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Aunnoraumsi. Paccmarpusaercst rmyib0€pTOBO TPOCTPAHCTBO NENbIX PyHKIWMi H | yoBIeTBOpsionee ycio-
BusiM: 1) npocrpanctso H — dbyHKIMOHAIBHOE B TOM CMBICJIE, YTO TOYE€IHbIE PYHKIMOHAILL §, : [ — f(z)
SIBJISIIOTCS HENIPEPBIBHBIMU ITPH Kaxk oM z € C; 2) npocrpancTBo H yCTOWYNBO OTHOCUTEIBHO JIEJICHHS, T. €.
ecu F € H, F(20) = 0,10 F(2)(2—20)"" € H; 3) upocrpancrso H pajuasbioe, T. e. eciu F € Hu p € R,
10 dynkums F(ze'?) nexur 8 H, npudem ||F(ze'?)|| = ||F||; 4) nomumomsr nommst 8 H u [|27 < e,
n € NU {0}, rie mociemosaresuocts u(n) yaosnersopser yeaosmo u(n + 1) + u(n — 1) — 2u(n) = n’,
n € N, aist Hekoroporo § > 0. VI3 ycsoBust 1) coesyer, 94To Kaxkaplit GYHKIUOHA . IOPOXKIAETCS JIEMEH-
ToM k-(X) € H B cmbicie 0;(f) = (f(N), kz(N)). @yuxnust k(X, z) = k. (\) Ha3bIBa€TCsE BOCIPON3BOIAIINM
aapom npocrpancrsa H. Basuc {ex, k = 1,2,...} B rusib6epTOBOM IPOCTPAHCTBE HA3BIBAETCS OE3YCJIOB-
HBIM Ga3ucoM, ecan Haitayres uncia ¢,C' > 0, Takue, 4To Jyisi JI00OTO dJIeMeHTa & = y_ oo, Trex € H
BBITIOJTHSIETCST COOTHOIIEHE

oo oo}
2 2 2 2 2
e lerllexl) < llell* < C Y lexl*llexl”.
k=1 k=1

B crarbe m3siaraercss MeTOJ] KOHCTPYHPOBaHUs O€3yCIOBHBIX 0a31MCOB M3 3HAYEHUN BOCIIPOU3BO/SIIETO
s1/Ipa B TAKUX [IPOCTPAHCTBAX. DTa 3a/1a9a BOCXOIUT K JBYM TECHO CBI3aHHBIM MEK/ Iy CODOH KJIACCHIECKIM
3a/avuaM: IpeJcTaBaenne GyHKIUH IOCPEICTBOM PsI/IOB SKCIIOHEHT U MHTEPIIOJISIIINA IEIbIMUA (DYHKITUSIMI.

Kuaro4deBbie cjioBa: rujibOEPTOBBI POCTPAHCTBA, Iiejible (DYHKIUN, 6€3yCJI0BHbIE 6A3UCHI, BOCIIPOU3BO/IsI-
1ye sIpa.
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BBenenue

[Iycts H — rupbepToBO MPOCTPAHCTBO TE/IbIX (PYHKIUH, YIOBIETBOPSIONIEE YCIAOBUSIM:
1. TIpocrpanctBo H — yHKIMOHAJIBLHOE B TOM CMBIC/IE, UTO TOYEUHBbIE (DYHKITHNOHAJIBI
0, : f — f(z) aBusitorcst HenpepbIBHBIME K Kaxk oM z € C.

# Pafora IepBOro aBTOpa BBINOJIHEHA B PAMKaX PeaH3aIldMd ITPOrPaAMMbl PA3BHTHUS HAyJIHO-06Pa30-
BATEJILHOTO MaTeMaTH4IecKoro mneaTpa lIpuBoskckoro denepasbHOrO OKpyTa, MAOMOTHUTEIHFHOE COTJIAIIEHUE
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Ke IporpaMmbl pyHIAMEHTAIbHBIX HAYIHBIX HcciaegoBanuii, mpoekt Ne 18-01-00095 A.
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2. Ilpocrpancrso H ycroitunBo oTHOCHTENBHO jenenus, T. e. eciu F' € H, F(zy) = 0, o
F(2)(z — 20)~! € H. U3 3Toro ycjioBus cjie/iyeT, B 9aCTHOCTH, 9TO TOYedHbIe (DYHKIIHOHABI
OTJINYHBI OT HYJIS.

U3 ycooBust 1 ciejyer, 94To Kazkiblil GyHKIMOHAT J, OPOXKIaeTcst sjieMeHToM k,(\) € H
B cMmbicie 0,(f) = (f(N),kz(N)). Oyukmus k(A z) = k,(\) HasbBaercs 60cnpouseodausum
adpom npocmpancmea H. Yepes K(z) obosnaunm k(z,z). Torma dbysxnus Beprmana npo-
crpancrea H — 1o |0 ]|lg = (K (2))2 (en. [1]).

Basuc {er, k= 1,2,...} B runbbeproBOM IPOCTPAHCTBE HA3BIBAETCS 6€3YCA06HVIM 0a3U-
com [2|, ecim maiinyres uncia ¢, C > 0 takue, 9ro 1yIst 06Oro jeMenTa & = o Trep € H
BBITTOJTHSIETCST COOTHOIITEHUE

o o0 2 o
e lenPllerl® < || eren]| < lerPller]*.
k=1 k=1 k=1

B nmamHO#l cTarhe MBI HAMEPEHBI U3JIOXKUTH METOJ| KOHCTPYUPOBaHUs O€3yCJIOBHBIX OA3UCOB
B HEKOTOPBIX THIBOECPTOBBIX MPOCTPAHCTBAX TEIBIX PyHKITHIL.

DTa 3a/a9a BOCXOIUT K JBYM TECHO CBSI3AHHBIM MEXKJTy COOON KJTACCHYIECKUM 3aJIadaM:
npejictapjiienne MYHKINUNE MOCPEICTBOM PSIIOB SKCIIOHEHT U WHTEPIIOJIAIINS TEJTbIMU (DY HKITH-
smu. [Ipencrasimenne GyHKIUH TOCPEICTBOM PsIJIOB SKCIIOHEHT aKTUBHO pa3BuBaioch A. .
JIEOHTBHEBBIM ¥ €10 YIeHUKAME, OCHOBHBIC PE3YIbTATHI U AHATUTHICCKUE METOJbI N3JI0XKEHBI
B monorpadun [3|. 0. ®. KopobeitHukoM U ero y4eHHUKaMy Pa3BUBAJIUCH (DYHKIHOHAJIBHO
AHAJIUTHIECKIE METOBI, UM CO3/aHa TeOpHsT abCOTIOTHO TMPEICTABIISIONINX CHCTEM B JIOKAJb-
HO BBIIYKJIBIX [TPOCTPAHCTBAX NOJIOMOPMHBIX (DYHKITUH, OCHOBHBIE PE3YJIBTATHI ITOW TEOpUU
H3J102KeHbI B padore [4]. B Teopun abCoIIOTHO IPEACTABIIAIONINX CHCTEM €CTECTBEHHBIM 00pa-
30M Ba)kKHOE 3HAYEHUE MMeeT CTEeleHb TOHKOCTU TOIOJIOIMHU IpocTpaHcTBa. B paborax |5, 6]
JTOKA3aHbI TEOPEMBI O CYIIECTBOBAHUN MPEJICTABIISIIONINX CUCTEM SKCIIOHEHT B MPOCKTUBHBIX 1
MHJIyKTUBHBIX IIPEJIEJIaX BECOBBIX ITPOCTPAHCTB, B KOTOPBIX oneparop juddepeHmpoBaHus
JeiicTByeT HeIlIPEepPbIBHO.

JasibHeiiee mMpoJIBU2KEHUE B 9TON 3a/a9€ B CMbICJIE TOHKOCTU TOIIOJIOTUU PEJIIIOJIAraeT
y7Ke U3y4eHre HOPMUPOBAHHBIX IIPOCTPAHCTB, T. €. KOHCTpyupoBaHue (6e3yc/oBHbIX) 6a3UCOB.
Kak oka3zajoch, 6a31ucChbl U3 9KCIOHEHT — sIBJICHHE Pejikoe. HacKOJIbKO M3BECTHO aBTOpaM —
9T0 Ga3UChl B KJIACCHYECKOM Ipocrpancrse Ly u B npocrpancrsax CobGosesa L |7], 6asucer
B npocrpancrBax Cmupnosa [8] u Beprmana 9] wa BbInyKsbIXx MHOrOyrosbaunkax. Coorser-
CTBEHHO, UMEETCsI psiJi PAbOT 00 OTCYyTCTBUM OA3MCOB M3 IKCIOHEHT. Tak Ha MPOCTPAHCTBAX
CwmupnHoBa u Beprmana Ha obJsracTsx ¢ IIajKoil rpaHuiieil 6a3ucoB U3 SKCIIOHEHT HE MOYKET
6piTh (cM. [10, 11]). Basucos u3 skcroHeHT He GbIBAET TaKyKe M B BECOBBIX IIPOCTPAHCTBAX,
KoIJla BecoBasi (DYHKIWs pacreT GbicTpee crenenHoii dbyHkiuu [12] win cpaBHEMa €O CTeleH-
Hoit [13].

B paborax [14-16] nokazano orcyrcrBue 6e3yCJIOBHBIX 0A3UCOB U3 3HAYEHUN BOCIIPOM3BO-
JISTIET0 SiApa B KJIACCHIECKOM TPocTpaHcTBe Beprmana n B mpocTpamcTBax Poka

Z,=1reHE): |fIP = / FO)Pe 2V dim(\) < oo
C

C paJMaTLHBIME BecaMu @, pacTymumu 6nicrpee |A|2. B pabore [17] nokasamo orcyrcrsue
6e3yCIIOBHBIX OA3UCOB M3 3HAYEHUH BOCIPOU3BOJISIIETO s/[pa Y?KE B IPOCTPAHCTBAX C BECAMH,
yaossersopsiomuvu yeaosmio (Ing )2 = o(p(r)), r — 00, U ¢ HEKOTOPOIi PEry/IsPHOCTLIO
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pocra. B sTo0il ke pabore mOJIyUeH HEOKHAHHBIA DE3yIbTAT O CyNIECTBOBAHME 0€3yCJIOB-
HBIX 0a3MCOB U3 3HAYEHHIl BOCIIPOU3BOJAINEro siipa B mpocrpaHcrBax Poka F,, ¢ Becamu
©a(A) = (Iny [A\)® opn a € (1;2]. B nambueiimem B crarbe |18 mokasano cyiiecTBOBaHHE
6e3yCI0BHBIX 0A3MCOB U3 3HAYEHUI BOCIPOM3BOJLAIIErO sijipa B mpocTpancTBax Poka ¢ Beca-
MH CYIIECTBEHHO 0oJiee ODIIEero BH/IA.

Hanee OymeM mcnosb3oBarh cieayionie obosnadenus. Jamuch A(x) < B(z), z € X,
JUTST TIOJIOXKUTEJIbHBIX (pyHKIME A, B o3Hadaer, 4T0 Jjis HEKOTOPBIX KoHCTaHT C,c > 0 njis
Bcex x € X Bomousiorcs orenkn cB(zr) < A(x) < CB(z), cumson A(z) < B(x), z € X,
(A(z) = B(x), z € X); osnauaer cymecrsoBanne Koucraursl C' > 0 rakoii, uro A(z) < CB(x)
(B(x) < CA(x)).

QyHKINOHAIBHOE M'IJIE0EPTOBO HPOCTPAHCTBO H Oy/1eM Ha3bIBATD PAJUAAbLHbIM, €CITH TS
moboro F € H u ¢ € R bynkuusa F(z¢) nexxur B H, upudem || F(ze%?) = || F||. Ouesuno,
9TO B paJMATLHOM THIBOepTOBOM mpoctpanctee K (2e%) = K(2), z € C, p € R.

B nannoii pabore MBI paccMaTpHBaeM aOCTPaKTHBIE pauabHble (yHKIMOHAIBHBIE THIIb-
6epTOBBI IPOCTPAHCTBA, YCTOWYMBLIE OTHOCHUTEIBHO JIEJEHUs, W JOKAXKeM J[Ba OCHOBHBIX
YTBEPIKICHUS.

1. Ecim H — pajmanbroe GyHKINOHAIBHOE MIJIBOEPTOBO IPOCTPAHCTBO, YCTOHTIHBOE OT-
HOCHTEJIBHO JICJICHHsI U JIOIyCKAlollee 0e3yCJIOBHBIN 06a3uc U3 3HAYCHHN BOCIPOU3BOJSIIETO
sipa, TO

127 < e“™, neNu{o},

IJIe OCJIeI0BATEBHOCTD 4(N) BBIIYKJIAs, T. €.
un+1)4+un—1)—2u(n) 20, neN

(cm. Teopemy 1).
2. Ecim H — pajuasnbhoe dyHKIMOHAJIBHOE MMIBOEPTOBO IPOCTPAHCTBO, YCTOHIMBOE OT-
HOCHUTEJIBHO JIEJIEHUS, B KOTOPOM IIOJIMHOMBI TIOJIHbI U

127 = e

, neNuU{0},

e I10CJIe10BaTC/JIbHOCTD U(?’L) YAOBJIETBOPLAET YCJIOBUIO

un+1) +u(n —1) —2u(n) = n®, neN,
Jutst HekoToporo § > 0, To B mpocTpaHcTBe H cymecTByeT 6e3yC/IOBHBIN Oa3uc n3 3HaUEeHUH
BOCIIPOU3BO/IAIIETO si/ipa (CM. TeopeMy 5).
Bropoe yTBep:K/ieHue J10Ka3bIBaeTCsl 110 cxeMe paborsl [17| — Ha ocHOBe Teopembl Bapu.
PesysbraTer 910l paboThl OTHOCHTENBLHO TPOCTPAHCTB F,, st o € (1;2) H0BOJIBHO IPOCTO
CJIEIYIOT U3 BTOPOI'O YTBEPKIEHMUSI.

1. TeoMmeTpusi pagnaJabHbIX MMJIbOEPTOBBIX IMIPOCTPAHCTB, JOILYCKAIOMINX
0e3ycJyIoBHBIN 6a3uc U3 3HAYEHUI BOCITPOU3BOISIIETO SIApPa

Teopema 1. Ecam B pajuajbHOM (DYHKIIHOHAJIHLHOM TI'HJIbOEPTOBOM IIpocTpancrBe H,
VCTOHYHUBOM OTHOCHTEJILHO JIEJIEHHUST U COJIEPXKAIIEM BCE MOHOMBI, CYIECTBYET O€3yCJIOBHDIH
ba3uc U3 3HadCHUit BOCIIDOU3BOIAIIICTO s/ipa, TO CYHIECTBYET IJla/lKasd BDBIILYKJIad (i)‘YHKLU/IH
u(z) ma R rakas, qro

|27 < e“™, neNu{0}.
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IIpu sToMm

u(x
. / .
lim u'(z)= lim —= = +o0.
T—+00 r—+o00 I
< Iyers cucrema {k(\, 2,)}02 | siBiIsiercst 6e3yC/IOBHBIM 6a3ucOM B (DYHKIIMOHATIBHOM
ruisbeproBoM npocrpancrse H u L, — Guoproronanbueiii 6asuc. [IoCKoIbKY MBI IpeIo-
JIaraeM yCTOIYMBOCTD OTHOCUTENILHO JIEIEHUS], TO

L)
Lo(\) = —2Y N, AeC,
N = T —ay e AE
rae L — nopoxknamomast nejas GyHknus. Kak m3secTHo,
1
Lyl < ——, k€N,
126l = 7

u pasjioxkenue dyuknuu F' € H 1o sToMmy 6a3ucy mmeeT B
o
F(z) = F(z)Li(2).
k=1

ITo ompemnenenuio 6e3ycaoBHOTO Hazuca

2 _ N | F )P

SHauwr,
1202 = 3 2 =/ du(r), neNU{0},
A (P R R0
- 0
rae u(r) = ZI spl<r L — cAMTAIOmAs DYHKINS NOC/IEIO0BATEIBHOCTH T = |zi|, k € N, myme-

POBaHHOI 110 BO3pacTaHuio. [1ajiKas BbITyKJias (QyHKIIAs

du(eY)
— 2zy
u(z) = ln/e K(eh)’ z €R,

Y/IOBJIETBODSIET YCJIOBHUSIM TEOPEMBI 1.

Ecm npesnosnokuTh, uto npoussoaHast u' () orpaHuYeHa YnucJAOM @, TO IPU OOJIBITHX 7
uveeMm u(n) < 2an, T. e. ||2"]| < €2®™. Torma myis mo6oro paja Teitiopa, cXoaamerocs: B Kpyre
B(0;b) ¢ b > €3¢ no nepasencty Kommm 11 K09(hhUIMEHTOB 1 HePaBEHCTBY TPEYTOIHHIKA

JLJIsl HOPM
o0
E 2"
n=~k

Tem cambIM, psZi CXOIUTCA B HOPME IPOCTPaHCTBAa H W B CHIy MOJHOTHI IIPOCTPaHCTBO H
coziepkuT Bee dyHKIWU, aHaauTndeckue B kpyre B(0;0). >

[e.9] o0
< lealllZ <D e ™ =0, k- o
n=~k n=k

He ywmenbmasi obmHocT, jgajgee OyjieM CYATATh, 9YTO IOCJEeI0BaTesJbHOCTH In |2,

n=0,1,..., — Bospacraiomas, seimykiag u In||2°| = 0. Coorsercrsenno, Gymem cunmTaTh,
qro u(t) (u(0) = 0) — kycouno-nuueiinas HeyObBamomas (QYHKINS ¢ U3JIOMAMHI B IIEJIBIX
HEOTPHUIATEILHLIX TOYKAX TaKasd, 9TO

|27 < e“™, neNu{0}.
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Taxum obpaszom,
u(t) =u(n) + (u(n +1) —u(n))(t —n), te€n;n+1], ne NU{0},

[P 9TOM
u (n)=u_(n+1)=u(n+1)—u(n), neNU{0}.

ITockombky

u(x) =sup(at —u(t)) = sup sup (z(n+7)— (u(n)+ (u(n+1) —u(n))7)

t>0 neNU{0} 7€[0;1]
= sup (zn—u(n)+ sup (x — (u(n+1) —u(n))r))
neNU{0} T€[01]

U BHYTPEHHUI CyIIPEMyM JOCTHraeTcsi Ha KoHrax orpeska [0; 1], To

u(x) = sup (zn—u(n)), =xeR. (1)
neNU{0}

Takum o6pazom, coupsizkerHast 110 FOHIy 4(2) Kak BepxHsisi OMMOAIOIIAsT [T0CJIE/[0BATEILHOCTH
JIMHEHHBIX (DYHKIMHA Tak:Ke OyJeT KyCOYHO JIMHEHHON ¢ M3JI0MaMu B TOYKaX T, = u(n) —
u(n —1) =/, (n— 1), n € N, um 6osee m0apoGHO

0, x <z =u(l) —u(0),
1.z —u(l), 1 <x < wo =u(2) —u(l),
u(z) =
nx — u(n), Tp < & < Tpg1 = u(n+1) —u(n),

[Tpoussoanas dbyukuus u'(z) Oyger dyHKIME!H CKAYKOB ¢ €IUHUYHBIMU CKAYKAMEH B THX
TOYKaX Tp, N € N, B yacTHOCTH,

u(zn) = xpn —u(n), U, (x,)=n, neN. (2)

Coorsercreenno, o' (Inr) — GbyHKIUS CKAYKOB € €IMHUYHBIMU CKAYKAMU B TOUKax R, = ™.
BroinykiocTs mocsieoBaTesIbHOCTH % () 0O3HAYAET BBIIOJHEHUE YCJIOBUSE

un+1)+un—1)—2u(n) >0, neN.
Mpr Gyiem paccMaTpuBaTh Gostee CUIIbHOE YCJIOBHE: JIJIsl HEKOTOporo o > ()
u(n+1)+un—1)—2u(n) >0, neN,

u (n+1)—u\(n) >0, neNU{0}. (A)

Teopema 2. IIycrs K(\) — ¢yuknus Beprmana pajguaabHOro ¢yHKIHOHAJIBHOIO THIIb-
beproBa npoctpancTsa H | ycToiauBOro OTHOCHTE/ILHO Ae/IeHUsI, B KOTOPOM IIOJIMHOMBI ITOJTHBI,
u u(t) — KycouHo JinHeliHasT QyHKIHS TaKasi, ITO

szH ="k ke NuU{0},
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JIsT KoTopoii Bbiossiercs: ycaosne (A). Torna

K(\) = 2 ) e,

<1 B ycioBusix TeopemMbr { ”22”, n=20,1,... } obpasyeT opToHOpMUpPOBaHHBIA Oazuc. Cie-
JIOBATEBHO,
> AkzE
k(X z) = AR
124
k=0
Gl
K(z)=> +5, 2€C
277
HokaxkeMm Tpefyemoe COOTHOIIEHHE Ha KPUTHIECKUX OKPYXKHOCTSX |A| = R,,. 13 dopmysbt

st K (z) nmeem
[e.e]
K(RR)R;LQnHanQ — Z }%i(l»cfn)ef2u(k)+2u(n)7 n e N.
k=0
Iockonbky In Ry, = x,, = v/, (n — 1), T0

Ri(kfn)672u(k)+2u(n) _ eQ(u(n)fu(k)fu’jL(nfl)(nfk)).

IIycts k& > n. s kycouno nuHeiHON QyHKIUN

!y (n) = u(n +1) — u(n)

ITo yenosuio (A)
(n—"_p) (n_l)—"_(p—"_l)o—’ n_17p:071727"'7
¥, 3HAYUT,
1
u(k) —u(n) = (k—n)u/ (n—1)+ §(k‘ —n)(k—n+1)o,
TEM CaMBIM,

mm—uwngm—1mpwgg—;k—m@—n+n@ k>,

Takum obpazom,

[e.e]

ZRQ(k n) 72u )+2u(n) Ze Jj(G+1)o (U), n €N,
k=n 7=0
" 2k 2
R |R, |2
T < o) N. 4
2 kp <O ne ®

IIycrs k& < n. Torna
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u(n) —u(k) — v/ (n —1)(n — k)

n—k n—k
= Z (u(n—j+1) —u(n—j) —uy(n—1)) = Z (u/p(n—j) — v\ (n—1)).
j=1 j=1
TTockonbky
wy(n—j) = (n—1) < —=(j - Do,

w(n) — ulk) — oy (n— 1)(n— k) < —%(n CB)n—k-1o, k<n

Taxum obpaszom,

n—1 o)
Z Ri(kfn)€72u(k)+2u(n) < Z efj(jfl)a < C(O’), n €N,
k=0

j=1
" 1
n—
‘Rn’% ’Rn‘%
eN.
2 S OO
Orcrona n u3 (4) ciejyer cooTHOIIEHE
R2n
B cuny coornorenust (2)
2
e2ﬁ(lan) - Rnn ne N,

IR

TEeM CaMBbIM,

K(Ry) = e?nfn) e N,
Oyukius In K () — BbiyK/Ias U M0 JIOKA3AHHOMY
In K (e*) < Const + 2u(z,), ne€N.

[Mockonbky dyuknus u(x) auHeldHa MEXKIYy TOYKAME Iy, TO 9TO COOTHOIICHHE BEPHO JIJIst
BCEX Z:

K(\) < M)y e, (5)

C npyroii croponsl, 1o onpeenennto ¢yukiun Beprmana u mo dhopmysie (1)

o 2 n|2 B
K(\) = sup | ()\)2‘ >  sup "] 5 = exp <2 sup (nln |\ — u(n))> — 2u(In|A])
ren ||F| nenufoy IA™ ]l neNU{0}

Orcrona n u3 (5) cieyer yTBepxK/eHne TeopeMbl 2. [>

2. Koucrpykius 6e3ycoBHOrO 6a3uca n3 3HAYEHUI BOCIIPOU3BOAMAIIETO S/Ipa

Beenem oboznauenne
[k, 2)l K(z)
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PaccmoTpum emie 6oJiee CHIIbHOE yCJIOBUE BBILYKJIOCTH: jiyist HeKoTopbix § € (0;1), o > 0
u(n+1) +u(n—1)—2u(n) > o(n+1)°, neN, (B)
wm
u,(n+1) =/ (n) = a(n+1)° neNU{0}.

Bribepenm wmcio ¢ € (0;1) Takum o6pasom, 9To0bI IIOCIEI0BATEILHOCTH Ly U X, = Tp + In 1
4yepel0BaJIiCh!

O<zi<m<zi<mzy<... (6)
DTO BO3MOYKHO, TIOCKOJIBKY

Tyl — Ty =t (n) —ul (n—1) > on®, neN.

Teopema 3. Ilycrp H — paamajibaOe (ByHKIIHOHAJIBHOE T'HJIBOEDTOBO IIPOCTPAHCTBO,
YCTOHYHBOE OTHOCHTEJHHO JIeJIeHHsI, B KOTOPOM MHOIOYJIEHbI HOJHBI, U u(t) — KycodHO-
JIMHEHHAasT (DYHKIIUS Takasl, 9TO

12 = e“®, ke Nu {0},

Jutst KoTopoii Boinosasiercst yeaosue (B). Torga, ecin ¢, € [0;27], n € NU {0}, ¢, = L, rue

57
q € (0;1) BoIGpano Tak, uro BbiIOHSETCS yeaosne (6), 1 Ay = gne+ " Ven n e N, 10

2

|| A ien
Z T K()\, )\n+1) < 00.
2|7
k
<1 B yciioBusix Teopembl cucreMa e = ||2k|| ,k=0,1,2,..., obpa3syer OpTOHOPMHUPOBAHHBI
bazuc u
Ae~ipn

A NG 1
S~ KO ) = (e - e, st
B VE Qnr)]27]] VE A1) 5;% Bl

Orcrona o pasenctBy [lapceBasts

2
ANte™ |)\n+1| |)‘n+1|2k
e K\ A)| = - (7
H [[A7]] ! VKl An+1) Z 12|
Jlemma 1. Ilyctrb N = N(o0,d) takoe, 4uro npu n > N BbIIOJHIETCS HEPABEHCTBO

—Ingps1 < %n‘s. Torma arst n > N uMeer MecToO OII€HKA

2

‘)‘n+1‘2 q —2onf
HlEZHMW SCENGrm e )

< Ilo Teopeme 2

1 ’)‘n—i—l‘Q

RO oA = Gl @@ inansen), e NU {0},
n+1
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[MockobKy dyHKIWS U KyCOIHO JIMHEHA, TO 10 dhopmynam (2)

u(In gpi1 + Tng1) = UW(Tng1) + U (Tpy1) Ingnya
=zpr1(n+1) —un+1) + 8 (zn) Ingpyr = (n)(n+1) —u(n+1) + nIn gy,
HO3TOMY

1 \)\nﬂ’% _ q2(k—n)€2(u(n+1)—u(k)—ugr(n)(n+1—k:)) n> N. (8)
T I CT

IIycrs k > n + 1. Tlo coornomenuio (3) npu ycinosuu (B) nvmeem

k—n—1 k—n—1
wB)—u(nt1) = 3 Wyt > Y (Waln)+o(n+r1)) = @y (n)+a(n+1))—n—1),
j=1 j=1
CJIe/I0BaTEe/IbHO,
1 An [ 2(k—n) —20(n+1)% (k—n—1)
o(n n > N,
K A7 7 0 "
. k
1 Aga]? 'S o~ 20(n+1)° (k—n—1) ¢
< o(n "L O(0)—- 9
kz K n+1 HZkHQ (n+ 1)2 Z+1 ( )(TL+ 1)2 ( )
Paccmorpum k£ < n — 1. Bamerum, 1ro
n—k
u(n+1) = ulk) — oy (m)(n+1— k) = 3 (u(n — j +1) — uln — ) — 1, (n)
j=0
n—k n—1 (10)
=Y (Wi(n—j) —dy(n) = =) (uy(n) —ui(s)),
j=1 s=k

u 110 yciosuio (B)

n

W) () = (o (p) — oy (p o3 B > ols+ 1 (05,

p=s+1 p=s+1

Oynxiust (s+1)%(n — s) — BorHyTas, 3HAYMT MEUHAMAIbHOE 3HadeHue Ha ureppase [0;n — 1]
JIOCTUTAETCS B KOHIIEBBIX TOUKAX, IIOITOMY

u, (n) = (s) = on’, s=0,1,....,n—1.
Orciona n n3 (10) mosryaum
u(n 4 1) —u(k) —uy(n)(n+1—k) < —on’(n — k).

Takum obpaszom, st n > N B cuity (8) BBIIOJIHSIETCS OIEHKA

1 ’)‘n+1’2k —2(n—k)on’
<e , n=N
K(An1) [I12¥]1

)

3HAYNT,

1 |)‘n+1|2k = —2(n—k)on? —20n°
Z e < Ze < Cy(o,d)e .
n+1 k=0

Orcrona u u3 (9) cieayer yrBep:kjeHue jeMMbl 1. >
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3aKOHYUM JI0KA3aTeIbCTBO TEOPEMBI 3.
ITo onpenenenuio dyukiun Beprmana

|)‘n+1 |n

<1,
VEAng1) 2"

IIO3TOMY
Pl o PaaPr 1 ZM”HP’“
VE i) |27 EQuell 2 Knr) 2 124112

2
- o 44 e2n )
VE Q)27 s cled ((n ) >

ITo coorrorennto (7) u U3 yTBEP:KIEHUS JIEMMBI 1 ClejiyeT yTBEPXK/IEHIe TeopeMbl 3. [>

" 110 yTBep}K,ILeHI/IIO JIEMMDbBbI 1 JJIAd JOCTATOYIHO 6OJII>HII/IX n
n
' At

Teopema 4. Ilycrb H — paamajibaOe (ByHKIIHOHAJIBHOE T'HJIBOEDTOBO IIPOCTPAHCTBO,
YCTOHYHBOE OTHOCHTEJHHO JIeJIeHHsI, B KOTOPOM MHOIOYJIEHbI HOJHBI, H u(t) — KycodHO-
JIMHEHHAST (DYHKI[HST TaKasi, 9TO

12 = e“®, ke Nu {0},

/U1t KoTopoli Beimosisercs ycaopue (B), roraa, ecmn @, € [0;27], ¢ = L, rne g € (0;1)
BBIODAHO TaK, 4TO BhIMOJHsETCs yeaoBue (6), mw A, = qne“;(”_l)ei‘p”, n € N, 1o cucrema
K(\A\y), n € N, nosna u muauMasibaa B npocrpancrse H.

< @yuxrust up(A) = up(|A]) == u(ln|\|) — paguansnas cybrapmonudeckasi (byHKILHSL.
Accormumrposannast mo Puccy Mepa ji 9T0# (byHKIMH MPOCTO CUUTAETCS B TOJISIPHBIX KOOD/TH-
HATaX:

1

. 1 . .
du(re'?) = %Auo(rew) dm(re'¥) = Py

1 1

(ug(r) + —ug(In 7“)) rdrdy = — du'(Inr)dyp,
r 2m

rie dm(z) — mepa Jlebera. Yepes p(t) obosnaunm p-mepy kpyra B(0,t). Torma

p(t)y=u'(nt)=>"1, t>0.

Ry <t
®opwmyita Mencena njsi painaibHON (byHKuI/H/I U CTAHOBUTCH OYECHbD HPOCTOM:

w(t) dt

a(n ) = [

O\E

[Mycrs R, = etn = An| mv(t) =3 p o1, t> 0. Paccmorpum cybrapMonmdecKyio (yHK-
IO

‘I/(t) dt

v(ln|\|) = ;

St~z
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Jlemma 2. JmeeT mecTo cooTHOIIEHHE
v(lnR,) —u(ln R,) — oo, n — oo,
IpudeM JJIst JTF000Tro o € (ﬁ, 1) H HEKOTOPOH KOHCTAHTHI b > 0
v(lnR,) —u(lnR,) <b(nR,)*, mneN.
< TockosbKy nocsieoBarenbuoctu R, u Ry, depesyorcsi, To
v(t)—ult)=1, R, <t<R,, neN,
u v(t) — p(t) = 0 s ocrasnbhbix ¢ > 0. 3HaunT,
n

Ry,
_ " [dt R !
v(nR,) —u(lnR,) = E /7: E lnR—f:Inn—n.
k=1p k=1 k q
k

Orcrosta BeITEKAET TIEPBOE COOTHOIIEHNE jeMMbl. [Ipumenus ¢popmysry CTupsuHra, MOy IuM,
qTO JIJII HEKOTOPOil mocTossHHOM a > 0

v(nR,) —u(lnR,) <anlnn, neN. (11)
[To ycnosuio (B)
Ty — X1 = Z(mk —T_1) = (Wp(k—1)—u\ (k=2) =0 ) (k- 1)° > 20" 25(n — 1)°+L.
k=2 k=2 k=2

Tem cambiM, I HEKOTOPOl KOHCTAHTHI ag > ()

1

i e
n < apzn™’ = ap(ln R,) T+ .

Orciona u u3 (11) caeayer Bropoe yTBep:KJIeHNE JIEMMbI 2. [>

[Tpomomkum jokazaTenbcTBo TeopeMbl 4. PaccMoTpum 11ie/1yio pyHKITHIO

L()\):ﬁ<1—)\%), reC.

n=1

[To reopeme 2 u jgemme 2 B pabore [19] dyukims L ymoBieTBopsieT COOTHOIIEHUIO

_ dist(A) yana)

rie dist(A) = inf,en |A— Ay |. Ecom cucrema K (A, A,), n € N, He nosima B mpocrpancrse H, To
Haiijgercs renast byukmus F' = gL € H. Ilo Teopeme 2 j10/2KHO BBITOTHATHCA COOTHOIIEHIE

IF(\)| < "D N ec,

3HAYUT, B cuity oreHku (12)

dist()\)ev(lnw) <A N e
L+ Al
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Ha oxpyxuocrsix || = R, umeem dist(A) < 1+ |A|, mosromy j10/2KHO GBITH

ev(ln\RnD < eﬁ(lan)’ neN,

9TO IMPOTUBOPEYUT IIEPBOMY COOTHOMIECHUIO JIEMMbI 2.
,HOK&)KGM MIHAMaJIbHOCTE. Bo3bMeM HEKOTOpoe N, U IIYCTb

L(\) . \k
Nk aec.
oA, kg’“ » A€l

[To mepaBencrBy Komu mist k, takux aro Ry > 2|\, | u mo Teopeme 2

1 ,
] < ——= max |L(Rge'?)| < ev(@x).,

RZH ©€E[0;27]

k+1
Rk

IIo BTOpPOMY yTBEPXKIEHUIO JTEMMBI 2

] < @) +h(in )

3HAYUT, 110 COOTHOIIEHUIO (2)

‘lk’ < ekzkfu(k)f(kJrl)karbxg ]

CreoBaresibHO,
]

ITockombky a < 1, TO

o
D PlIF)P < oo,

k=0
u dynxmmsa L(A)(A — \,)~! npunaanexut npocrpanctsy H. >
Teopema 5. Ilycts H — pagmanbHoe (hyHKIHOHAJIBHOE T'HMJILOEPTOBO IMPOCTPAHCTEO,

YCTOITHBOE OTHOCHTEBHO Jjle/lenns, B KoropoM MoHoMmbl 2%, k € N U {0}, nommsr, m u(t) —
KyCOUYHO-/INHEHHAs (DYHKIUS TakKasl, ITO

12¥] = e“®), ke Nu {0},

J1sT KOTOpO#i BhinostHseTcst yesaosue (B). Iomoxum R), = %e“ﬁr("fl), n €N, e g € (0;1) BbI-
6pano Tak, 4ro Beimosnsercs ycaosue (6). Torga st moboro muoxkectBa {pn tnen C [0; 27,
snavenns: Bocriponssogsmero sipa K (A, Rle'¥n), n € N, obpasyror Gesyc/oBHbIi 6asnuc B
npoctpaacTBe H.

<1 VrBepK/ieHre TeopeMbl cienyer u3 reopembl bapu (cm. [20], [21, Teopema 14, c. 81]) u
TeopeM 3, 4. >

JIuteparypa

1. Aronszajn N. Theory of reproducing kernels // Trans. Amer. Math. Soc.—1950.—Vol. 68, Ne 3.—
P. 337-404. DOI: 10.1090/S0002-9947-1950-0051437-7.

2. Hruscev S. V., Nikol’skii N. K., Pavlov B. S. Unconditional bases of exponentials and of reproductional
kernels // Complex Analysis and Spectral Theory, Lecture Notes in Mathematics.—1981.—Vol. 864.—
P. 214-335. DOI: 10.1007/BFb0097000.



BesyciioBabie 6a3ucol B pajuaabHBIX T'HJIOEPTOBBIX IPOCTPAHCTBAX 97

w

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. JleoutbeB A. @. Panwl skcionent.—M.: Hayka, 1976.—536 c.
. Kopobeiinnk FO. @. Ilpencrasusitonme cucrembl // Yemexu matr. Hayk.—1981.—T. 36, Ne 1(217).—

C. 73-126.

. Ucaes K. II. TlpencraBisiomue CHCTEMBI SKCIIOHEHT B NPOCTPAHCTBAX AHAJUTHIECKUX (DyHKIMH //

Kowmmnekcunriit anamus. [enpre dyukimn n ux npumenenusi. Utorn nayku u texu. Cep. CoBpem. mar.
u ee mpui. Temar. 063.—2019.—T. 161.—C. 3—64.

. Hcaes K. I1., Tpynos K. B., FOimyxameros P. C. IIpejcrasisiorniye CucTeMbl SKCIIOHEHT B TPOEKTUBHBIX

npezesax BecoBblx nogupocrpascts H (D) // Use. PAH. Cep. marem.—2019.—T. 83, Ne 2.—C. 40-60.
DOI: 10.4213/im8728.

. Russell D. L. On exponential bases for the Sobolev spaces over an interval // J. Math. Anal. Appl.—

1982.—Vol. 87, Ne 2.—P. 528-550. DOI: 10.1016,/0022-247X(82)90142-1.

. Jleeun B. 4., JIrobapckuit FO. H. NaTepnonsmnust NeabIMu (DYHKIIASIME CIEIUATBHBIX KJIACCOB U CBSI-

3aHHBIE C HEIO pasJyiokeHus B psanpl sxcnonent // Mzs. AH CCCP. Cep. marem.—1975.—T. 39, Ne 3.—
C. 657-702.

. Hcaes K. II. Basucel Pucca u3 3KCIIOHEHT B IIPOCTpaHCTBaX bBeprmana Ha BBITYKJIBIX MHOTI'OYTOJbHU-

kax // Ydum. mar. xxypa.—2010.—T. 2, Ne 1.—C. 71-86.

Jlynienko B. U. BesycnoBHble 6a3uChl U3 9KCHOHEHT B mnpocrpaHcTrBax CMmupHOBa: Jucc. ... K.p.-M.H.—
Vba: Un-t maremaruku ¢ BI YHIL PAH, 1992.

Hcaes K. I1., FOimyxameroB P. C. O6 orcyrcrBuu 6e3yCc/IOBHBIX 6a3UCOB U3 9KCIIOHEHT B IPOCTPAHCTBAX
Beprmana Ha o6sactsix, He siBJstfolnuxcst MEoroyroastukamu // Use. PAH. Cep. matem.—2007.—T. 71,
Ne 6.—C. 69-90. DOI: 10.4213/im694.

Bammako P. A., Maxora A. A., Tpynos K. B. O6 yciyoBusix orcyTcTBusi 6e3yCJIOBHBIX 0a3MCOB U3
akcnonent // ¥Ydum. mar. xKypu.—2015.—T. 7, Ne 2.—C. 19-34. DOI: 10.13108/2015-7-2-17.

Isaev K. P. On unconditional exponential bases in weighted spaces on interval of real axis // Lobachevskii
Journal of Mathematics.—2017.—Vol. 38, Ne 1.—P. 48-61. DOI: 10.1134/s1995080217010097.

Seip K. Density theorems for sampling and interpolation on the Bargmann—Fock space. I // J. Reine
Angew. Math.—1992.—Vol. 429.—P. 91-106. DOI: 10.1515/crll.1992.429.91.

Seip K., Wallsten R. Density theorems for sampling and interpolation in the Bargmann—Fock space.
1T // J. Reine Angew. Math.—1992.—Vol. 429.—P. 107-113. DOI: 10.1515/crll.1992.429.107.

Borichev A., Dhues R., Kellay K. Sampling and interpolation in the Bergman and Fock spaces //
J. Funct. Anal.—2007.—Vol. 242, Ne 2.—P. 563-606. DOI: 10.1016/j.jfa.2006.09.002.

Borichev A., Lyubarskii Yu. Riesz bases of reproducing kernels in Fock type spaces // J. Inst. Math.
Jussieu.—2010.—Vol. 9, Ne 3.—P. 449-461. DOI: 10.1017/S147474800900019X.

Baranov A., Belov Yu., Borichev A. Fock type spaces with Riesz bases of reproducing kernels and de
Branges spaces // Stud. Math.—2017.—Vol. 236, Ne 2.—P. 127-142. DOI: 10.4064/sm8504-9-2016.
Hcaes K. II., JIyneuko A. B., FOimyxameroB P. C. BesyciioBuble 6a3uchbl B Cj1a00BECOBBIX IPOCTPaH-
cTBax nesblx Gysxuuii // Anrebpa n ananu3.—2018.—T. 30, Ne 2.—C. 145-162.

Nikolski N. K. Functions, and Systems: an Easy Reading. Vol. 1.—Hardy—-Hankel-Toeplitz: Amer. Math.
Soc., Providence (R.1.), 2002.

Bapwu H. K. BuoprorosasibHble cUCTEMBI ¥ 6a3UChl B rHyIb0epTOBOM npocTpancTse // Maremaruka. T. 4.
V4. 3anuckn Mock. roc. ya-ra.—1951.—T. 148.—M.: Uzx-Bo Mock. yu-ta.—C. 69-107.

Cmamwvsa nocmynuaa 23 mas 2020 e.

NcaeB Koncrautun IIETPOBUY

WucTuTyT MaTemMaTuku ¢ BeraucauTe bHbIM rieaTpom Y DUIT PAH,
cTapIiuii HayYHbIH COTDYIHAK

POCCU4, 450008, ¥Yda, yu. Hepusbimesckoro, 112

E-mail: orbit81@1list.ru

http: //orcid.org/0000-0002-3680-0048

HOnmmyxaMETOB Punan CAJTABATOBUY

WMucTuTyT MaTeMaTuku ¢ BbraucauTe bHbIM rieaTpom Y DUIT PAH,
IVIABHBIH HAYYHBIH COTPYIHUK

POCCU4, 450008, ¥Yda, yu. Hepusbimesckoro, 112

E-mail: yulmukhametov@mail.ru



98 Hcaes K. I1., FOamyxametoB P. C.

Vladikavkaz Mathematical Journal
2020, Volume 22, Issue 3, P. 85-99

UNCONDITIONAL BASES IN RADIAL HILBERT SPACES
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112 Chernyshevsky St., Ufa 450008, Russia,
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Abstract. We consider a Hilbert space of entire functions H that satisfies the conditions: 1) H
is functional, that is the evaluation functionals §. : f — f(z) are continuous for every z € C; 2) H has
the division property, that is, if F' € H, F(z) = 0, then F(2)(z — 20) ™' € H; 3) H is radial, that is, if F € H
and ¢ € R, then the function F(ze'?) lies in H, and |F(2¢'¥)|| = || F||; 4) polynomials are complete in H and
2] < e“™, n € NU {0}, where the sequence u(n) satisfies the condition u(n + 1) + u(n — 1) — 2u(n) = n?,
n € N, for some ¢ > 0. It follows from condition 1) that every functional §. is generated by an element
k.(\) € H in the sense of §.(f) = (f(\), k=(X\)). The function k(A, z) = k- () is called the reproducing kernel
of the space H. A basis {ex, k = 1,2,...} in Hilbert space H is called a unconditional basis if there exist
numbers ¢, C' > 0 such that for any element @ = ;7 | xrer € H the relation

o0 oo
2 2 2 2 2
e lerllenl® < llell* < O lexl|lex]
k=1 k=1

holds true. The article describes a method for constructing unconditional bases of reproducing kernels in such
spaces. This problem goes back to two closely related classical problems: representation of functions by series
of exponentials and interpolation by entire functions.

Key words: Hilbert spaces, entire functions, unconditional bases, reproducing kernels.
Mathematical Subject Classification (2010): 46E22, 30D10.
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