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1. Introduction. Problem Statement

As we know [1, p. 440], electromagnetic field is characterized by the electric field intensity
vector E and the magnetic field intensity vector H and the electrical induction vector B,
and magnetic induction vector D. The complete set of Maxwell’s equations relating these
quantities has the form

rotH =
1

c

∂D

∂t
+

4π

c
j +

4π

c
j(e), (1)

rotE = −1

c

∂B

∂t
, (2)

divB = 0, (3)
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divD = 4πρ, (4)

where j is the volume current density, j(e) is the currents density induced by the third-party
voltage, ρ is the volume charge density, c is the speed of light in vacuum.

Assuming that j(e) = 0, apply the rot to the equation (1). So we get:

rot rotH =
ε

c

∂

∂t
rotE +

4π

c
σ rotE,

whence, by virtue of the equations (2)–(4) and the relation rot rotH = grad divH − ∆H
obtain:

grad divH −∆H = −εµ
c2

∂2H

∂t2
− 4πσµ

c2
∂H

∂t

or, considering that divH = 0, by the later obtain

∆H =
1

a2
∂2H

∂t2
+

4πσµ

c2
∂H

∂t

(

a2 =
c2

εµ

)

. (5)

The equation for E is derived similarly

∆E =
1

a2
∂2E

∂t2
+

4πσµ

c2
∂E

∂t
. (6)

In particular, the equation (5) or (6) is satisfied by the components Ex, Ey, Ez and Hx,
Hy, Hz of E and H:

∆u =
1

a2
∂2u

∂t2
+

4πσµ

c2
∂u

∂t
, (7)

where u is one of the components Ex, Ey, Ez or Hx, Hy, Hz of E and H.
The nature of the process is determined by the properties of the environment. If the

medium is non-conductive and σ = 0, then from equation (7) arrive at the usual vibration
string equation

∆u =
1

a2
∂2u

∂t2
,

that is, electromagnetic waves propagate in a non-conductive medium without attenuation
at a speed of a = c/

√
εµ and, in particular, in empty space at the speed of light c.

If the medium is highly conductive, displacement currents can be neglected, unlike
conduction current, then from equation (7) we arrive at the heat conduction equation

∆u =
4πσµ

c2
∂u

∂t
.

Consider now the electric field in a domain filled with a low conductivity material. Since
gases in their natural state do not conduct electricity, any gas can serve as such a medium.
Let’s suppose that at some point in time some sort of ionizer became active on the gas.
For example, x-rays, ultraviolet rays, radioactive radiation, high temperature, etc could be
used as an ionizer. As a result of sufficiently large ionization, from a specified point in time,
the gas acquires greater conductivity. Hence, determining the electromagnetic field intensity
over the time period containing the ionizing moment in question involves solving a boundary
problem for the equation of the mixed parabolic-hyperbolic type. Boundary value problems for
model equations of parabolic-hyperbolic type were first studied in [2, 3]. Division of parabolic-
hyperbolic type equations into equations with characteristic and non-characteristic lines of
type change can be find in [4]. It should be mentioned the problem for model equation of



46 Balkizov, Zh. A.

parabolic-hyperbolic type with characteristic and uncharacteristic lines of type change are
studied in [2] and in [3] correspondingly. In the work of [5] an analogue of the Tricomi
problem is studied for a general equation of parabolic-hyperbolic type with sufficiently smooth
coefficients. An analogue of the Tricomi problem and some problems with displacement are
investigated in [6, 7] in relation to cases [5], where the solvability conditions of the studied
equation relative to the coefficients are violated. One of the sufficient conditions for the
solvability for equation (8) is a(x, 0) 6 0 (∀x ∈ [0, r]). Various local and nonlocal boundary
value problems for equations of parabolic-hyperbolic type are investigated in the works of
T. D. Juraev, M. S. Salakhitdinov, T. Sh. Kalmenov, N. Yu. Kapustin, A. S. Berdyshev,
K. B. Sabitov, O. A. Repin, V. A. Nakhusheva, V. A. Eleev, S. K. Kumykov and their students.
The most complete review on boundary value problems for equations of parabolic-hyperbolic
type can be found in the monographs of [8, 9].

The paper studies an analogue of the Tricomi problem for one second order equation
of parabolic-hyperbolic type with a degenerate hyperbolic operator of the first kind in the
hyperbolic domain. Here we generalize the results obtained earlier in [6, 7] both in terms of
sufficiency conditions for the uniqueness of a solution to an analogue of the Tricomi problem,
and in terms of the existence theorem. In the case where the coefficients of the equation are
constant, the solution is found and written out explicitly. An analogue of the Tricomi problem
for a third-order parabolic-hyperbolic type equation was previously investigated by a similar
method in [10].

2. Statement of the Problem

In the Euclidean plane with independent variables x and y consider the equation

0 =

{

(−y)m uxx − uyy + λ (−y)(m−2)/2 ux, y < 0,

uxx − uy + a(x, y)u− f(x, y), y > 0,
(8)

where λ, m are given numbers and m > 0, |λ| 6 m
2 ; a(x, y), f = f(x, y) are given functions;

u = u(x, y) is the desired function.
For y < 0 the equation (8) coincides with a degenerate hyperbolic equation of the first

kind [11, p. 21]

(−y)m uxx − uyy + λ (−y)
m−2

2 ux = 0, (9)

and for y > 0 equation (8) is a parabolic inhomogeneous one

uxx − uy + a(x, y)u = f(x, y). (10)

Equation (8) is considered in the domain Ω = Ω1 ∪Ω2 ∪ I, where Ω1 is the limited by the

characteristics σ1 = AC : x− 2
m+2 (−y)

(m+2)/2 = 0 and σ2 = CB : x+ 2
m+2 (−y)

(m+2)/2 = r

of equation (9) for y < 0, coming out from a point C = (r/2, yc), yc = −
[

(m+2)r
4

]
2

m+2
, passing

through points A = (0, 0), B = (r, 0) and the segment I = AB of the straight line y = 0;
Ω2 is the domain bounded by a rectangle with vertices A = (0, 0), A0 = (0, h), B0 = (r, h)
and B = (r, 0), h = const > 0; J = {(x, 0) : 0 < x < r} is the interval of AB of the straight
line y = 0.

By Regular solution of the equation (8) in Ω name the function u = u(x, y) of the class
C
(

Ω̄
)

∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2), ux(x, 0), uy(x, 0) ∈ L1(0, r), upon substitution of which the
equation (8) becomes the identity.
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Problem 1: Find a regular solution to equation (8) in Ω that satisfies the conditions

u (0, y) = ϕ1(y), u (r, y) = ϕ2(y), 0 6 y < h, (11)

u [θ0(x)] = ψ(x), 0 6 x 6 r, (12)

where θ0(x) =
(

x
2 ,−

(

m+2
4

)2/(m+2)
x2/(m+2)

)

; ϕ1(y), ϕ2(y) given on the segment 0 6 y < h

of the function; ψ(x) is the function given on the segment 0 6 x 6 r with the condition
ϕ1(0) = ψ(0) satisfied.

3. Uniqueness Theorem

Let there be a regular solution u = u(x, y) to equation (8) belonging to C
(

Ω̄
)

∩ C1 (Ω)
and let

u(x, 0) = τ(x), 0 6 x 6 r, (13)

uy(x, 0) = ν(x), 0 < x < r. (14)

First, find the necessary fundamental relationships between the functions τ(x) and ν(x),
brought from the domains Ω1 and Ω2 to the line J of type changing.

Passing in equation (8) to the limit at y → +0, taking into account notations of (13),
(14) and conditions (11) we immediately obtain the first functional relationship between the
functions τ(x) and ν(x) brought from the parabolic part Ω2 of the domain Ω:

τ ′′(x)− ν(x) + a(x, 0)τ(x) = f(x, 0), 0 < x < r, (15)

τ(0) = ϕ1(0), τ(r) = ϕ2(0). (16)

Next, we obtain the functional relationships between the functions τ(x) and ν(x), brought
from the hyperbolicity part Ω1 of the domain Ω to the line J . For this, first note that in the

characteristic coordinates ξ = x − 2
m+2 (−y)

m+2
2 , η = x + 2

m+2 (−y)
m+2

2 equation (9) turns
into the Euler–Poisson–Darboux equation

∂2u

∂ξ ∂η
− β1
η − ξ

∂u

∂η
+

β2
η − ξ

∂u

∂ξ
= 0,

where β1 =
m−2λ
2(m+2) , β2 =

m+2λ
2(m+2) . We also denote: β = β1 + β2 =

m
m+2 .

Let |λ| < m
2 , τ(x) ∈ C[0, r]∩C2(0, r), ν(x) ∈ C1(0, r)∩L1(0, r). Then the regular solution

to the problem (13), (14) for equation (9) is written according to formula [12, p. 14]:

u(x, y) =
Γ (β)

Γ (β1) Γ (β2)

1
∫

0

τ
[

x+ (1− β) (−y)1/(1−β) (2t− 1)
]

tβ2−1 (1− t)β1−1 dt

+
Γ (2− β) y

Γ (1− β1) Γ (1− β2)

1
∫

0

ν
[

x+ (1− β) (−y)1/(1−β) (2t− 1)
]

t−β1 (1− t)−β2 dt,

(17)

where Γ(p) =
∫

∞

0 exp (−t) tp−1dt is the Euler integral of the second kind (Gamma function).
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When satisfying the (17) condition (12), find:

u [θ0(x)] = u

[

x

2
,− (2− 2β)β−1 x1−β

]

=
Γ (β)

Γ (β1) Γ (β2)

1
∫

0

τ (xt) tβ2−1 (1− t)β1−1 dt

−(2− 2β)β−1 x1−βΓ (2− β)

Γ (1− β1) Γ (1− β2)

1
∫

0

ν (xt) t−β1 (1− t)−β2 dt = ψ(x).

Introducing the new integration variable z = xt, the last equality is rewritten in the form

Γ (β) x1−β

Γ (β1) Γ (β2)

x
∫

0

τ (z) zβ2−1

(x− z)1−β1
dz − (2− 2β)β−1 Γ (2− β)

Γ (1− β1) Γ (1− β2)

1
∫

0

ν (z) z−β1

(x− z)β2
dz = ψ(x).

In terms of the operator Dα
cx of fractional integro-differentiation (in the sense of Riemann–

Liouville) [13, 14] the last equality can be rewritten as

Γ (β) x1−β

Γ (β2)
D−β1

0x

{

τ(t) tβ2−1
}

− (2− 2β)β−1 Γ (2− β)

Γ (1− β1)
Dβ2−1

0x

{

ν(t) t−β1

}

= ψ(x). (18)

Inverse the equation (18) with respect to the function ν(x), and find

ν(x) = γ1D
1−β
0x τ(t)− γ2 x

β1 D1−β2
0x ψ(t), (19)

where γ1 =
Γ(1−β1) Γ(β) (2−2β)1−β

Γ(β2) Γ(2−β) , γ2 =
Γ(1−β1)(2−2β)1−β

Γ(2−β) .

Relation (19) is the main functional relation between the sought functions τ(x) and ν(x),
brought from Ω1 to the line of type change J when |λ| < m

2 .

If λ = m
2 , then β1 = 0, β2 = β = m

m+2 , γ1 = γ2 = (2−2β)1−β

Γ(2−β) and the regular solution of

the problem (13), (14) for equation (9) are derived by formula [12, p. 15]:

u(x, y) = τ

[

x+
2

m+ 2
(−y)(m+2)/2

]

+
2y

m+ 2

1
∫

0

ν

[

x+
2

m+ 2
(−y)(m+2)/2 (2t− 1)

]

(1− t)−β dt. (20)

Satisfying condition (12) in representation (20), we arrive at a functional relationship between
the functions τ(x) and ν(x) of the following form

ν(x) =
(2− 2β)1−β

Γ (2− β)

[

D1−β
0x τ(t)−D1−β

0x ψ(t)
]

. (21)

But if λ = −m
2 , then β1 = β = m

m+2 , β2 = 0, γ1 = 0, γ2 = 21−β (1− β)−β. The regular
solution to problem (13), (14) for equation (9) in this case has form [12, p. 15]:

u(x, y) = τ

[

x− 2

m+ 2
(−y)(m+2)/2

]

+
2y

m+ 2

1
∫

0

ν

[

x− 2

m+ 2
(−y)(m+2)/2 (2t− 1)

]

(1− t)−β dt. (22)
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From (22) under condition (12) we immediately find:

ν(x) = −21−β (1− β)−β xβ ψ′(x). (23)

Let’s proceed to the formulation and proof of the uniqueness theorem. The following
Theorem is true.

Theorem 1. Let with respect to the coefficient a(x, y) of equation (8) the following

conditions be satisfied:

a(x, y) ∈ C
(

Ω̄2

)

; (24)

a(x, 0) 6
γ1

2Γ (β)
(r − x)β−1 (∀x ∈ [0, r]). (25)

Then Problem 1 cannot have more than one regular solution in Ω.

⊳ To prove Theorem 1, consider a homogeneous problem corresponding to Problem 1,
that is, assume that ψ(x) ≡ 0 (∀x ∈ [0, r]) and ϕ1(y) = ϕ2(y) ≡ 0 (∀ y ∈ [0, h]). Given that
τ(0) = ϕ1(0) = ψ(0) = 0 by relations (19), (21), (23) for different values of λ obtain the
corresponding equalities

ν(x) = γ1D
1−β
0x τ(t) = γ1D

−β
0x τ

′(t) = γ1 ∂
1−β
0x τ(t), |λ| < m

2
; (26)

ν(x) =
(2− 2β)1−β

Γ (2− β)
D1−β

0x τ(t) =
(2− 2β)1−β

Γ (2− β)
∂1−β
0x τ(t), λ =

m

2
; (27)

ν(x) ≡ 0, λ = −m
2
. (28)

For further reasoning, we use the following property of the operator ∂α0xϕ(t) of fractional
differentiation (in the sense of Caputo) [15]: for any absolutely continuous function ϕ = ϕ(x)
satisfying the condition ϕ(0) = 0 on the segment [0, r] the following inequality holds:

ϕ(x) ∂α0xϕ(t) >
1

2
∂α0xϕ

2(t), 0 < α 6 1. (29)

Consider further the integral form

I =

r
∫

0

τ(x)ν(x) dx. (30)

For |λ| < m
2 from (26) and (30) with (29) come to inequality

I =

r
∫

0

τ(x)ν(x) dx = γ1

r
∫

0

τ(x)∂1−β
0x τ(t) dx

>
γ1
2

r
∫

0

∂1−β
0x τ2(t) dx =

γ1
2Γ (β)

r
∫

0

(r − x)β−1 τ2(x) dx. (31)
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On the other hand, for the corresponding to problem 1 homogeneous problem of (30)
in view of (15), (16) we have:

I =

r
∫

0

τ(x)ν(x) dx =

r
∫

0

τ(x)
[

τ ′′(x) + a(x, 0) τ(x)
]

dx

= −
r

∫

0

[

τ ′(x)
]2
dx+

r
∫

0

a(x, 0)τ2(x) dx. (32)

Taking into account (32) inequality (31) is rewritten as follows

−
r

∫

0

[

τ ′(x)
]2
dx+

r
∫

0

[

a(x, 0) − γ1
2Γ (β)

(r − x)β−1

]

τ2(x) dx > 0. (33)

Under condition (25) inequality (33) occurs if and only if τ(x) ≡ 0 (∀x ∈ [0, r]). Then using
ratios (15) and (26) we find that also ν(x) ≡ 0 for all x ∈ [0, r] and any λ ∈

(

−m
2 ;

m
2

)

.
Then, as follows from formula (17), in Ω1 the solution u(x, y) ≡ 0 is like a solution to the
Cauchy homogeneous problem (13), (14) for equation (9). Besides in Ω2 the solution to the
first homogeneous boundary value problem (10), (11), (13) cannot differ from the trivial [16,
p. 352]. Thus, u(x, y) ≡ 0 in Ω̄.

For λ = ±m
2 , using equation (29), when calculating integral (30) in view of (27), (28) leads

to the same result, as in the case of |λ| < m
2 , however β1 = 0, β2 = β = m

m+2 , γ1 = (2−2β)1−β

Γ(2−β)

for λ = m
2 and β1 = β = m

m+2 , β2 = 0, γ1 = 0 for λ = −m
2 .

The theorem 1 is proved. ⊲

4. Theorem of Existence

Let us proceed to the study of the existence of the regular solution to Problem 1.
The following theorem is true.

Theorem 2. Let the given functions a(x, y), f(x, y), ϕ1(y), ϕ2(y), ψ(x) have the properties

of (24), (25) and, in addition, let

ϕ1(y), ϕ2(y) ∈ C[0, h]; ψ(x) ∈ C[0, r] ∩ C2(0, r); f(x, y) ∈ C
(

Ω̄2

)

. (34)

Then there is a regular solution to Problem 1.

⊳ Indeed, from fundamental relations (15) and (19) obtained above for |λ| < m
2 , relative

to the sought functions τ(x) and ν(x) we arrive at the following system of equations

{

τ ′′(x)− ν(x) + a(x, 0)τ(x) = f(x, 0),

ν(x) = γ1D
1−β
0x τ(t)− γ2x

β1D1−β2
0x ψ(t).

From where we try to find a regular solution relative to the function τ(x), to a second-order
ordinary differential equation with a fractional derivative in lower terms of the form

τ ′′(x)− γ1D
1−β
0x τ(t) + a(x, 0)τ(x) = f(x, 0)− γ2 x

β1D1−β2
0x ψ(t), 0 < x < r, (35)
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satisfying conditions (16). The solution to problem (16) for equation (35) is equivalent to the
solution of the integral equation type

τ(x) =
1

r

r
∫

0

L(x, t)τ(t) dt +

(

1− x

r

)

ϕ1(0) +
x

r
ϕ2(0)

+

x
∫

0

(x− t)F (t)dt− x

r

r
∫

0

(r − t)F (t) dt, (36)

where

L(x, t) =

{

xK (r, t) , 0 6 x < t,

xK (r, t)− rK(x, t), t < x 6 r,

F (x) = f(x, 0)− γ2x
βD1−β

0x ψ(t), K(x, t) = a (t, 0) (x− t)− γ1
Γ (β + 1)

(x− t)β.

Based on (24) property, as well as on (34) properties on the given functions ϕ1(y), ϕ2(y),
ψ(x), f(x, y) we conclude equation (36) is the Fredholm integral equation of the second
kind with kernel L(x, t) ∈ L2 ([0, r]× [0, r]) and with the right side belonging to the class
C[0, r]∩C2(0, r). The unique and unconditional solvability of equation (36) under conditions
(24)–(25) follows from the uniqueness theorem proven above for Problem 1. The solution τ(x)
to equation (36), according to the general theory of Fredholm integral equations, is written
out using the resolvent R(x, t) of the kernel L(x, t). Moreover the resolvent R(x, t) as well
as the kernel L(x, t) belongs to the class R(x, t) ∈ L2 ([0, r]× [0, r]). The solution τ(x) to
equation (36), as well as its right-hand side, belongs to the class τ(x) ∈ C[0, r] ∩ C2(0, r).
Once the solution τ(x) to (36) has been found, the second required function ν(x) can be found
using relations (15) or (19). The theorem 2 is proved.

When a(x, 0) of (35) is a constant real number, the solution to problem (35), (16), and,
therefore, the solution to integral equation (36) is written down explicitly.

Indeed, let us find a solution to problem (16) for equation (35), when a(x, 0) = a = const.

Applying the operator D−2
0x to both sides of equation (35), we arrive at equivalent integral

equation (35):

τ(x)− γ1
Γ (β + 1)

x
∫

0

(x− t)β τ(t) dt+ a

x
∫

0

(x− t) τ(t) dt = c1 x+ c2 +

x
∫

0

(x− t)F (t) dt, (37)

where c1, c2 = const.

Equation (37) belongs to the class of convolution type Volterra integral equations of the
second kind. Using the definition of convolution of two functions, rewrite equation (37):

τ(x)− γ1
Γ (β + 1)

(

xβ ∗ τ(x)
)

+ a (x ∗ τ(x)) = c1x+ c2 + (x ∗ F (x)) , (38)

where

(g1(x) ∗ g2(x)) =
x
∫

0

g1(t) g2(x− t) dt =

x
∫

0

g1(x− t)g2(t) dt

is the convolution of two functions g1(x) and g2(x).
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Let T(p) and G(p) be the Laplace images of the desired function τ(x) and the right-hand
side F (x) of equation (38), respectively, that is

τ(x) : T(p), F (x) : G(p).

Then, applying the Laplace transform to equation (38), using the linearity property and
the multiplication theorem, we arrive at the following equation for T(p)

T(p)

[

1− γ1
pβ+1

+
a

p2

]

=
G(p)

p2
+
c1
p2

+
c2
p
,

whence

T(p) =
G(p) + c1 + c2p

p2∆(p)
, (39)

where ∆(p) = 1− γ1 p
−β−1 + a p−2.

For sufficiently large values of the p parameter there is an equality:

∞
∫

0

e−∆(p)sds =
1

∆(p)
.

With this in mind, formula (39) is rewritten as

T(p) =

∞
∫

0

e−∆(p)s
[

G(p) p−2 + c1 p
−2 + c2p

−1
]

ds. (40)

Now find the reverse Laplace transform. First of all, note that p−µezp
−β

:

xµ−1φ
(

β, µ; zxβ
)

, where φ (ξ, η; z) =
∑

∞

n=0
zn

n!Γ(nξ+η) is the Wright function [17]. Employing

the formula g1(p)g2(p) : (q1(x) ∗ q2(x)) by (40) find:

τ(x)=

∞
∫

0

e−s

{

F (x) ∗ x−1/3∗
[

x−1/3φ

(

β + 1,
2

3
; γ1sx

β+1

)]

∗
[

x−1/3φ

(

2,
2

3
;−asx2

)]}

ds

+ c1

∞
∫

0

{

x−
1
3 ∗

[

x−1/3φ

(

β + 1,
2

3
; γ1sx

β+1

)]

∗
[

x−1/3φ

(

2,
2

3
;−asx2

)]}

ds

+ c2

∞
∫

0

e−sx−2/3 ∗
[

x−2/3φ

(

β + 1,
1

3
; γ1sx

β+1

)]

∗
[

x−2/3φ

(

2,
1

3
;−asx2

)]

ds.

(41)

Further use the following notation [18]:

Sµ
m (x; z1, z2, . . . , zm;β1, β2, . . . , βm) = h1(x) ∗ h2(x) ∗ . . . ∗ hm(x),

Gµ
m (x;λ1, λ2, . . . , λm;β1, β2, . . . , βm) =

∞
∫

0

e−sSµ
m (x; λ1s, λ2s, . . . , λms;β1, β2, . . . , βm) ds,

where hk(x) = xµk−1φ
(

βk, µk; zkx
βk
)

, k = 1, . . . ,m; µ =
∑m

k=1 µk.
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Rewrite with the above notation representation (41)

τ(x) =

∞
∫

0

e−s
[

F (x) ∗ S2
3 (x;−γ1s, as; 1, β + 1, 2)

]

ds

+ c1

∞
∫

0

e−sS2
3 (x;−γ1s, as; 1, β + 1, 2) ds + c2

∞
∫

0

e−sS1
3 (x;−γ1s, as; 1, β + 1, 2) ds,

wherefrom

τ(x) = c1G
2
3 (x;−γ1, a; 1, β + 1, 2) + c2G

1
3 (x;−γ1, a; 1, β + 1, 2)

+

x
∫

0

G2
3 (x− t;−γ1, a; 1, β + 1, 2)F (t) dt. (42)

Satisfying conditions (16) in (42), we find values of the unknowns c1 and c2, and, therefore,
the function τ(x) becomes known, and with relations (15) or (19), as above, we find the second
required function ν(x).

After the functions τ(x) and ν(x) are found, the solution to Problem 1 in Ω1 is defined
as the solution to the Cauchy problem (13), (14) for equation (9) and we employ here one of
the formulas (17), (20) or (22). Thus in the domain Ω2 we arrive at the first initial-boundary
value problem for equations of parabolic type (10) with conditions (11), (13), studied in [16,
p. 350].
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АНАЛОГ ЗАДАЧИ ТРИКОМИ ДЛЯ УРАВНЕНИЯ СМЕШАННОГО
ПАРАБОЛО-ГИПЕРБОЛИЧЕСКОГО ТИПА ВТОРОГО ПОРЯДКА

Балкизов Ж. А.1

1 Институт прикладной математики и автоматизации КБНЦ РАН,
Россия, 360000, Нальчик, ул. Шортанова, 89 а

E-mail: giraslan@yandex.ru

Аннотация. В работе исследован аналог задачи Трикоми для одного уравнения параболо-
гиперболического типа второго порядка с оператором теплопроводности в области параболичности и
с вырождающимся гиперболическим оператором первого рода в области гиперболичности. Линия изме-
нения типа y = 0 является характеристической для параболического уравнения и нехарактеристической
для гиперболического. Исследуется задача, когда значения искомой функции u = u(x, y) заданы на гра-
ничных отрезках AA0, BB0 прямых x = 0 и x = r, где A = (0, 0), A0 = (0, h), B0 = (r, h), B = (r, 0),

r > 0, h > 0, а также задано значение u = u(x, y) на характеристике σ1 = AC : x− 2
m+2

(−y)(m+2)/2 = 0
гиперболического уравнения при y < 0. Ранее подобные задачи были предметом исследований многих
авторов, таких, например, как работы А. М. Нахушева и Х. Г. Бжихатлова, М. С. Салахитдинова и
А. С. Бердышева. В данной работе доказаны теоремы единственности и существования регулярного
решения исследуемой задачи. При доказательстве теоремы единственности решения задачи использу-
ются современные методы теории дробного исчисления, а существование доказана с помощью метода
интегральных уравнений. В случае, когда коэффициенты рассматриваемого уравнения являются посто-
янными, решение найдено и выписано в явном виде. Доказанные теоремы обобщают полученные ранее
результаты как в плане условий достаточности для единственности решения аналога задачи Трикоми,
так и в плане теоремы существования.

Ключевые слова: уравнение смешанного параболо-гиперболического типа, вырождающееся ги-
перболическое уравнение первого рода, задача Трикоми, метод Трикоми, дробное исчисление, метод
интегральных уравнений, интегральное уравнение Вольтерра второго рода типа свертки, интегральное
уравнение Фредгольма второго рода.
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