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Abstract. This paper is devoted to obtaining a unique solution to an inverse problem for a multidimen-
sional time-fractional integro-differential equation. In the case of additional data, we consider an inverse
problem. The unknown coefficient and kernel are uniquely determined by the additional data. By using
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for a d-dimensional fractional diffusion-wave equation with natural initial conditions was studied in the
work. First, the existence and uniqueness of the direct problem were investigated. The considered problem
was reduced to an auxiliary inverse boundary value problem in a certain sense and its equivalence to the
original problem was shown. Then, the local existence and uniqueness theorem for the auxiliary problem is
proved using the Fourier method and contraction mappings principle. Further, based on the equivalency of
these problems, the global existence and uniqueness theorem for the weak solution of the original inverse
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1. Introduction and Setting Up the Problem

Fractional calculus plays an important role in mathematical modeling in many scientific
and engineering disciplines. They are used in the modeling of many physical and chemical
processes and engineering (see, e. g., [1–7]). A fractional integro-differential equation can be
used to simulate a wide range of problems in the basic sciences, many scientists have focused
their attention on presenting the solutions for these systems. That equation has played a
significant role in finding solutions using diverse methods, which is in line with the rapid
development in finding the answers to diverse problems originating from the basic sciences.
The linear/nonlinear equations fractional integro-differential equation has various uses in
fluid mechanics [8], Stokes flow [9], airfoil [10], quantum mechanics [11], integral models [12],
mathematical engineering [13], nuclear physics [14] and the theory of laser [15].
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Other studies [16–21] demonstrate several interesting features of the fractional diffusion-
wave equations, which represent a peculiar union of properties typical for second-order
parabolic and wave differential equations. Fractional evolution inclusions are an important
form of differential inclusions within nonlinear mathematical analysis. They are generalizations
of the much more widely developed fractional evolution equations (such as time-fractional
diffusion equations) seen through the lens of multivariate analysis. Compared to fractional
evolution equations, research on the theory of fractional differential inclusions is however
only in its initial stage of development. This is important because differential models with
the fractional derivative provide an excellent instrument for the description of memory and
hereditary properties, and have recently been proven valuable tools in the modeling of many
physical phenomena (see, [22] and the references therein).

According to the fractional order α, the diffusion process can be specified as sub-diffusion
(α ∈ (0, 1)) and super-diffusion (α ∈ (1, 2)), respectively. There is abundant literature
on the studies of fractional equations on various aspects, such as physical backgrounds,
weak solutions, and maximum principle and numerical methods (see, [23] and the references
therein).

Practical needs often lead to problems in determining the coefficients, kernel, or the right-
hand side of a differential equation from certain known information about its solution. Such
problems have received the name inverse problems of mathematical physics. Inverse problems
arise in various domains of human activity, such as seismology, prospecting for mineral
deposits, biology, medical visualization, computer-aided tomography, the remote sounding of
Earth, spectral analysis, nondestructive control, etc., (see [24–26]). In this paper, we discuss
an inverse problem of determining a source term only depending on the time in a fractional-
differential equation by the measurement data of time trace at a fixed point xi.

Let QT
0 := Ω × (0, T ) for a given time T > 0, where Ω be a bounded domain in R

d with
sufficiently smooth boundary ∂Ω and ΣT

0 = ∂Ω × (0, T ). We consider a fractional integro-
differential equation with a fractional derivative in time t:

∂αt u(x, t) +Au(x, t) = q(t)ut(x, t) + k ∗ u(x, t) + f(x, t), (x, t) ∈ QT
0 , (1.1)

where 1 < α < 2 and ∂αt u(x, t) is the left Caputo fractional derivative with respect to t and
defined by [27]

∂αt v(t) =















1

Γ(m− α)

t
∫

0

(t− τ)m−α−1 v(m)(τ) dτ, m− 1 < α < m, m ∈ N,

v(m)(t), α = m ∈ N,

Γ( · ) is the Gamma function and the operator A is a symmetric uniformly elliptic operator
defined on D(A) = H2(Ω) ∩H1

0 (Ω) given by

Av(x, t) ≡ −

d
∑

i,j=1

∂

∂xj

(

aij(x)
∂

∂xi
v(x, t)

)

+ c(x)v(x, t), (x, t) ∈ QT
0 ,

in which the coefficient satisfy aij = aji ∈ C
1(Ω ), c ∈ C(Ω ), c(x) > 0, x ∈ Ω and there exists

a constant µ > 0 such that
∑d

i,j=1 aij(x)ξiξ̄j > µ
∑d

i=1 |ξi|
2 ∀x ∈ Ω, ξ ∈ R

d, and Laplace

convolution k ∗ g(t) =
∫ t
0 k(t− τ)g(τ) dτ.

We supplement the above fractional wave equation with the following initial conditions:

u(x, 0) = a(x), ut(x, 0) = b(x), x ∈ Ω, (1.2)
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and the zero boundary condition:

u(x, t) = 0, (x, t) ∈ ΣT
0 . (1.3)

If q(t), k(t), f(x, t), a(x) and b(x) are known, then problem (1.1)–(1.3) is called a direct
problem. The inverse problem in this paper is to reconstruct q(t) and k(t) according to
the additional data

u(xi, t) = hi(t), t ∈ (0, T ), (1.4)

where hi(t), i = 1, 2, are given functions and xi ∈ Ω, i = 1, 2, are given numbers.
We investigate the following inverse problem.

Inverse problem. Find u ∈ C
(

[0, T ];D
(

Aγ+1/α
))

∩ C1
(

[0, T ];D(Aγ)
)

, q ∈ C1[0, T ] and
k ∈ C[0, T ] to satisfy (1.1)–(1.3) and the additional measurement (1.4), where D(Aγ) is
a Hilbert space with some positive constant γ, see (1.6).

For the convenience of the reader, we present here the necessary definitions from functional
analysis and fractional calculus theory.

For integers m, we denote Hm(Ω) = Wm,2(Ω) (see [28]) and Hm
0 (Ω) is the closure of

C∞

0 (Ω) in the norm of space Hm(Ω). For a given Banach space V on (Ω), we use the notation
Cm([0, T ];V ) to denote the following space:

Cm
(

[0, T ];V
)

:=
{

u :
∥

∥∂jt u(t)
∥

∥

V
is continuous in t on [0, T ] ∀ 0 6 j 6 m

}

.

We endow Cm([0, T ];V ) with the following norm making it to be a Banach space:
‖u‖Cm([0,T ];V ) =

∑m
j=0(max06t6T ‖∂jt u(t)‖V ). In addition, we define Banach space XT

0 by

XT
0 := C([0, T ];D(Aγ+1/α))∩C1([0, T ];D(Aγ )) with the norm ‖u‖XT

0
:= ‖u‖C([0,T ];D(Aγ+1/α))

+‖u‖C1([0,T ];D(Aγ)). Furthermore, we set Y T
0 = XT

0 ×C1[0, T ]×C[0, T ] endowed with the norm
‖(u, q, k)‖Y T

0
:= ‖u‖XT

0
+ ‖q‖C1[0,T ] + ‖k‖C[0,T ].

It is well-known that the operator A is a symmetric uniformly elliptic operator,
the spectrum of A is entirely composed of eigenvalues, and counting according to
the multiplicities, we can set: 0 < λ1 6 λ2 6 . . . , limn→∞ λn = ∞. By en ∈ H2(Ω) ∩H1

0 (Ω),
we denote the orthonormal eigenfunction corresponding to λn:

{

Aen = λnen, in Ω,

en = 0, on ∂Ω.

It is well known that, if the coefficients aij(x), c(x) are real-valued functions and
aij(x) = aji(x) ∈ L

∞(Ω), c(x) ∈ L∞(Ω), then the eigenfunction sequence {en}n∈N is
a orthonormal basis in L2(Ω). Then for γ ∈ R we define a Hilbert space D(Aγ) by (see [29])

D(Aγ) :=

{

u ∈ L2(Ω) :

∞
∑

n=1

λ2γn |(u, en)|
2 <∞

}

, Aγu =

∞
∑

n=1

λγn(u, en)en,

equipped with the norm ‖u‖D(Aγ ) =
(
∑

∞

n=1 λ
2γ
n |(u, en)|

2
)1/2

.We note that the norm ‖u‖D(Aγ )

is stronger than ‖u‖L2(Ω) for γ > 0. Since D(Aγ) ⊂ L2(Ω) for γ > 0, identifying the
dual of L2(Ω) with itself, we have D(Aγ) ⊂ L2(Ω) ⊂ (D(Aγ))′ and D(A−γ) = (D(Aγ))′,
which consists of bounded linear functionals on D(Aγ). For u ∈ D(A−γ) and ϕ ∈ D(Aγ),
the value obtained by operating u to ϕ is denoted by −γ〈·, ·〉γ . D(A−γ) is a Hilbert space with

the norm: ‖ϕ‖D(A−γ ) =
(
∑

∞

n=1 λ
−2γ
n |−γ〈u, en〉γ |

2
)1/2

. We further note that−γ〈u, ϕ〉γ=(u, ϕ)

if u∈L2(Ω) and ϕ∈D(Aγ) (see e. g., [30, ChapterV]).
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Moreover, we introduce the Mittag-Leffler function in [27]: Eρ,µ(z) =
∑

∞

k=0 z
k/Γ(ρk+µ),

z ∈ C, with Re(ρ) > 0 and µ ∈ C. It is known that Eρ,µ(z) is an entire function in z ∈ C.

Lemma 1.1. Let 0 < ρ < 2 and µ ∈ R be arbitrary and θ satisfy πρ/2 < θ < min{π, πρ}.
Then there exists a constant c = c(ρ, µ, θ) > 0 such that |Eρ,µ(z)| 6 c/(1+|z|), θ6 | arg(z)|6π,
and the asymptotic behavior of Eρ,µ(z) at infinity as follows

Eρ,µ(z) = −

N
∑

n=1

z−n

Γ(µ− ρn)
+O

(

z−n−1
)

.

For the proof, we refer to [31] for example.

Proposition 1.1 [27]. For λ > 0, α > 0, β ∈ C and positive integer m ∈ N, we have

dm

dtm
Eα,1(−λt

α) = −λtα−mEα,α−m+1(−λt
α), t > 0,

d

dt

(

tβ−1Eα,β(−λt
α)
)

= tβ−2Eα,β−1(−λt
α), t > 0,

∂αt (Eα,1(−λt
α)) = −λEα,1(−λt

α), t > 0.

Also, we mention

max
y>0

yθ

1 + y
=

(

θ
1−θ

)θ

1 + θ
1−θ

, 0 < θ < 1. (1.5)

We now give a similar definition of weak solution to (1.1)–(1.3), which is introduced by [32].

Definition 1.1. We call u a weak solution to (1.1)–(1.3) if (1.1) holds in L2(Ω) and
u(·, t) ∈ H1

0 (Ω) for almost all t ∈ (0, T ), u, ∂tu ∈ C([0, T ];D(A−γ)) and

lim
t→0

∥

∥u(·, t)− a
∥

∥

D(A−γ )
= lim

t→0

∥

∥ut(·, t) − b
∥

∥

D(A−γ )
= 0

with some γ > 0. Here γ > 0 may depend on a, b.
Throughout this paper, we set γ0 > d/2 + 1, γ > 0 and 1/α < ε < 1 such that

max

{

d

4
+ 1, γ0 +

1

α
− ε

}

< γ 6 γ0. (1.6)

We make the following assumptions:

(C1) ∂αt hi ∈ C
1[0, T ], a ∈ D(Aγ0+1/α), b ∈ D(Aγ0), f ∈ C1([0, T ];D(Aγ ));

(C2) h′i(0)q(0) = ∂αt hi(0) +Aa(xi)− f̃i(0), where f̃i(t) = f(xi, t), i = 1, 2;

(C3) a(xi) = hi(0), b(xi) = h′i(0), i = 1, 2;

(C4) p(t) = h′1(t)h2(0) − h′2(t)h1(0) 6= 0 and p(t) ∈ C1[0, T ] satisfies the following
inequality: ‖p‖C1[0,T ] > 1/p0 > 0, where p0 is a given positive constant.

Remark 1.1. In (C1), ∂αt h ∈ C1[0, T ] implies hi ∈ W 2,1(0, T ) →֒ H1(0, T ) (see [26])
and from this we will be used in Lemma 2.7 below. Furthermore, if we also require that
∂αt hi(0) = 0, then according to Remark 1.1 in [26], hi(t) ∈ C2[0, T ] is implied.

Remark 1.2. (C3) is the consistency condition for our problem (1.1)–(1.4), which guaran-
tees that the inverse problem (1.1)–(1.4) is equivalent to (2.30) and (2.32) (see Lemma 3.3).

Our main result in this paper is the following global existence and uniqueness of our inverse
problem.
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Theorem 1.1. Let (C1)–(C4) hold. Then, there exists a unique solution (u, q, k) ∈ Y T
0 of

the inverse problem (1.1)–(1.4) for any T > 0.

The outline of the paper is as follows. In Section 2, we give preliminary results in this
paper, including the existence and uniqueness of the direct problem (1.1)–(1.3), and also
an equivalent problem is presented. In Section 3, the local existence and global uniqueness of
the solution of the inverse problem (1.1)–(1.4) is established by using the Fourier method and
Banach fixed point theorem. Section 4 contains the proof of Theorem 1.1 (existence global in
time). In Section 5, we give an example of the inverse problem (1.1)–(1.4).

2. Preliminary Results

This section presents some preliminary results, including the well-posedness for a fractional
differential equation, an equivalent lemma for our inverse problem, and a technique result,
which will be used to prove our main results.

Let Z2(t)η(x) =
∑

∞

n=1(η, en) t Eα,2(−λnt
α) en(x), (x, t) ∈ QT

0 , for η ∈ L2(Ω).
We first consider the following initial and boundary problems:











∂αt u(x, t) +Au(x, t) = F (x, t), (x, t) ∈ QT
0 ,

u(x, t) = 0, (x, t) ∈ ΣT
0 ,

u(x, 0) = a(x), ut(x, 0) = b(x), x ∈ Ω.

(2.1)

Note that if α = 1 and α = 2, then equation (2.1) represents a parabolic equation and
a hyperbolic equation respectively. Since we are interested mainly in the fractional cases, we
restrict the order α to 1 < α < 2.

First split (2.1) into the following two initial and boundary value problems:










∂αt v(x, t) +Av(x, t) = 0, (x, t) ∈ QT
0 ,

v(x, t) = 0, (x, t) ∈ ΣT
0 ,

v(x, 0) = a(x), vt(x, 0) = b(x), x ∈ Ω,

(2.2)

and










∂αt w(x, t) +Aw(x, t) = F (x, t), (x, t) ∈ QT
0 ,

w(x, t) = 0, (x, t) ∈ ΣT
0 ,

w(x, 0) = 0, wt(x, 0) = 0, x ∈ Ω.

(2.3)

Similarly to Theorem 2.3 in [32], it is easy to obtain the following assertion.

Lemma 2.1. Let a ∈ H2(Ω)∩H1
0 (Ω) and b ∈ H1

0 (Ω). Let γ > 0. Then for the unique weak

solution v ∈ C([0, T ];H2(Ω) ∩H1
0 (Ω)) ∩ C

1([0, T ];D(A−γ)) to (2.2), there exists a constant

c > 0 satisfying

‖v(·, t)‖H2(Ω) + ‖vt(·, t)‖D(A−γ ) 6 c
(

‖a‖H2(Ω) + ‖b‖H1(Ω)

)

. (2.4)

Then we have
{

v(x, t) = Z1(t)a(x) + Z2(t)b(x), (x, t) ∈ QT
0 ,

vt(x, t) = −Y (t)a(x) + Z1(t)b(x), (x, t) ∈ QT
0 ,

(2.5)

using

Z1(t)η(x) =

∞
∑

n=1

(η, en)Eα,1(−λnt
α)en(x), Y (t)η(x) =

∞
∑

n=1

λn(η, en)t
α−1Eα,α(−λnt

α)en(x),

the space in C([0, T ];H2(Ω) ∩H1
0 (Ω)) ∩ C

1([0, T ];D(A−γ )).
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⊳ The uniqueness of a weak solution is verified similarly to Theorem 2.1 in [32], but
smoothness is taken in a different form. Therefore, here we show only (2.4) inequality.

Using the Lemma 1.1 and (1.5), we have

∥

∥v(·, t)
∥

∥

2

H2(Ω)
=

∞
∑

n=1

λ2n
∣

∣(a, en)Eα,1(−λnt
α)
∣

∣

2
+

∞
∑

n=1

λ2n
∣

∣(b, en)tEα,2(−λnt
α)
∣

∣

2

6 c2
∥

∥a
∥

∥

2

H2(Ω)
+ c2

∞
∑

n=1

λn(b, en)
2

(

(λnt
α)1/α

1 + λntα

)2

λ1−2/α
n .

Using λ
1−2/α
n 6 λ

1−2/α
1 , n = 1, 2, . . . , we have

∥

∥v(·, t)
∥

∥

2

H2(Ω)
6 c2

(

‖a‖2H2(Ω) + ‖b‖2H1(Ω)

)

. (2.6)

Further, as a second equality of (2.5), we have

∥

∥vt(·, t)
∥

∥

2

D(A−γ )
=

∞
∑

n=1

λ−2γ
n

∣

∣λnt
α−1(a, en)Eα,α(−λnt

α)
∣

∣

2
+

∞
∑

n=1

λ−2γ
n

∣

∣(b, en)Eα,1(−λnt
α)
∣

∣

2

6

∞
∑

n=1

λ2n(a, en)
2

(

(λnt
α)(α−1)/α

1 + λntα

)2

λ−2(γ+1−1/α)
n +

∞
∑

n=1

λn(b, en)
2 λ−2(γ+1/2)

n .

In view of γ > 0, we get λ
−2(γ+1−1/α)
n 6 λ

−2(γ+1−1/α)
1 and λ

−2(γ+1/2)
n 6 λ

−2(γ+1/2)
1 . Now,

using Lemma 1.1, and (1.4), we have

∥

∥vt(·, t)
∥

∥

2

D(A−γ )
6 c2

(

‖a‖2H2(Ω) + ‖b‖2H1(Ω)

)

. (2.7)

Thus the proof of Lemma 2.1 is complete. ⊲

We introduce the following auxiliary lemmas to obtain the main results.

Lemma 2.2. Let F ∈ C([0, T ];D(A1/α)). Then there exists a unique weak solution

w ∈ C([0, T ];H2(Ω) ∩H1
0 (Ω)) to (2.3) with ∂αt w ∈ C([0, T ];L2(Ω)). In particular, for any

γ > 0, we have wt ∈ C([0, T ];D(A−γ )), limt→0 ‖w(·, t)‖H2(Ω) = limt→0 ‖wt(·, t)‖D(A−γ ) = 0,
Moreover, there exists a constant c > 0 such that

‖w(·, t)‖H2(Ω) + ‖wt(·, t)‖D(A−γ ) 6 c(t+ 1)‖F‖C([0,t];D(A1/α)) (2.8)

and we have

w(x, t) =

t
∫

0

A−1Y (t− s)F (x, s) ds, (x, t) ∈ QT
0 , (2.9)

the function (2.9) holds in the C([0, T ];H2(Ω) ∩H1
0 (Ω)) ∩ C

1([0, T ];D(A−γ)).

⊳ The uniqueness of the weak solution is proved similarly to Theorem 2.1 in [32]. Therefore,
here we omitted it and we show only regularity, besides (2.8).
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We first have

∥

∥w(·, t)
∥

∥

2

L2(Ω)
=

∞
∑

n=1

∣

∣

∣

∣

∣

t
∫

0

(F (·, s), en)(t− s)α−1Eα,α(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

6

∞
∑

n=1

max
06s6t

∣

∣

(

λ1/αn F, en
)∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

λ−1/α
n (t− s)α−1Eα,α(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

6

∞
∑

n=1

max
06s6t

∣

∣

(

λ1/αn F, en
)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

(λns
α)(α−1)/α

1 + λnsα
λ−1
n ds

∣

∣

∣

∣

∣

2

6 cλ−2
1

∥

∥F
∥

∥

2

C([0,t];D(A1/α))
t2.

(2.10)

Furthermore, in a view of the condition of Lemma 2.2, for F ∈ C([0, T ];D(A1/α)) and by
Lemma 1.1, we have

∥

∥Aω(·, t)
∥

∥

2

L2(Ω)
=

∞
∑

n=1

λ2n

∣

∣

∣

∣

∣

t
∫

0

(F (·, s), en)(t− s)α−1Eα,α(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

6

∞
∑

n=1

λ2n

t
∫

0

∣

∣(F (·, s), en)
∣

∣

2
ds

t
∫

0

(t− s)2α−2
∣

∣Eα,α(−λn(t− s)α)
∣

∣

2
ds 6

∞
∑

n=1

λ2nλ
−2/α
n

× max
06s6t

∣

∣

(

A1/α[F ], en
)
∣

∣

2

t
∫

0

∣

∣

∣

∣

(λns
α)(α−1)/α

1 + λnsα

∣

∣

∣

∣

2

ds λ−(2α−2)/α
n t 6 c

∥

∥F
∥

∥

2

C([0,t];D(A1/α))
t2.

(2.11)

By (2.3) and (2.10) we can estimate also ‖∂αt ω(·, t)‖C([0,T ];L2(Ω)) and we have
limt→0 ‖ω(·, t)‖H2(Ω) = 0. Next apply Lemma 1.1, Proposition 1.1, and apply the Cauchy–
Schwarz inequality, and for any γ > 0, we have

∥

∥ωt(·, t)
∥

∥

2

D(A−γ )
=

∞
∑

n=1

λ−2γ
n

∣

∣

∣

∣

∣

t
∫

0

(F (·, s), en)(t− s)α−2Eα,α−1(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

6

∞
∑

n=1

λ−2γ
n λ−2/α

n max
06s6t

∣

∣

(

A1/α[F ](·, s), en
)∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

(t− s)α−2Eα,α−1(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

6

∞
∑

n=1

λ
−2γ− 2

α
n max

06s6t

∣

∣

(

A1/α[F ](·, s), en
)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

d

ds

(

sα−1Eα,α(−λns
α)
)

ds

∣

∣

∣

∣

∣

2

6

∞
∑

n=1

λ−2γ−2/α
n max

06s6t

∣

∣

(

A1/α[F ](·, s), en
)
∣

∣

2 ∣
∣tα−1Eα,α(−λnt

α)
∣

∣

2
6

∞
∑

n=1

λ−2γ−2/α
n

× max
06s6t

∣

∣

(

A1/α[F ](·, s), en
)∣

∣

2
∣

∣

∣

∣

(λnt
α)(α−1)/α

1 + λntα

∣

∣

∣

∣

2

λ(2−2α)/α
n 6 cλ−2γ−2

1

∥

∥F
∥

∥

2

C([0,t];D(A1/α))
.

Therefore limt→0 ‖ωt(·, t)‖
2
D(A−γ ) = 0. Thus the proof of Lemma 2.2 is complete. ⊲

By Lemma 2.1 and 2.2, we get the following assertion.

Lemma 2.3. Let a ∈ H2(Ω)∩H1
0 (Ω), b ∈ H1

0 (Ω) and F (x, t) ∈ C([0, T ];D(A1/α)). Then

there exists a unique weak solution u ∈ C([0, T ];H2(Ω)∩H1
0 (Ω))∩C

1([0, T ];D(A−γ )) to (2.1),
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such that

‖u(·, t)‖H2(Ω) + ‖ut(·, t)‖D(A−γ ) 6 c
[

‖a‖H2(Ω) + ‖b‖H1(Ω) + (t+ 1)‖F‖C([0,t];D(A1/α))

]

(2.12)

for all t ∈ [0, T ], where the constant c is dependent on α, Ω and the coefficients of A, but does

not depend of T . Furthermore, we have

u(x, t) = Z1(t)a(x) + Z2(t)b(x) +

t
∫

0

A−1Y (t− s)F (x, s) ds, (x, t) ∈ QT
0 , (2.13)

where Zj(t)[·] (j = 1, 2) and Y (t)[·] are defined above.

The next two lemmas are regularity results of the solution u of the problem (2.1).

Lemma 2.4. Let a ∈ D(Aγ+1/α), b ∈ D(Aγ) and F ∈ C([0, T ];D(Aγ)). Let 1/α < ε < 1.
Then u ∈ XT

0 such that

‖u(·, t)‖
D(Aγ+1/α) + ‖ut(·, t)‖D(Aγ )

6 c
(

‖a‖
D(Aγ+1/α) + ‖b‖D(Aγ ) +

(

tα−1 + tα(1−ε)
)

‖F‖C([0,t];D(Aγ ))

)

.
(2.14)

⊳ By Lemma 1.1 and the Cauchy–Schwarz inequality, we have

∥

∥u(·, t)
∥

∥

2

D(Aγ+1/α)
=

∞
∑

n=1

λ2γ+2/α
n

∣

∣(a, en)Eα,1(−λnt
α)
∣

∣

2
+

∞
∑

n=1

λ2γ+2/α
n t2

×
∣

∣(b, en)Eα,2(−λnt
α)
∣

∣

2
+

∞
∑

n=1

λ2γ+2/α
n

∣

∣

∣

∣

∣

t
∫

0

(F (·, s), en)(t− s)α−1Eα,α(−λn(t−s)
α) ds

∣

∣

∣

∣

∣

2

6 c2
∞
∑

n=1

λ2γ+2/α
n

∣

∣(a, en)
∣

∣

2
+

∞
∑

n=1

λ2γn (b, en)
2

(

(λnt
α)1/α

1 + λntα

)2

+
∞
∑

n=1

max
06s6t

∣

∣(Aγ [F ](·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

λ1/αn (t− s)α−1Eα,α(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

.

(2.15)

From Lemma 1.1, we have

Eα,α(−λn(t− s)α) 6
c

1 + λn(t− s)α
6 cλ−ε

n (t− s)−αε (2.16)

for any 0 < ε < 1. Let 1/α < ε < 1. Because of these inequalities, rewrite the inequality (2.15)
as follows

∥

∥u(·, t)
∥

∥

2

D(Aγ+1/α)
6 c2

∥

∥a
∥

∥

2

D(Aγ+1/α)
+ c2

∥

∥b
∥

∥

2

D(Aγ )

+ c2
∞
∑

n=1

max
06s6t

∣

∣(Aγ [F ](·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

λ1/α−ε
n (t− s)α−αε−1 ds

∣

∣

∣

∣

∣

2

6 c2
∥

∥a
∥

∥

2

D(Aγ+1/α)
+ c2

∥

∥b
∥

∥

2

D(Aγ)
+ c2λ

2/α−2ε
1 t2α(1−ε)

∥

∥F
∥

∥

2

C([0,t];D(Aγ))
.

As a result, we get

∥

∥u(·, t)
∥

∥

D(Aγ+1/α)
6 c(α)

(

‖a‖
D(Aγ+1/α) + ‖b‖D(Aγ ) + tα(1−ε)‖F‖C([0,t];D(Aγ ))

)

. (2.17)
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Furthermore, by Lemma 2.3, we have

ut(x, t) =
∞
∑

n=1

{

−λnt
α−1(a, en)Eα,α(−λnt

α) + (b, en)Eα,1(−λnt
α)
}

en(x)

+
∞
∑

n=1

{ t
∫

0

(F (·, s), en)(t− s)α−2Eα,α−1(−λn(t− s)α) ds

}

en(x).

(2.18)

Therefore, applying (1.5), Lemma 1.1 again, and λn = O(n2/d), we have

∥

∥ut(·, t)
∥

∥

2

D(Aγ )
=

∞
∑

n=1

λ2γn λ
2
n

∣

∣(a, en)
∣

∣

2 ∣
∣tα−1Eα,α(−λnt

α)
∣

∣

2
+

∞
∑

n=1

λ2γn
∣

∣(b, en)
∣

∣

2

×
∣

∣Eα,1(−λnt
α)
∣

∣

2
+

∞
∑

n=1

λ2γn

∣

∣

∣

∣

∣

t
∫

0

(F (·, s), en)(t− s)α−2Eα,α−1(−λn(t− s)α) ds

∣

∣

∣

∣

∣

2

6 c2
∞
∑

n=1

λ2γ+2/α
n (a, en)

2

(

(λnt
α)(α−1)/α

1 + λntα

)2

+ c2
∞
∑

n=1

λ2γn (b, en)
2

+ c2
∞
∑

n=1

max
06s6t

∣

∣(Aγ [F ](·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

sα−2 c

1 + λnsα
ds

∣

∣

∣

∣

∣

2

6 c2
∥

∥a
∥

∥

2

D(Aγ+1/α)
+ c2

∥

∥b
∥

∥

2

D(Aγ )
+ c2t2(α−1)

∥

∥F
∥

∥

2

C([0,t];D(Aγ))
.

(2.19)

Thus,

‖ut(·, t)‖D(Aγ ) 6 c
(

‖a‖
D(Aγ+1/α) + ‖b‖D(Aγ ) + tα−1‖F‖C([0,t];D(Aγ ))

)

(2.20)

for all t ∈ [0, T ]. Then we immediately obtain the desired estimate (2.14). This completes
the proof of this lemma. ⊲

It is easy to see that

Au(xi, t) =

∞
∑

n=1

λn(a, en)Eα,1(−λnt
α)en(xi) +

∞
∑

n=1

λn(b, en)tEα,2(−λnt
α)en(xi)

+

∞
∑

n=1

λn

( t
∫

0

(F (·, s), en)(t− s)α−1Eα,α(−λn(t− s)α) ds

)

en(xi), i = 1, 2.

(2.21)

The following lemma is valid.

Lemma 2.5. Let a ∈ D(Aγ0+1/α), b ∈ D(Aγ0) and F ∈ C([0, T ];D(Aγ)). Then there

exists a positive constant c such that

‖Au(xi, ·)‖C[0,T ] 6 c
(

‖a‖
D(Aγ0+1/α) + ‖b‖D(Aγ0 ) + Tα/2 ‖F‖C([0,T ];D(Aγ ))

)

, i = 1, 2, (2.22)

and

‖Aut(xi, ·)‖C[0,T ] 6 c
(

‖a‖
D(Aγ0+1/α) + ‖b‖D(Aγ0 ) + Tα−1‖F‖C([0,T ];D(Aγ ))

)

, i = 1, 2, (2.23)

where c is dependent on Ω, α, γ, γ0, d, λ1.
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⊳ The estimate (2.22) may get similarly as in [33]. However, the smoothness differs from
the given ones, so we provide the above inequality (2.22) in detail.

We note that A defines the fractional power Aβ with β ∈ R and ‖u‖H2β(Ω) 6 c‖Aβu‖L2(Ω)

(see, [29]).
Let ε0 = min{ε01, ε02} with 2ε01 = γ0 + 1/α− 1− d/2 > 0 and 2ε02 = γ − d/4− 1/2 > 0.

According to the Sobolev embedding theorem H2β(Ω) ⊂ C(Ω̄) for β = d/4 + ε0, we have

‖en‖C(Ω̄) 6 c(Ω)‖en‖H2β(Ω) 6 c(Ω)
∥

∥Aβen
∥

∥

L2(Ω)
6 c(Ω)λβn. (2.24)

For simplicity, we study Au(xi, t) in three parts, namely Au(xi, t) := I1 + I2 + I3. For I1,
by Lemma 1.1, and noticing that λn = O(n2/d), we have

|I1| 6
∞
∑

n=1

λn|(a, en)| |Eα,1(−λnt
α)| |en(xi)| 6 c(Ω, α)

∞
∑

n=1

λγ0+1/α
n |(a, en)|λ

−(γ0+1/α−β−1)
n

6 c(Ω, α)

(

∞
∑

n=1

λ2γ0+2/α
n |(a, en)|

2

)1/2( ∞
∑

n=1

λ−2(γ0+1/α−β−1)
n

)1/2

6 c(Ω, α)‖a‖
D(Aγ0+1/α)

(

∞
∑

n=1

n−4(γ0+1/α−β−1)/d

)1/2

.

By the choice of β, we have 4(γ0 + 1/α − β − 1)/d = (d + 8ε01 − 4ε0) > 1, which implies
∑

∞

n=1 n
−4(γ0+1/α−β−1)/d < c(γ0, α, d). So, we obtain

|I1| 6 c(Ω, α, γ0, d)‖a‖D(Aγ0+1/α). (2.25)

Further, by Lemma 1.1 and (1.5), we have the following estimate for I2:

|I2| 6

∞
∑

n=1

λn|(b, en)| t |Eα,2(−λnt
α)| |en(xi)| 6 c(Ω, α)

∞
∑

n=1

|(b, en)|
λnt

1 + λntα
λβn

6 c(Ω, α)

∞
∑

n=1

λγ0n |(b, en)|
(λnt

α)1/α

1 + λntα
λ−(γ0+1/α−β−1)
n 6 c(Ω, α)

(

∞
∑

n=1

λ2γ0n |(b, en)|
2

)1/2

×

(

∞
∑

n=1

λ−2(γ0+1/α−β−1)
n

)1/2

6 c(Ω, α, γ0, d) ‖b‖D(Aγ0 ).

(2.26)

Next we calculate I3. Here the estimate for I3 as the same as [33] for γ−β−1/2 = 2ε02−ε0 > 0,
and we have

|I3| 6 c(Ω, α)tα/2 ‖F‖C([0,t];D(Aγ )) (∀ t ∈ [0, T ]). (2.27)

According to (2.25)–(2.27), we obtain (2.22).
By directly differentiating (2.21) concerning the variable t and taking into account

Proposition 1.1, we obtain

d

dt
Au(xi, t) = −

∞
∑

n=1

λ2n(a, en)t
α−1Eα,α(−λnt

α)en(xi)+

∞
∑

n=1

λn(b, en)Eα,1(−λnt
α)en(xi)

+

∞
∑

n=1

λn

( t
∫

0

(F (·, s), en)(t− s)α−2Eα,α−1(−λn(t− s)α) ds

)

en(xi) := Ĩ1 + Ĩ2 + Ĩ3.

(2.28)
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Let ε1 = min{ε10, ε11} with 2ε10 = γ0 − 1− d/2 > 0 and 2ε11 = γ − d/4 − 1 > 0.
By the asymptotic property of the eigenvalues λn = O(n2/d), for Ĩ1, by Lemma 1.1

and (1.5), we have

∣

∣̃I1
∣

∣ 6

∞
∑

n=1

λ2n |(a, en)| t
α−1 |Eα,α(−λnt

α)| |en(xi)| 6 c(Ω, α)
∞
∑

n=1

λγ0+1/α
n |(a, en)|

×
(λnt

α)(α−1)/α

1 + λntα
λ−(γ0−β−1)
n 6 c(Ω, α)

(

∞
∑

n=1

λ2γ0+2/α
n |(a, en)|

2

)1/2( ∞
∑

n=1

λ−2(γ0−β−1)
n

)1/2

6 c(Ω, α)‖a‖
D(Aγ0+1/α)

(

∞
∑

n=1

n−4(γ0−β−1)/d

)1/2

.

By choice of β, we have 4(γ0 − β − 1)/d = (d + 8ε10 − 4ε1)/d > 1, which implies
∑

∞

n=1 n
−4(γ0−β−1)/d < c(γ0, d). So, we obtain

∣

∣̃I1
∣

∣ 6 c(Ω, α, γ0, d)‖a‖D(Aγ0+1/α). (2.29)

Similarly, we have the following estimate for Ĩ2:

∣

∣̃I2
∣

∣ 6

∞
∑

n=1

λn|(b, en)| |Eα,1(−λnt
α)| |en(xi)| 6 c(Ω, α)

∞
∑

n=1

λγ0n |(b, en)|
λ
−(γ0−β−1)
n

1 + λntα

6 c(Ω, α)

(

∞
∑

n=1

λ2γ0n |(b, en)|
2

)1/2( ∞
∑

n=1

n−4(γ0−β−1)/d

)1/2

6 c(Ω, α, γ0, d)‖b‖D(Aγ0 ).

(2.30)

Further, we estimate Ĩ3. By Lemma 1.1 and γ − β − 1 = 2ε11 − ε1 > 0, we have

∣

∣̃I3
∣

∣

2
6

∞
∑

n=1

∣

∣

∣

∣

∣

λn

t
∫

0

(F (·, s), en)(t− s)α−2Eα,α−1(−λn(t− s)α) ds · en(xi)

∣

∣

∣

∣

∣

2

6 c(Ω, α)

∞
∑

n=1

λ2γn max
06s6t

∣

∣(F (·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

sα−2 1

(1 + λnsα)2
ds

∣

∣

∣

∣

∣

2

· λ−2(γ−β−1)
n

6 c(Ω, α)

∞
∑

n=1

λ2γn max
06s6t

∣

∣(F (·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

t
∫

0

sα−2 ds

∣

∣

∣

∣

∣

2

· λ
−2(γ−β−1)
1 .

So that
∣

∣̃I3
∣

∣ 6 c(Ω, α, λ1)‖F‖C([0,t],D(Aγ ))t
α−1 (∀ t ∈ [0, T ]). (2.31)

Finally, by (2.29)–(2.31), we get (2.23) and so complete the proof of this lemma. ⊲
To study the main problem (1.1)–(1.4), we consider the following auxiliary inverse initial

and boundary value problem.

Lemma 2.6. Let (C1)–(C5) be held. Then the problem of finding a solution of (1.1)–(1.4)
is equivalent to the problem of determining the functions u(x, t) ∈ XT

0 , q(t) ∈ C1[0, T ] and

k(t) ∈ C[0, T ] satisfying











(∂αt u)(x, t) +Au(x, t) = q(t)ut(x, t) + (k ∗ u)(t) + f(x, t), (x, t) ∈ QT
0 ,

u(x, 0) = a(x), ut(x, 0) = b(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ΣT
0 ,

(2.32)
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and

q(t) =
1

p(t)

(

h2(0)N1[u, l](t) − h1(0)N2[u, l](t)
)

, 0 6 t 6 T, (2.33)

k(t) = Dt

[

1

p(t)

(

h′1(t)N2[u, l](t) − h′2(t)N1[u, l](t)
)

]

, 0 6 t 6 T, (2.34)

where Dt := (d/dt), Ni, i = 1, 2, are defined by (2.39) below and

l(t) =

t
∫

0

k(τ) dτ. (2.35)

On the other hand, if (2.32)–(2.34) has a solution and the technical condition (C1)–(C4) holds,

then there exists a solution to the inverse problem (1.1)–(1.4).

Remark 2.1. From Lemma 2.6, we know that (2.32)–(2.34) is an equivalent form of
the original inverse problem (1.1)–(1.4). So, in the next sections, we discuss (2.32)–(2.34),
other than the original one.

⊳ The solution (u(x, t), q(t), k(t)) ∈ Y T
0 of our inverse problem (1.1)–(1.4) is also a

solution to the problem (2.32) in Y T
0 . Because the problem (2.32) is the same as (1.1)–(1.3).

Therefore, we should show only (2.33) and (2.34). Let the three {u(x, t), q(t), k(t)} functions
be a solution of problem (1.1)–(1.4). Taking into account the conditions of Remark 1.1 and
implies hi ∈ C

1[0, T ], and fractional differentiating both sides of (1.4) respect to t gives

(∂αt u)(xi, t) = (∂αt hi)(t), ut(xi, t) = h′i(t), 0 6 t 6 T. (2.36)

Setting x = xi in Equation (1.1), the procedure yields

∂αt u(xi, t) +Au(xi, t) = q(t)ut(xi, t) +

t
∫

0

k(t− τ)u(xi, τ) dτ + f(xi, t), i = 1, 2. (2.37)

We note that l(t) =
∫ t
0 k(τ)dτ . Then by integration by parts, we get the following equality:

t
∫

0

k(τ)hi(t− τ) dτ = hi(0)l(t) +

t
∫

0

l(t− τ)h′i(τ) dτ. (2.38)

With the help of (2.36) and (2.38), we can rewrite (2.37) as

h′i(t)q(t) + hi(0)l(t) = ∂αt hi(t)+Au(xi, t)− (l ∗ h′i)(t)− f̃i(t) := Ni[u, l](t), i = 1, 2. (2.39)

Due to (C4), we can solve this system to get (2.33) and

l(t) =
1

p(t)

(

h′1(t)N2[u, l](t) − h′2(t)N1[u, l](t)
)

. (2.40)

Furthermore, by differentiating (2.40) concerning t, we get (2.34).
Now we assume that (u, q, k) satisfies (2.32)–(2.34). In order to prove that {u, q, k} is

the solution to the inverse problem (1.1)–(1.4), it suffices to show that {u, q, k} satisfies (1.4).
Setting x = xi to the Equation in (2.32), we have

(∂αt ut)(xi, t) +Au(xi, t) = q(t)ut(xi, t) + (k ∗ u)(t) + f̃i(t). (2.41)
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On the other hand, from (C2), we easily see that 1
p(0)(h

′

1(0)N2[u, l](0)−h
′

2(0)N1[u, l](0)) = 0.

We get (2.40) by integrating (2.34) over [0, t]. From (2.33) and (2.40), we conclude that

h′i(t)q(t) = −hi(0)l(t) + ∂αt hi(t) +Au(xi, t)− (l ∗ h′i)(t)− f̃i(t)

= ∂αt hi(t) +Au(xi, t)− (k ∗ hi)(t)− f̃i(t)

or
f̃i(t) = −h′i(t)q(t) + ∂αt hi(t) +Au(xi, t)− (k ∗ hi)(t). (2.42)

Then substituting (2.42) into (2.41), and using (C3), we have that Pi(t) := u(xi, t) − hi(t),
i = 1, 2), satisfy

{

∂αt Pi(t) = q(t)P ′

i (t) + (k ∗ Pi)(t), t > 0,

Pi(0) = P ′

i (0) = 0.
(2.43)

Then, the fractional initial value problem (2.43) is equivalent to the integral equation (see,
[27, p. 199])

Pi(t) =
1

Γ(α)

t
∫

0

( t
∫

s

(t− τ)α−1k(τ − s) dτ

)

Pi(s) ds

−
1

Γ(α)

t
∫

0

(t− s)α−1q′(s)Pi(s) ds +
1

Γ(α− 1)

t
∫

0

(t− s)α−2q(s)Pi(s) ds, i = 1, 2.

(2.44)

This is a weakly singular homogeneous integral equation, and it has only a trivial solution for
q(t) ∈ C1[0, T ] and k(t) ∈ C[0, T ] (see, [27, p. 205]). Then, u(xi, t) − hi(t) = 0, 0 6 t 6 T ,
i. e., the condition (1.4) is satisfied. This completes the proof of Lemma 2.6. ⊲

At the end of this section, we give a lemma that will be used to estimate q and k.

Lemma 2.7. Let (C1) hold. Then for all (u, q, k) ∈ Y T
0 and l ∈ C1[0, T ], there exists

a constant c > 0 depending on f, a, b, hi, but independent of T , such that

∥

∥Ni[u, l]
∥

∥

C1[0,T ]
6 c
[

1 +
(

Tα/2 + Tα−1
)(

1 + ‖q‖C[0,T ]‖ut‖C([0,T ];D(Aγ))

)

+
(

Tα/2+1 + Tα
)

‖k‖C[0,T ]‖u‖C([0,T ];D(Aγ+1/α)) + T 1/2 ‖l‖C1[0,T ]

]

,
(2.45)

where Ni, i = 1, 2, are the same as those in (2.39) and l(t) is in (2.35).

⊳ By Lemma 2.5 and condition (C1), we see that
∥

∥Ni[u, l]
∥

∥

C[0,T ]
6 ‖∂αt hi‖C[0,T ]+‖Au(xi, t)‖C[0,T ]+

∥

∥l ∗ h′i
∥

∥

C[0,T ]
+‖fi‖C[0,T ] 6 ‖∂αt hi‖C[0,T ]

+ c
(

‖a‖
D(Aγ0+1/α)+‖b‖D(Aγ0 )+T

α/2‖F‖C([0,T ];D(Aγ ))

)

+T 1/2‖l‖C[0,T ]

∥

∥h′i
∥

∥

L2(0,T )
+
∥

∥f̃i
∥

∥

C[0,T ]
.

By the definition of F , the last inequality becomes
∥

∥Ni[u, l]
∥

∥

C[0,T ]
6 ‖∂αt hi‖C[0,T ] + c

[

‖a‖
D(Aγ0+1/α) + ‖b‖D(Aγ0 )

+Tα/2
(

‖q‖C[0,T ]‖ut‖C([0,T ];D(Aγ )) + λ
−1/α
1 T ‖k‖C[0,T ]‖u‖C([0,T ];D(Aγ+1/α))

+ ‖f‖C([0,T ];D(Aγ))

)]

+ T 1/2 ‖l‖C[0,T ]

∥

∥h′i
∥

∥

L2(0,T )
+
∥

∥f̃i
∥

∥

C[0,T ]
,

(2.46)

where we have used

∥

∥v
∥

∥

2

D(Aγ)
=

∞
∑

n=1

λ2γ+2/α
n (v, en)

2 λ−2/α
n 6 λ

−2/α
1 ‖v‖2

D(Aγ+1/α)
.
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On the other hand, direct calculations imply

DtNi[u, l](t) = (∂αt hi)
′ +Aut(xi, t)− (l′ ∗ h′i)(t)− f̃ ′i(t). (2.47)

Here we note that l(0) = 0. By Lemma 2.5, we have

∥

∥DtNi[u, l]
∥

∥

C[0,T ]
6
∥

∥(∂αt hi)
′
∥

∥

C[0,T ]
+ c
[

‖a‖
D(Aγ0+1/α) + ‖b‖D(Aγ0 )

+Tα−1
(

‖q‖C[0,T ]‖ut‖C([0,T ];D(Aγ)) + λ
−1/α
1 T ‖k‖C[0,T ]‖u‖C([0,T ];D(Aγ+1/α))

+ ‖f‖C([0,T ];D(Aγ))

)]

+ T 1/2
∥

∥l′
∥

∥

C[0,T ]

∥

∥h′i
∥

∥

L2(0,T )
+
∥

∥f̃ ′i
∥

∥

C[0,T ]
.

(2.48)

(2.46) and (2.48) bring the desired estimate (2.45). This is complete proof of this lemma. ⊲

3. Existence of the Solution to an Inverse Problem

We can now prove the existence of a solution to our inverse problem, i. e., Theorem 1.1,
which proceeds by a fixed point argument. First, we define the function set

Bρ,T =
{(

ū, q̄, k̄
)

∈ Y T
0 : ū(x, 0) = a(x), ūt(x, 0) = b(x), ū(x, t) = 0,

(x, t) ∈ ΣT
0 , ‖ū‖XT

0
+ ‖q̄‖C1[0,T ] +

∥

∥k̄
∥

∥

C[0,T ]
6 ρ
}

.

Here r is a large constant depending on the initial data a, b, f measurement data hi. For
given (ū, q̄, k̄) ∈ Bρ,T , we consider











(∂αt u)(x, t) +Au(x, t) = F (x, t), (x, t) ∈ QT
0 ,

u(x, 0) = a(x), ut(x, 0) = b(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ΣT
0 ,

(3.1)

where F (x, t) = q̄(t)ūt(x, t) + (k̄ ∗ ū)(t) + f(x, t), and

q(t) =
1

p(t)

(

h2(0)N1[u, l̄ ](t)− h1(0)N2[u, l̄ ](t)
)

, (3.2)

k(t) =
d

dt

(

h′1(t)N2[u, l̄ ](t)− h′2(t)N1[u, l̄ ](t)

p(t)

)

(3.3)

to generate (u, q, k), where l̄(t) =
∫ t
0 k̄(τ) dτ , Ni, i = 1, 2, are the same as those in (2.39).

By Hölder’s inequality, we have

∥

∥

(

k̄ ∗ ū
)

(t)
∥

∥

2

D(Aγ )
6

t
∫

0

∣

∣k̄(t− τ)
∣

∣

2
dτ

t
∫

0

∥

∥u(·, τ)
∥

∥

2

D(Aγ )
dτ 6λ

−2/α
1 t2

∥

∥k̄
∥

∥

2

C[0,t]

∥

∥ū
∥

∥

2

D(Aγ+1/α)
(3.4)

which implies
∥

∥(k̄ ∗ ū)(t)
∥

∥

C([0,T ];D(Aγ))
6 λ

−1/α
1 ρ2T. Furthermore

∥

∥q̄ ūt
∥

∥

2

C([0,T ];D(Aγ))
= max

06t6T

∣

∣

∣

∣

∣

∞
∑

n=1

λ2γn (q̄(t)ūt(·, t), en)
2

∣

∣

∣

∣

∣

6
∥

∥q̄
∥

∥

2

C[0,T ]

∥

∥ūt
∥

∥

2

C([0,T ];D(Aγ))
6ρ4. (3.5)
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Using these results together with f ∈ C1([0, T ];D(Aγ )), we have q̄(t)ūt(x, t)+ k̄ ∗ ū+f(x, t) ∈
C([0, T ];D(Aγ)). By Lemma 2.4, the unique solution u ∈ XT

0 of the problem (3.1), given
by (2.13) satisfies

‖u‖XT
0
6 c
(

‖a‖
D(Aγ+1/α) + ‖b‖D(Aγ ) +

(

Tα−1 + Tα(1−ε)
)

‖F‖C([0,T ];D(Aγ ))

)

. (3.6)

Further, (3.2)–(3.3) define the functions q(t) and k(t) in terms of u. Furthermore, by
Lemma 2.7, we have

‖q‖C1[0,T ] + ‖k‖C[0,T ] 6 c

∥

∥

∥

∥

1

p

∥

∥

∥

∥

C1[0,T ]

(

|h1(0)| + |h2(0)|+ ‖h′1‖C1[0,T ]

+ ‖h′2‖C1[0,T ]

)

(

1 +
(

Tα/2 + Tα−1
)(

1 + ‖q̄‖C[0,T ]‖ut‖C([0,T ];D(Aγ ))

)

+
(

Tα/2+1 + Tα
)∥

∥k̄
∥

∥

C[0,T ]
‖u‖C([0,T ];D(Aγ+1/α)) + T 1/2

∥

∥l̄
∥

∥

C1[0,T ]

)

.

(3.7)

Note l̄(t) =
∫ t
0 k̄(τ) dτ . We obtain

∥

∥l̄
∥

∥

C1[0,T ]
=

∥

∥

∥

∥

∥

t
∫

0

k̄(τ) dτ

∥

∥

∥

∥

∥

C[0,T ]

+
∥

∥k̄
∥

∥

C[0,T ]
6 (1 + T )

∥

∥k̄
∥

∥

C[0,T ]
. (3.8)

Substituting (3.8) into (3.7) yields

‖q‖C1[0,T ] + ‖k‖C[0,T ] 6 c(T )
[

1 + ‖q̄‖C[0,T ]‖ut‖C([0,T ];D(Aγ))

+
∥

∥k̄
∥

∥

C[0,T ]
‖u‖C([0,T ];D(Aγ+1/α) +

∥

∥k̄
∥

∥

C[0,T ]

]

.
(3.9)

This implies that q(t) ∈ C1[0, T ] and k(t) ∈ C[0, T ].
Thus the mapping

Z : Bρ,T → Y T
0 ,

(

ū, q̄, k̄
)

7→ (u, q, k) (3.10)

given by (3.1)–(3.3) is well defined.
The next lemma shows that Z is a contraction map on Bρ,T for sufficiently small T > 0.

More precisely, we have the following result.

Lemma 3.1. Let (C1)–(C5) be hold. For (ū, q̄, k̄), (Ū , Q̄, K̄) ∈ Br,T , define

(u, q, k) = Z(ū, q̄, k̄), (U,Q,K) = Z(Ū , Q̄, K̄). Then for properly small τ > 0, we have

‖(u, q, k)‖Y T
0

6 ρ and

∥

∥(u− U, q −Q, k −K)
∥

∥

Y T
0

6
1

2

∥

∥

(

ū− Ū , q̄ − Q̄, k̄ − K̄
)
∥

∥

Y T
0

(3.11)

for all T ∈ (0, τ ].
Everywhere the following proof, we use cj to denote a constant which depends on Ω, α, γ,

γ0, λ1 and the known functions a, b, f and measurement data hi, i = 1, 2, but independent
of ρ and T .

⊳ First we prove that the operator Z(Bρ,T ) ⊂ Bρ,T for sufficiently small T and suitable
larger ρ. To simplify the calculations, we restrict T ∈ (0, 1]. From Lemma 2.4, (3.4)–(3.6), we
have

‖u‖XT
0
6 cλ

−(γ0−γ)
1

(

‖a‖
D(Aγ0+1/α)+‖b‖D(Aγ0 )

)

+ c
(

Tα−1 + Tα(1−ε)
)

×
(

‖q̄(t)ūt‖C([0,T ],D(Aγ)) +
∥

∥

(

k̄ ∗ ū
)
∥

∥

C([0,T ],D(Aγ))
+ ‖f‖C([0,T ],D(Aγ ))

)

6 c1
[

1 +
(

Tα−1 + Tα(1−ε)
)

(1 + ρ+ ρT )
]

.

(3.12)
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On the other hand, by (3.2)–(3.3), together with Lemma 2.7 and (3.8), we have

‖q‖C1[0,T ] + ‖k‖C[0,T ] 6 c2
(∥

∥N1

[

u, l̄
]∥

∥

C1[0,T ]
+
∥

∥N2

[

u, l̄
]∥

∥

C1[0,T ]

)

6 c3
(

1 + Tα/2 + Tα−1 + ρ
(

Tα/2 + Tα−1
)

‖ut‖C([0,T ];D(Aγ))

+ ρ
(

Tα/2+1 + Tα
)

‖u‖C([0,T ];D(Aγ+1/α)) + ρT 1/2(1 + T )
)

6 c3
(

1 + Tα/2 + Tα−1 + ρ
(

Tα/2 + Tα−1
)

‖u‖XT
0
+ ρT 1/2(1 + T )

)

,

(3.13)

where we have used the assumption T ∈ (0, 1]. Then, adding up (3.12) and (3.13) leads to

∥

∥(u, q, k)
∥

∥

Y T
0

6 c4
(

1 + Tα/2 + Tα−1
)

+ c4ρ
(

Tα/2 + Tα−1
)

×
(

1 + Tα−1 + Tα(1−ε) + ρ(1 + T )
(

Tα−1 + Tα(1−ε)
)

+ T 1/2 + T 3/2
)

.
(3.14)

We choose sufficiently small τ1 such that

c4
(

1 + Tα/2 + Tα−1
)

+ c4ρ
(

Tα/2 + Tα−1
)

×
(

1 + Tα−1 + Tα(1−ε) + ρ(1 + T )
(

Tα−1 + Tα(1−ε)
)

+ T 1/2 + T 3/2
)

6 ρ,
(3.15)

and therefore, for all T < min{1, τ1} we have

∥

∥

(

ū, q̄, k̄
)
∥

∥

Y T
0

6 ρ. (3.16)

That is, Z maps Bρ,T into itself for each fixed T ∈ (0,min{1, τ1}].

Next, we check the second condition of contractive mapping Z. Let (u, q, k) = Z(ū, q̄, k̄)
and (U,Q,K) = Z(Ū , Q̄, K̄). Then we obtain that (u− U, q −Q, k −K) satisfies that

u(x, t)− U(x, t) =

t
∫

0

A−1Y (t− s)F̄ (x, s) ds, (x, t) ∈ QT
0 , (3.17)

and

q(t)−Q(t) =
1

p(t)

(

h2(0)
(

N1

[

u, l̄
]

(t)−N1

[

U, L̄
]

(t)
)

−h1(0)
(

N2

[

u, l̄
]

(t)−N2

[

U, L̄
]

(t)
))

, (3.18)

k(t)−K(t)=
d

dt

(

h′1(t)(N2

[

u, l̄
]

(t)−N2

[

U, L̄
]

(t))−h′2(t)(N1

[

u, l̄
]

(t)−N1

[

U, L̄
]

(t))

p(t)

)

, (3.19)

where L̄(t) =
∫ t
0 K̄(τ)dτ and F̄ := q(ut − Ut) + (q −Q)Ut + k ∗ (u− U) + (k −K) ∗ U.

Using Lemma 2.4, (3.5) and (3.6), we get

∥

∥u− U
∥

∥

XT
0

6 c
(

Tα−1+Tα(1−ε)
)

[

∥

∥

(

q̄−Q̄
)

ūt
∥

∥

C([0,T ],D(Aγ))
+
∥

∥

(

ūt−Ūt

)

q̄
∥

∥

C([0,T ],D(Aγ))

+
∥

∥

(

k̄ − K̄
)

∗ ū
∥

∥

C([0,T ],D(Aγ))
+
∥

∥k̄ ∗
(

ū− Ū
)
∥

∥

C([0,T ],D(Aγ))

]

6 c
(

Tα−1 + Tα(1−ε)
)

×
[

∥

∥q̄ − Q̄
∥

∥

C[0,T ]

∥

∥ūt
∥

∥

C([0,T ];D(Aγ))
+
∥

∥ūt − Ūt

∥

∥

C([0,T ],D(Aγ))

∥

∥q̄
∥

∥

C[0,T ]
+ T 2λ

−1/α
1

×
∥

∥k̄−K̄
∥

∥

C[0,T ]

∥

∥ū
∥

∥

C([0,T ],D(Aγ+1/α))
+T 2λ

−1/α
1

∥

∥ū−Ū
∥

∥

C([0,T ],D(Aγ+1/α))

∥

∥k̄
∥

∥

C[0,T ]

]

6 ρc
(

Tα+Tα(1−ε)
)

max
{

1, T 2λ
−1/α
1

}

[

∥

∥q̄ − Q̄
∥

∥

C[0,T ]
+
∥

∥ū− Ū
∥

∥

XT
0

+
∥

∥k̄ − K̄
∥

∥

C[0,T ]

]

.

(3.20)
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Similarly, by (3.18)–(3.19) and Lemma 2.7, we have

‖q −Q‖C1[0,T ] + ‖k −K‖C[0,T ] 6 ρc
(

Tα/2+1 + Tα−1
)

max
{

1, T 2λ
−1/α
1 , T 3/2

}

×
[

‖q −Q‖C[0,T ] +
∥

∥ū− Ū
∥

∥

XT
0

+
∥

∥k̄ − K̄
∥

∥

C[0,T ]

]

.
(3.21)

Therefore, by (3.20) and (3.21), we have

∥

∥(u− U, q −Q, k −K)
∥

∥

Y T
0

6 cρ
[

(

Tα + Tα(1−ε)
)

max
{

1, T 2λ−1α
1

}

+
(

Tα/2+1 + Tα−1
)

max
{

1, T 2λ
−1/α
1 , T 3/2

}

]

∥

∥(ū− Ū , q̄ − Q̄, k̄ − K̄)
∥

∥

Y T
0

.
(3.22)

Hence we can choose sufficiently small τ2 such that

cρ
[

(

Tα+Tα(1−ε)
)

max
{

1, T 2λ
−1/α
1

}

+
(

Tα/2+1+Tα−1
)

max
{

1, T 2λ
−1/α
1 , T 3/2

}

]

6
1

2
(3.23)

for all T ∈ (0, τ2] to obtain

∥

∥(u− U, q −Q, k −K)
∥

∥

Y T
0

6
1

2

∥

∥(ū− Ū , q̄ − Q̄, k̄ − K̄)
∥

∥

Y T
0

. (3.24)

Estimates (3.16) and (3.24) show that Z is a contraction map on Bρ,T for all T ∈ (0, τ ], if we
choose τ 6 min{1, τ1, τ2}. ⊲

To prove the main result, we should prove the following assertion.

Lemma 3.2. Under conditions (C1)–(C5), for given measurement data hi(t) for i = 1, 2
in (1.4), if the inverse problem (1.1)–(1.4) has two solutions (uj , qj, kj) ∈ Y T

0 (j = 1, 2) for

any time, then (u1, q1, k1) = (u2, q2, k2) in [0, T ].

According to Remark 2.1, we know that (2.32)–(2.34) is equivalent to (1.1)–(1.4). So, in
Lemma 3.2 we discuss the global uniqueness of the inverse problem (2.32)–(2.34).

⊳ Given any time T , let (ui, qi, ki), i = 1, 2, be two solutions to the inverse problem
(2.32)–(2.34) in [0, T ] with the regularity (ui, qi, ki) ∈ Y T

0 . This implies

‖ui, qi, ki‖Y T
0

6 C∗, i = 1, 2, (3.25)

where C∗ is depending on α, T , initial data ϕ and ψ, the known function f and measurement
data hi.

Let ũ = u1 − u2, q̃ = q1 − q2, k̃ = k1 − k2. Then (ũ, q̃, k̃) satisfies











∂αt ũ+Aũ = q1ũt + q̃u2t + k1 ∗ ũ+ k̃ ∗ u2, (x, t) ∈ QT
0 ,

ũ(x, 0) = ũt(x, 0) = 0, x ∈ Ω,

ũ(x, t) = 0, (x, t) ∈ ΣT
0 ,

(3.26)

and

q̃(t) =
1

p(t)

(

h2(0)Aũ(x1, t)− h1(0)Aũ(x2, t)− l̃ ∗ p
)

, (3.27)

k̃(t) =
d

dt

(

h′1(t)(Aũ(x2, t)− l̃ ∗ h′2)− h′2(t)(Aũ(x1, t)− l̃ ∗ h′1)

p(t)

)

, (3.28)

where l̃(t) = l1 − l2 and the functions li, i = 1, 2, satisfy li(t) =
∫ t
0 ki(s)ds. We have to show

∥

∥(ũ, q̃, k̃)
∥

∥

Y T
0

= 0. (3.29)
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Define
σ = inf

{

t ∈ (0, T ] :
∥

∥

(

ũ, q̃, k̃
)∥

∥

Y t
0

> 0
}

. (3.30)

It suffices to prove that σ = T . If (3.30) is not true, then it is obvious that σ is well-defined
and satisfies σ < T . Choose ǫ such that 0 < ǫ < T − σ.

Further, by (2.13), we can write the solution ũ as

ũ(x, t) =

t
∫

0

A−1Y (t− s)F̃ (x, s) ds, (x, t) ∈ Qσ+ǫ
σ , (3.31)

where
F̃ (x, t) = q1ũt + q̃u2t + k1 ∗ ũ+ k̃ ∗ u2.

Then similar to the proofs of Lemma 2.4 and 2.5, we have

‖ũ‖Xσ+ǫ
σ

6 c5
(

ǫα−1 + ǫα(1−ε)
)∥

∥F̃
∥

∥

C([σ,σ+ǫ];D(Aγ ))
, (3.32)

and






∥

∥Aũ(xi, ·)
∥

∥

C[σ,σ+ǫ]
6 c6ǫ

α/2
∥

∥F̃
∥

∥

C([σ,σ+ǫ];D(Aγ ))
,

∥

∥Aũt(xi, ·)
∥

∥

C[σ,σ+ǫ]
6 c7ǫ

α−1
∥

∥F̃
∥

∥

C([σ,σ+ǫ];D(Aγ ))
.

(3.33)

From the definition of σ, we see that

ũ = q̃ = k̃ = 0 in [0, σ]. (3.34)

By the definition of F̃ , and using (3.4), (3.5) and (3.25), we have

‖ũ‖Xσ+ǫ
σ

6 c8
(

ǫα−1 + ǫα(1−ε)
)

(

‖q1ũt‖C([σ,σ+ǫ];D(Aγ )) + ‖q̃u2t‖C([σ,σ+ǫ];D(Aγ ))

+ ‖k1 ∗ ũ‖C([σ,σ+ǫ];D(Aγ )) +
∥

∥k̃ ∗ u2
∥

∥

C([σ,σ+ǫ];D(Aγ))

)

6 c8C
∗
(

ǫα−1 + ǫα(1−ε)
)

×
(

‖ũt‖C([σ,σ+ǫ];D(Aγ ))+‖q̃‖C[σ,σ+ǫ]+λ
−1/α
1 ǫ‖ũ‖C([σ,σ+ǫ];D(Aγ+1/α))+λ

−1/α
1 ǫ

∥

∥k̃
∥

∥

C[σ,σ+ǫ]

)

.

(3.35)

Due to q̃(σ) = 0, then implies

‖q̃‖C[σ,σ+ǫ] = max
σ6t6σ+ǫ

∣

∣

∣

∣

∣

t
∫

σ

q̃ ′(s) ds

∣

∣

∣

∣

∣

6 ǫ ‖q̃‖C1[σ,σ+ǫ]. (3.36)

Substituting (3.36) into (3.35), we have

‖ũ‖Xσ+ǫ
σ

6 c8C
∗
(

ǫα−1 + ǫα(1−ε)
)

max
{

1, ǫ, λ
−1/α
1 ǫ

}
∥

∥

(

ũ, q̃, k̃
)
∥

∥

Y σ+ǫ
σ

. (3.37)

Note ‖q̃‖C1[0,σ] = ‖k̃‖C[0,σ] = 0. On the other hand, by (3.27), and using (3.33), we have
the following estimate for q̃

‖q̃‖C1[σ,σ+ǫ]6c9
(

ǫα/2+ǫα−1
)

(

∥

∥

∥

∥

h2(0)

p(t)

∥

∥

∥

∥

C1[σ,σ+ǫ]

+

∥

∥

∥

∥

h2(0)

p(t)

∥

∥

∥

∥

C1[σ,σ+ǫ]

)

∥

∥F̃
∥

∥

C([σ,σ+ǫ];D(Aγ ))

+ ǫ1/2 ‖p‖C[σ,σ+ǫ]

∥

∥l̃
∥

∥

C[σ,σ+ǫ]
6 c9C(hi)

(

ǫα/2 + ǫα−1
)

(

‖ũt‖C([σ,σ+ǫ];D(Aγ ))

+ ǫ ‖q̃‖C1[σ,σ+ǫ] + λ
−1/α
1 ǫ ‖ũ‖C([σ,σ+ǫ];D(Aγ+1/α))

)

+ C(hi) ǫ
3/2
∥

∥k̃
∥

∥

C[σ,σ+ǫ]
,

(3.38)
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where we have used that

∥

∥l̃
∥

∥

C[σ,σ+ǫ]
= max

σ6t6σ+ǫ

∣

∣

∣

∣

∣

t
∫

σ

k̃(s) ds

∣

∣

∣

∣

∣

6 ǫ
∥

∥k̃
∥

∥

C[σ,σ+ǫ]
.

Similar to (3.38), by (3.28) we can easily estimate for k̃ as follows

∥

∥k̃
∥

∥

C[σ,σ+ǫ]
6 C(hi)

[

c10
(

ǫα/2 + ǫα−1
)

(

‖ũt‖C([σ,σ+ǫ];D(Aγ )) + ǫ ‖q̃‖C1[σ,σ+ǫ]

+λ
−1/α
1 ǫ ‖ũ‖C([σ,σ+ǫ];D(Aγ+1/α))

)

+ ǫ3/2
∥

∥k̃
∥

∥

C[σ,σ+ǫ]

]

.
(3.39)

From (3.37)–(3.39), we obtain

∥

∥

(

ũ, q̃, k̃
)
∥

∥

Yσ,σ+ǫ
6 C(hi, C

∗)η(ǫ)
∥

∥

(

ũ, q̃, k̃
)
∥

∥

Yσ,σ+ǫ
(3.40)

with limǫ→+0 η(ǫ) = limǫ→+0(ǫ
α/2+2ǫα−1+ ǫα(1−ε))max{1, ǫ, λ

−1/α
1 ǫ, ǫ3/2} = 0, and implying

‖(ũ, q̃, k̃)‖Yσ,σ+ǫ = 0 for some sufficiently small positive constant ǫ. This means that
(u1 − u2, q1 − q2, k1 − k2) vanishes in [0, σ + ǫ], which contradicts with the definition of σ.
Therefore (3.29) is proved. From here, we can conclude that (u1, q1, k1) = (u2, q2, k2) in [0, T ]
for any time T . ⊲

4. Proof of the Main Result

In this section, we give proof of the global solubility of the solution to our inverse problem,
i. e., Theorem 1.1.

Lemma 3.1 ensures that there exists a unique solution (u, q, k) ∈ Y τ
0 of the inverse problem

(2.32)–(2.34) for sufficiently small τ > 0. In this section, we show that the unique solution
(u, q, k) in [0, τ ] can be extended to a large time interval [0, 2τ ].

To do this, we consider


















































(∂αt v)(x, t) +Av(x, t) = y(t)vt(x, t) +

τ
∫

0

k(t− s)u(x, s) ds

+

t
∫

τ

r(t− s)v(x, s) ds + f(x, t), (x, t) ∈ QT
τ ,

v(x, τ) = u(x, τ), vt(x, τ) = ut(x, τ), x ∈ Ω,

v(x, t) = 0, (x, t) ∈ ΣT
τ ,

(4.1)

and

y(t) =
1

p(t)

(

h2(0)N1[v, l̂
τ ](t)− h1(0)N2

[

v, l̂ τ
]

(t)
)

, τ 6 t 6 T, (4.2)

r(t) =
d

dt

(

h′1(t)N2

[

v, l̂ τ
]

(t)− h′2(t)N1

[

v, l̂ τ
]

(t)

p(t)

)

, τ 6 t 6 T, (4.3)

where

Ni

[

v, l̂ τ
]

(t) := ∂αt hi(t) +Av(xi, t)−

τ
∫

0

l(t− s)h′i(s) ds −

t
∫

τ

l̂ τ (t− s)h′i(s) ds− f̃i(t), (4.4)
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and l̂τ (t) =
∫ t
τ r(s)ds. Obviously, if we prove that there exists a solution (v, y, r) ∈ Y T

τ with

some T > 2τ , then (ũ, q̃, k̃) defined by

(

ũ, q̃, k̃
)

=

{

(u, q, k), t ∈ [0, τ ],

(v, y, r), t ∈ [τ, 2τ ],
(4.5)

is a solution of the inverse problem (4.1)–(4.3) on the larger interval [0, 2τ ].
We repeat a similar fixed-pointed argument to prove the existence of (v, y, r). Define

an operator
K : B̃ρ̃,T → Y T

τ , (v̄, ȳ, r̄) → (v, y, r) (4.6)

with (v̄, ȳ, r̄) ∈ B̃ρ̃,T , where

B̃ρ̃,T =
{

(v̄, ȳ, r̄) ∈ Y T
τ : v̄(x, τ) = u(x, τ), v̄t(x, τ) = ut(x, τ), x ∈ Ω,

v̄(x, t) = 0, (x, t) ∈ ΣT
τ , ‖v̄‖XT

τ
+ ‖ȳ‖C1[τ,T ] + ‖r̄‖C[τ,T ] 6 ρ̃

}

.

Here v is the solution to the initial and boundary value problem










(∂αt v) (x, t) +Av(x, t) = F̃ (x, t), (x, t) ∈ QT
τ ,

v(x, τ) = u(x, τ), vt(x, τ) = ut(x, τ), x ∈ Ω,

v(x, t) = 0, (x, t) ∈ ΣT
τ ,

(4.7)

where

F̃ (x, t) = ȳ(t)v̄t(x, t) + (k ∗ u)(τ) + (r̄ ∗ v̄)(τ + t) + f(x, t), (x, t) ∈ QT
τ . (4.8)

Furthermore, y is the solution of (4.2) in terms of v and r is (4.3). Additionally, we have
u(·, τ) ∈ D(Aγ0+1/α) and ut(·, τ) ∈ D(Aγ0). Indeed, in view of (2.13), u(x, τ) can be written as

u(x, τ) = Z1(τ)a(x) + Z2(τ)b(x) +

τ
∫

0

A−1Y (τ − s)F (x, s) ds (4.9)

with F (x, t) = q(t)ut(x, t)+(k∗u)(t)+f(x, t) ∈ C([0, τ ];D(Aγ)) such that ‖F‖C([0,τ ];D(Aγ)) 6

c5(ρ, τ, λ1, f). Then, by Lemma 1.1, we have

∥

∥u(·, τ)
∥

∥

2

D(Aγ0+1/α)
=

∞
∑

n=1

λ2γ0+2/α
n

∣

∣(a, en)
∣

∣

2 ∣
∣Eα,1(−λnτ

α)
∣

∣

2

+

∞
∑

n=1

λ2γ0+2/α
n

∣

∣(b, en)
∣

∣

2 ∣
∣τEα,2(−λnτ

α)
∣

∣

2
+

∞
∑

n=1

λ2γ0+2/α
n

∣

∣

∣

∣

∣

τ
∫

0

(F (·, s), en)(τ − s)α−1

×Eα,α(−λn(τ − s)α) ds

∣

∣

∣

∣

∣

2

6 c211
∥

∥a
∥

∥

2

D(Aγ0+1/α)
+ c212

∞
∑

n=1

λ2γ0n

∣

∣(b, en)
∣

∣

2
∣

∣

∣

∣

(λnτ
α)1/α

1 + λnτα

∣

∣

∣

∣

2

+ c213

∞
∑

n=1

max
06s6τ

∣

∣(Aγ [F ](·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

τ
∫

0

(τ − s)α−αε−1 ds

∣

∣

∣

∣

∣

2

λ−2(γ−γ0−1/α+ε)
n .

By γ > γ0 + 1/α− ε, together with (1.4), we get

‖u(·, τ)‖
D(Aγ0+1/α) 6 c14

(

‖a‖
D(Aγ0+1/α) + ‖b‖D(Aγ0 )

+λ
−γ+γ0+1/α−ε
1 τα(1−ε)‖F‖C([0,τ ];D(Aγ ))

)

.
(4.10)
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According to the (2.18), we have

ut(x, τ) =

∞
∑

n=1

{

−λnτ
α−1(a, en)Eα,α(−λnτ

α) + (b, en)Eα,1(−λnτ
α)
}

en(x)

+

∞
∑

n=1

{ τ
∫

0

(F (·, s), en)(τ − s)α−2Eα,α−1(−λn(τ − s)α) ds

}

en(x).

(4.11)

Then, by Lemma 1.1 and applying (1.4) again, we have

∥

∥ut(·, τ)
∥

∥

2

D(Aγ0 )
=

∞
∑

n=1

λ2γ0n λ2n
∣

∣(a, en)
∣

∣

2 ∣
∣τα−1Eα,α(−λnτ

α)
∣

∣

2
+

∞
∑

n=1

λ2γ0n

∣

∣(b, en)
∣

∣

2

×
∣

∣Eα,1(−λnτ
α)
∣

∣

2
+

∞
∑

n=1

λ2γ0n

∣

∣

∣

∣

∣

τ
∫

0

(F (·, s), en)(τ − s)α−2Eα,α−1(−λn(τ − s)α) ds

∣

∣

∣

∣

∣

2

6 c215

∞
∑

n=1

λ2γ0+2/α
n (a, en)

2

(

(λnτ
α)(α−1)/α

1 + λnτα

)2

+ c211

∞
∑

n=1

λ2γ0n (b, en)
2

+
∞
∑

n=1

max
06s6τ

∣

∣(Aγ [F ](·, s), en)
∣

∣

2

∣

∣

∣

∣

∣

τ
∫

0

sα−2Eα,α−1(−λns
α) ds

∣

∣

∣

∣

∣

2

λ−2γ+2γ0
n

6 c216
∥

∥a
∥

∥

2

D(Aγ0+1/α)
+ c211

∥

∥b
∥

∥

2

D(Aγ0 )
+

∞
∑

n=1

max
06s6τ

∣

∣(Aγ [F ](·, s), en)
∣

∣

2

×
∣

∣τα−1Eα,α(−λnτ
α)
∣

∣

2
λ−2γ+2γ0
n 6 c216

∥

∥a
∥

∥

2

D(Aγ0+1/α)
+ c211

∥

∥b
∥

∥

2

D(Aγ0 )

+
∞
∑

n=1

max
06s6τ

∣

∣(Aγ [F ](·, s), en)
∣

∣

2
∣

∣

∣

∣

(λnτ
α)(α−1)/α

1 + λnτα

∣

∣

∣

∣

2

λ−2γ+2γ0+2/α−2
n ,

(4.12)

where we have used

t
∫

0

sα−2Eα,α−1(−λns
α) ds =

t
∫

0

d

ds

(

sα−1Eα,α(−λns
α)
)

ds = tα−1Eα,α(−λnt
α).

By γ > γ0 + 1/α − ε for 1/α < ε < 1, we have 2γ − 2γ0 − 2/α + 2 > 0.

Thus,

∥

∥ut(·, τ)
∥

∥

D(Aγ0 )
6 c17

(

‖a‖
D(Aγ0+1/α) + ‖b‖D(Aγ0 ) + ‖F‖C([0,τ ];D(Aγ ))

)

. (4.13)

Moreover, by (3.12) we have

‖v‖XT
τ
6 c18λ

−(γ0−γ)
1

(

‖u(·, τ)‖
D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )

)

+ c19
(

(T − τ)α−1

+(T − τ)α(1−ε)
)(

‖ȳ(t)v̄t‖C([τ,T ],D(Aγ))+‖(k ∗ u)‖C([0,τ ],D(Aγ))+‖(r̄ ∗ ū)‖C([τ,T ],D(Aγ ))

+ ‖f‖C([τ,T ],D(Aγ))

)

6 c20λ
−(γ0−γ)
1

(

‖u(·, τ)‖
D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )

)

+ c21
(

(T − τ)α−1 + (T − τ)α(1−ε)
)(

ρ̃+ λ
−1/α
1 ρτ + λ

−1/α
1 ρ̃(T − τ) + c1

)

.

(4.14)
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On the other hand, by (4.2), and using (3.33), we have the following estimate for y

∥

∥y
∥

∥

C1[τ,T ]
6
∣

∣h2(0)
∣

∣

∥

∥p−1
∥

∥

C1[τ,T ]

∥

∥N1

[

v, l̂ τ
]
∥

∥

C1[τ,T ]
+
∣

∣h1(0)
∣

∣

∥

∥p−1
∥

∥

C1[τ,T ]

×
∥

∥N2

[

v, l̂τ
]∥

∥

C1[τ,T ]
6

2
∑

i=1

[

C(hi)
(

1 + ‖u(·, τ)‖
D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )

)

+C(hi, f̃i) + C(hi)
(

(T − τ)α/2 + (T − τ)α−1
)

‖ȳ‖C[τ,T ]‖v̄t‖C([τ,T ];D(Aγ))

+C(hi)
(

(T − τ)α/2+1 + (T − τ)α
)

‖r̄‖C[τ,T ]‖v̄‖C([τ,T ];D(Aγ+1/α))

+C(hi, f)
(

(T − τ)α/2 + (T − τ)α−1
)

+
∥

∥l̂ τ ∗ h′i
∥

∥

C1[τ,T ]
+C(hi)C

∗

]

6 c22
(

‖u(·, τ)‖
D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )

)

+ c23 + c24
(

(T − τ)α/2 + (T − τ)α−1
)

+ c25
(

(T − τ)α/2+1 + (T − τ)α
)

+ c26
(

T − τ + (T − τ)3/2
)

.

(4.15)

The last term becomes from
∥

∥l̂ τ ∗ h′i
∥

∥

C1[τ,T ]
6
∣

∣h′i(0)
∣

∣

∥

∥l̂ τ
∥

∥

C[τ,T ]
+
∥

∥l̂ τ
∥

∥

C[τ,T ]

∥

∥h′′i
∥

∥

L1(τ,T )
+ (T − τ)1/2

∥

∥l̂ τ
∥

∥

C[τ,T ]

∥

∥h′i
∥

∥

L2(τ,T )
,

here we notice that, by the Sobolev embedding theorem, we have ‖hi‖W 2,1(τ,T ) 6

c‖∂αt hi‖C1[0,T ] (see Remark 1.1). Similarly, we have

‖r‖C[τ,T ] 6 c̃22
(

‖u(·, τ)‖
D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )

)

+ c̃23 + c̃24
(

(T − τ)α/2

+(T − τ)α−1
)

+ c̃25
(

(T − τ)α/2+1 + (T − τ)α
)

+ c̃26
(

T − τ + (T − τ)3/2
)

.
(4.16)

We set T − τ 6 1. Combining the estimates (4.14)–(4.16), as a result we have

‖(v, y, r)‖Y T
τ

6 c27
(

‖u(·, τ)‖
D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )

)

+ c28
(

(T − τ)α−1

+(T−τ)α(1−ε)
)

(1+τ) + c29
(

(T−τ)α+(T−τ)α(1−ε)+1
)

+ c30
(

(T−τ)α/2+(T−τ)α−1
)

+ c31
(

(T − τ)α/2+1 + (T − τ)α
)

+ c32
(

T − τ + (T − τ)3/2
)

+ c33.

(4.17)

Moreover, using (4.10) and (4.13), by similar calculations to (3.22), we have
∥

∥K(v1, y1, r1)−K(v2, y2, r2)
∥

∥

Y T
τ

6 c34

[

(

(T − τ)α−1 + (T − τ)α(1−ε)
)

(1 + τ) + (T − τ)α + (T − τ)α(1−ε)+1

+(T − τ)α/2 + (T − τ)α−1 + T − τ + (T − τ)3/2
]

∥

∥v1 − v2, y1 − y2, r1 − r2
∥

∥

Y T
τ
.

(4.18)

We choose ρ̃ such that ρ̃ > ρ and c27(‖u(·, τ)‖D(Aγ0+1/α) + ‖ut(·, τ)‖D(Aγ0 )) + c33 6 ρ̃/2. It is
easy to see that if we choose ρ̃ larger, then we could get larger T − τ to satisfy

c28
(

(T − τ)α−1 + (T − τ)α(1−ε)
)

(1 + τ)

+ c29
(

(T − τ)α + (T − τ)α(1−ε)+1
)

+ c30
(

(T − τ)α/2 + (T − τ)α−1
)

+ c31
(

(T − τ)α/2+1 + (T − τ)α
)

+ c32
(

T − τ + (T − τ)3/2
)

6
ρ̃

2
.

(4.19)

Furthermore noticing that (4.19) and (3.15) have the same structure, we can choose T −τ = τ
to satisfy (4.19), which yields ‖K(v, y, r)‖Y T

τ
6 ρ̃, i. e., K(B̃ρ̃,T ) ⊂ B̃ρ̃,T . Additionally,

∥

∥K(v1, y1, r1)−K(v2, y2, r2)
∥

∥

Y T
τ

6
1

2

∥

∥(v1 − v2, y1 − y2, r1 − r2)
∥

∥

Y T
τ
. (4.20)
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Hence we prove that K is a contraction operator on B̃r̃,T for T = 2τ .
Repeating the extension process limited times, we could obtain a solution (u, q, k) ∈ Y T

0

of the inverse problem (2.32)–(2.34) for any T . Lemma 2.6 shows that the inverse
problem (2.32)–(2.34) is equivalent to our inverse problem. Consequently, the inverse
problem (1.1)–(1.4) also admits a unique solution (u, q, k) in the space XT

0 ×C1[0, T ]×C[0, T ]
for any T .

5. Example

In this section, as an illustration, we give an example of the inverse problem (1.1)–(1.4)
when d = 2. In this case, we assume that A ≡ −∆ := −∂2x − ∂2y . Let Ω = (0, 1) × (0, 1)

be open rectangular. Then in the domain QT
0 := {(x, y, t) : (x, y) ∈ Ω, 0 < t < T} we have

the following problem:

∂αt u(x, y, t) −∆u(x, y, t) = q(t)ut(x, y, t) +

t
∫

0

k(t− s)u(x, y, s) ds −∆a(x, y)

− t∆b(x, y) + 2
(

1− e−t +
(

15 + π2
)

t
)

b(x, y)−
(

1− e−t
)

a(x, y), (x, y, t) ∈ QT
0 ,

(5.1)

with initial
{

u(x, y, 0) = a(x, y) := sin 2πx sin 2πy, (x, y) ∈ Ω,

ut(x, y, 0) = b(x, y) := (10 − 32x2)y sinπx sinπy, (x, y) ∈ Ω,
(5.2)

and boundary conditions

u(0, y, t) = u(1, y, t) = 0, u(x, 0, t) = u(x, 1, t) = 0, t ∈ (0, T ). (5.3)

In the inverse problem, it is required to find the functions q(t) k(t), if there are additional
information regarding the solution of the direct problem (1.1)—(1.3):

u

(

1

4
,
1

4
, t

)

= 1 + t, u

(

1

2
,
1

2
, t

)

= t, 0 6 t 6 T. (5.4)

It is not difficult to check that all given data satisfy conditions (C1)–(C4). Then, by Lemma 2.6
the solution of the inverse problem (1.1)–(1.3) is of the form

u(x, t) = sin 2πx sin 2πy + t
(

10− 32x2
)

y sinπx sinπy,

k(t) = e−t, q(t) = e−t − 1−
(

31 + 2π2
)

t.
(5.5)

Of course, the solution of the inverse problem (5.1)–(5.4) also satisfies the conditions of Theo-
rem 1.1.

Conclusion. The weak solubility of a nonlinear inverse boundary value problem for a d-
dimensional fractional diffusion-wave equation with natural initial conditions was studied
in the work. First, the existence and uniqueness of the direct problem were investigated.
The considered problem was reduced to an auxiliary inverse boundary value problem in
a certain sense and its equivalence to the original problem was shown. Then, the local
existence and uniqueness theorem for the auxiliary problem is proved using the Fourier method
and contraction mappings principle. Further, based on the equivalency of these problems,
the global existence and uniqueness theorem for the weak solution of the original inverse
coefficient problem was established for any value of time.
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ОПРЕДЕЛЕНИЕ КОЭФФИЦИЕНТА И ЯДРА В d-МЕРНОМ
ДРОБНОМ ИНТЕГРО-ДИФФЕРЕНЦИАЛЬНОМ УРАВНЕНИИ
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Аннотация. Настоящая работа посвящена получению однозначного решения обратной задачи для
многомерного дробно-временного интегро-дифференциального уравнения. В случае дополнительных
данных рассмотрим обратную задачу. Неизвестный коэффициент и ядро однозначно определяются до-
полнительными данными. Используя теорему о неподвижной точке в подходящих пространствах Со-
болева, получены глобальные во времени результаты существования и единственности этой обратной
задачи. В работе исследована слабая разрешимость нелинейной обратной краевой задачи для d-мерного
дробного диффузионно-волнового уравнения с естественными начальными условиями. Сначала иссле-
довались существование и единственность прямой задачи. Рассматриваемая проблема заключалась в
сведена к вспомогательной обратной краевой задаче в определенном смысле и показана ее эквивалент-
ность исходной задаче. Затем с использованием метода Фурье и принципа сжимающих отображений
доказывается локальная теорема существования и единственности вспомогательной задачи. Далее на
основе эквивалентности этих задач была установлена глобальная теорема существования и единствен-
ности слабого решения исходной обратной коэффициентной задачи для любого значения времени. Далее
на основе эквивалентности этих задач была установлена глобальная теорема существования и единствен-
ности слабого решения исходной обратной коэффициентной задачи для любого значения времени.

Ключевые слова: дробное волновое уравнение, дробная производная Капуто, метод Фурье, функ-
ция Миттаг-Леффлера, неравенство Бесселя.
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