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Annoranusi. Oneparopsr ['ankesns obpa3yior ofuH u3 Hanbojee BarXKHBIX KJIACCOB OIIEPATOPOB B IIPO-
CTPAHCTBAX AHAJUTUIECKUX (DYHKIMI ¥ UMEIOT MHOTOYMCJIEHHBbIE Peaju3alui. JTU OlEPATOPbI MOXKHO
OIIPEJIEJINTh KaK OIepPaTOPLI, UMEIOIINE MaHKEIEBbl MATPHUIBLI (T. €. MATPHUIBL, JIEMEHTHI KOTOPBIX 3aBU-
CSIT JIUIIB OT CyMMBbI UHJIEKCOB) OTHOCHTEJIEHO HEKOTOPOI'O OPTOHOPMHUPOBAHHOIO 6a3uca B cenapabesbHOM
ruiE6epTOBOM IpocTpancTBe. /lanHas paboTa IpoI0IKAeT UCCIEIOBAHNS, HAYaTble B paboTe aBTOPOB <[4~
Hankel operators on Hilbert spaces», Opuscula Math., 2021, vol. 41, no. 6, pp. 881-899, B KoTOpPOi1 6GBHLIT
BBEJIEH HOBBIA KJIACC OIIEPATOPOB B I'MJIBOEPTOBBIX HPOCTPAHCTBAX ({i-IAHKEJIEBBI OIIEPATOPHI, (& — KOM-
IUIeKCHBIN mapameTp). Takme omepaTopbl AEHCTBYIOT B cenapabesbHOM I'MILOEPTOBOM MPOCTPAHCTBE U B
HEKOTOPOM OPTOHOPMHUPOBAHHOM 0a3UCe ITOr0 MPOCTPAHCTBA UMEIOT MATPHUIIBI, JUATOHAJN KOTOPBIX, OpP-
TOrOHAJIbHBIE TJIABHON JUATOHAJIN, IIPEJCTABISIIOT COO0M reOMeTpUYECKHE IIPOrPECCUH CO 3HAMEHATEJIEM [i.
Takum 06pa30M, KJIACCUIECKHE TAHKEJIEBbI OIlepaTopbl OTBeYaloT ciry4alo (1 = 1. OCHOBHOI pe3y/bTar pa-
OOTBI JJaeT KPUTEPHUIT HOPMAJBLHOCTHU [4-TaHKeJIEBbIX orepaTopos. Ilo anayoruu ¢ omeparopamu [ankess,
paccMaTpuBaeMblil KJIacC OIIepaTOPOB UMeeT KOHKPETHBIE PEAJIM3AIUN B BU i€ HHTEIPAJIbHBIX OIIEPATOPOB,
YTO MO3BOJISIET IIPUMEHSTH K ITHM OIEPATOPAM PEe3YJIbTATHI, MMOJIydYeHHbIe B abCTPAKTHOM KOHTEKCTE, U
TEM CaMbIM BHECTH BKJIAJ] B TEOPHUIO MHTErpajbHBIX OMEPaTopoB. B JaHHON paboTe Takas peau3aliyst
paccMaTpuBaeTCsl B MPOCTPAHCTBE Xap/Iu Ha eJUHUYHOM Kpyre. JIJaHbl KpUTEpUM CaMOCOIPSI?KEHHOCTH U
HOPMAJIbHOCTH 9THUX OIEPATOPOB.

Kurouessbie cioBa: ['aHkesieB oneparop, y-raHKeJeB olepaTop, HOpMaJbHbIH OlepaTop, CaMOCOIPsIYKEH-
HBII orepaTop, IPOCTPAHCTBO Xap i, HHTEIPAJIbHBIA orepaTop.
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1. BBesmenne u npeaBapuTeibHbIE CBEJIEHUS

Kak u3BectHO, Kitaccudeckue orepaTopbl [aHkesss oOpa3yioT oinH U3 HanboJiee BarKHBIX
KJIACCOB OIIEPATOPOB B IIPOCTPAHCTBAX aHAJUTHIECKUX (DYHKIUI. DTHU OMEPATOPBI OLPEeIeIs-
I0TCsI KAK OIIePATOPbI, NMEIOIIe OECKOHEUHbIE MAHKEIeBbI MATPUIIBI (T. €. MATPHIIbI, 9JIEMEHTHI
KOTOPBIX 3aBUCST JIMIh OT CYMMBbI HHJIEKCOB) OTHOCHUTEJIbHO HEKOTOPOTO OPTOHOPMHUPOBAH-
Horo 6asuca. KoHeunble MaTpuiibl ¢ TaKUM CBOHCTBOM ObLu BBejeHbl LankeseMm. OjHuM u3
[IEPBBIX PE3yJIbTATOB MMPUMEHEHUsT JAHHBIX OIepaTopoB ObLia Teopema Kponekepa, KoTopast
XapaKTepu3yeT MaTpUIlbl ['aHKe s KOHEYHOIO paHra KakK Te, MATPUYHBIE 3JIEMEHTHI KOTOPBHIX
apysiiorcsa kodddurmentamu Pypbe parmoHa bHbIX dyukimit. B 1957 r. Hexapu onmcast orpa-
HUYeHHBbIe orneparopbl ['ankesns B cenapabelbHOM THJIBOEPTOBOM IIPOCTPAHCTBE IIOC/IEI0BA-
TEJILHOCTEMN, UTO MOJIOYKMJIO HAYAJIO0 COBPEMEHHOMY 3TaIly U3yUeHHUs ITUX OIEePaTOPOB.

#Pabora BBIOJIHEHA B paMKax 3afaHns 1.3.03 mommporpaMubl «MareMaTHdecKue MOJEIH U MeTOIbI»
T'ITHU nma 2021-2025 rr. «Konseprenmus—2025» npu dbuHaHCOBOM nojiepkke MuHnucrepcTBa 06pasoBaHust
Pecny6muku Besrapycs, Ne 2021I'P20211776.
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Omneparopbl ankesist JIOMyCKAIOT Pa3/JIUIHbIe peau3alii. DTOT KJIacC UMEET MHOKECTBO
IPUIOXKEHUH K aHajn3dy, TEOPUU BEPOATHOCTEH, Teopuw ympasjieHus u T. 1. B wgacTHOCTH,
B aHa/Ju3e oneparopbl ['aHKesi MIMPOKO IPUMEHSIOTCS B IIPOOJIeMe MOMEHTOB, TEOPUU OPTO-
TOHAJIBHBIX ITIOJIMHOMOB, TE€OpHUHN HpI/I6JII/I)KeHI/H7I n Teopuu oIeparopoB, B TOM 4YHUCJIE IJId I10-
JIy9eHHs OIIePATOPHBIX MOJIEJIEN U IIPU IOCTPOCHUH PA3JINIHBIX IPUMEPOB 1 KOHTPIPUMEPOB
(em. [1, 2, 3]). He yauBuresso, 4To CyInecTByeT GOJIBIIOE KOJINIECTBO OOOOIIEHII 1 AHATIOTOB
OIIEPATOPOB ITOTO KJIACCA.

Omneparopbl [ankesisi CyIeCTBEHHO UCIIOJIB3YIOTCS U B TEOPUH BaXKHOTO KJIacCa TEIIHIe-
BbIX oreparopos (cM. [1, 3]). C apyroii cTopoHbl, nHTEpECHOE 0000IIEHIe TEIIUIEBBIX Ollepa-
TOPOB («JIsIMOIa-TEIIMIEBI OIIEPATOPBI» ) ObLI0 paceMorpero B [4, 5]. Tlosromy 3HadmuTe/ H-
HBIII WMHTEpeC IPEeCTaBIIsieT KJIACC OIepaTOpOB B T'MIBOEPTOBBIX ITPOCTPAHCTBAX, KOTOPBIE
TaK ¥Ke CBS3aHbl C JIAMOIA-TEIJIMIEBLIMU OIIEPATOPAMU, KAaK TAHKEJeBbl — C OIlePATOPAMU
Ténmuma. VimenHo takoil kjacc onepaTopoB (p-raHKeJIeBbl OIEPATOPBI, (i — KOMILIEKCHBII
napaMeTp) ¥ PacCMaTPUBAETCs B JaHHON pabore, KOTOpasi IPOJ0JzKaeT UCC/IeI0BaHUs, Hada-
Teie B pabore aBTopos [6]. OcHOBHOIl pe3ysibTarT paboThl JaeT KpuTepuii HOpMaJIbHOCTU STHX
OlIepaTOpOB.

[To ananoruu ¢ oneparopamu ['aHKessi CIelyeT OXKUJIaTh, YTO YKA3aHHBINA KJacc onepa-
TOPOB MMeeT KOHKPETHBIC peaJin3allii B BUAE MHTEI'DaJIbHBIX OIIepaTOpPOB, YTO IIO3BOJILAET
HPUMEHSATH K 9TUM OIIEPATOPaM PEe3YJIbTaTbl, OJyYeHHbIe B aOCTPAKTHOM KOHTEKCTE, U TeM
caMBbIM BHECTH BKJaJ B TEOPUIO MHTEIPAJIbHBIX OmepaTopoB. B mamHOit paboTe Takas peain-
3amus paccMarpusaercs B npocrpancrse Xapmu H2 (D) na eaunmanoM Kpyre (OTHOCHTEIBHO
[IOCJIEJIHETO TIPOCTPAHCTBA CM., Hanpumep, |1, 3]).

ONPEAENEHUE 1. IlycTb g1, v — KOMIUIEKCHBIE 49HCIa, @ = {(j}j>0 — MOCIIEIOBATEb-
HOCTb KOMILJIEKCHBIX 9UCeJl, U MyCTh J¢, 7' — cenapabesbHble THIBOEPTOBBI IPOCTPAHCTEA.
Oneparop A,y @ H — H' nazoseM (i, V)-2a1Kkeesvim, eCiii JIIs HEKOTOPHIX OPTOHOD-

/ ! *
MUPOBAHHBIX 6a3nCoB (ex)k>0 C A u (€});jz0 C H” marpuna storo oneparopa (a;k)k,j, Tie
ajr = (A(up),alh e&), COCTOUT U3 JIEMEHTOB BUJIA

o
ajr = p V) Qg ;.

B wacrnoctn, A 1) — rankeses omepaTop (OTHOCHTEILHO TOCTIEHUX CM., Harpumep, [1, 3,
7]).

Bumecro A, 1) MBI Oyziem panee mucath Ay o (W Ay) 1 Ha3BIBATH Takoil onepaTop i-
eanrenesvim. VICKIIodast TPUBAAJIBHBIN CIydaii, JJIs 3TUX ONEPATOPOB MbI OyeM CIUTATH, ITO
p# 0.

Takum obpasom, marpuia j-rapkeneBa omeparopa A, uveer Bug (k) >0 =

(* k) g0, 7. €. By

ag pay pray plaz play
a1 pon ptas ptay
Q2  Ha3 M2a4

[Aual = | a5 poy

Hirke, kak npasmio, GyeT paccMaTpHBaThCs Ciydail, korga ¢ = ' u oneparop A, o
JIolyckaer MaTpudHoe npejcrasienne. Hamomuum (8, ¢. 90, Teopema 1|, uro Takoii oneparop
OTpaHUICH.

*31ech 1 HUKE YIIIOBBIE CKOOKM O0O3HAYAIOT CKAJSIPHOE MTPOU3BE/ICHHE.
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B saunoii pabore ranke/eBbl OIepaTOPhl HOHUMAIOTCS KAK OlEPATOPbl B IIPOCTPAHCTEE
H? = H*(T) := {f € L*(T) : f(n) =0 npu n < 0}

(Bcroy HEXKE Uepe3 f(n) obozHauaiorcsi koabdurmentsr Oypbe dbynxman f € L*(T); T —
eJIMHAYHAsS] OKPYKHOCTB™ )| MMeroIue COOTBETCTBYIOILYIO MATPUILY B CTAHIAPTHOM OPTOHOD-
MUPOBaHHOM Oasuce e, (z) = z", n € Z, 3Toro npocrpancrsa. Takue onepaTopbl JIEfCTBYIOT
o npasuiny Hyf = PJ(pf), tne P : L*(T) — H?(T) — oproupoexrop, ¢ € L®(T) — cumsoi
oueparopa, Jf(z) := f(Z) (cm., nanpumep, |7, c. 136]).

2. CaMOCOHpﬂ)KeHHOCTb 1 HOPpMaJIbBHOCTDb U~TaHKeEJIEBbIX OIIepaToOpoOB

Kpurepnit caMOCONIPSI?KEHHOCTU [-TaHKEJIEBLIX OIEPATOPOB JIAeT CJAEIYIOIIee ITPOCTOe

IIpennoxenue 1. Marpurna nery/esoro oneparopa A, o CaMOCONPSTZKeHa TOT/ia U TOTHKO
rorga, korga |p| =1 @, = p"«, npu Bcex n € Z..

< U3 BUa CONPAXKEHHOH MaTPUIILI CJle/lyeT, 9T0 MaTpPHUIla onepaTopa A, . caMmoconpsize-
Ha TOIJIa ¥ TOJIBKO TOTJIa KOT/Ia

pragy; = Wagy; (kj € Zy). (1)

[osarast 3mech j = 0, mosydaeM 1epBoe HeoGxommmoe yeiosue pFoy, = ag. Hpn ap # 0
[OJIydaeM OTCIOJIa U BTOPOe HeobxoauMoe yeaosue |u| = 1.

O6parno, eciu |u| =1 u p"ay, = @, npu Becex n € Z, TO, 3aMeHsisi B OCJIEJIHEM DaBeH-
crBe N Ha k + j, mosygaem ,ukﬂakﬂ = Qp1j, k,j € Zy, orkyna cpasy crexayer (1). >

Jlemma 1. Ilycts |pu| = 1 u oneparop A, o p-raHkenes B cTangapTHOM Oasmce ey (z) = 2"
(n € Zy) npocrparcrsa H?(T). Dror onepatop orpanmden Torja o TOJIBKO TOLJA, KOTJA OH
npescrapisercss B Buge A, o = H,Uy, tne U, f(2) := f(pz) — ynnrapmsii, a H, — orpa-
HIYeHHBII Tankeses oneparop B npocrpanctse H2(T), mpaaeM MOXKHO BBIGpATH €ro CHMBOJT
¢ € L rakum, uro p(—k) = ay upu k € 7.

< HocraTounocTsh ciejayeT u3 pabeHcTBa Uyer = p''e 1 TOro usBecTHOro ¢akTa, 4TO
oneparop H,, ana xoroporo ¢ € L>® u o(—k) = oy, umeer B 6a3uce (e,)nez, TaHKEIEBY
marpuiy (o4;) (cMm., Hanpumep, [7, c. 125]).

Heo6xomumocts. Ilycrs |p| = 1, u oneparop A, . p-rankenes B basuce en(z) = 2"
(n € Z). Jlerko mposeputs, uro omeparop U, mmeer B stoM Gasmce marpuiy [U,] =
diag(1, pu, p?,...), u [Aua] = [H|[U,], toe [H] = (aptj)kjez, — raikeresa marpuna. C
JIPYTOfi CTOPOHBI, 3TO MaTpHNa orpammdennoro omeparopa H, = A, U, L Buaunt, sror
oleparop raskeses B cuity Teopembl Hexapu (cm., mampumep, [7, reopema 4.1.13]). >

BAMEYAHUE. Ilycrs |u| = 1. Paccmorpum ynmrapmsii oneparop W, f(z) = f(nz) B
L*(T). Cyxenust U, := W,|H*(T) u V, := W,|H?(T) sasasorcss ynurapubivu 5 H2(T)
u H%(T) := L*(T) & H*(T) coorsercreenno. Ilycts ¢ € L*®(T) u T, obosHadaer onepa-
Top Témmua ¢ cumposiom . Torma oneparop 1), , := U,T, aBnsercs p-TENINNEBLIM B CH-
ay [5, Teopema 2.5|. C xpyroii CTOPOHEI, JIErKO IpOBepuTh, uto omneparop A, = V,H,, rae
H,: H*(T) — H?(T) — raHke/eB OIEPATOP C CUMBOJIOM (p, sIBIISIETCsl ji-TaHKe/eBbIM. [Ipu
9TOM

Tyof + Auf =W, Myf, fe H*T),

rae M, ecTb olepaTop yMHOXKEHUS Ha ¢ B LQ(']I'). DTO COOTHOINEHUE SABJSIETCs 0000IeHIEM
M3BECTHOM CBSI3U MEXKIy KJIacCHUIecKuMu oreparopamu lamkess u Temmuma.

“*VIcKTIO9MeHne COCTABMSIET JIMIIb 3aMedaHue TIOC/IE JIEMMbI 1, B KOTOPOM PacCMATPHBAIOTCA TAHKEIEBBI
oreparopsi, aeiicteyiomme w3 H2(T) 8 H2(T) := L*(T) & H?*(T).
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Teopema 1. Heny.iepoit orpanndennslii oneparop A, o B npocrpancrse H 2(T) nopma.ten
TOorJia W TOJIBKO Torja, korja || = 1 u cymecrByer rakasi koucranta C' € C, uro |C| =1 un
o, = Cu'«ay, npu Becex n € Zy.

<1 Hocrarounocrs. Ilyers |u| = 1 u ag = CuFayg, |C| = 1. Umeem npu Beex 4,5 € Zy

* * k —k— —_—
[ApaAsoJis = > [ApaliclAf oIk = > pF ooy =Y cvsktingg,
B B P

* * —f— ] j—f———
A5 0 Apalis = Y AL ikl Apalky = D T amiw arry = Y i @,
k k k
1 ocrasoch 3aMeTnTh, UTO

kO = Cpithog g Cul gy = ™oy .
Heobxommmocts. Iyers Ay oA, o = A, Ay Hockombry [Ay a4, 4Joo = Y 112K | eur| 2,
[AZ,QAM,OZ]OO = Zk |ak|27 TO |lu’| =1
Hamnee, Tax kak A, o = HyUy, 10 A}, = UgHpx, trie ¢*(2) := p(Z) |7, Teopema 4.4.2].
[ycrs Sf(z) = 2f(z) — oneparop casura 8 H2(T). Torma B cumy memmvbr 4.4.4 w3 7] mveem
Aﬂ,aAz,a - S*Au,aAz,aS = HgaHga* - S*Hathp*S = (PSb) ® (PE) = (PSb) ® (PSE), (2)
e 3(z) := ¢(2), a (f ® g)h := (h,g)f — omuomepnbiit onepatop B8 H2(T).
C zipyroit cTOpOHHL,
ApaApa — S A} 0y AueS = UgHy HoUy — S*UgHp HpU,S. (3)
Bamernm, uro U,S = uSU,, a noromy S*Up = aUpS*. Tak xak pup = 1, (3) npuobperaer
BUL
Al 0 Apa = S*AS W AeS = Un(Hp Hy — S*Hpr HpS)Uy,.
CuoBa Bocnosb30BaBIIUCH J1eMMoit 4.4.4 u3 [7], moxydaem orciona
B A — S A oS = Unl(PE) @ (PO, = Ual(PR) © (PR ()

Tak xak oneparop A, o HOpMaJeH, To u3 (2) u (4) ciemyer, 4To

((Pp) @ (PP)) = Un((Pp) @ (PP))Up-

CilenoBaresbHO, IpU Beex N € Z

Un((PP) @ (PP))en(z) = (PP) ® (PP))Upen(2)- (5)

Pacemorpum npasyto gacts (5). Hockomsky Uye, = p'ey, TO

((PP) © (PP))Uyen(2) = p"(en, P) Pp.
Tak Kak HL,O 3aBUCHUT JIAIIHL OT KOAQHAJUTHUIECKON YacTu (bYHKIlI/II/I @, MOKHO CHUTATb, 9TO

(e o] [e.e]
=) P(=kle_r =) are_y.
k=0 k=0
[ostromy PP =@ = > o Oek. SHAUnT, IpaBast 9acThb (5) paBHA

oo
,U'n<ena P¢>P¢ = Zﬂnana_kek-
k=0
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C apyroii cToponsl, JieBasi 4acThb (5) ecTb
Uu((P@) @ (P@))en = (en, POYULPS.

Hockonbky P(2) = @(Z) = > ooy arer(z) € H*(T), To

U Pp(z) = ZakUuek(Z) = Zukakek(z).
k=0 k=0

Kpowme toro, (e,, Py) = (en, p) = . Urak, seBast gacts (5) umeer BuJ
o0
Uu((P@) ® (P@))en(z) = ) plamanen().
k=0

[TpupaBHuBasi 10JIyYeHHbIE BbIpaXKeHUsI st 00enx dacreii paBeHcTBa (5), moJydaem

o o

k— n—
E purapagey = E u g€,
k=0 k=0

orkyna pranay = peRa, upn Beex k,n € 7. Badbuxcuposas Takoe k, 9To ay # 0, HoIydaem
orciona @, = Cp™a, upu Beex n € Z, tae C = p~*ag /oy, |C] = 1. >

3. I/IHTeI‘paJ'II)HI)Ie HU-TaHKeJE€Bbl OIepaTopbl

[Iycrs a € C, a # 0, a 0 ectb orpannvenHast (BoobIle roOBOpPsi, KOMILJIEKCHAs) Mepa Ha
3aMKHYTOM eIMHUYHOM Kpyre [) KOMIIEKCHOM MJIOCKOCTH. PaccMOTpuM omepaTop

Lol = [ 2 ao(0) (121 < 1)
D

un 110CJIe10BaTEeJIbHOCTH MOMEHTOB MEPbI O

= [Cdog) (nezy)

D
YacrHble ciydyan TaKuX OlEpaTopoB paccMarpuBaauch B |9, 10].

[ del©
L‘/l—M'

D

Beenem oboznauenne

Teopema 2. IIycts |a| < 1, I < co. Torga onepatop Iy, B ipoctpancrse H? (D) spsercs
OrpaHHYeHHDBIM [1-TAHKEJIE€BbIM B CTAHAAPTHOM OPTOHOPMHPOBAHHOM 6a3HCe 9TOrO IPOCTPAH-
crBa, npuieM (= 1/a u ||I'y »|| < I. Kpome Toro,

1) omeparop T'y , camoconpsixen, ecim u Tonbko ecan |a| = 1 n @7, = 7, 1pn Bcex
n € Ly;

2) omeparop I, » HOpMaJieH, ecin 1 TOJIbKO ecn |a| = 1 u st Hekoropoii koncranTsl C,
|C| = 1 upu Bcex n € Z crpaBesuBo paBeHCTBO Y, = Ca"7y,.
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<1 PacemoTpuM cranzapTHBLE OPTOHOPMUPOBaHHEIL Gasuc e, (z) = 2™ (n € Z4 ) upocrpas-
crea H?(D). C y4erom Toro, uto |a| < 11 |2| < 1, nmeem

k
Tover(z) = 1—CaCz / C’“ gza ' do(C)

D

0 . . . i .
= Z 2l a’ /Ck‘” do(C Z — Vk+ia aftie;(2).
=0 =0 "

S

(ITounennoe wHTErprpoOBaHUe psijia 3aKOHHO, TAK KakK 1pu Beex k € Zy

Z/!Zjﬁkﬂaj!d\a\ Z\z!ﬂ’/d\a\(g) < oo.)

]0— 7=0 )

JIEJIOBATEJILHO, OIIepaTo ABJIAETCH (I-TAHKEJIEBBIM B ¢ Marpuei a;r = a ~
C ) Fa,a H*(D ik I k+3>
p = 1/a u o, = a"y,. Jas nokazaresberBa ero OrpaHUYEHHOCTH BOCIOJIL3YEMCH Teope-
moit 6.23 u3 [11, c. 152] u ee ciencrBuem Ha c. 153. meem mpu Beex j

Zw af? / ¢[F+ dlo (¢) / 3 (¢l diol(©)

k=07 2 k=0

¥ aHAJIOPMYHO 1IpU Beex k

oo oo oo

: : dlo|(¢)
k+

> lanl < S lab [ 167 dol©) < [ Y lacp dlol(¢) = [ £ <1

7=0 7=0 D p J=0 D
Takum o6pasoM, B cuily yrnomsiHyToil Teopembl u ee ciencrsust ||Ig .|| < I. B wacrrocrm,
oneparop I'y , orpannden. Tenepb yrseprkenust 1) u 2) TeopeMbl IPSIMO CJIEAYIOT U3 [IPEJi-
JoxkeHnst 1 U TeopeMbl 1 COOTBETCTBEHHO, €CJIM TaM HOJIOKUTH [ = = U (y = a7y, D>

[TPuMEP. Ilycrs do(z) = dAy(2) = (a+ 1)(1 — |2|2)*dA(z), tae dA(z) := (1/7) dx dy =
(r/m)dr df — mopmupoBanHas mwiomaas, o > 0. 910 BepositHOCTHas Mepa Ha D [12; jsemma

3.9]. Torna
1

[ dALK) 1—|—7“ ’I“d’l“
I‘D/l—|<|‘ [ <o

0

(mocsietHMiT HHTErpaJl MOYKET ObITH BBIParXKeH Yepe3 MUIepreoMeTprIecKyo (PyHKIMIO, M. [13,
c. 302, dopmyasa 15]). Jlerko nposeputs, uro 9 = 1 u v, = 0 upu n > 1. CienoBaresnbHo,
B cuty teopemsl 2 [|[T'g 4, || < I, u oneparop I'y 4, (rze |a| < 1) HOpMasen Torja u TOIBLKO
rorja, Korja |a| = 1. IIpu 9T0M yc/I0BUM JAHHBIHA OIEPATOP CAMOCOIIPSIYKEH.
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Abstract. Hankel operators form one of the most important classes of operators in spaces of analytic
functions and have numerous implementations. These operators can be defined as operators having Hankel
matrices (i. e., matrices whose elements depend only on the sum of the indices) with respect to some
orthonormal basis in a separable Hilbert space. This work continues the research begun in the work of the
authors «u-Hankel operators on Hilbert spaces», Opuscula Math., 2021, vol. 41, no. 6, p. 881-899, where
a new class of operators in Hilbert spaces was introduced (u-Hankel operators, p is a complex parameter).
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Such operators act in a separable Hilbert space and, in some orthonormal basis of this space, have matrices
whose diagonals, orthogonal to the main diagonal, are geometric progressions with denominator . Thus, the
classical Hankel operators correspond to the case y = 1. The main result of the paper is a criterion for the
normality of u-Hankel operators. By analogy with the Hankel operators, the considered class of operators has
specific implementations in the form of integral operators, which allows apply to these operators the results
obtained in an abstract context, and thereby contribute to the theory of integral operators. In this paper, such
a realization is considered in the Hardy space on the unit circle. Criteria for the self-adjointness and normality
of these operators are given.

Key words: Hankel operator, u-Hankel operator, normal operator, self-adjoint operator, Hardy space,
integral operator.

AMS Subject classification: 47B15, 47B35.

For citation: Kuzmenkova, E. Yu. and Mirotin, A. R. On Normal p-Hankel Operators, Viadikavkaz
Maith. J., 2021, vol. 24, no. 1, pp. 36-43 (in Russian). DOI: 10.46698/t8778-6480-0136-d.

References

1. Nikolski, N. K. Operators, Functions, and Systems: an Fasy Reading. Vol. 1: Hardy, Hankel, and
Toeplitz, Mathematical Surveys and Monographs, Vol. 92, American Mathematical Society, 2002, 461 p.

2. Nikolski, N. K. Operators, Functions, and Systems: an Fasy Reading. Vol. 2: Model Operators and
Systems, Mathematical Surveys and Monographs, Vol. 93, American Mathematical Society, 2002, 438 p.

3. Peller, V. V. Hankel Operators and Their Applications, Springer Monographs in Mathematics, Berlin,
Springer-Verlag, 2003, 784 p.

4. Ho, M. C. On the Rotational Invariance for the Essential Spectrum of A\-Toeplitz Operators, J. Math.
Anal. Appl., 2014, vol. 413, no. 2, pp. 557-565. DOI: 10.1016/j.jmaa.2013.11.056.

5. Mirotin, A. R. On the Essential Spectrum of A-Toeplitz Operators over Compact Abelian Groups,
J. Math. Anal. Appl., 2015, vol. 424, pp. 1286-1295.

6. Mirotin, A. R. and Kuzmenkova, E. Yu. u-Hankel Operators on Hilbert Spaces, Opuscula Math., 2021,
vol. 41, no. 6, pp. 881-899.

7. Martanez-Avendano, R. A. and Rosenthal, P. An Introduction to Operators on the Hardy—Hilbert Space,
New York, Springer, 2007, 229 p.

8. Akhiezer, N. I. and Glazman, I. M. Theory of Linear Operators in Hilbert Space, Translated from the
Russian by Merlynd Nestell, New York, Dover Publications, 661 p.

9. Mirotin, A. R. and Kovalyova, I. S. The Markov—Stieltjes Transform on Hardy and Lebesgue
Spaces, Integral Transforms and Special Functions, 2016, vol. 27, no. 12, pp. 995-1007. DOI:
10.1080/10652469.2016.1247074. Corrigendum to our paper “The Markov—Stieltjes transform on Hardy
and Lebesgue spaces”, Integral Transforms and Special Functions, 2017, vol. 28, no. 5, pp. 421-422.
DOI: 10.1080/10652469.2017.1298592.

10. Mirotin, A. R. and Kovalyova, I. S. Generalized Markov—Stieltjes Operator on Hardy and Lebesgue
Spaces, Tr. Inst. Mat., 2017, vol. 25, no. 1, pp. 39-50.

11. Weidmann, J. Linear Operators in Hilbert Spaces, New York, Springer, 1980, 415 p.

12. Zhu, K. Operator Theory in Function Spaces, Second Edition, Mathematical Surveys and Monographs,
vol. 138, American Mathematical Society, 2007, 348 p.

13. Prudnikov, A. P., Brychkov, Yu. A. and Marichev, A. I. Integrals and series: Elementary functions,
New York, Gordon and Breach, 1986, 808 p.

Received July 11, 2021

EKATERINA YU. KUZMENKOVA

Francisk Skorina Gomel State University,
104 Sovetskaya St., Gomel 246019, Belarus
Graduate Student

E-mail: katuha66@tut.by

ApoLr R. MIROTIN

Francisk Skorina Gomel State University,
104 Sovetskaya St., Gomel 246019, Belarus
Head of Department of Mathematical Analysis
and Differential Equations

E-mail: amirotin@yandex.ru

https: //orcid.org/0000-0001-7340-4522



