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Abstract. The paper is devoted to analysis of metric properties of images of measurable sets in sub-
Lorentzian geometry introduced on Carnot manifolds. The current research continues the results obtained
earlier for classes of compact sets on Carnot groups. The main difference is that, firstly, the mapping
is defined on a measurable set (not necessarily compact), and, secondly, the preimage and image of the
mapping do not have a group structure. Also, the definition of sub-Lorentzian analog of Hausdorff measure
(which is not a measure in general) is modified: in contrast to earlier research, it does not require “uniform”
sub-Riemannian differentiability. One of results is the property of quasi-additivity of this sub-Lorentzian
analog. The latter enables to derive its parameterization by sub-Riemannian Hausdorff measure. In turn,
this property means that the sub-Lorentzian analog of Hausdorff measure has classical properties of
measure on certain class of sets. The sub-Lorentzian area formula on Carnot manifold is the main result
of the paper. We also demonstrate the main ideas of its proof and show their specificity.
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1. Preliminaries

The paper continues the research of metric properties of Lipschitz images on sub-

Lorentzian structures started in [1]. Recall that these structures are a nonholonomic
generalization of Minkowski geometry (see [2] and references therein). Research into
both the structures themselves and their applications in physics [3, 4] began relatively
recently. Article [5] is one of the first works in which such structures were studied. For
further acquaintance with recent results established for sub-Lorentzian structures and their
generalizations (for example, in the case of a multidimensional timelike coordinate), see,
e. g., [6] and the list of cited literature.

#The research is carried out in the framework of Russian state assignment for the Sobolev Institute of

Mathematics, project Ne FWNF-2022-0006.
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In the current paper, we consider a mapping of Carnot manifolds. Despite the fact that
locally they are constructed close to Carnot groups, these structures are of more general
nature. Moreover, we weaken the requirements on a domain of a mapping: it can be defined
on a measurable set which is not definitely compact. This weakened requirement influences
the definition of sub-Lorentzian Hausdorff measure.

We consider the model case when the depth of domain and target space equals two.

DEFINITION 1 (see, e. g., [7], cp. [8-10]). Fix a connected Riemannian C*°-manifold M of
the topological dimension N. M is called a Carnot manifold of the depth two, if its tangent
bundle TM contains a subbundle H = HM C TM of the dimension dim H independent of
points from M such that for each point p € M there exists a neighbourhood U C M with
a collection of Cl-smooth basis fields X7,..., Xy possessing the following property: at each
point v € U we have TM = span{H, [H, H]}.

The subbundle HM is called horizontal. If a basis vector field belongs to HM then its
degree deg X equals one, and it is called horizontal. The degree of vector fields different from
horizontal equals two.

We may assume that the basis vector fields are C'-smooth.

Put ny =dim H and no = N —dim H.

Let us describe the local homogeneous group and its basic properties. It follows from
Definition 1 that there exist functions {c;;x(v)}i ;r such that

N
X5, Xj](0) = Y ciji(v)Xi(v), veU, i,j=1,...,N.
k=1

Theorem 1 [9]. Fix u € M. The collection

O, 61867

defines the structure of nilpotent graded Lie algebra.
Construct Lie algebra g* with structure constants from Theorem 1 as nilpotent graded
Lie algebra of vector fields {(X*)'}¥; on RY such that the exponential mapping

(2

N
RYS (z1,...,25) — exp <Zml()?lu)l> (0)

=1

equals identity [11, 12]|. Thus (see, e. g., |9, 13]), we infer ()?Z“)’(O) =e;, i =1,...,N. Next,
we use the exponential mapping

N
Oy : RY 3 (z1,...,25) — exp (Zx,XZ> (u)
i=1

to push-forward the fields {()?Z“)' }N | to the neighbourhood of u on M. This neighbourhood
together with the vector fields X = (6,)«(X})" and a group operation defined by them
constitutes the structure of a local Carnot group and is denoted by ¥*M (see details in [9]).

Theorem 2 (see [8, 9, 13| for various cases). If the basis vector fields on Ml are C*-smooth
then X' depend continuously onu, ¢ =1,...,N.
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DEFINITION 2 (see, e. g., [14]). A two-step nilpotent graded (Lie) group is a connected
simply-connected Lie group G such that its Lie algebra V' is graded, i. e., is representable in
the form

V=VieV, [WV,Vi]cV, [WV]=[V,V]=/{0}.
If we put [V1,V]] = V3 instead of [V1, V1] C V4 then G is called a Carnot group.
DEFINITION 3. Let M be a Carnot manifold, and w = exp (Zfil w; X;)(v). Put

da(v, w) = max ( Z w?) , ( Z w?) |

jrdeg X;=1 j:deg X ;=2

The set {w € M : da(v,w) < r} is called a ball with respect to da of the radius r > 0 centered
at v, and is denoted by Boxa(v, 7).
It is easy to see that the Hausdorff dimension of M with respect to dy equals v = nj + 2ns.

DEFINITION 4. Define a set function 77 for A C M as

S (A) = Wiy wny -(%ii%inf{ Zr;’ : U Boxa(yi, i) DA yi € A, i < 5},
1€N €N
where the infimum is taken over all coverings of A.

To this end, the symbol w; stands for a volume of a Euclidean ball of the unit radius in R,

The set function S is a measure (i. e., " is countably additive on Borel sets); it follows
from the quasi-additivity of 7" and results of [15, 16]. It is also easy to prove that J#* and
AN are absolutely continuous one with respect to another, and are doubling. The derivative
of N with respect to £ at x € M equals y/det(g(x)), where g is a Riemann tensor on M.

Consider one more Carnot manifold M with horizontal subbundle H and basis vector fields
X Tyeves X ~- Denote the quasimetric constructed on M in the same way as in Definition 2 (with
obvious changes) by dy. Put 71 = dim H and 7o = N — dim H.

Let us pass to the sub-Riemannian analogue of differentiability for our case, and to some
important results.

DEFINITION 5 [17]. Let M and M be Carnot manifolds, Q@ € M, and ¢ : Q — M.
The mapping ¢ is he-differentiable, or differentiable in the sub-Riemannian sense, at the (limit)
point x € Q if there exists a horizontal homomorphism ., : ¥*M — ¢ #(@)M of local Carnot
groups such that

da(0(y),-Ze(y)) = o(1) - do(w,y), where o(1) =0 if @3y — z. (1)

The he-differential (or sub-Riemannian differential) %, is denoted by Dep(z).

REMARK 1. By Local Approximation Theorem [8, 9, 13|, we may consider in Definition 5
the quasimetrics defined like ds and ds on local Carnot groups instead of initial ones.

DEFINITION 6. Let M and M be Carnot manifolds, 2 C M, and ¢ : Q — M. If @ is
a Lipschitz mapping with respect to quasimetrics do and dy then @ is Lipschitz in the intrinsic
sense.

The next result was obtained for the first time by S. K. Vodopyanov [17].

Theorem 3. Let M and M be Carnot manifolds, D C M be a measurable set, and
p:D— M be a Lipschitz mapping in the intrinsic sense. Then it is hc-differentiable almost
everywhere. Moreover, the matrix of Dy consists of the “diagonal” (dim Vi x dim Vi )-blocks,
while all other elements vanish.
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To this end, by “diagonal” ones, we mean the blocks consisting of elements such that their
lines’ numbers correspond to the (basis) fields of degree k from M, and columns’ numbers, to
the fields of the same degree k from M, k = 1,2. Denote these “diagonal” blocks constituting
the matrix of ﬁ(p, by lA)k = ﬁkcp, k=12

In the paper, we assume that D C M is measurable, the mapping ¢ is Lipschitz in
the intrinsic sense and continuously hc-differentiable in the topology of its domain, the set
¢ ((Dy)) is compact, where Dy = {y € D : rank Dp(y) < N}, and ¢ is bijective on its
image outside Dy. Moreover, ny > ny and ng > no, or ny > nq and ny > ns. For each k = 1,2,
choose integers 1, € [0,7n3, — ng). Set ng = 0.

DEFINITION 7. Let w = exp (Zf\il wl)NQ) (v). Put 93(v,w) to be equal to

ﬁk:—l‘f’ﬁlc ﬁkfl‘f’ﬁ; % ﬁk—l“l‘ﬁk ﬁk,1+ﬁ;

2 2 2 2

/?f%}; E wj — E wj sgn E wi — E wy
J=p_1+ig +1 J=ngk_1+1 J=Rg_1+ig +1 J=ngk_1+1

The set {w € M : 92(v,w) < r?} is called the ball in 03 of the radius r > 0 centered at v and
is denoted by Boxy(v, 7).

To study the metric properties of surfaces lying in I\7JI, it is enough to consider the above
analogue of the squared distance 93, without considering the roots of the quantities involved
in the definition. As in [1], we are going to study spacelike surfaces whose intersections with
92-balls are bounded if the centers of these balls lie on this surface. Let us formulate the re-
quirements on ¢ providing the spacelikeness of its image (see [1] and [6] for details).

ASSUMPTION 1. In each “diagonal” block Dk of the sub-Riemannian differential Dgo, denote
the part consisting of first n, lines, by D, , and the rest, by D:, k=1,..., M. Consider such
orthogonal mapping Oy, that transfers lines of Dk to R" x "k ~"k Where ri denotes the rank
of Df, k=1,2.

To this end, assume that the rank of lA?k equals the rank of lA)JF, k=1,...,M. Moreover,
for r; independent lines of lA),jOk with numbers iy,...,%,, constituting the matrix er,
the following holds: lengths of columns of [ﬁ;Ok] (E;Lk )71 do not exceed 1/ry — ¢, ¢ > 0
(see more details in [1]). Here [@] denotes a part of a matrix @ consisting of its first ry
columns, k = 1,2. Note [1, 6] that this assumption provides the spacelikeness of the image of
every mapping w ﬁgp(y)(w), y € D, in the sense of local Carnot groups YM and ¥ M.

To describe the measure on the images of measurable sets, we will base on ideas of [1] to
parameterize the fragment of intersection of the image of the measurable set with a 93-ball by
a subset of some open connected set. Fix y € D, € > 0, then [17] there exists such d,(g) > 0
that if y,v € D, and da(y,w) < dy(e) then

max {dz(Dp(y) (w), p(w)), d"* (D (y)(w), p(w)) } < eda(y, w).

Emphasize that here §,(g) depends on y. Moreover, in contrast to [1], to this end, the unifor-
mity of ,(¢) will not be required. Let us now formulate the new version of the definition of
4’ -measure for images of measurable sets, and briefly describe the related terms.

DEFINITION 8. Assume that A C M is a subset of the image of a measurable set D C M
under Lipschitz in the intrinsic sense mapping ¢ which is he-differentiable everywhere on its
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domain. Suppose that on D \ Dy, the mapping ¢ is bijective on its image. Define 4" (A) as

Wy Wny ;1_% inf { %N:él-r;’ : EIJ\] (Boxf(xi,ri)) DA ;€A r <min{e, ry, .},
1 7

6; = e if gDil(xi) NDy# @, and §; =1 if x; ¢ QD(D())},

where the infimum is taken over all coverings (J;cn(Boxy (x,7)) D A of A.

The main idea is also to parameterize the image of ¢ by subsets of images of lA)go by
means of the mapping 7, : ¢(w) Do(y)(w), = = ¢(y). Since locally ¥*M coincides
with a neighborhood of z in M as set of points, we may consider 7, as a mapping of this
neighborhood of z in M to itself. Namely, Boxj (z,7) equals

75 (Boxy(z, ) N® Im ﬁgp(y)), if rank Do(y) = N and = ¢ o(Dy),

U 71;73}75 ( Boxy (2, min{r, 7, . }) N* Im ﬁ(p(y)), if rank lA)Lp(y) <N and z¢ ¢(D\ Dy),
v p(y)=z
JZ%, ifz e @(D\DQ)H@(DQ),

where 7., . is the mapping

p(w) = Dp(y)(w), if w € Boxs (y,Fpy.), p=min{r,ry.}, and Dp(y) # 0,
o(w) — Dp(y){w), if w € Boxe (y,?,n,yvg), and Dp(y) =0,

and &/ equals the union of 7,1 (Boxy(z,r) N* Im lA)cp(yx)), where y, ¢ Do, ©(y,) = z, is
assigned to z, and

U W;;,E(BOXD(“’C’ min{r, ry.}) N* Im ﬁ@(y))
y€Do: p(y)=x

The radii ry., 7ye, and 75, . are defined the way similar to [1| with the replacement
of d(¢) by d,(e). Roughly speaking, these values provide the “uniformity” of o(1) from (1)
for measurable (not necessarily compact) sets by shrinking the balls in the preimage; see
detailed definitions in [1].

The main result for this set function J7}” is

Theorem 4. The function M D A — 4" (¢(A)) is differentiable almost everywhere with
respect to the measure €7 : for almost all y € D the limit

i 0 (p(Boxa(y, 1))
r—0 AV (Boxa(y,T))

= D v I3 (y)
exists. Moreover, this function is recoverable by its derivative: for A C D, we have

S (p(4)) = / D A () A (3).
A

The main steps of proving Theorem 4 and, in particular, quasi-additivity of the set function
are the following results of independent interest.
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Lemma 1. If B C D is such that ¢~ '(¢(Dy) N B) is closed, where B = (B, then
Theorem 4 from [1] holds for B.

In contrast to [1], the constraint in Lemma 1 is related more to Dy than to B since
the latter need not to be a closed set.

Lemma 2. Let B be a ball in M (with respect to the distance /(-,g-) ). Then for each
6 > 0, there exists an embedded closed ball B C B such that

|7 (0(B)) — 7" (p(B))] < 6.

Emphasize that Definition 8 does not imply that 7" is a measure. For this reason, the
assertion of Lemma 2 is not obvious as it can seem to be. Moreover, it is also not applicable
to use the exhaustion of an arbitrary measurable set by compact ones by the same reason.

The main application of Theorem 4 is the area formula.

Theorem 5. Let M and M be Carnot manifolds, D C M be a measurable set, and the in-
trinsically Lipschitz mapping ¢ : D — M be continuously hc-differentiable in the topology of
its domain. Assume that ¢ is bijective on its image on D \ Dy, and ng enjoys conditions of
Assumption 1 everywhere. Then

2
Do () = [ /et (D () i oly) — Dy o (w)* Dy o(v) (2)
k=1

for almost all y € D\ o~ (¢(Dy)), and the area formula

2
/ [T y/det (D ely)* Difely) — D olu) Dy ply)) d” () = A7 (#(A)
AnD k=1

holds for each measurable A C D.

The main idea of the proof of Theorem 4 is to calculate the derivative D v 9" (y)
explicitely at density points y € D of D. Fix y € D and consider B = Boxa(y,r)
and B = Boxs(y,7), 7 > r, such that Boxa(y,7) N ¢ (p(Dy)) = @, and the covering
{Boxy (xi, i) }ien of the image ¢(B) from Definition 8. Put z; = ¢(y;), ¢ € N. From [5] it
follows that

2
wnywny ry =] [ \/det (D e(yi)* D o(yi) = Dy p(yi)* D o (i) -, (Dep (i)~ (Boxo (w4, 74)))
k=1

up to the multiple 1+ o0(1), where jg’;’: is a Hausdorff measure constructed in the local Carnot
group ¥¥iM. Moreover, we may assume without loss of generality that ¢ > 0 from Definition 8
is such that Dy(y;) ™ (Boxy(z4,7;)) C B, i € N. In turn, the right-hand side equals

2
[T \/det (Df ¢(v:)* D o(v:) — Dy o(wi)* Dy o)) - #* (Do (i)~ (Boxo(ws, 1))
k=1

up to the multiple 1+ o(1), ¢ € N. Here o(1) is uniform due to continuity of Riemann tensors
on local Carnot groups and to Theorem 2. Definition 8 infers

ﬁgo(yi)fl(Boxa(xi,ri)) NnND= gpil(BOX%O(CEi,T’i)),
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thus, the collection {Dg(y;) ! (Boxy (25, 74)) }ien covers BN D. Since y is a density point of D
then given o > 0, there exists rg > 0 such that if r < ro then

HAY(BND) s (Boxa(y,r) N D)
A7 (B) sV (Boxa(y,r))

>1-—o0.

It is left to show that if ¥ < rg where rg > 0 is chosen for arbitrarily small o > 0, then

inf{ Z,%”” (ﬁ(p(yi)fl(Boxa(xi,m))) D € LP(B)} — " (B) (3)

1€EN

does not exceed o - ¥ (B). Assume that r and 7 are such that #%(B\B) < (c/2) -
AV (B), and choose the appropriate € > 0 from Definition 8 to provide the inclusions
Do(y;) " (Boxa(zi,7i)) C B, i € N. To prove the estimate (3) it suffices

e to apply Vitali’s Theorem for obtaining the collection {Dep(y;)~*(Boxy (i, 7:)) }ien that
covers BN D up to a set of 7”-measure zero;

o for this set of J-measure zero, to choose a covering by balls {Boxa(y;,7;)}jen such
that the sum of their JV-measures does not exceed given € > 0;

e to replace {Boxa(y;,7;)}jen by {ﬁgp(yj)_l(Boxa(xj, K7j))}jen such that

Dp(y;) " (Boxo (x5, K1) D Boxa(y;, rj),

K = max{1,Lip(¢)} < oo, j € N; then the sum of their measures would not exceed K,
K < c0. The value € > 0 can be chosen in a such a way that K& < (0/2) - 7 (B).
From here it follows that

(1—0)#"(B) < #*(BND) <Y A" (Doly:) " (Boxa(wi,7:))) + K&
€N
< AHY(B)+2- % A" (B) = (1 + o) " (B),

thus, the equality (2) and the area formula are true. The theorem follows.

REMARK 2. All proofs do not require the uniformity of o(1) from the definition of hc-dif-
ferentiability.

References

1. Karmanova, M. B. Metric Characteristics of Classes of Compact Sets on Carnot Groups with Sub-
Lorentzian Structure, Viadikavkaz Mathematical Journal, 2024, vol. 26, no. 3, pp. 47-55. DOLI:
10.46698,/d9212-8277-5800-1.

2. Miklyukov, V. M., Klyachin, A. A. and Klyachin, V. A. Maksimal’nye poverkhnosti v prostranstve-
vremeni minkovskogo [Maximal Surfaces in Minkowski Space-Time], Volgograd, VolSU, 2011, 530 p. (in
Russian).

3. Krym, V. R. and Petrov, N. N. Equations of Motion of a Charged Particle in a Five-Dimensional
Model of the General Theory of Relativity with a Nonholonomic Four-Dimensional Velocity
Space, Vestnik St. Petersburg University: Mathematics, 2007, vol. 40, no. 1, pp. 52-60. DOI:
10.3103/51063454107010062.

4. Krym, V. R. and Petrov, N. N. The Curvature Tensor and the Einstein Equations for a Four-Dimensional
Nonholonomic Distribution, Vestnik St. Petersburg University: Mathematics, 2008, vol. 41, no. 3,
pp. 256-265. DOI: 10.3103,/S1063454108030060.

5. Berestovskii, V. N. and Gichev, V. M. Metrized Left-Invariant Orders on Topological Groups,
St. Petersburg Mathematical Journal, 2000, vol. 11, no. 4, pp. 543-565.



Images of Measurable Sets on Sub-Lorentzian Depth 2 Carnot Manifolds 85

10.

11.

12.

13.

14.

15.

16.

17.

Karmanova, M. B. Lipschitz Images of Open Sets on Sub-Lorentzian Structures, Siberian Advances in
Mathematics, 2024, vol. 34, no. 1, pp. 67-79. DOI: 10.1134,/S1055134424010036.

Basalaev, S. . and Vodopyanov, S. K. Approximate Differentiability of Mappings of Carnot—
Carathéodory Spaces, Furasian Mathematical Journal, 2013, vol. 4, no. 2, pp. 10-48.

Gromov, M. Carnot—Carathéodory Spaces Seen from Within, Sub-Riemannian Geometry, Basel,
Birkhduser Verlag, 1996, pp. 79-318. DOI: 10.1007/978-3-0348-9210-0 2.

Karmanova, M. and Vodopyanov, S. Geometry of Carnot—Carathéodory Spaces, Differentiability,
Coarea and Area Formulas, Analysis and Mathematical Physics, Basel, Birkh&user, 2009, pp. 233-335.
DOI: 10.1007/978-3-7643-9906-1 _14.

Nagel, A., Stein, E. M. and Wainger, S. Balls and Metrics Defined by Vector Fields I: Basic Properties,
Acta Mathematica, 1985, vol. 155, pp. 103-147. DOI: 10.1007/BF02392539.

Postnikov, M. M. Lectures in Geometry. Semester V: Lie Groups and Lie Algebras, Moscow, Mir, 1986,
446 p.

Bonfiglioli, A., Lanconelli, E. and Uguzzoni, F. Stratified Lie Groups and Potential Theory for Their
Sub-Laplacians, Springer Monographs in Mathematics, Berlin, Springer, 2007, 828 p. DOI: 10.1007/978-
3-540-71897-0.

Karmanova, M. B. Fine Properties of Basis Vector Fields on Carnot-CarathEOdory Spaces under
Minimal Assumptions on Smoothness, Siberian Mathematical Journal, 2014, vol. 55, no. 1, pp. 87-99.
DOI: 10.1134/S003744661401011X.

Folland, G. B. and Stein, E. M. Hardy Spaces on Homogeneous Group, Princeton, Princeton University
Press, 1982, 286 p.

Vodopyanov, S. K. and Ukhlov, A. D. Set Functions and Their Applications in the Theory of Lebesgue
and Sobolev Spaces. I, Siberian Advances in Mathematics, 2004, vol. 14, no. 4, pp. 78-125.
Vodopyanov, S. K. and Ukhlov, A. D. Set Functions and Their Applications in the Theory of Lebesgue
and Sobolev Spaces. 11, Siberian Advances in Mathematics, 2005, vol. 15, no. 1, pp. 91-125.
Vodopyanov, S. Geometry of Carnot—Carathéodory Spaces and Differentiability of Mappings,
The Interaction of Analysis and Geometry. Contemporary Mathematics, vol. 424, Providence, RI, AMS,
2007, pp. 247-301.

Received June 26, 202}

MARrIA B. KARMANOVA

Sobolev Institute of Mathematics,

4 Ac. Koptyuga Ave., Novosibirsk 630090, Russia,
Leading Researcher

E-mail: maryka@math.nsc.ru, maryka84@gmail.com
https: //orcid.org/0000-0002-8562-1513



86 Karmanova, M. B.

BraiukaBka3CKuili MaTeMaTHIECKHI Ky PHAJT
2024, Tom 26, Beinyck 4, C. 78-86

I[TJIOIIAZIb OBPA30OB UBMEPHUMBIX MHO2KECTB HA MHOTI'OOBPA3MAX
KAPHO I'JTYBUHBI JIBA C CYBJIOPEHIEBOW CTPYKTYPOI

Kapmanosa M. B.!

! Mucruryr maremaruxn um. C. JI. Cobonesa CO PAH,
Poccus, 630090, r. HoBocubupck, np-t Axkagemura Konriora, 4

E-mail: maryka84@gmail.com, maryka@math.nsc.ru

Awnnoranus. Crarbs MOCBAINEHA AHAJIM3Y METPUIECKHUX CBOWCTB 00PA30B U3MEPUMBIX MHOXKECTB HA MHO-
roobpasusx Kapuo ¢ cybsopeHIeBoii crpykTypoit. Hacrosiiee ncciietoBanue mpoao/zKaeT pe3y/bTaThbl, M0-
JIydeHHbIe paHee Jjid KJIACCOB KOMIIAKTHBIX MHOXKeCTB Ha Tpymnmnax Kapuo. OCHOBHOE OTJIMYHE COCTOUT B
TOM, 9TO, BO-IIEPBBIX, OTOOPAYKEHNE ONPEEIIAETCA Ha U3MEPUMOM MHOXKECTBE (He 00:A3aTeJIbHO KOMITAKTHOM ),
a BO-BTODBIX, TpoOOpa3 u 06pa3 oToOparKeHWsI He UMEIOT IPYIIOBOI CTPYKTYypbl. Takxke MoauduimpoBaHo
ompeiesieHre CyGIOPEHIIEBOroO aHaIora Mepbl Xaycaopda (KOTOpBIii, BOOOIIE roBOpsi, MEPOl He SBJISETCH): B
OTJIMYME OT HMPEIBbIAYIINX UCCIEIOBAHNN, OHO He TpeOyeT «paBHOMEPHOIT» CyOpMMAaHOBOH 1uddepeHImpyemMo-
cru. OJIHUM U3 PE3YJILTATOB SIBJISIETCsSI CBOMCTBO KBa3Wa I IMTUBHOCTH 3TOr0 CyOJIOpeHIieBa anaJjora. [locieaee
[TO3BOJISIET MOJIYYUTH €ro mapaMeTpusanuio cybpumManoBoii Mepoit Xaycaopda. B cBoio ouepesnb, 910 CBOMCTBO
03HAYAET, ITO CyOJIOPEHIEB aHAJIOr Mepbl Xaycaopda obagaeT KIaCCUIeCKUMH CBOMCTBAMHU MeDPBI Ha OIIpe-
JIeJIEHHOM KJiacce MHOXKeCTB. OCHOBHBIM PE3yJIbTATOM CTATbU SIBJISIETCsS (hopMyJia CyOJIOPEHIIEBON TIIOMIA I
Ha MHOroo6pasuu Kapuo. Mbl Tak»ke IPOIEMOHCTPUPYEM OCHOBHbBIE UJIEU €€ JIOKA3aTeIbCTBA U MOKAYXKEM HMX
crrenuuKy.

KuaroueBrbie cioBa: rpynmna KapHo, aummuieBo oToOpakeHne, U3MEePUMOe MHOXKECTBO, CYOJIOpPEHIIEBa
CTPYKTYypa, KBa3ua I uTUBHAsT (DYHKIIUST MHOXKECTBA, (POPMYJIa IJIONIAIH.
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