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Awnnoranusi. B monenmn «uHBecTHIIME-TIOTPEO/IEHNSI» TEMII POCTa (DOHIOBOOPYKEHHOCTH MIPEICTABIISIET
cobOI Pa3HOCTh MEXKJIy COOCTBEHHBIMU WHBECTHUIUSME M TEMIIOM aMopTuanuu. IlycTh nocraBiena meib
MaKCHUMaJIbHO COKPATHUTh BPEMsI BbIXOJIa HA 3aIJaHHBIN yPOBEHDb (DOHIOBOOPYYKEHHOCTHU U JIJIsT JIOCTUXKEHUST
9TOM 1eJIM JIOTIOJHUTEIBHO BBIIEJIAIOTCS CPEJICTBA 33JaHHOI0 00beMa, KOTOPbIE, OJJHAKO, BOBJIEKAIOTCH B
nporecc B Bujie (PUHAHCOBOIO MOTOKA OIPAHUYEHHOIO CBEPXY BEJIUYUHON — IIPEJEJIbHON CIIOCOGHOCTHIO
K IIOIVIOIIEHUIO MHBECTUIMI ([IPEIIOIAraeTCsl, 9YTO yKa3aHHAsl BEJIMYIMHA IIPEICTaBIISET COOOH IIaJKyIo
dbysxmio boHI0BOOPYKEHHOCTH). J{OMOJHATENbHBIE CPEICTBA YBEJIMIUBAIOT TEMIT POCTa (HhOHIOBOODY-
JKEHHOCTHU HA 3HadeHne (pUHAHCOBOrO MOTOKa. V3ydaercs BOpPOC jJisi KAKOro (DUHAHCOBOI'O MOTOKA, KOTO-
PBlif BBITIOJIHSIET POJIb yYIPABJIEHUs, BPeMsl JOCTUKEHUsI TpeOyeMoil (hpOHI0BOOPYKEHHOCTH MUHUMAJIBHO.
YcTaHOBIIEHO, YTO ONTUMAJILHOE YIIPaBJIeHHE UMeeT He 6ojiee JBYX TOUeK mepeksiodenus. [Ipuuem ecom
9THUX TOYEK JIBE, TO COOCTBEHHBIN TeMII pOcTa (POHIOBOOPYKEHHOCTH B YKA3AHHBIE MOMEHTHI BPEMEHU OJIU-
HakoB. ONTUMAaJIBHBIN (DUHAHCOBBIN MOTOK yCTPOeH cieayomuM obpasoM. CyImecTByeT napa 3HAYEHUM
bOHIOBOOPYKEHHOCTH, MEXK/ly HAYaJbHBIM M IEJEBbIM 3HAYEHUsIMU, TaKas, 9TO MOKA(MOHIOBOODYKEH-
HOCTb MEHSIETCSI OT MEHBIIIEro K OOJIbIIeMY 3HAYEHUIO, UCIOJIb3YIOTCI TOJBKO COOCTBEHHBIE MHBECTHUIUU.
B ocranbHOE BpeMsi HCIIONB3YIOTCS JTOTIOJHUTETbHBIE CPEJICTBA B MAKCUMAJIBHOM BO3MOXKHOM Temre. [1o-
Jiy4eHbl HOPMYJIbI JJIsi BBIYACIEHUS yKA3AHHBIX 3HAYEHUN (DOHI0BOOPYKEHHOCTH.

KuroueBrble ciioBa: WHBeCTUNHNH, (DOHIOBOOPYKEHHOCTD, MPOU3BOACTBEHHAsT (DYHKINA, KOIDDUITHEHT
aMOPTHU3AIlNK, IPUHINITS MakcuMyMa [[oHTpsaruHa.
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1. BeeneHue

YpaBHeHue auHaMUKU (DOHJOB B MOJENH <«MHBECTUIMU-TIOTpeOseHne» umeer Buj |1,

c. 242|

K =sF(K,L) — ukK,

3mecb K — obbem ocHOBHBIX (HOHIOB, I, — 3amac TPyIOBBIX PeCypCoB, (4 — Ko3(ppUImeHT
amopruszaiuu, s € [0; 1] — ynpasssironuii napamerp, F' — npon3BoJcTBeHHAsT (DYHKIIUSI.

(© 2024 Hukosenxo I1. B., HoBukosa JI. B.



66 Huronenko I1. B., HoBukosa JI. B.

[Ipennosiaras, 9To TpyIoOBbIe pecypchbl L OCTAIOTCS HEM3MEHHBIMU, a ITPOU3BOJCTBEHHAS
dbyukius F' — nuHeiiHo-oqHOPOAHA, YPABHEHNE TUHAMUKU ITEPEIUIINEeM B BUJIE

k= sF(k,1) — pk,

rie k = K/L — doHI0BOOPYKEHHOCTb.

Ecin paccmarpupaercss (byHKIMOHUPOBAHHE CHCTEMbI Ha JOCTATOYHO MPOTAYKEHHOM IIPO-
MEeXKyTKE BDEMEHH U IIOCTaBJIeHa 3a/1aua BbIOopa $(t), KoTopast 00eClednT TOCTUKEHNE 38 1aH-
HOT'O yPOBHs (DOHI0BOOPYZKEHHOCTHU U IIPY 3TOM BeJIMYMHA IOTPebIeHIs 3a BeCh IPOMeZKyTOK
BPEMEHH OKAXKEeTCsl MAKCUMAJILHOMN, TO oKasbiBaercsi, 9To [1, ¢. 247| s(t) = 1, noka Besmvuna
k He JOCTUIHET HEKOTOPOTO 3HAMEHMsI, OIM3KOrO K K, re

OF .
) =
8/<:(k’) L

Ho 1o o3nauaer, 4To B yKa3aHHBII [IPOMEXKYTOK BPEMeHH IOTPeOJIeHHe OTCYTCTBYET, IIO-
CKOJIbKY TeMIl torpebiienusi cocrasisier (1 — s(t))F = 0.

fcHo, 9TO 9TO IJIOXO COIVIACYETCs C IPEJIIOJIOKEHNEM O HEU3MEHHOCTH TPYJIOBBIX PeCcyp-
coB L.

Berimmen3noxkeHHOE MOTHBUPYET CJIEYIONIYIO TIOCTAHOBKY 3a/1a9H.

[Tycts Tpebyercst oT ypoBHS (POHIOBOOPYKEHHOCTHU kg BBIHTH HA ypOBEHDL ki 3a KpaTdaii-
1ee BpeMsi, [IPU TOM HA YKA3aHHOM IIPOMEXKYTKE BPEMEHM BEJUYUHY S§ cUuTaeM (DUKCHPO-
BaHHOI KOHCTAHTOM, TakK 4YTO

sF(k,1) — pk = f(k).
Hpe,ILHOJIaFaeTCH, HTO BBIIIOJTHAOTCA O6bI‘IHI>Ie cBoiicTBa IIPOU3BOACTBEHHBIX (1)YHKI_LI/II7‘IZ
f'(k) >0 upn k € [ko, k),
f'(k) <0 mpu ke (k k], f"<0

(cywait k1 < k MBI He H3JaraeM, T. K. OTBET B STOM CJIyUae JIErKO YBUIETh U3 HUMKEH3TOKCH-
HOTO).

K cobcrBeHHBIM HHBECTUIUAM MOLYT OLITh IIPHBJIEYEHBI JOHOJIHATEILHO CPEACTBA S, KO-
TOpbIE HOCTYIAIOT B BUjie (DUHAHCOBOIO moToKa u(t), Tak 4To

t1
/u(t) dt =S,
0

rre t1 — MOMEHT BBIXO/a Ha (DOHIOBOOPYKEHHOCTD k1, IIPU 9TOM CIATAEM U3BECTHOH IIPEeIeb-
HYIO COCOOHOCTB K Horiomenuto uusecturuii g(k), npesmosnaraercst 9ro OyHKIWMs § TIa/IKasl.

Taxum o6pasom, u(t) < g(k(t)), k= f(k) + u, k(0) = ko, k(t1) = ki,

O/ u(t)dt = S.

Tpebyercs ompenenTh u Tak, ITOOBI 38 KpaTdaiiliiee BpeMsi BLIATH HA (POHIOBOODY ZKEH-
HOCTB k1. Bynem caurars, qro

k1
g(k) -
S<Jf%ﬂw%f%_&
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3Hadenne S M03BOJIAET OCYIIECTBUTD JOIOJHATE/IbHOE (DUHAHCHPOBAHIE B MAKCUMAJILHOM
obbeme g(k) Ha HpOTsIIKEeHUM BCero BpeMeHu usMenenust k ot ko 10 ki (em. (7)—(9)).
Posicreennas 3aa4a ¢ apyruM (byHKIMOHAJIOM KadecTBa u3ydeHa B pabore [2].

2. 3ajjaua ynpasJieHUsI

¢
BBong oboznadenus xy = k, ro = fo u(7) dr, 3anumem Hally 3aJady Kak 3a/ady TeOPHH
YIPABJICHUS:
{; — min,
1 = f(z1) +u, (1)
-%.'2 =u,
21(0) =af,  @1(hh) = 21,
2(0) =0, 22(f1) =S,
bi(z1,u) =u—g(r) <0,
ba(z1,u) = —u < 0.

CorutacHo npunnuiy Makcumyma [Torrpsiruna s Takux 3az1a4 [3, . 400], aJist onTuMasb-
HOTO Iporiecca (&, 1) CyIecTBYIOT HeOTPUIATEIbHbIE KyCOYHO-HEIPEPbIBHbIE (DYHKIIUY p1, P2,
KoHCTaHTa Wy < 0, dyHKIUN 11, Yo Takue, 9To mia pysknun [lonTpsruma

H = (f(z1) + u) + ou

BBIIOJIHSIIOTCS YCJIOBHUSL:
0H by 0bs

oz, +p1— +p28xi’

wi - 31‘2

U1 = —v1f (1) — p1g(z1), Yo =0 (2)
H(p(t),x(t),u(t) = max H((t),z(t),v) = =1 = 0.

0<v<g(z(t))

Tak kak H = 11 f(z1) + (Y1 + 12)u, 3akiaouaem, 910

) g(x1), ecmm iy + b >0,
0, ecsit Y1 + 19 < 0.

BekTop

(Y0, 91(t1), ¥a(t1)) (4)
nerpusnasier; p;(t)b;(z(t),u(t)) =0, r.e.

p1(u—g(x1)) =0, pau=0. (5)

Y1+ P2 = p1 — po. (6)

UccnemyeM moydeHHyIO CUCTEMY
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1) okaxkem, uro 1y # 0. Ecim 1y = 0, T0 B cuity npeinoioxkenus o Bejudune S, Ha
HeKOoTOpoM uHTepBaje u < g(z1), rorga uz dopmyist (5) ciaenyer p; = 0 u u3 dbopmyst (6)
caeayer 1 < 0 Ha 3TOM HHTEpBAJIE.

B cuny meorpunarensuoctu H i1 = 0, HO Torma 1y = 0.

B dunanbubll MOMEHT

H =1(f(z1) +u) =0,

cenoBareabno, ¥y = 0, 9To IpoTUBOpednT HeTpHBHAILHOCTH (Yo, Y1 (T1),12).

2) TlokaxkeM, 94TO HU HA KAKOM IIPOMEXKYTKe (DyHKIuUs 11 + 19 He siBjsieTcst HyseM. Eciu
11 + Yo = 0 HA HEKOTOPOM IIPOMEXKYTKE, TO p] = P9.

Ecmu p; # 0 (i = 1,2), To u3 (5) nosyuyaem nporusopeune: u = g(z1) u u = 0. Ecin
p1 = p2 =0, o u3 (2) moayuum Y1 = 1y = 0, HO KaK yzKe MoKazaHo 1y 7 0.

3) PaccMoTpuM BOIPOC O 4mCIIe TOYEK [EPEKIIOUEHUsT YIPABJIEHUs U.

[Iycrs t1, to — Touknu mepexsodenust u ) + g < 0 Ha (t1,t2), Torga uz (5) nosydaem:
p1 =0mHa (t1,t2) u

i1 = f(x1), 1 =if'(z1),

npudem npu t =ty 1 = —tpy f'(z1) <0, anpu t =ty

Y1 =—=U1f'(21) >0 u i(t) = i(t2) = —tha.

CreoBaTenIbHO, HA KOHIAX IIPOMEKYTKa f' MMeeT pasHble 3HAKU U
T e (1‘1(151),1‘1(152)).

Ecmm 91 4+ 12 > 0 ma (t1,t2), To u3 (5) nomyuaem py = 0, uz (6) = p1 = 1 + o,
noJcTaBlisist B (2), umeeMm

Y1 = —1(f(x1) + ¢’ (21)) — Yag (1),

npudeM upn ¢ = t; ¥y = —1f'(x1) > 0, npu t = to p; = —ip1f'(x1) < 0 u, TaK Kak
1(t1) = ¥1(t2), f' Ha KOHIIAX MPOMEXKYTKA UMEET PA3HbIe 3HAKH U

& € (x1(t1), 71(t2)).

Hanee, tax kak f'(x1(t2)) < 0 um i (t2) < 0, momysuaenm, aro i (ta) < 0, HO Torma TMpaBee
TOYIKU {9

H =1 f(x1) <0,
9TO IIPOTHBOPEYUT HapaBeHcTBY —1by > 0.
Takum 06pazoM, ycTaHOBJIEHA

Jlemma 1. OmnrumajibHBIH POIEcC UMEET He 0oJiee JABYX TOYEK IIePEKJI0YEHUs], IPUIEM,
ecjin t1, ty — MOMEHTBI IIepeK/IroYeHusi, To Ha uaTepBaJe (t1,ts) u = 0.

SAMEYAHVE 1. Ecim B Toukax ti, to ¥ He UMeeT MPOU3BOIHON, TO Pedb HY?KHO BECTHU
006 OIHOCTOPOHHHUX IIPOM3BOIHBIX.

SAMEYAHVE 2. Eciin uMeeTcst OliH MOMEHT IIEPEK/IFOUeHusT t1, TO, KAK BHUJHO U3 IIPOBe-
JI€HHBIX PACCY2KJIeHU, SIS yIIPaBJIECHUS

. {g<w<t>>, t<t,

0, t>1
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BBINOJIHAETCST HePABeHCTBO (1) < &, JJIst yIIpaBJIeHusl

u— 0, t <1,
g(z(t), t>t

BBIIIOJIHSIETCST HEPaBEeHCTBO (t1) = &.
4) O6cyuM BOIPOC 0 3HavYeHHsIX (DOHIOBOOPYKEHHOCTH B TOYKAX IlepeKJioueHus. s
9TOT0 MOTpedyeTCst

Jlemma 2. Ecsn (x,1)) — HecramuoHapHOe peleHne CHCTEeMbI

{a‘q = f(@),
Y =—of(x)
mP(t1) = P(ta2), 1o f(z(t1)) = f(z(t2)).

< Cucrema siBysiercsi raMusibToHOBOM ¢ dynkuueit H = ¢ f(z). Tlosromy Bosib pemienust
H = ¢ (# 0, . K. peleHne HeCTallMOHAPHOE), T. €.

V(1) f(z(t)) = P(ta) f(2(t2)).

JlemMma, jokazana. >

[TockobKy POHIOBOOPY?KEHHOCTD X1 ABJSETCS MOHOTOHHON (DYHKIME BpEMEHU, MOYKEM
chOPMYJIMPOBATH PE3YJILTAT MPEIBLAYIIMX IIYHKTOB TaK: yIpaBIeHue u siBasgercs (dyHKIued
X1, PABHOM HYJIIO Ha IPOMEXKYTKE |21, 29| U paBHOI ¢(1) BHE IPOMEKYTKA.

Bosmoxkubl BapuaHThI:

a) 2o = o1, 21 < 2 (cm. 3amewanue 2), mpu atom 21 = x1(t1), #1 = f(z1)+g(x1), 21(0) = 27

t1

/g(xl(t)) dt = S.

0

Tenas nogcranosky z1(t) =y, 2 <y < 21, dt = 7 dy ITOJTy IaeM

y)+9g(y)’

Vi 9(y) _
Z fy) +a(y) =5 )

OTKyJla U OIpeJIe/isgeM 21 .
6) z1 =29, 20 > &, &1 = f(21) + g(z1), 21(t1) = 22

/ oo (8)) dt = 5,

t1

JleJiasl TIOJICTaHOBKY 21 (t) = y, nosydaem

I 9(y) _
22/ fw) +9) W =5 (®)

OTKY/a W OIPEJIETIIEM 23.
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B) 21 < & < 22, B cuity semmbt 2 f(z1) = f(z2). Ecm f(x1) > f(2), To na mpomexyTke
[&, x1] onpenennm dymkmmo ax) co sHauennavu B ipoMerkyTKe [z, 2] yerosuem f(a(x)) =
f(z) (B cnyqae f(x1) < f(29) bynxmuo o ciemyer onpenemmTs Ha npomexxyTke [z, 3]).
IIpu srom &1 = f(x1) + g(z1) npu t <ty ut >to, &1 = f(z1) upu t; <t <tom

t1

[o@@nas [ gm)ar=s.
0

to

[Moxcrasusas x(t) = y, nmoaydaem

/f +g /f +g pY=" ©)

OTKYJIa W OIIPEJIEIsieM 22 U 27.
Takum 06pazoM, yCcTaHOBJIEHA

TeopeMa. HpI/I OonTUMaJIbHOM IIpOonecce ImHaMHuKa d)OH,I[OBOOpy}KGHHOCTH OIIUCBIBaeTCA

3aKOHOM
f(z), ecim x € 21, 23],

f(x) —i—g(x), ecm x g [21,22],

e z1, 2z onpesessitorcst u3 gopmyi (7)—9).
BroiBoabi: Boiienennbie cpeicTBa S ciielyeT pacxogoBaTh MAKCUMAILHO OBICTPO Ha OJHOM
WM JIBYX IIPOMEXKYTKAX BPEMEHH, YKA3aHHbIE ITPOMEXKYTKH ONPEIEIAIOTCA M0 3HATCHUSM

GbOHTOBOOPYKEHHOCTH U3 TEOPEMBL.
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ABOUT ADDITIONAL FINANCING
IN THE “INVESTMENT-CONSUMPTION” MODEL

Nikolenko, P. V.1 and Novikova, L. V.2
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Abstract. In investment-consumption models, the growth rate of capital-labor ratio is the difference
between own investments and the rate of amortization. Let the goal of maximizing the reduction of production
time at a given level of capital-labor ratio be set and, to achieve this goal, additional attractive funds of a
given volume, which, however, are involved in the process in the form of a financial flow of a limited highest
level — the maximum possibility of distributing investments (it is assumed that the specified value represents
a smooth financial capital-labor ratio). The functioning of the “investment—consumption” model with a fixed
share of investment in the produced value is considered. The process involves additional investments of a total
volume S, which arrive in the form of a financial flow, and the rate of receipt of funds is limited from above by
the value of the maximum ability to absorb investments. The question of the form of financial flow that will
ensure reaching the required level of capital ratio in the shortest possible time is being studied. It turns out
that the flow we are looking for is structured as follows. There is a pair of capital-labor ratio values between
the initial and target values, such that while the capital-labor ratio changes from a lower to a larger value,
only own investments are used. The rest of the time, additional funds are used at the maximum possible rate.
Formulas for calculating the indicated values of capital-labor ratio are obtained.

Keywords: investments, capital-labor ratio, production function, depreciation coefficient, Pontryagin’s
maximum principle.
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