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Abstract. In 2020 Rovshan A. Bandaliev et al. proved the boundedness of Hardy operator for monotone
functions in grand Lebesgue spaces L, (0,1), 0 < p < 1. In particular, they established similar results for
the Hardy operator in classical weighted Lebesgue spaces. Moreover, it is proved that the grand Lebesgue
space L,(0,1) is a quasi-Banach function space. In this work, we are interested in Hardy inequalities
applied to quasi-monotonic functions in classical Lebesgue spaces and grand Lebesgue spaces. We establish
the boundedness of Hardy operator for quasi-monotone functions in grand Lebesgue spaces Ly, w(0,1),
0 < p < 1. In addition some integral inequalities for the Hardy operator are proved in classical weighted
Lebesgue spaces Ly, (0,1), 0 < p < 1, for quasi-monotone functions. All inequalities are proved with
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estimates are obtained in classical Lebesgue spaces for Hardy’s operator and its dual.
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1. Introduction

For 0 < p < oo we denote L, ,(0,1) the set of all Lebesgue measurable functions, such
that
1
P

1
1l 0m) = [ llpo = / F@)Pul)de | < oo, (1.1)
0

where w € L!°¢(0,1) and w(x) > 0, a.e.

In 1992 T. Iwainiec and C. Sbordone [1] introduced a new type of function spaces Ly, (€2),
1 < p < oo, where 2 is a bounded open set 2 C R", called grand Lebesgue spaces. Namely,
the grand Lebesgue spaces are defined as the space of the Lebesgue mesurable functions f
on {2 such that

1
p—e

g i p—¢
Il =, s | [r@r=ar) <o,
Q

<e<p—1

where || is the Lebesgue measure of (2.
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These spaces were intensively studied during the last years due to different applications
(see [2| and [3]) and continue to attract attention of researchers (see [4-6]).

We state the following definitions,proposition and corollary that are useful in the proofs
of main results.

DEFINITION 1 [7]. Let 0 < p < 1. We say that function f belongs to the grand Lebesgue
space L,)(0,1), if f is non-negative and Lebesgue measurable a.e. on (0, 1) for which

_1
p—e
HfHLp)(o,n SUP /|f )WPE da < 0.

6<—

DEFINITION 2 [7]. Let 0 < p < 1. We denote by .o, the class of measurable functions
f € Ly)(0,1), such that

1
5l = s (e [@ =t pe@an] <o
0

p
0<€<§

REMARK 1. In [7] was proved that for 0 < p < 1, L(0,1) is quasi-Banach function space
over (0,1). In this case if w =1, (1.1) becomes quasi-norm of usual Lebesgue space Ly (0, 1).

The following definition is well-known (see [8]).

DEFINITION 3. We say that a function f is quasimonotone on |0, oc[, if for some real
number «, z%f(z) is a decreasing or an increasing function of 2. More precisely, given 3 € R,
we say that f € Qg if 7P f(z) is non-increasing and f € Q7 if 77 f(x) is non-decreasing.

The following proposition was proved in [8].

Proposition 1. Let —oco < 8 < 400 and 0 < p < 1.

(a) Let f€ Qp, 0<a<b<ooforf>—1and0<a<b<ooforf<—

If B # —1, then

’ : b |t+1 — B | p—1
/f(t)dt <p|ﬁ+1|1p/ <t—5> FP(t) dt. (1.2)

a

bf(t)dt pgp b tIn L p_lf”(t)dt. (1.3)
/ f(n?)

The inequalities hold in the reversed direction if 1 < p < oo.
(b) Let f € QP and0<a<b<ooforf<—-1land0<a<b<ooforf>—
If B # —1, then

: g b /1841 _ a1\ P!
/f(t)dt <p\5+111—7’/<%> FP(t) dt. (1.4)

a

/bf(t) dt p gp/b <tln%>p1fp(t) dt. (1.5)

a

If B = —1, then

If 8 = —1, then

The inequalities hold in the reversed direction, if 1 < p < oo.
(¢) The constants in these inequalities are the best possible in all cases.
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Ifin (1.2), (1.4), (1.3) and (1.5) weset a =0,b=1,a=0,b=z,a=z,b=1and a = z,
b = 1 respectively, then we get the following corollary.
Corollary 1. Let 0 < p < 1.

(a) If B> —1, f € Qp, then

1 p 1
/f(t) | <plg+ 1|1p/t”_1fp(t) dt. (1.6)
0 0
(b) If B> —1, f € QP, then
T p T
/f(t) dt| <pls+ 1\1”/ <t’5 ‘tﬁﬂ . mﬁﬂ‘)p_l FP(t) dt. (1.7)
0 0
(c) If f € Q—1, then
1 p 1 -1
/f(t)dt gp/ (mé) ) dt. (1.8)
(d) If f € Q™1, then
1 p 1 AP
/f(t) dt | < p/ (tln;) fP(t)dt. (1.9)

The constants in these inequalities are the best possible.

2. Main Results

Throughout the paper, we will assume that the functions are non-negative and Lebesgue
measurable on (0,1). We consider the Hardy operators

(L f) /f b (Haf) /f

Theorem 1. Let 0 <p <1, 8> —1, w(x) =21 —1,0 <z <1 and f € Qg. Then the
inequality

1
p p
Iy < |64 D7 2| 10 (2.)

1
holds, where [(ﬁ + 1)t %] " is the sharp constant (the best possible).
< By applying Corollary 1 (a), we obtain

8
bS]

1
118, 0 = | [ P
0

11
0
1 p

1 P 1 1
1 1 1-p 1
= / - / FOxom @) dt | de| <pr(B+1)7 / - / PP (Ox (O dt | do
0 0 0

0

Al
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Now, by the Fubini theorem, we get

1 1
1 1-p d
1SNz, 00 SPP(B+1) 7 [/f”(t)tp1 (/ a;f) dt]

0 t

:<1f> B+1)7 (/fp Pt (1 tlp)dt);

Q=

thus
D _
7 hy0 < |(725) 6+ 0] 1510

Let f(z) = (ﬁ—i—l) v b, Indeed,

p % 1 x p
Hlpr(o,l)( / ( / £(t) ) d) [ / = ( / B+1)" tﬂdt) dx]
0
bt 1 5‘1‘1)]7 p 1 , ) %
P 4
=(B+1) O/x CESIL dx =(B+1) O/x de | =(B+1)» <ﬁp+1>

3=

and
1 7 1 1
1y 01) = ( (G ) ( (Pt = 1) (B+1)P~ 1tﬁpdz‘/)
[ [
/ % 1 1 P
Bp+p—1 ﬁp d - bt _ P
-+ (0/ t ! t) P <5p+p 5p+1>
1-p\r/ 1 \r/ 1 \»
- (50) () ()
SO

1

(£25) 6+ 072 1l

1—p

-[(755) o]

3=
B =

(1) ()
B+1 Bp+1

B+1)F (1;1))
=B+ <ﬂp1+1>;'

The proof is complete. >
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REMARK 2. If =0 in (2.1), we have Theorem 1 of [7].

Theorem 2. Let 0 < p < 1, 8 > —1, w(z) = [} 2P gt and f € Q. Then the
inequality

1

1Sl < (PB+D) 1L, 0 (2.2)

1
holds, where (p(ﬂ + 1)1*7’) » js the sharp constant.

< By using Corollary 1 (b) and the Fubini theorem, we have

1 @ P -
HH1fHLp(0,1) = (/;p (/f(t) dt) dm)
0 0
1 1-p / 1 (x _ p—1 ) }
<pr(B+1)7 = =B | B+1 841 oyt | d
g [[5 ([

0

1 1
—pr (B4 1) 7 {/ zP (/ [t’ﬁ (x/”l - tﬁﬂ)}p_l FP(E)X(0.) () dt) dm]
0 0

P

3=

1 _B_ p=1l
HH1f||Lp(0,1)<PP ﬁ+1 {/fp t—B-1) (/ PyP <t5+1y B 1_t5+1) ty Zdy) dt]
1

1
A !
= pr ﬁ—i—l {/fp A= y=p+14(B+D (-1 (/yp2 (1 yﬁﬁ1 > dy) dt]
t
. 1
1 p
—pr B+ | [ e yﬁﬂ)p dy | dt| =
0

t

’EI»—A

pr(B+ 1) HfHLp w(0,1)

Let f(z) = (ﬁ—i—l) b, Indeed,

1 @ P ;
1 _1 1 P
1HLf1l, 0.1) = |:/xp (/6+1) P tﬁdt) d:r::| =(B+1) 7 <5p+1>
0 0
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and

1

T

1
1 1 »
(1_t5+1)17
1l o = (/5+1p e (/Wdt dn
0

H

1 t »
1 — A1yt ’
=8+ (/ ( tﬁ(p—_l)z—l ( / 2 pdﬁﬂ) dt)
0

—(B+1)T (Bp+1)"

— (BT (Bp 1) H(B+1)

= (p(B+1)*"

SO

(p(B + 1)1_p) 1 1L,.000.0)

The proof is complete. >

—

{

~ N °

~~

Bp

8 (1 - t5+1>p_1 dt)
1

/ (B+1) t5< t5+1) 1dt>

0

0

P

B =

1

+1) 7,

= (p(B+1)"" ”)% (p(B+1)*P(Bp+ 1))_5

REMARK 3. If § =0 in (2.2), we get Theorem 2 of [7].

Theorem 3. Let 0 <p < 1,0<a <b
and f € ()_1. Then the inequalty

1
holds, where ( 7p) » is the sharp constant.

<1 By applying Corollary 1

1
V2, 0y = ( [ 2ty @ o

< oo, w(t) =

>;

1

p p
[H2f I, 0,1) < (ﬂ)

1L, 00,1) (2.3)

(c) and the Fubini theorem, we obtain

1 1 P %
(/;p (/f(t)dt) d:n)

(In (1)) (1 -l P), 0 <t < 1,

75
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thus

P P
HHQfHLp(O,l) < <1 _p> HfHLp,w(Oyl) )

Finally, we obtain the required inequality.

1
We suppose that there exists C > 0, such that C' < (%)P, thus Cp = CP(1 — p) < p,
then one can conclude that exists C7, C; < p, which contradicts the fact that p is the smallest
possible in (1.8). >

Theorem 4. Let 0 < p < 1,0 < a<b< oo, w(t) = (ln (%))pil, 0 <t<1, and
f € QL. Then the inequalty

1

p r
#2500 < (72) W1y (2.4

1
holds, where (%) ? is the sharp constant.
< The proof follows in view of Corollary 1 (d) and the rest is similar to that of Theorem 3. >

Now we lead with the Hardy operator in the grand Lebesgue spaces.
By Definition 1, we have 0 < p < 1and 0 < e < &, thus 0 < p—e < 1, then one can apply
Corollary 1 by replacing p by p — . Consequently we get the following statements.

Corollary 2. Let 0 <p < 1,0 <e < &.
(a) If > -1, fe Qg and 0 < a < b < oo, then

b p—e b

/fwwy <@%wﬂﬁ+w“”€(/¢**ﬂﬁwwy- (2.5)

0 0

(b) If 8 > —1, f € QP, then

[rway]  <w-a@rn e [ [ (@] g 20
0 0

The constants in these inequalities are the best possible.

Theorem 5. Let 0 <p < 1,0<e <, fe ., and f € Q, B> 0. Then

171 £z, 0,0) S Cllflleg, - (2.7)

If C > 0 is the sharp constant in (2.7), then

=

iSA[N

<C<(B+1)r! (%)5. (2.8)

1 1
_ 1
QHmﬂ%wmzigﬂe/ﬁﬁﬂmth = sw (e [ | [fod] a
2 0 0
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By using Corollary 2 (a) with b = z, we obtain

1 . L
1-— P+E - - B
1 fllp, o) < sup (p = )7 (B+1) 7 e/:c"? » /tp TP Ox e (D) dt | do
0<e<®
0 0
1
1 1 P
1 1—pte e pp—s o
= s (p- 7 (3 )T e [y | [ | ar
O<e<?
0 t
1
1 s P
1— p+5 p—
= sup (p—e)7= (B+1 <7> e/ 1 —tremp) el =) dt
2, T e () ) (0
1
L 1 P
p_e - E— 1 g
o (22 )T a2 (e [y
0<e<?Z <1+5_P> ( ) (t) dt
1
p—e

1
1—p+e —_
< sup (B+1) e sup <L>p sup 5/ (et — 1) fPE(t) dt
0

0<e<?Z 0<e<z \1+e—p 0<e<®

Let 0<e< & thusl—p+e<l—-p+5=1-5§, therefore%<%—1,

1
Since the function e — I(e) = (1_7;65])) »=< is decreasing on interval (0, §), then we obtain

s 000 < 5+ D3 (2 1Ly

C<(B+1)r ! (f%p)

On the other hand, let us proved the left hand side of (2.8).
Let f(z) = B+ 1, thus

One can deduce that

1
p—e

O<e<t

1
Iy =18+ Dl = swp_ & [ (@571 = 1) (54 1P o
0

1 1
1 1 p—e - — 1\ 7r—e
= sup gpig (/8+ 1) <— — 1> ! = sup gpis (/8+ 1) <¢>p

0<e<t p—¢ 0<e<t -
1 2
L - 1\ r=—< 1 [(2—p\©»
< swp et sup (LEDT () = sup 7 (222) (940),
0<e<® O<e<Z \ P—E€ 0<e<® p
and
1
1 @ p—e PR
1
1051 0 = V34 Dl = sup e [ o | fo+nat) s
0 0

= sup e e (B +1),

P
0<e<3
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then by (2.7)

1

sup 77 (B +1)

IH I, 00)  o<ecs ([ p )
Z U, L (20) 7 S \2-p)
S A (5)" 6+ 1)

The proof is complete. >

REMARK 4. If =0 in (2.8), we have Theorem 3 of [7].
1 (1—gBtlyp—e—1
Theorem 6. Let 0 < p < 1,0 < ¢ < & w(t) = [, %dy,o<y<1,and

f € QP B>0. Then the inequality

1Bl 0 < C Ul o - (2.9)
holds, where
1
p—e
1 _ yﬁJrl)pfsfld ¢ (1)
If C > 0 is the sharp constant in (2.9), then
P\» E\»
(§)P <o<(B+Ep)”. (2.10)
1
p—e 1 T p—¢ p—¢€
_ 1
NSl = sw e[ 1ms@ra) = sw (e[| [rwar)
0< €<* 0<€<§ 0 0

According to Corollary 2 (b) and the Fubini theorem, we have
1

1 — i _ p—e—1
ISl 0 < suP E/xp_a <<p—6)(ﬂ+1)1 p+€/(t ? (2041 - 1741))
0

<e<?
2 0

1

x fP7E () x 0,1 (1) dt) d:c] o = sup ((p —e)(B+ 1)1—p+e)ﬁ

p
0<E<§

1 1 P
X e/fpe(t)tﬁ(pen /(:UBH —t5+1)p7€71 2 Pdr | dt
0 t
Let z = %, then

1 1
a/fp_a(t)t_ﬁ(p_e_l) /(mﬁﬂ —t6+1>p7€71 2 Pdx | dt
t

¢ B+1 p—e—l e p=e
e () Q) ()

1
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1

1 N R T v
- / P2 ()~ BP—e=D (BT D(p—e—1) e+l / <_> -1 (—) (—2> dy| dt
/ / Y ) Y
1 1 (1 ﬁJrl)p—e—l p_ig
_ -y
— p—€
- E/f (1) /y(ﬁ+1)(p—e—1)+a—p+2 dy | dt
0 t
1 1 y5+1 p—E— 1 E
e/fp ( / e dy | dt < ||f||Lp),w(o,1)a
0 t
SO
L 1
p+1ypmet e
IH1 Iz, 00 < sup (0 —e)(8+1)1 7+ 7 / . / L
0<€<§ t y
) 1 i A ”
1 1-2\p p—E —
<ot (o) g (e f oo ([ O )
2 0 t

1
In the right hand side of (2.9), it’s obvious that C' < p% (B + 1)1_%)5. Since for all
y €]0,1[; (1 - y5+1)1+€7p > (1—1)"? | therefore

1 « «

/ d li ! d lim /71 d

Yy = lam — dy < —, ay.
t y6+1 Ite—p a1 (1 — yft1ytte> a1 (1—y)tter

By putting f(t) = 5+ 1 and taking in account p_i“ < 1i3 < 1, we get
2
1
1 1 =

—e—1
sup ef/(ﬁ—i-l)p_8 /(1—y5+1)p ) dy | dt
0<e<? 5

t

1 [e% p—¢
P
(B+1) sup er—= / lim/<1 yﬁJrl) dy | dt
O<e<® a—1
0 t
1 «@ p—e
1
< (B+1) sup er—= / lim / (1—y)P=tdy | dt
0<e<} a—1
0 t
1
1 1 p—e
1 1 p—e
= (ﬂ + 1) sup er—= ( ) /(1 — t)p—edt
0<e<t p—¢
0
1 1 2
1 1 p—e 1 p—e 1 [/2\ P
< (B+1) sup er-< sup ( > <7> < (B+1) sup er—= <—> )
0<e<Z O<e<Z \P — ¢ p—e+1 0<e<?® p

On the other hand

1
HHlfHLp)(o,n = | H1(B + 1)HLP)(O,1) = (B+1) sup er—=,
O<e<t
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by (2.9), we conclude that

(B+1) sup e < C(B+1) sup = (%)p,

p p
0<€<§ 0<€<§

2
thus C > (g) ? . The proof is complete. >

REMARK 5. If =0 in (2.10), we have Theorem 4 of [7].
A similar results hold for p = 1.

Corollary 3. Let f € Ly)(0,1), f € QP, B > 0. Then there exists a constant C' > 0, such
that

-y e "
HHlfHLl)(O,l) <Csup |e —7 W fe(t)dt : (2.11)
0<e<® Y
0 t
If C is the best constant in (2.11), then
1 1
1 <O< B+ (2.12)

REMARK 6. If 5 =0 in (2.12), we find Theorem 6 of [7].
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BragukaBka3zckuii MareMaTHIeCKUH Ky DHAJT
2024, Tom 26, Beriryck 2, C. 70-81

HEPABEHCTBA TUIIA XAPIU B KJIACCITYECKOM
1 I'PAH/I-TIPOCTPAHCTBAX JIEBETA L), 0 < p < 1,

JJ1d KBASUMOHOTOHHBIX ®YHKIINI

Vapramu A.', Cenyun AL
! Vumsepcurer Tuaper, Ammxup, 14000, Tuaper, 3aapopa
E-mail: ouardaniabderrahmane@yahoo.com, kamer295@yahoo.fr

Awnunoramusi. B 2020 r. Poman A. Banjganues u ap. JI0Ka3aJl OrpaHUYEHHOCTb OMEpaTopa Xap/au st
MOHOTOHHBIX (PYHKIHI B TpaHg-mpocTpancrsax Jlebera L,y (0,1), 0 < p < 1. B wacTHOCTH, OHE yCTAHOBHIN
aHAJOIUYHbIE Pe3yJIbTaThl JIJIsl OllepaTopa Xap/y B KJIACCHYECKUX BECOBBIX JIe0ErOBBIX IPOCTPAHCTBax. Bo-
Jlee TOTO, JOKA3aHO, YTO IPaH-IpocTpancTBo JleGera Ly (0, 1) sBasercs KBa3subGaHaXOBBIM (byHKIMOHAIBHBIM
IPOCTPaHCTBOM. B maHHOIT paboTe HAC MHTEPECYIOT HEPABEHCTBA Xap/u, IPUMEHsIeMble K KBA3MMOHOTOHHBIM
dbyHKIMAM B KJIacCHYeCKUX IpocrpaHcTBax Jlebera m rpanjg-nipocrpancrsax Jlebera. YcraHoBiieHa Orpanu-
YEHHOCTD oreparopa Xap/u Jjid KBA3SMMOHOTOHHBIX (byHKIWMi B rpanj-npocrpancrsax JleGera Ly, w(0, 1),
0 < p < 1. Kpome TOro, HEKOTOpBIE MHTETPAJbHbIE HEPABEHCTBA [JIs OlEPATOPa XapAHu JIOKA3aHBI B KJIAC-
CHYECKUX BeCOBBIX mpocrpascTBax Jlebera Lp ., (0,1), 0 < p < 1, ans kBasumoHOTOHHBIX yHKImi. Bee
HEPABEHCTBA JIOKA3BIBAIOTCS C TOYHBIME KoHcTaHTamu. Hekoropbie pesysnbrarsl Posmana A. Bannanuesa n
p. BBIBOIATCS KaK YaCTHBIE ciydau. llosrydensr m Apyrue OIEHKH B KJIACCHYECKUX MIPOCTPAHCTBax Jlebera
JUTst oneparopa Xapiy U JBOWCTBEHHOI'O K HEMY OIIEPATOPA.

KiroueBble CJIOBa: HEPABEHCTBA, KBA3UMOHOTOHHBIE (DyHKIUH, OIIEPATOPBI XAap/ i, PAH/I-IPOCTPAHCTBA
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