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Abstract. In this paper we study the finite speed of propagation property to the Cauchy problem for
weighted higher order degenerate parabolic equations. We prove that if initial data is compactly support
in some fixed ball, then so does the solution for all time. Because we are considering exponentially growing
weights, the size of the support should expand more slowly over time than in the non-weighted case. We
prove that for a large time the support of the solution expand with logarithmic rate. That estimate of
support meets with known estimate for second order parabolic equations. The main tool of the proof is
based on local energy estimates on annuli which allows us to consider even nonpower character of weights.
It works even in cases when the weighted Gagliardo-Nirenberg inequality does not occur. Previously, that
approach was utilized by D.Andreucci and by author for equations in domains with noncomact boundaries
and for higher order parabolic equations including the thin film equation.
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1. Introduction

We consider the Cauchy problem in ST = R
N × (0, T ) for the higher order degenerate

parabolic equations of the form

f(|x|)
∂
(

|u|q−2u
)

∂t
+ (−1)m

∑

|α|=m

Dα
(

f
(

(|x|) |Dmu|p−2Dαu
))

= 0, (1.1)

u(x, 0) = u0(x), x ∈ R
N . (1.2)
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Here the sum extends to all x-derivatives of order m, |Dmu| =
∑

|α|=m|Dαu|, f(s) = exp(g(s)),
where g(s) be a smooth enough increasing function defined in (0,∞). The problem under
consideration is doubly nonlinear for p 6= 2 and q 6= 2. In what follows, we need to specifier

the behavior of g(s) as follows. Following [1, 2], set
−→
h ∈ (C1

R
N\{x0}))

N be a function

satisfying (x− x0) ·
−→
h > 0 with some x0 ∈ R

N . Define

G
(−→
h , k

)

:= p∇g ·
−→
h + div

−→
h − (p− 1)k−1

∣

∣

∣

−→
h
∣

∣

∣

p

p−1

with k > 0. We assume that there exist
−→
h 0 and k0 > 0 such that

G
(−→
h0, k0

)

(x) > C1 with some C1 > 0 for all x ∈ R
N , (1.3)

G
(−→
h0, k0

)

(x) → ∞ as |x| → ∞, (1.4)

G
(−→
h0, k0

)

(x) > C2|∇g(x)|p with some C2 > 0 for all x ∈ R
N , (1.5)

there exist c1 and R1 such that

|Dγg(x)| 6 c1 |∇g(x)||γ| for all |γ| > 2, |x| > R1. (1.6)

Let g ∈ Cm(RN ,R+) satisfy (1.3)–(1.6) and define

Wm,p
g

(

R
N
)

:=
{

u ∈ Wm,p
(

R
N
)}

:

∫

RN

epg
m
∑

k=0

∣

∣Dku
∣

∣

p
dx < ∞,

where Dk denote all distributional derivatives of order k, Wm,p
g (RN )-norm is defined by

‖u‖m,p,g,RN =





∫

RN

m
∑

k=0

∣

∣Dku
∣

∣

p
epgdx





1
p

.

Denote W = Wm,p
g

(

R
N
)

∩ Lq
g

(

R
N
)

.

Definition 1.1. We say that for a given u0 ∈ Lq
g(RN ), u is an energy solution of (1.1),

(1.2) for any T > 0 if

u ∈ C
(

[0,∞; Lq
g

(

RN
)

∩ Lp(0, T ;W )
)

and u satisfies (1.1) in sense of distributions and (1.2) holds.

The existence result of (1.1), (1.2) can be done exactly as in [3]. Note also that the following
integration by parts formula occurs

1

q

∫

RN

|u(t)|q epgdx−
1

q

∫

RN

|u0|
q epgdx = −

t
∫

0

∫

RN

|Dmu|p epg dx dτ (1.7)

for all t > 0. We say that a solution u satisfies the finite speed of propagation property (FSP
for short) if from that for some fixed time t0 u(x, t0) is compactly supported with respect
to x follows that u(x, t) is compactly supported with respect to x for any t > t0. Let Br(0)
be a ball of radius r centered at the origin. The main result of the paper reads as follows.
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Theorem 1.1. Let u be an energy solution to (1.1), (1.2) in ST for any T > 0. Assume

that 1 < q < p and support u0(x) ⊂ Br0(0), r0 < ∞ and (1.3)–(1.6) hold. Then u satisfies

FSP and support of u(x, t) ⊂ Br(T )(0) for any T > 0, and for T large enough

r(T ) 6 C
(

r0, ‖u0‖q,g
)

g(−1)(log T ). (1.8)

Remark 1.1. The case m = 1 estimate (1.8) was obtained in [4]. As an example of g(s)
we can choose g(s) = sα, 0 < s < ∞, 1 6 α < p/(p− 1).

The problem of FSP has a long history. In practice, it arose during the first study of
degenerate second-order parabolic equations. A large role in this was played by exact solutions
of the self-similar type, giving an idea of the exact behavior of the radius of the support and the
solution over time. Using the comparison method, estimates of the support for model equations
were obtained. We refer the reader to the monograph [5] for a more detailed acquaintance
with the history of the development of qualitative properties for various classes of nonlinear
degenerate equations. In the early 80s, integral methods for estimating the support were
proposed by Antontsev [6] and were further developed by Diaz and Veron [7]. For the first time,
support radius estimates for high-order equations were obtained in the works of Bernis [8, 9].

Later, other energy approaches were proposed in the works of Shishkov [10, 11], Andreucci
and the author [12–15]. A feature of the approach in these works is that a system of rings is
considered as a parametrization of the domain. This allows one to study equations with non-
power weights and thus manages to bypass the Gagliardo–Nirenberg weighted inequalities.

In what we denote by C > 0 the constant which may vary from line to line and depends
only on the data of the problem. The rest of the paper is organized as follows. In the Chapter 2
we give the proof of Theorem 1.1.

2. Proof of Theorem 1.1

We start from the following Lemma [14].

Lemma 2.1. Let ρ > 0 and α2 > α1 + 1/2, 0 < α < α1 be given. Define

Sρ =
{

x ∈ R
N : (α1 − α)ρ < |x| < (α2 − α)ρ

}

.

Then there exists a Lipschitz-continuous function ζ > 0 such that its support is Sρ, ζ(x) = 1
in {α1ρ < |x| < α2ρ}, ζ ∈ C∞(Sρ), and |Dkζ| 6 γ(N, k)α−kρ−k in Sρ. Moreover, for l > m,
0 < k 6 m, 0 < ε < 1, v ∈ Wm,p(Sρ), we have

(αρ)−k
∥

∥ζ l−kDm−kv
∥

∥

p,Sρ
6 ε

∥

∥ζ lDmv
∥

∥

p,Sρ
+ γε−

m−k
k (αρ)−m

∥

∥ζ l−mv
∥

∥

p,Sρ
. (2.1)

Denote 〈∇g〉 := (1 + |∇g|p)1/p. It was proven in [1] that under the conditions (1.3)–(1.5)
the following inequality holds

∫

RN

epg〈∇g〉mp |u|p dx 6 C

∫

RN

epg |Dmu|p dx.

Based on this inequality and condition (1.6), was shown that the following three properties
are equivalent for any m > 2:

(i) u ∈ Wm,p
g

(

R
N
)

,

(ii) 〈∇g〉m−kDku ∈ Lp
g

(

R
N
)

for 0 6 k 6 m,
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(iii) 〈∇g〉m−lDl(egu) ∈ Lp
(

R
N
)

for 0 6 l 6 m.
As a consequence the following norms

‖u‖′m,p,g :=

(

m
∑

k=0

∥

∥〈∇g〉m−kDku
∥

∥

p

p,g

)
1
p

,

‖u‖′′m,p,g :=

(

m
∑

k=0

∥

∥〈∇g〉m−kDk(egu)
∥

∥

p

p

) 1
p

are equivalent to the norm Wm,p
g

(

R
N
)

. Thus, using (2.1) with v = ueg, we get

(αρ)−k
∥

∥egζ l−kDm−ku
∥

∥

p,Sρ
6 Cε

∥

∥egζ lDmu
∥

∥

p,Sρ
+ Cε−

m−k
k (αρ)−m

∥

∥egζ l−mu
∥

∥

p,Sρ
. (2.2)

For ρ > 4r0, define for 1/4 > θ2 > θ1 > 0, and i = 0, 1, . . .

r′i =
ρ

2
− θ2ρ+

ρ

2i
(θ2 − θ1), r′′i = ρ+ θ2ρ−

ρ

2i
(θ2 − θ1).

Define also the sequence of annuli Ai = {r′i < |x| < r′′i } ⊂ Ai+1. Let ζi, i > 1, be the function
as in (2.2), where θ = θ2 − θ1 and

α1 =
1

2
− θ2 +

θ

2i
, α =

θ

2i+1
, α2 = 1 + θ2 −

θ

2i
.

Then ζi = 1 in Ai, ζi = 0 out of Ai+1, and
∣

∣Dkζi
∣

∣ 6 C(2−iρθ)−k. Next, choosing ζsi u in the
weak formulation of (1.1), (1.2) as a testing function, where s > m is large enough, we get

sup
06τ6t

∫

RN

|u|qζsi e
pgdx+

t
∫

0

∫

RN

∣

∣Dmu
∣

∣

p
ζsi e

pg dx dτ

6 C

m
∑

k=1

(

2−iθρ
)−k

t
∫

0

∫

RN

∣

∣Dm−ku
∣

∣

∣

∣Dmu
∣

∣

p−1
ζs−k
i epg dx dτ.

(2.3)

Applying the Young inequality to the r. s. of (2.3), we have

r. s. 6 Cε

t
∫

0

∫

RN

∣

∣Dmu
∣

∣

p
ζsi e

pg dxdτ

+Cε−p+1
m
∑

k=1

(

2−iθρ
)−kp

t
∫

0

∫

RN

∣

∣Dm−ku
∣

∣

p
ζs−kp
i epg dxdτ = J.

(2.4)

Setting s = lp, l > m, and using (2.2), we bound above the second term in (2.4) we get
the bound

J 6 Cε−p+1ε1

t
∫

0

∫

RN

∣

∣Dmu
∣

∣

p
ζsi e

pg dxdτ

+Cε−p+1ε1−m
1

(

2−iθρ
)−mp

t
∫

0

∫

RN

|u|p ζ
(l−m)p
i epg dxdτ,

(2.5)
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where we choose ε and ε1 so that Cε+ Cε−p+1ε1 < 1. Thus, we arrive at

sup
06τ6t

∫

RN

|u|q ζ lpi epg dx+

t
∫

0

∫

RN

∣

∣Dmu
∣

∣

p
ζ lpi epg dxdτ

6 C
(

2−iθρ
)−mp

t
∫

0

∫

RN

|u|p ζ
(l−m)p
i epg dxdτ.

(2.6)

Let v ∈ Wm,p(A) is compactly support in A, then the Gagliardo–Nirenberg inequality yields

∫

A

|v|p dx 6 ε
1
a

∫

A

∣

∣Dmv
∣

∣

p
dx+ ε−

1
1−a C

(

∫

A

|v|q dx

)
p

q

.

Choosing v = (uζsi+1)e
g, we get with a = N(p− q)/(N(p − q) +mpq):

∫

Ai+1

∣

∣uζsi+1

∣

∣

p
epgdx 6 ε

1
a

∫

Ai+1

∣

∣Dm
((

uζsi+1

)

eg
)∣

∣

p
dx+ ε−

1
1−a C

(

∫

Ai+1

∣

∣ζsi+1u
∣

∣

q
eqg dx

)
p

q

. (2.7)

Taking into account (i)–(iii), we have
∫

Ai+1

∣

∣Dm
(

uζsi+1

)

eg
∣

∣

p
dx 6 C

∫

Ai+1

∣

∣Dm
((

uζsi+1

))∣

∣

p
egp dx.

Thus, by (2.6), (2.7) we deduce

sup
06τ6t

∫

Ai

∣

∣uζsi
∣

∣

q
epgdx+

t
∫

0

∫

Ai

∣

∣Dm
(

uζsi
)∣

∣

p
epg dxdτ

6 C
(

2−iθρ
)−mp

t
∫

0

∫

Ai+1

∣

∣

(

uζsi+1

)∣

∣

p
epg dxdτ

6 ε
1
a C

(

2−iθρ
)−mp

t
∫

0

∫

Ai+1

∣

∣Dm
(

uζsi+1

)∣

∣

p
epg dxdτ

+ ε−
1

1−a C
(

2−iθρ
)−mp

t

(

sup
06τ6t

∫

Ai+1

∣

∣

(

uζsi+1

)∣

∣

q
eqg dx

)
p
q

.

(2.8)

Choose ε: ε1/aC(2−iθρ)−mp = δ. Then (2.8) reads:

Yi := sup
06τ6t

∫

Ai

∣

∣uζsi
∣

∣

q
epg dx+

t
∫

0

∫

Ai

∣

∣Dm (uζsi )
∣

∣

p
epg dxdτ

6 δYi+1 +
(

δ−
a

1−a C 2iθ−1
)

H
q ρ−

H
q t

(

sup
06τ6t

∫

A∞

|u|qeqg dx

)
p
q

,
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where H = N(p− q) +mpq. Hence, for small enough δ by the standard iteration we get

sup
06τ6t

∫

A0

|u|q epg dx 6 Cρ
−H

q t

(

sup
06τ6t

∫

A∞

|u|q eqg dx

)
p

q

6 Cθ−
H
q ρ−

H
q t e−(p−q)g(ρ4)

p

q

(

sup
06τ6t

∫

A∞

|u|q epg dx

)
p
q

,

(2.9)

where A∞ = {ρ(2−1 − θ2) < |x| < ρ(1 + θ2)}, A0 = {ρ(2−1 − θ1) < |x| < ρ(1 + θ1)}. Let
ρ > 4r0 and

ρ′n =
ρ

2
− σ

ρ

2n
, ρ′′n = ρ+ σ

ρ

2n
, n = 0, 1, . . .

We choose

θ2 = σ2−n, θ1 = σ2−n−1, σ ∈

(

0,
1

4

)

.

Define

In := sup
06τ6t

∫

ρ′n<|x|<ρ′′n

|u|qepg dx.

Then (2.9) gives

In+1 6 C(σ) 2
nH
q ρ−

H
q t e−(p−q)g(ρ4)

p

q I
1+ p−q

q
n . (2.10)

Finally, by classical iterative Lemma 5.6 of [16, Chapter 2] one gets from (2.10) that In → 0
as n → ∞, provided

ρ−
H
q t e−(p−q)g(ρ4)

p

q I
p−q
q

0 6 δ1, (2.11)

where δ1 is small enough and depends on the data of the problem only. Using (1.7), we have

I0 6 ‖u0‖
q
q,g =

∫

RN

|u0|
q eg(|x|) dx < ∞.

Thus, in order to check (2.11), it is enough to choose a free parameter ρ such that

ρ
−mpq

p−q ρ−Ne−g(ρ4)p t ‖u0‖
q
q,g 6 δ

q

p−q .

From this inequality for ρ > 1 and t > t0(‖u0‖
q
q,g) large enough, we conclude that the radius

of support satisfies (1.8). Theorem 1.1 is proved.
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Аннотация. В этой статье мы изучаем свойство конечной скорости распространения для задачи
Коши для взвешенных вырожденных параболических уравнений высшего порядка. Мы доказываем, что
если начальные данные компактно носят в некотором фиксированном шаре, то так же обстоит дело и с
решением для всего времени. Поскольку мы рассматриваем экспоненциально растущие веса, размер но-
сителя должен расширяться медленнее со временем, чем в случае без веса. Мы доказываем, что в течение
больших значении времени носитель решения расширяется с логарифмической скоростью. Эта оценка
носителя совпадает с известной оценкой для случая уравнений второго порядка. Основной инструмент
доказательства основан на локальных оценках энергии на кольцах, что позволяет нам рассматривать
даже нестепенной характер весов. Он работает даже в случаях, когда не выполняется весовое нера-
венство Гальярдо — Ниренберга. Ранее этот подход использовался Д. Андреуччи и автором в областях
с некомпактными границами и для параболических уравнений высшего порядка, включая уравнение
тонких пленок.

Ключевые слова: дважды нелинейные весовые параболические уравнения высокого порядка, ко-
нечная скорость распространения возмущений, логарифмически расширяющийся носитель
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