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1. Introduction

The present paper is the next in a large series of works dedicated to the geometry of
microweight tori and long root tori in the Chevalley groups that was announced in [1].
Namely we describe the subgroups generated by a pair of 2-tori in GL(4, K) corresponding
to degenerate cases in the sense below.

Recall that 2-tori in GL(n, K) are the subgroups conjugate to the diagonal subgroup of
the following form

{diag(e,e,1,...,1),e € K*}.

From the general theory viewpoint 2-tori are microweight tori corresponding to the funda-
mental weight wy in the extended Chevalley group of type A, _1.

In [2] we proved the reduction theorem for the pairs of m-tori. It follows from it that
any pair of 2-tori (X,Y’) can be embedded in GL(6, K') by simultaneous conjugation. We call
an orbit of a pair of 2-tori (X,Y") the orbit in GL(n, K), if the pair (X,Y’) is embedded in
GL(n, K) by simultaneous conjugation and it can not be embedded in GL(n—1, K). It follows
from the reduction theorem that n can take values 3, 4, 5 or 6.

(© 2025 Nesterov, V. V. and Zhang, M.



102 Nesterov, V. V. and Zhang, M.

The orbits of 2-tori in GL(3, K') coincides with the orbits of 1-tori and are described in [3]
(see also Lemma 1 [2]). The orbits and spans of 2-tori in GL(6, K') were classified in [2].
In paper [4] we described the orbits and spans of 2-tori in GL(5, K).

The case of GL(4, K) is the most difficult and requires cumbersome calculations. In [5]
we classified the orbits of 2-tori in GL(4, K). It turned out that there are more than 80 types
of such orbits. Of course in many cases pairs of 2-tori belongning to the different orbits have
the same span. However calculations of all spans take a lot of pages. So we divided their
into two papers. In this paper we treat degenerate cases, and in the next paper we consider
undegenerate cases.

The context of this problem and many references reader can find in the surveys [1, 6, 7]
and in the detailed introduction of [4].

The idea of this research belongs to wonderful mathematician and person Nikolai
Aleksandrovich Vavilov. The starting point of it was his work [3]. The next three papers
were written by N. A. Vavilov jointly with the first author. Unfortunately N. A. Vavilov
passed away. The authors are very grateful to him for setting the problem and numerous
inspiring discussions.

The authors are very pleased to publish this paper in the journal devoted to anniversary
of professor V. A. Koibaev. The first author met him in the early 90s and remembered him as
a very benevolence and responsiveness person.

2. Notation

This paper is a direct continuation of [5] and we use the same notation as before. But for
reader’s convenience we recall them here.

Let K be a field and K* = K\{0} be the multiplicative group of it. Further, G = GL(n, K)
is the general linear group of degree n over K. By D = D(n, K) we denote the subgroup of
diagonal matrices in G, and N = N(n, K) denotes the subgroup of monomial matrices in G.

The quotient group N/D is isomorphic to S,, the symmetric group on n letters. Denote by
W = W, the group of permutation matrices in G. We identify S,, and W, via the isomorphism
T+ Wy, where wy is the matrix whose entry in the position (7,7) is &; x;.

Let V = K" be the right vector space of columns of height n over K. Usually we identify
a matrix g € G with the corresponding linear map of the space K™. Here g acts on the left.
To stress that we are using this geometric viewpoint, in such cases we call elements of GG
transformations.

By e1,...,e, we denote the standard base of K™. Here e; is the column, whose i-th
component equals 1, whereas all other components are equal to 0. The dual space V* ="K
is left vector space of rows of length n. By f1,..., f, we denote the standard base of "K. It is
dual to ey, ..., e, with respect to the standard pairing, V* x V — K.

Denote by e;; a standard matrix unit, i. e. the matrix whose entry in the position (i, 7) is 1
and all the remaining entries are zeroes. Next, z;;(§) = e+ &e;j for{ €e Kand 1 <i#j<n
denotes elementary transvection. For given i # j we consider the corresponding unipotent
root subgroup X;; = {x;;(£),§6 € K}. The subgroup E(n,K) of G, generated by all X;;,
1 <i# j < n,is called the elementary subgroup of G. In case of the field, it coincides with
the special linear group SL(n, K).

Similarly, by d;(¢) = e+ (¢ —1)e;; we denote an elementary pseudo-reflection. For a given i
we consider the corresponding 1-torus

Q; ={di(e), e € K*}.
Clearly, GL(n, K) is generated by F(n, K) and Q.
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Let g € G. The largest subspace W < V, such that gl = id is called the azis of g.
Similarly, the subspace U = {gv —v : v € K"} is called the centre of g. Clearly, dimU = m
and dim W =n — m.

The elementary 2-torus Q = Qu,w, = {diag(e,e,1,...,1), e € K*} is defined by the
subspaces Uy = (e1, e2) and Wy = (f1, f2). It means, that elements of it are

do(e) =e+e(e—1)fi+ee—1)fa, ec€ K"

It is clear that
gQUngl = QgU,Wg*% g€ GL(TL,K)

Therefore any 2-torus (see [2]) is conjugated to the elementary 2-torus @). The elements
of an arbitrary 2-torus are the elements of the following form

d(e) =e+ui(e — vy +ug(e — 1)vg, €€ K¥,

where u; = ge;, v; = fig~t, 1 < i < 2, for some matrix g € GL(n, K). Thus each 2-torus is
completely determined by the subspaces U = (u1,u2) and W = (vy, va).

The subspace U is precisely the centre of Quw, in the sense of being the centre of every
d(¢) € Quw, € # 1. Similarly, the subspace W+ orthogonal to W < ™K with respect to the
canonical pairing "K x K™ — K, is precisely the axis of Quw , in the above sense. Oftentimes
we loosely refer to W itself as the axis of Quw .

Consider a pair of 2-tori X and Y with centers U; and Us and with axes W7 and W,
respictively. In paper [2] we introduce the following invariants for a pair of m-tori. r =
r(X,Y) = dim(U; + Us), s = s(X,Y) = dim(W; + Wa), p = p(X,Y) = dim(U; N W),
q = ¢(X,Y) = dim(Uy N Wji"). Clearly that in the case of orbits in GL(4,K) we have
2<rs<4,0<pqg<2.

If a pair of 2-tori (X,Y") in GL(4, K) has invariants r = s = 4 we refer to it as undegenerate
case and if at least one of invariants 7 or s less than 4 we refer to this pair as degenerate case. In
this paper we calculate spans of degenerate cases. In the last work we treat with undegenerate
cases.

3. Degenerate Cases

Let X, Y be 2-tori in GL(4, K) with centers Uy, Us and axes Wy, Wo, respectively. Choose
some bases in these subspaces, Uy = (uy,ug), Uy = (ug, uq). W1 = (wq,ws), Wo = (w3, wy).
In the previous work [5] we described all orbits (X,Y’) under action by simultaneous
conjugation: (¢Xg~!,gY g7 '), g € G. For this purpose we listed all bases (uy,us,us3,us) and
(w1, wy, w3, wy) corresponding to different orbits. Summarize these results in the next lemma.
Lemma 1. Let X and Y be 2-tori in GL(4, K). Assume that r = 2,3 and r < s, then the
orbit (X,Y’) is determined by one of the following bases.
Forr=2,s=2,
up = ey, uy = e9, wy = f1, we = fo,
1 1, ug = ez, w1 = f1, wa = fo (r252a)
uz = e1, ug = ez, wg = f1, wg = fo.
Forr=2,s=3,

up = ey, uz = ez, w1 = f1+ f3, wa = fo+Afs,

(r2s3a)
uz = eq, ug = ez, w3 = f1, wy = fo,

where A =0 or 1.
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For r =2, s =4,

up =eq, U = e, wy = f1+ f3, w2 = fo+ fu,

(r2sda)
uz = ey, ug = ez, w3 = fi1, wg = fo.
Forr =3, s=3,
up = ey, Uz = ez, w1 = f1+ f4, wo = fo+ Bf4, (1353a)
uz = e +e3, ug = ex + Aeg, w3 = f1, wy = fo,
where f € K, A\=10 or 1.
up = ey, ug = ez, wi = f1+af3, wy = fo+Bfs, (1353D)
uz =e1 +e3, ug = ez + Aez, wz = fi, wy = fo,
where \=0or 1, a € K*, f € K.
Forr=3,s=4,p=0,
uyp = ey, ug = ez, w1 = f1+afs+ fi, we = fo+ Bfs, (1354a)
uz = e1 +e3, ug = ez + Aez, w3 = f1, wy = fo,
where \=0or 1, € K, B € K*.
Forr=3,s=4,p=q=1,
up = e, Uz = e, w1 = f1+ Aifz+ fa, wa = fo+ AMAafs, (plqla)

uz = e + Agez, ug = e3, w3z = f1, wy = f3,

where Ao =0 or 1.

In fact there are other orbits. They are obtained in two ways from listed bases. The first
one is to consider a pair (Y, X) instead of (X,Y"). These bases (orbits) we denoted in [5] adding
prime ’. Tt is clear that the span (Y, X) is not changed. The second way is to interchange rows
and columns. In this case each set of bases with invariants (r,s), r < s, corresponds to a
new set of bases with > s. Then the new span (X,Y’) is obtained from old one by matrix
transposition.

4. Calculation Spans

In this section we prove our main results. They are listed in tables 1-3. Note that if the
field K = Fy a torus coincides with the identity matrix. Thus this case is excluded.

For the description of spans we use new notations throughout the rest of the paper.
X;;lkm = {z;j(M1€)xpm(e), € € K}, X?jfgﬁ%pq = {zij(716)Tpm (126)2pq(€), € € K}, Qij =
{di(e)d;(e), e € K}, where 74 € K*, t = 1,2. Note that we miss y; = 1.

In all calculations we have deal with the generators of 2-tori X = (z(¢), ¢ € K) and
Y = (y(n), n € K). The generators x(¢) and y(n) are constructed with the help of bases listed
in Lemma 1. Sometimes we consider the generators conjugated to them. By H we denote the
subgroup generated by z(¢) and y(n) H = (z(¢),y(n), ,n € K*).

As usually [g1, 92] = 919297 ! 9y ! denotes a commutator of two elements g; and gs. Also
put Z(Ea 77) = [1‘(8)7 Z/(U)L Zx(f—:, m, 0) = [2(87 77)7 1‘((9)], Zy(€7 m, 0) = [2(57 77)7 y(a)]

Now we are ready to formulate and prove our results. Note we do not write down the
spans corresponding to cases with r > s. The reader can do it himself using remark at the
end of the previous section.
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Theorem 1. Let X, Y be a pair of 2-tori in GL(4,K), K # Fs. Suppose that r = 2
and r < s, then up to simultaneous conjugation X and Y generate one of the following
subgroup H, listed in Table 1.

Table 1: For r» = 2.

base H
1 | (r2s2a) Q12
2 | (1283a), A=1 | Q12X13,23
3| (r283a), A=0 | Q12X13
4 | (r2sda) Q12X13,24

< (1) For the base (r2s2a), we obtain directly that H = Q2.
(2) For the base (r2s3a), the generators have the following form:

o6 =y (el (T ) o () ) = et
Straightforward calculation shows that z(e,n) = x13(—6p)z23(—Abp), Where 90 = (e—1)(n—1).
Then from the decomposition of z(¢) and y(n) we get that Qi2, X 23 13 < H. Finally, we
conclude that if A =1, H = Q12X1323.

(3) For the base (r2s3a), if A = 0, due to the previous argument, we obtain that H =
Q12X13.

(4) For the base (r2s4a), by calculating z(e,n), we directly deduce that the subgroups Q12
and X394 are contained in H. Thus we conclude that H = Q12X1324. >

Theorem 2. Let X, Y be a pair of 2-tori in GL(4, K), K # Fy. Suppose that r = s = 3,
then up to simultaneous conjugation X and Y generate one of the following subgroup H,
listed in Table 2

Table 2: For r =3, s = 3.

base H
1 | (r3s3a), A Q23 X14 X5 54 X12
2 (I"SSSa), = Q23X14X§4 24X12’13
3 | (r3s3b) a = 1 A=1 8=-1, CharK =2 Q13X12X13 X023
(r3s3b), a=-1,A=1,8=1
(r3s3b), a = 17 A=1,8=-1
(r3s3b), a #0,-1, A=1,8#0,-1,1+a+8#0,a+8=0
4 | (r3s3b),a=—-1, =1, 8= -1, Char K # 2 GL(2, K)
(r3s3b), a = -1, A =1, # —1,0,1
(r3s3b), « £0,—-1;, A=0,8#00r A=1,8=0
(r3s3b), « £0,—-1, A=0,8=0
(r3s3b), a # —1,0,1, A=1, 8= —1
(r3s3b), « £0,-1, A=1,8#0,-1,1+a+8#0,a+8#0
5 | (r3s3b),a=-1,A=8=0 Q13Q23X12
(r3s3b), a =—-1; A=0,8#00r A=1,8=0
(r3s3b), « £0,—-1, A=1,8#0,-1,1+a+8=0

< (1) For the base (r3s3a), a simultaneous conjugation by the element wjsowos leads to the
following generators:

z(e) = da(e)d3(e)waq (E — 1) T34 <M> ;o y(m) = da(n)ds(m)z12(n — Dz1s(A(n — 1)).

9 9
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Straightforward calculation shows that

z(e,n) = 212 (;—?) T13 <_;;760> T14 <M> 224(—00)z34(—560),

e

where 0y = (¢ —1)(n—1). Calculate a commutator subgroup generated by z(e,7n), we get that
Xuu < H.
Suppose that Char K # 2, then

e m)e <€’ 27777_ 1) o) (—2(5 ;771)_(? - 1)2> - <—2ﬁ(82—771_)(;7 - 1)2> 7

9t — 1)(n —1)2 oo — 1)1 — 1)2
z(s,n)z(s,Q—n):x12< 2(e 1)(77) 1) >m13< 2\(e 1)(?7) 1) >x14(*).

en(n — 2 en(n — 2
Suppose that Char K = 2, then

o 91 )\91
e e)xle 1 e+ m) =aulsjon <e2n(1 e+ 77)> o <€277(1 +et 77)> ’

renteds (o gt = e (i) = ()

where 61 = (e+1) (n(n+ 1) + £%(n + 1) + e(n* + 1)). In all cases the subgroups X§4724, Xf‘3’12
and X4 are contained in H. Thus we can conclude that if A =0, H = Q23X14X3B4724X12.

(2) For the base (r3s3a), if A = 1, due to the previous argument, we obtain that
H = Q23X14X§4,24X12,13'

(3) For the base (r3s3b), « = —1, A = 1, § = —1. Simultaneous conjugation by
wozwiari2(1) yields the following generators:

2(6) = dy(©)ds( )iz (125 ) s (2122 | y(m) = dum)ds(m)eas(n — 1),
g

€

If Char K = 2, the group (X,Y") is embedded in a group of upper triangular matrices, and
the generators have the following form:

1—¢

2(2) = dy (&)ds (£)ra ( ) - y(n) = dy(m)ds()ras(n — 1). (A)

e

en
(e + 1)(n + 1). By calculating a commutator subgroup generated by z(e,n), we get that
[z(e1,m), 2(€2,m2)] coincides with the subgroup Xis.
Calculate the following products:

dem)e(e. )z (8 ele + 1) ) e <(€ +1)(n+1D)(e+n)(2 + 1)) ea(s),

Tet+e24+n+en et+e2n+e2+4n

A direct calculation reveals that z(e,n) = x12(62)z13 <M) 93 <9—) where 6, =
n

1+e2+n+en) (e+D(n+1)(e+n)(2+1)
z(e,m)z(,€)z (5, cr1 = x23 20(1 + €2 + 7 + en) w13 (%).
From the above, we derive that Xjs, Xi3, Xo3 are the subgroups of H. Thus H =
Q13X 12 X13Xo3, if Char K = 2. We will consider the case of Char K # 2 below.
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e For the base (r3s3b), a = =1, A =1, 8 # 0,—1. Let 8 = 1, the action of simultaneous
conjugation by wiawisxz12(1) results in the generators given below:

e—1

2(e) = dy(e)da ()2 ( ) L ) = dy(n)ds(m)zs(n — 1),

Applying the similar arguments as to that for generators (A) yields that H = Q13X12X13Xo3.
e For the base (r3s3b), « = 1, A = 1, § = —1. Conjugating this base by the element
wiawizr12(1), we have new generators

1—¢

o) = du(@d(ehona (25 ) . vl = da()da(n)aaln - 1),
Similar to the generators (A), we obtain that H = Q13X12X13X03.

e For the base (r3s3b), @ # 0,—1, A =1, 8 #0,—-1, 1+ a+ 5 # 0. Let a + 5 = 0.
Conjugating the generators by the element wazwi2x21(—1)z12(1) produces the following new
generators:

a(l —¢)

2(e) = dy ()3 ()2 ( ) L) = dy()ds(m)as(n — 1),

An argument analogous to that for generators (A) shows that H = Q13 X12X13X03.
(4) For the base (r3s3b), « = —1, A = 1, 8 = —1. Suppose that Char K # 2, 3, conjugating

the original base by the element $12(—%)w12$12(1), we get the new generators

2(1—¢)

2(e) = dy(e)da () ( ) L) = dy()da(m)zza(n — 1),

Fore #1,n#1, 2, (6,1/2,n) = 223 (—=3(c — 1)e(n — 1)) . We get that X3 is contained in H.
It follows from the decomposition of z(¢) and y(n) that X3, Q12 < H.

Define a map ¢ : Q12 — {diag(a,1): a € K*} C GL(2,K) by ¢diag(a,a,1,1) =
diag(a,1). It is easy to see that ¢ is a surjective and injective homomorphism. Moreover
(X392, Xo93) = SL(2,K). In fact, ({diag(a,1): a € K*},SL(2,K)) = GL(2,K), therefore
(X32, Q12, X23) = GL(2, K). Finally we obtain that H = GL(2, K), if Char K # 2, 3.

If Char K = 3, the original generators become the following form:

2'(€) = dy(€)da(e)z13 (@) 23 <@) :

y'(n) = di(n)da(n)zsi(n — D)zs2(n — 1).

Conjugating this base by the element z12(1)wi2712(1) we get new generators

e—1

z(e) = di(e)dz(e)w23 ( ) o y(n) = di(n)dza(n)zs2(n — 1).

Put P(e,n):x(e)y(n)x(%%).For2+6+77+677750, 142 +n+2n#0,0#1,

we have

(2en+e+2n+2)(e(2n+2)+2n+1)

2 2 9
(P(e.n), P(2,0)] = 235 (25 (0> +2) (20 + 1) + 2 (2 +2) (9”)).
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It follows that X3o is contained in H. Then we extract the subgroups Xo3 and @12 from the
decomposition of generators. Finally, we conclude that H = GL(2, K'), when Char K = 3.

e For the base (r3s3b), « = —1, A = 1, g # 0,—1. Let 8 # 1. Conjugate by
Z’Qg(%)%‘gg(%)dl (5)w13x12(%). Thus the generators become the following:

(B-1(-1)
Be

Now suppose that Char K # 2. Let § # % For € # 1, n # 1, it follows directly from

calculation that 9 1 1 1
o) o (D)

2(e) = dy(e)da () ( ) Ly = d)ds(mas(8 — 1), (B)

Let 8 = %, put

Fean) = 2y (e S EEZ I
’ Y\ l+e+n+en

4 <(€77+€—77+1)(877+€+77—1)>d < 4e3n )
! 4e2p 3 (en+e—n+1)(en+e+n-—1)

(e2=1)(n—1*en+e—n+1)(e*n—e*+2en+2e+n—1)
X 31 .
16en2

Then we have [f(e1,m), f(e2,m2)] = X31.

In the case of characteristic 2, z; (¢, 8(8 + 1),&) = z31 (e(e + 1)2/8) .

Next, from the decomposition of the generators we get that the subgroups X3, Xs;
and Q23 are contained in H. Similarly, we conclude that H = GL(2, K).

e For the base (ﬁr3s3b), a # 0,—1, A =0, 8 # 0. A simultaneous conjugation by the

element w13w12x21(a)x12( — %) leads to the following generators:

Ble—1 aln—1
z(e) = da(e)ds(e)ws (%) » y(n) = da(n)ds(n)zis % -
An argument similar to the generators (B) gives that H = GL(2, K).
e For the base (r3s3b), a # 0,—1, A = 1, § = 0, conjugating by the element z13(1)was,
we can extract the subgroups @13, X12 and Xo; and then H = GL(2, K).
e For the base (r3s3b), a # 0,—1, A =0, 5 = 0, the generators have the following form:

ale —1)

z(e) = di(e)da(e) 13 ( ) ;o y(n) = di(n)da(n)zsi(n —1).
The similar calculations to the generators (B) yield H = GL(2, K).

e For the base (r3s3b), o # 0,—1,1, A = 1, f = —1. Performing conjugation by
xlg(ﬁ)xgl(l — a)wegwiaxi2(ar) gives rise to the generators listed below:

(o~ (e~ 1)

e

z(e) = di(e)ds(e)wsz ( > . y(n) = di(n)ds(n)zas(n — 1).

Now suppose that Char K # 2. Let a # %, for the element 6 € K, we have

7a_17

2 <g e e) = 235 (20— 1)e(e — 1)(0 — 1)) .
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Let a = %, after similar calculations to the case 8 = % of the base (r3s3b), a = —1, A =1,
B # 0,—1, we have the subgroup Xo3.

Assume that Char K = 2, z, (6, =T 6) = T30 (6(6 + 1)2) . Thus in all cases, it follows that
X39, Q13 and Xo3 are contained in H.

e For the base (r3s3b), « # 0,—1, A =1, 8 # 0,—1, 1 + a + 8 # 0. Under condition
a+ B # 0, conjugate this base by the element ﬂ:23( - a’%ﬁ)xgg(ﬁ%)‘)dl(ﬁ)wlgxlg( — %)

We have new generators

(a+B)(e—-1)

z(e) = da(e)ds(e)rs < Be

>,ma=@@@@mw%—n»

Similar to the generators (B), we can conclude that Xi3, Q23 and X3; are subgroups of H.

(5) For the base (r3s3b), « = —1, A = § = 0. With the help of simultaneous conjugation
by wi2x12(—1)wes, the generators of the group X and Y have the following form:

ma:@@@@,mm:mm@wmﬁﬁgﬁ.

We calculate directly that z(e,n) = z12(—(e — 1)(n — 1) /e), it follows from the decomposition
of the generators that the subgroups (013, X125 and Q23 are contained in H. Finally we can
obtain that H = Q13Q23X12.

e For the base (r3s3b), « = —1, A\ = 0, § # 0. Conjugate this base by the element
x13(—B)wazraz(—1)x12(5)wiswses. Then we get a new base

(a—1)(e—1)

e

mazm@@@mdi ) y(n) = dy(n)ds ()23 () — 1),

Then z(e,n) = wo3 ((e —1)(n —1)/e). We consecutively get that the subgroups Qi2, Q13
and Xs3 are contained in H. Then under conjugation of the element wi3ws3, we have that

H = Q13Q23X12.

e For the base (r3s3b), « = —1, A\ = 1, § = 0. Conjugate this base by the element
wiaT12(—1)x13(1)wes. Then we get the same generators as in the base (r3s3b), a = —1,
A=p=0.

e For the base (r3s3b), a #0,—1, A =1, § #0,—1, 1+ a+ = 0. Simultaneous conjuga-
tion by z13(—1 — a)za1 (1)z13(1 + a)di (—1 — @))wizz12(125) yields the following generators:

M@Z@@%@,Mmzﬁw%@m4;%§-

Direct calculation shows that z(e,n) = =12 ((¢ —1)(n —1)/e). We consecutively get that
the subgroups @13, Q23 and X5 are contained in H. Finally we can conclude that H =

Q13Q23X12. >

Theorem 3. Let X, Y be a pair of 2-tori in GL(4, K), K # Fy. Suppose thatr = 3, s = 4,
then up to simultaneous conjugation X and Y generate one of the following subgroup H, listed
in Table 3. In cases (4) and (5) below, we also suppose that K # Fs.
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Table 3: For r =3, s = 4.

base H
1| (13s4a), a = =1, A =10, #0 XY X14X 353,04
2 (r3s4a), o = O, A= 1, [‘3 =1 Q12Q23X13X24
3 | (13s4a), a #0,—-1,A=1,8#0,—-1,1+a+8=0 XY X14 X155 04
4 | (r3sd4a), a=0,A=0,8#0 Q13X132,34X23X17:>,?24X14

(r3sda), a = -1, A=1, 8= -1, Char K =2

(r3sda), a = -1, A=1,8=1

(r3sda), a =1, A=1,8= -1

(r3sda), a #0,—-1, A=1,8#0,-1,1+a+8#0,a+8=0
5 | (r3sda), a #0,—1, A =0, 3= —1 GL(2, K)X24

(r3sda), a =0, A =1, 8#0,-1

(r3sda), a #0,—1,1, A=1, = -1

(r3sda), a #0,—-1, A=1,8#0,-1,1+a+8#£0,a+8#0
6 | (r3sda), a=—-1,A=1, 8= -1, Char K # 2 GL(2, K)X14

B

7| (r3s4a), a=—-1,A=1,8%#0,—-1,1 CL(2, K) X5y 4,
8 | (plqla) Q12Q23X24

< (1) For the base (r3sda), « = —1, A = 0, 8 # 0. Conjugate this base by the element
wi2231(—1). Then the generators of the group X and Y have the following form:

z(e) = di(e)ds(e) w12 (5(%_1» T13 <@> T23(1 — €)w24(e — 1)z3a (1 ; €> ,

y(n) = di(n)d2(n).

For e, # 1, we have

z(e,m) = x13 <_§90> 14 <%€_1)> 23 (%) 24 <_?90> )

where 0y = (¢ — 1)(n — 1). We find that z, (e,n,—1/c) = x13(803)x23(—03)x24(03), where
03 = —(e2 —1)(n—1)/e. It follows that X1Bi_2§24 < H. After it we get X14. Since Y commutes
with X{353 54, we conclude that H = XY X14X}5 53 04-

(2) For (r3s4a), A = 1, « = 0, § = —1. The generators obtaining after conjugation by
xog(—1)x34(1)wa3(—1)z14(—1)232(1) 221 (—1)w13 are as follows:

o) = b h(e), vl = (el () (1)
For e,n # 1, we have z(g,n) = z13(—(e = 1)(n —1)/e) 224 ((e = 1)(n —1)). Put fi(e,n) =
z(e,m)y ((en —n+1)/e) . We have that [fi(e1,m1), f1(e2,72)] = X24. Next we get X;3. Finally,
we conclude that H = Q12Q23X13X24.
(3) For the base (r3sda), A=1, a #0,—1, 8 #0,—1, 1 + a + 8 = 0. Conjugate this base
by the element wa3zzaes(—1)wiaxi2(1). Then the generators of the group X and Y have the
following form:

z(e) = di(e)ds(e)r12 <—w> T34 (6 ; 1) ;o y(n) = di(n)dz(n)zas (nT_1> :

3

Simple calculations show that

“(en) = 213 (M) - ((1 +alle— 1)90> - <—_90> oot (—_%) |
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where 0y = (¢ — 1)(n — 1). Moreover, we put fi(e,n) = z(e,n)y((en—n+1)/e). And
[fi(e1,m), f1(e2,m2)] equals Xi4. Next we get X11§T2°‘3724. Finally, we conclude that H =
XY X14 X555 04-

(4) For the base (r3s4a), a = 0, A = 0, 8 # 0. Simultaneous conjugation by wa3zwi2 leads
to the following generators:

o) = dr(@)a(er (P Yo (S5F) o) = sty 1)

Performing the straightforward calculation, we obtain that z(e,n) equals

z12(—B00)z13 <ﬁ60(1 el = 1))> T14 <M> 93 <_€—;970> T4 <—?90> z34(—00),

en €

where 0y = (¢ — 1)(n — 1).
Next, suppose that Char K # 2,

[2(5777)7 Z(Ev 3— 77)] = .%'13(594)1‘24(—94), [2(5777)7 2(7775)] = 1‘14(,865),

where

(e = 1)? (2n® — 99 + 13n — 6) p 2(e = 1)%(n — 1)%(s — n)
’ 5 = .

e(n=3)n en
Take ¢ # 1, # 1,1,2,3, & # . Hence for some § € K*, z13(—/36)z24(0) and 214() lie in H.

On the other hand, for n # 1,2, %,

x z13(—Bq1(g,n))w24(q1(g,m))714(q2(2, 1)),

where g1 (e,7) and ga(e, n) are rational functions which have pole at point = 1. But we know

04 =

that Xl_?)ﬁ o4 and Xy are contained in H. Hence we can extract the elements of the groups

Xlﬁ2734 and Xo3, after it we get the whole groups.
Let Char K = 2. Then

(2(e ) 2o 1+ )] = 219 (—M) (ﬂ) |

e(n+1) e(n+1)
en B B (*(n+1) +en* +n+1)
[2(6,77),Z<6—|—1,8+1>} —5614< + 0% )

One readily calculates that

2

5
z(e,m)z <€ +1, ﬁ) = 212(806)234(06)13(—Bg1 (€, 1)) w24 (91 (€, 1)) w14 (92 (€, M),
where 0 = (n+1)(€€21173f1+ UL (e,m) and ga(e,n) are rational functions which have poles at

points ¢ = —1, n = 1 + 2. Take arbitrary ¢ and 7 except for e +n4+1=0,c =1and n =1,
we get all elements of the group X162734.



112 Nesterov, V. V. and Zhang, M.

For € # 1, en +n+ 1 # 0, multiplying z(e,n)z <€ +1, %) by suitable elements from
(n+1)(e+n+1)
en(entn+1)
e+n+1=0andn =1, we get the subgroup Xs3. In all cases we get the subgroups X162734,
Xog, Xifm, X14. Finally, we conclude that H = Q13X{32734X23X;3)7624X14.

e For the base (r3sd4a), « = —1, A = 1, § = —1. If Char K = 2, conjugating this base
by the element wogwiaz12(1), the group (X,Y’) is embedded in a group of upper triangular
matrices, and the generators have the following form:

Xl_gﬁ o4 and Xy4, we can get an element x93 < ) . Take arbitrary ¢ and n except for

o) = v (el (2 ) aae (7)o v = a1

The generators are special case of the base (r3s4a), « =0, A\ =0, 8 # 0. Let 8 = —1, we obtain
that H = Q13Xf2}34X23X13724X14, if Char K = 2. We will consider the case of Char K # 2
below.

e For the base (r3s4a), « = —1, A\ =1, 8 #0,—1. Let § = 1. Conjugation by the element
wazwiax12(1) leads to the following generators:

o) = dr(@a(elon (T ) oae (S ) v = a1

The generators are special case of the base (r3sd4a), « = 0, A = 0, § = 1, we have that
H = Q13X12,34X23X1_;£24X14-

e For the base (r3s4a), a # 0,—1, A =1, f§ = —1. If @ = 1, conjugating this base by the
element wogwiar12(1), the group (X,Y) is embedded in a group of upper triangular matrices,
and the generators are special case of the base (r3sda), « =0, A\ =0, f #0. Let § = —1, we
obtain that H = Q13X13724X14X23Xﬁ134.

e For the base (r3sda), o # 0, —1, )= 1,8+#0,—1,1+a+8 # 0. If a+ 3 = 0, conjugating
by wegwioxe1(—1)x12(1), the generators become the following:

o(6) = r@s(@arn (=T Yors (L2 (T51) 0 vta) = dntaeatn — )

Direct calculation yields that z(e,7) equals

12(af) 215 (—a@o(l +e(n — 1))> . <Ho(a(5 —-1)+ 5)) . (—5_70;0> on (—THO> 2a1(—00),

en €

where 6y = (¢ — 1)(n — 1).
Suppose that Char K # 2. Calculate the following product:

(o)) o () e (252).

we get that the subgroup X{; 5 is contained in H. Then for € +n # 3, € # 1, we have
« «@
2| ——e ),z | —
a—+ 17 ) a—+ 1 1

. <90(n—6)>x <90(77_6)>x 0o (£ — 3e — 1 + 31?)
e (a+1)en 24 ala+ 1)en 1 (o +1)2en ’
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Multiplying the product [z(ai_i_l, 6) , z(ai_,_l, 77)] by suitable elememt of X755, we get the whole
group Xy4. For € # 2, -2, ¢ # 3a/(3a + 2), we have

o) () e () e ()

- <(€— 1)(3a(e — 1)+28)> . <2a(5— 1)> . <_M> |

(e — 2)e? (e —2)e (e —2)

Multiplying the product z(a, ﬂ)z(s el

€ ' e—2
extract an element of the subgroup sz?‘34. Next, multiplying z(e,7n) by suitable elements of

) by suitable elements of X7}, and Xi4, we can

X345 X14 and XT5 o4, We extract an element x93 ((¢ — 1)(n — 1)/en) . From the decomposition
of y(n), we get the subgroups Q13 and Xos.

Note that the characteristic of the field plays role only in extracting the subgroup X1_26,¥34?
for this reason for Char K = 2 it is sufficient to show that X 1_2?‘34 is contained in H.
In fact, multiplying the product z (e, %) z(s + 1, %) by suitable elements of X5,
and X4, we can extract an element of the subgroup X1_2(,X34- Therefore we conclude that
H = Qi3 X153 X14 X023 XT3 4, if a + 5 = 0.

(5) For the base (r3sda), o # 0,—1, A =0, § = —1. The generators are as follows:

o) = di@a(eran (= Yons (S ) (F25) ) vla) = et - )

3

Now suppose that Char K # 2, o # —%. Then z, (5, O‘T‘H, 77) equals
1+ 2a)ef 2a0 + 1)ef 0p(1 — 2ae — ¢
713 ((2a + 1)690) Z14 <(¢> x93 <_Q> T24 ( 0( . )> ’

« « «

1T at+1 \? 4o(1 — 1) 4(1 —n) A(n—1)
o <2a+1’7’"> :“3( 20 + 1 )”“4( 20+ 1 )””3( 20+ 1 )
It follows that X1_3?é1’4_é3 is contained in H. Multiplying z, (5, pra, 77) by suitable element from
X;fl’;é:s, we can get an element g4 (—60(20 + & — 1)/a?) . Take € # —1/(2a+ 1), we obtain
all elements of Xo4.
Suppose that a = —%, direct calculation shows that

1 2
- (5’ 3’”) = 213(1 = n)714(2 = 2n)x23(=2 + 21),

1
-1
therefore X 5%, 55 < H. Calculate the product:

Zx (E, 3, 77) 1‘13(—2560)1‘24(—4560)1‘23(4890) = .%'24(—4 (282 — 3+ 1) (77 — 1)),

where 6y = (¢ — 1)(n — 1). Take ¢ # , we get all elements of Xo.
In the case of characteristic 2,

1 1 &2 1 0 0 0
Zx (57 ot 7”) Zx <€ + 17 ot ) = +277 - ) = 213 <_2> Z14 <_2> 23 <_2> )
(6% (6 13 g (6%5) (673

where 62 = (e +1)(n+1). It follows that X7}, o3 is subgroup of H. Multiplying 2, (e, O‘TH, 77)
by suitable element from X75,, .3, we get an element of the subgroup Xss. From the
decomposition of the generators, we consecutively get Q13 and X3;.
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Now describe the subgroup <Xf3714723,X31>. Put t(e) = x13(e)z14 (6/ ) 223 (¢/ @), s(n) =
x31(n). Note that the elements ¢(g) and s(n) lie in H. Consider the map ¢ from the group
generated by t(¢) and s(n) to SL(2,K) defined by ¢(t(c)) = zi12(¢), ¢(s(n)) = za1(n).
It is clear that ¢ is a surjective homomorphism. Thus (t(¢), s(n),e,n € K) is isomorphic to
Ker¢ »x SL(2, K).

We set w(€) = t(&)s(—£1)t(€), h(§) = w&)w(1)~!. It is clear that

Ker ¢ = (w(€)t(e)w(—£)s(§ %), M(ER(OMET(T), & (€ K¥).

Direct calculation yields that Ker¢ = Xo4. Then we get <Xf3)?";%3,X31> is isomorphic to
SL(2, K) X94. Therefore we conclude that H = GL(2, K) Xa4.

e For the base (r3sda), « = 0, A = 1, 8 # 0,—1. Conjugating by z12(1) results in the
generators given below:

z(e) = di(e)da(e)r13 (ﬁ(t 1)> T14 (t 1> o3 <M> ;o y(n) = di(n)dz(n)zsi(n—1).

3

A minor variation of the argument of the base (r3sda), o # 0,—1, A = 0, § = —1 establishes
that H is generated by the subgroups ()12, Xo4, X371 and Xfé,ﬁz:s,m' Further we consider
the subgroup generated by a pair of subgroups Xs3; and Xfé,ﬁzzs,ma a similar argument for
(X31, X{3s.14) vields that H = GL(2, K)Xa4.

e For the base (r3sda), a # 0,—1, A =1, § = —1. Let o # 1. Suppose that Char K # 2,
a simultaneous conjugation by the element x12(1) leads to the following generators:

x(e) = dy(e)da(e)z13 <w> T14 <€ ; 1> 723 <1 ; 8) ;

y(n) = di(n)da(n)zs(n — 1).

For o # %, n € K*, straightforward calculations show that z, (6, p— 77) equals

w(5en) = () = (G )

1 a ’ Ala =1 —-1) A —1) A —1)
Zm<2a—1’a—1’n> _“3(_ 2% — 1 M T 20 -1 )" 201 )
where 0y = (¢ — 1)(n — 1). It follows that Xllgfligé < H, then from the decomposition of the
generators and z, ((a — 1)/a, €,m) we obtain Q12, X31 and Xo4. Straightforward calculations

show that H = <Q12, Xll?:fz;;’, X3, X24> = GL(Q, K)X24.

%, simultaneous conjugation by x12(1) yields the following generators:

Suppose that o =

o6 = du(@)da(etona (1= oue (S ) am (F55) . wlo) = et (- )

The calculation straightforwardly gives that z, (—1,e,1) = x24(4(e — 1)(n — 1)). Put

_ —en—e+n+1 _ —en+e—n+1
f(am)—w(&‘)y( BV O >x(n)7 9(e,m) —y(a)w< D+ 1) )y(n)-
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Multiplying [f(e,n), f(n, )] and [9(g,m),9(n,€)] by suitable element from X4, we get the

elements from X3; and X13 14 23- Thus we can conclude that H = GL(2, K)Xo4.
In the case of characteristic 2, we have

r(e,n) =z e —— = z13(ebh) =02 x 02 x e+ 1)0,
1) = Za ,a+1,?7 = 213 (eV2) T14 ar1) "B\ arq) (@+1)?2)

0 (o S ) <o () 2 (i) = (e )

where 0y = (e +1)(n+1), 07 =c(n(@ +1)+60+1) +n(n+1)(0 + 1). We get the subgroup
Xll?'f {)‘4723, after it we get that X3; and ()12 are contained in H. In all case we can conclude
that H = GL(2, K)Xo4.

e For the base (r3sda), a # 0,—1,
conjugating this base by the element xgg(
have the following form:

z(e) = dy(e)dz(e)was < ple—1) > ( Cha:) (6_1)>ﬂ?34 <€;1>,

y(n )—d2( )ds(n)x13(B(n — 1)).

Suppose that Char K # 2, when o + 3 # —5, we have
z 87(1_{_5_{_1 z 7@%—5%—1 =2z O x %
) a‘i‘ﬂ ) 7, a‘i‘ﬂ — 431 ,8 34 (X‘i‘ﬂ )
(Eare) = (@] = (255)
Oé—{—ﬁ—Fl’ ) a+5+1777 13 ()é—{—ﬁ’

where g = (¢ — 1)(n — 1)(2ac + 28 + 1)(e — 1). When a + 8 = —3, we put

LB#0,—-1,1+a+8#0Ifa+ B #0,
) 2 (%57 ) 5)10133312( %), then generators

Ll
m‘m

—&2n? +e? —2en -2+ —2n+1
flesn) =z (&,

e(e2n? —2e2n+e2 —2en—2e—n%+1)

_ en+e—n+1
9(8777) - Zy <€77/]7 877+€+77— 1) .
Calculations [f(e1,m), f(g2,m2)] and [g(e1,m1), g(g2,7m2)] result in the subgroups X;3 and

1
X151
In the case of characteristic 2, fore #n, 0 = (¢ +1)(n+ 1),

[( a+5+1> ( a—i—ﬂ—l—l)}_ (0(5+77)> <9(5+77))
zZ\éE, a—l—ﬁ 2\ M, a—l—ﬁ = T31 ,8 X34 Oé‘i‘ﬂ )

(G55e) = ()| = (57
a+p+1")" a+5+1’77 B\ Taxs )

Therefore, in all cases it follows from the decomposition of the generators that the subgroups
atB

X1z, Qo3, )(31534 and Xo4 are contained in H. As previous arguments, the subgroup

a+p
<X13,X31{’34> is isomorphic to SL(2, K), and then we obtain that H = GL(2, K)Xa, if
a+p#0.
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(6) For the base (r3sd4a), « = —1, A =1, § = —1. If Char K # 2, 3, new generators become
the following form:

z(e) = dy(e)ds(e)x12 (1 ; 6) Z34 (6 ; 1> 32 <@> )

y(n) = di(n)dz(n)zaz(n — 1).

Due to straightforward calculations, we find that

(LY o] = (29 s (20 (40
T 3,2’ ) n — 412 3 34 3 32 3 3
—6 36
2y (2,€,m) = 214 <—20> 23 <—27;)> ;

1 1

where 6y = (¢ — 1)(n — 1). It follows that XS;E?)Q is contained in H. We consecutively get
Q13 and X3 from the decomposition of the generators. Further, we can extract an element
of X4 through multiplying z,(2,e,n) by suitable element from Xs3. Hence for some 6 € K*,
we may get the whole group Xi4.

11
Now describe the subgroup <X122’7342’32,X23>. Consider a map ¢ from the subgroup

generated by t(¢) and s(n) to SL(2, K) defined by ¢(t(e)) = xas(e), ¢(s(n)) = xs2(n). Note
that t(e) = z32(e)z12 (5) 234 (—5), s(n) = wa3(n). A straightforward calculation shows that
Ker ¢ = X14. Therefore we conclude that H = GL(2, K)X14, if Char K # 2,3.

If Char K = 3, the original generators become the following form:

2'(e) = di(e)da(e)z13 <2(%_1)> Z14 <€ ; 1) 723 <M> ;

3

y'(n) = di(n)da(n)zsi(n — 1)zs2(n — 1).

Conjugating this base by the element woszwi2x12(1) we get new generators

2(2) = dy (£)ds(e)71s <@> - <€ - 1) T3 <€ - 1) ,

y(n) = di(n)dz(n)zaz(n — 1).

Due to straightforward calculations, we find that z, (¢,2,7) = 214(2(2e +1)(2+n)). It follows
that X4 is contained in H. Put

_ (en+2e+2n+2 2e+ 20 +2)

Calculate the commutator

o (25h)] <o ()

Thus we obtain the subgroup Xo3. It follows that from the decomposition of the generators
we extract the subgroups X122734732 and Q3.

Now describe the subgroup <X122734732,X23>. As above argument, we may get
<X122734732,X23> is isomorphic to SL(2, K)X14, and then conclude that H = GL(2, K)X14,
when Char K = 3.
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(7) For the base (r3sda), « = =1, A =1, 8 #0,—1. Let 8 # 1, suppose that Char K # 2.
New generators are obtained with the help of conjugation by dy (5)w13x12(%). Then

z(e) = da(e)ds(e) w2 (%) T34 (6 ; 1) :

B-Dm-1)

3

y(n) = da(n)ds(n)zi2 < ) z13(B(n — 1)).

When § # %, for the element n € K*, by straightforward calculation, we see that

1 B8 2 4 —1) 4n—1)
() =on (H2) (1)

o (55 ) o (5 () ) ().

where 6y = (¢ — 1)(n — 1). It follows that Xo; 34 < H. Note that we also get X9 34, when
Char K = 3. In fact, when Char K = 3, we have

Z( 1 3 9>2_ <9—1 0—1
© 2ﬁ+2’—ﬁ—1’ =21 —ﬁ—i—l T34 —ﬁ—i—l .

B=1
Then from the decomposition of the generators we obtain Q23 and X, 13- After it we have the

B st B
subgroup XQIA;§4. Straightforward calculations show that <X21,34,X12ff13> o SL(2,K)X214’7§4,

B
and finally we conclude that H = GL(2, K) X, 3.

Suppose that § = %, a simultaneous conjugation by the element wisd; (%)w13$12(2) leads
to the following generators:

o) = dr(@b(elo (T ) owe (F25) v = st (57 ) o (15

We have z, (—=1,7,0) = x14(=2(n — 1)(0 — 1))z34(—2(n — 1)(6 — 1)). Put
B R A WP T L)
fem) —w(a)y< =1 ) ), g(e,n) =y(e) <(€_1)(n+1)>y(n)-

Multiplying [f(e,n), f(n,€)] and [g(e,n), g(n,€)] by suitable element from X434, we get the
elements, 1‘21(99)%’23(—69), .%'12(—(910)1‘14(910), where

(en —1)% (2 = ?) o Aen =12 (P )
e—Dee+ D —nn+1) " (e=Dee+1)(n— Lnn+1)°

Take e,n # —1, en # 1 and €2 # n?, we may get all elements of X2_1}23 and X1_2%14. From

Oy =

the decomposition of the generators, we get that Q13 and X1_2}34 are subgroups of H. And
<Q13,X1_2%34,X2_1}23> = GL(2, K)X14,34. Thus we can conclude that H = GL(2, K)X14,34.
In the case of characteristic 2, we use the following generators:

o) = da(e)b(elem (T ) ().

B-1)n-1)

e

y(n) = d2(n)ds(n)z12 ( > z13(8(n —1)).



118 Nesterov, V. V. and Zhang, M.

Then we have

_ g+1 _ 02 B0 ) 62
r(e,n) = 2y Tagan = T12 ; 13 m T24 m T34 F )

e +e+n0+n+n0+n\ 02(0 + 1) BOs(60 + 1)
(e+ 1) - ef o1 (B—-1)eb )’

r(n,0)r (5,

_B_
where 6 = (e + 1)(n + 1). We get the subgroup X@;ﬁ, after it we obtain X134 and Q23
_B_ B
are contained in H, and <Q23, Xo1.34, X1%Tf2> >~ GL(2,K) 214_754. Thus we can conclude that

B8
H = GL(2, K) X573,
(8) For the base (plqla). Put

g1 =wi2, g2 =x12(—1)zu(Hwiz, g3 =wiez13(1), g1 = x14(—1)223(1)z12(—1)W12.

We have four cases depending on the value of X\;, ¢ = 1,2. (I) Ay =0, A2 = 0, (II) A\; =0,
Ao =1, (IIT) Ay = 1, A2 = 0 and (VI) \y = 1, Ay = 1. We conjugate the corresponding
generators by g1, g2, g3 and g4 respectively, and get the new generators, which are upper
triangular matrices. Then we calculate commutator subgroup z(e,7n) generated by new
generators z(¢) and y(n). Moreover, it follows from the decomposition of z(¢) and y(n) that
in all cases the subgroups (12, Q23 and Xs4 are contained in H. Thus we conclude that

H = Q12Q23X24. >

References

1. Vavilov, N. A. and Nesterov, V. V. Geometry of Microweight Tori, Viadikavkaz Mathematical Journal,
2008, vol. 10, no. 1, pp. 10-23 (in Russian).

2. Nesterov, V. V. and Vavilov, N. A. Pairs of Microweight Tori in GL,,, Chebyshevskii Sbornik, 2020,
vol. 21, no. 4, pp. 152-161. DOI: 10.22405/2226-8383-2020-21-4-152-161.

3. Vavilov, N. A. Geometry of 1-Tori in GL,,, St. Petersburg Mathematical Journal, 2008, vol. 19, no. 3,
pp. 407-429. DOI: 10.1090/S1061-0022-08-01004-2.

4. Vavilov, N. A. and Nesterov, V. V. Subgroups Generated by a Pair of 2-Tori in GL(5, K), Zapiski
nauchnyh seminarov POMI [Notes of Scientific Seminars of POMI|, 2023, vol. 522, pp. 845 (in Russian).

5. Nesterov, V. and Zhang, M. Subgroups Generated by a Pair of 2-Tori in GL(4, K). I, Zapiski nauchnyh
seminarov POMI [Notes of Scientific Seminars of POMI]|, 2024, vol. 531, pp. 127-146.

6. Vavilov, N. A. Subgroups of Chevalley Groups Containing a Maximal Torus, Trudy Leningradskogo
matematicheskogo obshchestva [Proceedings of the Leningrad Mathematical Society], 1990, vol. 1,
pp. 64-109 (in Russian).

7. Vavilov, N. A. Weight Elements of Chevalley Groups, St. Petersburg Mathematical Journal, 2009, vol. 20,
no. 1, p. 23-57. DOI: 10.1090,/S1061-0022-08-01036-4.

Received July 14, 2025

VLADIMIR V. NESTEROV

Saint Petersburg State University,

28 Universitetskii Ave., St. Petersburg 198504, Russia,
Associate Professor of the Department of Higher Algebra
and Number Theory

E-mail: vl.nesterov@mail.ru

https: //orcid.org/0000-0002-4226-494X



Subgroups Generated by a Pair of 2-Tori in GL(4, K), II 119

MEILING ZHANG

Saint Petersburg State University,

28 Universitetskii pr., St. Petersburg 198504, Russia,
Postgraduate Student of the Department of Higher Algebra
and Number Theory

E-mail: meilingzhang51@gmail.com

BiragmkaBka3ckuii MAaTeMaTHIeCKHE XKy PHAJT

2025, Tom 27, Beiryck 3, C. 101-119

[MOArPYIIILI, ITIOPOXKAEHHBIE ITAPOI 2-TOPOB B GL(4, K). 11
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AnHorauud. /lanHas craTbs SBJISETCS O9epeIHONl paboToil B OOJIBIIIOM IUKJIE PabOT, ITOCBAIIEHHOM I'e0-
MeTpUM MHUKPOBECOBBIX TOpOB B rpymmax IlleBasure. A mMeHHO, MBI ONKCHIBAEM IOJIPYIIIBI, IOPOXK/EHHBIE
napoii 2-ropos B GL(4, K). Hanmomaum, uro 2-ropamu B GL(n, K) aBIsi0TCS NOAPYIIIBL, CONPS?KEHHBIE JAATO-
HAIBHOM noarpynme suja diag(e, e, 1,...,1). B oquoii u3 npeapaymumx paboT Mbl I0KA3aJI1 TEOPEMY PELyKIIUU
JUIst mapbl m-TopoB. 13 Hee ciemyer, uTo jrobasi mapa 2-TopoB MoxkerT ObITh BiioxkeHa B GL(6, K) omHOBpe-
MeHHBIM conpsikernem. Opburta napsr 2-topos (X, Y) masesaerca opburoit B GL(n, K), ecan mapa (X,Y)
BriagpiBaercss B GL(n, K') ofHOBpeMeHHBIM colpsikeHneM u He BriaisBaercs B GL(n — 1, K). 3aecs n mo-
JKeT NpUHUMATh 3HadeHus 3, 4, 5 u 6. Haubosee cnoxxHbpIM 1 06muM cirydaeM siBiasiercs ciydait GL(4, K).
B macrosmeii pabore onmcanbt nopoxaennsa B GL(4, K), coOTBETCTBYIOMME BBIPOXKICHHBIM OPOUTAM.

KuroueBble cJioBa:oHAs JIMHEHHAST TPYIINa, YHUIIOTEHTHAsI KOPHEBAs IMOArPYIIIA, MOJYIIPOCThIE KOP-
HEBBIE [TOJIIPYTIIILI, 7M-TOPbI, JUANOHAJILHBIE TOAIPYIIIIbIL.
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