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Abstract. In this paper, we consider direct and inverse problems for the two-dimensional wave equation.
The direct problem is an initial boundary value problem for this equation with nonlocal boundary
conditions. In the inverse problem, it is required to find the time-variable coefficient at the lower term of
the equation. The classical solution of the direct problem is presented in the form of a biorthogonal
series in eigenvalues and associated functions, and the uniqueness and stability of this solution are
proven. For solution to the inverse problem, theorems of existence in local, uniqueness in global, and
an estimate of conditional stability are obtained. The problems of determining the right-hand sides and
variable coefficients at the lower terms from initial boundary value problems for second-order linear partial
differential equations with local boundary conditions have been studied by many authors. Since the
nonlinearity is convolutional, the unique solvability theorems in them are proven in a global sense. In
the works, the method of separation of variables is used to find the classical solution of the direct problem
in the form of a biorthogonal series in terms of eigenfunctions and associated functions. The nonlocal
integral condition is used as the overdetermination condition with respect to the solution of the direct
problem. The direct problem reduces to equivalent integral equations of the Fourier method. To establish
integral inequalities, the generalized Gronwall-Bellman inequality is used. We obtain an a priori estimate
of the solution in terms of an unknown coefficient, that are useful for studying the inverse problem.
Keywords: wave equation, nonlocal boundary conditions, inverse problem, Banach’s theorem.

AMS Subject Classification: 35P05, 47F05, 35A01, 35A24, 35J05 , 35P30.

For citation: Durdiev, D. K. and Suyarov, T. R. Inverse Coeflicient Problem for the 2D Wave Equation
with Initial and Nonlocal Boundary Conditions, Viadikavkaz Math. J., 2024, vol. 26, no. 2, pp. 5-25. DOI:
10.46698 /u3853-1208-8647-0.

1. Formulation of the Problem

Inverse problems for partial differential equations are understood as the problems of finding

unknown coefficients, as well as initial and non-local boundary conditions and solutions of
differential equations given the solution of a direct problem. Inverse problems are a dynami-
cally developing area of modern mathematics. A lot of papers are devoted to inverse problems
for second-order hyperbolic equations (see, for example, monographs [1-4]| and references
therein).

© 2024 Durdiev, D. K. and Suyarov, T. R.



6 Durdiev, D. K. and Suyarov, T. R.

The problems of determining the right-hand sides and variable coeflicients at the lower
terms from initial boundary value problems for second-order linear partial differential
equations with local boundary conditions have been studied by many authors. Among them,
as the closest to the present work on the research method, we note the works [5-7], in
which existence and uniqueness theorems are formulated in the global sense for problems
of determining the coefficients of an equation (nonlinear problem). In this vein, we aslo note
papers [8-13] realted to the inverse problems of recovering kernels in hyperbolic integro-
differential equations. Since the nonlinearity is convolutional, the unique solvability theorems
in them are proven in a global sense.

Problems with non-local boundary conditions for partial differential equations have been
studied by many authors, starting with the already classic work [14]. A specific feature of
non-local problems is the non-self-adjointness of the spatial differential operator and, as a con-
sequence, the incompleteness of the system of eigenfunctions, which has to be supplemented
by adjoint functions. Fundamental results on the basis property of a system of eigenfunctions
and associated functions were obtained in [15, 16].

In the works, the method of separation of variables is used to find the classical solution
of the direct problem in the form of a biorthogonal series in terms of eigenfunctions
and associated functions. The nonlocal integral condition is used as the overdetermination
condition with respect to the solution of the direct problem. The direct problem reduces
to equivalent integral equations by the Fourier method. To establish integral inequalities,
the theorems of the generalized Gronwall-Bellman inequality is used. We obtain an a priori
estimate of the solution in terms of an unknown coefficient, which we will need to study the
inverse problem. The inverse problem is reduced to the Volterra integral equation of the second
kind. On the basis of the unique solvability of this equation in the class of continuous functions,
theorems on the unique solvability of direct and inverse problems are proved. A stability
estimate is also obtained.

Let Q@ = D x (0,T), where D = {(z,y) : 0 < z,y < 1}. We consider the initial boundary
value problem for wave equation

u(r,y,t) — Au+ q(H)u(z,y,t) = f(z,y,1), (1)
with initial conditions
w(z,y,t)|,_, = w1(z,y), (z,y) €D, (2)
u(z,y,t)|,_, = p2(2,9), (x,y) €D, (3)
and non-local boundary conditions
uz(0,y,1) = ua(L,y,1),  u(0,y,t) =0, (y,t) €[0,1] x [0,77, (4)
u(z,0,t) = u(x, 1,t), uy(x,l,t) =0, (z,t)€]0,1] x]0,T], (5)

where D = {(z,y): 0 <2,y <1}, A = axQ + 8y2’ v1(z,y), p2(x,y) and f(x,y,t) are given
functions.

In the direct problem, it is required to define a function wu(z,y,t) € C?(Q
the equalities (1)—(5), for given sufficiently smooth functions ¢(t), f(x,y,t), pi(z,
where Q = {(z,y,t):0< 2, y<1,0<t < T}

The inverse problem is to find function ¢(¢) € C[0,T], if with respect to the solution of
the direct problem (1)—(5) the overdetermination condition is known

) satisfying
y) Z - 17 23

jjwwy (z,y,t) dvdy = h(t), (6)
0 0
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where h(t), w(x,y) are given functions. We use the following lemma to interpret the direct
problem.

Lemma 1 [17]. Let a non-negative function continuous on [c,d] and u(t) satisfy the in-

equality
¢

u(t) < a(t) + b(t) / k(t, s)u(s)ds,

C

where a(t) > 0, b(t) > 0, k(t,s) = 0 — continuous functions on ¢ < s < t < d. Then

t

u(t) < A(t) exp {B(t)/K(t, s) ds},

C

here

A(t) = sup a(s), B(t)= sup b(s), K(t,s)= sup k(o,s).

c<s<t c<s<t s<o<t

2. Investigation of the Direct Problem

Apply the Fourier method to investigate the for direct problems (1)—(5). For this purpose

Pu  *u  *u
Te_Y2 Y 0
8t2 8.%'2 + 8y2 ) (t7 xz, y) SRY2 (7)

we look for a non-trivial particular solution of the equation in the form:

w(,y,t) = Z(z,y)v(t). (8)

Substituting this expression into the equation (7) and boundary conditions (4), (5) and
separating the variables, we obtain the problem for finding eigenfunctions

622 82

Z:(0,y) = Z:(1,y), Z(0,y) =0, 0<y<I, (10)
Z(z,0) = Z(z,1), Zy(xz,1)=0, 0<z<1.

The boundary value problem (9), (10) is not self-adjoint in the sense of the scalar product
W) = fol fol Z(z,y)W (z,y) dedy. Associated with it will be the following problem

W 9PW
8562 + = a 2 +MW 0 (CE,y)ED, (11)

W(07y) = W(17y)7 Wx(Ly) =0, 0<y<l, ( )
12
Wy(x,0) = Wy(z,1), W(z,0)=0, 0<z<1.

First we solve the problem (9), (10). To do this, we represent its solution in the following
form

Z(x,y) = X(x)Y (y)- (13)
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Substituting this expression into the equation (9) and using the boundary conditions (10),
we obtain the following spectral problems

X"(z)+ XX (z) =0, 0<z<]1,

(14)
X'(0) = X'(1), X(0) =0,

Y'(y)+9Y(y) =0, 0<y<]1,

(15)
Y(0)=Y(1), Y'(1)=0,

where = A + .

In work [18], it is shown that the solution of the problem (14) has a Riesz basis in L2(0, 1),
consisting of eigenfunctions and associated functions Xo(z) = z, Xop(z) = sin(2rmz),
Xom_1(x) = zcos(2rmz), and eigenvalues A, = (2rm)?, m = 0,1, 2.

Biorthogonal with {X,,}§° sequence of eigenfunctions and associated functions of
the problem adjoint to the problem (14): Xg(z) =2, Xon(z) = 4(1 — z)sin(2rmz),
Xom_1(x) = 4cos(2rmz), m = 1,2,..., also forms a Riesz basis. The solution of the
problem (15) is similar to obtain eigenfunctions and associated functions Yp(y) = 2,
Yor(y) = cos(27ky), Yar_1(y) = (1 — y) sin(27ky), and eigenvalues v, = (27k)?, k = 0,1,2, ...

A biorthogonal sequence with {Y}}g” is similar, we obtain eigenfunctions and associated
functions Yo(y) = vy, Yor(y) = 4ycos(2rky), Yor_1(y) = 4sin(2rky). The system of
eigenfunctions and associated functions for the problem (9), (10) will be redesignated as
follows

Z@j(ﬁﬂ,y) = Xl(x)Y}(y)’ i=1{0,2m —1,2m}, j ={0,2k — 1,2k}, (16)

where k,m =1,2,...
The eigenfunctions and associated functions of the adjoint problem (11), (12) have the form

Wij(z,y) = Xi(2)Y;(y), i={0,2m—1,2m}, j={0,2k — 1,2k} . (17)

Note that the systems of sequences of functions (16), (17) form admissible numbers m, k,
[, p, the following relations hold: (Z, 1, Wi ) = 1if m = [, k = p; otherwise (Z, 1, Wi p) = 0.

According to (8), particular solutions of the problem (9), (10) can be represented as an ex-
pansion in the series

o o
u(x,y,t) = Zoo(x,y)voo(t) + > Zoan—1 (2, y)vo2r-1(t) + > Zoow(x,y)vo2n(t)
k=1 k=1

[e.e] oo
+ > Zom-1.0(z, Y)v2m-10E) + D Zom—1,26-1(%, ¥)v2m—1,26-1 (£)

m=1 m,k=1

o0 o0
+ Y Zom—1,20 (2, Y)v2m—1,26(E) + Y Zom,o(x, Y)v2m,0(t)

m,k=1 m=1

o0 o0
+ Z Zom,2k—1(2, Y)V2m 261 (1) + Z Zm,2k (T, Y )Vom, 2k ().
m,k:l m,k:l

Coefficients vo0(t), vo2k—1(t), vo2k(t); Vam—1,0(t), vom—126—1(t), vom—12(t); Vam,o(t),
Vam 2k—1(t), vamok(t) for m,k > 1 are to be found by making use of the orthogonality
of the eigenfunctions. Namely, we multiply (1) by the eigenfunctions (16) and integrate
over ((0,1) x (0,1)). Recall that the scalar product in Lo((0,1) x (0,1)) is defined by
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= fol fol f(x,y)g(x,y) dedy. Let us note the expansion coefficients of f(x,y) and g(x,y)
in the eigenfunctions of (17) for m,k > 1 respectively by.
Note the expansion coefficients of the functions f(z,y,t) and p;(x,y), i = 1,2, in terms
of eigenfunctions (17), respectively, for

(f(:v,y,t),Ww(:U,y)) :fz,j(t)’ Z:{Oa2m_1a2m}, .]: {Oa2k_1a2k}a (19)
(ng(l“,y), WZ,](x’y)) = Pij,ls l= {152}? L= {Oa2m - 1a2m}’ .] = {Oa2k - 1’2k} . (20)

We get with (1) and (u(z,y,t), Woo(x,y)) = vo,0(t) and the first component (19), (20)
can be written as

{vgo(t) +q(t)voo(t) = foo(t), (21)

00,0(t)],_y = ©0,0,15 Uo0(t)],_ = L0,0.2-

We obtain the following inhomogeneous Cauchy problems for a second-order differential
equation for arbitrary m,k =1,2,...

Vo1 () + Vkvo,26—1 + q(t)vo,26-1(t) = fo,26-1(1), (22)
vo,2k-1(8)|,_p = P0.26-1,1, V) op_1(8)|,g = Po.2k—1,2,
{vé’ o (1) + 0,25 (1) + 24/7k vo,2k—1(t) + q(t)vo,2k(t) = fo,26 (1), (23)
vo,2k(1)]—g = Po.2k15 Vok(B)],p = ®0,2k.25
V9m—1,0() + Amvam—10 + ¢(t)vam—1,0(t) = fam-1,0(t), (24)
vam-1,0(t)],_g = P2m-1,01 Vhm_10()],_g = P2m-1,02,
{vgm—l 2k—1(1) + mkv2m—1,2k—1 + ¢(t)V2m—1,26-1(t) = fam—1,26—1(1), (25)
vam—1.2k1(8)] ;g = P2m-1.26-1,1, V12518 ], = P2m—1.20—1.2,
Vg 1.9 () + HmkV2m—1,2k + 2¢/7k Vam—1,2k—1 + ¢(8)V2m—1,26(t) = fam—1,2k(t), (26)
Voam—1 2k(t)‘ = ©2m—1,2k,1» UQm 1,2k ){t:O = Y2m—1,2k,2»
Vg 0(t) + AmV2m,0 + 2V Am V2m—1,0 + ¢(1)v2m,0(t) = famo(t), (27)
Vom0 ()] ,_g = P2m,0,15 Vom0, = P2m,02,
{vgm 2k 1(8) + HmkV2m 26—1 + 2V Am Vam—1,26—1 + q(1)V2m,26-1(t) = fom,26-1(2), (28)
Vo, 2k— 1(75){ = om,2k—1,15 Vo ok_1 )],—o = P2m,2k—1.2,
Vg ok (8) F HimkV2m, 26+ 2V AmV2m—1,25 + 2/ Tk V2m, 261+ () v2m, 2k (£) = fam,2k(t), (20)
U2m,2k(t)|t:0 = ¥2m,2k,1, Uém,gk(t)hzo = ¥2m,2k,2-

The problem (21) is equivalent C[0, T] to the Volterra integral equation of the second kind

t
vo,0(t / (t = 7)[fo,0(T) — q(T)voo(T)] dT + @0,0.2t + 0,0,1- (30)
0
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Lemma 2. The following estimates are valid

I fo.0ll ojo,77 T2 lallego,n T
|U0,0(f)|<<|800,0,1|+|800,0,2|T++ exp § g b = Wo(T),

|v5.0(8)] < HvaOHC[O,T} - HqHC[O,T}\DOvO(T) =t Too(T):
<1 Obviously, the original inequality implies

HfO,OH(j[o,T] t2

[vo,0(t)] < [w0,0.1] + |po,0,2]t + 5

t
+lallep / (t = 7) [voo(r)] dr,
0

from Lemma 1, we get

foo T2 q 1?2
[vo,0(t)] < <\¢0,0,1\+\¢0,072\T+% exp HHC# :

From the last inequality we obtain the estimates of the Lemma 2 for any ¢ € [0, 7. The lemma
is proven. >
Solutions to the problem (22) have the form

vo,26—1(t) = \/% O/Sin Vi (= 1) [fo2k—1(T) — q(T)uo2e—1(7)] dr )

©0,2k—1,2 .
+ p0,2k—1,1 COS /Y t + ———" sin /Y L.

V7
The following lemma is proved in the same way as Lemma 2.

Lemma 3. Estimates hold:
|00,2k—1,2] sin /A t

vk
t
_ t
+ | fo,26—1llcpo,m) n lallcpo,m) /sin\/ﬁ(t—T)vo,o(T)dT
0

|v0,2k—1(75)| < Jpo,2k—1,1] cos /it +

Tk VK

o2k—12 . Ifo2u-1llconT lallcro,nT
02121 + 0T ) exp § —rERAIZ A . Wo,06-1(T),
vV Vk Yk Yk

|G ar 1 (£)] < HfO,%—lHC[O,T] + (w + ldallcor) Yo2u-1(T).

For the problem (23)-(29), we obtain the equivalent integral equations,

(33)

< (\@0,%1,1! +

voan(t) = \/% 0/ sin v/ (¢ — 1) [for(r) — a(r)vnai(r) -

©0,2k,2 .
— 2. /Vk 7}07214:71(7-)] dTgOO,Qk,l COS \/Vk t+ W SIN /Y t,

P2m—1,0,2

’l)2m,170(7f) = P2m—1,0,1 COS / )\mt + \/)\_ sin 4/ )\mt
m

(35)
+

ﬁ

im / sin v/ A (t = ) [ fam-10(T) — ¢(7)v2m—1,0(7)] dr,
0
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Dom-12k-12 .
Vam—1,2k—1(t) = P2m—1,2k—1,1 COS /Ui t + ——————"= sin \/li t

vV Hmk
o (36)
+ Tl O/Sin ok (t —T) [f2m71,2k71(7—) — Q(T)02m71,2k71(7—)] dr,
Vom—1,2k(t) = sin (t—r1) [f2m71,2k(7') — q(7)vom—1,2k(7)
v (37)
Pom—1,2k,2 .
-2/ vzm—1,2k—1(7)] dT + P2m—1,2k,1 COS \/Iimk t + ———="= sin\/fimi t,
v Hmk
1
Vam,0(t) = oW / sin /A ) [fom,0(T) = q(7)vamo(7)
m (38)
—24/ )\mUQm—l,O(T)] dr + P2m,0,1 COS / Am t + ¥2m,0,2 sin /)\m t,
VAm
Vom,2k—1(t) = /Sln ok (t —T) [f2m,2k71(7') — q(7)vom,26—1(7)
V Mm (39)
\/ k— .
= 2¢/ A V2m—1,26—1(T)] dT + Pom 26—1,1 €OS /L t + Pam k12 Gy VHmk
v Hmk
Vom,2k(t) = /Sln Lk (6 = T) [ fom,2k(T) — q(7)v2m, 20 (T)
V lu‘m (40)
— 207k Vom,2k—1 — 2/ A Vom—1,2k | AT + Pam 26,1 COS \/Hmis £ + Pom2k2 i vk T

\ Hmk

The integral equations (34)—(40) have the following estimates:

I fo.2kllcronT lqllconT
‘UO,Qk(t)‘<<|SDO,2k,1| + 0,202 + 0.1 +2TW g, 1(T') | exp eI =:Wg91 (1),

Vk Yk Tk
|1 (8)| < Hf0,2kHc[o,T] + (v + llgllcro,) Po,2r + 2/ Yo2r—1 =: Yok (T), (41)
- | fom—-1.0llcion T lallco,mT
‘UQm,L()(t)‘ < <|Q02m1,071|—{— |902\r;)\_1,0,2| + m 5 [0, 77 exp % :Z\I’mel,o(T),
m m m

|V 10(t)| < |’f2m—1,0“c[07T} + (Am + llallcro,r) Yom-1,0(T) = Tom-10(T),  (42)

Pom—1,2k—1,
|/U2m—1’2k;_1(t)‘ < <|¢2m—1,2k—1,1| + M

\/Mmk
I fom—1,26—1llco T lallcmT
L Nom (0,77 exp e . Vorm—1,2k-1(T),
Hmk Hmk

vé’m,l,%,l(t)\ < Hf2m71,2k71HC[07T} it lallco,r1) Yam—1,20—1 (1) =: Tom—1,26—1(T), (43)
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|02m—1,2k 2] N I fom—1,2llco,m T
Hmk Hmk

lallconT
+ 2T, / Tk ‘I’Qm—1,2k—1(T)> €xp {# = ‘I’Qm—l,Qk(T)a
Hmk Hmk

U 1.9k ()| < (ttmk + lallcpor)) Yom—1,26(T)
+ Hme—L?kHC[O,T] + 207 Yom—1,26-1(T) =: Yom—1,2%(T), (44)

02m71,2k(t)‘ < <\<P2m1,2k,1! +

omo2|  femollepnT
|02m,0(t)| < <’902m70,1‘ + “P\/n% ‘ + = 2 0.7]
m m

q T
+ 2T\I’2m1,0(T)> exp {H”C%} =: Wopo(T),

|0 (t)] < Hf2m,OHC[O,T]+()‘m+‘|Q||C[O,T])\I]2m,0(T)+2\/ Am Vom—10(T) =: Tamo(T), (45)

|02m,2k—1,2] . | fam.26-1llcjo.m T

v Hmk Hmk

['A lallco,mT
427, | == ‘Ifgm—l,Qk—l(T)> exp {# = ‘1’2m72k—1(T)’

U ok—1 (0] < (ke + lall o)) $om,26—1(T)
+ Hf2m,2k*1Hc[o,T] + 2V A Yo 10k 1(T) =: Tomor—1(T), (46)

|vam,2k-1(t)] < <|902m,2k—1,1| +

!@2m,2k,2\

| fom,2kllco.n T A
|vam, 2 (t)] < <|802m,2k,1|+ N + == Mmk[ = yor M—:;\I’Qm—l,Zk(T)

lglleo,nT
+or, [ & \Ifzm,zk_l(T)> exp {# = Wom,o(T),
Lok Hmk

|V 00 ()] < (i + allcpo,17) Yam,2x (T) + Hf2m,2k71HC[O’T]

+ 2V A Wom—126(T) + 2/ Yom2k—1(T) =: Yo ok (T). (47)

Solution to the problem (1)—(5) will be sought in the form (18) of the double Fourier series.
Formally differentiating the series (18) term by term, we obtain the following series

o o
st (2, y,t) = Zoo(x,y)vgo(t) + Z Zo,2k—1(2, y)vg o1 () + Z Zo 01 (2, y) 0,21, ()

k=1 k=1
0. ] o
+ Z Zam—1,0(2, y)Vn_10(t) + Z Zom—1,2k—1 (2, )V 1 211 (1)
m=1 m,k=1
) . (48)
+ Z Zoin—1,21(5 Y) V1,2 (t) + Z Zom,0(2, Y) Vom0 ()
m,k=1 m=1

o0 o0
+ > Zomar1 (@ )0 o 1 (8 D Zom ok (T, Y) 0 0 (1),
m,k:l m,k:l
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um €T y, =—4 Z \/ m UV2m—1 0 5111 \/ m L — 2x Z )\m'UQm 1 0 COS \/ m L

—2(1—y) Z VA Vam—1,26-1(t) sin /A 2 sin /Ay — 2(1 — y)

m,k=1

X Z AmV2m—1,2k—1(t) €08 \/ A sin /Yy —2 Z V AmV2m—1,2k(t) sin / A cos /Yy (49)

m,k=1 m,k=1

—QZAmvgmo )siny/Apx —x Z AmU2m—1,2k () €OS \/ A, T cOS \/ 7k Y

m,k=1

- Z AmV2m,2k (t) sin \/ A cos /1y — (1—y) Z AmV2m,2k—1(t) sin / A sin /Yy,

m,k=1 m,k=1

oo
Uyy (2, y,1) = —2$Z\/% vo,2k—1(t) cos ey — (1 — Z%vo 2k—1(t) sin /Y y

-2z Z VYEV2m—1,2k—1(t) COs \/ A cOs /7 y—CUZ%UO% cos /ey —x(1 —y)

m,k=1
X Z VeVom—1,2k-1(t) 08 /A sin /gy — @ Z ViVom—1,2k(£) €08 \/ A €08 kY (50)
m,k=1 m,k=1
o
—2 ) Ak vam,ak-1(£) sin /A z cos Y — Z VkVam, 261 (1)
m,k=1 m,k=1
o0
X sin A/ Am T SIn /Yy — Z VEV2m, 2k (t) sin /A, & €08 /Y.
m,k=1

The series (18), (48)—(50) due to the estimates (31),(33),(41)-(47) respectively for any
(z,y,t) € Q are majorized by the exspertions

o o o
2Wo,0(T Z ook-1(T) + > Vookl(T) +2> Vo 10(T) + > Wom_12-1(T)
k=1 m=1 m,k=1
+ Z Uom126(T) +2 > Yomo(T) + > Tomor1(T)+ > Womor(T)
m,k=1 m=1 m,k=1 m,k=1
o o o
2Y0,0(T) + Z To,26-1(T) + Z Yo,21(T) + 2 Z Tom-10(T)+ > Tom-126-1(T)
= = m,k=1
(52)

+ Z Yom—1,26(T +QZT2m0 Z Yom,ok—1(T) + Z Yook (T)

m,k=1 m,k=1 m,k=1
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4 Z VAm ¥om—_1,0(T) + 2 Z AmVom—1,0(T) + 2 Z VA Yom—1.2k-1(T)
m=1

m=1 m,k=1

+ Z Am¥om—1,2k-1(T) + 2 Z V Am Yorm—1,9(T) + 2 Z Am W om0 (T) (53)

m,k=1 m,k=1 m=1
o0 [e.e] [e.e]
+ ) APtk + Y AnPomze1(T) + D A Wopm 2k (t)
m,k=1 m,k=1 m,k=1

o0 oo oo
2> Ak Yoor-1(T) + Y w¥o2r-1(T) + Y w¥o2u(T)
k=1

k=1 k=1

o o o
+2 ) VAR Yom12k-1(T) + D wVom12k-1(T)+ D> % Pom-1.25(t) (54)

m,k=1 m,k=1 m,k=1
o0 oo o0
+2 3 VA Vamae 1(T) + Y wWamor1(T) + Y Vo ak(T)
m,k=1 m,k=1 m,k=1

Let us present the following lemma so that all the series > 7% ) W x(T), 2200 =y Yo (T)
the following assertotion the valid.

Lemma 4. Let ¢1(z,y) € CYD), pa(z,y) € C3(D) and f(z,y,t) € C=°

ent(Q). Besides,
the following equalities hold

¢1(0,y) = 0122(0,y) = v1(1,9) = p1z(Ll,y), 0<y <1,
1(2,0) = 14y (2,0) = p1(2,1) = Pryy(r,1), 0< <1,
©2(0,y) = 202(0,y) = p2(1,9) = p2aa(L,y), 0<y<1,
Pa(,0) = payy(x,0) = pa(z,1) = Payy(r,1), 0<z <1,
f0,9,0) = f(1,y,t), (y,t) €[0,1] x [0, T],
f(z,0,t) = f(z,1,t), (x,t) €]0,1] x [0,T]

Then the numerical series in (51)—(54) are converge.

< Integrating by parts ¢;, four times over x, taking into account the conditions of
the lemma, we obtain

Aein ﬂ ) (@, y) Wi dady = o[

Integrating by parts ¢y, three times over = and once over y (twice over x, twice over y,
etc.), using the conditions of the lemma, we have

3,1) 0,4
Qpl(n \/ \/'Yn Plns SDl(n 2 )\l’)/n%pln, Qpln \/ IRV, 'Yn Plns SDl(,n ) = 71380l,n-

From here we get the following representation for |¢; 1], { = 0,2m —1,2m, n = 0,2k — 1, 2k,

o0 + 4l | + 6022 + 4]l + el

2 (Vi i)' (55)

T )(\f+f +Z<> ca

|Qin| =
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where

8 301 T,y ‘ .
J:[ < 8$Zay] > Wl,n(-%'7 y) dl‘dy, 2 +j = 4.

Having done a similar procedure for |¢; 2|, | fin(t)| we have

[P1n2l= [ima |+l +3letna | +letmal 2 < > G| (56)
o B ¥ n,2
SRk T
)= F O OOl > ()], 6
s (\/_77) (\/_—i— \/ﬁ)2 (m)z(\/i_i_\/ﬁ) 2,
where
a . .
ff ( Siiaxy]y > VI/Ln(-T,y) dﬂ?dy, 1+7 = 3,
i 0 , o
i ﬂ ( gxfasJ > Win(z,y) dedy, i+j=2,
From the formulas (55)(57), by Bessel’s inequality, we obtain
i (a 2
“Pl(%]l jf < amlayJ > dedy, i4+7j =4, (58)
(i.4) Pz, y) 2 o
Z “Pl .2 <W> dedy, i4+7j=3, (59)
g < [ (L)) i
%: ‘flm < Q/ ( 310y dedy, i+j=2. (60)

where [ = {0,2m — 1,2m}, n = {0,2k — 1,2k}, m,k =1,2,3,...

The relations (55)-(60) imply the convergence of the series (51)-(54). Therefore,
the series (18), (48)—(50) converge uniformly. >

Thus, we have proved the following theorem.

Theorem 1. Let ¢(t) € C[0,T] and if the functions ¢1(z,y), ¢2(z,y) and f(z,y,t) satisfy
the conditions of the Lemma 4, then there exists a unique solution to the problem (1)—(5).

Let us estimate the norm of the difference between the solution of the original integral
equation (30), (32), (34)-(40) and the solution of this equation with perturbed functions
@ Pmk> Pmk and fyr. Let Ui (t) be the solution of the integral equation (30), (32), (34)-(40)
corresponding to the functions ¢, @mk, Pmk, fmk, 1- €.,

t
00,0(t) = ©0,0,1 + 00,2t + / (t—7) fo o(T) — q(7)v0,0(7)]dr. (61)
0

Composing the difference v (t) — wo,0(t) using equations (30), (32), (34)-(40)
and introducing the notation vpo(t) = woo0(t) — Vo,0(t), Go0(t) = qo,0(t) — qoo(t),
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$0,0,1(t) = ©0,01(t) = $0,0,1(t), P0,02(t) = po,0.2(t) — P0,02(t); fo,0(t) = fo,0,1(t) — fo0(t) we
get the integral equation

t
t
00,0(t) = $0,0,1 +$0,0,2t+/ foo q(r )0070(7)} dT_/o (t—7)q(7) Voo(7)dr. (62)
0

Hence we derive the following inequality

- o -
[B0.0(t)] < {[@o0.1| + [Goz2| T + HfQOH;[O’T} + HqHC[QO’T}
63)
T2 T2 ~ T2
x (\soo,omrgoo,o,zyu%> Xp{‘lq”c%} p{qulc%}

Similarly, for another functions g ar—1(t), 0,2k(t), V2m—1,0(t), Vam—1,2k—1(t), Vam—1,2k(t),
Vom,0(t), Vam,26—1(t), Vam 2k (t) we get the following estimates

|Po,2k-1,2] N [ fo.2r—1ll cpo. T

Nars T (64)
. T 1 TY -
n IZlleonT \11072k_1(T)> exp {Mﬂ} = Wo,25-1(T),

Yk Yk

|D0,26-1(t)] < <|950,2k1,1| +

120,22 N [ fo,26-1 HC[O,T}T

00,26 (1)] < <|950,2k,1\ +

\V4 Vi Yk (65)
13 [lcjo,mT ~ g 1lcio,mT ~
+ eI Vo or(T) + 2TV 011 | exp e b Woor(T),
Tk Yk
_ - Bom-102] | Nfom1llopmT
Vom—1,0(t)| < <LP2 -1,0,1| T = :
am-10(0)] < ([Bom-100] + 22221 . w
19 leo,n T g llcionT ~
LRI Uorm—1,0(T) | exp =iepn” L Uo—1,0(T),
A Am
_ R omtonral | IFom—r2tlleo
{IUQm—l,Qk—l(t)‘ < <{902m—1,2k—171{ + ’@Qm 1,2k 172’ + [0,7]
v Hmk Hmk (67)
17 llclo,nT @ llconT =
TRLLL Il Wom-1.26-1(T) | exp L. Vom—1.2k-1(T),
Hmk HUmk

|Pom—1,2k,2] N Hme—L?kHC[O,T}T N 1 lcio,mT

V Hmk Hmk Hmk (68)
o fleonT _ -
X Worm—12k(T) + 2T L \If2m1,2k1(T)> exp {# = Vo 1,2%(T),

Hmk Hmk

2 Fom, T
\62m,0(t)| < (!@2771,071! 4 |P2m.0,2] n H ZmOHC[o,T} + 2TV 10(T)

+ HQH% qum,O(T)> exp {HQH%} = \me,O(T)a

62m71,2k(t)‘ < <|@2m1,2k,1| +
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|D2m,2k—1,2| N Hmeva—l“C[O,T}T N 1 lcio,mT

V Hmk Hmk Hmk (70)

| Am g llcio,mT ~
X Wormok—1(T) + 2T RN TI 1,2k— 1(T)> exp{# = Vo 0k—1(T),
HUmk Hmk
. . |Bam.2k,2] Am = M =
Bomon(®)] < | |Pomapt |+ 22R2E2L o [ 2 Gy o (T) + 27 |~ T a1 (T
|am, 2k ()| (! 2m, 2k, 1| N o 2 1,26 (1) o 22 1(T)

H};mv%HCOTT 13 leto,mT 12l T .
+ [0,7] + [0.7] \IIZm,Qk;(T) exp {7[ 1] } = ‘I’Qm,Zk(T)-
Hmk Hmk Hmk

|52m,2k—1(t)‘ < <|¢2m,2k—1,1| +

(71)

Indeed, the expressions (59)—(71) are stability estimates for the solutions to the prob-
lem (21)-(29). The uniqueness of these solutions follow from (59)—(71).

3. Study of the Inverse Problem (1)—(6)

The following assertion is main result in this poper:
Theorem 2. Let the conditions of Lemma 4 and h(t) € C?[0,T], |h(t)| = ho > 0, be
satisfied and
w(l,y) =w(0,y) =0, w.(l,y)=0, yel0,1],
w(z,0) =0, wy(z,1) =wy(z,0) =0, € [0,1].
Then the exists T* € (0,7) so that the inverse problem ( )—(6) has unique solution
q(t) € C[0,T™].
< Let us now proceed to constructing a solution to the inverse problem. Multiplying (1)
by w(z,y), integrating over x, y in [0, 1] x [0, 1], we get

1 1 1 1
//wwy&m—Awa(L%Mmyz//w@wﬂ%%ﬂww-
0 0 0 0

Integrating by part second termo on the left side of this equation, twice over x and y,

1 1 1 1
W (1) //AmmW,dm //wWWﬂ%%ﬂM@,
0 0 0 0

taking into account (18), this equations gives in view of conditions of Theorem 2 and using
additional we have condition (6).

11 L1
1 y 1
_m<0/0/wxy xy,)dxdy—h()> WO/O/A <Z00(g; Y)vo0(t)

e}

+> " Zook—1(z, y)vou—1(t) + Z 20,25 (2, y)vo,2k (1) + Z Zam—1,0(, y)v2m—1,0(t)
k=1 k=1 m=1

o
+ Z Zom—1,2k—1(2, Y)Vam—1,26—1(t) + Z Zom—1,2k(T, y)Vom—1,2k(t)
m,k=1 m,k=1

[e.e] oo oo
+ Zomo (@, 9)02m 0O+ Y Zamak-1(2,y)vamak-1()+ Y ZQm,zk(SU,y)vzm,Qk(f)> dxdy.
m=1 m,k=1 m,k=1
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The function v, (t) depends on ¢(t), i. e., umk(t;q). After a simple transformation, we
obtain the following integral equation for determining ¢(t):

1 o o
q(t) = qo(t) + -— (wo,ovo,o(t; Q)+ > woak-1v0.2k-1(6) + Y wo2kv0,2(t)

ht) k=1 k=1
(e o]
+Zw2m—1,ov2m—1,o(t q)+ szm 1,26—1V2m—1,26—1(t; ¢) + szm 1,2602m—1,26(54) (72)
m=1 m,k=1 m,k=1

[oe) o o
+ Z Wam,0V2m,0(t; q) + Z Wom, 2k—1V2m,2k—1(t; q) + Z Wam, 2k V2m, 2k (T Q)>,

m=1 m,k=1 m,k=1

1 1
1 n
1

Wy = AwZ; ,(z,y) dxd {={0,2m —1,2m}, n=40,2k—1,2k}, m,k=1,2,3,...
Pl // ,(7y) y7 {7 7 }7 {7 M }7 M )=y 7
0 0

where

where vp,0, V0,2k—1, V0,2ks V2m—1,00 V2m—1,2k—15 V2m—1,2k> V2m,0, V2m,2k—1, V2m,2k are defined
by the right-hand sides of (30), (32), (34)—(40), respectively. Let’s introduce an operator F'
defines it by the right side (72):

1 o o
Flg)(t) = qo(t) + 0] <w0,ovo,o(7f; Q)+ > woan—1v02k—1(t:q) + Y woarvo.2k(t: )
k=1 k=1

o0
+Zw2m71,0v2m71,0(7§ q)+ Zw2m 1,26—1V2m—1,2k—1(t; ¢) + Zwm 1,2kV2m—1,2k(5 4) (73)

m=1 m,k=1 m,k=1
oo oo [e.e]

+ > Womovamo(t0) + Y Womak-1vamak—1(t @) + Y w2m,2kv2m,2k(t;Q)>-
m=1 m,k=1 m,k=1

Then the equation (73) can be written in a more convenient form as

q(t) = Flgl(t), (74)

1 1
1 "
m(O/0/w(ac,:t/)f(ﬂc,yﬂt) dzdy —h (t)>

We fix a number p > 0 and consider the ball B(qo, p) := {q(t) € C[0,T] : |lg — qol| < p}-

First we prove that for sufficiently small 7" > 0 the operator F' maps the ball B(qo, p)
into itself. Indeed, for any continuous function ¢(t), the function F[q](t) calculated by the
formula (73) will be continuous. At the same time, estimating the norm of differences, we find

HF[q1<t>—qo<t>H<Z—j[<wo,o,1r+wo,o,2\T+% exp { Ll T

- lo26—12]  Ifo2k—1llciomT lallco,mT
+> (leo2e-11]+ + exXpy —— ——
1 v M gi!

where

= t
Qo0 := max, |q0(t)

Clo,7]




Inverse Coefficient Problem for the 2D Wave Equation 19

. look2l Il fo2kllcionT lallco,mT
‘|‘Z |00,2k,1] + + + 2TV 9k1(T) | exp { —————

el v M M
[oe)
|©2m—1,0,2] ||f2m1,OHC[OT}T> {HQHC[OT}T}
+ _ + 9 3 + b eXp b
> (1eam-ro0 ]+ 22 > tlown
> 1ok 12k T T
n Z <|¢2m_1’2k_1’1|+ lP2m—1,2k—1,2] n | fam—1,26—1llcpo,1] >exp{HQHC[O,T] }
ol VHTL P Pt
- loom—1.262] Il fom—12kllcionT e
+ Z | 02m—1,261] + + + 2T, | — Vo1 2k-1(T)
o [I3E} Bt P
lallcro T]T} > < loamoz|  IfemollcomT
Xexpy ———— > + 0,1] + = 4 : : + 2T W0, _10(T
{ 11 mZ:1 l©2m,0,1] Non N 2m—1,0(T)
lallcionT > Vomok—12]  Ifemar—1llcionT
: eXp{% + Y | leomar 1]+ [Pomat—1a] | Mo o]
1 Nyt N 1

A lallciomT > P2, 2k,2
+ 27| = Vo —1.9k-1(T) | exp {# + Z |2m,2k,1] + l2m.22]
H11 H11 e VH11

fom,2k T A q T
+ I f2m il + 2T | == Wap1,25(T) + 2T, | 2N W21 (T) | exp lalown® ;
H11 H11 H11 M1t

where wy = [|lw(@, y) |2 ) -

Here we have used the estimate for vg o, V0 2k—1, V0,2ks V2m—1,0, V2m—1,2k—1 V2m—1,2ks V2m,0,
Vam, 2k—1, V2m,2k Teduced in (30), (32), (34)-(40). By virtue of the above lemmas, the last series
is a convergent series. Note that the function on the right-hand side of this inequality increases
monotonically with Tp, and the fact that the function ¢(¢) belongs to the ball B(qo, p) implies
the inequality

lall < llgoll + p =: R. (75)

Therefore, we only strengthen the inequality if we replace ||g|| in it with the expression ||qo||+p-
Making these substitutions, we obtain the estimate

T RT?
<|300,071| + [w0,02| T + M) exp {—}

IFlg](t) — qo(t)]| < =2

ho 2 2

- lvo2k—12] = Nfoex—1llcpnT RT > |00,2k,2]

+> (o211l + + expy — o+ Y (lpozel + ==

k=1 v "N M par] Vi
o

| fo,2xlero,m T RT |2m—1,0,2]
4+ ¢ 2T‘I’072k,1 T expqy — ¢ + ¥2m—1,0,1 + —F—
I LA NS oy (SRR

| fom—1,0llcromT RT = Pom—1,2k—1,2
i m S [0,7] exp )\— -+ Z |Q02m—1,2k—1,1| + M
1 1 kel VH11

[ f2m—1.26-1llcj0,01T RT\|  « pom-12k2| | Ilfom—12kllconT
o ER P EENTES (o1 1| + 1F2m=tkal  Fom [0.7]
K11 H11 el VH11 K11
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[ Yk RT lp2m02]  Ilf2mollcionT
2T v \I] _ _ _ 'Jy 9
+ g L2m 1,26—1(T ) exp { o } + <|902m,0,1| + o + N

oo
lpomok—12] Il f2m2k—1llcpnT
+ 27TV, 1,0T>€XP{ } ( om,2k—1,1| + 2 ’ ’
m-10(T) Zk: o2, | Vi1 H11

A RT omok2| I fem2kllconT
+oT _m\IJQngkl(T)) exp {—} + Z <‘802m,2k,1’ 4 |2m, 2k 2| I m [0,7]
H11 Hi1 et vV H11 H11

A RT
+ QT\/ L Wop10k(T) + 2T, | Tk ‘I’Qm,Qk—l(T)> exp {—}
Hi11 Hi11 Hi11

a(T) is on increasing function.

— a(T),

If we denote by T) the positive root of the equation (for 7' ), a(T) = p. Then
1F[q]() — qo(t)ll < p for T < Ty, e. i, those Fqg](t) € B(qo, p)-

Now we take any functions ¢(t), q ( ) € B(qo,p) and estimate the distance between their
images F[¢|(t) and F[q](t) in the space C[0,T]. The function vy, ;(t) = Uy, x(t) corresponding
to ¢(t) satisfies the integral equations (30), (32), (34)—(40) for v ki = Pmk,i and fo 1 = fm,k;'
Compiling the difference Fq](t) — F[q](t) using the equations (21)—(29) and then evaluating
its norm, we get

o w 1 llcion T
|Flalt) = F@I0)| < 3 Yoora(T)exp {%} 13 llorom

oo ~
wo Vo or1(T)T g llcronT W or(T
A exp { V0T oy oy 4 20 5 Yozl D)
ho < g g h — M

~ T ~ T 2
% (Texp{”q”ﬂ} +2[T6Xp{”q”ﬂ}} )H(YHC[O,T]
st 71

(e o]

wo Z Uy 10 eXP{HEjHC[O’T]T}HAHCOT L o Z Vorm—1,2k—1(T)T

>\1 mk 1
Vom—1,2k(T)T exp { ||(7HC[0,T}T}

o0

||(7||C[0T]T} N wo
X ex —_— + —
p { LI g + 52 3

m,k=1
w [
~ 0
1@ llcpo,r + o >

Tk 17 lofo, T\
+2 3 \I’2m—1,2k—1(T) Texp E—
M1y P el

q T q TY \2
< exp 19 [lcjo,m Lo Wom—1,0(T) T exp I 1lcjo,m)
A1 A1 A1

| o op—1(T)T { 19 llcro,mT

Z H11

wo
_l’_ -
ho m,k=1
2?1}0 \/ m VY
Texp 17 llcor + Z & W1 (T)

- 21
y < {||(7HC[0,T]T}>
H11 m,k=1 \/M?
14 lcjonT . VA Tk
x (Texp{%}) @ llcpr) + Z 2 W1 o1 (T)

mk 1 M11

M1 K11

\I]2m,0 (T)T (76)

A1

1 llcro,ry

Am
+24 /= VYom—126—1(T
1 } :U':fl " @)
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@l T \° wo = Yoman(T)T lallcnT | A
(e { IR Y g gy 2 - Mt o IO gy
H11 S M1t

The functions ¢(t) and ¢(t) belong to the ball B(qo, p), so for each of these functions, the
inequality (75) is valid. Therefore, replacing ||q|| and ||g]| in the inequality (76) with ||qo|| + p-
Thus, we have the right side (76) he

wo RT2}T2 . wo = Yo or_1(T)T {RT} .
— _1(T) ex —_— - + — ————— €X —
R L e L e k(e

wo o= Vo 21(T RT RT\ 1% -
+_0 ¥ (Texp{—}+2[Texp{—}} ||Q||C[0,T]
ho i m n "

wo Vo 1.0(T)T {RT} . wo = Yo _196_1(T)T {RT} N
+-— —— X -— +— : ex —
E A P A HQHC[O,T] ho mgk:1 o P i ||Q||C[0,T]

X | Womo 106 (T)T RT RTY \?
@ L%() exp {—} + 2 V—;‘I’zm,LQk,l(T) <T6Xp {—}) HQ\HC[O,T}
0 k=1 Pt P11 I8} P11
wo o= | Yo oT)T RT Wom_1,0(T) RT \?|, ..
- kbt bl ST - Q= —r 7 T -
o > ke 2 vl des " exp | - 171l cpo.m
m,k=1
Wy, 00 1 (T)T RT Ao RT\?|, .
S > Ll()exp{—}JF? T‘I’zml,%l(T)(TeXp{—}) 1@l cro,m)
ho 2, Hi1 pi1 Ky P11
2w = VAm Tk RT\? Wo o=V Am
+ ho Z ?’\/_\IIZm,Qk—l(T) Texpq— ||ZI\HC[O,T}+}L_O Z 27k‘1’2m—1,2k—1(T)
0 k=1 VHI P 0,72y M
RTY\? . wo o Womop(T)T {RT} . R
2T exp { — + = ZAM2RAT V7 e d — B3(T ’
(2rexe {5 ) Wllcwn + 3 32 Bt ey {1 il = BNl

B(T) is an increacing function. We denote Ty equation 3(T") = 1, then for T' € (0,T%) the ope-
rator F' shortens the distance between the elements ¢(t),q(t) € B(qo,p). Therefore, if we
choose T* < min(7},Ty), then the operator F' is a contraction in the ball B(q, p). However,
in accordance with the Banach theorem [19, pp. 87-97|, the operator F' has a unique fixed
point in the ball B(qo, p), i. e., there exists a unique solution to the equation (74). Theorem 2
is proved. >

Let T be a positive fixed number. Consider the set D, of given functions (¢1, 2, h, f)
for which all conditions of Theorem 2 hold and

maX{HSDIHC‘l[O,l}a ||802H03[0,1], ||h\|02[0,T}, ||f||c?(ﬁ)} < v,

where 1 is a given positive number
Denote by G, the set of functions ¢(¢) that for some T > 0 satisfy the following condition
lgllco,m < v1, 1 > 0 is a given number.

Theorem 3. Let (301,@2,}% f) € Dl/oz (&1’625%’ f) € Dl/o and q’a € Gl/l Then7 for
solution to the inverse problem (1)—(6) the following stability estimate holds:

Hq_aHC[O,T} < T[le - SZ1”04[0,1] + | _@HCS[OJ] + Hh_%HCQ[O,T} + Hf _fHCQ(Q)}’ (77)

where the constant r depends only on vy, vy, T.
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< To prove this theorem, using (72), we write out the equations for ¢(¢) and form the
difference ¢ = q(t) — q(t). Then after evaluating this expression and using the estimates
vn(t), vy, (t), we obtain the following estimate

1 1
1 7
m(()/o/w(:v,y)f(w,y,t) dxdy — h (t)>
1

1 1 .
W//A (ZOO X y)UOO + ZZO 2% — 1($ y)vo 2%k_1 )—|— ZZO,%(%Z/)UO,%@)
0 0

k=1

la = @llcpo.ry < max

o o
+ > Zam-1.0(@ Y vam-10() + D Zam-1,26-1(, y)v2m 1,251 (t)

m=1 m,k=1

o0 o0
+ Z Zom—1,2k (%, Y)V2m—1,2k (1) + Z Zm,0(,Y)v2m.0(t)
m,k=1 m=1

o0 [oe)
+ Z Zom,2k—1(,Y)Vam 2k—1(t) + Z ZQm,Qk(ﬂf,y)wm,Qk(t)) dxdy
m,k=1 m,k=1

__</1/1wg;y f(z,y,t) dedy — K" (t )—#jjA (Zooxy)voo()
00 00

X Z Zp,26-1(, y)Vo,26-1(t) + Z 20,26, y) 0,21 (1) + Z Zom—1,0(%, Y)V2m—-1,0(t)
k=1 k=1 m=1

o0
+ Z Zoam—1,2k—1(T,Y)V2m—1,2k—1(t) + Z Zom—1,2k (2, Y)Vam—1,2k (1)
m,k=1 m,k=1

(78)

o o
+ Z Zom,0(x, Y)Vam,0(t) + Z Zom,2k—1(2, Y)Vam 2k—1 ()
m=1 m,k=1

+ Z Zom, 2k (T, Y)V2m 2k (t )) dxdy| <

o (ller = &1l + llea = 2l + 117 - 7
m,k=1

| (1) —ﬁ/'(t)H + ||n —h H) +r1/sin L (t = 7)||a(7) — a(T)HC[O,T] dr, t € [0,T7,

where rg, 71 depends only on vy, vq, T. From (78) with the help of Lemma 1 we obtain the
estimate

o= log < (o1 = Bllespy + o2 = Pellnpo

1
1= Pl 1=l ) e { =} 1< lom

This inequality implies the estimate (77) if we set r = g exp {\/%} Theorem 3 also implies

the following assertion about the global uniqueness of the solution of the inverse problem. >
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Theorem 4. Let the functions o1, p2, h, f and ¢1, @, E, fhave the same meaning as
in Theorem 2. Moreover, if 1 = ¢1, 2 = g2, h=h, f = f for (z,y,t) € Q, then q(t) = q(t),
te0,T].

4. Conclusion

In this paper, we study the solvability of a nonlinear inverse problem for a two-dimensional
wave equation with initial boundary conditions. First, we studied the solvability of the initial-
boundary problem (1)—(5). The existence, uniqueness, and stability of solutions of the direct
problem is proved. We considered the inverse problem of determining the coefficient ¢(t) of
the wave equation in a rectangular domain with an additional integral condition (6). Theorems
on local existence and global uniqueness are proved and a stability estimate of the solution is
obtained.
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BiagnkaBka3zckuii MareMaTHIeCKUH Ky PHAJT
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OBPATHAA KOSOOUIMEHTHASA 3AJTAYA
JJId IBYMEPHOI'O BOJTHOBOTI'O YPABHEHU A
C HAYAJIBHBIMU 1 HEJIOKAJIBHBIMU I'PAHUYHBIMU YCJIOBUAMU

Nypmues 1. K.12, Cysapos T. P.12

! Byxapckuit bumman Macturyta Maremarukn um. B. Y. PomasoBcKoro
Akanevun Hayk PecniyGimkn Y36ekucras,
V3b6ekucran, 200100, Byxapa, yi. M. Nk6oua, 11;
2 Byxapckuii ToOCyIapCTBEHHBIH YHIBEPCHTET,
V3bekucran, 200100, Byxapa, ya. M. Uk6oma, 11

E-mail: d.durdiev@mathinst.uz, tsuyarov007@gmail.com

Awnnoranusi. B gannoit pabore paccMarpuBaioTcs mpsiMas U oOpaTHAs 33J@a49d JJjIs JBYMEPHOTO BOJI-

HOBOro ypaBHeHus. [Ipsimas 3ajjada npejcrasiisier coboil HadaIBHO-KPAEBYIO 3a/a4dy JJIsl 9TOr0 ypPaBHEHUS
C HEJIOKAJLHBIMU TPAHUYHBIMA YCJIOBUSAMU. B 00paTHOiT 3a/1a1e TpebyeTcs HAMTH TePEMEHHbIH BO BpEMEHU KO-
sddunmenT npu MIaaIEM WiIeHe ypaBHeHUs. Kiaccrdeckoe perteHne mpsiMOil 3a/1a9u PEACTABICHO B BUJE
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OHOPTOrOHAJILHOTO PSIA IO COOCTBEHHBIM 3HAYEHUSIM W IIPUCOEINHEHHBIM (DYHKIIASAM, TOKA3AHBI €THHCTBEH-
HOCTb ¥ YyCTOWYHBOCTB 3TOrO pellenus. /s pemenust oOpaTHOI 3a/1a9u IOy Y€HbI TEOPEMBI CYIIIECTBOBAHUS B
JIOKAJIbHOM, €IMHCTBEHHOCTH B IJIO0AJILHOM U OIEHKA YCJIOBHOW YCTOWYMBOCTHU. 3a/1a9U OLPEEJIEHUs] IPABBIX
JacTeil M MMepeMEeHHBIX KO3(DMUIIMEHTOB MPHU MJIAJIINX WIEHAX W3 HAYAJIHLHO-KPAEBBIX 3aJad JJIsl JIMHEHHBIX
YPaBHEHUII B YaCTHBIX IIPOU3BOJIHBIX BTOPOIO IOPSJIKA C JIOKAJBHBIMHU I'DAHUYHBIMH YCJIOBUSMU HU3YyYaJINCh
MHOIrUMH aBropaMu. [I0CKOIbKY HEJIMHEHHOCTD SIBJISIETCS CBEPXTOYHOI, TO TeOpEeMbl 00 OJIHO3HAYHOMN pa3pe-
IIAMOCTH B HUAX JIOKA3BIBAIOTCS B TVIODATBHOM CMBICJIE. B HEKOTOPBIX paboTax METOJ PA3/Ie/IEHAS IEPEMEHHBIX
HCIOJIB3YeTCsl JIJIsl HAaXOXKJIEHMsI KJIACCUIECKOro PeIleHns IPsIMOil 3a/1a91 B BHJie HHOPTOrOHAJILHOIO Psijia 110
coOCTBeHHBIM (DYHKIUAM U IPUCOEIMHEHHBIM (DYHKIMAM. B KadecTBe yC/IOBUS II€PEOIIPe/IeJIeHUs 110 OTHOIIIe-
HUIO K PEIIEHUIO IPSIMOI 331291 UCIOJIB3YeTCsT HEJIOKAJIbHOE NHTerpasibHoe yesosue. [Ipsamas 3amada cBoaurcs
K 9KBHUBaJIEHTHBIM HHTEIDaJIbHBIM ypaBHeHUAM MeTona Pypoe. s ycTaHOBIIEHNSI HHTEIPAJIBHBIX HEDABEHCTB
HCHOJIb3YIOTCsE 0000IIeHHble HepaBeHcTBa Tuna ['ponyosnna — Benmvana. Mbl mosrydaeM anpuoOpHYIO OIEHKY
peleHnst Yepe3 HeM3BECTHBIN KO3MDMUIMEHT, KOTOPBII HAM HCIOJIB3YeTCs JJIsi M3y9eHust OOPATHOM 3aatu.
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