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Awnnoranus. B npejgaraemoii pabore uccieyercs 3ajada ONTUMAILHOTO YIPABIEHUSA CTOXACTUIECKOM
CUCTEMOM, JUHAMUKA KOTOPOW OIMUCBHIBAETCH CTOXACTHIECKUM AuMOEPEHITUAIbHBIM YPABHEHUEM C IaCT-
HBIMY ITPOU3BOIHBIMY BTOPOTO MOPSIIKA THIEPOOINIECKOro TUITa, ¢ KpaeBbiMu ycjaoBusiMu ['ypca. Cucrema
YIPABJIAETCS C MMOMOIILI0 U3MEPUMbIX W OMPAHMYEHHBLIX ylpasieHuil. PaccMmarpuBaercs: ciydail, Korja
JABYXIIAPAMETPUYIECKUI «Oesblii IyM» BXOJUT B MPABYIO YaCThb YIIPABJISAEMON CUCTEMbl HEJIMHEHHDBIX T'H-
1epOOJIMYECKUX YPaBHEHUI BTOPOro mopsijika. Llesib ynpaB/ieHnsi COCTOUT B MUHUMU3AIUN MaTeMaThde-
CKOT'O OXKHUJAHUS DYHKIINOHAIA KAIeCTBA B (PUHAIBHON TOUKe 00IaCTH. 33891 TAKOTO BUJIA BOZHUKAIOT,
HaIlpUMep, IIPU MOJIETUPOBAHUN PsiJia MPOIECCOB CYIIKH, COPOIMM U JAPYTUX MPU HAJUYUUA CJIYIaAHBIX
BOBJIEHCTBUI THIA CTAHJAPTHBIX JIBYXIAapaMeTPUIECKUX «OesbIX IIyMOB» Ha IIOCKOCTU. VICmob3yst Mo-
AUDUIUPOBAHHBIM BADUAHT METOa IPUPAINEHUs, YCTAHOBJeHa (DOpPMyJia IPUPAINECHUS KPUTEPUS Kade-
CTBa BTOPOTO MOPsIAKA JJIsi PYHKIIMOHAJIA KaYeCTBa, KOTOPasi O3BOJISIET TOJIYYUTh HEOOXOIUMBbIE yCJIOBUS
ONTUMAJIBHOCTH TIEPBOTO IOPSI/IKa THUIA JIMHEAPU30BAHHOIO MPUHIMNA MakcuMmyma [loHTpsirmHa, a Tak-
2Ke MCCIIEI0BATH KBA3UOCOObIe yIpaBaeHus (T. €. Caydail BHIPOKIECHNs YCIAOBUSA ONTUMAJIBLHOCTH TIEPBOrO
[IOPSAJIKA), B PACCMATPUBAECMOI CTOXACTUIECKON 3aJade. YCTaHOBJIEHBI HEOOXOAUMBIE YCIOBUS OINTHMAJIb-
HOCTHU TIEPBOTO U BTOPOTO MOPsIKa. B KOHIE, MPUMEHsIs CIIENUAIbHYI0 BAPUAIUIO YIIPABJIEHUSI, IOy Y€HO
[IOTOYEYHOE HEOOXOIUMOe YCJIOBUE ONTHUMAJIBHOCTH KBA3UOCOOBIX YIIPABJICHUA.

KutroueBsble ciioBa: croxactryeckast yrpasisiemast cucrema ['ypca — ap0Oy, dopmyita npupaleHust Kpu-
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1. Benenue

st 3anaqu onTuMasbHOro yupasienust cucremamu I'ypea — Tap6y A. 1. Eroposbiv B [1]
OBLIO ITOJIYYE€HO OJIHO U3 IEPBBIX B KJIACCE PACIPEIETEHHBIX CUCTEM HEOOXOIUMBIX YCJIOBUN
onTuMaJibHOCTH Tuita npuHimna Makcumyma JI. C. IlorrTpsiruna. B gaJibHeilinieM BOIIPOCHI

© 2024 Mancumos K. B., Macranues P. O.



106 Mancumos K. B., Macrames P. O.

BBIBOJ[& HEOOXO/IMMbBIX YCJIOBUI ONTUMAJBHOCTU TUIIA IPUHIIAIIA MAKCUMYMa, & TAKYKe UCCTIe-
JIOBaHUE 0COOBIX Cilydaes (T. e. CIyvaeB BHIPOXK IEHUs IIPUHIMI MakcumyMa [TonTpsiruna) s
3aJ1a9 ONTUMAJILHOTO yipasieHusi cucremoit ['ypca — lapby npu pasindHbIX TPEIIOI0zKe-
HUSIX Ha JIaHHBIE 3aJa4 PAcCMaTpUBAIM MHOrue aBTopbl (cMm. Hamp. [2-8]). Bo Bcex Bbiiie
[IEPEYUCIIEHHBIX PAbOTaX MCCJIeI0BAHBI 38149l YIIPABICHUS JIeTePMUHUPOBAHHBIMU CHCTEMA~
mu ['ypca — JlapOy. UccienoBanuio ke 33129 ONTUMAJILHOIO YIIPABIECHUST CTOXACTUIECKIMHI
cucremamu ['ypca — lapby nocesitiensl paborst [9-17] u ap., cBsi3aHHbIE ¢ BBIBOJOM HEOOXO-
JIUMBIX YCJIOBUI ONTUMAJIBHOCTH [IEPBOTO M BTOPOT'O MOPSIJIKOB MIPU PA3IUIHBIX ITPEIIIOI0KE-
HUSIX.

B macrositiieit pabore [ijist 3aJa91 ONTUMAJIBLHOTO YIIPABJIEHUSI, ONKUCHIBAEMON CTOXACTH-
geckoit cucremoit ['ypca — [lapby, mcciemoBanbl Ha ONTHUMAJILHOCTD KBA3MOCOOBLIE YIIPaBJie-
uust [6-8].

UccnemoBanme paccMaTpuBaeMOl 3aJadi MTPOBOAUTCS HA OCHOBE CXEMBI, SIBJISIIOIIENCsT
0600IIeHeM CXeM, MPEJIJIOKEHHBIX U Pa3BUTHIX B paborax [6-8|.

2. IlocranoBka 3aga4du

[Iycre D =T x X = [tg,t1] X [xg,21] — 3a4aHHBIA OPSIMOYTOJIBHUK, & HOTOK 0-ajrebp
Fy = Fi,(y = (t,z)) ecrpb cemeiicTBo o-anrebp Fy, € F, onpeJie/IeHHbIX HA OCHOBHOM BEpPOSIT-
HocTHOM npocrpancrse (2, F, P), npudem Fy C Fy, ecim y < ¢/, me. t < ¢/, 2 < o', Bnecw
F=a(W(r,s),tg <7 <t,zg < s <x)— o-anrebpa, IOPOXKJIEHHAS JIBYyXIIAPAMETPHYECKIM
BuHepoBckuM tporeccom W (t, x), (t,z) € D.

PaccMoTpuM  ynpap/isieMblil IPOIece, ONMCBIBAEMBIH CHCTEMOi croxacTudeckux audde-
PEeHIMAIBHBIX YPABHEHUI B 9YaACTHBIX MPOM3BOIHBIX THHEPOOJINIECKOTO THIIA,

O*W (¢
Ztx :f(t,x,z,zt,zm,u)+g(t,x,z) #’ (t,:ﬂ) GD’ (21)
C KpaeBbIMU yCJIOBUSIMU THIa ['ypca
z(to,x) = a(z), v € X, z(t,zo) =0b(t), t €T, (2.2)

B 3aJaHHoil obsiactu D.

[Tpumem ciieyronuii HAOOP IPEIIOIOKEHHIA:

1) p= (2,2, 2:) (Becromy «(')» — 3HAK TpaHCIOHHPOBAHMA);

2) f(t,x,p,u) — 3amannas n-mepHasi BeKTOp (YHKIUS, HENPEPLIBHAS 110 COBOKYIIHOCTU
[IEPEMEHHBIX BMECT€e C YaCTHBIMU IIPOU3BOJHBIMHE 110 (P, %) /10 BTOPOTO MOPSI/IKA BKJIFOYUTEb-
HO;

3) g(t,x,z) — 3amannas (n X n) MarpudHasi QYHKIWs, HEIPEPbIBHAS 110 COBOKYIIHOCTU
[ePEeMEHHBIX BMECTE C YaCTHBIMHU IPOU3BOIHBIMU IO Z JI0 BTOPOTO IIOPSIKA;

4) 3ajaHHBIe KpaeBble n-MepHble BeKTOp (yHKImu a(z), b(t) yIoBIETBOPSIOT YCIOBHUIO
Jlunmuna;

5) % ecThb JIByXIapaMeTpuiecKuii «besiblii myM» Ha miaockoctu |9);

xr

6) yupasisiiomast BeKrop-GyHKus u(t, x) IPUHAIIEKUT KIACCY U3MEPUMBIX M OIDAHU-
YeHHBIX (DYHKIUiT ¥ IpUHUMAET 3HAYeHUs U3 BBIIYKJIOil obaactn U HEKOTOPOro 7-MepHOro
JmHeitHOrO TpocTpancTa R, T. e.

u(t,x) e U C R" (u(t,x) € Loo(D,U)). (2.3)

Taxwue yupasistomue (GpyHKIIUT HA30BEM JIOIYCTUMBIMH.
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[Tox pemennem 3a1aun (2.1)—(2.2), COOTBETCTBYIOIIEM JIOMYCTUMOMY yIpaBieHuto u(t, ),
HOHUMAeTCsl cirydaiinas dyukuus z(t, ), nomgauHeHHasi nHoToky o-aarebp {F, (t,z) € D},
JUIst KOTOpOii cooTHorennst (2.1)—(2.2) BblmosHsitorest ¢ BeposiTHOCTBIO 1 (cM. Hampumep, |9,
18]).

Cumraercs, 9TO KaxKJOMY JIOILyCTHMOMY YIIPaBJIeHUIO u(t, ) COOTBETCTBYET €JINHCTBEHHOE
pemtenue z(t, ) kpaesoit 3agadn (2.1)—(2.2) B yKasaHHOM CMBICIIE.

Ha pemennsx kpaesoit 3agaqn (2.1)—(2.2), MOPOXKAEHHBIX BCEBO3MOKHBIMH JIOILY CTHMBIMI
YIPABIIEHUSIMH, OIIPEJIEJINM TePMUHAJIBHBI (DYHKIMOHA KAuecTBa BHJIA

S(u) = Eo(z(t, z1)), (2.4)

rie ¢(z) — 3a1aHHast, IBayK bl HenpepbIBHO-uddepenipyemast ckaasipaast QyHkimst, a F —
3HAaK MATEMaTHYeCKOTO OKUJIAHNS.

PaccMoTpuM clIeAyonyo 3a1ady ONTUMAJILHOTO yIIPABICHHUS: HANTH TAKOE JOIIyCTUMOE
yupasjenne u(t,x), 9rodbl pu 3TOM (DYHKIHOHAJ KadecTBa (2.4) NpUHUMA HAUMEHBIIIee
BO3MOKHOE 3HAYCHHE.

Henbio npemiaraeMoil paboThl ABJIAETCS Oy 9eHNe CTOXACTUYIECKOr0 aHajora HeoOXOomu-
MOTO YCJIOBHsI OITHMAJIbHOCTU KBA3MOCOOBIX YIPaBIeHHi (T. €. yIpaBJeHuii, BI0Ib KOTOPBIX
JIMHeAPU30BAHHBII IPUHIIUI MAKCUMyMa BbIpOXKiaeTcst Ha [19]) mist pacemarpuBaeMoii 3a/1a-
an (2.1)—(2.2).

3. Popmysia mpupallleHns BTOPOro NOopPsiAKa KpUTepus KadecTBa

[Iycrs u(t,z), (t,z) € D, — HeKOTOPOE JOIYCTUMOE yIpaBJeHne. PaccMOTpUM elre OjiHO
nornycrumoe yupasienue U(t,x) = u(t,x) + Au(t,x), (t,x) € D, a yepe3 z(t,z) u Z(t,x) =
z(t,x) + Az(t,x), (t,z) € D, 0603HAYNM COOTBETCTBYIOIIUE UM DEIIEeHUs KPAeBOH 3aaduu
(2.1)-(2.2).

Beenem anasior dyukimun 'amuiabrona — [lonTpsirunas

H(t,,p,u,0)) = ¢ f(t, 7, p,u),
rie caydaiiaste nporeccst (Y(t, x), f(t,x)) € Loo(D, R™) X Loo(D, R™*™) SIBISIOTCS pelleHnsI-

MM JITHEWHOTO JIByMEPHOI'O CTOXACTUIECKOI0 MHTErPAJIBLHOIO COIPS?KEHHOI'O YPABHEHUS THUIIA
Bousbreppa:

t1 1
vlte) = = 2Dy [ i+ [ ) ds
t x

t1 x1 t1 xy

+/!Hm@@m+/!¢@gfg%ﬂ@m

31ech U B JlaJbHERIIIeM

H,lt,z] = Hy(t,z,p(t, ), u(t, x),¥(t, z)),
)
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folt,z] = fp(t, z, p(t, x), u(t, z)).

Ucnonb3ys dpopmymny Teitiopa n yauTbiBast BBegeHHbIE 0003HAYMEHNUsI, IpUPAIeHne (DyHK-

moHasa (2.4), CoOOTBETCTBYIOIIEE JIOMYCTUMBIM yiipasienusm u(t, x), u(t, x), npeacrapisiercs
B BUJIE

AS(u) = S(a(t,z)) — S(u(t,x))

t1 x1
1 2
=F { //H{L[t,x]Au(t,x) dxdt + 3 A2 (t1,21) O o=ty 1)

A
82’2 z(tl,ml)
to xo
t1 x1 t1 x1
1 . 1 , (3.1)
+ 3 Ap'(t, x)Hpplt, ) Ap(t, z) dedt + 3 Au'(t, ) Hyy[t, o] Au(t, x) dedt
to To to xo
t1 x1
w2 [ [ sy, dasdt} T (Al @),
to To

rJge 110 OoIlIpeaeJICHUIO

m(Bu(t,a) = B {ol(HAzm,xl)H?) +ff

to xo

or (| duft, )| + | Ap(t, 2)])?) dmdt}- (3:2)

Baech ||a|| osnagaer HOpMY:

n
lall =" lail, a€ R",
=1

. o(X
BesinunHa 0(X) OLpeessieTcs CIeAyIomuUM 00pa3oM: limy % = 0, a BesmuuHbl 01(-),
02(+) ONIPEETSAIOTCST COOTBETCTBEHHO U3 PA3JIOZKEHUIH

p(a(t, 1) — p(eltr, ) = Z2EULID psyy )

+ % AZ'(t1,11) W Az(ty,x1)+01 (||Az(t1, xl)HQ),
H(t,z,p(t,z),u(t,x),¥(t,z)) — H(t,x,p(t,x),u(t,z),P(t, x))
= Hz’)[t, z|Ap(t, ) + HL[t, ] Au(t, ) + % Ap'(t,z)Hpplt, z) Ap(t, x)

—i—% AU (t, ) Hyy [t 2] Au(t, ©) + Au' (8, 2) Hyplt, ) Ap(t, z) + 02((HAu(t,x)H + HAp(t,ﬂU)H)Q)-
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4. O6 onTUMAaJIBHOCTU KBAa3MOCOOBIX yIIPABJIEHUMN

UssectHo [13|, 9T0 It ONTHMAIBLHOCTH JOIyCTHMOIO yIpasieHus u(t,T) B paccMaTpH-
BaeMoii 3asaue (2.1)—(2.4) cupaBeIuBbI CIIEYIOIIEe YTBEPIK IEHHSI.

Teopema 1 (croxacTHYecKuil aHAJIOI JIMHEAPU30BAHHOIO MHTErPAIbHOIO IPUHITAIIE MaK-
cumyma). st onrumasbaocTH Jsoycrumoii maper (u(t, x), z(t,x)) B 3agade (2.1)—(2.4) Heob-
XOJHUMO, 9TOOBI HEPABEHCTBO

E//Hu[t,x](v(t,x) —u(t,z))dedt <0

to xo

BBIITOJIHsLIOCH Jisi Beex v(t, x) € U, (t,x) € D.

CuaencrBue 1 (1oTOYeYHBIH JMHEAPU30BAHHBIN IPUHIMI MakcuMyMa). it onruMaJib-
vocru gorycrumoii napbl (u(t, ), z(t,x)) B croxacruueckoii 3azgaue (2.1)—(2.4) mHeobxomumo,
9TOOBI HEPABEHCTBO

BeInosHsI0Ch J4tst Bcex w € U m (0,€) € [to, 1) X [zo, x1).

Baecs, u B gamsueiimem (0,§) € [to,t1) X [To,21) — mpon3BoJbHAs IPABUIbLHAS TOYKA
(rouka Jlebera) |5| yupasnenust u(t, x).
MozKHO OKa3aTh, UTO 9TU YCJIOBHsI ONTHMAJIBHOCTH SKBUBAJIEHTHBL.

ONPEAEJNEHUE. Ecim jyist Bcex w € U u (6,€) € [to,t1) X [T0, 1) BBIIOIHIETCSH COOTHO-
IIeHre

EH,[6,€](w — u(6,€)) = 0, (4.1)

TO B COOTBETCTBHHU C YCTAHOBUBIIEfics TepmuHosorueii [8, 16| momycrumoe ynpasienue u(t, )
HA30BEM KBa3MOCOOBIM YIPABJIEHUEM B PACCMATPUBAEMOli 3aj1a4e.

[TepeiieM K U3y9eHUIO KBA3UOCOOLIX YIPABJIEHUIl, T. €. yIpaBJeHHid, Jijisi KOTOPbIX JIMHE-
apU30BAHHBII NIPUHIINAIA, MAKCUMYMAa BBIPOXKIACTCS.

[Tycrs u(t,x) — KBa3MOCOHOE yIpaBJIEHUE.

[ToCKOIBKY TI0 TPENOIOKEHUIO MHOKECTBO U BBIILYKJIOE, TO CIIENUAJBLHOE IIPUpPAIeHne
Jorycrumoro ynpasienus u(t, x), (t,2) € D, MOXKHO onpeesuTs 1o hbopmyJie

Au(t, z;p) = pa(t, x), (4.2)

rae pu € [0,1] — npomsBosbroe uncio, a U(t,x) € Loo(D,U) — Hpou3BoJIbHOE IOILyCTHMOE
yupasienue takoe, 4ro u(t, x) + pi(t, x) sBiasercs A0MycTUMBbIM yipasienueM. He Hapyriast
obIHOCTH, B JlasbHeimeM OyueM npejmoiarars, yro 4(t,x) = v(t, z) — u(t, z), v(t,z) € U.
Yepes Az(t,x; 1) 0603HAUMM CHIEIMATBHOE NIPUPAIEHUe COCTOsiHUs 2 (t, x), oTBevaromee
npupamiennio (4.2) ynpasienus u(t, x).
Torpa u3 onenok st E||Az(t, z)||, E||Az(t,z)|| u E||Azy(t,x)| (cMm., Hanpumep, [13, 14])
CJIEJIy€eT, YTO

ElAz(t,zp)|| < Kp,  ElAz(zp)| < Kp,  EAz(top)| < Kp,  (4.3)

rie K = const > 0.
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YunreiBasg oneHkn (4.3), HeTpyIHO yOeAMTBCSI B TOM, YTO OCTATOYHBIA TJIEH
m (Au(t, z; 1)), onpenensembiit bopmymoit (3.2), ssstercss Bemmaunoii o(u?). C pyroit cropo-
Hbl, 3 3aga4dn (2.1)-(2.2) sicuo, uro cuenmasnbaoe npuparmienne Az(t, x; u) cocrostaust z(t, x)
SABJISICTCH PelleHneM KpaeBoil 3a/ia4u

Az (tyxsp)=f(t,z, 2 + Az(t,xy 1), 20+ Az (t x5 1), 20 + Az (8, 5 ), u+Ault, ;1))

2 (4.4)
(b 2z + (gt Ax(ta) — g(t2,2) S0 D (4 € D,
Az(tg,z;n) =0, v € X, Az(t,xo;pn) =0, teT. (4.5)

[Tpunumasi Bo BHUMaHKE KpaeByio 3aia4y (4.4)—(4.5), ¢ momorpio dhopmysisl Teitaopa, 1o
cxeMe, HApUMep, aHAJOIUIHOl cxemaM pabot 6, 20|, JoOKa3bIBAETCs CHPABEJINBOCTD CIIEIy-
IOIIUX Pa3JI0KCHUI:

Az(t, m;p) = pl(t, x) + oft, x; p),
Az (t, s p) = ply(t, x) + oft, x5 1), (4.6)
Az (t,z;p) = ply(t,x) + o(t, x; ).

Baech [(t,z) — n-MepHast BeKTOP-DYHKIWs, SIBJISIOIIASICS PEIEHNeM CHCTEMbI JIMHEeHHbIX

HEOJTHOPOJIHBIX CTOXACTUIECKUX YPaBHEHUI

ltx(tvx) = fz[t7x]l(t7x) + fzt [tvx]lt(th) + fZac [tvx]ll‘(t?x)

W (t,z) (4.7)
/ ~ ’
F Al D) + gu (b, 2 ()0 2) T )
C Kpa€eBbIMHU YCJIOBHUAMNU
l(to,x) =0, x € [230,561], l(t,:ﬂo) =0,te [to,tl]. (48)

Vunresas cooTHomenus (4.3) n MpuHUMas Bo BHIMaHus To, uto N1 (Au(t, z; 1)) = o(u?),
dbopmyny npupamenns (3.1) kpurepust kadecrsa (2.4) MOKHO 3anucaTh B hopme

AS,(u) = S(u(t,z) + Au(t,z; p)) — S(u(t,z)) = E { - u//H;[t,x]ﬁ(t,x) dxdt

to o

I(t1,21) —//l'(t,x)sz[t,x]l(t,m) dxdt

to xo

2

+ - [l/(thm‘l) azf(z(tlaxl))

2 022

t1 x1 t1 x1

_//l’(t,x)szt[t,x]lt(t,x) dxdt—//l;(t,x)Hztz[t,x]l(t,x) dxdt

to xo to xo

t1 1 t1 1

—//l’(t,x)szx[t,x]lx(t,x) dxdt—//l'm(t,m)HZxZ[t,x]l(t,x) dxdt

to xo to o

t1 x1 t1 x1

_//l;g(t,x)Hztzz[t,x]lx(t,x)dxdt—//l'm(t,x)HZzZt[t,x]lt(t,m)dxdt

to xo to To

t1 x1 t1 x1

— // 0 (t, 2) Hyy [t, )0 (t, z)dxdt — 2//ﬁ'(t,x)Hup[t,x]ﬁ(t,m)dmdt] } +o(p?) <0.

to xo to xo
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Baech, mo onpenenenuo, p(t,x) = (I(t, z), i (t,x), (¢, )).

Hanee, corsacuo pesysbraraM paboTsl [21], MOKHO yTBepKIaTh, 4ro perenue [(t, z) cu-
CTEeMbI JIMHEHHBIX CTOXacTU4YecKux ypauenuii (4.7) ¢ kpaesbimMu ycioBusimu (4.8) nomyckaer
opejcTaBjeHrne B BHUJIC

t
l(t,z) = //Q(t,x;T, s)u(r, s) dsdt, (4.10)
to o
rae Q(t,z;7,s) = R(t,x;7,s)fulT,s], a R(t,z;7,s) — u3Mepumasi u orpaHudeHsas (n x n)
mMaTpudHas GYHKIUsS (CTOXaCTUYeCKUii aHAJIOr MAaTPUIlbl PuMaHa), sSIBJISIONIASICS DEIeHIeM
CTOXaCTHYIECKOI0 MHTErpaJIbHOTO ypaBHeHNs Bosbreppa:

t x t
R(t,z;7,8) = I—i—//R(t,x;a,ﬁ)fz[a,ﬁ] dadf + /R(t,x;a,s)fzx [a, s] da
t s t

(4.11)

x t x
82
+ / R(t, 27, 8) f-,[t, 81 dB + / / Rit, 50, ). o, m%ﬁ’ﬁ)dadﬁ.

Baecy I — (n x n) — equnnunas Marpuna. lasee, u3 upexacrasiaenus (4.10) mosydaen,

l(t,z) = /Q(t,x;T, s)u(t,s)ds + ri(t,z), (4.12)
l‘ot

l.(t,x) = /Q(t, xy T, x)u(t, x) dt + ro(t, x). (4.13)
to
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t x t x
rl(t,x)://Qt(t,x;T,s)ﬁ(t,s) dsdt, rg(t,x)://Qx(t,x;ﬁs)ﬁ(t,s) dsdt.

to xo to o

[Tepeiijiem K 1peobpa3s0BaHUIO HEKOTOPBIX CJlaraeMbix B HepaseHcTse (4.9).

YunreiBas upexcrasiaenus (4. 12), (4.13) u upumensis dbopmyiy dupuxiie [8] 06 usmene-
HUM TIOPSIIKA MHTEIPUPOBAHNS B OTIAEJIbHBIX CJIAraeMbIX, JOKA3LIBAIOTCS CJIELyIOIUe COOTHO-
ICHHUST:

t1 x t1 x

/ / W' (t,x)Hys, [t, 2)ls (t, z) dzdt = / / ' (t, 2)Hyz, [t, x]r1 (t, 2) dodt

to o to o

R (4.14)
—i—// [/ﬂ'(t, S)Huzt[t,S]Q(t,S;T,$)dS] a(t, x) dxdt,
to w0 Lz
t1 x1 t1 w1
//@/(t,x)Huzz[t,x]lm(t,x) dxdt://ﬂ/(t,x)Huzz[t,x]rg(t,x)
fo @0 om0 (4.15)

t1 - 1
+// [t/ﬁ’(t,x)HuZx[t,m]Q(T,x;t,x) dt] a(t, ) drdt.

to xo
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[To anasorun ¢ paboramu [6-8, 14|, BBegem (n X n) marpudsble DYHKIUU B BHJIE

K(z,1,s) / Q'(t,x;T,x)H., . [t,x]Q(t, x; s, 2) dt, (4.16)
max(t,s)
1
M(t,1,s) = / Q/(t’x§ T, 0) Hypz, [t 2]Q(F, 238, 5) da. (4.17)
max(t,s)

Orcrona, uctonb3yst dhopmyisl (4.12), (4.13), ¢ paccyKaeHusIMHU, OJMOOHBIME PACCY XK JIe-
HusiM 13 [6-8], nosygaem, 4To

t1 x1 1 21 a1
//l;(t,x)Hzt%[t,x]lt(t,x) dmdt:///ﬁ(t,t)M(t,t,s)a(t,s)dsdtdt
to xo to xo xo
. (4.18)
// [(/Q t,x;T,Ss) )ds) H.,. [t,z]ri(t, z)+ry(t,2)H,., [t,x]ézt(t,x)] dxdt,
to xo
t1 1 t1 1 t1
// (t,2)'H.,, [t 2]l (t,z) dedt = /// o' (t, ) K (x,t, 8)i(s, v) dsdxdt
to o to o to
L (4.19)
// [(/Q (t,z; T, x)u(t x)dt) v [ @2 (t, )+ 15 (t, 2) H [t,x]lm(t,x)] dxdt.
to To

Teneps ke, npuHIMast BO BHEMaHue ToxKaectsa (4.14), (4.15), (4.18), (4.19) u panee BBe-
Jennble obosnadenus (4.16), (4.17), nepasencrso (4.9) npeobpasyercst K BHLY

t1 1 1 t1 T 11
///ﬂ'(t,T)M(t,T, s)u(t, s dsdet—{—/// (t,z)K(x,t,s)u(s, x) dsdxdt
to o xo to @o to

t1 1 71 B

+2// /ﬁ'(t, S)Hyz, [t, s]Q(t, s; 1, x) ds | u(t, x) dedt

to zo -z -

o owL e i (4.20)
—i—2// /ﬂ(t,x)Huzz[t,x]Q(t,x;T,:U) dt | u(t,z) dxdt

to zo Lt .

t1 x1
+//f/(t,x)Huu[t,x]ﬁ(t,x)dxdt + n2(Au(t,z)) <0,

to xo
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rie

t1 x

n2(Au(t,z)) = E {l'(tl,xl) w lty,21) — // [l'(t,x)sz[t,x]l(t,:c)

to xo
+ 1t ) Hy, [t 2]l (t, @) + (¢, o) Hoy o [t 2]l (t 2) + U (t 2) H,, L [t o)1t x)
(@) Ha, [t 2)la (t, @) + 1 (6, @) Hey o, [t @)l (t, @) + 1(E, 2) He,o [t 2l (2, m)] dwdt

t1 1

/ / K / Qt, 237, 5)t )d8> H.,. [t,2]ri(t,z) + (¢, 2)Hs,, [t 2]l(t, 2)

to xo

</Q (t,z; 7, x)u(t, x) dt) vuny b @2 (b, ) + 15 (¢, 2)H [t,:c]lm(t,x)] dxdt

t1 21
—9 // [0/ (t, ®)Huz[t, 2]l(t, ) + 0 (¢, 2) Hyz, [t, 2] (¢ @) + 0 (8, 2) Hyz, [t,x]rg(t,x)]dmdt}.
to To
Taxum 06pa3oM, yCTaHOBIEHBI (POPMYJIbI, KOTOPbIE UTPAIOT CYIIECTBEHHYIO POJIb IIPH 0~
Ka3aTeJIbCTBE CJIEYIOMIEro yTBePK/I€HUS .

Teopema 2. /lis onruMa/bHOCTH KBa3sHocoboro yupassenus: u(t,r) B CTOXaCTHIECKOMH
paccmarpuBaeMoii 3aja4e (2.1)—(2.4) Heobxonumo, 4To6bl HEPABEHCTBO

/(61(7)—10(7,5)) Huyz, [1,€]Q(T, &5 8, §)dt | (en () — u(t, §)) dt (4.21)

t

t1

+ / (e1(t) — ult, €)) Huult. € (62 (1) — u(t,€)) dt § < 0

to

BBIITOJIHSIOCH JIsi Beex & € [xg,x1) u e1(t) € Loo([to, t1],U), a HepaBeHcTBO

E //(62(7') —u(0,7)) M(0,t,5)(ea(s) — u(f,s)) dsdt
+2/ /(62(7') — u(G,T))/Huzt 0, 7]Q(0,7;0,x)dt| (ea(x) — u(f,x)) dz (4.22)

xg T

1

+ / (e2(x) — w(B,2)) Hyulf, 2] (e2(x) — w(f,z)) dr 3 <0

Zo

BBIITOJIHSIIOCH JIIst Beex 0 € [to,t1) u ea(x) € Loo([xo, z1],U).
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< C aroii nenbio Bapuaiuio 4(t, ) ynpasienus u(t, £) onpeaeuM cJIe Ly OIuM Clelnalb-
HbIM (JmHeiuareiM (cM. Hapumep, |7, 8])) obpasom:

i (t 1_) _ el(t) - u(t,x), (tvx) € [t07t1] X [§7§+€)7 (4 23)
o 0, (t,z) € D\[to, t1] x [£,€ + €). '

Wubivu cstoBamu, Bbie ormedenuble dyukuus v(t, x), (t,x) € D, oupeneaum B opme

ity {60 G0 €] e+
T \utt), (42) € D\, 0] X [£,€ +e).
Baech € > 0 — 70CTATOYHO MaJjIoe IHCIIO Takoe, 9To & € [zg,x1), a e1(t) € Loo([to, 1], U).
Yepes [(t, x; ) obosnaunm perenne Kpaepoit 3a1a4au (4.7)—(4.8), orsevaroriee JTuHeRIaTONR

Bapuanuu (4.23) ynpasienusi u(t,z). Torna w3 npencrasienunii (4.6) BbITEKaeT, NpU HOYTH
Beex (t,x) € D, cupaBeijiMBOCTh CJIELYIONIUX OIEHOK:

l(t’x;e) ~E, (t’x) € [to’tl] X [330,331],
(l(t’x;e))t ~ €, (t’x) € [to’tl] X [330,331],
0
€ t,x) € [to,t1] X £,£+€a
(Ut 2:2))s ~ (t,z) € [to,ta] x| ]
&, (tax) € [to’tl] X [g’xl]‘
[Tpunumasi BO BHUMaHUE 9TU OlleHKHU, u3 HepaseHcTsa (4.20), ¢ yuerom (4.1), nmeem

t1 t1

E0,5u% { ¢ [//(61(7’) —u(1, &) K (& T,8)(e1(s) — u(s, &) dsdr

to to
t1

o

to
t1

" / (e1(t) — u(t, €)' Huult, €)(er (£) — u(t, €)) dt

to

t1

/ (e(7) — u(r,€)) Hyey [, E)Q(r, &7, €) dt

t

(ex(t) —u(t,€)) dt

+o(e) p + o(,uZ) < 0.

Orcrona B cuitly 1pousBoJibHOCTH € > 0 cleflyer, 9ro BJOJIb KBA3HOCOOOIO ONTHUMAJIBHOTO
upornecca (u(t,x), z(t,x)) BbinoaHsiercst HepaseHCcTBO (4.21).
Ecsin onpesiesnTh Ipon3BOIbHOE JOIyCTUMOE yIpasienue v(t, ) B Buje

o(tz) = {62@:), (t.z) € [0,0 + &) [0, 2],
’ ult,z), (t,x) € D\[§,60+¢) x [z0,z1],

TO AHAJIOPMYHBIMU PACCYKJIEHUSIMU TIOJTy UM, UTO BJIOJIb KBA3KOCOGOTO OITUMAIBHOIO HPO-
necca (u(t,z), z(t,x)) Boimoansiercss HepaBeHcTBO (4.22). C 9THM TeopeMa 2 HOJHOCTBIO JI0-
KazamHa. [>

OTrMeruM, 9TO HENOCPEJICTBEHHBIM CJIEJCTBHEM TEOPEMbI 2 SIBJISETCs CJIEJyIOIiee yTBep-
JKJICHHE.

CaencrBue 2. /[j1s1 onTHMAJIBHOCTH KBa3nocoboro ynpassenus: u(t, T) B CTOXaCTHIECKOH
sagade (2.1)—(2.4) HE0b6X0AMMO, YTOOBI HEPABEHCTBO

E(v —u(0,€)) Huulf, ] (v — u(9,£)) <0, (4.24)
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BBIIOIHAIOCH 1itst Beex v € U u (0,€) € [to, t1) X [xo, 21).
[Mycrs L;i(0,€,¢;), Pi(0,&,¢;), i = 1,2, ABJISIIOTCS PENIEHUSIMU CTOXaCTUIeCKUX i depeH-
[UAJIbHBIX yPABHEHUIL:

G 10,0006 1) - [K(660.0)+ Hul (@0 - w0,y o0
Li(t1,€,e1) =0,

%’5&02) = _f,;t [9, £]L2(9a 5, 62) - [M(ga Ha 9) + Hztu[ea 5]] (62(5) - u(ea 5))’ (4.26)
LQ(H, I, 62) = 0,

PAGE - (@) - wb. O LB €) - IO S e®) ~ 0. )

- (01(0) - u(aa 5))/Huu[07 5](01(9) - u(aa 5))7 Py (t17 3 Cl) =0,

8P2((9,§,CQ) . !
e = (@l®) u.0) L@ E ) - LaO. L)) —u6.0)

- (02(5) - u(aaf))Huu[07§](02(§) - u(07§))7 P2(07x1702) = 0.

Ormerum, uro ypasHenus (4.25)—(4.28) sBJISIFOTCS CTOXACTUIECKUME aHAJIOTAMU yPaBHE-
HUIl, BBEJIEHHBIX B paccMOTpeHusi B paborax [8—10] mpu uccieqoBanny KBa3MOCOOBIX yIIPaB-
JIEHUII B COOTBETCTBYIOLIEH JIeTepMUHUPOBAHHON 3aJa4e yIIpaBJICHUA.

Teopema 3 (Ilorouednoe HEOOXOIMMOE YCIOBHs ONTHMAJIBLHOCTH KBA3MOCOOBIX YIIPaB-
aennii). Ilycrs u(t,r) — KBa3mocoboe onTHMAJIbHOE YHPABJIEHHsI B CTOXACTHYECKOH 3ajia-
ge (2.1)—~(2.4). Torga ¢ HEOOXOIUMOCTHIO BBIIOJIHSIIOTCS HEPABEHCTBA

EP1(0,§,c1) < 07 (4.29)

EPQ(H, 5’ C2) <0 (430)

st Beex ¢1(t) € Loo([to, 1], U), c2(x) € Loo([xo, z1], U) coorBercrBenno.

< CHauasa HOKakeM clipaBeyimBOCTh HepaseHcTBa (4.29). B nepasencrse (4.21) eq(t)
ompeaeuM 1o (popmysie

_ u(t7§)7 t€[t0,6)7
elt) = {cl(t), tedt),

n BBEJIEM CJIEIyIomue 0003HAYCHUST:

t1

L1(67§7 cl) - / (K(§7 0, 3) + Q(S,g,0,§)Hzxu[s,§])(01(8) - u(37§)) ds, (431)

0
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t1

Pl(ea 5, Cl) = /(Cl (t) - u(ta 5))/Huu[t’ 5](01 (t) - u(ta 5)) dt
[4

+/
%
t1

+/ (cl (t) - u(ta 5))1 [/ Q(T7 §§ t, S)Huzx [T7 5](01 (t) - U(T, 5)) dt] dt

0

t1

/(Cl (t) - U(T, 5))/Huzz [Ta g]Q(T’ &t 5) dt] (Cl (t) - u(ta 5))

t

(4.32)

t1 t1

+!!ﬂﬁﬂ—uhéWK®n®@ﬂ$—M&®MMt

Orcrozia sicHO, UTO JiIsl 3aBeplleHust JoKa3areiabeTBa (4.29) 10CTaTOUHO 110Ka3aTh, YTO
Li(0,&,¢1) u Pi(6,&, c1), onpenensiembre popmysamu (4.31), (4.32), ABIAIOTCA COOTBETCTBEHHO
pemenusivmu 3aja4a (4.25), (4.27). B camom zese, HerocpeicTBeHHBIM JuddepeHInpoBaHieM
L1(0,&,¢1) no 0 nenaem BBIBOJ:

L1 0 s f ,C1
BOE) _ (ke(6,0,0) + Hepl0, €)(c1(0) (0, €)
t1 (433)
+ [ (K0(€0.9) + Qu(&. 0.9 Havuls. 8)) 1) — uls, ) d.

0

Hanee, n3 (4.11), (4.16) maxozum, 9To

K@(g’ 9’ S) = _fzz [9’ g]K(g’ 9’ S)’ Q@(S’ 57 95 5) = _QG(S, ga 9’ g)sz [9’ 5]

[Mogcrasmsist mocaenuue ToxKaecrsa B (4.33), npuBoaum 310 ypaBHeHue K Buiy (4.25),
9T0 1 TpeboBasIoCh 1oKa3arTh. Vcnomnb3ys npecrasienne (4.31), nenocpeacreeHnbiM udde-
penrupoBanreM HaxoiuM, uro Py (6,&, c1) siBasiercst perenuem 3ajaqn (4.27). OrMernm, 4To
onpejiessis B HepaseHcrse (4.22) es(x) B BHIE

es(z) = {u(@,x), x € [x0,§),
c(z), z€l[§ z],

C CHMMETPUYHBIMU PACCyKACHUAME yOerKIaeMcsl B CIPABEIMBOCTH KPUTEPHsI OITUMAILHO-
cru (4.30). Teopema 3 nokazana. >

5. 3ak/rouenue

Pabora nocssitiieHa ucce0BaHUIO OJIHOM 3319l ONTUMAJIBHOIO YIPABICHUS CHCTEMaMU
C pacupe/ieJIeHHbIMU TTapaMeTpaMy, JUHAMUAKA KOTOPOIl ONMCHIBAETCS CTOXaCTUIECKIMHU yPaB-
HEHUSIMU TUIepPOOJIMIECKOro TUIA, T. €. BKJIIOYAIOIIas B ce0st JIBYMEPHbI «OeJbrii mryMy. [Ipu-
MeHsA MOIUMUIIMPOBAHHDBIN CTOXACTUIECKUN aHAJIOT METO/Ia IPUPAIEHNN, TOJIydeHa (HPOPMY-
Jia, TIPUPAIIEHUST BTOPOrO MOPsi/IKa (DYHKITHOHAJA, KAYeCTBA B PACCMATPUBAEMON CTOXACTUYE-
CKOI 3a/1a%e ONTUMAJILHOTO yipasienus. Ha ocHoBe 9T0i (hOpMYJIBI C ITOMOIIBIO CIIEIAAIbHBIX
UTOJIBIATHIX U JIMHEHYATHIX BApHUAIUN JOKA3BIBAIOTCS Pa3/IMIHbIe HEOOXOIUMBIE YCJIOBHUS OII-
TUMAJIBHOCTA KBAa3MOCOODBIX yIIPABICHUN.

BaarogapHocTb. ABTOPBI BBIpAXKAOT TIIyOOKYIO GJIATOMAPHOCTL yBAYKAEMOMY PEIEH3EHTY 32
OYEHb TI0JIC3HBIE 3aMETAH.
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Abstract. The proposed work examines the optimal control problem of a stochastic system, the dynamics
of which are described by a stochastic second-order partial differential equation of hyperbolic type with
Goursat boundary conditions. The system is controlled using measurable and constrained controls. The case
is considered when two-parameter “white noise” enters the right side of a controlled system of second-order
nonlinear hyperbolic equations. The goal of control is to minimize the mathematical expectation of the quality
functional at the final point of the domain. Problems of this type arise, for example, when modeling a number
of processes of drying, sorption, etc. in the presence of random influences such as standard two-parameter
“white noise” on a plane. Using a modified version of the increment method, a formula for the increment
of the second-order quality criterion for the quality functional is established, which allows us to obtain the
necessary first-order optimality conditions of the type of the linearized Pontryagin maximum principle, as well
as to study quasi-singular controls (i. e., the case of degeneration of the first-order optimality condition), in
of the stochastic problem under consideration. Necessary conditions for first- and second-order optimality are
established. In the end, based on the use of a special variation of control, a pointwise necessary condition for
the optimality of quasi-special controls is obtained.

Keywords: stochastic controlled Goursat—Darboux system, formula for the increment of the quality
criterion, stochastic conjugate system, necessary optimality conditions, stochastic analog of the linearized
Pontryagin maximum principle, quasi-singular control.

AMS Subject Classification: 93E20, 49K20.
For citation: Mansimov, K. B. and Mastaliev, R. O. On the Problem of Quasi-Singular Optimal Controls

in Hyperbolic Type Stochastic Systems, Vladikavkaz Math. J., 2024, vol. 26, no. 4, pp. 105-120 (in Russian).
DOI: 10.46698/u7949-3501-7311-n.



K mpob.jieme kBa3mocoObIX ONTHMAIBHBIX YIIPABJICHHUI B CTOXACTHIECKUX CHCTEMAX 119

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

References

. Yegorov, A. I. Concerning Optimum Control of Processes in Some Systems with Distributed Parameters,

Avtomatika i Telemekhanika, 1964, vol. 25, no. 5, pp. 613-623 (in Russian).

Plotnikov, V. I. and Sumin, V. I. The Optimization of Objects with Distributed Parameters, Described
by Goursat—Darboux Systems, USSR Computational Mathematics and Mathematical Physics, 1972,
vol. 12, no. 1, pp. 73-92. DOI: 10.1016/0041-5553(72)90066-3.

Srochko, V. A. Conditions for Optimality for a Class of Distributed Parameter Systems, Siberian
Mathematical Journal, 1976, vol. 17, no. 5, pp. 819-825. DOI: 10.1007/BF00966382.

Ashchepkov, L. T., Vasilyyev, O. V and Kovalenok, I. L. A Strong Optimality Condition for Singular
Controls in a Goursat—Darboux System, Differentsial’nye Uravneniya [Differential Equations], 1980,
vol. 16, no. 6, pp. 1054-1059 (in Russian).

Novozhenov, M. M., Sumin, V. I. and Sumin, M. 1. Metody optimalynogo upravleniya sistemamsi
matematicheskoy fiziki [Methods for Optimal Control of Systems of Mathematical Physics|, Gorkiy,
Gorky State University Publishing House, 1986 (in Russian).

Mansimov, K. B. Optimality of Quasi-Singular Controls in Goursat-Darboux Systems, Differentsial’nye
Uravneniya [Differential Equations|, 1986, vol. 22, no. 11, pp. 1952-1960 (in Russian).

Mansimov, K. B. Integral Necessary Conditions for the Optimality of Quasi-Singular Controls in
Goursat—-Darboux Systems, Automation and Remote Control, 1993, vol. 54, no. 5, pp. 732-739.
Mansimov, K. B. and Mardanov M. Dj. Kachestvennaya teoriya optimalynogo upravieniya sistemami
Gursa—Darbu [Qualitative Theory of Optimal Control of Goursat—Darboux Systems|, Baku, ELM, 2010,
360 p. (in Russian).

Yermolyyev, Yu. M., Gulenko, V. P. and Tsarenko, T. I. Konechno-raznostnyy metod v zadachakh
optimalynogo upravleniya |Finite-Difference Method in Optimal Control Problems|, Kiyev, Naukova
Dumka, 1978, 164 p. (in Russian).

Shaikhet, L. E. Optimal Control of a Class of Stochastic Partial Differential Equations, Mathematical
Notes of the Academy of Sciences of the USSR, 1982, vol. 31, no. 6, pp. 471-472. DOI:
10.1007/BF013723509.

Shaikhet, L. E. Optimal Control of Certian Hyperbolic and Integral Equations, Teoriya sluchaynykh
protsessov, Kiyev, 1987, vol. 15, pp. 110-116 (in Russian).

Mastaliyev, R. O. Optimality Conditions in One Stochastic Control Problem, Conference Proceedings
of Science and Technology, Dergipark, ICOMAA, 2020, vol. 3, no. 1, pp. 180-183.

Mastaliev, R. O. First Order Necessary Optimal Conditions in Gursat—-Darboux Stochastic
Systems, Far Fastern Mathematical Journal, 2021, vol. 21, no. 1. pp. 89-104 (in Russian). DOI:
10.47910/FEMJ202108.

Mansimov, K. B. and Mastaliev, R. O. Necessary Optimality Conditions for Singular Controls
in Stochastic Goursat—Darboux Systems, Automation and Remote Control, 2022, vol. 83, no. 4,
pp. 536-547. DOI: 10.1134,/S0005117922040038.

Qi Lu and Xu Zhang. Control Theory for Stochastic Distributed Parameters Systems an
Engineering Perspective, Annual Reviews in Control, 2021, vol. 51, no. 6, pp. 268-330. DOI:
10.1016/j.arcontrol.2021.04.002.

Qi Lu and Xu Zhang. Mathematical Control Theory for Stochastic Partial Differential Equations,
Springer, 2021.

Mansimov, K. B. and Mastaliyev, R. O. First Order New Necessary Optimality Conditions in Stochastic
Goursat—Darboux Systems, The 8th International COIA, 24—26 August, 2022, Baku, 2022, pp. 324-326.
Ponomarenko, L. L. Stochastic Infinite-Dimensional Goursat Problem, Matematicheskiy analiz i teoriya
veroyatnostey, Kiyev, 1978, pp. 140-143 (in Russian).

Gabasov, R. and Kirillova, F. M. Osobyye optimalynyye upravleniya [Singular Optimal Controls|,
Moscow, URSS, 2011, 256 p. (in Russian).

Gasanov, K. K. The Existence of Optimal Controls for Processes Described by a System of Hyperbolic
Equations, USSR Computational Mathematics and Mathematical Physics, 1973, vol. 13, no. 3, pp. 78-90.
DOI: 10.1016/0041-5553(73)90101-8.

Mansimov, K. B. and Mastaliev, R. O. Representation of the Solution of Goursat Problem for Second
Order Linear Stochastic Hyperbolic Differential Equations, The Bulletin of Irkutsk State University,
Series Mathematics, 2021, vol. 36, pp. 29-43 (in Russian). DOI: 10.26516,/1997-7670.2021.36.29.



120 Mancumos K. B., Macrames P. O.

Received February 22, 2024

KamiL B. MANsSIMOV

Baku State University,

23 Z. Khalilov St., Baku 1148, Azerbaijan,

Head of the Department of Mathematical Cybernetics;

Institute of Control Systems,

68 B. Vahabzade St., Baku 1141, Azerbaijan,

Head of the Laboratory of Control Methods in Complex Dynamic Systems
E-mail: kamilbmansimov@gmail.com

https: //orcid.org/0000-0002-1518-2279

RAsHAD O. MASTALIYEV

Institute of Control Systems,

68 B. Vahabzade St., Baku 1141, Azerbaijan,

Leading Researcher of the Laboratory of Control Methods in Complex Dynamic Systems;
Azerbaijan University,

71 J. Hajibeyli St., Baku 1007, Azerbaijan,

Head of the Department of Mathematics and Informatics,

E-mail: mastaliyevrashad@gmail.com, rashad.mastaliyev@au.edu.az

https: //orcid.org/0000-0001-6387-2146



