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Abstract. In the present paper we investigate local derivations on finite dimensional Jordan algebras. The
Gleason-KahaneZelazko theorem, which is a fundamental contribution in the theory of Banach algebras,
asserts that every unital linear functional F' on a complex unital Banach algebra A, such that F'(a) belongs
to the spectrum o(a) of a for every a € A, is multiplicative. In modern terminology this is equivalent to
the following condition: every unital linear local homomorphism from a unital complex Banach algebra A
into C is multiplicative. We recall that a linear map T from a Banach algebra A into a Banach algebra B is
said to be a local homomorphism if, for every a in A, there exists a homomorphism &, : A — B, depending
on a, such that T'(a) = ®4(a). A similar notion was introduced and studied to give a characterization of
derivations on operator algebras. Namely, the concept of local derivations was introduced by R. Kadison
and D. Larson, A. Sourour independently in 1990. R. Kadison gave the description of all continuous local
derivations from a von Neumann algebra into its dual Banach bemodule. B. Jonson extends the result
of R. Kadison by proving that every local derivation from a C*-algebra into its Banach bimodule is a
derivation. It is known that, every local derivation on a JB-algebra is a derivation. In particular, every
local derivation on a finite dimensional semisimple Jordan algebra is a derivation. In the present paper we
investigate derivations and local derivations on five-dimensional nilpotent non-associative Jordan algebras.
The description of local derivations of nilpotent Jordan algebras is an open problem. In the present paper
we give the description of local derivations on five-dimensional nilpotent non-associative Jordan algebras
over an algebraically closed field of characteristic # 2, 3. We also give a criterion of a linear operator on
Jordan algebras of dimension five to be a local derivation.
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1. Introduction

In the present paper we study local derivations of Jordan algebras.
The Gleason—-Kahane—Zelazko theorem, which is a fundamental contribution in the theory

of Banach algebras, asserts that every unital linear functional F' on a complex unital Banach
algebra A, such that F'(a) belongs to the spectrum o(a) of a for every a € A, is multiplicative
(cf. [1, 2]). In modern terminology this is equivalent to the following condition: every unital
linear local homomorphism from a unital complex Banach algebra A into C is multiplicative.
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We recall that a linear map T from a Banach algebra A into a Banach algebra B is said to
be a local homomorphism if, for every a in A, there exists a homomorphism &, : A — B,
depending on a, such that T'(a) = ®,(a).

A similar notion was introduced and studied to give a characterization of derivations on
operator algebras. Namely, the concept of local derivations was introduced by R. Kadison [3]
and D. Larson, A. Sourour [4] independently in 1990. A linear map V from an algebra A into
itself is a local derivation if, for each @ in A, there is a derivation D, on A with D (a) = V(a).

R. Kadison proves that each continuous local derivation from a von Neumann algebra into
its dual Banach bemodule is a derivation. B. Jonson [5] extends the above result by proving
that every local derivation from a C*-algebra into its Banach bimodule is a derivation. Based
on these results, many authors have studied local derivations on operator algebras.

In [6] the first author of the present paper and N. Umrzaqov have made one of the first
contributions to the theory of local mappings in the case of Jordan algebras. They proved that
a linear local Jordan multiplier of the Jordan algebra of symmetric matrices over an arbitrary
field of characteristics # 2 is a Jordan multiplier operator.

By Theorem 5.4 in [7] every local derivation on a JB-algebra is a derivation. In particular,
every local derivation on a finite dimensional semisimple Jordan algebra is a derivation. In the
present paper we investigate derivations and local derivations on five-dimensional nilpotent
non-associative Jordan algebras.

In the following, we will work over algebraically closed fields F of characteristic # 2, 3 and,
furthermore, all Jordan algebras are assumed to be of finite dimension over F. In 2016, in [8]
a method to construct nilpotent Jordan algebras using central extension of lower dimension
algebras was presented. The authors showed that any nilpotent algebra can be obtained via
this methods and provided a list of 35 single non-associative Jordan algebras together with 6
families of algebras depending on parameters in F. The list of these algebras is given in Table 3
of [9] (using the notations [8]).

The description of local derivations of nilpotent Jordan algebras is an open problem. In
the present paper we give the description of local derivations on five-dimensional nilpotent
non-associative Jordan algebras over . We also give a criterion of a linear operator on Jordan
algebras of dimension five to be a local derivation. We develop a technique for constructing
a local derivation on an arbitrary low-dimension algebra, which is not a derivation.

2. Local Derivations on Five-Dimensional Nilpotent
Non-Associative Jordan Algebras

Let # be a Jordan algebra of dimension five over an algebraically closed field IF
of characteristic # 2 with a basis {e1,e2,e3,e4,e5}. Let x be an element in _#. Then
T = x161 + x2€9 + x3€3 + T4€4 + T5€5, fOr some elements x1, T, T3, x4, x5 in F. Throughout
of the paper let T = (21,2, 23,74, 25)". Conversely, if v = (21, x2, 3, 24,75)"" is a column
vector with x1, xo9, x3, 24, x5 in IF, then, throughout of the paper, by ¥ we will denote the
element x1eq + xoeo + T3€3 + T4E4 + THES, 1. €., U = x1e1 + xoe9 + xT3€63 + T4€4 + THE5.

Recall that a linear mapping D on a Jordan algebra ¢, satisfying, for each pair z, y
of elements in _#, D(xy) = D(z)y + xD(y), is called a derivation, and a linear mapping
V: # — _Z is called a local derivation if for every x € _# there exists a derivation
D: 7 — ¢, such that V(z) = D(x).

Let T : # — _# be a linear operator. Then T'(z) = Az,x € Z, for the matrix A =
(ai,j)?,jzl of the linear operator T', where x = x1e1 + xoe2 + x3€3 + T4€4 + x5€5. For example,
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if # = 75 (see table 1) and T is a derivation on _Z, then T has the following form

T(x) = axie; + (2axs + fry)es + yases

1
+< — Bxz + <Oé + 57) 5'34) eq + (0w1 + 03 + 024 + (200 + ) 25)es

with respect to the basis {ey,es,e3,¢e4,e5}, for some «,f3,7,d,0,0 in F. This form of
a derivation can be directly calculated, and we will omit the calculations of the forms of
derivations on the Jordan algebras. Throughout this paper, let E;; be a linear mapping of
the algebra # with basis {er,...,es}, which maps the basis element e; to e; and the rest
basis elements to zero. Then, for example, the vector space of derivations of the algebra _Z5
admits a basis of the following form:

{E11+2E32+ Ey4+2E55,2E33+ Eya+2E55,E24 — Ey3,E51,FE53,FE54}.

Our principal tool for the description of local derivations on Jordan algebras of dimension
five is the form of derivations, depending on a basis of these Jordan algebras. Our main goal
in this paper to justify table 1 below and prove the theorems corresponding to this table.

In the following table a necessary and sufficient condition for a linear operator to be
a derivation on all nilpotent non-associative Jordan algebras of dimension five is listed. Also,
it is indicated that, wether each local derivation of these Jordan algebras is a derivation or
not. Forms of the matrices of local derivations, which are not a derivation, are also provided
in this paper.

The fourth column of the table indicates whether each local derivation of the corresponding
Jordan algebra is a derivation or not, i. e., if yes, then sign «+» is put in the appropriate place
of the column, if not, then sign «—» is put in this place. All notations of table 1 are taken

from [9].
Table 1
Local Derivations on Five-Dimensional Nilpotent Non-Associative Jordan Algebras
I Multiplication A basis of the Is each
table vector space of local
derivations derivation
a derivation?
Is e? = ea, {E11+2E22+ F44+ 2E55,2E33+ F44 + 2E5 5, -
e3 = eses = es Ess— FEs3,E51,E53,F54}

Fe e? = e, {E11+2E22+es4+2F55,FE12— FEs4, -

e1eq = ege3 = es Ess+ FEsu+ Ess5,F14+2E25,E15,F35,Fas}
I elez = €3, {E11+ E33+ FEs5,F22+ Es3s+ Fss,Eau+ Es 5, -

eseq = €5, Ei5,F25,Fa5}
I8 ejex = €3, {F11+ E33+FEs4+2FE55,E20+ Fs3— Easu, -
eseqs =€ =es Ei5,F25,Fa5}
Ho ejey = €3, {E11+ E22+ E33+ 2E55, E1 5, +
eseq = es, Es5,FE45}
6% = 6% = €5

J10 | ere2 = e3, erez = {E11+ Ez2+2F33+ %E4,4 + 3E5 5, +

= ege3 = €2 = e5 Es3— F14— F24,F15,E25,Fa5}
S eiez = €3, {E11+ E33+ E4a+2F55,F22+ FE33+ %E4,4 -

eies = e3 = es, +Es55,FE23+ FE35, Fag — F1,4,E15,F25,Fas}
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B4 Multiplication A basis of the Is each
table vector space of local
derivations derivation

a derivation?

J12

€1€2 = €3, €1€3 =

26326421:65

{E1,1+2FE22 4+ 3FE33+2E14 + 4F55, E2 3 + Es5,
Es3— FE14,F15,E25,Es5}

J13

eje2 = e3, €164 =
= €1€3 = €2€3 = €5

{E11+ E22+2FE33+2FE44+3Es55,F13— E14
+FEs5,E24+ Ess,F15,F25,Ea5}

H1a

€i1ez = €3,
€163 = e2€e4 = €5

{E11+ E33+2F44+2FE55,E22+ E33+ Es 5,
Ess+ Ess,E14+ Ess5,FE15,E25,E45}

a
~ 15

P
€1 = €2, e1€2 = €3,
€2 = aes, €2 = ejes,
=egeqg =e5, a €F

{E1,1+2FE22+3E33+2FE44+4FE55,—F1,2 —2E23
+Es3— E35, —aF12+aF23+ F14a+ (1 — a)Esps,
Ei3+2Fs5,F15,E45}

BT

2
€13 = e3 = é4,
€1€4 = €5,

{E1i1+ 1Es3+ Esa+2Fs5,F22+ 1Ess
+FE44+ FEs5,E32— FE13,F15,F25,E35}

BAT:

2
€1€2 = €4,63 = €4,
€1€4 = €2€3 = €5

{E1,1 +3FE22+2F33+4FE44 + 5E5 5,
Ess—F13+4+3E24+2E45, E15,E25,F35}

2
€1€e2 = €3 = é4,
€164 = e% = €5

Ev4+2FEs5,F15,E35}

s e1€2 = 4,63 = €4 {E11 +2E22+ 2E33+ 3E44 +4E5 5, +
eles = €3 = es, Ei5,E>5,E35}

J1o eley = €4, €3 = €4 {E11+ %E3,3 + E44+ %Es,s, Esp2 + %EB,S + Ey4 +

eseq = es, +%E5,57 Ei5,E25,F35}

72 e1e2 = €4, €3 = €4 {F11+ 5F22+ 3E33 + 3E14+ 2E5 5, +
eses = €2 = es, Ei15,E25,E35}

jgl e1€2 = e§ = e4, +
ezeqs =€} =e3 =e; {E15,F25,E35}

I el = ea, {F11+2FE22+ 5F33+3E44+ 4Fs 5, +

I3

2
€] = €3,
€1€3 = €264 = €5,
€1€2 = €4,

ezez = fes, B EF

{El,l + E272 + 2E3,3 + 2E4,4 + 3E5,57
Ei13+42E35+ fEs5, Eo3 + E24 + Eyps,
Ei s+ Ess5,E15,E25}

S 2

P
€] = €3, €1€2 = €4,
€2€3 = €5, €1€4 = V€5,

yEF\{1,—3}

{E11+2E33+ Es4+2Es5, Eoo+ Es4+ Es 5,
Fi13+ Ess5,E1,4+2vE35,E24+ vE4 5,
Ei5,E25}

0
A2

2
€1 = €3, €1€2 = €4,
€2€3 = €5

{E11+2E33+ FE44+2E55, F22+ Es4 + Es 5,
Ei3+ Es5,E14,E24, E15,E25}

[V

e

2
€1 = €3, €1€2 = €4,
€2€3 = €5
1
€164 = —565

{E11+2E33+ Es4+2Es5, Eoo+ Es4+ Es 5,
Ei2+2E34,E13+ Eas, Bra — B35, B2a — L Eas,
Ei5,FE25}

Has

2
€1 = €3, €1€2 = €4,
€1e3 = e1e4 = €5,

{E11+ E22+2E33+2FE44 + 3E55,
E172 + 2E3,47 El,S + 2E3,5 - 2E14,57

€2€3 = €164 = €5,
-1
€264 = E€€5, €1€3 = & €5,

ecF\{-1}

E173 — E2,4 + 25_1E3,5 - 25E4,57
Eg’g — 5_1E2’4, E1,4 — 5E2,4 + E3,5
+eEy5, B 5, Bas)

ezes = —2es Fi4+2F35, E2a+ Eas, Eis, Eas}
s €1 = es, €2 = ey, {E11+ FE22+2E33+ 2FE44+ 3E55, -
eseq = des, FE13+2F35,—0FE23+ E14 +2E3 5,
eles = eres = es, —FEa3+ E24+20Fs5, E15, Ea5}
0 e
756 ei = es, €3 = e, {E11+ E22+2E33+2FE44 + 3E55, -
eles = ereq = es, Ev3+2FE35,FE23 — E24,F1,4
+FEs5,FE15,E25}
527 el = es, €3 = eq, {F11+ E2,2+2F33+2FE44 + 3E5 5, -
eses = ejeq = es, Ei13—E24+20pE35,F23 — a4
eses = ces, e1e3 = pes, +2(1 —ep)Eas,E1a —eFE24+2F3 5
g, c [[4" g ;é 1 —2€2E4’5,E1,5,E2,5}
7oF ! €2 =es, €3 = e, {E1,1+ E22+2E33+2FE44 + 3E55, -
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pa Multiplication A basis of the Is each
table vector space of local
derivations derivation
a derivation?
fg;l’_l el = e3, €3 = eu, {E11+ E2,2+2E33+2F44 + 3Es5 5, -
egxes = €1€4 = €5, FE13—FE24—2FE35 +2FE45,F23 4+ Ea4,
exe4 = e1e3 = —es, FEv4+FEsy—Ess —Ess, E15,FE25}
Has e? = e, €2 = es, {E11+ 2E22+2F44, Es2 + 2Fs5 4, -
exe3 = ée4 Ess+ Fsu+2Es55,F1,4,F34,F15,E35}
H29 6% = €2, €263 = e4, {E11+2E22+2FE44+ Es5, F12 + E5.4, -
eles = es Ess+ FEsa+ Es5,E14,F34,F15,E35}
30 e? = e, {E11+2E22+ FE33+3E44+ 3F5 5, -
eses = ey, FEi2+ %Es,z + Es.4,
ere3 = €5 = es, Ei4,E34,F15,FE35}
BZY e% = e2, €263 = €4, {F11+4+2E22+4F44+ 3FE55, E13+ Es.4, -
elez =es Ess+ Esa,F1,4,FE34,E15,E35}
32 e = ea, {F11+4+2E22+2F33+4F44 + 3Es 5, -
exe3 = ey, Ei2+4+Ei3+ Es4+4F25,
elez = eje3z = e; Er4,F34,F15,FE35}
33 el = ea, e2e3 = ey, {E11+2FE22 + %E3,3 + %E4,4 + 3E5 5, +
erez = €3 = es, Er4,F34,F 15, FE35}
F3a ei = es, e1e2 = e3, {E1,1+ E33+2FE44+2Fs5, Ea2 + E33+ Eau, -
ejes = eq Ev3+2F54,F23+ Es4,F14,F24,FE15,E25}
I35 €5 = es, e1e2 = €3, {E1,1+ E33+2F44, F2o+ F33+ Esa -
ejes = eq +2Fs55,F23+ Es4,F1,4,F24,F15,E25}
36 e1e2 = €3, e1€3 = ey, {E11+ E33+2E44+ Es5, Eao+ E33 -
egxes = e +FE44+2E55,E1,4,F24,F15,E25}
B el =e3 = es, {E1,1+ E2,2+2E33 + 3F44 + 2E5 5, -
elez =e3, e1e3 = e4 Ess3+ Esa, Fr4,F24,F15,E25}
38 e = ezes = es, {E11+3E22+ 3E33+ 2Es4 + 2Es5 5, +
ei1e2 = €3, €e1€3 = €4 Er4,F24,F15,FE25}
39 ei = es, e1e2 = e3, {E1,1+2F22+3FE33+4FE14 + 2F55, F1 3 -
6% =e1e3 = €4 +2E54,E23+ E3 4, F14,F24,F1 5, E2,5}
Hao ei = eases = es, {E1,4,E24,F15,F25} +
€1€2 = €3,
6% = €163 = €4
i) el = es, €162 = €3, {E1,1+ E22+2E33+ 3E44 + 2E5 5, -
€3 = des, %EI,S + %)\EQ,S + %(1 + A E34,
e1e3 = eges = ey4, Ei4,E24,F15,FE25}
AeETF

REMARK. Local derivations of Jordan algebras of dimension less than or equal to four
are described in [10].

3. Description of Local Derivations
on Some Jordan Algebras of Dimension Five

Teopema 1. Each local derivation on the Jordan algebra ¢ is a derivation.

< Let V be an arbitrary local derivation on _#19. Then V(z) = 2?21(2?:1 a; jT;)€i,
x € 1o for the matrix A = (aivj)ij:l of the local derivation V, where x = x1e1 + Toeg +
r3e3 + x4e4 + x5€5. By the definition, for any element x € 10, there exists a derivation D,

such that V(z) = Dyx = Az. By Table 1

D,(z) = a®z1e1 + a“xoe0 + (20/”:133 + ﬁxac4)63

—B%r, — B% § z x x x x (3'1)
+ [ —p%z, ﬁw2+2am4 es + (6721 4+ 7" w2 + 0wy + 30 w5) €5,
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where o, %, 4%, 6 and 6* in F, depending on .
If we take © = ej, then V(e1) = De,(e1) = ae; — ey + 0es. At the same time,
V(e1) = aiye1 + agiex + azies + ag1eq + ases. Hence, a1 = o, az1 = 0, azy = 0,

ag;1 = —B, a5 = 6°'. Similarly we get a;2 =0, ag2 = a®®, a32 =0, ag 2 = =3, a5 = ¥

if we take x = es. Also, we similarly get a1 3 = 0, as3 = 0, az3 = 20, as3 = 0, as3 = 0,
3

aiq4 =0,a24 =0, a34 = =B, a4 = 50, a54 = 0°, a15 =0, az5 =0, a5 = 0, ag5 = 0,

as5 = 3a5.

Now, since V is linear we have V(e; + e2) = V(e1) + V(ez2). From this it follows that

ael-i—ezel +ae1+6262 4 (_561—1—62 _ /851+e2)e4 4 (561—1—62 +751+52)e5
=ae; + a®ey + (= — 5%)es + (0 +7%)es.

Hence, a11¢2 = o, o172 = a2 and o = o®.

Similarly, from the equality V(e; +e3) = V(e1) + V(ez) we get a® ey 4 2011 e3 —
Beitese, 4 41T es = afle; 4 20%3e3 — ey + 0% es. Hence, o116 = a1, o117 = o and
ol = %,

Similarly, from the equality V(es + e5) = V(e3) + V(e5) we get 20 ez + 3% e5e; =
203 e3 + 3aes5. Hence, a3t = o, a®1% = a% and a® = a.

Now, since V is linear we have V(e; + e4) = V(e1) + V(es). From this it follows that

3
v(el —{—64) _ ae1+e461 +1861+6463 + (_Be1+e4 + §a61+64> e4

3
+ (561+e4 + 061+e4) e = aelel + 56463 + <_B€1 + 5046464) €5.

Hence,
3 3
ejteqs __ €1 e1teq __ eq __peiteq “ eites . _ per < e4
« =a, B = B, 154 + 5¢ = -0 + 5%
1.e.,
e 3 e € 3 e
—,81—{—5@4_— —54—{—5@ 1. (32)

Similarly, by V(e2 4+ es) = V(e2) + V(ea), we have —3° + 3a% = —g% + 3. Hence,
B = 52 by (3.2). Thus, we have

V(z) = Az = a®xrier + atagey + (2aelx3 + Be4x4)63

3
+ <—ﬁelx1 — B%xy + 50464354) e4 + (561901 + v2x9 + 0%y + 3aelm5)e5, z € _fo,

and V(z) = Az, x € J10- Now, since V is linear we have V(e; +e3 +es) = V(e1) + V(e3) +
V(e4). From this it follows that

afltestes — 0461, 2qf1testes 4 5614—634—64 = 92a° + 564’
e1+eszt+eq 3 e;teszteq el 3 eq
Hence, pertestes — gea _gea %ael = —p4“ + %ae“, ie., a® =a“ + %(ﬁel — ). So, we

have

V(z) = a®zer + o mep + (2023 + S a) €3 + ( — Bz — 7y

3
+ (50461 + B — ﬁe“) x4> eq + (021 +v2wo + 0%y + 30 x5)es, x € L.
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Since the local derivation V was chosen arbitrarily, we have it has the following form

3
V(z) = arre1 + azxges + (2axs + Sry)es + (—ﬁxl — Bxy + <§o¢ + 58— 7) x4> e4

+(0x1 + yx2 + 04 + 3axs)es, x € _Zio,

where a, 3, v, 9, 0, v belong to F.
Let V() = AZ, x € _#10. We suppose that, for each a € 1, there exists a derivation
of the form (3.1) with a matrix A,, such that

V(a) = Aa = A,a.
We find the form of the matrix A, for which the map, defined by the matrix A is a local
derivation. For this propose we consider the following system of linear equations
a1t = a1
a0, = A0y,
2a30 + a4y = 2a30 + ayv; (3.3)
—a18q — a2, + a4%aa =—a18 —azB + a4(%a + 8- V);
a10q + a2¥g + 4464 + a530q = a10 + aoy + a46 + 3asa

with respect to the variables aq, Ba, Va, Oa, 0a, for each a € _#19. Here, o, 3, 7, 6, 0, v are
elements from F. Note that, if the left part of any equation of the system (3.3) is equal to zero,
then the right part of this equation is also equal to zero.
Now, suppose that az # 0, a4 # 0, a1 # 0 and as = 0. Then we have

Qg = @

Ba = v

—av = —a18 + as(B — v);

a10q + a2¥g + a48, = a16 + azy + a4f.

This system has a solution for any a4 # 0, ag # 0, a1 # 0, as = 0 and a5 if and only if § = v.
Thus, we have

3
V(z) = azie; + azxges + (2axs + fry)es + <—ﬁm1 — Bxo + 504904) eq

+(0x1 + yoo + 0x4 + 3axs)es, = € _Fo.
But this coincides with the form (3.1) of a derivation on _#jo. This completes the proof.

Similarly we can prove the following theorem.

Teopema 2. Each local derivation on the algebras %9, 718, %19, #20. #21, F22, 733,
P38, P40 is a derivation.

4. Criterions of Linear Operators on Jordan Algebras
of Dimension Five to be a Local Derivation

Theorem 3. A linear operator V on the Jordan algebra _Zs is a local derivation if and
only if this linear operator belongs to the subspace with the following basis

1
LocDer(_#5) = {Em +2F39 +2F44,F2 4 — Ey3,FE33+ §E4,4, Es1,F53, Fs5 4, E5,5}- (4.1)
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< Let 75 be the Jordan algebra over the field F taken from Table 1 with the basis {eq,
e2, €3, €4, €5}.

First we prove that the matrix of each local derlvatlon on /5 has the matrix form (4.1).
Let V be an arbitrary local derivation on _#5. Then V(x ] 1 GijT5)ep, x € s, for
the matrix A = (al,])?j:1 of the local derivation V, where T = r1e1+x060+T3€3+ T 404+ T5E5.
By the definition, for any element x € 5, there exists a derivation D, such that V(z) =

D,x = Az By Table 1

—

Dy(z) = A7 = o”z1e1 + (20”20 + B7x4)en + 7 a3€3 + ( — [T
) (4.2)
+ <20zx + 57”5)3:4) eq + (5””3:1 + 0%x3 +o0%xy + (20/5 + 7$)x5)e5, x € 7,

where o, 8%, 7", 6%, w®, 6" and £* in F, depending on z.

Using equalities V(e;) = De,(e;) = A¢ €, @ = 1,2,3,4,5 we get a1 = o, ag1 = 0,
azl1 = O, a41 = 0, as51 = 561, a1z = O a2 = 20&62, az2 = 0 Q42 = O a52 = O a1 3 = 0
az3=0,a33=7%,a43=—0%,a53=0%,a14=0,a24 =%, a34=0, as —2ae4+1 “,
Q5.4 = o, a5 = 0, a5 = 0, ass = 0, a45 = 0, as5 = 205 + ’)’65.

Now, since V is linear we have V(e; + e2) = V(e1) + V(ez2). From this it follows that

V(er + e2) = a7 %e 4 20112y + 1725 = ey + 20%2ey + 6 es.
Hence, a®11¢2 = o1, q®11¢2 = %2, §411T¢2 = §° and o' = a2. Thus, we have
V(z) = Az = o x1e1 + (2&613:2 + ﬁe4x4)62 + % x3es

1
—1—( — B%8x3+ <2ae4 + 5’)’64>1‘4> es+ (561301 +0%x3 + x4 + (20465 + 765)1'5) es, T € 7.

Now, since V is linear we have V(e + e3 + e4) = V(e1) + V(e3) + V(es). From this it
follows that

V(61 +e3+ 64) — a61+63+e461 + Be1+63+e4e2 +761+63+e463

1
+< _ Be1+€3+64 4 2q 1 testes 4 5,},614—634—64) eq + (5€1+63+64 4 gertestes 4 0.61+63+€4)65

1
= afle; + e + v%e3 + ( — B9 4+ 2a% + 5764>e4 + (561 + 6% + 0'64)65

Hence, —3° + 2a + 1764 = —[% +2a° + %763, Le.,2a% + 5 lnea = ges — gea 4 901 1763
So, we have
V(z) = Az = o x1e1 + (20461352 + ﬁe4x4)eg + % x3e3

1
+< — %3 + <ﬁ63 — B% + 2% + 5763>x4> e4
—}—(5613:1 + 0% x3 + 01y + (2@65 + 765)335)65, r € Js.
Since the local derivation V was chosen arbitrarily, we have it has the following form
V(z) = Az = azxier + (20xs + Pay)es + yrzes

1
—|—<— vrs + (y—6+2a+ §’y>x4>e4 + (5381 + 0x3 + oxy +Cw5)e5, x € 7,

where a, 8, 7, 9, 6, o, v,  belong to F.
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Let V(z) = Zl?i, x € _f#5. We suppose that for each a € 5 there exists a derivation of

the form (4.2) with a matrix A,, such that
Vi(a) = Aa = Aya.

We find the form of the matrix A, for which the map, defined by the matrix A is a local
derivation. For this propose we consider the following system of linear equations
a10qg = 10
20204 + a4f8s = 2020 + a4 f3;
a3Ya = A37;
—a3fBa + 04(20411 + %’Ya) = —agV + a4(V - B+ 2a+ %V)a
a10q + a3ly + aso, + a5(2aa + ’Ya) = a10 + a3l + aso + as(

with respect to the variables aq, B4, Va, 4, 0a, 04, for each a € _#5. Here, a, 8, v, 0, 0, o,
v, i, ¢ are elements from F. Note that, if the left part of any equation of the last system is
equal to zero, then the right part of this equation is also equal to zero.

Now, suppose that ag # 0, a4 # 0. Then, if a1 # 0, we have

0y = @
Ba = QZ_ia + 06— QZ_iO‘;
Ya =75 (4'3)

—fBa = —y+g—§(u—ﬂ+2a+%fy) — Z—§(2a+%'y);
a10q + a3ly + ag0, + as5(2a4 + 74) = a16 + a3 + ago + asC.

From (4.3) it follows that, if S = v then, in this case, the system of linear equations (4.3) has
a solution. Thus we have

a10q = G105

2a20 + 4By = 20200+ aafB;

a3 = a37; (4.4)
—a3fBe + as(20q + 37a) = —a3B + as(20 + 1v);

104 + a30q + 404 + a5(204 + 7a) = a16 + azf + as0 + asC.

Now we prove that, for each element a € _Z5, the system of linear equations (4.4) has a
solution.
If ag # 0, ag # 0 and a1 = 0, then, if as = 0, we have

ﬁa:ﬁ;
Ya =75
Qg = O

a3ly + a0, = a3l + ago + as¢ — +a5(2a + )

and, in this case, the system of linear equations (4.4) has a solution. Else, if ay # 0, then we
have

2a204 + a4fa = 2a20 + ayB;

Ya =75

—a3fa + as20, = —azf + as2a;

a1dq + a3ly + as0, + a5(204 +v) = a16 + a3l + ago + as(.
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Hence,
Qg = Q;
Ya =75
5a = 5;

a10q + a3y + a404 = a1 + a3l + aso + as¢ — as(2a + ).

The last equation of this system has at least two variables with a nonzero coefficient. So, in
this case, the system of linear equations (4.4) also has a solution.
Now, it is rests to consider the case ag # 0, a4 = 0. In this case we have

a10g = a1Q;
a9ty = A9

Ya =5

Ba = B;

a10q + a3, + as2a, = a16 + a3zl + ago0 + as¢ — as7y.

Similarly, for any a1, as and a5 from F this system has a solution.

Thus, for each element a € _Z5, the system of linear equations (4.4) has a solution. Hence,
the linear operator of the form (4.1) is a local derivation. Since the local derivation V was
chosen arbitrarily and V is defined by derivations of the form (4.2) we have that each local
derivation on the Jordan algebra ¢ has the form (4.1).

Now, we prove that, if a linear map V : _#5 — _#5 has the form (4.1), then V is a local
derivation on _#5. For this propose, it is sufficient to prove that for each a € _#5 there exists
a derivation of the form (4.2), such that

—

V(a) = Aa = Aza.

But, this is equivalent to proving the existence of a solution of the system of linear
equations (4.4), what was done in the previous part of the present proof. This ends the
proof. >

Similarly we can prove the following theorem.

_1
Teopema 4. A linear operator on the Jordan algebras 77, 25, %13, 214, /204, Fou?,

Has, /206’ /2771’71, I35, P36, P37, is a local derivation if and only if this linear operator
belongs to the subspace with the following basis, respectively:

e LocDer( 77) = {E11+ E33,Fa2 + E33,Fy4, E51, E5 2, 5 4, Es 5},
o LocDer( #3) ={Ei11+ Es3+ Eq4,E29+ E33— Es4,F51,E52,F54,F55},
o LocDer(_#13) ={E11+ E22+2E33+2E44,FE31 — Es1,E19,E51,F59,F53,F54,E55},
e LocDer(_#14) ={FE11,E22+ E33,FE32+ E51,FE33+2F44,F59,E53,F55},
e LocDer( 75) = {F11,E22,E31,E33,FE11,E12,E44,F51,E52,F54, E5 5},
. LocDer(/;ﬁ) ={F11,E21,F22,F31,FE33,E41,FE42,F13,E44,F51,F52,F53,FE54,F55},
e LocDer(_%25) = {E1,1, E21, B22 +2F33,F31, Ey1, By, Ba3, By 4, Bs 1, E5 2, E5 3, E5 4, E5 5},
o LocDer( 755) ={E11+ E22,E31,E30 — E42,2FE33+2F; 4+ 3E55,E41,E51,E5 2, E5 3},
(

o LocDer( 75" ") = {E1,1+ E22, E31, E3.2,2E33+ 2E44 + 3E5 5, Ex1, Ea2, Es 1, Es 2, —Es 3+
Es 4},
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o LocDer( 735) = {E11,E22,E32,FE33,E41,E42,FE43,FEy4,E51,F52, F5 5},
e LocDer( #36) = {E1,1+ E33,F22+ FE33,FE41,E12,F14,F51,FE52,F55},
e LocDer(_#37) = {E1,1+ FE22+2E33+3E44+2E55,E32,E41,F42,FEs3,E51,F52}.

Theorem 5. A linear operator on the Jordan algebra 1, is a local derivation if and only
if this linear operator belongs to the subspace with the following basis:

LocDer(_#11) = {Ev,1, B2, E32,E33, E3 4, By, Eqa, E5 1, Es 2, Es 3, E5 4, E5 5}

< Let V be an arbitrary local derivation on _#1;. Then V(z) = 2?21(2?21 a; jT;)€i,
x € 711 for the matrix A = (aivj)?,jzl of the local derivation V, where © = x1e1 + z9e9 +
x3e3 + x4e4 + T5e5. By the definition, for any element x € _#71, there exists a derivation D,,

such that V(z) = Dyx = AZz. By Table 1

Dy(7) = A, = a"z1e1 + fwges + (Vw2 + (0 + %) w3 + 6°24) 3
1 (4.5)
+< — 6"z + <a$ + 5596) $4> es + (0721 + 0w + ¥ w3 + pTrs + (207 + %) x5)es,

where o, 5%, 4", §%, 0%, 0* and p in F, depending on z.

If we take z = ey, then, by V(z) = AZ = Dyz = A,Z, we get a1 = o', az; = 0,
az1 = 0, ag1 = —0%, as1 = 0°'. Similarly we compute the other components of A using
T = eq,e3,e4, €5 and have

V(z) = AT = afzreq + B2azes + (v2z2 + ( + %) w3 + 0% wy) €3

1
+< — 0wy + (ae‘* + §ﬁ64>x4> es + (0921 + 0% a0 + P w3 + p™zs + (20 + B)z5)es.

Since the local derivation V was chosen arbitrarily, we have it has the following form

—

V(z) = AZ = axie1 + Proes + (yxe + Axg + 0x4)es3

(4.6)
+ (ux1 +veg)es + (0x1 + oo + Exs + pry + wWrs)es.

where a, 3,7, 96, 0, 0, &, p, w, v, u, A belong to F.
Let V(z) = AZ, x € _#11. We suppose that for each a € _#1; there exists a derivation of
the form (4.5) with a matrix A,, such that

—

V(a) = Aa = A,a.

We find the form of the matrix A, for which the map, defined by the matrix A is a local
derivation. For this propose we consider the following system of linear equations

a10g = 10,

azBa = azf3;

a2¥a + az(q + Ba) + a40q = azy + az + a4d; (4.7)
—a16q + ag(og + %5,1) = a1y + aqv;

a10, + a204 + a3Ye + a4pa + a5(204 + Ba) = a160 + a2y + azf + asp + azw

with respect to the variables oy, B4, Yas 0a» a, 0as pa for each a € _#711. Note that, if the left
part of any equation of the system (4.7) is equal to zero, then the right part of this equation
is also equal to zero.
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Now, if a; # 0, ag # 0, then

Qg = @
Ba = B

Ya = Mo = g2 Ao;

da = Ao;

104 + 204 + aspa = vo — az(po — 2N),

where

Qa a a, a a
)\o:—ﬂ—_4’/+_4<04+_ﬁ>, o =7+ —A+—5——(a+p),
aq a2 a2 a2

Vo = a10 + agy + asé + agp + asw — a5(2a + B).

This system has a solution for any a1 # 0, as # 0, a3, a4 and as from F and gives a solution
of the system (4.7).
If a1 # 0, ag = 0, then the system (4.7) has the following form

Qg = o
a3fBq + a4, = ag\ + agd — azay;

—a10q + 3448, = a1 + aqv — age;

a10q + azYe + a4pa + asBs = a16 + az€ + asp + asw — 2as0.

We have
Qg = @
(a3 + a4%%)5@ = Mo — 4o}
0a = Ao + %%5@§
a10, + a3¥e + G4pq + a5ﬁa = Vo,
where a a
Ao = —lL — Ayt —4(1,,uo = ag\ + a4 — aza,
al al

Vo = a10 4+ as€ + aqp + asw — 2aza.

Since a1 # 0 this system has a solution for any ag, a4 and a5 from F and also gives a solution
of the system (4.7).
If a; = 0, ag # 0, then the system (4.7) has the following form

Ba = B;
a9Yq + a3Qq + a40, = a2y + agA + a4d — a3 f;
A4Qq = A4V — %Mﬁ;

204 + a3Yq + Qapa + 2a50,= agy + az€ + asp + asw — asf3.
If a; =0, as # 0 and aq = 0, then
IBa = /8;

— a3 .
Ya = Eaa + )\07

2
(204 + (% + 2@5)(1(1 = o — a3Ao,
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where A\, = v+ Z—g)\ — Z—zﬁ, o = a2y +az€ +asw—asf. Since as # 0 this system has a solution
for any as, a4 and as from F and also gives a solution of the system (4.7).
If ay =0, a2 # 0 and a4 # 0, then

5a = 5;
a2%Yq + a40q = Vy — azAo;
Qg = )‘o;

204 + a3%g + A4pq = fho — 2as5 X,

where A\, = v — %ﬁ, o = aoy+az€+asp+asw—asf, v, = agy+agA+aqsd —azf. Since as # 0
and a4 # 0, this system has a solution for any a3 and as from F and also gives a solution of
the system (4.7).

Now, if a1 = 0, ag = 0, then

a3(aa + /Ba) + a45a = a3)‘ + a45;
a4(04a + %5@) = aqV;
a3Ya + a4pa + a5(20 + Ba) = az€ + asp + asw.

If ay =0, a2 =0, ag # 0 and a4 # 0, then

aa+ﬁa+g_§5a :)‘+Z_§5;
20 + Ba = 2v;
a3Ya + aapa = a3l + asp + asw — as2v,

—Qq + 30a = A+ 26 — 2
204 + B4 = 2v;
a3Ya + aapa = a3€ + asp + asw — as2v.
Since as # 0 and a4 # 0 this system has a solution for any as # 0, a4 # 0 and a5 from F and

also gives a solution of the system (4.7).
Ifa; =0, a3 =0, a3 =0 and a4 # 0 then

0q = 0;
aa‘i‘%ﬁa:’/;

pa = p+ i — 2y
and, if a1 =0, ag =0, ag # 0 and a4 = 0, then

{aa+/8a :)‘5

a3Ya + a50q = az§ + asw — asA.

Both of these systems have a solution in the appropriate cases and they also give a solution of
the system (4.7). We have considered all cases of values of parameters ai, as, as, asg and as.
Thus, for each element a € #;1, the system of linear equations (4.7) has a solution.

Hence, the linear operator of the form (4.6) is a local derivation on _#;;. Since the local
derivation V was chosen arbitrarily and V is defined by derivations of the form (4.5) we have
that each local derivation on the Jordan algebra _#i; has the form (4.6).
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Now, we prove that, if a linear map V : _#;; — _#11 has the form (4.6), then V is a local
derivation on _#11. For this propose, it is sufficient to prove that for each a € ¢ there exists
a derivation of the form (4.5) with a matrix A,, such that

V(a) = Aa = A,a.

But, this is equivalent to proving the existence of a solution of the system of linear
equations (4.7), what was done in the previous part of the present proof. This completes
the proof. >

Similarly, we can prove the following theorem.
Teo%eMa E6 A linear operator on the Jordan algebras {7(?, H12, /f’g, /'16, %17’ /Qg,
/21, 6 /27’“’, Fa8, F29, 30, 731, P32, P34, P39, F4 is alocal derivation if and only

if this linear operator belongs to the subspace with the following basis, respectively:
e LocDer( %) = {E1,1,E21,E22,FE33,Fs1,E43,F44,F51,F52,FE53,F54,F5 5},
e LocDer(_#12) = {E11 +2F32 +3FE33+2FE44,E32,F34 — E41,E51,FE52,E53,F54,Fs5 5},
e LocDer( 7%
e LocDer(_ %16
(
(

) =A{FE11,E21,E00+ Ey4,E31,FE392,FE33,E34,FE41,F51,FE52,F53,F5 4,55},
)

e LocDer(_#17)
)

={F11+3E33+FE14,FE00+1F33+ Ey4,Es3— F31,FE51,E52,E53,E55},
={E11+3FE22+2E33 +4F44, o3, —E31+3E42,F51,FE52,E53, Es5 4, F5 5},

o LocDer( 74;) = {Ei1 + Ess, B3y, B3 + kEso, B33 + Eqa, Eay, Bs 1, Es 2, Es 3, Bs 4, B5 5},
ke,

o LocDer( 73,) = {F11,E22,F31,FE33,FE41,E42,FEs4,F51,F52,F53,F54,F55},

e LocDer( #3) = {E11+ E22,E31,F32, B33+ FEy4,E11,E42,E51,FE52,F5 3, F5 4, E5 5},

e LocDer( Z28) = {E11 +2F22,FE23,FE33,FEs1,E43,E44,FE45,F51,FE53,F55},

o LocDer( #5;7) = {Ei1 + E22,FE31,F32,FE33 + Eya,E41,F42,E51,F52,F5 3, E5 4, E5 5},

[ ] LocDer(/;f) = {E111 + E272 + 2E313 + 2E414 + 3E575,E371 — E412,E312 — E472,E411 —
Ey9,E51,F52, 53 — Es 4}, ife =1, p=1,

e LocDer(_Z29) = {FE1,1,E21,F22,FE33+ Es3,FE41,E44,F45,F51,FE53,F55},
o LocDer( #30) ={E11+ E33,E21,2E29 +3FE44+2E55,FE23,FE41,F43,E45,F51, E5 3},
e LocDer( #31) = {E11+2E22+ 3Es5,E31,E33,E41,FEs3,Ey4,Ey5,E51, Es 3},

e LocDer( #32) = {E1,1,E01+ E31,2E2 54+ 2E33+4E44—3Ey5,E41, Ea3, Ess+4F5 2, 3By 5+
3Es5,E5.1,E53},

e LocDer(_#34) = {FE11,E22,F31,F39,E33,F41,FE49,FE13,E44,F45,F51,FE52,F55},

o LocDer( #39) = {E11 +2FE32,E31,FE32,3E33+2E55,E41,FE42,Fs3,E44,FE45,F51,FE52}.

e LocDer( 7)) = {E11+E22+2E33+2E55,F51, Ea1, Eao, By, Eqa,Ea5,E51, Es 0}, if A= 0,
e LocDer( #\) ={E11+ E22+2E335+3E44+2FE55,5F51 — 3E32,Ex1,F12,F45,E51,E52},

iFA=—1,

e LocDer( 7)) = {E11+FE22, E31, E32,2E3 3+3E4,4+2E5 5, E11, E10, —FEs3+Ey5, E51, E5 2},
if A\ = -3,

e LocDer( 7\) = {Eiq1 + FE22,F31,E32,E33,E41,F19,F13,FEs4,Es5,E51,F52,F55},

ifA¢ {—1,0,3}.
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OIMCAHUE JIOKAJIbHBIX JUOOEPEHIIMPOBAHII
HA MOPIAHOBBIX AJITEBPAX PABMEPHOCTU IISATH

Apsukynos ®. H.12, Hypugauuos O. O.2

! Macruryr maremaruku um. B. Y. PomanOoBCKOTO
Axkazevun Hayk PecniyGimkn Y36ekucras,
Vsb6ekucran, 100174, Tamkent, yi. YHuBepcurerckas, 9;
2 AHIMIKAHCKHA# TOCYJAPCTBEHHBIH YHIBEPCHTET,
Vabekucran, 170100, Auguxkan, yia. YHusepcurerckas, 129

E-mail: arzikulovfn@rambler.ru, o.nuriddinov86@mail.ru

Awnnoranusi. B nanmoit crarbe MbI HCCIEIyeM JIOKAJTbHBIE AU HEPEHITNPOBAHNS Ha KOHETHOMEPHBIX HOD-
nanoBbix asnrebpax. Teopema [mmcona — Kaxanme — 2Kemasko, siBistiomasicss yHIaMEHTAIBHBIM BKJIAOM
B T€OPHUIO OAHAXOBBIX aaredp, YTBEPK/IAET, YTO BCAKUN YHUTAJIBHBIN JUHEWHDBI DyHKIMOHAT F' HA KOMILTEKC-
HOIl yHuTasbHON GanaxoBoil anrebpe A raxoit, uro F'(a) npunammexur cnexrpy o(a) mia xaxaoro a € A,
SIBJISIETCS] MYJIbTUILIUKATUBHBIM. B COBpEMEHHOI TEPMUHOJIOIMU 9TO SKBUBAJEHTHO CJIEIYIONIEMY YCJIOBUIO:
JTI060#1 YHUTAIBHBIN JTUHERHBINH JIOKAJIBbHBI TOMOMOPGMU3M U3 YHUTATBHON KOMILIEKCHON O0aHAXOBOI aJireOphl
A B C mynprumuinkarusen. HanmomuuMm, aro simneiinoe orobpaxkernune T u3 6anaxoBoit anrebpor A B GaHAXOBY
anrebpy B Ha3bIBAETCS JIOKAJIBHBIM I'OMOMOPMU3MOM, €CJIM JIsi KaXK/10ro a B A cylecrByer roMoMopdu3m
®, : A — B, zaBucammii or a, Takoit, uro T'(a) = Pq(a). Ananornanoe nonaTHe GBIIO BBEJECHO M U3yHe-
HO I Xapakrepusanuu auddepeHImpoBatuil Ha ONEePATOPHBIX ajredpax. A MMEHHO, TOHATHE JIOKAJIHHOIO
nuddepentposanus 6put0 BBeZeno B 1990 r. P. Konuconom u 1. Jlapconom, a rakxxke nesasucumo A. Cypy-
poMm. P. Kajucon nas onucanne Bcex HEIPEPBIBHBIX JIOKAJIBHBIX auddepenimpoBanuii aareopsl ¢pon Heiimana
CO 3HAYEHUSIMHU B €e JBONCTBEHHOM OanaxoBoM Ommomyste. B. [xxomcon o600t pesyabrar P. Kagucona n
JIOKA3aJI, 4TO KaxKjoe JIoKaJbHOe jnuddepernupopanre C™-anrebpbl cO 3HAYEHUsIMU B ee HAHAXOBOM GUMO-
nyne siasiercs quddepeniimpopanneM. VI3BecTHO, 9TO KaxK10€e JoKaabHOe quddepennupoanne J B-anre6pot
aBJigercs auddepennmpoBarueM. B gacTHOCTH, KaxKj0e JIOKaJIbHOE mudpepeHnnpoBanue Ha KOHEYHOMEpP-
HOI1 TIOJIyIIPOCTON HOP/IaHOBOM asrebpe siBisiercs auddepennmpoBanueM. B HacTosimeil ctarbe Mbl UCCIELyeM
nuddepeHIpPOBaHNs U JIOKATbHBIE 1M MEPEHITTPOBAHNS HA TATHUMEPHBIX HUJIBIIOTEHTHBIX HEACCOITNATUBHBIX
HopranoBbIX anrebpax. Onucanue JOKaIbHBIX AuddepeHTnpoBaHUil HUJIBIIOTEHTHBIX HOPIAHOBBIX AJIrebp siB-
JISIETCSI OTKPBITON mpobsiemMoii. Mbl JaeM onmucaHue JIOKAJIbHBIX AuddepeHnnpoBaHnii Ha MATUMEPHBIX HUJTb-
ITOTEHTHBIX HEACCOIIMATUBHBIX HOP/IaHOBBIX ajaredbpax HaJl aaredbpaniecKn 3aMKHYTBHIM TI0JIEM XapaKTePUCTHKA
= 2, 3. [IpuBogurca Tak»Ke KpUTEpHUii TOro, 4TO JIMHEHHBIN OepaTop Ha HOpPJIAHOBON ajredpe pa3MepHOCTH
[ISITH SIBJISIETCST JIOKAJBHBIM (D DEPEHITTPOBAHIEM.

Kumrouessie cioBa: Mopaasosa anreGpa, auddepeHimpoBasne, JoKaabHoe auddepeHImpoBaHie, HTb-
norenTHas Moprarosa anrebpa.
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