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Abstract. In this paper we study the finite speed of propagation property to the Cauchy problem for
weighted higher order degenerate parabolic equations. We prove that if initial data is compactly support
in some fixed ball, then so does the solution for all time. Because we are considering exponentially growing
weights, the size of the support should expand more slowly over time than in the non-weighted case. We
prove that for a large time the support of the solution expand with logarithmic rate. That estimate of
support meets with known estimate for second order parabolic equations. The main tool of the proof is
based on local energy estimates on annuli which allows us to consider even nonpower character of weights.
It works even in cases when the weighted Gagliardo-Nirenberg inequality does not occur. Previously, that
approach was utilized by D.Andreucci and by author for equations in domains with noncomact boundaries
and for higher order parabolic equations including the thin film equation.
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1. Introduction

We consider the Cauchy problem in Sz = RY x (0,T) for the higher order degenerate
parabolic equations of the form

0 (|u|q_2u)

Fal) ———+(=1" > D (f((I=)) [D™ [P~ D)) =0, (L.1)
|a)|=m
u(x,0) = up(z), =€RN. (1.2)
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Here the sum extends to all z-derivatives of order m, |D™u| = 3=, _,,,|D%ul, f(s) = exp(g(s)),
where ¢(s) be a smooth enough increasing function defined in (0,00). The problem under
consideration is doubly nonlinear for p # 2 and ¢ # 2. In what follows, we need to specifier
the behavior of g(s) as follows. Following [1, 2|, set 7 e (C'RM\{x0}))" be a function

%
satisfying (z — xg) - B > 0 with some zg € RY. Define

p—1

G(W.k) =pVg- B +divh — (p— k| W

%
with & > 0. We assume that there exist h o and kg > 0 such that

G(fTo), ko) (z) > C1 with some C; > 0 for all z € RV, (1.3)
%
G (ho, ko) () — o0 as |z| — oo, (1.4)
G(i?g,ko)(x) > Cy|Vg(x)[P with some Cy > 0 for all z € RV, (1.5)

there exist ¢; and R; such that
IDVg(z)| < 1 [Vg(x)|" for all |y] =2, |z| > Ry. (1.6)

Let g € C™(RY,R.,) satisfy (1.3)—(1.6) and define

WP (RY) = {u e W™P(RN)} : /eng|Dku‘pdx < 00,

where D¥ denote all distributional derivatives of order k, Wy"?(RN)-norm is defined by

m
g = [ S|P e

Denote W = Wg"?(RY) n L (RY).

DEFINITION 1.1. We say that for a given ug € L§(RY), u is an energy solution of (1.1),
(1.2) for any T > 0 if
u € C([0,00; LL(RN) N LP(0, T3 W))

and u satisfies (1.1) in sense of distributions and (1.2) holds.
The existence result of (1.1), (1.2) can be done exactly as in [3]. Note also that the following
integration by parts formula occurs

t

1 1
P / lu(t)|? ePIdx — a/ |ug|? ePddz = —// | D" ul? P9 da: dr (1.7)
RN RN

0 RN

for all ¢ > 0. We say that a solution u satisfies the finite speed of propagation property (FSP
for short) if from that for some fixed time ¢y u(z,ty) is compactly supported with respect
to x follows that w(z,t) is compactly supported with respect to x for any ¢ > to. Let B,(0)
be a ball of radius r centered at the origin. The main result of the paper reads as follows.
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Theorem 1.1. Let u be an energy solution to (1.1), (1.2) in St for any T' > 0. Assume
that 1 < g < p and support up(z) C By, (0), 7o < oo and (1.3)—(1.6) hold. Then u satisfies
FSP and support of u(z,t) C B,7)(0) for any T > 0, and for T' large enough

r(T) < C(ro, ||[uo]lg9) g (log T). (1.8)

REMARK 1.1. The case m = 1 estimate (1.8) was obtained in [4]. As an example of g(s)
we can choose g(s) =s* 0<s<oo,1<a<p/(p—1).

The problem of FSP has a long history. In practice, it arose during the first study of
degenerate second-order parabolic equations. A large role in this was played by exact solutions
of the self-similar type, giving an idea of the exact behavior of the radius of the support and the
solution over time. Using the comparison method, estimates of the support for model equations
were obtained. We refer the reader to the monograph [5] for a more detailed acquaintance
with the history of the development of qualitative properties for various classes of nonlinear
degenerate equations. In the early 80s, integral methods for estimating the support were
proposed by Antontsev 6] and were further developed by Diaz and Veron [7]. For the first time,
support radius estimates for high-order equations were obtained in the works of Bernis [8, 9].

Later, other energy approaches were proposed in the works of Shishkov [10, 11], Andreucci
and the author [12-15]. A feature of the approach in these works is that a system of rings is
considered as a parametrization of the domain. This allows one to study equations with non-
power weights and thus manages to bypass the Gagliardo—Nirenberg weighted inequalities.

In what we denote by C' > 0 the constant which may vary from line to line and depends
only on the data of the problem. The rest of the paper is organized as follows. In the Chapter 2
we give the proof of Theorem 1.1.

2. Proof of Theorem 1.1

We start from the following Lemma [14].
Lemma 2.1. Let p > 0 and a3 > a1 + 1/2, 0 < a < ay be given. Define

S,={z¢€ RY : (a1 —a)p < |z] < (ag — a)p}.

Then there exists a Lipschitz-continuous function ( > 0 such that its support is gp, C(x)=1
in {a1p < |z| < agp}, ¢ € C%(S,), and |D¥¢| < (N, k)a=*p=* in S,. Moreover, for | > m,
0<k<m,0<e<l, veW™(S,), we have

m—k

(ap)~* HClikDmikUHp,Sp <e||¢'D™|| o 4y E (ap)™ HClimva,SP' (2.1)

p,Sp

Denote (Vg) := (1 4+ |Vg[P)'/P. It was proven in [1] that under the conditions (1.3)-(1.5)
the following inequality holds

/epg(Vg>mp |ul? dz < C/epg |D™ulP dx.
RN RN
Based on this inequality and condition (1.6), was shown that the following three properties
are equivalent for any m > 2:
(i) we Wy (RY),
(i1) (Vg)y™ *Dku e L (RN) for 0 < k <m,
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(iii) (Vg)™ ' D'(e9u) € LP (RN) for 0 <1 < m.
As a consequence the following norms

1
m P
lullfpg = <ZH<V9>W"“D’“uHZg> ,

k=0

1
P
[l p, = (ZH Vo)™ FD¥(efu H”)

k=0

are equivalent to the norm Wy"? (RN ) Thus, using (2.1) with v = ue9, we get
(ap)F Hegcl_kDm_kqu’sp < Ce HegClequ’ + e (ap)™™ HeQCl muH (2.2)
For p > 4ry, define for 1/4 > 65 > 6, > 0, and i = 0,1, ...
=3 —92/)+ (92 —61), T§,:P+92P—§(92 —61).
Define also the sequence of annuli A; = {r] < |z| </} C A;y1. Let ¢, i > 1, be the function

as in (2.2), where 6 = 03 — 6; and

1 0 0 0
041:5—92—{—2@, QZF, 1—{—92—5

Then ¢; = 1in A;, (; = 0 out of A;y1, and ‘Dkg{ < C(27pf)~F. Next, choosing (fu in the
weak formulation of (1.1), (1.2) as a testing function, where s > m is large enough, we get

t
sup /|u|qgfep9dx—|—//‘Dmu|pgfepgdxd7
o<t

RN 0 RN

(2.3)
m
CZ Zé?p //{Dm kuHDmu{p ! ¢ kePd dg dr.
Applying the Young inequality to the r.s. of (2.3), we have
t
s éC’e/ / ‘Dmu‘pgfepgdxdT
0 RN
. (2.4)
+Ce™ p+1z ZHp kp/ / |Dm ku|p s=kPeP9 qudr = J.
k=1 0 RN

Setting s = Ip, [ > m, and using (2.2), we bound above the second term in (2.4) we get

the bound .

J < C€p+1€1// |Dmu\pgfep9 dxdr

0 RN
t

# O (@00 [ [ e duar
0 RN

(2.5)
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where we choose € and 1 so that Ce + Ce PTle; < 1. Thus, we arrive at

sup / |u|qdpepg dx + // ‘Dmu{p Cfpepg dxdr
o<t
RN 0RN

t
Q_iep)mp// lul? Ci(l_m)pepg dxdr.

0 RN

Let v € W™P(A) is compactly support in A, then the Gagliardo—Nirenberg inequality yields

/|v|pd:n < etlz/‘Dva)d:c—{—6_ﬁ C’(/ |v|qdaz>
A A

A

2
q

Choosing v = (u¢;},;)e?, we get with a = N(p — q)/(N(p — q) +mpq):

Qs

/‘u( | epgdx<aa / ‘Dm uChLl)eg)‘ dr +¢e 1- aC( / ‘CS 1u| qudx> . (2.7)

A1+1

Taking into account (i)—(iii), we have

[ 107 @y ar <o [ D7 (uct )P e da.

Aiga Ai

Thus, by (2.6), (2.7) we deduce

sup /|u§5‘qepgdx+//|Dm uCS ‘pepg dxdr

o<t
Z9 mp// ‘ (e ‘pepgdxdT

Ot A (2.8)
<ea O (270p) _mp/ / D™ (u¢iy) {p ePd dxdr
0 Air
p
q
fe T C (2i9p)mpt< sup / |(u¢iy)|" e® dx) .
0<T<t

Choose e: '/2C(27%0p)~™P = 6. Then (2.8) reads:

Y; ;== sup /‘u{8|qep9dx+//|Dm ug;) ‘pepgdxdT

o<t
0 A;

a , H
= 02971 e p” ( sup /]u\qqu dw)
0<T<t

< OVipr + (67
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where H = N(p — q) + mpq. Hence, for small enough § by the standard iteration we get

2
_H !
sup /|u|q ePdr < Cp at| sup /|u|q e dx
o<r<t o<t
Ao Ao

p
q
< Cﬁgpgte(pq)g(Z)I;( sup /]u\q ePd dac) ,

o<t
Aco

where Ay = {p(271 — 02) < |z| < p(1+69)}, Ag = {p(27 = 01) < |z| < p(1 +61)}. Let
p > 4rg and
p

PIn:g_Ugﬁn’ p;;:p—i—aQ—n, n=0,1,...

We choose

Oy =027", O =02"""' oe (0, i) .
Define

I, := sup / |u|%ePd dz.
0<r<t
Pr<lz|<py

Then (2.9) gives

Ly < C(o) 2" p e m9®)f 17" (2.10)

Finally, by classical iterative Lemma 5.6 of [16, Chapter 2| one gets from (2.10) that I,, — 0

as n — 0o, provided

p P—4

pate PII T <o) (2.11)

where 47 is small enough and depends on the data of the problem only. Using (1.7), we have

Iy < luoll, = /\uolq 917 4z < 0.

RN

Thus, in order to check (2.11), it is enough to choose a free parameter p such that

p i pNe 9P ¢ lug g, < 5777

From this inequality for p > 1 and ¢ > to(|juo||?,4) large enough, we conclude that the radius
of support satisfies (1.8). Theorem 1.1 is proved.
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Amnnoranusi. B sToil crarbe MBI n3ydaeM CBOWCTBO KOHEYHON CKOPOCTH PACIPOCTPAHEHUS IS 3a/1a49u
Kot 151 B3BeIIeHHBIX BBIPOXKIEHHBIX TAPAOOJIMIECKIX YPABHEHM BBICIIETO TOPsiiKa. Mbl 1OKa3bIBaeM, 9TO
€CJIM HaYaJIbHbIE JAHHBIE KOMITAKTHO HOCAT B HEKOTOPOM (DUKCHPOBAHHOM IIape, TO TaK Ke OOCTOUT JEJI0 U C
pemreHueM 111 Bcero BpeMenu. [lockosibKy MBI paccMaTprUBaeM SKCIIOHEHIIMAJIBHO PACTYIIlHe Beca, pa3Mep HO-
CUTeJIsI IONYKEH PACIIUPSATHCS MeJJIEHHEe CO BpEMeHeM, UeM B ciydae 6e3 Beca. Mbl JOKa3bIBa€M, 9TO B TEUECHIE
GOJILINNX 3HAYEHUU BPEMEHU HOCUTEJb DEIIeHUs] PACIIUPSAETC C JIOrapudMUYIECKON CKOPOCTHIO. DTa OIEHKA
HOCHTEJIsI COBIIQJIaeT C N3BECTHON OIEHKON JJIsl CIIydasi YpaBHEHH BTOporo mnopsijika. OCHOBHOM MHCTPpYMEHT
J0Ka3aTeJIbCTBA OCHOBAH Ha JIOKAJBHBIX OIlEHKaX dHEPrUH Ha KOJIbIaX, YTO IIO3BOJIeT HaM PacCMaTpPUBATh
JlaKe HeCTelleHHO#M xapakTep BecoB. OH paboraer jaxke B CJydasiX, KOTJA HE BBIIOJHSIETCH BECOBOE Hepa-
BerctBo lanbsapno — Hupenbepra. Panee stor mogxos ucnons3oBasics . Anjapeyddan u aBTopoM B 00J1acTsxX
C HEKOMIIAKTHBIMHU T'DAHUIIAMH U I apabOJNYeCKUX yPABHEHUI BBICIIIETO MOPs/IKa, BKJIOYas ypaBHEHME
TOHKUX IIJIEHOK.

KiroueBble cJI0Ba: JABaXKIbl HEJIMHEHHbBIE BECOBBIE MApabOIMIeCKUe YPABHEHUST BHICOKOTO TOPSIIKA, KO-
HEYHasi CKOPOCTb PACIPOCTPAHEHUsI BO3MYIIEHUI, JJorapudMUIecK paclIupPsAIONUAcs HOCUTEb
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