eij − eijd(ij)(1 − ejj)

= a(ij)iieij − eija(ij)jj +
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη

na$ � � )O) i à j ! E 7 * � �
�
� ñ� � F!0 *
eiid(ij)eij − eijd(ij)ejj = a(ij)iieij − eija(ij)jj

�
* I

��& *
(1− eii)d(ij)eii =

∑

ξ 6=η

aξηeξηeii, ejjd(ij)(1 − ejj) = ejj
∑

ξ 6=η

aξηeξη

na$ � � )O) �����u*
�%* F l i ��F � j ñ7 *ml b =∑i,j∈Ξ b
ijeij ∈ M

! *
��F *

) * �f* F l " J 0 I l I � l

∆(eij) = beij − eijb ��F � ∆(xo) = bxo − xob.

� I * F bii − bjj = cii − cjj
!
E
7 * � �

�
� ñ � * I ��& * bii − bjj = d(ij)ii − d(ij)jj " � F!0 *

beij − eijb = d(ij)eij − eijd(ij).

� * F!0 *
cii − cjj = d(ij)ii − d(ij)jj , cjj − cii = d(ij)jj − d(ij)ii.

� I *
�%* na$ �%* � * I ��& *
ejj∆(x)eii = ejj(d(ij)x − xd(ij))eii

= ejjd(ij)(1 − ejj)xeii + ejjd(ij)ejjxeii − ejjx(1− eii)d(ij)eii − ejjxeiid(ij)eii

= ejj
∑

ξ 6=η

aξηeξηxeii − ejjx
∑

ξ 6=η

aξηeξηeii + ejjd(ij)ejjxeii − ejjxeiid(ij)eii

= ejj
∑

ξ 6=η

aξηeξηxeii − ejjx
∑

ξ 6=η

aξηeξηeii + cjjejjxeii − ejjxeiic
iieii

= ejj
∑

ξ 6=η

aξηeξηxeii − ejjx
∑

ξ 6=η

aξηeξηeii + ejj

(∑

ξ

aξξeξξ

)
xeii − ejjx

(∑

ξ

aξξeξξ

)
eii

= ejj
∑

ξ,η∈Ξ

aξηeξηxeii − ejjx
∑

ξ,η∈Ξ

aξηeξηeii = ejj(āx− xā)eii.

7 *ml d(ii) à v, w ∈ M
! *}* ) * �f* F l "�" J 0 I l I � l

∆(eii) = d(ii)eii − eiid(ii) ��F � ∆(x) = d(ii)x − xd(ii),

∆(eii) = veii − eiiv, ∆(eij) = veij − eijv,

∆(eii) = weii − eiiw, ∆(eji) = weji − ejiw.
� I * F �

* �(* � J 0 *
(1− eii)a(ij)eii = (1− eii)veii = (1− eii)d(ii)eii,

eiia(ji)(1 − eii) = eiiw(1− eii) = eiid(ii)(1 − eii).
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�
�

∆(eij) = a(ij)eij − eija(ij) =
∑

ξ 6=η

aξηeξηeij − eij
∑

ξ 6=η

aξηeξη + a(ij)iieij − eija(ij)
jj

��F �
(1− eii)a(ij)eii =

∑

ξ 6=η

aξηeξηeii.

� ��� � )
�
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eiia(ji)(1 − eii) = eii
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ξ 6=η

aξηeξη.
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eii∆(x)eii = eii(d(ii)x − xd(ii))eii

= eiid(ii)(1 − eii)xeii + eiid(ii)eiixeii − eiix(1− eii)d(ii)eii − eiixeiid(ii)eii

= eiia(ji)(1 − eii)xeii + eiid(ii)eiixeii − eiix(1− eii)a(ij)eii − eiixeiid(ii)eii

= eii
∑

ξ 6=η

aξηeξηxeii − eiix
∑
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aξηeξηeii + eiid(ii)eiixeii − eiixeiid(ii)eii

= eii
∑

ξ 6=η

aξηeξηxeii − eiix
∑

ξ 6=η

aξηeξηeii + ciieiixeii − eiixc
iieii

= eii
∑

ξ 6=η

aξηeξηxeii − eiix
∑

ξ 6=η

aξηeξηeii + eii

(∑

ξ

aξξeξξ

)
xeii − eiix

(∑

ξ

aξξeξξ

)
eii

= eii
∑

ξ,η∈Ξ

aξηeξηxeii − eiix
∑

ξ,η∈Ξ

aξηeξηeii = eii(āx− xā)eii.
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∆(eii) = āeii − eiiā ∈ M ñ � * F!0 *

∑

ξ

aξieξi −
∑

ξ

aiξeiξ ∈ M .

� I * F
eii

(∑

ξ

aξieξi −
∑

ξ

aiξeiξ

)
= aiieii −

∑

ξ

aiξeiξ ∈ M

��F � (∑

ξ

aξieξi −
∑

ξ

aiξeiξ

)
eii =

∑

ξ

aξieξi − aiieii ∈ M .
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�%* na$ �%* à ∑ξ a
ξieξi

à ∑
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iξeiξ ∈ M
à � ñ * ñ āeii, eiiā ∈ M ñ � * F!0 * eiiāx, xāeii ∈ M na$ ��* �10 I i ñ7 *ml

V =

{
∑

i,j∈Ξ

λijeij :
{
λij
}
i,j∈Ξ

⊂ C(X)

}
.
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ξ
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��& * l I � l�l I *K* ) * �f* F l " āx à xā à āy à yā à ā(x+y) à
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! * ) $�F p7l $ V ñ � * F!0 *
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(āx+ xā)y = āxy − xāy ∈ M , āxy = ā(xy) ∈ V.

� I * F xāy = āxy − (āx− xā)y ��F � xāy ∈ V ñ � I *
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ā(xy)− (xy)ā = āxy − xāy + xāy − xyā = (āx− xā)y + x(āy − yā).
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{
∑

i,j∈Ξ

λijeij : (∀ i, j : λ
ij ∈ F ) (∀ ε > 0) (∃no ∈ N)

(∀n > m > no)

∥∥∥∥∥

n∑

i=m

[
∑

k=1,...,i−1

(
λkieki + λikeik

)
+ λiieii

]∥∥∥∥∥ < ε

}
.
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ij Feij
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"�s �10 * $Qn l I * � ) pF* ! � � Mn(F ) ñ7 *ml (an) ! * � " *>o J * F!0 * $Qn * ) * �f* F l " � F
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ij Feij "
J
0
I l I
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l (an) F $ � � 0�$�F?& *
��pF* " l $ "%$ �f** ) * �f* F l a ∈ Mn(F ) ñ � * I ��& * eiianejj → eiiaejj �

l n → ∞ na$ � � )O) i ��F � j ñ � * F!0 * eiiaejj ∈
eiiMn(F )ejj na$ � � )O) i à j ñ 7 *ml

bn =

∞∑

i=n

[
i∑

k=1

(ei−1,i−1aekk + ekkaei−1,i−1) + eiiaeii

]

��F �

cnm =

∞∑

i=n

[
i∑

k=1

(ei−1,i−1amekk + ekkamei−1,i−1) + eiiameii

]
,
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na$ � ��F-E n ñ � I * F cnm → bn �#" m→ ∞ ñ 4 l " I $ J ) � ! * s � $'& * F l I � l (bn) � " �_n J F � � �f* F l � ) " *>o J * F!0 * ñ7 *ml ε ∈ R+ ��F � x w n ñ � I * F l I *
�%*}*&w�� " l mo " J 0 I l I � l na$ � � )O) m > mo

∥∥bn − cnm
∥∥ < ε

3
.

� * F!0 * na$ ��* & *
� E no > n ��F � m > mo

∥∥∥∥∥

(
∞∑

k=no

ekk

)
(
bn − cnm

)
(

∞∑

k=no

ekk

)∥∥∥∥∥ =
∥∥bno − cno

m

∥∥ < ε

3
.

� l_l I * " � �f*5l ���f* à " � F!0 * am ∈
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ij Feij
à l I *
�%*y*&w�� " l " n1 > no " J 0 I l I � l na$ � � )O) l > p > n1 �

*
I
��& * ∥∥clm − cpm

∥∥ < ε

3
.

� I *
�%* na$ �%* na$ � � )O) l > p > n1
l I * na$ )O) $�� � F p �%* ) � l � $�F " I $ ) � �

∥∥bl − bp
∥∥ =

∥∥bl − clm + clm − cpm + cpm − bp
∥∥

6
∥∥bl − clm

∥∥+
∥∥clm − cpm

∥∥+
∥∥cpm − bp

∥∥ < ε

3
+
ε

3
+
ε

3
= ε.
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kl=1 akl
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��pF* " l $ ∑i,j∈Ξ aijbn
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�%*}*&w�� " l " no " J 0 I l I � l

∥∥∥∥∥
∑

i,j∈Ξ

aijbn+1 −
∑

i,j∈Ξ

aijbn

∥∥∥∥∥ 6

∥∥∥∥∥
∑

i,j∈Ξ

aij

∥∥∥∥∥
∥∥bn+1 − bn

∥∥ 6 ε
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¯2¸�¹#" $%$'&+³B®SÂ4ªN´r¬J­dÌB��®SÂkº2­e±B®JÊP¬J´rªeÕ (ZÙk°2Ég¼4ÅB®JªN´r¨Oµq±B®J¨N³2±d¬P¨N´P±B®S¯dªN¯2°dª&­r¬S©d¯)­e³d¬S©B¬PÀ Ç °�©d°2¯�«d±dªPº
³d¬J»g±2¼4½�ªN¯2¯d¬PÀ}­%ÊPªg¨NÂ4¬J¯dªNÅ2¯2¼4¾Û¨N±dªG«d¼rºSÂ4¬J´r¬J±B®Sµ0À.¬g«BªG©d°2±2¼rªN´r¨OµeÂ4¬PÀ.ÊJ°2¯B® Ç °dªNÈ Ç °�©d°2¯�«d±2°2Ådªg¨NÂ4¬J»`¬
¨G©B¬`µ0°2É�Â4¬J¯dªNÅ2¯2¸�¹eÒN©BªgÀ.ªN¯2´r¬J­ ° Ç °�©d°2¯�«d±2°2Ådªg¨NÂ4¬J»`¬�¨G©B¬`µ0ÒN©BªgÀ.ªN¯2´r¬J­dºPÉZ®Z«�®S¾�à�°�¹�³d¬J­rªG«BªN¯2°dª�°d¨GÆ
Â4¬PÀ;¸�¹,Ô ¼4¯2Â Ç °2È,¯B®�ÊPªg¨NÂ4¬J¯dªNÅ2¯d¬P¨N´P°kÌBß ¬S©d¼4ÅdªN¯2¸ «d°d¨N³dªN±d¨N°d¬J¯2¯2¸�ª Â2±2°2­P¸�ª�Â�®SÂ)¬P¨gªg¨N°dÀ.À.ªN´P±2°2Å�Æ
¯2¸�¹�ºu´J®SÂ,°,¯dªg¬P¨gªg¨N°dÀ.À.ªN´P±2°2Å2¯2¸�¹q­r¬S©d¯d¬J­P¸�¹,Ô&¬J±dÀ�ºr«B¬P¨N´J®S´r¬JÅ2¯d¬e­P¯2°dÀ"®S¯2°2µ,¼Z«BªG©BªN¯d¬�­r¬J³2±d¬P¨`®JÀ
$%$"Æf¨U¹u¬g«d°dÀ.¬P¨N´P°kÌ+
 Õ )ZÙ�«2©dµ�À.¬g«BªG©d°2±d¬J­u®S¯2°2µÁ­P¯dªNÐ�¯dªNÈÁ¨N±dªG«d¸&º;Â4¬J¯2´J®SÂ2´P°2±2¼4¾�à0ªNÈ�¨<­r¬S©d¯d¬J­r¬SÆ
«B¬PÀÁ³2±d¬J°2Ég­r¬S©dÏP¯d¬J»`¬o¨gªNÅdªN¯2°2µ�ºd°d¨N³d¬S©dÏPÉg¼rªN´r¨Oµ)³d¬J»O©B¬Jàe®S¾�àe®Sµ)¬PÊS©�®J¨N´PÏdºd­eÂ4¬J´r¬J±d¬JÈ|³d¬J»O©B¬Jà0ªN¯2°dª
±B®J¨N´rªN´)¨�¼Z«�®Z©BªN¯2°dªgÀÃ¬J´,­r¬S©d¯d¬J­r¬g«�®�Ì9
ÄÅB®J¨N´P¯d¬P¨N´P°kº�³d¬J»O©B¬Jàe®S¾�àe®Sµ~¬PÊS©�®J¨N´PÏ)¬PÊS©�®Z«�®JªN´)´r¬JÈ}½�ª
À"®J¨g¨g¬JÈo°m¼4³2±2¼4»g°dÀ;°o¨N­r¬JÈd¨N´P­u®JÀ;°kºuÅ2´r¬ °o¬JÂ2±2¼4½0®S¾�àe®Sµo¨N±dªG«�®�ºr¯d¬&À;¯2°dÀ;¸�ª�ÅB®J¨N´P°oªgª�Â4¬PÀ;³�©BªNÂ4¨GÆ
¯2¸�¹qÀ.¬g«d¼Z©BªNÈ|³d¬P¨N´rªN³dªN¯2¯d¬m¼4­rªG©d°2Å2°2­u®S¾�´r¨Oµ�Ì

* (,+q@.-r1r/28�@BA./�/10u/u¦"/32�§

�;®J¨g¨gÀ.¬J´P±2°dÀ�­r¬S©d¯2¸ ­i¯dªg¬g«d¯d¬J±d¬g«d¯d¬PÀ ³d¬~±B®Z«d°B®Z©dÏP¯d¬JÈÛÂ4¬P¬J±r«d°2¯B®S´rªÑ³d¬S©B¬PÀ Ç °�©d°2¯�«d±2°2ÅdªGÆ
¨NÂ4¬PÀ ­r¬S©d¯d¬J­r¬g«Bª�­Ó¼r¨G©B¬J­P°2µ4¹ ¬P¨gªg¨N°dÀ.À.ªN´P±2°2Å2¯d¬J»`¬Û«BªgÔ&¬J±dÀ;°2±d¬J­u®S¯2°2µ�Ì%
�¯2¼4´P±dªN¯2¯2µ�µ »g±B®S¯2° Ç ®
­r¬S©d¯d¬J­r¬g«�®

r = a
¨N­r¬PÊP¬g«d¯B®~¬J´}¯B®S»g±2¼4É`¬JÂkº;¯B®|­P¯dªNÐ�¯dªNÈ

r = b
¨gÔ&¬J±dÀ;¼Z©d°2±d¬J­u®S¯2¸²°dÀ;³dªG«�®S¯d¨GÆ

¯2¸�ª »g±B®S¯2°2Å2¯2¸�ª&¼r¨G©B¬J­P°2µ�ºdÀ.¬g«BªG©d°2±2¼4¾�à�°dª&Â4¬J¯2´J®SÂ2´,¨%¼4³2±2¼4»`¬JÈ)¨N±dªG«B¬JÈ54
bσr (b) + c1ur (b) = 0

º
bσrz (b) + c2uz (b) = 0

Ì
��¨gªg¨N°dÀ.À.ªN´P±2°2Å2¯B®Sµ|Ô&¬J±dÀ"®�¼4±B®S­P¯dªN¯2°2Èq«d­P°2½�ªN¯2°2µq­ Ç °�©d°2¯�«d±2°2Ådªg¨NÂ4¬JÈ}¨N°d¨N´rªgÀ.ª%Â4¬P¬J±r«d°2¯B®S´

°dÀ.ªgªN´m­P°�«
{

∂σr
∂r + ∂σrz

∂z +
σr−σϕ

r = ρ ∂2ur
∂t2

,

∂σrz
∂r + ∂σz

∂z + σrz
r = ρ ∂2uz

∂t2
.

"XÖ6&

�!³2±dªG«BªG©dµ�¾�à�°dª+¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ&­�°2É`¬J´P±d¬J³2¯d¬PÀÑ¨G©d¼4ÅB®Jª.ÉZ®Z«�®S¾�´r¨Oµ�¨G©BªG«d¼4¾�à�°dÀ;°�Ô&¬J±dÀ;¼Z©�®JÀ;°54




σr = λ
(
∂ur
∂r + ur

r + ∂uz
∂z

)
+ 2µ∂ur

∂r ,

σϕ = λ
(
∂ur
∂r + ur

r + ∂uz
∂z

)
+ 2µur

r ,

σrz = µ
(
∂uz
∂r + ∂ur

∂z

)
,

σz = λ
(
∂ur
∂r + ur

r + ∂uz
∂z

)
+ 2µ∂uz

∂z .

" Ø7&

ÍB«Bªg¨NÏ
ur
º
uz 8

Â4¬PÀ;³d¬J¯dªN¯2´P¸Ó­rªNÂ2´r¬J±B®�³dªN±dªgÀ.ªNà0ªN¯2°2Èkº
σr
º
σrz
º
σϕ
º
σz 8

Â4¬PÀ;³d¬J¯dªN¯2´P¸�´rªN¯2É`¬SÆ
±B®�¯B®S³2±uµ�½�ªN¯2°2Èm$ ¬JÐ�°kº

λ
º
µ 8

³B®S±B®JÀ.ªN´P±2¸ � ®JÀ.ªPºZÂ4¬J´r¬J±2¸�ª�ÉZ®S­P°d¨Oµ�´%¬J´�±B®Z«d°B®Z©dÏP¯d¬JÈ�Â4¬P¬J±r«d°2¯B®ZÆ
´P¸&Ì39�¼Z«BªgÀ~°d¨NÂ�®S´PÏ�±dªNÐ0ªN¯2°dª�¼4±B®S­P¯dªN¯2°2È:"XÖ6& Ý	" Ø7&;­�³d¬S©B¬PÀ Ç °�©d°2¯�«d±dª�¨g¬&¨N­r¬PÊP¬g«d¯d¬JÈ,­P¯2¼4´P±dªN¯2¯dªNÈ
»g±B®S¯2° Ç ªNÈ)°q¨ ¬J³2°d¨`®S¯2¯2¸�À;°)­P¸�Ð0ª%°dÀ;³dªG«�®S¯d¨N¯2¸�À;°|»g±B®S¯2°2Å2¯2¸�À;°|¼r¨G©B¬J­P°2µ2À;°)¯B®�­P¯dªNÐ�¯dªNÈ)»g±B®ZÆ
¯2° Ç ª;" ¬J¯2°�¨N­Pµ�Ég¸�­u®S¾�´|±B®Z«d°B®Z©dÏP¯2¸�ªo°iÂ�®J¨`®S´rªG©dÏP¯2¸�ªo¯B®S³2±uµ�½�ªN¯2°2µ�¯B®,­P¯dªNÐ�¯dªNÈË»g±B®S¯2° Ç ªo¨mªgª
³dªN±dªgÀ.ªNà0ªN¯2°2µ2À;°�&�­m­P°�«Bª�ÊPªN»g¼4à�°�¹q­r¬S©d¯Ñ¨&ÅB®J¨N´r¬J´r¬JÈ

ω
°)­r¬S©d¯d¬J­P¸�ÀÓÅ2°d¨G©B¬PÀ

k
º2Òg´r¬o¬JÉg¯B®gÅB®JªN´Sº

Å2´r¬e­r¨gª%Â4¬PÀ;³d¬J¯dªN¯2´P¸ÎÔ °2Ég°2Ådªg¨NÂ2°�¹q³d¬S©BªNÈ)³2±d¬J³d¬J± Ç °d¬J¯B®Z©dÏP¯2¸ÎÀ;¯d¬`½e°2´rªG©d¾ exp (i (kz − ωt))
Ì


�­rªG«BªgÀ ¨G©BªG«d¼4¾�à�°dª�ÊPªNÉg±B®SÉ`À.ªN±2¯2¸�ª0³B®S±B®JÀ.ªN´P±2¸�°Ñ³dªN±dªgÀ.ªN¯2¯2¸�ª<4
ξ0 = a

b 8
¬PÊPªNÉg±B®SÉ`À.ªN±dªN¯�Æ

¯2¸�È�­P¯2¼4´P±dªN¯2¯2°2ÈÁ±B®Z«d°2¼r¨Pº
µ0 = (1− ξ0)

−1 ∫ 1
ξ0
µ(x) dx 8

¬P¨N±dªG«d¯dªN¯2¯2¸�ÈÁ³d¬|´r¬S©dà�°2¯dª,¨N´rªN¯2Â2°
Ç °�©d°2¯�«d±B®mÀ.¬g«d¼Z©dÏ<¨U«d­P°2»N®�º ur = bU1

º
uz = ibU3

º
σr = µ0T1

º
σrz = iµ0T3

º
κ2 = ρω2b2

µ0

º
γ = kb

º
λ = µ0g1

º
µ = µ0g2

º
g1 + 2g2 = G

Ì

 Ç ªG©dÏP¾ °d¨g¨G©BªG«B¬J­u®S¯2°2µ ³2±d¬J°2Ég­r¬S©dÏP¯d¬JÈ ¯dªg¬g«d¯d¬J±d¬g«d¯d¬P¨N´P°kº%¨N­Pµ�ÉZ®S¯2¯d¬JÈ ¨~³dªN±dªgÀ.ªN¯2¯d¬P¨N´PÏP¾

¼4³2±2¼4»g°�¹i¨N­r¬JÈd¨N´P­dº�¨gÔ&¬J±dÀ;¼Z©d°2±2¼rªgÀ Â2±B®JªN­P¼4¾²ÉZ®Z«�®gÅ2¼i¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬~®JÀ;³�©d°2´P¼Z«�°Ë³2±dªG«B¨N´J®S­P°dÀ
­r¬JÉg¯2°2Â�®S¾�à�¼4¾ ¨N³dªNÂ2´P±B®Z©dÏP¯2¼4¾�ÉZ®Z«�®gÅ2¼}­,­P°�«BªeÀ"®S´P±2°2Å2¯d¬J»`¬,«d°dÔ&Ô&ªN±dªN¯ Ç °B®Z©dÏP¯d¬J»`¬,¼4±B®S­P¯dªN¯2°2µ
³dªN±2­r¬J»`¬e³d¬J±uµ4«dÂ�®=" Ü7&�¨ °dÀ;³dªG«�®S¯d¨N¯2¸�À;°|»g±B®S¯2°2Å2¯2¸�À;°Ñ¼r¨G©B¬J­P°2µ2À;°>"@?
&

X′ =
(
A0 − κ2A01 + γA1 + γ2A2

)
X, X = (U1, U3, T1, T3)

T ,
" Ü7&
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T1 (ξ0) = 0, T1 (1) = −αU1 (1) , α > 0,
T3 (ξ0) = 0, T3 (1) = −βU3 (1) , β > 0.

"@?
&

� ®S´P±2° Ç ®&Â4¬JÒ`Ô&Ô ° Ç °dªN¯2´r¬J­e¬J³dªN±B®S´r¬J±B® " Ü7&;³2±dªG«B¨N´J®S­J©BªN¯B®�­�­P°�«Bª�Â2­u®Z«d±B®S´P°2Å2¯d¬J»`¬0³2¼4Å2Â�®�¬J´
¨N³dªNÂ2´P±B®Z©dÏP¯2¸�¹)³B®S±B®JÀ.ªN´P±d¬J­

κ
º
γ
º2»O«Bª

A0 =




−g1
xG 0 1

G 0
0 0 0 1

g2
4g2(g1+g2)

x2G
0 −2g2

xG 0
0 0 0 − 1

x ,


 , A01 =




0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0


 ,

A1 =




0 g1
G 0 0

−1 0 0 0

0 −2g2g1
xG 0 1

−2g2g1
xG 0 −g1

G 0


 , A2 =




0 0 0 0
0 0 0 0
0 0 0 0

0 4g2(g1+g2)
G 0 0


 .

�!´rÀ.ªN´P°dÀ�ºrÅ2´r¬ ­P¸�ÊJ±B®S¯2¯2¸�ª�­ Â�®gÅdªg¨N´P­rª!¯dªN°2Ég­rªg¨N´P¯2¸�¹m­ ­rªNÂ2´r¬J±2¯d¬PÀi¼4±B®S­P¯dªN¯2°2°<Ô °2Ég°2Ådªg¨NÂ2°dª
­rªG©d°2Å2°2¯2¸Á³d¬JÉg­r¬S©dµ�¾�´ ³d¬S©d¼4Å2°2´PÏ ¨N°d¨N´rªgÀ;¼�¨�­rªNà0ªg¨N´P­rªN¯2¯d¬JÈmÀ"®S´P±2° Ç ªNÈkºP¨+Â4¬PÀ;³d¬J¯dªN¯2´J®JÀ;°kºr¯dª�¨g¬SÆ
«BªN±u½0®Sà�°dÀ;°)³2±d¬J°2Ég­r¬g«d¯2¸�¹q¬J´0À"®S´rªN±2°B®Z©dÏP¯2¸�¹qÔ ¼4¯2Â Ç °2È g1 (x)

º
g2 (x)

Ì�$+´r¬�³d¬JÉg­r¬S©dµ2ªN´m®S¯B®Z©d°�Æ
Ég°2±d¬J­u®S´PÏo¨ ªG«d°2¯2¸�¹q³d¬JÉg° Ç °2È)¯dªN³2±dªN±2¸�­P¯2¸�ª °qÂ2¼r¨g¬JÅ2¯d¬SÆz±B®SÉg±2¸�­P¯2¸�ª�ÉZ®SÂ4¬J¯2¸ ¯dªg¬g«d¯d¬J±d¬g«d¯d¬P¨N´P°kÌ
Í�®Z«�®gÅB®�¨g¬P¨N´r¬J°2´�­&¯B®Z¹u¬`½0«BªN¯2°2°,´J®SÂ2°�¹o¨g¬P¬J´P¯d¬JÐ0ªN¯2°2È:" «d°d¨N³dªN±d¨N°d¬J¯2¯2¸�¹.&"À.ªN½0«d¼m¨N³dªNÂ2´P±B®Z©dÏP¯2¸�Æ
À;°i³B®S±B®JÀ.ªN´P±B®JÀ;°

κ
º
γ
º�³2±2°iÂ4¬J´r¬J±2¸�¹Ë¨N¼4à0ªg¨N´P­P¼4¾�´)¯dªN´P±2°2­P°B®Z©dÏP¯2¸�ª<±dªNÐ0ªN¯2°2µi¨N³dªNÂ2´P±B®Z©dÏP¯d¬JÈ

ÉZ®Z«�®gÅ2° " Ü7&Gº "@?
&NÌ�ß%±dªN½0«Bªe­r¨gªN»`¬,¬J´rÀ.ªN´P°dÀ�º�Å2´r¬,¨G©d¼4ÅB®SÈ
α = β = 0

" ¨N­r¬PÊP¬g«d¯B®Sµ~­P¯dªNÐ�¯2µ�µÑ»g±B®ZÆ
¯2° Ç ®7&0°d¨g¨G©BªG«B¬J­u®S¯Û±B®S¯dªgª " ¬g«d¯d¬J±d¬g«d¯2¸�ÈÄ¨G©d¼4ÅB®SÈÓ­ÓÕ×ÖPº�ØZÙfº.»O«Bªq«d°d¨N³dªN±d¨N°d¬J¯2¯2¸�ª}¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ
¨N´P±d¬`µ�´r¨Oµoµ�­P¯d¬ ÅdªN±dªNÉ Ç °�©d°2¯�«d±2°2Ådªg¨NÂ2°dª%Ô ¼4¯2Â Ç °2°�&Gºr¨G©d¼4ÅB®SÈm³dªN±dªgÀ.ªN¯2¯2¸�¹o¨N­r¬JÈd¨N´P­�°2Ég¼4ÅdªN¯m­oÕ �ZÙfº
»O«Bª�¨g¬P¨N´J®S­J©BªN¯o®Z©d»`¬J±2°2´rÀ~°d¨g¨G©BªG«B¬J­u®S¯2°2µ0¯dªg¬g«d¯d¬J±d¬g«d¯d¬J»`¬&³d¬�±B®Z«d°B®Z©dÏP¯d¬JÈmÂ4¬P¬J±r«d°2¯B®S´rª�­r¬S©d¯d¬J­r¬SÆ
«�®!¨g¬!¨N­r¬PÊP¬g«d¯2¸�À;°e»g±B®S¯2° Ç ®JÀ;°e°�³d¬S©d¼4ÅdªN¯B®�®J¨N°dÀ;³2´r¬J´P°2Â�®!«d°d¨N³dªN±d¨N°d¬J¯2¯d¬JÈeÂ2±2°2­r¬JÈkºS­P¸�¹u¬g«dµ�à0ªNÈ
°2É<¯B®gÅB®Z©�®|Â4¬P¬J±r«d°2¯B®S´SÌ.ß ¬g«B¬PÊJ¯2¸�À�¬PÊJ±B®SÉ`¬PÀ °d¨g¨G©BªG«B¬J­u®S¯2¸²­r¬S©d¯d¬J­P¸�ª<³2±d¬ Ç ªg¨g¨N¸�­Ñ³2±dªG«d­u®S±2°�Æ
´rªG©dÏP¯d¬m¯B®S³2±uµ�½�ªN¯2¯d¬PÀ Ç °�©d°2¯�«d±dª&­)Õ×Ö��SÙfÌ

� (+*����~/47 -r1�>935/�143k>�/)¦"§ -���¥u> -r§�@B8�8�@��P@���8�@! i¥3-r1�AB/
ß%±2°Ë³d¬PÀ.¬Jà�°�®S¯B®Z©d°2ÉZ®|¨N³dªNÂ2´P±B®Z©dÏP¯d¬JÈ�ÉZ®Z«�®gÅ2° " Ü7&Gº "@?
& ¨gÔ&¬J±dÀ;¼Z©d°2±2¼rªgÀ ¨G©BªG«d¼4¾�à�°dªo¨N­r¬JÈ�Æ

¨N´P­u®�Ì
ÖPÌBß%±2°

κ = 0
º
γ 6= 0

¨N¼4à0ªg¨N´P­P¼rªN´<¨NÅdªN´P¯2¸�ÈÑ¯B®JÊP¬J±ÑÂ4¬PÀ;³�©BªNÂ4¨N¯2¸�¹ÑÂ4¬J±2¯dªNÈkºBÂ4¬J´r¬J±2¸�ª�±B®J¨N³d¬SÆ
©�®S»N®S¾�´r¨Oµ)ÅdªN´P­rªN±2Â�®JÀ;°54

γ
º
−γ
º
γ̄
º
−γ̄

¯B®�Â4¬PÀ;³�©BªNÂ4¨N¯d¬JÈ}³�©B¬P¨NÂ4¬P¨N´P°
Re (γ)

º
Im (γ)

Ì
Ø�Ìuß%±2°

γ = 0
¨N¼4à0ªg¨N´P­P¼rªN´�¨NÅdªN´P¯2¸�È<¯B®JÊP¬J±o¯dªN´P±2°2­P°B®Z©dÏP¯2¸�¹o±dªNÐ0ªN¯2°2ÈkºuÉZ®Z«�®gÅB® ±B®SÉN«BªG©dµ2ªN´r¨Oµ

¯B®�«d­rª%³d¬g«dÉZ®Z«�®gÅ2°kº�±B®SÉN©d°2ÅB®S¾�à�°dªg¨Oµ)Â2°2¯dªgÀ"®S´P°2Â4¬JÈÑ¯dªN´P±2°2­P°B®Z©dÏP¯2¸�¹ " ¬g«d¯d¬J±d¬g«d¯2¸�¹.&�±dªNÐ0ªN¯2°2ÈkÌ
"$#&%'#)()#+*�,

{
U ′
3 =

1
g2
T3, T ′

3 = −κ2U3 −
1
x T3;

T3 (ξ0) = 0, T3 (1) = −βU3 (1) .

" Þ7&

"$#&%'#)()#.-�,

{
U ′
1 =

−g1
xG U1 +

1
GT1, T ′

1 =
(

G
x2 −

g2
1

x2G
− κ2

)
U1 −

2g2
xG T1;

T1 (ξ0) = 0, T1 (1) = −αU1 (1) .

" á7&

� ªN´P±2¼Z«d¯d¬%ÉZ®JÀ.ªN´P°2´PÏdºPÅ2´r¬�ÉZ®Z«�®gÅ2°;" Þ7&Nº�" á7&k­r¨gªN»O«�®�°dÀ.ªN¾�´%´P±2°2­P°B®Z©dÏP¯2¸�ª�±dªNÐ0ªN¯2°2µ�ÌPß%¼r¨N´PÏ
K1ªg¨N´PÏ<À;¯d¬`½�ªg¨N´P­r¬,¨g¬PÊP¨N´P­rªN¯2¯2¸�¹)Ég¯B®gÅdªN¯2°2È

κ1 > 0
ÉZ®Z«�®gÅ2° " Þ7&Gº2³2±2°|Â4¬J´r¬J±2¸�¹|¬J¯B®e°dÀ.ªgªN´m¯dªN´P±2°�Æ

­P°B®Z©dÏP¯d¬Pªm±dªNÐ0ªN¯2°dªPº�°
K2

ªg¨N´PÏ|À;¯d¬`½�ªg¨N´P­r¬|¨g¬PÊP¨N´P­rªN¯2¯2¸�¹iÉg¯B®gÅdªN¯2°2È
κ2 > 0

ÉZ®Z«�®gÅ2° " á7&%¨g¬P¬J´JÆ
­rªN´r¨N´P­rªN¯2¯d¬2Ì4
�­rªG«BªgÀiÀ;¯d¬`½�ªg¨N´P­r¬

K = K1∪K2
ÌuÍ�®JÀ.ªN´P°dÀ�ºrÅ2´r¬%¼0À;¯d¬`½�ªg¨N´P­

K1
º
K2
À.¬J»g¼4´�ÊJ¸�´PÏ
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¬g«d°2¯B®SÂ4¬J­P¸�ªoÒN©BªgÀ.ªN¯2´P¸&ºkÂ4¬J´r¬J±2¸�ªm³d¬J±d¬`½0«�®S¾�´ÑÂ2±B®S´P¯2¸�ªeÂ4¬J±2¯2° " ­q«�®Z©dÏP¯dªNÈ2Ð0ªgÀÄÒg´r¬J´|¨G©d¼4ÅB®SÈ
¯dª�±B®J¨g¨gÀ"®S´P±2°2­u®JªN´r¨Oµ�º2³d¬P¨NÂ4¬S©dÏPÂ2¼<Â2±B®S´P¯2¸�ª ¨N°2´P¼u® Ç °2°,©BªN»gÂ4¬0±B®SÉg±2¼4Ðe®S¾�´r¨Oµ<Ð0ªN­rªG©BªN¯2°dªgÀ�³B®S±B®ZÆ
À.ªN´P±d¬J­mÉZ®Z«�®gÅ2°�&GÌ

� °2½�ª�¬J´rÀ.ªN´P°dÀ�¨N­r¬JÈd¨N´P­u®e­P­rªG«BªN¯2¯2¸�¹)À;¯d¬`½�ªg¨N´P­dÌ
��AB@�� -r1�AB@ ¤ ( �"¨G©d°

β = 0
º2´r¬

K1
¨g¬g«BªN±u½e°2´<¯2¼Z©BªN­r¬JÈ)ÒN©BªgÀ.ªN¯2´SÌ

C
� ªNÈd¨N´P­P°2´rªG©dÏP¯d¬2º�ÉZ®Z«�®gÅB® " Þ7&0³2±2°

β = 0
º
κ = 0

°dÀ.ªgªN´�¯dªN¯2¼Z©BªN­r¬Pª|±dªNÐ0ªN¯2°dª
T3 = 0

º
U3 = 1

Ì
B��AB@�� -r1�AB@ * ( �"¨G©d°

κ1 ∈ K1
°
U3
º
T3 8

¯dªN´P±2°2­P°B®Z©dÏP¯2¸�ª�±dªNÐ0ªN¯2°2µqÉZ®Z«�®gÅ2° " Þ7&Gº2´r¬
U3
º
T3¼Z«B¬J­J©BªN´P­r¬J±uµ�¾�´<¨G©BªG«d¼4¾�à0ªgÀ;¼,¨g¬P¬J´P¯d¬JÐ0ªN¯2°2¾ 4

κ21 =

(
βU2

3 (1) +

1∫

ξ0

xT 2
3

g2
dx

)/ 1∫

ξ0

xU2
3 dx.

" (<&

C
Í�®S³2°2Ð0ªgÀÓ­P´r¬J±d¬Pª&¼4±B®S­P¯dªN¯2°dª�°2É " Þ7&�­<¨G©BªG«d¼4¾�à0ªgÀ�­P°�«Bª<4 (T3x)

′

x = −κ21U3
Ì � ®Z©Bªgª�¼�À;¯d¬SÆ

½e°dÀÎ¬PÊPª<ªN»`¬|ÅB®J¨N´P°�¯B®
U3x

°�³2±d¬J°2¯2´rªN»g±2°2±2¼rªgÀ�³d¬Ñ¬J´P±dªNÉgÂ2¼
[ξ0, 1]

Ì��%¯2´rªN»g±2°2±2¼Pµ�³d¬ÑÅB®J¨N´Zµ2À
°qÉZ®JÀ.ªN¯2µ�µ

U ′
3

­P¸�±B®S½�ªN¯2°dªgÀÓ°2É ³dªN±2­r¬J»`¬m¼4±B®S­P¯dªN¯2°2µq­;" Þ7&Nº�³d¬S©d¼4Å2°dÀ�¨g¬P¬J´P¯d¬JÐ0ªN¯2°dª�" (<&NÌ
B

� 5.¥J¦,-r1�AB§�¥ ¤ (�� � ��
��
κ1 ∈ K1


������ �5�
κ1 > 0

�3���
β 6= 0



��AB@�� -r1�AB@ � ( �"¨G©d°

κ2 ∈ K2
°
U1
º
T1 8

¯dªN´P±2°2­P°B®Z©dÏP¯2¸�ª�±dªNÐ0ªN¯2°2µqÉZ®Z«�®gÅ2° " á7&Gº2´r¬
U1
º
T1¼Z«B¬J­J©BªN´P­r¬J±uµ�¾�´<¨G©BªG«d¼4¾�à0ªgÀ;¼,¨g¬P¬J´P¯d¬JÐ0ªN¯2°2¾ 4

κ22 =
αU2

1

(1)
+

1∫

ξ0

4g2 (g1 + g2)

xG
U2
1 dx+

1∫

ξ0

xT 2
1

G
dx

1∫

ξ0

xU2
1 dx.

" )7&

C � À;¯d¬`½e°dÀÛ­P´r¬J±d¬Pª�¼4±B®S­P¯dªN¯2°dª�­1" á7&�¯B®
U1x

°Ñ³2±d¬J°2¯2´rªN»g±2°2±2¼rªgÀ ³d¬<¬J´P±dªNÉgÂ2¼
[ξ0, 1]

Ì��%¯�Æ
´rªN»g±2°2±2¼Pµq³d¬eÅB®J¨N´Zµ2À�°qÉZ®JÀ.ªN¯2µ�µ

U ′
1

­P¸�±B®S½�ªN¯2°dªgÀ�°2É�" á7&Nº�³d¬S©d¼4Å2°dÀ

−αU2
1 (1)−

1∫

ξ0

xT 2
1

G
dx+

1∫

ξ0

(
g1
G

+
2g2
G

− 1

)
T1U1 dx =

1∫

ξ0

4g2 (g1 + g2)

xG
U2
1 dx− κ22

1∫

ξ0

xU2
1 dx.

� Å2°2´P¸�­u®Sµ�º"Å2´r¬i´P±dªN´PÏrª|¨G©�®S»N®JªgÀ.¬Pª|­~©BªN­r¬JÈÓÅB®J¨N´P°ÓÒg´r¬J»`¬i±B®S­rªN¯d¨N´P­u®i±B®S­P¯d¬i¯2¼Z©d¾0º.³d¬S©d¼4Å2°dÀ¨g¬P¬J´P¯d¬JÐ0ªN¯2°dª�" )7&GÌ
B

� 5.¥J¦,-r1�AB§�¥ * (�� � ��
��
κ2 ∈ K2


������ �5�
κ2 > 0

� ��� �	��
<�����
α



C
ß%±dªG«d³d¬S©B¬`½e°dÀÓ³2±d¬J´P°2­P¯d¬PªPºB´SÌBªPÌ2Å2´r¬

κ2 = 0
°
κ2 ∈ K2

Ì � ¬e³2±2°
κ2 = 0

ÉZ®Z«�®gÅB®=" á7&+«2©dµ
©d¾%ÊP¬J»`¬

α
°dÀ.ªgªN´o´r¬S©dÏPÂ4¬e´P±2°2­P°B®Z©dÏP¯d¬Pª�±dªNÐ0ªN¯2°dª °kº2¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬2º

κ2 /∈ K2
Ì
B��AB@�� -r1�AB@
�k( ß%¼r¨N´PÏ

κ1 ∈ K1
°
κ2 ∈ K2

Ì.�9¬J»O«�®}°2Éq´r¬JÅdªNÂ "
κ = κ1

º
γ = 0

& "
κ = κ2

º
γ = 0

&�®S¯B®Z©d°2´P°2Ådªg¨NÂ2°�³2±d¬g«B¬S©d½0®S¾�´r¨Oµ�­rªNà0ªg¨N´P­rªN¯2¯2¸�ª<Â2±2°2­P¸�ªm«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬}À;¯d¬`½�ªg¨N´P­u®�Ì

�À.¬J¯d¬J»g±B®JÔ °2°}Õ ?JÙ�Òg´r¬�¨N­r¬JÈd¨N´P­r¬&«B¬JÂ�®SÉZ®S¯d¬�«2©dµ<¨G©B¬`µo³2¼4´rªgÀi³d¬P¨N´P±d¬PªN¯2°2µ<±B®SÉN©B¬`½�ªN¯2°2Èq­�±uµ4«d¸&º
®�­m±B®J¨g¨gÀ.¬J´P±dªN¯2¯d¬PÀÓ¨G©d¼4ÅB®Jª&¬PÊP¬P¨N¯d¬J­u®S¯2°dª0®S¯B®Z©B¬J»g°2Å2¯d¬2Ì

��AB@�� -r1�AB@���( � ©dµq¯dªg¬g«d¯d¬J±d¬g«d¯d¬JÈÑÉZ®Z«�®gÅ2°>" �7&Nº5"XÖ��7& 4

X′ = AX+ F,
»O«Bª

A = A0 − κ2A01 + γA1 + γ2A2;
" �7&

{
T1 (ξ0) = 0, T1 (1) + αU1 (1) +R1 (1) = 0, α > 0;

T3 (ξ0) = 0, T3 (1) + βU3 (1) +R3 (1) = 0, β > 0,

"XÖ��7&



Þ ? � �7
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5��
 
�� ��������
5��


Â4¬J´r¬J±B®Sµ~³2±2°
R1 (1) = 0

º
R3 (1) = 0

°
F = 0

­P¸�±d¬`½0«�®JªN´r¨Oµi­,ÉZ®Z«�®gÅ2¼ " Ü7&Gº "@?
&Nº�°dÀ.ªgªN´)À.ªg¨N´r¬
¼r¨G©B¬J­P°dª&±B®SÉg±dªNÐ�°dÀ.¬P¨N´P°>"XÖPÖ6&Nº�»O«Bª

U1
º
U3
º
T1
º
T3 8

±dªNÐ0ªN¯2°2µqÉZ®Z«�®gÅ2°>" Ü7&Gº�"@?
& 4

R1 (1)U1 (1) +R3 (1)U3 (1) =

1∫

ξ0

(f1T1 + f2T3 − f3U1 − f4U3) x dx.
"XÖPÖ6&

C
ß%¼r¨N´PÏ

X ·Y 8
¬PÊJ¸�Å2¯d¬Pª&¨NÂ�®Z©dµ�±2¯d¬Pª�³2±d¬J°2Ég­rªG«BªN¯2°dª&­rªNÂ2´r¬J±d¬J­dÌB
�­rªG«BªgÀ

(X,Y) =

1∫

ξ0

X ·Yx dx.

� À;¯d¬`½e°dÀ ­rªNÂ2´r¬J±2¯d¬Pª,¼4±B®S­P¯dªN¯2°dª1" �7& ¯B®)³2±d¬PÊJ¯2¸�È�­rªNÂ2´r¬J±
Y
¨N³2±B®S­u®�º�°d¨N³d¬S©dÏPÉg¼Pµ�­P­rªG«BªN¯2¯d¬Pª

¼�À;¯d¬`½�ªN¯2°dªPº�®�ÉZ®S´rªgÀÁ­e©BªN­r¬JÈ)ÅB®J¨N´P°|¬P¨N¼4à0ªg¨N´P­P°dÀÁ°2¯2´rªN»g±2°2±d¬J­u®S¯2°dª�³d¬eÅB®J¨N´Zµ2À'4

(X ·Y)x
∣∣1
ξ0
−

1∫

ξ0

(
X, (xY)′

)
dx =

(
X,ATY

)
+ (F,Y) .

"XÖ`Ø7&

ß ¬J´P±dªgÊJ¼rªgÀ�ºdÅ2´r¬PÊJ¸ ­rªNÂ2´r¬J±
Y
µ�­J©dµ4©B¨Oµq±dªNÐ0ªN¯2°dªgÀÓ¨g¬J³2±uµ�½�ªN¯2¯d¬J»`¬o¼4±B®S­P¯dªN¯2°2µ

− (xY)′ = xATY.
"XÖ`Ü7&

� ©dµ|Ô&¬J±dÀ;¼Z©d°2±d¬J­PÂ2°}¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�à�°�¹|»g±B®S¯2°2Å2¯2¸�¹|¼r¨G©B¬J­P°2È|«2©dµ
Y
±B®J¨g¨gÀ.¬J´P±2°dÀÓ³dªN±2­r¬Pª

¨G©�®S»N®JªgÀ.¬Pª�­;"XÖ`Ø7&�¨%¼4ÅdªN´r¬PÀÁ»g±B®S¯2°2Å2¯2¸�¹)¼r¨G©B¬J­P°2È "XÖ��7& 4

(X ·Y)x
∣∣1
ξ0

=
[
U1 (1) (Y1 (1)− αY3 (1)) + U3 (1) (Y2 (1)− βY4 (1))

−R1 (1) Y3 (1)−R3 (1) Y4 (1)
]
−
[
U1 (ξ0)Y1 (ξ0) ξ0 + U3 (ξ0) Y2 (ξ0) ξ0

]
.

ß ¬g«dÅ2°2¯2°dÀ
Y
¨G©BªG«d¼4¾�à�°dÀ »g±B®S¯2°2Å2¯2¸�À ¼r¨G©B¬J­P°2µ2À "XÖ ?
&Gº"«2©dµÓÂ4¬J´r¬J±2¸�¹Û³2±2°

R1 (1) = 0
º

R3 (1) = 0
°
F = 0

¨N³2±B®S­rªG«2©d°2­r¬m±B®S­rªN¯d¨N´P­r¬
(X ·Y)x|1ξ0 = (F,Y)

º

Y1 (ξ0) = 0, Y2 (ξ0) = 0, Y1 (1)− αY3 (1) = 0, Y2 (1)− βY4 (1) = 0.
"XÖ ?
&

Í�®JÀ.ªN´P°dÀ�º�Å2´r¬,±dªNÐ0ªN¯2°dªeÉZ®Z«�®gÅ2° "XÖ`Ü7&Nº "XÖ ?
&�¨N­Pµ�ÉZ®S¯d¬)¨�±dªNÐ0ªN¯2°dªgÀ " Ü7&Nº "@?
&�¨G©BªG«d¼4¾�à�°dÀÃ¬PÊSÆ
±B®SÉ`¬PÀ'4

Y1 (x) = −T1 (x) , Y2 (x) = −T3 (x) , Y3 (x) = U1 (x) , Y4 (x) = U3 (x) .


i¼4ÅdªN´r¬PÀÑ­P¸�Ð0ªN°2ÉN©B¬`½�ªN¯2¯d¬J»`¬&³dªN±dªN³2°2Ð0ªgÀ "XÖ`Ø7&k°�³d¬S©d¼4Å2°dÀ}¼r¨G©B¬J­P°dª�±B®SÉg±dªNÐ�°dÀ.¬P¨N´P°="XÖPÖ6&GÌ
B

��AB@�� -r1�AB@���( ß%±2°,©d¾%ÊP¬PÀ�Ô °2Â4¨N°2±d¬J­u®S¯2¯d¬PÀ
γ ∂κ2

∂β > 0
° ∂κ2

∂α > 0
Ì

C
� ¬JÂ�®S½�ªgÀ�³dªN±2­r¬Pª%¼4´P­rªN±u½0«BªN¯2°dªPÌBß%±d¬g«d°dÔ&Ô&ªN±dªN¯ Ç °2±2¼rªgÀ�ÉZ®Z«�®gÅ2¼#" Ü7&Nº "@?
&+³d¬

β
³2±2°)Ô °2Â�Æ

¨N°2±d¬J­u®S¯2¯d¬PÀi³B®S±B®JÀ.ªN´P±dª
γ
ºJ³d¬S©d¼4Å2°dÀ~¯dªg¬g«d¯d¬J±d¬g«d¯2¼4¾ÃÂ2±B®JªN­P¼4¾ÛÉZ®Z«�®gÅ2¼e¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬ ∂U1

∂β

º ∂U3

∂β

º
∂T1

∂β

º ∂T3

∂β

ÌS� ¨N³d¬S©dÏPÉg¼Pµe¨N­r¬JÈd¨N´P­r¬ Þ!°�¼4Å2°2´P¸�­u®Sµ�­P°�«e³2±B®S­P¸�¹�ÅB®J¨N´rªNÈ
f3 = −∂κ2

∂β U1
º
f4 = −∂κ2

∂β U3
º

R3 (1) = U3 (1)
º
R1 (1) = 0,

³d¬S©d¼4Å2°dÀ�ºPÅ2´r¬ ∂κ2

∂β = U2
3 (1)

( ∫ 1
ξ0
xU2

1 +xU
2
3dx

)−1 ÌP�!¯B®Z©B¬J»g°2Å2¯2¸�À
¬PÊJ±B®SÉ`¬PÀ�³d¬S©d¼4Å2°dÀ�ºuÅ2´r¬ ∂κ2

∂α = U2
1 (1)

( ∫ 1
ξ0
xU2

1 +xU
2
3 dx

)−1 Ìuß%±B®S­P¸�ª�ÅB®J¨N´P°<­�Òg´P°�¹o¨g¬P¬J´P¯d¬JÐ0ªGÆ
¯2°2µ4¹,µ�­J©dµ�¾�´r¨Oµ|¨N´P±d¬J»`¬e³d¬S©B¬`½e°2´rªG©dÏP¯2¸�À;°}­rªG©d°2Å2°2¯B®JÀ;°kºdÅ2´r¬e°,«B¬JÂ�®SÉg¸�­u®JªN´,¨N­r¬JÈd¨N´P­r¬oá�Ì

B



���������	��
��
�������	���	�������	�����	���������	� �!����
��
� ÞPÞ

' -r§'� ��1�@B1�§ 2�¥3-7/�§ �Ë/28�/45.§�0d( � ¨g¨G©BªG«d¼rªgÀË¨N´P±2¼4Â2´P¼4±2¼�«d°d¨N³dªN±d¨N°d¬J¯2¯2¸�¹oÂ2±2°2­P¸�¹e­�¬JÂ2±dªg¨N´JÆ
¯d¬P¨N´P° ©d°2¯2°2°

γ = 0
Ì,ß%¼r¨N´PÏ

κ0 ∈ K
° ¯dª µ�­J©dµ2ªN´r¨Oµ Â2±B®S´P¯2¸�À ¨g¬PÊP¨N´P­rªN¯2¯2¸�À Ég¯B®gÅdªGÆ

¯2°dªgÀ�º%´SÌ ªPÌ%¯dª�³2±2°2¯B®Z«2©BªN½e°2´ ¬g«d¯d¬J­P±dªgÀ.ªN¯2¯d¬
K1

°
K2
Ì 9�¼Z«BªgÀ °d¨NÂ�®S´PÏÄ±B®SÉN©B¬`½�ªN¯2°dª�­P°�«�®

κ2 = κ20 + a1γ + a2γ
2 + . . .

ºk®<±dªNÐ0ªN¯2°dªeÉZ®Z«�®gÅ2° " Ü7&Gº,"@?
&%ÊJ¼Z«BªgÀÃ¬J´P¸�¨NÂ2°2­u®S´PÏ|­)­P°�«Bª0±dªN»g¼Z©dµ�±�Æ
¯d¬J»`¬e±B®SÉN©B¬`½�ªN¯2°2µ|³d¬

γ
4

X = X0 + γX1 + γ2X2 + o
(
γ2
)
.

"XÖ`Þ7&

�Ô&¬J±dÀ;°2±2¼rªgÀÁÉZ®Z«�®gÅ2°|³2±2°|¬g«d°2¯B®SÂ4¬J­P¸�¹Ñ¨N´rªN³dªN¯2µ4¹

γ
4

X′
0 =

(
A0 − κ20A01

)
X0,

"XÖ`á7&

X′
1 =

(
A0 − κ20A01

)
X1 +F1,

»O«Bª
F1 = (A1 − a1A01)X0,

"XÖ6(<&

X′
2 =

(
A0 − κ20A01

)
X2 + F2,

»O«Bª
F2 = (A1 − a1A01)X1 + (A2 − a2A01)X0.

"XÖ�)7&
�!´rÀ.ªN´P°dÀ�ºPÅ2´r¬�ÉZ®Z«�®gÅB®!"XÖ`á7&�¨�´r¬JÅ2¯d¬P¨N´PÏP¾Ó«B¬�°2¯�«BªNÂ4¨g¬J­�¬J³2°d¨N¸�­u®JªN´r¨Oµ=" Þ7&Gº�" á7&NºJ¨N°d¨N´rªgÀ;¸ "XÖ6(<&Nº

"XÖ�)7&kÂ�®SÂ0° "XÖ`á7&k±B®SÉN«BªG©dµ�¾�´r¨Oµ0¯B®�«d­rª�³d¬g«B¨N°d¨N´rªgÀ;¸�°0¬J³2±dªG«BªG©BªN¯2¸Á´rªgÀÑ½�ª+«d°dÔ&Ô&ªN±dªN¯ Ç °B®Z©dÏP¯2¸�À
¬J³dªN±B®S´r¬J±d¬PÀ

L = d
dx − A0 + κ20A01

°}°dÀ.ªN¾�´,³2±B®S­P¸�ª0ÅB®J¨N´P°kÌ�
�ªNÂ2´r¬J±
Fi = (f1i, f2i, f3i, f4i)

T

ÉZ®S­P°d¨N°2´o¬J´m±dªNÐ0ªN¯2°2È)³2±dªG«d¸�«d¼4à�°�¹qÉZ®Z«�®gÅkÌ
��AB@�� -r1�AB@���( Í�®Z«�®gÅ2° "XÖ6(<&Gº	"XÖ�)7&.°dÀ.ªN¾�´�±dªNÐ0ªN¯2°dªPº�ªg¨G©d°<­P¸�³d¬S©d¯dªN¯2¸ ¼r¨G©B¬J­P°2µ<±B®SÉg±dªNÐ�°dÀ.¬SÆ

¨N´P°54
1∫

ξ0

[f4iU30 − f2iT30] x dx = 0,
ªg¨G©d°

κ0 ∈ K1,
"XÖ��7&

1∫

ξ0

[f3iU10 − f1iT10] x dx = 0,
ªg¨G©d°

κ0 ∈ K2.
" Ø��7&

C
� ¬JÂ�®SÉZ®S´rªG©dÏr¨N´P­r¬<¬P¨N¯d¬J­u®S¯d¬m¯B®0°d¨N³d¬S©dÏPÉ`¬J­u®S¯2°2°>"XÖPÖ6&�³2±2°dÀ.ªN¯2°2´rªG©dÏP¯d¬oÂ "XÖ6(<&Nº5"XÖ�)7&NÌ

B
� ¨N³d¬S©dÏPÉg¼rªgÀÁ¼r¨G©B¬J­P°2µ,±B®SÉg±dªNÐ�°dÀ.¬P¨N´P° "XÖ��7&Nº " Ø��7&"Â,ÉZ®Z«�®gÅB®JÀÁ³2±2°

γ1
ºu«2©dµ,Òg´r¬J»`¬0¬J³2±dªG«BªG©d°dÀ

³2±B®S­P¸�ª ÅB®J¨N´P°)­="XÖ6(<& 4

f11 =
g1
G
U30, f31 = −

2g1g2
xG

U30 + T30 − a1U10,

f21 = −U10, f41 = −
2g1g2
xG

U10 −
g1
G
T10 − a1U30.

" Ø�Ö6&

ß ¬g«B¨N´J®S­J©dµ�µ>" Ø�Ö6&+­m¼r¨G©B¬J­P°2µ "XÖ��7&Nº5" Ø��7&Nº�³d¬S©d¼4Å2°dÀ�º2Å2´r¬
a1 = 0

«2©dµ)¬PÊP¬J°�¹)¨gªgÀ.ªNÈd¨N´P­dÌ
� ©dµqÉZ®Z«�®gÅ2°)³2±2°

γ2
®S¯B®Z©B¬J»g°2Å2¯d¬o¬J³2±dªG«BªG©d°dÀ�¯dªg¬g«d¯d¬J±d¬g«d¯2¼4¾ ÅB®J¨N´PÏm­;"XÖ�)7&

f12 =
g1
G
U31, f32 = −

2g1g2
xG

U31 + T31 − a1U11 − a2U10,

f22 = −U11, f42 = −
2g1g2
xG

U11 −
g1
G
T11 − a1U31 − a2U30 +

4g2 (g1 + g2)

G
U30.

" ØPØ7&

ß ¬g«B¨N´J®S­P°dÀ " ØPØ7&�­m¼r¨G©B¬J­P°2µ "XÖ��7&Nº�" Ø��7&�°)³d¬S©d¼4Å2°dÀ�­P¸�±B®S½�ªN¯2°2µ " ØPÜ7&Gº " Ø ?
&+«2©dµ)Â4¬JÒ`Ô&Ô ° Ç °�Æ
ªN¯2´r¬J­m±B®SÉN©B¬`½�ªN¯2°2È

a2
«2©dµq¨gªgÀ.ªNÈd¨N´P­oÉZ®Z«�®gÅ�Ö%°|Øe¨g¬P¬J´P­rªN´r¨N´P­rªN¯2¯d¬�4

a2 = b3

1∫

ξ0

[
U11T30 −

2g1g2
xG

U11U30 −
g1
G
T11U30 +

4g2 (g1 + g2)

G
U2
30

]
x dx,

" ØPÜ7&
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a2 = b1

( 1∫

ξ0

[
T31U10 −

2g1g2
xG

U31U10 −
g1
G
U31T10

]
x dx

)
, bj =

( 1∫

ξ0

U2
j0x dx

)−1

.
" Ø ?
&

�!´rÀ.ªN´P°dÀ�º2Å2´r¬�Ég¯B®SÂ
a2
¬J³2±dªG«BªG©dµ2ªN´m¨G©d¼4ÅB®SÈq¯d¬J±dÀ"®Z©dÏP¯d¬JÈ "

a2 > 0
&"°)®S¯d¬PÀ"®Z©dÏP¯d¬JÈ "

a2 < 0
&

«d°d¨N³dªN±d¨N°2°�Õ ?JÙfÌ
� §�03/�@.2�/�-r1�@B1�8�/47Ë/�-r§'� ��1�@B1�§ /�/�( 
�¨G©d¼4ÅB®Jª

β = 0
¼Z«�®JªN´r¨Oµm¼r¨N´J®S¯d¬J­P°2´PÏ�¯B®Z©d°2Å2°dª�¯dªN´P±2°�Æ

­P°B®Z©dÏP¯d¬J»`¬<±dªNÐ0ªN¯2°2µ)­<¬JÂ2±dªg¨N´P¯d¬P¨N´P°}´r¬JÅ2Â2°
κ = γ = 0

Ì�ß ¬S©d¼4Å2°dÀÛÔ&¬J±dÀ;¼Z©d¼,¯B®SÂ�©B¬J¯B®e«d°d¨N³dªN±�Æ
¨N°d¬J¯2¯d¬JÈmÂ2±2°2­r¬JÈkºJ­P¸�¹u¬g«dµ�à0ªNÈm°2É�¯B®gÅB®Z©�®%Â4¬P¬J±r«d°2¯B®S´SÌ � ªN´P±2°2­P°B®Z©dÏP¯d¬Pª�±dªNÐ0ªN¯2°dª�ÉZ®Z«�®gÅ2°m³2±2°

γ0°dÀ.ªgªN´ ­P°�«
U10 (x) = T10 (x) = T30 (x) = 0

º
U30 (x) = 1

°0³d¬JÉg­r¬S©dµ2ªN´ ¼4³2±d¬P¨N´P°2´PÏ&Ô&¬J±dÀ;¼Z©d¼ " ØPÜ7&
«B¬m¨G©BªG«d¼4¾�à0ªN»`¬e­P°�«�®�4

a2 =
2

1− ξ20

( 1∫

ξ0

[
4g2 (g1 + g2)

G
−

2g1g2
xG

U11 −
g1
G
T11

]
x dx

)
.

" ØPÞ7&


 ¨G©d¼4ÅB®Jª ³d¬P¨N´r¬`µ�¯2¯2¸�¹
g1
º
g2
À.¬`½e¯d¬m³d¬P¨N´P±d¬J°2´PÏo´r¬JÅ2¯d¬Pª ±dªNÐ0ªN¯2°dª «2©dµ

U11
º
T11

4

U11 (x) =
1

2x

g1
(
αξ20 + x2

(
2ξ20g2 − 2g2 − αξ20

))

2
(
g1g2 + g22

) (
ξ20 − 1

)
− α

(
(g1 + g2) ξ

2
0 + g2

) ,

T11 (x) =
1

x2
g1g2α

(
x2 − ξ20

)

2
(
g1g2 + g22

) (
ξ20 − 1

)
− α

(
(g1 + g2) ξ20 + g2

) ,

" ØPá7&

®eÔ&¬J±dÀ;¼Z©�® " ØPÞ7&�³2±2°2¯2°dÀ"®JªN´<¨G©BªG«d¼4¾�à�°2Èq­P°�«�4

a2 = t2 =
g2
[
2
(
3g1g2 + 2g22

) (
ξ20 − 1

)
−
(
(3g1 + 2g2) ξ

2
0 + g1 + 2g2

)
α
]

2
(
g1g2 + g22

) (
ξ20 − 1

)
−
(
(g1 + g2) ξ20 + g2

)
α

.
" Ø7(<&

� ¬J±dÀ;¼Z©�®�" Ø7(<&.¬J³2±dªG«BªG©dµ2ªN´0À.¬J¯d¬J´r¬J¯2¯d¬�­r¬JÉg±B®J¨N´J®S¾�à�¼4¾ÄÔ ¼4¯2Â Ç °2¾ t(α) =
√
a2(α)

Ì � ®S³2±2°�Æ
À.ªN±kºB³2±2°

ξ0 = 0.76
º
g1 = 1.5

º
g2 = 1

¬PÊS©�®J¨N´PÏ<Ég¯B®gÅdªN¯2°2È~Ô ¼4¯2Â Ç °2° t(α) ©BªN½e°2´<­m«B¬P¨N´J®S´r¬JÅ2¯d¬¼4ÉgÂ4¬PÀ�«d°B®S³B®SÉ`¬J¯dª
[1.612, 1.723]

º
α ∈ [0,∞)

Ì
� § -J5.¥u8�8�� �Á/28�/45.§�0d( 
�³d¬PÀ.¬Jà�ÏP¾ À.ªN´r¬g«�®�³2±2°d¨N´P±dªG©dÂ2°q³2±d¬J°2Ég­rªG«BªN¯qÅ2°d¨G©BªN¯2¯2¸�È|®S¯B®Z©d°2É

«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬<À;¯d¬`½�ªg¨N´P­u®�Ì�� ¨U¹u¬g«d¯B®Sµ)ÉZ®Z«�®gÅB®;" Ü7&Nº5"@?
&�¨N­rªG«BªN¯B®eÂq±dªNÐ0ªN¯2°2¾ «d­P¼u¹,­r¨N³d¬PÀ.¬J»N®ZÆ
´rªG©dÏP¯2¸�¹iÉZ®Z«�®gÅ�$ ¬JÐ�° " Ü7&Nº " Ø<)7&%° " Ü7&Gº " Ø��7&Gº�Â4¬J´r¬J±2¸�ªo¯dªo¨g¬g«BªN±u½0®S´}³B®S±B®JÀ.ªN´P±d¬J­Ñ»g±B®S¯2°2Å2¯2¸�¹
¼r¨G©B¬J­P°2È

α
º
β
4

U1 (ξ0) = 1, U3 (ξ0) = 0, T1 (ξ0) = 0, T3 (ξ0) = 0,
" Ø<)7&

U1 (ξ0) = 0, U3 (ξ0) = 1, T1 (ξ0) = 0, T3 (ξ0) = 0.
" Ø��7&

� ¨NÂ4¬PÀ.¬Pª�±dªNÐ0ªN¯2°dª�±B®SÉg¸�¨NÂ2°2­u®JªN´r¨Oµ0­�­P°�«Bª+©d°2¯dªNÈ2¯d¬JÈ0Â4¬PÀ.ÊJ°2¯B® Ç °2°=" Ü��7&�±dªNÐ0ªN¯2°2È0ÉZ®Z«�®gÅ " Ü7&Nº
" Ø<)7&�° " Ü7&Nº5" Ø��7& 4

X = p1X1 + p2X2.
" Ü��7&

��ªNÐ0ªN¯2°dª " Ü��7&"¼Z«B¬J­J©BªN´P­r¬J±uµ2ªN´m»g±B®S¯2°2Å2¯2¸�ÀÁ¼r¨G©B¬J­P°2µ2À�¯B®�­P¯2¼4´P±dªN¯2¯dªNÈ)»g±B®S¯2° Ç ªPºd®�³2±2°,¼Z«B¬SÆ
­J©BªN´P­r¬J±dªN¯2°2°Ñ»g±B®S¯2°2Å2¯2¸�ÀÓ¼r¨G©B¬J­P°2µ2ÀÓ¯B®0­P¯dªNÐ�¯dªNÈ|»g±B®S¯2° Ç ª�³d¬S©d¼4ÅB®JªgÀÁ©d°2¯dªNÈ2¯2¼4¾ ®Z©d»`ªgÊJ±B®S°2ÅdªGÆ
¨NÂ2¼4¾Î¨N°d¨N´rªgÀ;¼ " Ü�Ö6&�¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬o³2±2°d¨N´P±dªG©B¬JÅ2¯2¸�¹)³B®S±B®JÀ.ªN´P±d¬J­

p1
º
p2

4

p1

(
T
(1)
1 + αU

(1)
1

)
+ p2

(
T
(2)
1 + αU

(2)
1

)
= 0,

p1

(
T
(1)
3 + βU

(1)
3

)
+ p2

(
T
(2)
3 + βU

(2)
3

)
= 0.

" Ü�Ö6&



���������	��
��
�������	���	�������	�����	���������	� �!����
��
� Þ7(

��ªNÐ0ªN¯2°dªgÀi«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬�¼4±B®S­P¯dªN¯2°2µ
D (κ, γ) = 0

ÊJ¼Z«BªgÀi¨NÅ2°2´J®S´PÏ�¯B®JÊP¬J±<¨N³dªNÂ2´P±B®Z©dÏP¯2¸�¹
³B®S±B®JÀ.ªN´P±d¬J­

(κ, γ)
º�¬PÊJ±B®Sàe®S¾�à�°�¹Ñ¬J³2±dªG«BªG©d°2´rªG©dÏq³2±2°d¨N´P±dªG©B¬JÅ2¯d¬JÈË¨N°d¨N´rªgÀ;¸ " Ü�Ö6&�­<¯2¼Z©dÏdÌ�ß%±2°

»g±2¼4³2³2°2±d¬J­PÂ4ªe¬J³2±dªG«BªG©d°2´rªG©dµ~¨N°d¨N´rªgÀ;¸ " Ü�Ö6&�«2©dµ|³2±d¬J°2Ég­r¬S©dÏP¯2¸�¹}³B®S±B®JÀ.ªN´P±d¬J­
α
º
β
³2±d¬P¨G©BªN½e°�Æ

­u®JªN´r¨Oµ,¨N´P±2¼4Â2´P¼4±B® «d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬mÀ;¯d¬`½�ªg¨N´P­u® " ÜPØ7&Nºu³2±2°2ÅdªgÀ�³2±2°
α, β = 0

¼r¨G©B¬J­P°2µ:"@?
&"¬JÉg¯B®ZÆ
ÅB®S¾�´&¨N­r¬PÊP¬g«d¯2¼4¾Ã­P¯dªNÐ�¯2¾�¾Û»g±B®S¯2° Ç ¼rºu¨G©d¼4ÅB®SÈ α, β = ∞

¬JÉg¯B®gÅB®JªN´�½�ªg¨N´PÂ2¼4¾ ÉZ®Z«BªG©dÂ2¼0­P¯dªNÐ�¯dªNÈ
»g±B®S¯2° Ç ¸·­r¬S©d¯d¬J­r¬g«�®�º�®Ë¨G©d¼4ÅB®SÈ

α = ∞
º
β = 0

¨g¬P¬J´P­rªN´r¨N´P­P¼rªN´Á­r¬S©d¯d¬J­r¬g«d¼rº�¯B®Z¹u¬g«dµ�à0ªgÀ;¼r¨Oµ
­e½�ªg¨N´PÂ4¬JÈ}¬PÊP¬JÈdÀ.ª&ÊPªNÉ&´P±dªN¯2°2µ 4

D (γ, κ) = S0 + Sαα+ Sββ + Sαβαβ = 0,
" ÜPØ7&

S0 =
(
T
(1)
1 T

(2)
3 − T

(2)
1 T

(1)
3

)
, Sα =

(
U

(1)
1 T

(2)
3 − U

(2)
1 T

(1)
3

)
,

Sβ =
(
T
(1)
1 U

(2)
3 − T

(2)
1 U

(1)
3

)
, Sαβ =

(
U

(1)
1 U

(2)
3 − U

(2)
1 U

(1)
3

)
.

" ÜPÜ7&

ß%±d¬J°2Ég­rªG«BªgÀÛÀ.¬g«BªG©d°2±d¬J­u®S¯2°dª�±B®SÉN©d°2Å2¯2¸�¹)¯dªg¬g«d¯d¬J±d¬g«d¯d¬P¨N´rªNÈ~­m¼4³2±d¬Jà0ªN¯2¯d¬PÀ�­P°�«BªPºd³2±2°2¯2°�Æ
À"®SµËÂ4¬JÒ`Ô&Ô ° Ç °dªN¯2´}ß%¼u®J¨g¨g¬J¯B®Ñ³d¬P¨N´r¬`µ�¯2¯2¸�À'4

ν = 0.3
°Ë³2±2°2¯2°dÀ"®Sµ

g1(x) = 1.5s(x)
º
g2(x) =

s(x)
Ì��;®J¨g¨gÀ.¬J´P±2°dÀÃ«�®Z©Bªgª0¯dªg¨NÂ4¬S©dÏPÂ4¬qÉZ®SÂ4¬J¯d¬J­)¯dªg¬g«d¯d¬J±d¬g«d¯d¬P¨N´P°kº9­P¸�ÊJ±B®S¯2¯2¸�¹}´J®SÂ2°dÀÄ¬PÊJ±B®SÉ`¬PÀ�º

Å2´r¬PÊJ¸
(1− ξ0)

−1
∫ 1
ξ0
s(x) dx = 1

Ìd��®SÂ4¬J­P¸�À;°kºB¯B®S³2±2°dÀ.ªN±kºdµ�­J©dµ�¾�´r¨Oµ

s1 (x) = 1, s2 (x) =
5
(
1 + x4

)

ξ40 + ξ30 + ξ20 + ξ0 + 6
,

" Ü ?
&

»O«Bª
s1(x)

¨g¬P¬J´P­rªN´r¨N´P­P¼rªN´}¬g«d¯d¬J±d¬g«d¯d¬PÀ;¼ËÀ"®S´rªN±2°B®Z©d¼rº
s2(x) 8

­r¬JÉg±B®J¨N´J®S¾�à0ªgÀ;¼iÀ.¬g«d¼Z©d¾�¼4³2±2¼uÆ
»`¬P¨N´P°kÌ

���2¡������

� ®�±2°d¨PÌ�Ö�°2É`¬PÊJ±B®S½�ªN¯B®m¬PÊJàe®Sµq¨N´P±2¼4Â2´P¼4±B®�Â4¬PÀ;³d¬J¯dªN¯2´e«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬oÀ;¯d¬`½�ªg¨N´P­u®m­e¨G©d¼uÆ
ÅB®Sµ4¹

α
º
β = 0

º
α, β = 10

°
α, β = ∞

º
s(x) = s1(x)

Ìu#%°d¨G©BªN¯2¯2¸�Èq®S¯B®Z©d°2É!³d¬JÂ�®SÉg¸�­u®JªN´Sº4Å2´r¬&³2±2°
¼4­rªG©d°2ÅdªN¯2°2°

α
º
β
­r¨gª<Â4¬PÀ;³d¬J¯dªN¯2´P¸²«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬ËÀ;¯d¬`½�ªg¨N´P­u®i¨U«d­P°2»N®S¾�´r¨OµÁ­P³2±B®S­r¬}­J«B¬S©dÏ

ÅB®J¨N´r¬J´P¯d¬JÈÑ¬P¨N°)­m¨g¬P¬J´P­rªN´r¨N´P­P°2°Ñ¨g¬m¨N­r¬JÈd¨N´P­r¬PÀÛá�Ì
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���2¡���� �

� ®�±2°d¨N¼4¯2Â�®Z¹)Ø�°)Ü�³2±d¬J­rªG«BªN¯d¬e¨N±B®S­P¯dªN¯2°dª Å2°d¨G©BªN¯2¯d¬0³d¬S©d¼4ÅdªN¯2¯2¸�¹<«d°d¨N³dªN±d¨N°d¬J¯2¯2¸�¹,­rªN´P­rªNÈ
" ¨N³�©B¬JÐ�¯B®Sµ�©d°2¯2°2µ.&0¨,Â2­u®Z«d±B®S´P°2Å2¯2¸�À ³2±2°dÊS©d°2½�ªN¯2°dªgÀ ­rªN´P­rªNÈ�­P°�«�®

κ2 = κ20 + a2γ
2 " ³2¼4¯2Â�Æ

´P°2±�&GÌ+�;®J¨NÅdªN´P¸ ³2±d¬J­rªG«BªN¯2¸ ³2±2°Û¨G©BªG«d¼4¾�à0ªgÀ�¯B®JÊP¬J±dª)³B®S±B®JÀ.ªN´P±d¬J­
s(x) = s2(x)

º
ξ0 = 0.76

º
α = β = 1

Ì � ©dµ ®S³2±d¬PÊr® Ç °2°ÎÔ&¬J±dÀ;¼Z© " ØPÜ7&,° " Ø ?
&q­P¸�ÊJ±B®S¯2¸¶´J®SÂ2°dª�¨g¬PÊP¨N´P­rªN¯2¯2¸�ª�Ég¯B®gÅdªN¯2°2µ
ÉZ®Z«�®gÅ " Þ7&�° " á7&Gº;°2ÉqÂ4¬J´r¬J±2¸�¹�À.¬`½e¯d¬~³2±d¬g«B¬S©d½e°2´PÏi«d°d¨N³dªN±d¨N°d¬J¯2¯2¸�ª)Â2±2°2­P¸�ªPº.³2±d¬`µ�­J©dµ�¾�à�°dª
¯d¬J±dÀ"®Z©dÏP¯2¼4¾Ã°<®S¯d¬PÀ"®Z©dÏP¯2¼4¾Û«d°d¨N³dªN±d¨N°2¾��u¨N±B®S­P¯dªN¯2°dª!±dªNÉg¼Z©dÏZ´J®S´r¬J­�³d¬JÂ�®SÉZ®Z©B¬&°�¹e³2±B®SÂ2´P°2Ådªg¨NÂ4¬Pª
¨g¬J­P³B®Z«BªN¯2°dª&­o¬JÂ2±dªg¨N´P¯d¬P¨N´P°

γ = 0
­m¨g¬P¬J´P­rªN´r¨N´P­P°2°}¨!" ØPÜ7&�° " Ø ?
&NÌ

���2¡���� �

�"/�/k5���2�¥u8�§�¥d( � ¨g¨G©BªG«B¬J­u®S¯B®q¨N´P±2¼4Â2´P¼4±B®m«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬)À;¯d¬`½�ªg¨N´P­u®q­,ÉZ®S­P°d¨N°dÀ.¬P¨N´P°i¬J´
³B®S±B®JÀ.ªN´P±d¬J­&»g±B®S¯2°2Å2¯2¸�¹e¼r¨G©B¬J­P°2È

α
º
β
ÌP
�¸�µ�­J©BªN¯d¬%¯B®Z©d°2Å2°dª�±uµ4«�®�´r¬JÅdªNÂ0«d°d¨N³dªN±d¨N°d¬J¯2¯d¬J»`¬�À;¯d¬SÆ

½�ªg¨N´P­u®�º�¯dª!À.ªN¯2µ�¾�à�°�¹u¨Oµ<³2±2°<°2É`À.ªN¯dªN¯2°2°q³B®S±B®JÀ.ªN´P±B®
α
°�©d°
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%'& �ÓÆfÔ�®SÂ2´r¬J±B®Ñµ�­J©dµ2ªN´r¨Oµ�¨N°�©dÏP¯d¬~»g±B®S¯dªN­r¬~¨N°dÀ.À.ªN´P±2°2Å2¯2¸�À ³2±d¬P¨N´P±B®S¯d¨N´P­r¬PÀ ­~´r¬PÀ °Á´r¬S©dÏPÂ4¬
­m´r¬PÀÁ¨G©d¼4ÅB®JªPº2Â4¬J»O«�®m¬J¯Ñ®JÊPªG©BªN­m°�©d°|¨N³2°2¯�ÆfÔ�®SÂ2´r¬J±kÌ
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iÒg´r¬PÀÑ³B®S±B®S»g±B®JÔ&ª�À;¸�«�®JªgÀÑ¯dªg¬PÊg¹u¬g«d°dÀ;¸�ª�¨N­rªG«BªN¯2°2µe¬!»g±B®S¯dªN­r¬ ¨N°dÀ.À.ªN´P±2°2Å2¯2¸�¹0³2±d¬P¨N´P±B®S¯�Æ
¨N´P­u®Z¹q°q­rªNà0ªg¨N´P­rªN¯2¯2¸�¹ %'& �ÓÆfÔ�®SÂ2´r¬J±B®Z¹ " ³d¬g«d±d¬PÊJ¯d¬o¨gÀ�ÌkÕ Ø�º )ZÙ &GÌ

ß%¼r¨N´PÏ
Z 8

¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬Pª�³2±d¬P¨N´P±B®S¯d¨N´P­r¬2Ì $"©BªgÀ.ªN¯2´P¸
x, y ∈ Z

¯B®SÉg¸�­u®S¾�´r¨Oµ /�CE:8/��
	 /�H67�P�
'H�� ?#A�
 ¬PÊP¬JÉg¯B®gÅdªN¯2°dª x♦y, ªg¨G©d°

‖x+ y‖ = ‖x− y‖ = ‖x‖+ ‖y‖.

� ©dµq³d¬g«BÀ;¯d¬`½�ªg¨N´P­u®
S
³2±d¬P¨N´P±B®S¯d¨N´P­u®

Z
³d¬S©B¬`½e°dÀ

S♦ = {x ∈ Z : x♦y (∀ y ∈ S)}

°)¯B®SÉ`¬J­rªgÀ
S♦ /�CE:8/ 	 /�H67�P�
'H�� ?�Q�/�=6/IP6H�9;H6A�9 ? Â

S.

�¸�³2¼4Â�©B¬Pª&³d¬g«BÀ;¯d¬`½�ªg¨N´P­r¬

F
ªG«d°2¯2°2Å2¯d¬J»`¬

Ðe®S±B®
Z1 = {x ∈ Z : ‖x‖ 6 1}

¯B®SÉg¸�­u®JªN´r¨Oµ 	 C�7DH�
�� ºdªg¨G©d°|­PÂ�©d¾�ÅdªN¯2°dª λy + (1− λ)z ∈ F,
»O«Bª

y, z ∈ Z1, λ ∈ (0, 1),
­J©BªNÅdªN´

y, z ∈ F.
��±B®S¯2Ï

F
°2É

Z1
¯B®SÉg¸�­u®JªN´r¨Oµ 2���14:87�24P�9;H6H6/��>=6/�H6/�C�?09 º

ªg¨G©d°
F = Fu = {x ∈ Z1 : u(x) = 1}

«2©dµi¯dªNÂ4¬J´r¬J±d¬J»`¬
u ∈ Z∗ ¨ ‖u‖ = 1.

$"©BªgÀ.ªN¯2´
u ∈ Z∗ ¯B®SÉg¸�­u®JªN´r¨Oµ =DCE/D9��':8A�2�H6/�� 9;Q�A6H6A���9�� º

ªg¨G©d°
‖u‖ = 1

°
u(y) = 0

³2±2°q­r¨gªG¹
y ∈ F♦

u

" ¨gÀ�ÌkÕ×ÖGÙ &GÌ

�¸�¨N´J®S­J©BªN¯2¯B®Sµ~³d¬o¯d¬J±dÀ.ª�»g±B®S¯2Ï

Fu
°2É

Z1
¯B®SÉg¸�­u®JªN´r¨Oµ 14A�?@?09;:@CEA6S�H6/�� 	 C�7DH�
�� º�ªg¨G©d°~¨N¼uÆ

à0ªg¨N´P­P¼rªN´�©d°2¯dªNÈ2¯B®Sµ0°2É`¬PÀ.ªN´P±2°2µ
Su
°2É
Z
¯B®
Z
´J®SÂ�®Sµ�ºSÅ2´r¬

S2
u = I

ºZ°0À;¯d¬`½�ªg¨N´P­r¬ ¯dªN³d¬g«d­P°2½e¯2¸�¹
´r¬JÅdªNÂ0Â4¬J´r¬J±d¬JÈm­�´r¬JÅ2¯d¬P¨N´P°m¨g¬J­P³B®Z«�®JªN´&¨+´r¬J³d¬S©B¬J»g°2Ådªg¨NÂ4¬JÈo³2±uµ2À.¬JÈe¨N¼�À.À.¬JÈ0ÉZ®JÀ;¸�Â�®S¯2°2µ

spanFu©d°2¯dªNÈ2¯d¬JÈÑ¬PÊP¬S©B¬JÅ2Â2°|»g±B®S¯2°
Fu
°)ªgª ¬J±2´r¬J»`¬J¯B®Z©dÏP¯d¬J»`¬m«B¬J³d¬S©d¯dªN¯2°2µ

F �
u .ß%±d¬P¨N´P±B®S¯d¨N´P­r¬

Z
¯B®SÉg¸�­u®JªN´r¨Oµ 1 P67���/ 	 C�7DH�942�/ 14A�?@?09;:@CEA6S�H�� ? =DCE/�14:@C�7DH614:N2�/I? " ��ýWürÆ

=DCE/�14:@C�7DH614:N2�/I? &GºZªg¨G©d°0Â�®S½0«�®Sµ0­P¸�¨N´J®S­J©BªN¯2¯B®Sµe³d¬!¯d¬J±dÀ.ª�»g±B®S¯2Ï%°2É
Z1
¨N°dÀ.À.ªN´P±2°2Å2¯B®�" ¨gÀ�Ì�Õ×ÖGÙ &GÌ

ß%±d¬PªNÂ2´P°2­P¯B®Sµ�ªG«d°2¯2° Ç ® u °2É Z∗ ¯B®SÉg¸�­u®JªN´r¨Oµ 	 9;/I?09;:@CEA6S
9;1��'A�? :@CEA6=6/�:N9;H6:8/I? º�ªg¨G©d°
Fuµ�­J©dµ2ªN´r¨Oµ|¨N°dÀ.À.ªN´P±2°2Å2¯d¬JÈ|»g±B®S¯2ÏP¾Î°

S∗
uu = u

«2©dµq¨N°dÀ.À.ªN´P±2°2°
Su
¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�à0ªNÈ|Â

Fu.��ýWürÆz³2±d¬P¨N´P±B®S¯d¨N´P­r¬
Z
¯B®SÉg¸�­u®JªN´r¨Oµ 14A�P�
'H6/ 	 C�7DH�942�/L14A�?@?09;:@CEA6S�H�� ? =DCE/�14:@C�7DH614:N2�/I?

"�ünýWürÆ =DCE/�14:@C�7DH614:N2�/I? &Gºdªg¨G©d°|«2©dµ)Â�®S½0«B¬JÈÑ­P¸�¨N´J®S­J©BªN¯2¯d¬JÈ~³d¬m¯d¬J±dÀ.ª�»g±B®S¯2°
Fu
°2É

Z1
°|Â�®S½0Æ

«B¬J»`¬
v ∈ Z∗ � ‖v‖ = 1

°
Fu ⊂ Fv

À;¸Ä°dÀ.ªgªgÀ
S∗
uv = v,

»O«Bª
Su 8

¨N°dÀ.À.ªN´P±2°2µ�º�¨g¬P¬J´P­rªN´r¨N´P­P¼4¾!Æ
àe®Sµ

Fu
" ¨gÀ�ÌkÕ×ÖGÙ &GÌ



� ���6� ��
 �����
������� �;��� �5�R�	
<�����6�6�������;����� ����
���������
 �����
	���
 �R�	
<� ����� áPÜ

����������� *�,;�%Ég­rªg¨N´P¯d¬ÁÕ ÜZÙfº�Å2´r¬Ñ»g°�©dÏrÊPªN±2´r¬J­r¬}³2±d¬P¨N´P±B®S¯d¨N´P­r¬
H
µ�­J©dµ2ªN´r¨OµùünýWürÆz³2±d¬P¨N´P±B®S¯�Æ

¨N´P­r¬PÀ�Ì�
�¨Oµ�Â2°2È~ÒN©BªgÀ.ªN¯2´
u ∈ H

¨�¯d¬J±dÀ.¬JÈ
‖u‖ = 1

µ�­J©dµ2ªN´r¨Oµ}»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dÀÃ´P±2°2³d¬J´rªN¯2´r¬PÀ
°
Fu = {u}.

$%±d¬PÀ.ª%´r¬J»`¬2º2¨N°dÀ.À.ªN´P±2°2µ
Su,

¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�àe®Sµq»g±B®S¯2°
Fu
º�¬J³2±dªG«BªG©dµ2ªN´r¨Oµ|¨G©BªG«d¼uÆ

¾�à�°dÀÁ¬PÊJ±B®SÉ`¬PÀ'4

Su(λu+ x) = λu− x, λu+ x ∈ span {u} ⊕ u⊥ = H.

9�®S¯B®Z¹u¬J­r¬�³2±d¬P¨N´P±B®S¯d¨N´P­r¬
A
¯B®Z«<³d¬S©BªgÀi«BªNÈd¨N´P­P°2´rªG©dÏP¯2¸�¹oÅ2°d¨gªG©

R
¯B®SÉg¸�­u®JªN´r¨Oµ �6/�CEQ�7DH6/D2�/��

�I7DH67���/D2�/�� 7�P 	 9���CE/�� " %'& Æ 7�P 	 9���CE/�� &Gºuªg¨G©d°m­ A ­P­rªG«BªN¯B®�¬J³dªN±B® Ç °2µm¼�À;¯d¬`½�ªN¯2°2µ x◦y (x, y ∈ A),¼Z«B¬J­J©BªN´P­r¬J±uµ�¾�àe®Sµ)¼r¨G©B¬J­P°2µ2À " ¨gÀ�ÌkÕ )ZÙ & 4
Ö6&
x ◦ y = y ◦ x

«2©dµ,©d¾%ÊJ¸�¹
x, y ∈ A;Ø7&

(x+ y) ◦ z = x ◦ z + y ◦ z
«2©dµ<©d¾%ÊJ¸�¹

x, y ∈ A;Ü7&
λ(x ◦ y) = (λx) ◦ y

«2©dµ<©d¾%ÊJ¸�¹
λ ∈ R

°
x, y ∈ A;?
&

x2 ◦ (y ◦ x) = (x2 ◦ y) ◦ x
«2©dµ,©d¾%ÊJ¸�¹

x, y ∈ A;Þ7&
‖x2‖ = ‖x‖2

«2©dµ,©d¾%ÊJ¸�¹
x ∈ A;á7&

‖x2‖ 6 ‖x2 + y2‖
«2©dµ<©d¾%ÊJ¸�¹

x, y ∈ A.%'& ÆI®Z©d»`ªgÊJ±B®
A
¯B®SÉg¸�­u®JªN´r¨Oµ %'& �ÓÆ 7�P 	 9���CE/�� º9ªg¨G©d°�¬J¯B®)¬PÊS©�®Z«�®JªN´}³2±dªG«B¨g¬J³2±uµ�½�ªN¯2¯2¸�À�³2±d¬SÆ

¨N´P±B®S¯d¨N´P­r¬PÀ�º2´SÌ�ªPÌ�¨N¼4à0ªg¨N´P­P¼rªN´e´J®SÂ4¬Pª%¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬Pª&³2±d¬P¨N´P±B®S¯d¨N´P­r¬
A∗,

Å2´r¬
(A∗)

∗ = A.
$"©BªGÆ

À.ªN¯2´P¸
x, y ∈ A

¯B®SÉg¸�­u®S¾�´r¨Oµ 14/D24?09;14:8H�� ?#A
(x ↔ y),

ªg¨G©d°
x ◦ (x ◦ y) = x2 ◦ y.

� ¯d¬`½�ªg¨N´P­r¬
Z(A) = {x ∈ A : x↔ y, ∀ y ∈ A}

¯B®SÉg¸�­u®JªN´r¨Oµ ��9;H6:@CE/I?
A
Ì2�"¨G©d°

Z(A) = {λ1, λ ∈ R},
´r¬

A¯B®SÉg¸�­u®JªN´r¨Oµ %'& �ÓÆfÔ�®SÂ2´r¬J±d¬PÀ�Ì2ß%±d¬PªNÂ2´r¬J±2¸
e
°
f
°2É %'& �ÓÆI®Z©d»`ªgÊJ±2¸

A
¯B®SÉg¸�­u®S¾�´r¨Oµ 1�243���7DH6H�� �

?#ABS
9 C�9��N14A�?@?09;:@CEA�� º�ªg¨G©d°|¨N¼4à0ªg¨N´P­P¼rªN´m´J®SÂ�®Sµ|¨N°dÀ.À.ªN´P±2°2µ
s,
Å2´r¬

ses = f.%'& �ÓÆI®Z©d»`ªgÊJ±B®
A
°dÀ.ªgªN´

Ö6&�´P°2³
I,
ªg¨G©d°)­m¯dªNÈ|¨N¼4à0ªg¨N´P­P¼rªN´m´r¬JÅ2¯2¸�ÈÑ®JÊPªG©BªN­m³2±d¬PªNÂ2´r¬J± �

Ø7&.´P°2³
II,
ªg¨G©d°,¬J¯B®�¨g¬g«BªN±u½e°2´e´r¬JÅ2¯2¸�ÈqÀ.¬g«d¼Z©dµ�±2¯2¸�Èq³2±d¬PªNÂ2´r¬J±,°o¯dª�¨g¬g«BªN±u½e°2´e¯dªN¯2¼Z©BªN­P¸�¹

®JÊPªG©BªN­P¸�¹q³2±d¬PªNÂ2´r¬J±d¬J­ �
Ü7&�´P°2³

III,
ªg¨G©d°|¬J¯B®0¯dª ¨g¬g«BªN±u½e°2´<¯dªN¯2¼Z©BªN­P¸�¹)À.¬g«d¼Z©dµ�±2¯2¸�¹)³2±d¬PªNÂ2´r¬J±d¬J­dÌ

ß%¼r¨N´PÏ
H 8

­rªNà0ªg¨N´P­rªN¯2¯d¬Pª~»g°�©dÏrÊPªN±2´r¬J­r¬Á³2±d¬P¨N´P±B®S¯d¨N´P­r¬Ó¨g¬�¨NÂ�®Z©dµ�±2¯2¸�À	³2±d¬J°2Ég­rªG«BªN¯2°dªgÀ
〈x, y〉

º
x, y ∈ H.

�;®J¨g¨gÀ.¬J´P±2°dÀi«BªNÂ�®S±2´r¬J­r¬&³2±d¬J°2Ég­rªG«BªN¯2°dª
A = R×H = {(α, x) : α ∈ R, x ∈ H}°)¬J³2±dªG«BªG©d°dÀ�­

A
³2±d¬J°2Ég­rªG«BªN¯2°dª

(α, x) ◦ (β, y) = (αβ + 〈x, y〉, αy + βx),

»O«Bª
α, β ∈ R

º
x, y ∈ H.

� ¬J±dÀ;¼,­
A
¬J³2±dªG«BªG©d°dÀ�³d¬mÔ&¬J±dÀ;¼Z©Bª

‖(α, x)‖ = |α|+ ‖x‖2, α ∈ R, x ∈ H.


�Òg´P°dÀ ³2±d¬J°2Ég­rªG«BªN¯2°dªgÀ�°�¯d¬J±dÀ.¬JÈÃ®Z©d»`ªgÊJ±B®
A
µ�­J©dµ2ªN´r¨Oµ %'& �ÓÆfÔ�®SÂ2´r¬J±d¬PÀ ¨|ªG«d°2¯2° Ç ªNÈ 1 =

(1, 0)
ºdÂ4¬J´r¬J±2¸�È|¯B®SÉg¸�­u®JªN´r¨Oµ 14=6A6H�� F 7��':8/�CE/I? " ¨gÀ�ÌkÕ )ZÙ &GÌ
Í�®JÀ.ªN´P°dÀ�º�Å2´r¬

(R ×H, ‖ · ‖)∗ = (R ×H, ‖ · ‖∞)
º�»O«Bª

‖(β, y)‖∞ = max{|β|, ‖y‖2}.
� ­r¬JÈ�Æ

¨N´P­rªN¯2¯d¬P¨N´PÏ<À.ªN½0«d¼
A
°)ªN»`¬m¨g¬J³2±uµ�½�ªN¯2¯2¸�À

A∗ ÉZ®Z«�®JªN´r¨Oµ|Ô&¬J±dÀ;¼Z©B¬JÈ

〈(α, x), (β, y)〉 = αβ + 〈x, y〉.

�!´rÀ.ªN´P°dÀ�º�Å2´r¬o­<±B®JÊP¬J´rª,Õ �ZÙ.°2Ég¼4ÅdªN¯2¸Î»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dªe¨N­r¬JÈd¨N´P­u®<Â4¬J¯2¼r¨`®o³d¬S©B¬`½e°2´rªG©dÏP¯2¸�¹
ÒN©BªgÀ.ªN¯2´r¬J­%­%®JÊP¨N´P±B®SÂ2´P¯d¬PÀ~¨N³2°2¯�ÆfÔ�®SÂ2´r¬J±dªPÌ � ¨N´J®S¯d¬J­J©BªN¯B®�±B®S­P¯d¬P¨N°�©dÏP¯d¬P¨N´PÏ�®Z©d»`ªgÊJ±B®S°2Ådªg¨NÂ4¬JÈo¬J±�Æ´r¬J»`¬J¯B®Z©dÏP¯d¬P¨N´P°Ñ°)¬J±2´r¬J»`¬J¯B®Z©dÏP¯d¬P¨N´P°Ñ³d¬m��¬PÊPªN±2¼rÌ
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��¨N¯d¬J­P¯2¸�À�±dªNÉg¼Z©dÏZ´J®S´r¬PÀÓ±B®JÊP¬J´P¸ µ�­J©dµ2ªN´r¨Oµ)¨G©BªG«d¼4¾�àe®Sµ
� ¥u@B>�¥ ��/ ¤ ( � � ��
��

A∗ �
�3�����������3�����!�����	�<� �3���<��
 �5�6�	��
���� � ���
	���
 �R�	
<� � �

A.
����� �5�

� �	��� �	��� �	� � � �	���<�����I���<���
� �	���	
���
��

1) A∗
����������
<� ���	�
���@�3���<��
 �5�6�	��
����6�

;

2) A = R
�����

A �
������� ��
 �R�	
<� � 


C
� ¬JÂ�®SÉZ®S´rªG©dÏr¨N´P­r¬<´rªg¬J±dªgÀ;¸Ä­P¸�´rªNÂ�®JªN´<°2É ¯2°2½�ªg¨G©BªG«d¼4¾�à�°�¹q©BªgÀ.ÀÄÖLÝ�Ü�Ì

B
� ¥ ����/ ¤ (�� � ��
��

A �
������� ��
 �R�	
<� � 
 ����� �5� ���6�%�E
'�;�����6� ��
 �����
��������� 
 �����	�<
<���	


u ∈ A� � ����
!� �����;�6� � �	��� �	��� ��� �<�3�������
®7&
u = (±1, 0);Ê3&
u = (0, a),

� ���
‖a‖2 = 1;­
&

u =
(
±1

2 , a
)
,
� ���

‖a‖2 =
1
2 .

C
ß%¼r¨N´PÏ

A 8
¨N³2°2¯�ÆfÔ�®SÂ2´r¬J±�°

u ∈ A,
»O«Bª

u = (α, a), ‖u‖ = 1.
��®SÂ�Â�®SÂ

‖u‖ = 1,
´r¬

«B¬P¨N´J®S´r¬JÅ2¯d¬o±B®J¨g¨gÀ.¬J´P±dªN´PÏ<¨G©BªG«d¼4¾�à�°dª ­r¬JÉ`À.¬`½e¯2¸�ª&´P±2°|¨G©d¼4ÅB®Sµ 4

"©d¼4ÅB®SÈÁÖPÌ��"¨G©d°

|α| = 1,
´r¬

u = (±1, 0).
ß%¼r¨N´PÏ

u = (1, 0)
°
〈u, (β, y)〉 = 1,

»O«Bª
(β, y) ∈

A∗1.
�9¬J»O«�®

1 = 〈(1, 0), (β, y)〉 = β.
�!´r¨N¾�«�®,­P¸�´rªNÂ�®JªN´SºkÅ2´r¬,­P¸�¨N´J®S­J©BªN¯2¯B®Sµi³d¬,¯d¬J±dÀ.ª0»g±B®S¯2Ï

Fu
ªG«d°2¯2°2Å2¯d¬J»`¬)Ðe®S±B®

A∗1,
¨g¬P¬J´P­rªN´JÆ

¨N´P­P¼4¾�àe®Sµ
u,
°dÀ.ªgªN´m­P°�«

Fu = {(1, y) : y ∈ H, ‖y‖2 6 1}.
��®SÂ2°dÀ ¬PÊJ±B®SÉ`¬PÀ�º

spanFu = A
°
F �
u = {0}.

ß ¬JÒg´r¬PÀ;¼
〈u, F �

u 〉 = 0,
°
u
µ�­J©dµ2ªN´r¨Oµi³2±d¬PªNÂ2´P°2­JÆ

¯d¬JÈ}ªG«d°2¯2° Ç ªNÈkÌ���®SÂÑÂ�®SÂ spanFu = A,
´r¬<¬J´r¬PÊJ±B®S½�ªN¯2°dª

Su = I
µ�­J©dµ2ªN´r¨Oµ|°2É`¬PÀ.ªN´P±2°dªNÈ}¯B®

A∗¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�à0ªNÈË­P¸�¨N´J®S­J©BªN¯2¯d¬JÈË³d¬,¯d¬J±dÀ.ªe»g±B®S¯2°
Fu.


"©BªG«B¬J­u®S´rªG©dÏP¯d¬2º
S∗
u(u) = u.

Í�¯B®gÅ2°2´Sº
³2±d¬PªNÂ2´P°2­P¯B®SµqªG«d°2¯2° Ç ® u µ�­J©dµ2ªN´r¨Oµ,»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dÀÁ´P±2°2³d¬J´rªN¯2´r¬PÀ�Ìdß%±2° u = (−1, 0)

±B®J¨g¨N¼4½0Æ
«BªN¯2°2µ|®S¯B®Z©B¬J»g°2Å2¯2¸&Ì


"©d¼4ÅB®SÈÑØ�Ìd�"¨G©d°
‖a‖2 = 1,

´r¬
u = (0, a).

ß%¼r¨N´PÏ
〈u, (β, y)〉 = 1,

»O«Bª
(β, y) ∈ A∗1.

�9¬J»O«�®

1 = 〈(0, a), (β, y)〉 = 〈a, y〉.

ß ¬JÒg´r¬PÀ;¼
y = a

°|­P¸�¨N´J®S­J©BªN¯2¯B®Sµ}³d¬o¯d¬J±dÀ.ª�»g±B®S¯2Ï
Fu
ªG«d°2¯2°2Å2¯d¬J»`¬<Ðe®S±B®

A∗1,
¨g¬P¬J´P­rªN´r¨N´P­P¼4¾!Æ

àe®Sµ
u,
°dÀ.ªgªN´m­P°�«

Fu = {(β, a) : |β| 6 1}.
�!´r¨N¾�«�®

spanFu = span {(±1, a)}.
ß%¼r¨N´PÏ

(γ, z) ∈ F �
u .
�9¬J»O«�®�³d¬�¬J³2±dªG«BªG©BªN¯2°2°)¬J±2´r¬J»`¬J¯B®Z©dÏP¯d¬SÆ

¨N´P°)³d¬S©d¼4Å2°dÀ

max{|β + γ|, ‖a+ z‖2} = max{|β − γ|, ‖a − z‖2} = 1 +max{|γ|, ‖z‖2}.

� ªN³d¬P¨N±dªG«B¨N´P­rªN¯2¯2¸�ªÓ­P¸�Å2°d¨G©BªN¯2°2µ�³d¬JÂ�®SÉg¸�­u®S¾�´Sº&Å2´r¬
γ = 0

°
z = 0.

$+´r¬Ã¬JÉg¯B®gÅB®JªN´Sº&Å2´r¬
F �
u = {0}.

ß ¬JÒg´r¬PÀ;¼
〈u, F �

u 〉 = 0,
°
u
µ�­J©dµ2ªN´r¨Oµ�³2±d¬PªNÂ2´P°2­P¯d¬JÈ ªG«d°2¯2° Ç ªNÈkÌ��!³2±dªG«BªG©d°dÀ ­ A¬J´r¬PÊJ±B®S½�ªN¯2°dª

S∗
u

¨G©BªG«d¼4¾�à�°dÀ�¬PÊJ±B®SÉ`¬PÀ'4

S∗
u(β, y) = (β, S∗

ay),

»O«Bª
S∗
a 8

¨N°dÀ.À.ªN´P±2°2µo­�»g°�©dÏrÊPªN±2´r¬J­r¬PÀ�³2±d¬P¨N´P±B®S¯d¨N´P­rª
H,
¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�àe®Sµ

a
" ¨gÀ�Ìr³2±2°dÀ.ªN±}Ö6&GÌ

�9¬J»O«�®�°2É!«d­r¬JÈd¨N´P­rªN¯2¯d¬P¨N´P°q¨G©BªG«d¼rªN´Sº4Å2´r¬
Su
ºu¨g¬J³2±uµ�½�ªN¯2¯d¬Pª%Â

S∗
u

ºrµ�­J©dµ2ªN´r¨Oµo°2É`¬PÀ.ªN´P±2°dªNÈ,¯B®
A∗,



� ���6� ��
 �����
������� �;��� �5�R�	
<�����6�6�������;����� ����
���������
 �����
	���
 �R�	
<� ����� áPÞ

¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�àe®Sµ)­P¸�¨N´J®S­J©BªN¯2¯d¬JÈÑ³d¬e¯d¬J±dÀ.ª&»g±B®S¯2°
Fu
´J®SÂ4¬JÈkºBÅ2´r¬

S2
u = I,

³2±2°|Òg´r¬PÀ�ºdÀ;¯d¬`½�ªGÆ
¨N´P­r¬e­r¨gªG¹,¯dªN³d¬g«d­P°2½e¯2¸�¹|´r¬JÅdªNÂq«2©dµ

Su
¨g¬J­P³B®Z«�®JªN´<¨

spanFu ⊕ F �
u .
��®SÂ)Â�®SÂ

S∗
u(u) = S∗

u(α, a) = (α, S∗
aa) = (α, a) = u,

´r¬0³2±d¬PªNÂ2´P°2­P¯B®SµÑªG«d°2¯2° Ç ® u µ�­J©dµ2ªN´r¨Oµ)»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dÀÓ´P±2°2³d¬J´rªN¯2´r¬PÀ�Ì
"©d¼4ÅB®SÈÑÜ�Ì2ß%¼r¨N´PÏ
|α| 6= 1, ‖a‖2 6= 1

°
〈u, (β, y)〉 = 1,

»O«Bª
(β, y) ∈ A∗1.

�9¬J»O«�®

1 = αβ + 〈a, y〉 6 |α||β| + |〈a, y〉| 6 |α||β| + ‖a‖2‖y‖2 6 |α|+ ‖a‖2 = 1.

�!´r¨N¾�«�®
‖y‖2 = |β| = 1.

ß%¼r¨N´PÏ
β = 1.

�9¬J»O«�®e­P¸�¨N´J®S­J©BªN¯2¯B®Sµ|³d¬e¯d¬J±dÀ.ª »g±B®S¯2Ï
Fu
°dÀ.ªgªN´o­P°�«

Fu = {(1, y) : ‖y‖2 = 1}.

�"¨G©d°
(γ, z) ∈ F �

u ,
´r¬0³d¬m¬J³2±dªG«BªG©BªN¯2°2¾ ¬J±2´r¬J»`¬J¯B®Z©dÏP¯d¬P¨N´P°Ñ°dÀ.ªgªgÀ

max{|1 + γ|, ‖y + z‖2} = max{|1− γ|, ‖y − z‖2} = 1 +max{|γ|, ‖z‖2}.

� ªN´P±2¼Z«d¯d¬e­P°�«BªN´PÏdºdÅ2´r¬
z = −γy.

$+´r¬m¬JÉg¯B®gÅB®JªN´SºBÅ2´r¬

F �
u = {(γ, z) : z = −γy}.

ß ¬JÂ�®S½�ªgÀ�ºBÅ2´r¬
〈u, F �

u 〉 = 0
´r¬J»O«�®e°q´r¬S©dÏPÂ4¬m´r¬J»O«�®�ºdÂ4¬J»O«�®

α = 1
2 , ‖a‖2 = 1

2 .� ªNÈd¨N´P­P°2´rªG©dÏP¯d¬2º�°2Éo±B®S­rªN¯d¨N´P­u®
αγ − γ〈a, y〉 = 0

­P¸�´rªNÂ�®JªN´Sº�Å2´r¬
α = 〈a, y〉.

ß ¬JÒg´r¬PÀ;¼i°2É
α+ 〈a, y〉 = 1

°dÀ.ªgªgÀ
α = 1

2 .
Ä«d±2¼4»`¬JÈË¨N´r¬J±d¬J¯2¸&º
|α| + ‖a‖2 = 1,

°i³d¬JÒg´r¬PÀ;¼
‖a‖2 = 1

2 .
Í�¯B®gÅ2°2´Sº9ÒN©BªgÀ.ªN¯2´

u =
(
1
2 , a
)
,

‖a‖2 = 1
2

º�µ�­J©dµ2ªN´r¨Oµq³2±d¬PªNÂ2´P°2­P¯d¬JÈ}ªG«d°2¯2° Ç ªNÈkÌ
�%É&±B®S­rªN¯d¨N´P­

〈2a− y, 2a− y〉 = 4(‖a‖2)
2 − 4〈a, y〉+ (‖y‖2)

2 = 4 ·
1

4
− 4 ·

1

2
+ 1 = 0

­P¸�´rªNÂ�®JªN´SºBÅ2´r¬
y = 2a.

ß ¬JÒg´r¬PÀ;¼

Fu =

{
(1, 2a) : ‖a‖2 =

1

2

}
.


"©BªG«B¬J­u®S´rªG©dÏP¯d¬2º
spanFu = span{(1, 2a)}

°
F �
u =

{
(γ,−2γa) : ‖a‖2 = 1

2

}
.�9ªN³dªN±2Ïdº�¬J³2±dªG«BªG©d°2­)¯B®

A
¬J´r¬PÊJ±B®S½�ªN¯2°dª

S∗
u,
Â�®SÂ}°}­q¨G©d¼4ÅB®JªeØ�º�³d¬S©d¼4Å2°dÀ�º�Å2´r¬

S∗
u(u) = u.$+´r¬m¬JÉg¯B®gÅB®JªN´SºdÅ2´r¬e³2±d¬PªNÂ2´P°2­P¯B®Sµ|ªG«d°2¯2° Ç ® u µ�­J©dµ2ªN´r¨Oµ)»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dÀÓ´P±2°2³d¬J´rªN¯2´r¬PÀ�Ì�!¯B®Z©B¬J»g°2Å2¯d¬�±B®J¨g¨N¼4½0«�®SµÛ³2±2°

β = −1
°dÀ.ªgªgÀ�º+Å2´r¬

u =
(
−1

2 , a
)
, ‖a‖2 = 1

2

º+µ�­J©dµ2ªN´r¨Oµ
»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dÀÓ´P±2°2³d¬J´rªN¯2´r¬PÀ�Ì

B
� ¥ ����/ * (�� � ���

A �
������� ��
 �R�	
<� �$
�
<�

A∗
����������
<� ���	�
���@�3���<��
 �5�6�	��
����6� 


C
�%É�«B¬JÂ�®SÉZ®S´rªG©dÏr¨N´P­u®,©BªgÀ.À;¸²Ö�­P¸�´rªNÂ�®JªN´Sº�Å2´r¬o«2©dµÑ­r¨Oµ�Â4¬J»`¬

Fu
°2É

A∗1
¨N¼4à0ªg¨N´P­P¼rªN´q°2É`¬SÆ

À.ªN´P±2°2µ
Su
´J®SÂ�®Sµ�º�Å2´r¬

S2
u = I,

°~À;¯d¬`½�ªg¨N´P­r¬q­r¨gªG¹|¯dªN³d¬g«d­P°2½e¯2¸�¹~´r¬JÅdªNÂ}Â4¬J´r¬J±d¬JÈË¨g¬J­P³B®Z«�®JªN´
¨
spanFu ⊕ F �

u .
ß ¬JÒg´r¬PÀ;¼

A∗
µ�­J©dµ2ªN´r¨Oµ���ýWürÆz³2±d¬P¨N´P±B®S¯d¨N´P­r¬PÀ�Ì�$%±d¬PÀ.ªe´r¬J»`¬2º�´J®SÂiÂ�®SÂi­r¨Oµ�Â�®Sµ

³2±d¬PªNÂ2´P°2­P¯B®SµqªG«d°2¯2° Ç ® u ∈ A
µ�­J©dµ2ªN´r¨Oµ<»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2°dÀ�´P±2°2³d¬J´rªN¯2´r¬PÀ�º�´r¬�­0¨N°�©d¼m´rªg¬J±dªgÀ;¸�Ö

°2ÉmÕ×Ö��ZÙ�¨G©BªG«d¼rªN´SºdÅ2´r¬ ��ýWürÆz³2±d¬P¨N´P±B®S¯d¨N´P­r¬
A∗

µ�­J©dµ2ªN´r¨Oµ|ünýWürÆz³2±d¬P¨N´P±B®S¯d¨N´P­r¬PÀ�Ì
B

� ¥ ����/ � (�� � ���
A �

���
	���
 �R�	
<� � 
������
In (n > 3)

�����
II

�����
III,


<�
A∗

�	� ����������
<� �
	��
���@�3���<��
 �5�6�	��
����6� 


C
�"¨G©d°

A 8
%'& �ÓÆfÔ�®SÂ2´r¬J±,´P°2³B®

In (n > 3),
´r¬�³d¬0¬J³2±dªG«BªG©BªN¯2°2¾Î¨N¼4à0ªg¨N´P­P¼4¾�´0¯dªN¯2¼Z©BªN­P¸�ª

¨N­Pµ�ÉZ®S¯2¯2¸�ª&ÅdªN±dªNÉ�¨N°dÀ.À.ªN´P±2°2°|­PÉZ®S°dÀ;¯d¬m¬J±2´r¬J»`¬J¯B®Z©dÏP¯2¸�ª�³2±d¬PªNÂ2´r¬J¸
e1, e2, e3 ∈ A.
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�"¨G©d°
A 8

%'& �ÓÆfÔ�®SÂ2´r¬J±Á´P°2³B®
II
°�©d°

III,
´r¬Ñ­~¨N°�©d¼ÛÕ )�º�»O©9ÌFûGº9³2±dªG«2©B¬`½�ªN¯2°dªÑØ�Ì×Ö��ZÙ�´J®SÂ�Æ

½�ª!¨N¼4à0ªg¨N´P­P¼4¾�´&¯dªN¯2¼Z©BªN­P¸�ª�¨N­Pµ�ÉZ®S¯2¯2¸�ª�ÅdªN±dªNÉ�¨N°dÀ.À.ªN´P±2°2°<­PÉZ®S°dÀ;¯d¬�¬J±2´r¬J»`¬J¯B®Z©dÏP¯2¸�ª�³2±d¬PªNÂ2´r¬J±
e1, e2, e3 ∈ A.

ß ¬S©B¬`½e°dÀ
u = e1 + e2 − e3

°
e4 =

¤
− e1 − e2 − e3.

ß%¼r¨N´PÏ
A =

4⊕
i,j=1

eiAej 8
±B®SÉN©B¬`½�ªN¯2°dª

ß%°2±d¨`®m®Z©d»`ªgÊJ±2¸
A.� ¬P¨N´J®S´r¬JÅ2¯d¬o±B®J¨g¨gÀ.¬J´P±dªN´PÏm«d­u®0­r¬JÉ`À.¬`½e¯2¸�¹|¨G©d¼4ÅB®Sµ 4


"©d¼4ÅB®SÈ ÖPÌ�ß%¼r¨N´PÏ
e4 = 0.

�9¬J»O«�®
S∗
u 8

¨g¬J³2±uµ�½�ªN¯2¯d¬PªËÂÄ¨N°dÀ.À.ªN´P±2°2°
Su

«BªNÈd¨N´P­P¼rªN´�¯B®
3⊕

i,j=1
eiAej

³d¬e³2±B®S­P°�©d¼

S∗
u :




x11 x12 x13
x21 x22 x23
x31 x32 x33


 7−→




x11 −x12 −x13
−x21 x22 −x23
−x31 −x32 x33


 .


"©d¼4ÅB®SÈÑØ�Ìdß%¼r¨N´PÏ
e4 6= 0.

�9¬J»O«�®
S∗
u

«BªNÈd¨N´P­P¼rªN´o¯B® 4⊕
i,j=1

eiAej
³d¬e³2±B®S­P°�©d¼

S∗
u :




x11 x12 x13 x14
x21 x22 x23 x24
x31 x32 x33 x34
x41 x42 x43 x44


 7−→




x11 −x12 −x13 −x14
−x21 x22 −x23 −x24
−x31 −x32 x33 −x34
−x41 −x42 −x43 x44


 .


�¬JÉgÏrÀ.ªgÀ�ÒN©BªgÀ.ªN¯2´

x =




1 1 1 0
1 1 1 0
1 1 1 0
0 0 0 0


 ∈

4⊕

i,j=1

eiAej ,

³2±2°
e4 = 0,

³d¬P¨G©BªG«d¯2°dª�¨N´P±d¬JÂ�®e°)¨N´r¬S©BÊPª Ç ¬J´r¨N¼r¨N´P­P¼4¾�´SÌB�9¬J»O«�®

S∗
u(x) =




1 −1 −1 0
−1 1 −1 0
−1 −1 1 0
0 0 0 0


 .

� ªN³d¬P¨N±dªG«B¨N´P­rªN¯2¯2¸�ªq­P¸�Å2°d¨G©BªN¯2°2µ�³d¬JÂ�®SÉg¸�­u®S¾�´Sº;Å2´r¬
‖x‖ = 3

°
‖S∗

u(x)‖ = 2.
$+´r¬Ñ¬JÉg¯B®gÅB®JªN´Sº

Å2´r¬
S∗
u

¯dªmµ�­J©dµ2ªN´r¨OµË°2É`¬PÀ.ªN´P±2°dªNÈ�¯B®
A.

"©BªG«B¬J­u®S´rªG©dÏP¯d¬2º

Su
´J®SÂ2½�ª<¯dªmµ�­J©dµ2ªN´r¨OµË°2É`¬PÀ.ªN´P±2°�Æ

ªNÈkÌ�Í�¯B®gÅ2°2´Sº�­P¸�¨N´J®S­J©BªN¯2¯B®SµÛ³d¬i¯d¬J±dÀ.ª)»g±B®S¯2Ï
Fu

¯dª)µ�­J©dµ2ªN´r¨OµÛ¨N°dÀ.À.ªN´P±2°2Å2¯d¬JÈkÌ�ß ¬JÒg´r¬PÀ;¼
A∗¯dª µ�­J©dµ2ªN´r¨Oµ���ýWürÆz³2±d¬P¨N´P±B®S¯d¨N´P­r¬PÀ�Ì

B
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�¨gª}­rªNÂ2´r¬J±2¯2¸�ª}±dªNÐ0ªN´PÂ2°Ã³2±dªG«d³d¬S©�®S»N®S¾�´r¨OµÃ«BªNÈd¨N´P­P°2´rªG©dÏP¯2¸�À;°kÌ%Í�¯B®SÂ

:=
¬PÊP¬JÉg¯B®gÅB®JªN´��Z±B®S­JÆ

¯2µ2ªN´r¨Oµ�³d¬}¬J³2±dªG«BªG©BªN¯2°2¾��Sº+®
N
°
R 8

À;¯d¬`½�ªg¨N´P­u®}¯B®S´P¼4±B®Z©dÏP¯2¸�¹�°�«BªNÈd¨N´P­P°2´rªG©dÏP¯2¸�¹ÁÅ2°d¨gªG©
¨g¬P¬J´P­rªN´r¨N´P­rªN¯2¯d¬2Ì
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R"RS��VJWZRSQJEOx"MIHSRJc��LyfVJEGFIKNcZ{"MIHSHJELp+VPDLbdcZYGR.VJWSEN��MXFXFXEGWJDkC�sY��sY�"DLWJDOVJMXYLc`HSnPD s DOVJWSMIQS];�L�`�O��[Is y
}�EGFXYNELKGj HPDOj×�+ELHS^�tfs
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	 2�7���A6H6/�C�?#ADCE/D2�7DH6H�� ? =DCE/�14:@C�7DH614:N2�/I? ³2±2°2¯2µ�´r¬Î¯B®SÉg¸�­u®S´PÏ ³B®S±2¼
(X, ‖ · ‖)

º2»O«Bª
X 8

­rªNà0ªg¨N´P­rªN¯2¯d¬Pª&°�©d°|Â4¬PÀ;³�©BªNÂ4¨N¯d¬Pª�­rªNÂ2´r¬J±2¯d¬Pª&³2±d¬P¨N´P±B®S¯d¨N´P­r¬<°
‖ · ‖ 8

Â2­u®ZÆ
Ég°2¯d¬J±dÀ"®�ºd´SÌdªPÌ2Ô ¼4¯2Â Ç °2µ,°2É X ­

R
º4«2©dµqÂ4¬J´r¬J±d¬JÈ|­P¸�³d¬S©d¯2µ�¾�´r¨Oµ)¼r¨G©B¬J­P°2µ 4

(1) ‖x‖ > 0
«2©dµq­r¨gªG¹

x ∈ X
°
‖x‖ = 0

´r¬J»O«�®0°)´r¬S©dÏPÂ4¬e´r¬J»O«�®�ºdÂ4¬J»O«�®
x = 0

�

(2) ‖λx‖ = |λ|‖x‖
«2©dµ,­r¨gªG¹

x ∈ X
°
λ ∈ R

�

(3)
¨N¼4à0ªg¨N´P­P¼rªN´

1 6 C ∈ R
´J®SÂ4¬PªPºdÅ2´r¬

‖x+ y‖ 6 C(‖x‖+ ‖y‖)
«2©dµ,­r¨gªG¹

x, y ∈ X
Ì

�"¨G©d°kºd¨N­rªN±r¹q´r¬J»`¬2º2«2©dµ,¯dªNÂ4¬J´r¬J±d¬J»`¬
0 < p 6 1

­P¸�³d¬S©d¯2µ2ªN´r¨Oµ)¯dªN±B®S­rªN¯d¨N´P­r¬
(4) ‖x+ y‖p 6 ‖x‖p + ‖y‖p

«2©dµq­r¨gªG¹
x, y ∈ X

º
´r¬

‖ · ‖
¯B®SÉg¸�­u®S¾�´

p
Æ H6/�C�?#/�� º2®

(X, ‖ · ‖) 8 p
Æ H6/�C�?#ADCE/D2�7DH6H�� ? =DCE/�14:@C�7DH614:N2�/I? Ì

� ®S°dÀ.ªN¯2ÏPÐe®Sµ<Â4¬J¯d¨N´J®S¯2´J®
C
­
(3)

¯B®SÉg¸�­u®JªN´r¨Oµ � 2�7���A6:@C�9;O 	 /IP�
'H6/�� �'/�H614:87DH6:8/�� ºP°�©d° � 2�7��
��A6:@C�9;O 	 /IP�
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��� ��� % ��� ��� � � -�,��4¬J­r¬J±uµ�´Sº�Å2´r¬i«d­rª)Â2­u®SÉg°2¯d¬J±dÀ;¸
‖ · ‖1

°
‖ · ‖2 �

� 2�A�2�7�P�9;H6:8H�� º+ªg¨G©d°
¨N¼4à0ªg¨N´P­P¼rªN´mÂ4¬J¯d¨N´J®S¯2´J®

A > 1
´J®SÂ�®Sµ�ºdÅ2´r¬

A−1‖x‖1 6 ‖x‖2 6 A‖x‖1
«2©dµq­r¨gªG¹

x ∈ X
Ì

�%É%Ô ¼4¯�«�®JÀ.ªN¯2´J®Z©dÏP¯d¬JÈq´rªg¬J±dªgÀ;¸Ã��¬JÂ2°
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‖ · ‖ÒgÂ2­P°2­u®Z©BªN¯2´P¯B®
p
Æz¯d¬J±dÀ.ª

‖ · ‖
«2©dµ|¯dªNÂ4¬J´r¬J±d¬J»`¬

0 < p 6 1
" ¨gÀ�Ì � ®Z©d°2»g±B®S¯�«�®ÑÕ Ü���ºB´rªg¬J±dªgÀ"®ÑÖPÌ ØZÙfº

ß%°2Å�Õ )2º�á�Ì Ø�Ì ÞZÙ &GÌ�$%­u®SÉg°2¯d¬J±dÀ"®
‖ · ‖

°2¯�«d¼ Ç °2±2¼rªN´�À.ªN´P±2°2Ådªg¨NÂ2¼4¾¶´r¬J³d¬S©B¬J»g°2¾ ¯B®
X
��À.ªN´P±2°2Â2¼

À.¬`½e¯d¬q¬J³2±dªG«BªG©d°2´PÏ)Ô&¬J±dÀ;¼Z©B¬JÈ
d(x, y) = ‖x − y‖p

Ì�� À.ªN¯2¯d¬,Òg´J®<´r¬J³d¬S©B¬J»g°2µ}°dÀ.ªgªN´r¨Oµ}­<­P°�«d¼rº
Â4¬J»O«�®e»`¬J­r¬J±uµ�´<¬eÀ.ªN´P±2°2Ådªg¨NÂ4¬JÈ}¨U¹u¬g«d°dÀ.¬P¨N´P°Ñ°�©d°|¨U¹u¬g«d°dÀ.¬P¨N´P°Ñ³d¬eÂ2­u®SÉg°2¯d¬J±dÀ.ªPÌ

��� ��� % ��� ��� � �
� ,�	 2�7���A��I7DH67���/D2�� ? =DCE/�14:@C�7DH614:N2�/I?
(p
Æ H6/�C�?#ADCE/D2�7DH6H�� ? =DCE/�14:@C�7DH��

14:N2�/I?
)
¯B®SÉg¸�­u®S¾�´�À.ªN´P±2°2Ådªg¨NÂ2°<³d¬S©d¯d¬Pª�Â2­u®SÉg°2¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬Pª

(p
Æz¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬Pª

)
³2±d¬P¨N´P±B®S¯�Æ

¨N´P­r¬2Ì
��¨N¯d¬J­P¯2¸�ªe±dªNÉg¼Z©dÏZ´J®S´P¸ ´rªg¬J±2°2°ËÊr®S¯B®Z¹u¬J­P¸�¹}³2±d¬P¨N´P±B®S¯d¨N´P­)´J®SÂ2°dªPº�Â�®SÂ~´rªg¬J±dªgÀ;¸ ¬PÊ,¬J´PÂ2±2¸�Æ

´r¬PÀÓ¬J´r¬PÊJ±B®S½�ªN¯2°2°~°|ÉZ®JÀ;Â2¯2¼4´r¬PÀÓ»g±B®JÔ °2Â4ªPº�¨N³2±B®S­rªG«2©d°2­P¸�­oÂ4¬J¯2´rªNÂ4¨N´rª�Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­P¸�¹}³2±d¬SÆ
¨N´P±B®S¯d¨N´P­dº�¨gÀ�Ì�$%ÒN©d´r¬J¯�Õ Ü�ÖNÙfÌB� À.ªgªN´r¨Oµ|´J®SÂ2½�ª�­u®S±2°B®S¯2´,Â2±2°2´rªN±2°2µ|³d¬S©d¯d¬J´P¸Î�.°d¨g¨`®
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¨gÀ�Ì � ®Z©d°2»g±B®S¯�«�®qÕ Ü��2º�´rªg¬J±dªgÀ"®)ÖPÌ×ÖGÙfÌ
��� ��� % ��� ��� � ��� ,&$%­u®SÉg°dÊr®S¯B®Z¹u¬J­r¬

(
Â2­u®SÉg°2¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬PªPº

p
ÆfÊr®S¯B®Z¹u¬J­r¬

)
³2±d¬P¨N´P±B®S¯d¨N´P­r¬

(X, ‖ · ‖)
¯B®SÉg¸�­u®JªN´r¨Oµ � 2�7���A��I7DH67���/D2�/�� C�9��N9;: �'/��

(
¨g¬P¬J´P­rªN´r¨N´P­rªN¯2¯d¬2º�Â2­u®SÉg°2¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬JÈ

±dªNÐ0ªN´PÂ4¬JÈkº
p
ÆfÊr®S¯B®Z¹u¬J­r¬JÈË±dªNÐ0ªN´PÂ4¬JÈ

)
º�ªg¨G©d°

X
¬g«d¯d¬J­P±dªgÀ.ªN¯2¯d¬Ñµ�­J©dµ2ªN´r¨Oµi­rªNÂ2´r¬J±2¯d¬JÈ�±dªNÐ0ªN´PÂ4¬JÈ

°ËÂ2­u®SÉg°2¯d¬J±dÀ"®ÑÀ.¬J¯d¬J´r¬J¯2¯B®Ñ­|´r¬PÀ ¨gÀ;¸�¨G©BªPº9Å2´r¬)«2©dµi©d¾%ÊJ¸�¹
x, y ∈ X

¯dªN±B®S­rªN¯d¨N´P­r¬
|x| 6 |y|­J©BªNÅdªN´

‖x‖ 6 ‖y‖
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(xα)α∈A
� ��� ���	
<� �=�	� ���
��� ���	� �	� �K� � �	� � ���	
��

x ∈ X

�
<�

x = supα∈A xα (
���<�<
�����
<��
��������	��


x = infα∈A xα)
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X
µ�­J©dµ2ªN´r¨Oµ

Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­r¬JÈm±dªNÐ0ªN´PÂ4¬JÈkºP¨g¬g«BªN±u½0®Sà0ªNÈ
X
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C > 1
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(1) X �
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(2)
� ��� �	��
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��

(xk)
∞
k=1

�
X+


��R� ����
 �

<� ∑∞
k=1C

k‖xk‖ <∞

�� � � � �

��
�� � ��
 ∑∞
k=1 xk ∈ X

�

(3)
� ��� �	��
<��� �	�<� �	�������
�7
<� ���<�	�<��
��

(xk)
∞
k=1

�
X+


�� ��� � �<
<� ����� ∑∞
k=1C

k‖xk‖ < ∞
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x = o

� ∑∞
k=1 xk := supn∈N

∑n
k=1 xk
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(xn)
∞
n=1

­�­rªNÂ2´r¬J±2¯d¬JÈ,±dªNÐ0ªN´PÂ4ª
X
¯B®SÉg¸�­u®S¾�´ C�7�2�H6/��

?09 CEH6/N1 ��/�Q4365N9��61<3 Â)ÒN©BªgÀ.ªN¯2´P¼
x ∈ X

ºBªg¨G©d°|¨N¼4à0ªg¨N´P­P¼4¾�´
0 < u ∈ X

°)³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬P¨N´PÏ
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«BªNÈd¨N´P­P°2´rªG©dÏP¯2¸�¹�Å2°d¨gªG©
(εn)

∞
n=1

´J®SÂ2°dªPº9Å2´r¬
εn ↓ 0

°
|xn − x| 6 εnu

«2©dµi­r¨gªG¹
n ∈ N

Ìk$&®SÂ
°<­0Êr®S¯B®Z¹u¬J­r¬JÈq±dªNÐ0ªN´PÂ4ª�" ¨gÀ�Ì�Õ (�ºu´rªg¬J±dªgÀ"® �Hû
ûGÌ Ø�Ì×ÖGÙ &GºuÀ.ªN´P±2°2Ådªg¨NÂ�®Sµ)¨U¹u¬g«d°dÀ.¬P¨N´PÏe­�Â2­u®SÉg°dÊr®S¯B®Z¹u¬SÆ
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(xnk

)∞k=1
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 �	� ���	�<� �	�������
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<� ���<�	�<��
��
(xnkl

)∞l=1
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Ð0ªN´PÂ2°Ë­|Â2­u®SÉg°2¯d¬J±dÀ;°2±d¬J­u®S¯2¯2¼4¾ ±dªNÐ0ªN´PÂ2¼~¯dªN³2±dªN±2¸�­rªN¯kº;®,©d¾%ÊJ¸�ªe«d­rªmÂ2­u®SÉg°2¯d¬J±dÀ;¸&º9³2±dªN­P±B®ZÆ
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Á¯dªNÂ4¬J´r¬J±2¸�¹o­r¬J³2±d¬P¨`®Z¹o´P±dªgÊJ¼rªN´r¨Oµ<ÊP¬S©Bªgª!´rªg¨N¯B®Sµo¨N­Pµ�ÉgÏ�À.ªN½0«d¼mÂ2­u®SÉg°2¯d¬J±dÀ.¬JÈ<°o³d¬J±uµ4«dÂ4¬PÀ�º
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��� ��� % ��� ��� � ��� ,r$%­u®SÉg°dÊr®S¯B®Z¹u¬J­P¼m±dªNÐ0ªN´PÂ2¼
(X, ‖ ·‖) (

Â�®SÂo°mÂ2­u®SÉg°2¯d¬J±dÀ;¼
‖ ·‖)

¯B®SÉg¸�­u®S¾�´
=6/�C�36Q��'/D2�/#H�9;=DC�9 C �!2�H6/�� ºSªg¨G©d°o¨g¬P¬J´P¯d¬JÐ0ªN¯2°dª

xα ↓ 0
­J©BªNÅdªN´

‖xα‖ ↓ 0
«2©dµ�©d¾%ÊP¬JÈo¨gªN´P°

(xα)α∈A­
X
Ìd�"¨G©d°)­eÒg´r¬PÀ�¬J³2±dªG«BªG©BªN¯2°2°Ñ¨gªN´P°qÉZ®JÀ.ªN¯2µ�¾�´r¨Oµ)³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬P¨N´Zµ2À;°kº�´r¬0»`¬J­r¬J±uµ�´<¬0³d¬SÆ

±uµ4«dÂ4¬J­r¬JÈ
σ
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Xκ := {x̂ ∈ Xu : ‖x̂‖κ <∞}.

� ªN»gÂ4¬�­P°�«BªN´PÏdºuÅ2´r¬
‖ · ‖κ : Xκ → R 8

Â2­u®SÉg°2¯d¬J±dÀ"®�¨�´r¬JÈ<½�ª!Â2­u®SÉg°2´P±dªN¼4»`¬S©dÏP¯d¬JÈ,Â4¬J¯d¨N´J®S¯�Æ
´r¬JÈ

C
º�Å2´r¬0°)¼

‖ · ‖
Ì�9�¬S©Bªgª ´r¬J»`¬2º

‖ · ‖κ
ÊJ¼Z«BªN´

p
Æz¯d¬J±dÀ.¬JÈkºdªg¨G©d°)´J®SÂ4¬J­u®

‖ · ‖
Ì

+q>�¥J¦;5.@! i¥u8�§�¥ * ( � � ���
X �

�	� ���7�E� �����#�	������� � ���
��� ���	� �	���3�����
�6����� � ����� ��
�����
 
<�
� � � �%
 � ����
<� �	
��������%��������� �

( � ) Xκ
� 
���� �5�7��
 �������	��
����6�	� ���<��� 
<�6�1� 
<������� � � 
<�6� � � ���3�7� 


� ��� �5�
X

� 
���� �5�7��
 � ��� 
�
 � �������	��
����6��� �7
�� �
(


)
��� ���

X
� 
���� �5�7��
 � ��� 
�
 � �������	��
����6��� �7
���



<�
Xκ

� 
���� �5�7��
 �������	��
��
� ����� ���<� ��� �7
�� 




� �	
<��� ���3�����
�6���	� �N���
��� � 
��6������������� ����� ��
�� � (JÜ

��� ��� % ��� ��� � ��� ,�$%­u®SÉg°2¯d¬J±dÀ;°2±d¬J­u®S¯2¯2¼4¾�±dªNÐ0ªN´PÂ2¼
X
¯B®SÉg¸�­u®S¾�´ A6H6:N9 C�2�7�P�
'H6/�=6/IP6H6/�� º

ªg¨G©d°�Â�®S½0«d¸�ÈÛ³d¬J±uµ4«dÂ4¬J­P¸�È °2¯2´rªN±2­u®Z©Û­
X
³d¬S©B¬J¯kº"´SÌ"ªPÌ.Â�®S½0«�®SµÓ³d¬J±uµ4«dÂ4¬J­r¬�¬J»g±B®S¯2°2ÅdªN¯2¯B®Sµ

³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬P¨N´PÏq$ ¬JÐ�°q­
X
¨U¹u¬g«d°2´r¨Oµ|ÂqÒN©BªgÀ.ªN¯2´P¼

X
Ì

� ¥u@B>�¥ ��/ �k( �:�R� ��� � � ���<�	�<� ���
��� ���	� �	���3�����
�6���	�<� �5�7��� �3�������	�
(Xκ , ‖ · ‖κ)

�	� ���7�E� �����
�	�����	���B���
��� ���	� �	���3�����
�6���	���=����� ��
����

(X, ‖ · ‖X)
����� ��� 
�
 �

σ
� �������	��
����6��� �7
�� ����
�� ���
���

� � 
��6���������
� ����� ��
�����
<��� �5� �:
<������� �!
<��� �5��
E� ��� �5�
X

���	
<�����
� ���<�	� �	������� 

"$# ��� ()# � � � *�,�
�¸�«�®S¾�à�°2Èd¨Oµ~­PÂ�©�®Z«i­,»`ªg¬PÀ.ªN´P±2°2Ådªg¨NÂ2¼4¾ ´rªg¬J±2°2¾�Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­P¸�¹i³2±d¬SÆ

¨N´P±B®S¯d¨N´P­i­P¯dªg¨q$%ÒN©d´r¬J¯kº"¨gÀ�Ì.¬PÊJÉ`¬J±2¸ Õ Ø<)2º"Ø���º.Ü�ÖNÙfÌ.
 ÅB®J¨N´P¯d¬P¨N´P°kº"¨N°d¨N´rªgÀ"®S´P°2Ådªg¨NÂ4¬Pª|°2Ég¼4ÅdªN¯2°dª
Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­P¸�¹o±dªNÐ0ªN´r¬JÂo¯B®gÅ2°2¯B®JªN´r¨Oµ<¨�±B®JÊP¬J´P¸Û$%ÒN©d´r¬J¯B®mÕ Ø��SÙfºr¨gÀ�ÌP´J®SÂ2½�ª�$%¼u®S±2´rªN±d¬&°o��±2°B®ZÆ
¯B®�Õ×Ö`ÜZÙfº ��¼Z©dÏP»N®�Õ Þ�ÖNÙfÌ � ®SÂ4¨N°dÀ"®Z©dÏP¯d¬Pª�¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬Pª�±B®J¨NÐ�°2±dªN¯2°dª�¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬JÈe±dªNÐ0ªN´PÂ2°kº
®}´J®SÂ2½�ªÑ¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�à�°2ÈÓ­u®S±2°B®S¯2´Ë´rªg¬J±dªgÀ;¸ ?i³2±2°2¯B®Z«2©BªN½0®S´���ÊJ±B®JÀ.¬J­P°2Å2¼ÄÕ×Örº"¬J³2±dªG«BªG©BªGÆ
¯2°dª<¯B®Ñ¨PÌ�)|°�´rªg¬J±dªgÀ"®~ÜZÙfÌ;
 Òg´r¬PÀÎ¨G©d¼4ÅB®Jª<´rªg¬J±dªgÀ"®=?}­rªN±2¯B®ÑÊPªNÉ,³2±dªG«d³d¬S©B¬`½�ªN¯2°2µÓ¬Ñ¨G©�®JÊP¬PÀ
σ
Æf¨N­r¬JÈd¨N´P­rª � ®S´P¼rÌ � ®JÀÁ¯dªN°2Ég­rªg¨N´P¯d¬<À.¬`½e¯d¬e©d°|¬J³2¼r¨N´P°2´PÏoÒg´r¬e¼r¨G©B¬J­P°dª&­o¬PÊJà0ªgÀÓ¨G©d¼4ÅB®JªPÌ � ®SÂ�Æ
¨N°dÀ"®Z©dÏP¯d¬Pª|Â2­u®SÉg°2¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬Pª~±B®J¨NÐ�°2±dªN¯2°dª

Xκ
À.¬`½e¯d¬�¬J³2±dªG«BªG©d°2´PÏ�°Ó­i´r¬JÈ ¨N°2´P¼u® Ç °2°kº

Â4¬J»O«�®
X
¯dªm¬PÊ`µ�ÉZ®S´rªG©dÏP¯d¬|³d¬J±uµ4«dÂ4¬J­r¬|³d¬S©d¯B®�Ì9ß ¬S©d¯d¬Pªm°2ÉN©B¬`½�ªN¯2°dª<À"®S´rªN±2°B®Z©�®,«�®S¯2¯d¬J»`¬)³B®S±B®ZÆ

»g±B®JÔ�®0¨gÀ�Ì2­)Õ ÜPÞSÙfÌ

� (!)q8�1�¥!�P>�/45 *q/28�1�@B>�@BAB§ 2�/�����/	��1r/

�%¯2´rªN»g±2°2±d¬J­u®S¯2°dªe¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬qÀ.ªN±2¸Î¨g¬oÉg¯B®gÅdªN¯2°2µ2À;°}­o­rªNÂ2´r¬J±2¯d¬JÈ~±dªNÐ0ªN´PÂ4ª�°dÀ.ªgªN´,¨N­r¬J°
Â4¬J±2¯2°i­)¨N³dªNÂ2´P±B®Z©dÏP¯d¬JÈi´rªg¬J±2°2°kº�­q³2±dªG«B¨N´J®S­J©BªN¯2°2°i©d°2¯dªNÈ2¯2¸�¹i¬J³dªN±B®S´r¬J±d¬J­Ñ¨�³d¬PÀ.¬Jà�ÏP¾�°2¯2´rªGÆ
»g±B®Z©�®|³d¬Ñ¨N³dªNÂ2´P±B®Z©dÏP¯d¬JÈ�À.ªN±dªPÌ;�9ªg¬J±2°2µ�³d¬J±uµ4«dÂ4¬J­r¬J»`¬~°2¯2´rªN»g±B®Z©�®)«BªNÈd¨N´P­P°2´rªG©dÏP¯2¸�¹ÁÔ ¼4¯2Â Ç °2È
¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬�¨NÅdªN´P¯d¬�®Z«2«d°2´P°2­P¯2¸�¹m­rªNÂ2´r¬J±2¯2¸�¹mÀ.ªN±o¨g¬ Ég¯B®gÅdªN¯2°2µ2À;°o­ ³d¬J±uµ4«dÂ4¬J­r¬�³d¬S©d¯d¬JÈo­rªNÂ�Æ
´r¬J±2¯d¬JÈ|±dªNÐ0ªN´PÂ4ª�ÊJ¸�©�®e±B®SÉg­P°2´J®o$&®S¯2´r¬J±d¬J­P°2ÅdªgÀ Õ Ü2º�?JÙfÌB��ªNÐe®S¾�à�°2È|­PÂ�©�®Z«Ñ­mÒg´P¼q´rªg¬J±2°2¾�­P¯dªg¨
�;®SÈ2´ÄÕ ?!�2º�Þ��ZÙfÌ!
+¼4à0ªg¨N´P­P¼4¾�àe®SµÓ©d°2´rªN±B®S´P¼4±B®�¯dª~¬JÅdªN¯2Ï�¬PÊJÐ�°2±2¯B® ��¯dªNÂ4¬J´r¬J±2¸�ªË®J¨N³dªNÂ2´P¸ ´rªg¬SÆ
±2°2°~¬J´P±B®S½�ªN¯2¸ ­,Â2¯2°2»`ªqÕ Þ�º�»O©9ÌkáZÙfÌ�
 Òg´r¬PÀ ³B®S±B®S»g±B®JÔ&ªeÀ;¸ÎÂ4¬J±d¬J´PÂ4¬)³2±2°2­rªG«BªgÀ Â4¬J¯d¨N´P±2¼4Â Ç °2¾
°}¯dªNÂ4¬J´r¬J±2¸�ªm¨N­r¬JÈd¨N´P­u®<°2¯2´rªN»g±B®Z©�®q$&®S¯2´r¬J±d¬J­P°2ÅB®

8
�;®SÈ2´J®<«2©dµÑ³d¬S©B¬`½e°2´rªG©dÏP¯2¸�¹i­rªNÂ2´r¬J±2¯2¸�¹

À.ªN±kÌdß ¬g«d±d¬PÊJ¯d¬P¨N´P°}À.¬`½e¯d¬e¯B®SÈ2´P°|­)Õ ÜPÜSÙfÌ
ß%¼r¨N´PÏ

X 8
³d¬J±uµ4«dÂ4¬J­r¬

σ
Æz³d¬S©d¯B®SµÚ­rªNÂ2´r¬J±2¯B®SµÚ±dªNÐ0ªN´PÂ�®�º

Ω 8
¯dªN³2¼r¨N´r¬Pª À;¯d¬`½�ªg¨N´P­r¬

°
P(Ω) 8

¨gªgÀ.ªNÈd¨N´P­r¬e­r¨gªG¹,³d¬g«BÀ;¯d¬`½�ªg¨N´P­
Ω
Ì 	 /IP�
��6/I? " ³d¬g«BÀ;¯d¬`½�ªg¨N´P­

Ω
&"¯B®SÉg¸�­u®JªN´r¨Oµ|³d¬g«B¨gªGÆ

À.ªNÈd¨N´P­r¬
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A\B ∈ R

°
A∪B ∈ R
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A ⊂ Ω

´J®SÂ4¬PªPºdÅ2´r¬
A ∩B ∈ R

«2©dµ,­r¨gªG¹
B ∈ R
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B ∈ R}.
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µ(∅) = 0
°�«2©dµ
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(An)

∞
n=1

³d¬J³B®S±2¯d¬)¯dªN³dªN±dªg¨gªNÂ�®S¾�à�°�¹u¨OµÁÀ;¯d¬`½�ªg¨N´P­
An ∈ R

´J®ZÆ
Â4¬JÈkº�Å2´r¬ ⋃∞

n=1An ∈ R
º�±uµ4« ∑∞

n=1 µ(An)
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µ(
⋃∞

n=1An)
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¨N°dÀ;­r¬S©d°2Ådªg¨NÂ2°kº

µ

( ∞⋃

n=1

An

)
= o

Æ ∞∑

n=1

µ(An) :=

∞∨

n=1

( n∑

k=1

µ(Ak)

)
.
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(Ω,R, µ)
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­P¸�³d¬S©d¯2µ2ªN´r¨Oµ�«2©dµ =6/�S�:8A 2�1�9��
ω ∈ Ω

°�©d° =6/�S�:8A 2�1��_Q�O

(
Â4¬J±d¬J´PÂ4¬

µ
Æz³kÌ ­dÌ

)
¯B®

Ω
º2ªg¨G©d°ÑÀ;¯d¬`½�ªg¨N´P­r¬

{ω ∈ Ω : P (ω)
¯dª ­P¸�³d¬S©d¯2µ2ªN´r¨Oµ

} µ
Æz³2±dªN¯dªgÊJ±dªN½e°dÀ.¬2Ì

� ¸ÎÀ.¬`½�ªgÀ ³2±dªG«d³d¬S©�®S»N®S´PÏdº�¯dª0¬J»g±B®S¯2°2Å2°2­u®Sµ~¬PÊJà�¯d¬P¨N´PÏdº�Å2´r¬
δ
ÆzÂ4¬S©dÏ Ç ¬

R
¨g¬g«BªN±u½e°2´q­r¨gª�³2±dªGÆ

¯dªgÊJ±dªN½e°dÀ;¸�ªqÀ;¯d¬`½�ªg¨N´P­u®Ñ°
µ(A) = 0

«2©dµ~©d¾%ÊP¬J»`¬|³2±dªN¯dªgÊJ±dªN½e°dÀ.¬J»`¬~À;¯d¬`½�ªg¨N´P­u®
A ∈ R

� �	� Ì
ß ¬g«BÀ;¯d¬`½�ªg¨N´P­r¬

A ⊂ Ω
�'/�=DC�9;H�9���C�9IJLA�?#/ º4ªg¨G©d°

Ω \A
³2±dªN¯dªgÊJ±dªN½e°dÀ.¬2Ì

��� ��� % ��� ��� � � *�-�, � ¼4¯2Â Ç °2µ f : Ω → R
¯B®SÉg¸�­u®JªN´r¨Oµ

R
Æ =DCE/�14:8/�� º�ªg¨G©d°Ë¬J¯B®o«B¬J³2¼r¨NÂ�®JªN´

³2±dªG«B¨N´J®S­J©BªN¯2°dª
f =

∑n
k=1 akχAk

º2»O«Bª&À;¯d¬`½�ªg¨N´P­u®
A1, . . . , An ∈ R

³d¬J³B®S±2¯d¬m¯dª%³dªN±dªg¨gªNÂ�®S¾�´r¨Oµ
°
a1, . . . , an ∈ R (

³d¬S©�®S»N®JªgÀÓ³d¬e¬J³2±dªG«BªG©BªN¯2°2¾
χ∅ = 0)

Ì
� ¯d¬`½�ªg¨N´P­r¬

S(R)
­r¨gªG¹

R
Æz³2±d¬P¨N´P¸�¹�Ô ¼4¯2Â Ç °2È�µ�­J©dµ2ªN´r¨OµÁ­rªNÂ2´r¬J±2¯d¬JÈ�±dªNÐ0ªN´PÂ4¬JÈkÌ � ©dµ

R
Æ

³2±d¬P¨N´r¬JÈÑÔ ¼4¯2Â Ç °2° f =
∑n

k=1 akχAk

¬J³2±dªG«BªG©d°dÀ�°2¯2´rªN»g±B®Z© ∫
fdµ

³d¬mÔ&¬J±dÀ;¼Z©Bª

Ioµ(f) :=

∫
f dµ :=

n∑

k=1

akµ(Ak).

��� ��� % ��� ��� � � * � ,�9�¼Z«BªgÀ�»`¬J­r¬J±2°2´PÏdº�Å2´r¬
R
� �	� Æz°2É`À.ªN±2°dÀ"®Sµ<«BªNÈd¨N´P­P°2´rªG©dÏP¯B®Sµ|Ô ¼4¯2Â Ç °2µ f º¬J³2±dªG«BªG©BªN¯2¯B®Sµm¯B®%Â4¬J³2±dªN¯dªgÊJ±dªN½e°dÀ.¬PÀË³d¬g«BÀ;¯d¬`½�ªg¨N´P­rª

Ω
º A6H6:N9 	 CEADCEO 9 ?#7 ºSªg¨G©d°o¨N¼4à0ªg¨N´P­P¼rªN´&³d¬SÆ

¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬P¨N´PÏ
(fn)

∞
n=1 R

Æz³2±d¬P¨N´P¸�¹oÔ ¼4¯2Â Ç °2Èe´J®SÂ�®Sµ�ºuÅ2´r¬ 0 6 fn ↑ f µ
Æz³kÌ ­dÌP° ∨∞

n=1

∫
fndµ¨N¼4à0ªg¨N´P­P¼rªN´m­

X+
Ì2
ÛÒg´r¬PÀ�¨G©d¼4ÅB®Jª ³d¬S©B¬`½e°dÀ�³d¬m¬J³2±dªG«BªG©BªN¯2°2¾

Ioµ(f) :=

∫
f dµ := o

Æ∫
f dµ :=

∞∨

n=1

∫
fn dµ.

ß%±d¬J°2Ég­r¬S©dÏP¯B®Sµ
R
� �	� Æz°2É`À.ªN±2°dÀ"®Sµ}Ô ¼4¯2Â Ç °2µ f A6H6:N9 	 CEADCEO 9 ?#7 º2ªg¨G©d°Ñ´J®SÂ4¬J­P¸ f+

°
f−
ÌB�%¯�Æ

´rªN»g±B®Z©|Ô ¼4¯2Â Ç °2° f ¬J³2±dªG«BªG©dµ2ªN´r¨Oµ)Ô&¬J±dÀ;¼Z©B¬JÈ Ioµ(f) = Ioµ(f
+)− Ioµ(f

−)
Ì � ªN»gÂ4¬0³d¬JÂ�®SÉZ®S´PÏdº2Å2´r¬

°2¯2´rªN»g±B®Z©
Ioµ
Â4¬J±2±dªNÂ2´P¯d¬o¬J³2±dªG«BªG©BªN¯kºB¨gÀ�ÌkÕ ÜPÜ�º�©BªgÀ.À"®mØ�Ì×Ö��ZÙfÌ

��ÊP¬JÉg¯B®gÅ2°dÀ ÅdªN±dªNÉ
L 0(µ) := L 0(Ω,R

� �	�
, µ)

À;¯d¬`½�ªg¨N´P­r¬~­r¨gªG¹Ë«BªNÈd¨N´P­P°2´rªG©dÏP¯2¸�¹
R
� �	� Æz°2ÉNÆ

À.ªN±2°dÀ;¸�¹)Ô ¼4¯2Â Ç °2Èkº2¬J³2±dªG«BªG©BªN¯2¯2¸�¹)¯B®�Â4¬J³2±dªN¯dªgÊJ±dªN½e°dÀ;¸�¹|³d¬g«BÀ;¯d¬`½�ªg¨N´P­u®Z¹ Ω
ÌB
+Â�®S½�ªgÀ�ºdÅ2´r¬

«d­rª<Ô ¼4¯2Â Ç °2° f, g ∈ L 0(µ)
ÒgÂ2­P°2­u®Z©BªN¯2´P¯2¸²°�ÊJ¼Z«BªgÀ ³2°d¨`®S´PÏ

f ∼ g
º�ªg¨G©d°

f(ω) = g(ω)
«2©dµ

µ
Æz³d¬JÅ2´P°q­r¨gªG¹

ω ∈ Ω
Ì�ß%¼r¨N´PÏ

L0(µ) := L0(Ω,R
� �	�
, µ)

¬PÊP¬JÉg¯B®gÅB®JªN´<À;¯d¬`½�ªg¨N´P­r¬mÂ�©�®J¨g¨g¬J­eÒgÂ2­P°2­u®ZÆ
©BªN¯2´P¯d¬P¨N´P°|­

L 0(µ)
³d¬e¬J´P¯d¬JÐ0ªN¯2°2¾

∼
Ì � ©dµ)Ô ¼4¯2Â Ç °2° f ∈ L 0(µ)

¨N°dÀ;­r¬S©B¬PÀ
f̃
¬PÊP¬JÉg¯B®gÅB®JªN´r¨Oµ

¨g¬P¬J´P­rªN´r¨N´P­P¼4¾�à�°2ÈiÂ�©�®J¨g¨eÒgÂ2­P°2­u®Z©BªN¯2´P¯d¬P¨N´P°Ë­
L0(µ)

Ì � °2¯dªNÈ2¯B®Sµi¨N´P±2¼4Â2´P¼4±B®,°}¼4³d¬J±uµ4«B¬JÅdªN¯2°dª
­
L0(µ)

¬J³2±dªG«BªG©dµ�¾�´r¨Oµi¬PÊJ¸�Å2¯2¸�ÀÃ¬PÊJ±B®SÉ`¬PÀ�º�°d¨N³d¬S©dÏPÉg¼Pµ~³d¬J´r¬JÅdªNÅ2¯2¸�ªm¬J³dªN±B® Ç °2°i°~¬J´P¯d¬JÐ0ªN¯2°dª
³d¬J±uµ4«dÂ�®�º�¨gÀ�Ì � ±dªgÀ�©d°2¯�Õ ØPÞ2º 	�Ø ?dÖGÙfÌ

ß%¼r¨N´PÏ
L 1

o (µ) := L 1
o (Ω,R

� �	�
, µ) 8

ÅB®J¨N´PÏ
L 0(µ)

º4¨g¬P¨N´r¬`µ�àe®Sµ,°2É
µ
Æz°2¯2´rªN»g±2°2±2¼rªgÀ;¸�¹qÔ ¼4¯2Â�Æ

Ç °2ÈkÌ�
+°dÀ;­r¬S©B¬PÀ L1
o(µ) := L1

o(Ω,R
� �	�
, µ)

¬PÊP¬JÉg¯B®gÅ2°dÀÓÀ;¯d¬`½�ªg¨N´P­r¬o­r¨gªG¹,Â�©�®J¨g¨g¬J­mÒgÂ2­P°2­u®Z©BªN¯2´P¯d¬SÆ
¨N´P°~Ô ¼4¯2Â Ç °2ÈÑ°2É

L 1
o (µ)

Ìk�!³2±dªG«BªG©d°dÀÃ¬J³dªN±B®S´r¬J±
Ioµ : L1

o(µ) → X
³d¬<Ô&¬J±dÀ;¼Z©Bª

Ioµ(f̃) := Ioµ(f)«2©dµq­r¨gªG¹
f ∈ L 1

o (µ)
Ì

��� ��� % ��� ��� � � * � ,"�4¬J­r¬J±uµ�´Sº+Å2´r¬iÀ.ªN±B®
µ : R → X+

P6/��'7�P6A���O 9 ?#7 º"ªg¨G©d°Á«2©dµ�©d¾%ÊP¬J»`¬
¨gªgÀ.ªNÈd¨N´P­u®

A ⊂ R
� �	� ¨N¼4à0ªg¨N´P­P¼rªN´

B ∈ R
� �	� ´J®SÂ4¬JÈkº�Å2´r¬;" A@&

A \ B µ
Æz³2±dªN¯dªgÊJ±dªN½e°dÀ.¬o«2©dµq­r¨gªG¹

A ∈ A
° " ADA@&%ªg¨G©d°

C ∈ R
� �	� °

A \ C µ
Æz³2±dªN¯dªgÊJ±dªN½e°dÀ.¬)«2©dµ}­r¨gªG¹

A ∈ A
º�´r¬

B \ C
´J®SÂ2½�ª

µ
Æz³2±dªN¯dªgÊJ±dªN½e°dÀ.¬2Ì

+q>�¥J¦;5.@! i¥u8�§�¥ � ( ���3�5�6����� ������
 � �	��� �	��� �	� �	
��������%��������� �

(1) L0(µ)
�	� ���7�E� �����

σ
�@�	������� � �����	
<� ����� ������� ��
������

(2) L1
o(µ)

�	� ���7�E� ����� ���	�<
���
'�;�3��� � � �
L0(µ)

�

(3) L0(µ)
�	� ���7�E� ����� �	������� 
<��� �5� �1
<������� � 
<��� �5��
E� ��� �5��� ���5�

µ
�	����� ���6� � � � � 


�9ªg¬J±dªgÀ;¸ ¬0¨U¹u¬g«d°dÀ.¬P¨N´P°|°2É ´rªg¬J±2°2°q°2¯2´rªN»g±B®Z©�® � ªgÊPªN»N®0´J®SÂ2½�ª ­rªN±2¯2¸ «2©dµ<°2¯2´rªN»g±B®Z©�®e$&®S¯�Æ
´r¬J±d¬J­P°2ÅB®

8
�;®SÈ2´J®�Ì � ¬JÂ�®SÉZ®S´rªG©dÏr¨N´P­r¬,¨G©BªG«d¼4¾�à0ªNÈ|´rªg¬J±dªgÀ;¸ À.¬`½�ªN´qÊJ¸�´PÏo³2±d¬J­rªG«BªN¯d¬o±B®J¨g¨N¼4½0Æ

«BªN¯2°2µ2À;°kºd³2±2°2­rªG«BªN¯2¯2¸�À;°|­|Õ ?!��º2³2±dªG«2©B¬`½�ªN¯2°dª0Ü�Ì ÜZÙ9°iÕ Þ�º2´rªg¬J±dÀ"®má�Ì×ÖPÌ ?JÙfÌ



� �	
<��� ���3�����
�6���	� �N���
��� � 
��6������������� ����� ��
�� � (JÞ

� ¥u@B>�¥ ��/
��( � � ��
��
X �

�	� ���7�E� �����
σ
�@�	������� � �����	
<� ����� �#����� ��
���� �

µ : R → X+ �� ���5� 
 ����� �5�
L1
o(µ)

�	� ���7�E� �����
σ
�@�	������� �=�����	
<� ����� � ����� ��
�����


� Ioµ
��
 ���������	���	� ���	
<� ���<��
'�

�	� ���7�E� �����
σ
�@�	���3�����E
'�<��
'�	�����	������
'�#���	���5�7
<� �:�6�

L1
o(µ)

�
X



"$# ��� ()# � � � -�,2�;®SÈ2´m°2Ég¼4ÅB®Z©)­qÕ ?!�ZÙk°2¯2´rªN»g±2°2±d¬J­u®S¯2°dª&¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬
σ
ÆI®Z«2«d°2´P°2­P¯d¬JÈ|À.ªN±2¸

µ
¨g¬oÉg¯B®gÅdªN¯2°2µ2À;°i­

X ∪ {∞}
º�¬J³2±dªG«BªG©BªN¯2¯d¬JÈ~¯B®

σ
ÆI®Z©d»`ªgÊJ±dªPÌ��"¨G©d°}³d¬S©B¬`½e°2´PÏ

R := {A ∈ Σ :
µ(A) ∈ X}

º�´r¬
R
ÊJ¼Z«BªN´

δ
ÆzÂ4¬S©dÏ Ç ¬PÀ�º.®,¬J»g±B®S¯2°2ÅdªN¯2°dª µ ¯B® R 8

À.ªN±d¬JÈË­|¨gÀ;¸�¨G©Bªo¬J³2±dªG«BªG©BªGÆ
¯2°2µoÖ���ÌZ�%¯2´rªN»g±2°2±2¼rªgÀ"®Sµ�³d¬!�;®SÈ2´P¼�Ô ¼4¯2Â Ç °2µ&ÊJ¼Z«BªN´!°2¯2´rªN»g±2°2±2¼rªgÀ.¬JÈ0­�¨gÀ;¸�¨G©Bª+¬J³2±dªG«BªG©BªN¯2°2µ,Ö`Ü�º
¯d¬e¬PÊJ±B®S´P¯d¬PªPºd­r¬P¬PÊJà0ª »`¬J­r¬J±uµ�ºd¯dªN­rªN±2¯d¬2Ì

"$# ��� ()# � � � � ,r�;®SÈ2´&­eÕ ?!�2ºS´rªg¬J±dªgÀ"® ?dÌ×ÖGÙd¼r¨N´J®S¯d¬J­P°�©,¨G©BªG«d¼4¾�à�°2È0­u®S±2°B®S¯2´&´rªg¬J±dªgÀ;¸Ó�.°d¨g¨`®
¬�³2±dªG«B¨N´J®S­J©BªN¯2°2°54�� ��� �����	�����	����� �	���	� ���	
<� ���<�	����� ���	���5�7
<� �5�

T
�6�,�3���<��
 �5�6�	��
��
�'�	���3�����E
'� �

��
 � 
 ����� �����
C(K)

��� � �6�����R�	
<�
K

�1�	� ���7�E� ����� �	����� �	� �����	
<� ��� �	� ����� ��
�� �
X

� � � � �
��
�� � ��
!�������	��
���������� � �	� ���7�E� ����� ��� �5�6�����
������� �:�R�
��
��	��� �����	
����<��� � ���
��� �3����� �����7����� � � ���5�

µ :
�����

(K) → X+

��R��� � 
��

<�

T (f) = o
�∫
K f dµ

� ��� ����� �
f ∈ C(K)

Ì 	 2�7���ADC�9 	 O�P�3DCEH6/�14: 
 µ¬JÉg¯B®gÅB®JªN´Sº�Å2´r¬m¼r¨G©B¬J­P°dª�±dªN»g¼Z©dµ�±2¯d¬P¨N´P°
µ(F ) = inf{µ(U) : U

¬J´PÂ2±2¸�´r¬
, F ⊂ U}

­P¸�³d¬S©d¯2µ2ªN´r¨Oµ
©d°2Ð�Ï0«2©dµqÉZ®JÀ;Â2¯2¼4´P¸�¹

F ⊂ K
Ì

"$# ��� ()# � � � � ,&
+­r¬JÈd¨N´P­u®Ó³2±d¬P¨N´P±B®S¯d¨N´P­u®
L1
o(µ)

°2Ég¼4ÅdªN¯2¸ ¯dªG«B¬P¨N´J®S´r¬JÅ2¯d¬2Ì&
 Õ Þ�º!´rªg¬J±dªGÆ
À"®Ãá�Ì×ÖPÌ×Ö��ZÙm³d¬JÂ�®SÉZ®S¯d¬2º&Å2´r¬

L1
o(µ)

ÊJ¼Z«BªN´Ã³d¬J±uµ4«dÂ4¬J­r¬Ä³d¬S©d¯d¬JÈ�­rªNÂ2´r¬J±2¯d¬JÈ ±dªNÐ0ªN´PÂ4¬JÈkº�®
Ioµ :

L1
o(µ) → X 8

¬J³dªN±B®S´r¬J±d¬PÀ � ®S»N®S±B®JÀ�º4´r¬J»O«�®�°o´r¬S©dÏPÂ4¬�´r¬J»O«�®�º4Â4¬J»O«�®0À.ªN±B®
µ : R → X

µ�­J©dµ2ªN´JÆ
¨Oµ H67D=6/IP6H�9;H6H6/�� " ¬J³2±dªG«BªG©BªN¯2°dª�¨gÀ�Ìr­<Õ Þ�º4á�Ì×ÖPÌ �ZÙ�°ÑÕ Þ���ºu¬J³2±dªG«BªG©BªN¯2°dª%Ü�Ì×ÖGÙ &GÌ2�!´r¨N¾�«�®&¨G©BªG«d¼rªN´Sº4Å2´r¬
«2©dµ|¯B®S³d¬S©d¯dªN¯2¯d¬JÈ~À.ªN±2¸Î°dÀ.ªgªN´,À.ªg¨N´r¬<´rªg¬J±dªgÀ"®<�;®Z«B¬J¯B®

8
� °2Â4¬g«d°dÀ"®~Õ Þ�ºB´rªg¬J±dªgÀ"®<á�Ì×ÖPÌ×ÖPÖ," Ø7&zÙfº

¼r¨N´J®S¯d¬J­J©BªN¯2¯B®SµË�;®SÈ2´r¬PÀÃ­~Õ Þ��2º�´rªg¬J±dªgÀ"®�?dÌ×ÖGÙ ��­qÅB®J¨N´P¯d¬P¨N´P°kº�­rªNÂ2´r¬J±2¯B®Sµ}±dªNÐ0ªN´PÂ�®
L1
o(µ)

±dªNÐ0ªGÆ
´r¬JÅ2¯d¬e°2É`¬PÀ.¬J±dÔ ¯B®0³d¬S©B¬P¨gª

µ⊥⊥ º2¨gÀ�ÌkÕ Þ�ºBá�Ì×ÖPÌ×ÖPÖ," Ü7&zÙfÌ
"$# ��� ()# � � � � ,9�.à0ªo¬g«d¯d¬|­u®S½e¯d¬Pªo³2±2°�©B¬`½�ªN¯2°dª,¬PÊJ¯B®S±2¼4½e°�© � ªNÈ�«B¬J¯ÛÕ ØPá2º�´rªg¬J±dªgÀ"®Ñá3ö�Ù 4

�	��
�� � ����� ���	
����<��� � 
��6���������
� ����� ��
����
X
�����	�����	� �6� �6� ��
 ��������� ������� ��
<� ���	�%�6� �6� � � 
 ���

L1
o(µ)

� ��� ���6�	�����	�����	���!�	���	� ���	
<� ���<�	��� �	����� ���6� � � � ��� � ���E

µ

���Y� �����
�����������!� �	� ���7�E� �����
�	�����	�6�

AM
�@�3���<��
 �5�6�	��
����1� ��������� �	����
 ��� �������3������� ���	
�� �	� �	�$�

‖f‖ := ‖Iµo (|f |)‖∞ (f ∈
L1
o(µ))

Ì 9�¼Z©BªN­r¬JÉg¯B®gÅ2¯2¸�ÈÑ³d¬g«2¹u¬g«}¨gÀ�Ì2­)Õ á2º�´rªg¬J±dªgÀ"® ?dÌ ?JÙ

�k(!)q8�1�¥!�P>�/45 �0/2>�1J5./ ���}/28	�)@B>B¦"/ ��
 AB/2>	��/

9�®S±2´`©9º � ®S¯dÔ&¬J±r«e° ��­u®S± Ç Õ×ÖPÖNÙ�­P­rªG©d°e°2¯2´rªN»g±2°2±d¬J­u®S¯2°dª�¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬ σ ÆI®Z«2«d°2´P°2­P¯d¬JÈm­rªNÂ�Æ´r¬J±2¯d¬JÈ�À.ªN±2¸&º�¬J³2±dªG«BªG©BªN¯2¯d¬JÈÁ¯B®
σ
ÆI®Z©d»`ªgÊJ±dª,À;¯d¬`½�ªg¨N´P­i¨g¬)Ég¯B®gÅdªN¯2°2µ2À;°Á­|³2±d¬J°2Ég­r¬S©dÏP¯d¬PÀ�Êr®ZÆ

¯B®Z¹u¬J­r¬PÀ�³2±d¬P¨N´P±B®S¯d¨N´P­rª " ¨gÀ�ÌBÀ.¬J¯d¬J»g±B®JÔ °2¾ � ®S¯dÔ&¬J±r«�®e° ��­u®S± Ç ®)Õ Ø2º�»O©9Ì�û �0º 	�Ö��ZÙ &GÌBß ¬JÉN«d¯dªgªPº
� ¾�°d¨~Õ Ü7(ZÙ�³2±dªG«2©B¬`½e°�©Ã®Z©dÏZ´rªN±2¯B®S´P°2­P¯2¸�È ³d¬g«2¹u¬g«9º+¬P¨N¯d¬J­u®S¯2¯2¸�ÈÓ¯B®Ñ´rªg¬J±2°2°Á«d­r¬JÈd¨N´P­rªN¯2¯d¬P¨N´P°kÌ

²±B®JÊP¬J´J®Z¹ � ¾�°d¨`®ÓÕ Ü<)ZÙfº � ®J¨`®S¯2°Û° � °dªgÀ;°ÎÕ ?!�2º,?dÖNÙ�´rªg¬J±2°2µÛÊJ¸�©�®Ë±B®J¨N³2±d¬P¨N´P±B®S¯dªN¯B®�¯B®i­rªNÂ�Æ
´r¬J±2¯2¸�ªmÀ.ªN±2¸&º9¬J³2±dªG«BªG©BªN¯2¯2¸�ªm¯B®

δ
ÆzÂ4¬S©dÏ Ç ®Z¹�À;¯d¬`½�ªg¨N´P­dÌ�
 Â2¯2°2»`ªm$�©d¾�­u®S¯dªNÂ�®q° � ¬J¼Z©dÉZ®~Õ ÜPØZÙ

°2Ég¼4ÅB®Z©B¬P¨NÏ�³2±d¬P¨N´P±B®S¯d¨N´P­r¬
L1(µ)

«2©dµÛÀ.ªN±2¸
µ
¨g¬ËÉg¯B®gÅdªN¯2°2µ2À;° ­Ë©B¬JÂ�®Z©dÏP¯d¬�­P¸�³2¼4Â�©B¬PÀ�³2±d¬SÆ

¨N´P±B®S¯d¨N´P­rªPÌ��9ªg¬J±2°2µ}°2¯2´rªN»g±2°2±d¬J­u®S¯2°2µi¨NÂ�®Z©dµ�±2¯2¸�¹}°2É`À.ªN±2°dÀ;¸�¹}Ô ¼4¯2Â Ç °2È~¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬qÀ.ªN±2¸
¨g¬~Ég¯B®gÅdªN¯2°2µ2À;°Ó­i³2±d¬J°2Ég­r¬S©dÏP¯d¬PÀ

F
Æz³2±d¬P¨N´P±B®S¯d¨N´P­rªÑÊJ¸�©�®}±B®SÉg­P°2´J®~­i±B®JÊP¬J´J®Z¹Ó��¬S©BªN­P°2ÅB®ÓÕ ?<?dº

	�û
û
ûGÌ áZÙfº���¼4±2³2°2¯B®qÕ ?
(`Ù9°iÕ ?3)2º�»O©9Ì�(`Ùfºd�9¬PÀ"®J¨`®qÕ ?uáSÙfÌ

ÓÒg´r¬PÀ�³B®S±B®S»g±B®JÔ&ª ±B®J¨g¨gÀ.¬J´P±2°dÀÁ°2¯2´rªN»g±2°2±d¬J­u®S¯2°dª&´P°2³B® 9�®S±2´`©�®

8
� ®S¯dÔ&¬J±r«�®

8
��­u®S± Ç ®

¬J´P¯d¬P¨N°2´rªG©dÏP¯d¬%³d¬S©B¬`½e°2´rªG©dÏP¯d¬JÈoÀ.ªN±2¸Á¨g¬!Ég¯B®gÅdªN¯2°2µ2À;°e­�Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­r¬JÈm±dªNÐ0ªN´PÂ4ªPºJ¬J³2±dªG«BªG©BªN¯�Æ
¯d¬JÈ�¯B®

δ
ÆzÂ4¬S©dÏ Ç ªqÀ;¯d¬`½�ªg¨N´P­dÌ"ß ¬g«d±d¬PÊJ¯d¬Pª,°2ÉN©B¬`½�ªN¯2°dªq°dÀ.ªgªN´r¨Oµ�­Ñ±B®JÊP¬J´rª}Õ Ü ?PÙfº9±B®J¨NÐ�°2±uµ�¾�à0ªNÈ

´rªg¬J±2°2¾ °2¯2´rªN»g±2°2±d¬J­u®S¯2°2µ�º9Â4¬J´r¬J±2¼4¾ ³2±dªG«2©B¬`½e°�©d°Á
�®S¯2Ådªg¨oß ªN±dªg¨e°i��±B®Z«�®J¨gªN´rªm­iÕ ?uÞSÙfÌ�$&®SÂi°
­�	�Ü�º

Ω 8
¯dªN³2¼r¨N´r¬Pª&À;¯d¬`½�ªg¨N´P­r¬2º

R 8 δ
ÆzÂ4¬S©dÏ Ç ¬e³d¬g«BÀ;¯d¬`½�ªg¨N´P­ Ω

º
R
� �	�

8 σ
ÆI®Z©d»`ªgÊJ±B®�ºd¬J³2±dªG«BªGÆ

©BªN¯2¯B®Sµ)Ô&¬J±dÀ;¼Z©B¬JÈ " Ü�Ì×Ö6&Nº2°
X := (X, ‖ · ‖) 8

Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­u®m±dªNÐ0ªN´PÂ�®�Ì
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��� ��� % ��� ��� � � * � ,��!´r¬PÊJ±B®S½�ªN¯2°dª
µ : R → X+

¯B®SÉg¸�­u®JªN´r¨OµÑÀ.ªN±d¬JÈ
(
°�©d°

τ
ÆfÀ.ªN±d¬JÈ

)
º�ªg¨G©d°

µ(∅) = 0
°0«2©dµ�©d¾%ÊP¬JÈe³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬P¨N´P°

(An)
∞
n=1

³d¬J³B®S±2¯d¬ ¯dªN³dªN±dªg¨gªNÂ�®S¾�à�°�¹u¨OµoÀ;¯d¬`½�ªg¨N´P­
An ∈ R

´J®SÂ4¬JÈkºPÅ2´r¬ ⋃∞
n=1An ∈ R

ºS±uµ4« ∑∞
n=1 µ(An)

´r¬J³d¬S©B¬J»g°2Ådªg¨NÂ2°<¨U¹u¬g«d°2´r¨Oµm°0­P¸�³d¬S©d¯2µ2ªN´r¨Oµ

µ

( ∞⋃

n=1

An

)
=

∞∑

n=1

µ(An).
"@?dÌ×Ö6&

9�¼Z«BªgÀË»`¬J­r¬J±2°2´PÏdºuÅ2´r¬
(Ω,R, µ) 8 τ

� A��4?09 CEA�?#/D9@=DCE/�14:@C�7DH614:N2�/ ºrªg¨G©d°
Ω 8

¯dªN³2¼r¨N´r¬Pª%À;¯d¬SÆ
½�ªg¨N´P­r¬2º

R 8 δ
ÆzÂ4¬S©dÏ Ç ¬<³d¬g«BÀ;¯d¬`½�ªg¨N´P­ Ω

º2°
µ : R → X+ 8 τ

ÆfÀ.ªN±B®�Ì�9�¼Z«BªgÀ�¬J³2¼r¨NÂ�®S´PÏ
τ
ºBªg¨G©d°

°2É&Â4¬J¯2´rªNÂ4¨N´J®mµ2¨N¯d¬m¬0Â�®SÂ4¬JÈÑÀ.ªN±dª °�«BªN´m±dªNÅ2Ï
(
¨N±kÌd¬J³2±dªG«BªG©BªN¯2°dª

10)
Ì

"$# ��� ()# � � � � ,���®SÂ2°dÀ	¬PÊJ±B®SÉ`¬PÀ�º�ªg¨G©d°
X 8

³d¬J±uµ4«dÂ4¬J­r¬
σ
Æz³d¬S©d¯B®Sµ Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­u®Á±dªGÆ

Ð0ªN´PÂ�®�º;´r¬
σ
ÆI®Z«2«d°2´P°2­P¯d¬P¨N´PÏËÀ.ªN±2¸	¨g¬ÑÉg¯B®gÅdªN¯2°2µ2À;°�­

X
°dÀ.ªgªN´Ñ«d­r¬`µ�Â2°2ÈÓ¨gÀ;¸�¨G©�4�±uµ4«�­ "@?dÌ×Ö6&

©d°dÊP¬,³d¬J±uµ4«dÂ4¬J­r¬|¨U¹u¬g«d°2´r¨Oµi­q¨g¬P¬J´P­rªN´r¨N´P­P°2°Ë¨e¬J³2±dªG«BªG©BªN¯2°dªgÀ Ö���º�©d°dÊP¬q¨U¹u¬g«d°2´r¨Oµ~´r¬J³d¬S©B¬J»g°2ÅdªGÆ
¨NÂ2°�­}¨g¬P¬J´P­rªN´r¨N´P­P°2°Á¨<¬J³2±dªG«BªG©BªN¯2°dªgÀ²Ö`Þ�º9³2±2°2ÅdªgÀ ¨U¹u¬g«d°dÀ.¬P¨N´PÏËÊPªNÉg¼r¨G©B¬J­P¯B®Sµ�­P­P°�«d¼i³d¬S©B¬`½e°�Æ
´rªG©dÏP¯d¬P¨N´P°

µ
Ìd�%É&³2±dªG«2©B¬`½�ªN¯2°2µ

1
¨G©BªG«d¼rªN´SºBÅ2´r¬e´r¬J³d¬S©B¬J»g°2Ådªg¨NÂ�®Sµ

σ
ÆI®Z«2«d°2´P°2­P¯d¬P¨N´PÏ,­J©BªNÅdªN´o³d¬SÆ

±uµ4«dÂ4¬J­P¼4¾
σ
ÆI®Z«2«d°2´P°2­P¯d¬P¨N´PÏdÌ��;®SÉg¼�À.ªgªN´r¨Oµ�º�ªg¨G©d°|Â2­u®SÉg°2¯d¬J±dÀ"®m­

X
³d¬J±uµ4«dÂ4¬J­r¬<¯dªN³2±dªN±2¸�­P¯B®�ºB´r¬

Òg´P°<«d­u®�±B®SÉg¯2¸�¹<³d¬J¯2µ�´P°2µ
σ
ÆI®Z«2«d°2´P°2­P¯d¬P¨N´P°|¨g¬J­P³B®Z«�®S¾�´SÌ2
�Òg´r¬PÀ�³B®S±B®S»g±B®JÔ&ª%À.ªN±B®�³d¬J¯2°dÀ"®JªN´r¨Oµ

­o¨g¬P¬J´P­rªN´r¨N´P­P°2°Ñ¨ ¬J³2±dªG«BªG©BªN¯2°dªgÀ Ö`Þ�Ì
��� ��� % ��� ��� � � * � , � ©dµ�«�®S¯2¯d¬JÈÄÀ.ªN±2¸

µ : R → X+ µ
Æz³2±dªN¯dªgÊJ±dªN½e°dÀ;¸�ªiÀ;¯d¬`½�ªg¨N´P­u®�º

­rªNÂ2´r¬J±2¯B®Sµ�±dªNÐ0ªN´PÂ�®Ñ³2±d¬P¨N´P¸�¹�Ô ¼4¯2Â Ç °2È S(R)
°�°2¯2´rªN»g±B®Z©dÏP¯2¸�ÈÓ¬J³dªN±B®S´r¬J±

Iτµ : S(R) → X¬J³2±dªG«BªG©dµ�¾�´r¨Oµ)­m´r¬JÅ2¯d¬P¨N´P°)´J®SÂ|½�ªPº2Â�®SÂ)°)­m¬J³2±dªG«BªG©BªN¯2°2µ4¹
11
°
12
Ì

��� ��� % ��� ��� � � * 
 ,"
+Â�®S½�ªgÀ�º.Å2´r¬
R
� �	� Æz°2É`À.ªN±2°dÀ"®Sµ�«BªNÈd¨N´P­P°2´rªG©dÏP¯B®Sµ�Ô ¼4¯2Â Ç °2µ f º�¬J³2±dªGÆ«BªG©BªN¯2¯B®Sµ~¯B®<Â4¬J³2±dªN¯dªgÊJ±dªN½e°dÀ.¬PÀ ³d¬g«BÀ;¯d¬`½�ªg¨N´P­rª

Ω
º�°2¯2´rªN»g±2°2±2¼rªgÀ"®�º9ªg¨G©d°Ë¨N¼4à0ªg¨N´P­P¼rªN´)³d¬P¨G©BªGÆ

«B¬J­u®S´rªG©dÏP¯d¬P¨N´PÏ
(fn)

∞
n=1 R

Æz³2±d¬P¨N´P¸�¹ÁÔ ¼4¯2Â Ç °2È�´J®SÂ�®Sµ�º;Å2´r¬ 0 6 fn ↑ f µ
Æz³kÌ ­dÌ9°Á¨N¼4à0ªg¨N´P­P¼rªN´

limn

∫
fn dµ

­
(X, ‖ · ‖)

Ìd
ÛÒg´r¬PÀ�¨G©d¼4ÅB®Jª&¬PÊP¬JÉg¯B®gÅ2°dÀ

Iτµ(f) := τ
Æ ∫

f dµ := lim
n

∫
fn dµ.

�!³2±dªG«BªG©BªN¯2¯B®Sµ
µ
Æz³kÌX­dÌ

R
� �	� Æz°2É`À.ªN±2°dÀ"®Sµ0Ô ¼4¯2Â Ç °2µ f A6H6:N9 	 CEADCEO 9 ?#7 º`ªg¨G©d°0´J®SÂ4¬J­P¸ f+ ° f− Ìß%±2°)Òg´r¬PÀÁ³d¬S©�®S»N®JªgÀ�³d¬m¬J³2±dªG«BªG©BªN¯2°2¾

Iτµ(f) := Iτµ(f
+)− Iτµ(f

−)
Ì

� ¬`½e¯d¬<³d¬JÂ�®SÉZ®S´PÏdº�Å2´r¬
Iτµ(f)

Â4¬J±2±dªNÂ2´P¯d¬q¬J³2±dªG«BªG©BªN¯kº�´SÌ�ªPÌB¯dª�ÉZ®S­P°d¨N°2´q¬J´<­P¸�ÊP¬J±B®o­r¬JÉg±B®J¨GÆ
´J®S¾�à0ªNÈ)³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬P¨N´P°}³2±d¬P¨N´P¸�¹)Ô ¼4¯2Â Ç °2Èkº2¨U¹u¬g«dµ�à�°�¹u¨Oµ|Â f µ Æz³kÌ ­dÌ
 Â4¬J¯2´rªNÂ4¨N´rªo¬J³2±dªG«BªG©BªN¯2°2µ�Ö6(<À;¯d¬`½�ªg¨N´P­r¬

L 0(µ)
º�¬J´P¯d¬JÐ0ªN¯2°dª0ÒgÂ2­P°2­u®Z©BªN¯2´P¯d¬P¨N´P°

∼
°}³d¬SÆ

±uµ4«dÂ4¬J­r¬
σ
Æz³d¬S©d¯B®Sµ}­rªNÂ2´r¬J±2¯B®Sµ}±dªNÐ0ªN´PÂ�®

L0(µ)
°dÀ.ªN¾�´,´r¬J´,½�ª0¨gÀ;¸�¨G©9º�Å2´r¬<°Ñ­<³B®S±B®S»g±B®JÔ&ªeÜ�Ì

ß%¼r¨N´PÏ
L 1

τ (µ)
¬PÊP¬JÉg¯B®gÅB®JªN´m³d¬g«BÀ;¯d¬`½�ªg¨N´P­r¬

L 0(µ)
º�¨g¬P¨N´r¬`µ�à0ªgª °2É%´r¬J³d¬S©B¬J»g°2Ådªg¨NÂ2°)°2¯2´rªN»g±2°2±2¼rªGÆ

À;¸�¹<Ô ¼4¯2Â Ç °2Èkº�® L1
τ (µ) 8

À;¯d¬`½�ªg¨N´P­r¬eÂ�©�®J¨g¨g¬J­0ÒgÂ2­P°2­u®Z©BªN¯2´P¯d¬P¨N´P°|Ô ¼4¯2Â Ç °2Èo°2É
L 1

τ (µ)
Ì � ªN»gÂ4¬

­P°�«BªN´PÏdºdÅ2´r¬o¬J³dªN±B®S´r¬J±|´r¬J³d¬S©B¬J»g°2Ådªg¨NÂ4¬J»`¬,°2¯2´rªN»g±2°2±d¬J­u®S¯2°2µ
Iτµ : f̃ 7→

∫
f dµ

º�«BªNÈd¨N´P­P¼4¾�à�°2È|°2É
L1
τ (µ)

­
X
º�©d°2¯dªgªN¯|°)¨N´P±d¬J»`¬m³d¬S©B¬`½e°2´rªG©BªN¯kÌ�ß ¬P¨G©BªG«d¯dªgª�¬JÉg¯B®gÅB®JªN´SºBÅ2´r¬m¬J³dªN±B®S´r¬J±

Iτµ
³d¬S©B¬`½e°�Æ

´rªG©BªN¯)°)±B®S­rªN¯d¨N´P­r¬
Iτµ(|f̃ |) = 0

­J©BªNÅdªN´
f = 0 µ

Æz³kÌ ­dÌ
"$# ��� ()# � � � 
 ,Sß%¼r¨N´PÏ

X 8
³d¬J±uµ4«dÂ4¬J­r¬

σ
Æz³d¬S©d¯B®Sµ�Â2­u®SÉg°dÊr®S¯B®Z¹u¬J­u®�±dªNÐ0ªN´PÂ�®�ÌPÍ�®JÔ °2Â4¨N°2±2¼rªgÀ

τ
ÆfÀ.ªN±2¼

µ : R → X+
Ì��"¨G©d°|Ô ¼4¯2Â Ç °2µ f °2¯2´rªN»g±2°2±2¼rªgÀ"®e­m¨gÀ;¸�¨G©Bª ¬J³2±dªG«BªG©BªN¯2°2µËÖ6(4º�´r¬e¨g¬J»O©�®J¨GÆ¯d¬Ë³2±dªG«2©B¬`½�ªN¯2°2¾

1 f
´J®SÂ2½�ª}°2¯2´rªN»g±2°2±2¼rªgÀ"®�­�¨gÀ;¸�¨G©Bª}¬J³2±dªG«BªG©BªN¯2°2µÎÖ`ÜË°

Iτµ(f) = Ioµ(f)
Ì


�´r¬~½�ªq­P±dªgÀ;µ�º;«2©dµ�«�®S¯2¯d¬JÈÓÔ ¼4¯2Â Ç °2° f ∈ L 1
τ (µ)

ªgªqÂ�©�®J¨g¨N¸	ÒgÂ2­P°2­u®Z©BªN¯2´P¯d¬P¨N´P°Û­
L 1

τ (µ)°
L 1

o (µ)
¨g¬J­P³B®Z«�®S¾�´SÌ�
"©BªG«B¬J­u®S´rªG©dÏP¯d¬2º

L1
τ (µ)

À.¬`½e¯d¬�¨NÅ2°2´J®S´PÏ�­rªNÂ2´r¬J±2¯d¬JÈm³d¬g«d±dªNÐ0ªN´PÂ4¬JÈ
L1
o(µ)

Ì
��� ��� % ��� ��� � � * � ,Zß%±d¬P¨N´P±B®S¯d¨N´P­r¬PÀ :8/�=6/IP6/ 	 A6S
9;1��'A °2¯2´rªN»g±2°2±2¼rªgÀ;¸�¹ ( °�©d°kºZÂ4¬J±d¬JÅdªPº τ Æ A6H��:N9 	 CEADCEO 9 ? � � )

Ô ¼4¯2Â Ç °2Èq¯B®SÉg¸�­u®JªN´r¨Oµ)­rªNÂ2´r¬J±2¯B®Sµ)±dªNÐ0ªN´PÂ�® L1
τ (µ)

º2¯B®Z«BªG©BªN¯2¯B®SµqÂ2­u®SÉg°2¯d¬J±dÀ.¬JÈ

‖f‖τ := ‖Iτµ(|f |)‖X =

∥∥∥∥
∫

|f | dµ

∥∥∥∥
X

(
f ∈ L1

τ (µ)
)
.
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�%É)©d°2¯dªNÈ2¯d¬P¨N´P° °Û¨N´P±d¬J»`¬JÈÛ³d¬S©B¬`½e°2´rªG©dÏP¯d¬P¨N´P°
Iτµ
¨G©BªG«d¼rªN´Sº+Å2´r¬

‖ · ‖τ
ªg¨N´PÏËÂ2­u®SÉg°2¯d¬J±dÀ"®

¨%Â2­u®SÉg°2´P±dªN¼4»`¬S©dÏP¯d¬JÈÑÂ4¬J¯d¨N´J®S¯2´r¬JÈkºB¯dª ³2±dªN­r¬P¨U¹u¬g«dµ�à0ªNÈÑ´J®SÂ4¬JÈ|½�ª Â4¬J¯d¨N´J®S¯2´P¸ «2©dµ
‖ · ‖

Ì
� ¥u@B>�¥ ��/ ��( � �
��� ���	� �	���3�����
�6���	�<� �3���<��
 �5�6�	��
����

(L1
τ (µ), ‖ · ‖τ )

����������
<� �1� ���	���=�	� ���7� �
� �����:�	�����	��� �	� ���7�E� �����#�	���3�����E
'�<�	���L���
��� � 
��6������������� ����� ��
�� ��� � �	� ���7�E� ����� ���	�<
���
 �
�3��� � �	�6� �

L0(µ)

�� �	
<��� �5� ���<��
'�=���	���5�7
<� �

Iτµ
�6�
L1
τ (µ)

�
X

�	� ���7�E� ����� �	���3�����E
'������� ��
 ��� �
��� �	���	� ���	
<� �	���$


��� ��� % ��� ��� � � * � ,dß%±d¬P¨N´P±B®S¯d¨N´P­r¬PÀ =6/�C�36Q��'/D2�/ °2¯2´rªN»g±2°2±2¼rªgÀ;¸�¹
(
°�©d°kº2Â4¬J±d¬JÅdªPº

o
Æ A6H6:N9 	 �

CEADCEO 9�? � �
)
Ô ¼4¯2Â Ç °2È)¯B®SÉg¸�­u®JªN´r¨Oµ)­rªNÂ2´r¬J±2¯B®Sµ)±dªNÐ0ªN´PÂ�® L1

o(µ)
¨ Â2­u®SÉg°2¯d¬J±dÀ.¬JÈ

‖f‖o := ‖Ioµ(|f |)‖X :=

∥∥∥∥
∫

|f | dµ

∥∥∥∥
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�)WJDLwGEGYNM�WJDLFXFXbBDLYNWZRSKgDLMXYNFfc%TUDUarDX_PD�FXWSMfaJHJMX\ZKgDUaPWJDLYGRS_SHJEL[UE�VJWZRJwLQSRJx"MIHSRJc �9^`HJ\ZnSRSp \`EGb2VSQJMX\`FIHJEL[UE�VJMXWSMIj
bdMIHSHJEL[UEZyBWSMI[X^LQJcZWZHSh���K�HJMX\`EGYNEGWSELpoEXaJHJEGFIKNcZTIHJELp<EGwLQPDLFXYGR4y

D ⊂ C
W`cgarDLb2R¢j"^ZWZ]NM�VJE�EGWSYNEL[UELHPDOQS]GHShkb

FIRJFXYNMXbBDLbeVJWZR!HPDOQSRS_SRSR�HJMXEGYNWZRSnPDLYNMIQS]GHJELp�RSHJYNMI[UWZRJWZ^gMXbdELp�K
D
KNMXFXELKNELp��9^`HJ\ZnSRSR

γ := γ(|z|)
ySYLs`MGsZ\`EL[zarD

f ∈ L2,γ := L2(γ(|z|), D)
s

}2DOHJMXM;�9sSã"s`ã9wLRSQJELKSy	j�sZ�9sZã9wLRSQJELKgD.RHs�s7��s7�.MXWZRJbdELK"K
L2,γ

RJFXFIQJMfaPELKgDOQSR�KNELVJWSEGFIh)EGYGhkFX\ZDOHSRJc�YNEL_SHSh��
ELnJMIHJEG\oFX\`EGWSEGFXYGRoFz�gEXaJRJbdEGFXYGRoW`cgaPELK j"^ZWZ]NM%�9^`HJ\ZnSRSp

f ∈ L2,γ
ReaPEG\ZDLTUDOQSRoHJMX\`EGYNEGWZhkM�YNEL_SHShkM�HJMXWJDOj

KNMIHJFXYGKgD0YGRSVPD �+x"MX\`FXELHPD`y�KGh�_SRJFIQSRSQSR,TIHPDX_JMIHSRJM%\`ELQJbdEL[UEGWSELKNFX\`EL[UE
n
j VJELVJMXWSMI_SHSRJ\ZD&HJMX\`EGYNEGWZh��o\ZQPDLFXFXELK

�9^`HJ\ZnSRSp l � r sJ�.WZR �XYNEGbol.RJWSEG\`E�RJFIVJELQS]NTXELKgDOQSR&FIVJMInSRPDOQS]GHSh�p�KGRZa&ELVJMXWJDLYNEGWJD�EGwGEGwG{"MIHSHJEL[UE!F aJKGRS[XD`yJwLQPDOj
[UEXarDLW`c�\`EGYNEGWSEGb2^�KGKNMIQSR EGwGEGwG{"MIHSHSh�p�bdEXaJ^LQS]�HJMIVJWSMXWZh�KGHJEGFXYGR

m
j [UE�VJEGW`cgaP\ZD.R%HPD�MI[UE�EGFIHJELKNM?I�\ZQPDLFXFIh

�9^`HJ\ZnSRSp4yZELVJWSMfaPMIQJcZMXb2hkM;TUDUarDOHSHJELp bdELHJEGYNELHSHJE+KNEGTXWJDLFXYGDLv�{"MIp HPD
R+ := [0,+∞)

bBDLx"EGWJDOHJYNELp4s
�}HPDLFXYNEOcZ{"MIpeWJDLwGEGYNM�VJWSEXaPELQJx+DLMXYNFfc�RJFXFIQJMfaPELKgDOHSRJM�^Z\ZDLTUDOHSHSh���DOKNYNEGWSELKSydD�RJbdMIHSHJEZyraPEG\ZDLTIh�KgDLMXYNFfc0YNEL_Sj
HJEGM;HJMXWJDOKNMIHJFXYGKNE"�+x"MX\`FXELHPD\IÁ��YNMI_J\ZRSHPD"bdMXx"aJ^!KNMIQSRS_SRSHJELp!HPDORSQS^`_Jl"MI[UE+VJWZRJwLQSRJx"MIHSRJc�\`EGb2VSQJMX\`FIHShkb2R
DOQS[UMXwGWJDORS_JMXFX\ZRJb2R&VJELQSRSHJEGbBDLb2R��9^`HJ\ZnSRSp

f ∈ L2,γ
R
Lp
j HJEGWSbdELp�EGwGEGwG{"MIHSHJEL[UE%bdEXaJ^LQJc!HJMIVJWSMXWZh�KGHJEGFXYGR4s

�.TI^`_PDLv�YNFfc�DOVSVJWSEG\`FIRJbBDLYGRSKGHShkM9FIKNELpJFXYGKgD.\ZQPDLFXFXELK��9^`HJ\ZnSRSp4yG^�\`EGYNEGWZh��
Lp
j HJEGWSbBD.EGwGEGwG{"MIHSHJEL[UE�bdEXaJ^LQJc

HJMIVJWSMXWZh�KGHJEGFXYGR�RJbdMXMXY�TUDUarDOHSHS^ZvÑbBDLx"EGWJDOHJYG^gs
�.WZR�HJMX\`EGYNEGWZh���^gFIQJELKGRJc`��HPD�bBDLx"EGWJDOHJYNM;aJQJc�KGKNMfaPMIHSHSh���\ZQPDLFXFXELK!�9^`HJ\ZnSRSp!K

L2,γ
KGh�_SRJFIQJcZv�YNFfc�wGMXWZHSj

l"YNMIpSHJELKNFX\ZRSp4y4[UMIQS]G�;DOHZaPELKNFX\ZRSp4y2\`ELQJbdEL[UEGWSELKNFX\ZRSp4y4QSRSHJMIpSHSh�p0R0VJWSEGMX\ZnSRJELHSHSh�p
n
j VJELVJMXWSMI_SHSRJ\ZR4sP�+EG\ZDOj

TIh�KgDLMXYNFfcry�_JYNE�KNFXM�VJELVJMXWSMI_SHSRJ\ZR0FXELKGVPDUarDLv�Y ReELVJYGRJbBDOQS]GHShkb2ReVJEXaJVJWSEGFXYNWJDOHJFXYGKgDLb2R0c`KGQJcZv�YNFfc&VJEXaJVJWSELj
FXYNWJDOHJFXYGKgD�DOQS[UMXwGWJDORS_JMXFX\ZRS�!\`EGb2VSQJMX\`FIHSh���VJELQSRSHJEGbdELKSs

� ���O�d�U�`s �L�G�N�g�O�O���.�9s �L�`�U�`s �Gs �G�U�N�G�Zs
�!�2�YX
Z�[J WZ0¡L�2¢D[J£u�4KNMXFXELKNEGM+VJWSEGFXYNWJDOHJFXYGKNEYT�MXWZ[UbBDOHPD`yrEGwGEGwG{"MIHSHSh�p�bdEXaJ^LQS]�HJMIVJWSMXWZh�KGHJEGFXYGR4yJELVJMXWJDLYNEGW
EGwGEGwG{"MIHSHJEL[UE!F aJKGRS[XD`y

n
j VJELVJMXWSMI_SHSRJ\ZR4s

¤ ( 
�±B®JÊP¬J´rª�±B®J¨g¨gÀ"®S´P±2°2­u®JªN´r¨Oµ<¨N±dªG«d¯dªNÂ2­u®Z«d±B®S´P°2Å2¯d¬Pª�³2±2°dÊS©d°2½�ªN¯2°dª�Ô ¼4¯2Â Ç °2Èm±uµ4«�®JÀ;° � ¼uÆ
±2Ïrª!³d¬0¬J±2´r¬J»`¬J¯B®Z©dÏP¯2¸�ÀÁ¨N°d¨N´rªgÀ"®JÀ�­0¬PÊS©�®J¨N´P°,Â4¬PÀ;³�©BªNÂ4¨N¯d¬J»`¬e³dªN±dªgÀ.ªN¯2¯d¬J»`¬0³2±2°,¯B®Z©d°2Å2°2°,­rªg¨`®�Ì

Ä¬PÊS©�®J¨N´P°

D ⊂ C
ÉZ®Z«�®S¯B®m¯dªg¬J´P±2° Ç ®S´rªG©dÏP¯B®SµÑ°2É`À.ªN±2°dÀ"®Sµ�ºB¯dª&ÒgÂ2­P°2­u®Z©BªN¯2´P¯B®SµÑ¯2¼Z©d¾�Ô ¼4¯2Â Ç °2µ

γ(|z|)
´J®SÂ�®Sµ�ºdÅ2´r¬m¨N¼4à0ªg¨N´P­P¼rªN´mÂ4¬J¯dªNÅ2¯2¸�È|°2¯2´rªN»g±B®Z©

∫∫

D

γ(|z|) dσ > 0,

»O«Bª�°2¯2´rªN»g±B®Z©o³d¬J¯2°dÀ"®JªN´r¨Oµm­&¨gÀ;¸�¨G©Bª � ªgÊPªN»N®�ºu®
dσ 8

ÒN©BªgÀ.ªN¯2´&³�©B¬Jàe®Z«d°kÌ � ¼4¯2Â Ç °2¾ γ = γ(|z|)
º

¼Z«B¬J­J©BªN´P­r¬J±uµ�¾�à�¼4¾ÎÒg´P°dÀÁ¼r¨G©B¬J­P°2µ2À�¯B®SÉ`¬J­rªgÀÁ­rªg¨g¬J­r¬JÈÑÔ ¼4¯2Â Ç °dªNÈkÌ

â© �L�`�U���iDLwGEGTXELKHs�s3��s yr��DORZaJ^gFUDOpSHJELK5s�sP�9s
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9�¼Z«BªgÀ ±B®J¨g¨gÀ"®S´P±2°2­u®S´PÏ�­r¬J³2±d¬P¨N¸¿¨N±dªG«d¯dªNÂ2­u®Z«d±B®S´P°2Å2¯2¸�¹Ä³2±2°dÊS©d°2½�ªN¯2°2È ¨N¼�À.À"®JÀ;° � ¼4±2Ïrª
Â4¬PÀ;³�©BªNÂ4¨N¯2¸�¹ÓÔ ¼4¯2Â Ç °2È f º�±dªN»g¼Z©dµ�±2¯2¸�¹�­i¬g«d¯d¬P¨N­Pµ�Ég¯d¬JÈÓ¬PÊS©�®J¨N´P° D

º�³2±2°2¯B®Z«2©BªN½0®Sà�°�¹�³2±d¬SÆ
¨N´P±B®S¯d¨N´P­P¼

L2,γ := L2(γ(|z|),D)
¨%Â4¬J¯dªNÅ2¯d¬JÈÑ¯d¬J±dÀ.¬JÈ

‖f‖2,γ := ‖f‖L2,γ =



∫∫

D

γ(|z|)|f(z)|2dσ




1/2

<∞,

»O«Bª
γ(|z|) 8

­rªg¨g¬J­u®Sµ)­o¬PÊS©�®J¨N´P°
D
Ô ¼4¯2Â Ç °2µ�Ì2
Ã¨G©d¼4ÅB®JªPº2Â4¬J»O«�®o¬PÊS©�®J¨N´PÏ

D
ªg¨N´PÏoÂ2±2¼4»

|z| 6 R
(0 < R <∞)

³2±d¬P¨N´P±B®S¯d¨N´P­r¬
L2,γ 8

­rªg¨g¬J­r¬Pª�³2±d¬P¨N´P±B®S¯d¨N´P­r¬%9�ªN±2»`À"®S¯B®
B2,γ

ºS­P­rªG«BªN¯2¯d¬Pª�­%±B®JÊP¬SÆ
´J®Z¹�Õ×ÖPº�ØZÙfÌ $+Â4¨N´P±dªgÀ"®Z©dÏP¯2¸�ª0ÉZ®Z«�®gÅ2°i®S³2³2±d¬JÂ4¨N°dÀ"® Ç °2°�®S¯B®Z©d°2´P°2Ådªg¨NÂ2°�¹}Ô ¼4¯2Â Ç °2È|°ÑÉZ®Z«�®gÅ2°}­P¸�Æ
Å2°d¨G©BªN¯2°2µoÉg¯B®gÅdªN¯2°2È<±B®SÉN©d°2Å2¯2¸�¹

n
Æz³d¬J³dªN±dªNÅ2¯2°2Â4¬J­0­�³2±d¬P¨N´P±B®S¯d¨N´P­rª

B2,γ
±B®J¨g¨gÀ.¬J´P±dªN¯2¸ ­r¬&À;¯d¬SÆ

»g°�¹,±B®JÊP¬J´J®Z¹ " ¨gÀ�Ì×º2¯B®S³2±2°dÀ.ªN±kº9Õ Ü`Ý�(`Ù9°q³2±2°2­rªG«BªN¯2¯2¸�ª&­m¯2°�¹qÊJ°dÊS©d°d¬J»g±B®JÔ °2°�&GÌ
ß%¼r¨N´PÏ

{ϕk(z)}
∞
k=0 8

³d¬S©d¯B®SµÑ¬J±2´r¬J¯d¬J±dÀ;°2±d¬J­u®S¯2¯B®Sµ}³d¬o¬PÊS©�®J¨N´P°
D
¨N°d¨N´rªgÀ"®mÂ4¬PÀ;³�©BªNÂ4¨N¯2¸�¹

Ô ¼4¯2Â Ç °2Èq­e³2±d¬P¨N´P±B®S¯d¨N´P­rª L2,γ
4

f(z) =

∞∑

k=0

ck(f)ϕk(z), ck(f) =

∫∫

(D)

γ(|z|)f(z)ϕk(z) dz
"XÖ6&

8
¨N¼4´PÏe±uµ4«d¸ � ¼4±2Ïrª Ô ¼4¯2Â Ç °2° f ∈ L2,γ

³d¬eÒg´r¬JÈ|¨N°d¨N´rªgÀ.ªPº

Sn(f ; z) =
n−1∑

k=0

ck(f)ϕk(z)

8
ªN»`¬�ÅB®J¨N´P°2Å2¯2¸�ª�¨N¼�À.À;¸Á³d¬J±uµ4«dÂ�®

n
ÌSß%¼r¨N´PÏ

Pn 8
³d¬g«d³2±d¬P¨N´P±B®S¯d¨N´P­r¬�¬PÊP¬PÊJà0ªN¯2¯2¸�¹0Â4¬PÀ;³�©BªNÂ4¨GÆ

¯2¸�¹,³d¬S©d°2¯d¬PÀ.¬J­o­P°�«�®

pn(z) =
n−1∑

k=0

dkϕk(z),

»O«Bª
dk ∈ C

Ì2�9¬J»O«�®�ºdÂ�®SÂ)¹u¬J±d¬JÐ0¬e°2Ég­rªg¨N´P¯d¬;" ¨gÀ�Ì×º2¯B®S³2±2°dÀ.ªN±kº9Õ )SÙfº2¨PÌdØPáPÜ7& 4

En−1(f) = inf
{
‖f − pn‖

2
2,γ : pn(z) ∈ Pn

}
= ‖f − Sn(f)‖

2
2,γ =

∞∑

k=n

|ck(f)|
2,

" Ø7&

»O«Bª
ck(f) 8

Â4¬JÒ`Ô&Ô ° Ç °dªN¯2´P¸ � ¼4±2Ïrª&Ô ¼4¯2Â Ç °2° f º2¬J³2±dªG«BªG©BªN¯2¯2¸�ª�­;"XÖ6&GÌ
�;®J¨g¨gÀ.¬J´P±2°dÀÓ´rªN³dªN±2ÏoÔ ¼4¯2Â Ç °2¾

T (ξ, η;h) =
∞∑

k=0

ϕk(ξ)ϕk(η)h
k,

" Ü7&

»O«Bª
h ∈ (0, 1), (ξ, η) ∈ D × D

º�³2±2°2ÅdªgÀÄ±B®S­rªN¯d¨N´P­r¬|­ " Ü7&�³d¬J¯2°dÀ"®JªN´r¨OµË­|¨gÀ;¸�¨G©Bªo¨U¹u¬g«d°dÀ.¬P¨N´P°
­e³2±d¬P¨N´P±B®S¯d¨N´P­rª

L2(D × D ; γ(|ξ|)γ(|η|))
Ì

�+±B®SÉg¼Ë¬J´rÀ.ªN´P°dÀ�º9Å2´r¬|­|±uµ4«BªoÅB®J¨N´P¯2¸�¹�¨G©d¼4ÅB®JªN­}À.¬`½e¯d¬|¼4Â�®SÉZ®S´PÏ}µ�­P¯2¸�ªo­P¸�±B®S½�ªN¯2°2µË«2©dµ
Ô ¼4¯2Â Ç °2° T (ξ, η;h) Ìr��®SÂkºS¯B®S³2±2°dÀ.ªN±kºPªg¨G©d° D = {z ∈ C; |z| < 1}

º
γ(|z|) = 1

ºZ´r¬%¨N°d¨N´rªgÀ"®%Ô ¼4¯2Â�Æ
Ç °2È ϕk(z) =

√
(k + 1)/πzk

º
k = 0, 1, . . . ,

µ�­J©dµ2ªN´r¨Oµq¬J±2´r¬J¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬JÈ " ¨gÀ�Ì×º2¯B®S³2±2°dÀ.ªN±kºkÕ )�º
¨PÌdØ��<)ZÙ &GÌd
 Òg´r¬PÀ�¨G©d¼4ÅB®Jª%°dÀ.ªgªgÀ " ¨gÀ�Ì×º2¯B®S³2±2°dÀ.ªN±kº9Õ �ZÙ &

T (ξ, η;h) =

∞∑

k=0

ϕk(ξ)ϕk(η)h
k =

1

π

∞∑

k=0

(k + 1)(ξη̄h)k =
1

π
·

1

(1− ξη̄h)2
.
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Û³2±d¬P¨N´P±B®S¯d¨N´P­rª
L2,γ

±B®J¨g¨gÀ.¬J´P±2°dÀÛ¬J³dªN±B®S´r¬J±
Fh

4

Fhf(z) =

∫∫

D

γ(|ζ|)f(ζ)T (z, ζ; 1 − h) dζ,
"@?
&

Â4¬J´r¬J±2¸�È}ÊJ¼Z«BªgÀÁ¯B®SÉg¸�­u®S´PÏ /�=�9 C�7D:8/�CE/I?�/���/���5N9;H6H6/ 	 /814QD2�A 	 7 Ì��!³dªN±B®S´r¬J± Fh
¬PÊS©�®Z«�®JªN´<¨G©BªG«d¼uÆ

¾�à�°dÀ;°|¨N­r¬JÈd¨N´P­u®JÀ;°54
Ö6&
Fh(f1 + f2) = Fh(f1) + Fh(f2)

"
∀ f1, f2 ∈ L2,γ

& �
Ø7&
Fh(λf) = λFh(f) (∀λ ∈ C)

"
∀ f ∈ L2,γ

& �
Ü7&

‖Fh(f)‖ 6 ‖f‖
"
∀ f ∈ L2,γ

& �
?
&
Fhϕk(z) = (1− h)nϕk(z)

�

Þ7&
‖Fh(f)− f‖ → 0, h→ 0+

Ì
ß%±2°|³d¬PÀ.¬Jà�°|¬J³dªN±B®S´r¬J±B®o¬PÊP¬PÊJà0ªN¯2¯d¬J»`¬o¨U«d­P°2»N®

Fh
«2©dµq³2±d¬J°2Ég­r¬S©dÏP¯d¬JÈ}Ô ¼4¯2Â Ç °2° f ∈ L2,γ

º
¬J³2±dªG«BªG©d°dÀ�Â4¬J¯dªNÅ2¯2¸�ª�±B®SÉg¯d¬P¨N´P°)³dªN±2­r¬J»`¬m°q­P¸�¨NÐ�°�¹q³d¬J±uµ4«dÂ4¬J­o±B®S­rªN¯d¨N´P­u®JÀ;°

∆1
hf(z) = f(z)− Fhf(z) = (I− Fh)f(z),

∆m
h f(z) = ∆1

h(∆
m−1
h f(z)) = (I− Fh)

mf(z) =

m∑

k=0

(−1)m−k

(
m

k

)
F

(k)
h f(z),

»O«Bª
F 0
hf(z) = If(z) = f(z), F

(k)
h f(z) = Fh(F

(k−1)
h f(z))

º
k = 1, . . . ,m

º
m ∈ N, I 8

ªG«d°2¯2°2Å2¯2¸�È
¬J³dªN±B®S´r¬J±|­e³2±d¬P¨N´P±B®S¯d¨N´P­rª

L2,γ
Ì2
�ªG©d°2Å2°2¯2¼

Ωm(f ; t)2,γ = sup {‖∆m
h f(z)‖2,γ : 0 < h 6 t}

" Þ7&

ÊJ¼Z«BªgÀÁ¯B®SÉg¸�­u®S´PÏ /���/���5N9;H6H�� ? ?#/�Q�O�P�9 ? H�9;=DC�9 C �!2�H6/�14:8A
m
� 	 /�=6/�C�36Q��'7 Ô ¼4¯2Â Ç °2° f ∈ L2,γ

Ì
� ¥ ����/ ¤ ( � ��� �3�����6� �������<�	��� 
 ����� �����

f ∈ L2,γ
���3�5�6����� ������� �5�6�����	��
����

Ω2
m(f ; t)2,γ =

∞∑

k=0

(1− (1− t)k)2m|ck(f)|
2.

" á7&

C
ß%±dªN½0«Bª&­r¨gªN»`¬2º2ÉZ®JÀ.ªN´P°dÀ�ºdÅ2´r¬e¬J³dªN±B®S´r¬J±>"@?
&�¨%¼4ÅdªN´r¬PÀ " Ü7&�³2±dªG«B¨N´J®S­P°dÀ�­m­P°�«Bª

Fhf(z) =

∫∫

D

γ(|ζ|)f(ζ)T (z, ζ; 1− h) dζ =

∫∫

D

γ(|ζ|)f(ζ)

{
∞∑

k=0

ϕk(z)ϕk(ζ)(1− h)k

}
dζ

=

∞∑

k=0



∫∫

D

γ(|ζ|)f(ζ)ϕk(ζ) dζ


ϕk(z)(1 − h)k =

∞∑

k=0

ck(f)ϕk(z)(1 − h)k,

°d¨N³d¬S©dÏPÉg¼Pµ)Â4¬J´r¬J±2¸�È|³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬o¯B®Z¹u¬g«d°dÀ

∆hf(z) := f(z)− Fhf(z) =
∞∑

k=0

ck(f)ϕk(z)
(
1− (1− h)k

)
.

� ®Z©BªgªPº�³d¬P¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬)³2±2°dÀ.ªN¯2µ�µ}³d¬S©d¼4ÅdªN¯2¯2¼4¾�Ô&¬J±dÀ;¼Z©d¼rº�³2±2°Ñ©d¾%ÊP¬PÀ
m ∈ N

°
h ∈ (0, 1)°dÀ.ªgªgÀ'4

∆m
h f(z) = ∆

(
∆m−1

h f(z)
)
=

∞∑

k=0

ck(f)ϕk(z)
(
1− (1− h)k

)m
.

" (<&
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ß%±2°dÀ.ªN¯2µ�µ,±B®S­rªN¯d¨N´P­r¬eß&®S±d¨gªN­u®Z©dµ,Â,¨g¬P¬J´P¯d¬JÐ0ªN¯2°2¾ " (<&Nºu°,­0¨N°�©d¼o´r¬J»`¬2º4Å2´r¬0¨N°d¨N´rªgÀ"®0Ô ¼4¯2Â Ç °2È
{ϕk(z)}

∞
k=0

­m¬PÊS©�®J¨N´P°
D ⊂ C

µ�­J©dµ2ªN´r¨Oµ)¬J±2´r¬J¯d¬J±dÀ;°2±d¬J­u®S¯2¯d¬JÈkº�ÉZ®S³2°2Ð0ªgÀ

∥∥∆m
h f
∥∥2
2,γ

=
∞∑

k=0

[
1− (1− h)k

]2m∣∣ck(f)
∣∣2, h ∈ (0, 1),

¬J´PÂ2¼Z«�®0­m¨N°�©d¼ " Þ7&+³d¬S©d¼4ÅB®JªgÀ " á7&GÌ
B
Ä±B®JÊP¬J´rª,Õ �ZÙ�«B¬JÂ�®SÉZ®S¯d¬2º�Å2´r¬m«2©dµ|³2±d¬J°2Ég­r¬S©dÏP¯d¬JÈiÔ ¼4¯2Â Ç °2° f ∈ L2,γ

³2±2°|©d¾%ÊP¬PÀ
t ∈ (0, 1)¨N³2±B®S­rªG«2©d°2­u®m¬ Ç ªN¯2Â�®

En−1(f)2,γ 6
[
1− (1− t)n

]−m
Ωm(f ; t)2,γ , m, n ∈ N,

" )7&

³2±2°2ÅdªgÀ)³2±2°&Â�®S½0«B¬PÀ|Ô °2Â4¨N°2±d¬J­u®S¯2¯d¬PÀ
n
Â4¬J¯d¨N´J®S¯2´J®�­�³2±B®S­r¬JÈ&ÅB®J¨N´P°�¯dªN±B®S­rªN¯d¨N´P­u®%" )7&�¯dª"À.¬`½�ªN´

ÊJ¸�´PÏ)¼�À.ªN¯2ÏPÐ0ªN¯B®�Ìk
�¨`®JÀ.¬PÀ «BªG©BªPºk¨e¬g«d¯d¬JÈ�¨N´r¬J±d¬J¯2¸&º�«2©dµ~³2±d¬J°2Ég­r¬S©dÏP¯d¬JÈ�Ô ¼4¯2Â Ç °2° f ∈ L2,γ°dÀ.ªgªgÀ

sup
f∈L2,γ

En−1(f)2,γ
Ωm(f ; t)2,γ

6
[
1− (1− t)n

]−m
.

" �7&

��«d±2¼4»`¬JÈq¨N´r¬J±d¬J¯2¸&º�Â�®SÂq¨G©BªG«d¼rªN´0°2É%±B®S­rªN¯d¨N´P­u® " Ø7&;«2©dµ,Ô ¼4¯2Â Ç °2° f0(z) = ϕn(z)
º4»O«Bª

ϕn(z) 8
n
Æz¸�È0Å�©BªN¯e¬J±2´r¬J»`¬J¯B®Z©dÏP¯d¬JÈo¨N°d¨N´rªgÀ;¸

{ϕk(z)}
∞
k=0

ºS°dÀ.ªgªgÀ
En−1(f0)2,γ = |cn(f0)| = 1

Ì � ©dµ�Òg´r¬JÈ
½�ª&Ô ¼4¯2Â Ç °2°q°2É&±B®S­rªN¯d¨N´P­u®;" á7&+­P¸�´rªNÂ�®JªN´SºBÅ2´r¬

Ωm(f0; t)2,γ =
[
1− (1− t)n

]m
.

� À.ªgªgÀ

sup
f∈L2,γ

En−1(f)2,γ
Ωm(f ; t)2,γ

>
En−1(f0)2,γ
Ωm(f0; t)2,γ

=
[
1− (1− t)n

]−m
.

"XÖ��7&

��®SÂ2°dÀÓ¬PÊJ±B®SÉ`¬PÀ�ºd¨g¬J³d¬P¨N´J®S­J©dµ�µ|¯dªN±B®S­rªN¯d¨N´P­u®;" �7&�° "XÖ��7&Nº�³d¬S©d¼4ÅB®JªgÀ

sup
f∈L2,γ

En−1(f)2,γ
Ωm(f ; t)2,γ

=
1

(1− (1− t)n)m
, 0 < t < 1.

"XÖPÖ6&

ß ¬S©�®S»N®Sµ)­;"XÖPÖ6&
t = 1/n

º2°dÀ.ªgªgÀ

sup
f∈L2,γ

En−1(f)2,γ
Ωm(f ; 1/n)2,γ

=

(
1−

(
1−

1

n

)n)−m

,

¬J´PÂ2¼Z«�®e¨N±B®SÉg¼<­P¸�´rªNÂ�®JªN´,¨g¬P¬J´P¯d¬JÐ0ªN¯2°dª

sup
n∈N

sup
f∈L2,γ

En−1(f)2,γ
Ωm(f ; 1/n)2,γ

=
(
1− e−1

)−m
.


�¨N¾�«d¼Ñ«�®Z©Bªgªm³d¬g«�­rªg¨g¬J­r¬JÈ�Ô ¼4¯2Â Ç °dªNÈi¯B®q¬J´P±dªNÉgÂ4ª [0, h]
ÊJ¼Z«BªgÀÄ³d¬J¯2°dÀ"®S´PÏ|¯dªg¬J´P±2° Ç ®S´rªG©dÏP¯2¼4¾

°2É`À.ªN±2°dÀ;¼4¾Î°)¨N¼�À.À;°2±2¼rªgÀ;¼4¾Î¯B®
[0, h]

Ô ¼4¯2Â Ç °2¾ q(t)
º�¯dª ÒgÂ2­P°2­u®Z©BªN¯2´P¯2¼4¾�¯2¼Z©BªN­r¬JÈkÌ

� ¥u@B>�¥ ��/ ¤ (�� � ��
��
m,n ∈ N, 0 < p 6 2, 0 < h < 1, q �

���������
� � 
 ����� �����!��� ���	
<�����
� �	�

(0, h)

 ����� �5�����3�5�6����� ������� �5�6�����	��
����

sup
f∈L2,γ

En−1(f)2,γ(
h∫
0

Ωp
m(f, t)2,γq(t) dt

)1/p
=

1
(

h∫
0

(1− (1− t)n)mpq(t) dt

)1/p
.

"XÖ`Ø7&
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C

�¬P¨N³d¬S©dÏPÉg¼rªgÀ.¨OµÑ¨G©BªG«d¼4¾�à�°dÀÁ¼4³2±d¬Jà0ªN¯2¯2¸�ÀÁ­u®S±2°B®S¯2´r¬PÀ�¯dªN±B®S­rªN¯d¨N´P­u® � °2¯2Â4¬J­r¨NÂ4¬J»`¬ÑÕ×Ö��2º

¨PÌkÖ�� ?JÙ 4



h∫

0

(
∞∑

k=n

|f̃k(t)|
2

)p/2

dt




1/p

>




∞∑

k=n




h∫

0

|f̃k(t)|
p dt




2/p



1/2

,
"XÖ`Ü7&

­rªN±2¯d¬J»`¬m³2±2°)­r¨gªG¹
0 < p 6 2

°
h ∈ R+

Ì2ß ¬S©�®S»N®Sµ)­e¯dªN±B®S­rªN¯d¨N´P­rª�"XÖ`Ü7&
f̃k = fkq

1/p º�³d¬S©d¼4ÅB®JªgÀ




h∫

0

(
∞∑

k=n

|fk(t)|
2

)p/2

q(t) dt




1/p

>




∞∑

k=n




h∫

0

|fk(t)|
pq(t) dt




2/p



1/2

.
"XÖ ?
&

� ¨N³d¬S©dÏPÉg¼Pµ)¯dªN±B®S­rªN¯d¨N´P­r¬="XÖ ?
&Nº�±B®S­rªN¯d¨N´P­u®;" á7&�° " Ø7&�°q¼4Å2°2´P¸�­u®Sµ)¬JÅdªN­P°�«d¯d¬Pª�¨g¬P¬J´P¯d¬JÐ0ªN¯2°dª

inf
k>n

h∫

0

(
1− (1− t)k

)mp
q(t) dt =

h∫

0

(
1− (1− t)n

)mp
q(t) dt,

³d¬S©d¼4ÅB®JªgÀ




h∫

0

Ωp
m(f, t)2,γq(t) dt





1/p

=





h∫

0

(
Ω2
m(f, t)2,γ

)p/2
q(t) dt





1/p

>





∫ h

0

(
∞∑

k=n

(
1− (1− t)k

)2m
|ck(f)|

2

)p/2

q(t)dt





1/p

>





∞∑

k=n

|ck(f)|
2




h∫

0

(
1− (1− t)k

)mp
q(t) dt




2/p




1/2

>




h∫

0

(1− (1− t)n)mp q(t) dt




1/p{
∞∑

k=n

|ck(f)|
2

}1/2

=




h∫

0

(1− (1− t)n)mp q(t) dt




1/p

En−1(f)2,γ .

"XÖ`Þ7&

�%É�"XÖ`Þ7&�³d¬S©d¼4ÅB®JªgÀ�¬ Ç ªN¯2Â2¼q¨N­rªN±r¹�¼,­rªG©d°2Å2°2¯2¸&ºB¨N´r¬`µ�à0ªNÈ)­e©BªN­r¬JÈ)ÅB®J¨N´P°)±B®S­rªN¯d¨N´P­u®;"XÖ`Ø7& 4

sup
f∈L2,γ

En−1(f)2,γ(
h∫
0

Ωp
m(f, t)2,γq(t) dt

)1/p
6

1
(

h∫
0

(1− (1− t)n)mpq(t) dt

)1/p
.

"XÖ`á7&

� ©dµÑ³d¬S©d¼4ÅdªN¯2°2µ~¬ Ç ªN¯2Â2°~¨N¯2°2Ég¼|´r¬JÈ~½�ª�­rªG©d°2Å2°2¯2¸�³d¬SÆz³2±dªN½e¯dªgÀ;¼}³d¬S©�®S»N®JªgÀ f0(z) := ϕn(z) ∈
L2,γ

Ìdß ¬P¨NÂ4¬S©dÏPÂ2¼,«2©dµ,Òg´r¬JÈ|Ô ¼4¯2Â Ç °2°

En−1(f0)2,γ = 1, Ωm(f0, t)2,γ =
(
1− (1− t)n

)m
, 0 < t < 1,
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 ����� ����� � �6�����	��� ���	���=�	����� � �����	��� ��Ö

´r¬0°dÀ.ªgªgÀ
h∫

0

Ωp
m(f0, t)2,γq(t) dt =

h∫

0

(
1− (1− t)n

)mp
q(t) dt.

�"©BªG«B¬J­u®S´rªG©dÏP¯d¬2º

sup
f∈L2,γ

En−1(f)2,γ(
h∫
0

Ωp
m(f, t)2,γq(t)dt

)1/p
>

En−1(f0)2,γ(
h∫
0

Ωp
m(f0, t)2,γq(t) dt

)1/p

=
1

(
h∫
0

(1− (1− t)n)mpq(t) dt

)1/p
.

"XÖ6(<&

�%É|¨g¬J³d¬P¨N´J®S­J©BªN¯2°2µ ¬ Ç ªN¯2Â2°Û¨N­rªN±r¹�¼ "XÖ`á7&0°Ó¬ Ç ªN¯2Â2° ¨N¯2°2Ég¼ "XÖ6(<&0³d¬S©d¼4ÅB®JªgÀ ´P±dªgÊJ¼rªgÀ.¬Pª|±B®S­rªN¯�Æ
¨N´P­r¬;"XÖ`Ø7&Gº2ÅdªgÀÁ°qÉZ®S­rªN±2Ðe®JªgÀ�«B¬JÂ�®SÉZ®S´rªG©dÏr¨N´P­r¬<´rªg¬J±dªgÀ;¸ ÖPÌ

B�%É&´rªg¬J±dªgÀ;¸ Ö ­P¸�´rªNÂ�®S¾�´o¨G©BªG«d¼4¾�à�°dª ¼4´P­rªN±u½0«BªN¯2°2µ 4
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m,n ∈ N, p = 1/m


h ∈ (0, 1)



q �

���������
� � 
 ����� ����� ���'���	
<�����
� �	�

(0, h)

 ����� �5�����3�5�6����� ������� �5�6�����	��
����

sup
f∈L2,γ

En−1(f)2,γ(
h∫
0

Ω
1/m
m (f, t)2,γq(t) dt

)m =




h∫

0

[1− (1− t)n]q(t) dt




−m

.
"XÖ�)7&

� �3�7��
��	�<��
���
��6� "XÖ�)7& �3���
q(t) ≡ 1

� �	��� � ��
 �5�6�����	��
����

sup
f∈L2,γ

En−1(f)2,γ(
(n+ 1)

h∫
0

Ω
1/m
m (f, t)2,γ dt

)m =
1{

(n+ 1)h − 1 + (1− h)n+1
}m .

"XÖ��7&

� �����6��� � �:"XÖ��7&
h = 1/(n+ 1)


.�	��� ���3�7� �

sup
f∈L2,γ

En−1(f)2,γ(
(n+ 1)

1/(n+1)∫
0

Ω
1/m
m (f, t)2,γ dt

)m =

(
1−

1

n+ 1

)−m(n+1)

,
" Ø��7&

�6�K� �<
<� ��������
	� ����� � � �
������� � 
5� �	��� � ��
 �I� ��
 ��� � � ���<�	�<� �5�6�����	��
����

sup
n∈N

sup
f∈L2,γ

En−1(f)2,γ(
(n+ 1)

1/(n+1)∫
0

Ω
1/m
m (f, t)2,γ dt

)m = em.

� 5.¥J¦,-r1�AB§�¥ * ( � � ��
�� ��
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1

 � ���	� ��� �

q(t) = n(1− t)n−1 


n ∈ N

 ����� �5���3��� �	��
<�6�

h ∈ (0, 1)
���3�5�6����� ������� �5�6�����	��
����

sup
f∈L2,γ

En−1(f)2,γ(
n

h∫
0

Ωp
m(f, t)2,γ(1− t)n−1 dt

)1/p
=

{
mp+ 1

[1− (1− h)n]mp+1

}1/p

.
" Ø�Ö6&
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 � �3�7��
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h = 1/n



n ∈ N,

�	��� ���3�7� �

sup
n∈N

sup
f∈L2,γ

En−1(f)2,γ(
n

1/n∫
0

Ωp
m(f, t)2,γ(1− t)n−1 dt

)1/p
=

(mp+ 1)1/p

(1− e−1)m+1/p
.

" ØPØ7&

� ����� � � �
������� � 
��6� " ØPØ7& �3���
p = 1/m



m ∈ N,

� �	��� � ��
 �5�6�����	��
����

sup
n∈N

sup
f∈L2,γ

En−1(f)2,γ(
n

1/n∫
0

Ω
1/m
m (f, t)2,γ(1− t)n−1 dt

)m = 2m
(

e

e− 1

)2m

.

* ( ß%±2°2­rªG«BªgÀÁ±uµ4«)¬J³2±dªG«BªG©BªN¯2°2È)°q¬PÊP¬JÉg¯B®gÅdªN¯2°2Èkºd¯dªg¬PÊg¹u¬g«d°dÀ;¸�¹)¯B®JÀË«2©dµo«�®Z©dÏP¯dªNÈ2Ð0ªN»`¬e°2ÉNÆ
©B¬`½�ªN¯2°2µ�Ìdß%¼r¨N´PÏ

S 8
ªG«d°2¯2°2Å2¯2¸�È)Ðe®S±,­�³2±d¬P¨N´P±B®S¯d¨N´P­rª

L2,γ
�
Λn ⊂ L2,γ 8 n

ÆfÀ.ªN±2¯d¬Pª%³d¬g«d³2±d¬SÆ
¨N´P±B®S¯d¨N´P­r¬ �

Λn ⊂ L2,γ 8
³d¬g«d³2±d¬P¨N´P±B®S¯d¨N´P­r¬|Â4¬J±B®SÉ`À.ªN±2¯d¬P¨N´P°

n
�
L : L2,γ → Λn 8

©d°2¯dªNÈ2¯2¸�È
¯dªN³2±dªN±2¸�­P¯2¸�È�¬J³dªN±B®S´r¬J± �

L ⊥ : L2,γ → Λn 8
¯dªN³2±dªN±2¸�­P¯2¸�È�¬J³dªN±B®S´r¬J±~©d°2¯dªNÈ2¯d¬J»`¬)³2±d¬PªNÂ2´P°�Æ

±d¬J­u®S¯2°2µ �
M 8

­P¸�³2¼4Â�©B¬Pª Ç ªN¯2´P±B®Z©dÏP¯d¬SÆf¨N°dÀ.À.ªN´P±2°2Å2¯d¬Pª�³d¬g«BÀ;¯d¬`½�ªg¨N´P­r¬,°2É L2,γ
Ì2
�ªG©d°2Å2°2¯2¸

bn(M, L2,γ) = sup
{
sup

{
ε > 0; εS ∩ Λn+1 ⊂ M

}
: Λn+1 ⊂ L2,γ

}
,

dn(M, L2,γ) = inf
{
sup

{
inf
{
‖f − g‖2 : g ∈ Λn

}
: f ∈ M

}
: Λn ⊂ L2,γ

}
,

δn(M, L2,γ) = inf
{
inf
{
sup

{
‖f − L f‖2 : f ∈ M

}
: LL2,γ ⊂ Λn

}
: Λn ⊂ L2,γ

}
,

dn(M, L2,γ) = inf
{
sup

{
‖f‖2,γ : f ∈ M ∩ Λn

}
: Λn ⊂ L2,γ

}
,

Πn(M, L2,γ) = inf
{
inf
{
sup

{
‖f − L

⊥f‖2 : f ∈ M

}
: L

⊥L2,γ ⊂ Λn

}
: Λn ⊂ L2,γ

}

¯B®SÉg¸�­u®S¾�´Û¨g¬P¬J´P­rªN´r¨N´P­rªN¯2¯d¬ �D9 CEH��8:N9��6H6/D2�1��'A�? 
 �'/IP'?#/ 	 /�CE/D2�1��'A�? 
0P6A6H�9��6H�� ? 
 	 9 P�
�F 7DH6Q�/D2��
1��'A�? 
 =DCE/D9����6A6/�H6H�� ?

n
� =6/�=�9 C�9;S�H6A��'7�?#A ³d¬g«BÀ;¯d¬`½�ªg¨N´P­u®

M
­Ë³2±d¬P¨N´P±B®S¯d¨N´P­rª

L2,γ
Ì+�%Ég­rªg¨N´JÆ

¯d¬<Õ×Ö���ºBÖPÖNÙfºrÅ2´r¬&¼4Â�®SÉZ®S¯2¯2¸�ª
n
Æz³d¬J³dªN±dªNÅ2¯2°2Â2°qÀ.¬J¯d¬J´r¬J¯2¯2¸ ³d¬

n
°<À.ªN½0«d¼m¯2°dÀ;°<­�»g°�©dÏrÊPªN±2´r¬J­r¬PÀ

³2±d¬P¨N´P±B®S¯d¨N´P­rª
L2,γ

­P¸�³d¬S©d¯2µ�¾�´r¨Oµ|¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ 4

bn(M, L2,γ) 6 dn(M, L2,γ) 6 dn(M, L2,γ) = δn(M, L2,γ) = Πn(M, L2,γ).
" ØPÜ7&


�­rªG«BªgÀ�Â�©�®J¨g¨N¸ Ô ¼4¯2Â Ç °2Èkº2­P¸�´rªNÂ�®S¾�à�°dª&°2É&¯dªN±B®S­rªN¯d¨N´P­u®;" )7&�°)¼4´P­rªN±u½0«BªN¯2°2µ)´rªg¬J±dªgÀ;¸�ÖPÌ
ß%¼r¨N´PÏ

h ∈ (0, 1)
º
m ∈ N

ÌJ# ªN±dªNÉ
W2,γ,m(Φ)

¬PÊP¬JÉg¯B®gÅ2°dÀ~Â�©�®J¨g¨�Ô ¼4¯2Â Ç °2È f ∈ L2,γ
ºJ¬PÊP¬PÊJà0ªN¯2¯2¸�È

À.¬g«d¼Z©dÏo¯dªN³2±dªN±2¸�­P¯d¬P¨N´P°>" á7&�Â4¬J´r¬J±2¸�¹)¼Z«B¬J­J©BªN´P­r¬J±uµ2ªN´o¯dªN±B®S­rªN¯d¨N´P­P¼

Ωm(f, h)2,γ 6 Φ(h),

»O«Bª
Φ 8

¯dªg¬J´P±2° Ç ®S´rªG©dÏP¯B®Sµ�º�À.¬J¯d¬J´r¬J¯2¯d¬m­r¬JÉg±B®J¨N´J®S¾�àe®Sµ|Ô ¼4¯2Â Ç °2µ,¯B® [0,+∞)
Ì

# ªN±dªNÉ
WpL2,γ(Ωm; q, h)

¬PÊP¬JÉg¯B®gÅ2°dÀ Â�©�®J¨g¨<Ô ¼4¯2Â Ç °2È f ∈ L2,γ
ºk³2±2°i©d¾%ÊJ¸�¹

m ∈ N
º
h ∈

(0, 1)
°
0 < p 6 2

¼Z«B¬J­J©BªN´P­r¬J±uµ�¾�à�°�¹)¼r¨G©B¬J­P°2¾




h∫

0

Ωp
m(f ; t)2,γq(t) dt




1/p

6 1.

� ¥u@B>�¥ ��/ * (�� ��� �	��
�
 �
n,m ∈ N

�
h ∈ (0, 1)

���3�5�6����� ������
 �5�6�����	��
��
�

λn
(
W2,γ,m(Φ), L2,γ

)
= En−1

(
W2,γ,m(Φ)

)
=
[
1− (1− h)n

]−m
Φ(h),

" Ø ?
&
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����
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 ����� ����� � �6�����	��� ���	���=�	����� � �����	��� �PÜ

� ���
λn(·) �

�	��
<��� �6�
n
�@�	���	�����R������� ���

bn(·)


dn(·)



dn(·)



δn(·)



Πn(·)


 �

En−1

(
W2,γ,m(Φ)

)
= sup

{
En−1(f)2,γ : f ∈W2,γ,m(Φ)

}
.

C
� Ç ªN¯2Â�®�¨N­rªN±r¹�¼o­r¨gªG¹m±B®J¨g¨gÀ"®S´P±2°2­u®JªgÀ;¸�¹ n Æz³d¬J³dªN±dªNÅ2¯2°2Â4¬J­eÂ�©�®J¨g¨`® W2,γ,m(Φ)

¨G©BªG«d¼rªN´0°2É
¯dªN±B®S­rªN¯d¨N´P­u®;" )7&Nº�³d¬P¨NÂ4¬S©dÏPÂ2¼

En−1

(
W2,γ,m(Φ)

)
= sup

f∈W2,γ,m(Φ)
En−1(f)2,γ

6 sup
f∈W2,γ,m(Φ)

{[
1− (1− h)n

]−m
Ωm(f, h)2,γ

}
6
[
1− (1− h)n

]−m
Φ(h).

" ØPÞ7&

�!´r¨N¾�«�®�ºu¼4Å2°2´P¸�­u®Sµ<¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ:" ØPÜ7&;«2©dµm­r¨gªG¹m³dªN±dªNÅ2°d¨G©BªN¯2¯2¸�¹
n
Æz³d¬J³dªN±dªNÅ2¯2°2Â4¬J­dº�³d¬S©d¼4ÅB®JªgÀ

¬ Ç ªN¯2Â2¼q¨N­rªN±r¹�¼
λn
(
W2,γ,m(Φ)

)
6
[
1− (1− h)n

]−m
Φ(h).

" ØPá7&
� ©dµÓ³d¬S©d¼4ÅdªN¯2°2µ ¬ Ç ªN¯2Â2° ¨N¯2°2Ég¼�­r¨gªG¹ n Æz³d¬J³dªN±dªNÅ2¯2°2Â4¬J­dº�±B®S­P¯2¸�¹Û³2±B®S­r¬JÈÛÅB®J¨N´P° ¯dªN±B®S­rªN¯�Æ¨N´P­u® " ØPá7&�­

(n+ 1)
ÆfÀ.ªN±2¯d¬PÀ�³d¬g«d³2±d¬P¨N´P±B®S¯d¨N´P­rª�³d¬S©d°2¯d¬PÀ.¬J­

Pn+1 =

{
pn+1(z) : pn+1(z) =

n∑

k=0

akϕk(z)

}
,

­P­rªG«BªgÀÁ­m±B®J¨g¨gÀ.¬J´P±dªN¯2°dª&Ðe®S±

Sn+1 :=
{
pn+1(z) ∈ Pn+1 : ‖pn+1‖2,γ 6

[
1− (1− h)n

]−m
Φ(h)

}

°o³d¬JÂ�®S½�ªgÀ�º�Å2´r¬�Ðe®S±
Sn+1 ⊂W2,γ,m(Φ)

Ì4
�¨`®JÀ.¬PÀi«BªG©BªPºr«2©dµo³2±d¬J°2Ég­r¬S©dÏP¯d¬J»`¬
pn+1(z) ∈ Sn+1

º
¨g¬J»O©�®J¨N¯d¬m±B®S­rªN¯d¨N´P­P¼ " á7&Gº2°dÀ.ªgªgÀ

Ω2
m(pn+1;h)2,γ =

n∑

k=0

[
1− (1− h)k

]2m
|ak(pn+1)|

2

6
[
1− (1− h)n

]2m n∑

k=0

|ak(pn+1)|
2 =

[
1− (1− h)n

]2m
‖pn+1‖

2
2,γ

6
[
1− (1− h)n

]2m[
1− (1− h)n

]−2m
Φ2(h) = Φ2(h).

��®SÂ2°dÀÓ¬PÊJ±B®SÉ`¬PÀ�ºBÀ;¸Ä«B¬JÂ�®SÉZ®Z©d°kºdÅ2´r¬e«2©dµq³2±d¬J°2Ég­r¬S©dÏP¯d¬J»`¬
pn+1 ⊂ Sn+1

°dÀ.ªgªN´<À.ªg¨N´r¬m¯dªN±B®S­rªN¯�Æ
¨N´P­r¬

Ωm(pn+1, h)2,γ 6 Φ(h)
ºJ®�Òg´r¬%¬JÉg¯B®gÅB®JªN´SºJÅ2´r¬

Sn+1 ⊂W2,γ,m(Φ)
Ì � ¬!´r¬J»O«�®%¨g¬J»O©�®J¨N¯d¬%¬J³2±dªGÆ

«BªG©BªN¯2°2¾ ÊPªN±2¯2Ð�´rªNÈ2¯d¬J­r¨NÂ4¬J»`¬
n
Æz³d¬J³dªN±dªNÅ2¯2°2Â�®0°,¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ#" ØPÜ7&+À.ªN½0«d¼

n
Æz³d¬J³dªN±dªNÅ2¯2°2Â�®JÀ;°kº

ÉZ®S³2°2Ð0ªgÀ

λn(W2,γ,m(Φ), L2,γ) > bn(W2,γ,m(Φ), L2,γ) > bn(Sn+1, L2,γ) >
[
1− (1− h)n

]−m
Φ(h).

" Ø7(<&

� ´P­rªN±u½0«BªN¯2°dª)´rªg¬J±dªgÀ;¸ ØÑ­P¸�´rªNÂ�®JªN´i°2É)¨g¬J³d¬P¨N´J®S­J©BªN¯2°2µÓ¬ Ç ªN¯2Â2°Ó¨N­rªN±r¹�¼ " ØPá7&�°�¬ Ç ªN¯2Â2°Ó¨N¯2°�Æ
Ég¼#" Ø7(<&NÌ

B�!´rÀ.ªN´P°dÀ�º4Å2´r¬�¼4´P­rªN±u½0«BªN¯2°dª�´rªg¬J±dªgÀ;¸ÄØ «2©dµmÂ4¬S©BÀ.¬J»`¬J±d¬J­r¨NÂ4¬J»`¬
n
Æz³d¬J³dªN±dªNÅ2¯2°2Â�®�±B®S¯dªgª%ÊJ¸�Æ

©B¬�«B¬JÂ�®SÉZ®S¯d¬o­e±B®JÊP¬J´rªmÕ �SÙfÌ
� 5.¥J¦,-r1�AB§�¥ � ( � �	
��������%��������� 
<��� ��� �-


2
�3���

h = 1/n


n ∈ N,

� � ����
 � ����
<� �7��� ���	
<� �

����
����� �<�'�5�6�����	��
����

λn(W2,γ,m(Φ), L2,γ) =

[
1−

(
1−

1

n

)n]−m

Φ

(
1

n

)
∼
(
1− e−1

)−m
Φ

(
1

n

)
.
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��
m ∈ N



0 < p 6 2



h ∈ (0, 1)



q > 0 �

���������
� ��
 ����� �����%���'���	
<�����
� �	�

(0, h)

 ����� �5�%� ��� �3�����6� �������<�	�����

n ∈ N
���3�5�6����� ������
 �5�6�����	��
��
�

λn(WpL2,γ(Ωm; q, h), L2,γ) = En−1(WpL2,γ(Ωm; q, h))

=




h∫

0

(1− (1− t)n)mpq(t) dt




−1/p

,
" Ø<)7&

� ���
λn(·) �

�	��
<��� �6� �	�����R���	� �	������
 � ��
 � �
n
�@�	���	�����R������� ����


C
� Ç ªN¯2Â2¼�¨N­rªN±r¹�¼Á­r¨gªG¹Á³dªN±dªNÅ2°d¨G©BªN¯2¯2¸�¹Ó­P¸�Ð0ª n Æz³d¬J³dªN±dªNÅ2¯2°2Â4¬J­�³d¬S©d¼4ÅB®JªgÀ °2É)¯dªN±B®S­rªN¯�Æ¨N´P­u® "XÖ`á7&Nº2¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ " ØPÜ7&�°)¬J³2±dªG«BªG©BªN¯2°2µ)Â�©�®J¨g¨`®eÔ ¼4¯2Â Ç °2È WpL2,γ(Ωm; q, h)

4

λn
(
WpL2,γ(Ωm; q, h), L2,γ

)
6 dn

(
WpL2,γ

(
Ωm; q, h), L2,γ

)

6 En−1

(
WpL2,γ(Ωm; q, h)

)
6




h∫

0

(
1− (1− t)n

)mp
q(t) dt




−1/p

.
" Ø��7&

� ©dµq³d¬S©d¼4ÅdªN¯2°2µ)¬ Ç ªN¯d¬JÂÑ¨N¯2°2Ég¼<¯B®eÀ;¯d¬`½�ªg¨N´P­rª
Pn ∩ L2,γ

±B®J¨g¨gÀ.¬J´P±2°dÀ�Ðe®S±

σn+1 =




pn+1 ⊂ Pn+1 : ‖pn+1‖2,γ 6




h∫

0

(
1− (1− t)n

)mp
q(t) dt




−1/p




°q«B¬JÂ�®S½�ªgÀ�­PÂ�©d¾�ÅdªN¯2°dª
σn+1 ⊂WpL2,γ(Ωm; q, h)

Ì
� ©dµq³2±d¬J°2Ég­r¬S©dÏP¯d¬J»`¬o³d¬S©d°2¯d¬PÀ"®

pn+1 ⊂ σn+1
¯B®0¬P¨N¯d¬J­u®S¯2°2°|±B®S­rªN¯d¨N´P­u®;" á7&�ÉZ®S³2°2Ð0ªgÀ

Ω2
m(pn+1; t)2,γ =

n∑

k=0

(
1− (1− t)k

)2m
|ck(pn+1)|

2

6
(
1− (1− t)n

)2m n∑

k=0

|ck(pn+1)|
2 =

(
1− (1− t)n

)2m
‖pn+1‖

2
2,γ

°�©d°)Å2´r¬e´r¬0½�ª
Ωm(pn+1; t)2,γ 6

(
1− (1− t)n

)m
‖pn+1‖2,γ .

" Ü��7&

�¬JÉg­r¬g«dµ�©BªN­P¼4¾ °�³2±B®S­P¼4¾ ÅB®J¨N´P°Á¯dªN±B®S­rªN¯d¨N´P­u® " Ü��7&�­~¨N´rªN³dªN¯2Ï

p
º�¼�À;¯d¬`½0®SµÁ°�¹�¯B®|­rªg¨g¬J­P¼4¾

Ô ¼4¯2Â Ç °2¾ q
°<°2¯2´rªN»g±2°2±2¼Pµ,¬PÊPª�ÅB®J¨N´P°,³d¬S©d¼4ÅdªN¯2¯d¬J»`¬�´J®SÂ2°dÀ�¬PÊJ±B®SÉ`¬PÀ�¯dªN±B®S­rªN¯d¨N´P­u®�³d¬�³dªN±dªgÀ.ªN¯�Æ

¯d¬JÈ
t
­e³2±dªG«BªG©�®Z¹|¬J´

t = 0
«B¬

t = h
º2³d¬S©d¼4ÅB®JªgÀ

h∫

0

Ωp
m(pn+1; t)2,γq(t) dt 6 ‖pn+1‖

p
2,γ

h∫

0

(
1− (1− t)n)mpq(t) dt

6




h∫

0

(1− (1− t)n)mpq(t) dt




−1 h∫

0

(1− (1− t)n)mpq(t) dt = 1,

°kºZ¨G©BªG«B¬J­u®S´rªG©dÏP¯d¬2ºZ­PÂ�©d¾�ÅdªN¯2°dª
σn+1 ⊂WpL2,γ(Ωm; q, h)

«B¬JÂ�®SÉZ®S¯d¬2ÌS
~¨N°�©d¼&¬J³2±dªG«BªG©BªN¯2°2µ�ÊPªN±2¯�Æ
Ð�´rªNÈ2¯d¬J­r¨NÂ4¬J»`¬

n
Æz³d¬J³dªN±dªNÅ2¯2°2Â�®e°|¨g¬P¬J´P¯d¬JÐ0ªN¯2°2µ " ØPÜ7&�À.ªN½0«d¼

n
Æz³d¬J³dªN±dªNÅ2¯2°2Â�®JÀ;°Ñ°dÀ.ªgªgÀ

λn
(
WpL2,γ

(
Ωm; q, h

)
, L2,γ

)
> bn

(
WpL2,γ

(
Ωm; q, h

)
, L2,γ

)

> bn(σn+1, L2,γ) >




h∫

0

(1− (1− t)n)mpq(t) dt




−1/p

.

" Ü�Ö6&
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�Gs�d<f/q/V Ï V
i����bdw� cnd<f/q/V Ï V
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1 6 p 6 ∞
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i�l��"o�� c�	\]�q�]ÑÐP]�i�
��7`\�7�.ELHJFXYNWZ^Z\SYGRSKGHPDLc�YNMXEGWZRJc!�9^`HJ\ZnSRSp!\`EGb2VSQJMX\`FIHJEL[UE"VJMXWSMXbdMIHSHJEL[UEZs I�s�s K
��s tSC"DX^Z\ZD`yr�U�G�L�Zs I��G�N��FGs

�`s�`?qYh3g�V
i�l��Q`\� cM`?qYh3g�V
i�f��B�Ql�� cMU\]�m3h3v�V
iH���QU��Qk�EL_SHShkM+ELnJMIHJ\ZR�FX\`EGWSEGFXYGR�Fz�gEXaJRJbdEGFXYGR�W`cgaPELK>j"^ZWZ]NM
�9^`HJ\ZnSRSp&\`EGb2VSQJMX\`FIHJELp&VJMXWSMXbdMIHSHJELp&K!VJWSEGFXYNWJDOHJFXYGKNM

L2(D, p(z))
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