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Abstract. We consider the existence of periodic solutions-cycles in nonlinear differential equations with
a small parameter. We obtain necessary and sufficient conditions for the existence of periodic solutions.
These conditions significantly expand the applicability of the Pontryagin small parameter method from the
theory of dynamical systems on the plane. We do not assume the differentiability of all functions involved in
the system. Moreover, the system is not Hamiltonian. In order to prove the existence of periodic solutions
of the system of nonlinear differential equations we use topological methods of nonlinear analysis. Based
on the proposed methods, we formulate and prove theorems on the necessary and sufficient conditions for
the existence of periodic solutions under the condition of continuity of all functions involved in the system.
Moreover, we use the transition to the polar coordinate system and Jordan transformations. In the last
section we propose a method for developing examples for a specific class of functions. Furthermore, we
give an example of a system such that we easy verify the conditions for the existence of periodic solutions
for small values of ε.

Keywords: nonlinear differential equations, small parameter, Jordan transformation, homotopy, rotation
of vector fields.

AMS Subject Classification: 34A34, 39A23, 46T20, 47A55.

For citation: Grishanina, G. E., Muhamadiev, E. M., Nurov, I. J. and Sharifzoda, Z. I. Analysis of the
Existence of Periodic Solutions of the Systems of Nonlinear Differential Equations with a Small Parameter,
Vladikavkaz Math. J., 2025, vol. 27, no. 3, pp. 28–39. DOI: 10.46698/r6381-0860-2384-e.

1. Introduction and Assistive Information

Many natural processes are oscillatory. In the mathematical formulation, such processes
correspond to problems that have periodic solutions. Oscillatory processes are usually
described by differential equations. A typical example is an equation of the form:

ẍ+ x = µ · f(x, ẋ), (1)

where µ is a small parameter. It is known that for µ = 0 equation (1) has periodic solutions.
If µ 6= 0, then some perturbations arise in the right-hand side of this equation and, possibly,
periodic solutions do not exist. Therefore, the problem is to find conditions under which the
equation (1) has periodic solutions.
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The study of the system of the form (1) originates from the work A. Poincare [1] and
A. M. Lyapunova [2]. Among the many works devoted to the further development of the
theory of a small parameter, it is sufficient to mention the works of B. I. Bogolyubov [3],
I. G. Malkin [4], J. Guckenheimer [5], A. N. Tikhonov [6], A. D. Morozov [7] and others.

The determining role in the study of equations with a small parameter is played by the
linear parts of the equations, the properties of which allow us to study the issues of the
existence of periodic solutions of nonlinear equations.

The transition to equations with “essential” nonlinearities, as a rule, requires the deve-
lopment of fundamentally new approaches and methods. A significant contribution to the
theory of such equations was made by the works of M. A. Krasnoselsky and his students,
Yu. I. Neimark, V. A. Pliss, F. Hartman and others. In these works, topological, qualitative
and approximate methods for studying various classes of nonlinear equations were developed.

According to the Poincare method, the solution to the equation (1) is sought in the form [1]

x(t) = x0(t) + µx1(t) + µ2x2(t) + . . .+ µnxn(t) + . . .

By equating the coefficients of the same powers of µ, we obtain a system of recurrence relations,
for each of which it is necessary to use methods of variation of arbitrary constants to find
a solution. However, there are systems in which the use of this method is not effective. An
example of such a system could be a nonlinear system of the form

{

ẋ = y,

ẏ = µ · x · cos x− x,

where µ is a small parameter.
For such systems, other alternative methods are used [8].
Nonlinear systems depending on a small parameter were also the subject of research by

L. S. Pontryagin [9] and others (see, for example, [10, 11]). Let us briefly present some auxiliary
information from the theory of dynamic systems on the plane and from the general theory of
nonlinear analysis (see, for example, [12–16]). Let us consider a system of the form







ẋ = −∂H
∂y

+ µp(x, y, µ),

ẏ = ∂H
∂x

+ µq(x, y, µ).
(2)

For µ = 0 we get a Hamiltonian system

ẋ = −
∂H

∂y
, ẏ =

∂H

∂x
, (3)

the integral of which is H(x, y) = C. It is assumed that for the considered values of C
(C1 < C < C2) the curves H(x, y) = C are closed curves. Let x = ϕ(t, C), y = ψ(t, C) be a
solution of the system (3) corresponding to some curve H(x, y) = C.

Consider the integral

I(C) =

τ
∫

0

[

p(ϕ,ψ, 0)ψ′ − q(ϕ,ψ, 0)ϕ′
]

dt,

where τ = τ(C) — period of functions ϕ and ψ. This function is called the Pontryagin function.
Along with this function, the function is considered

I ′(C) =

τ
∫

0

[

p′x(ϕ,ψ, 0) + q′y(ϕ,ψ, 0)
]

dt.
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Theorem L. S. Pontryagin’s [12, p. 203]. If for some value C = C0 the conditions are

satisfied

I(C0) = 0, I ′(C0) 6= 0,

then there are numbers ε > 0 and δ > 0 such that :
a) for anyone µ, |µ| < δ, system (2) has in ε — neighborhood of the curve H(x, y) = C0

one and only one limit cycle, and at µ→ 0 it contracts to this curve;

b) this limit cycle is a rough limit cycle, stable, when µ · I ′(C0) < 0, and unstable, when

µ · I ′(C0) > 0.

The conditions of Pontryagin’s theorem assume that the functions p and q are differenti-
able. We study the conditions for the existence of a cycle for the more general case, when the
functions p and q are only continuous.

For proof of the main statements obtained in the work, topological methods are used, in
particular, the apparatus of rotation of vector fields. These methods originate from the works
of J. Leray and Y. Schauder [17]. Below we will provide the necessary information from this
theory.

First of all, let us recall some definitions and concepts (see, for example, [13]).
Let E be a real Banach space and Ω ⊂ E be a bounded domain. Let a completely

continuous operator A acting in E be defined on the closure Ω of the domain Ω, and let
Ax 6= x for any x ∈ Ω̇; where Ω̇ is the boundary of the domain Ω. Then an integer characteristic
γ(I − A, Ω̇) is defined, which is called the rotation of the completely continuous vector field
Φx = x−Ax on the boundary Ω̇ of the domain Ω.

Two non-degenerate on Ω̇ (i. e. not taking zero values on Ω̇) completely continuous vector
fields

Φ0x = x−A0x, x ∈ Ω̇,

Φ1x = x−A1x, x ∈ Ω̇,

are called homotopic on Ω̇ if there exists a family of non-degenerate on Ω̇ vector fields

Φ(λ, x) = x−A(λ, x), x ∈ Ω̇, λ ∈ [0, 1],

such that the operator A(λ, x) is completely continuous with respect to the set of variables λ
and x, and

Φ(0, x) = Φ0x, Φ(1, x) = Φ1x.

The homotopy relation of vector fields has the following properties:
Property 1.1. If Φ0 and Φ1 homotopic on Ω̇, that

γ(Φ0, Ω̇) = γ(Φ1, Ω̇).

This property allows us to reduce the calculation of the rotation of complex vector fields
to the calculation of the rotation of simpler fields.

Property 1.2. If the likenes AΩ of the domain Ω lies in the subspace E0 ⊂ E and
Ω ∩ E0 6= ∅, then the field Ψx = x − Ax is defined on the boundary Ω̇0 of the domain
Ω0 = Ω ∩ E0 with a value on E0. Let Ω0 6= ∅. Then the equality γ(Φ, Ω̇) = γ(Ψ, Ω̇0) is true.

Property 1.3. Let a completely stable vector field Φx = x − Ax be non-degenerate on
the boundary of Ω̇ bounded domain Ω and continuity of its closure Ω and γ(Φ, Ω̇) 6= 0. Then
the field Φ has at least one singular point in the domain Ω.

It follows from property 1.3 that each sign of non-zero rotation of the field Φ on the
boundary Ω̇ of the domain Ω is a sign of the existence of at least one solution of the equation
Φx = 0 in the domain Ω.
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2. Statement of the Problem and Main Results

Let us consider a system of differential equations, the vector notation of which has the
form

ẋ = Ax+ εf(x, ε), (4)

where x = (x1, x2, x3) ∈ R
3, A is a square real matrix, f(x, ε) — a continuous vector function

over a set of variables (x, ε) ∈ R3 × [−ε0, ε0], ε0 > 0, ε — parameter. In what follows, it is
assumed that the spectrum σ(A) of the matrix A has the representation: σ(A) = {±iβ, γ},
β > 0, γ 6= 0.

Of interest is finding conditions on the vector function f(x, ε) under which there exist
non-zero periodic solutions of the system (4) for sufficiently small non-zero values of ε.

For the study of the question of the existence of cycles, the starting point was the classical
theorem of L.S. Pontryagin [1, p. 214], which was formulated for systems of equations on a
plane under the assumption of analyticity of the function f(x, ε) with respect to the set of
variables x, ε. In contrast to Pontryagin’s conditions, below we do not assume differentiability
of the function f(x, ε); the continuity condition of this function with respect to both variables
is sufficient. We also note that the system we are considering is not Hamiltonian. It should
be noted that in the case of x ∈ R2 the system (4) was considered in the work [8].

Under the assumptions made regarding the spectrum of the matrix A, there exists a non-
singular matrix U , such that replacing x = Uy the system (4) leads to the system











ẏ1 = βy2 + εg1(y1, y2, y3, ε),

ẏ2 = −βy1 + εg2(y1, y2, y3, ε),

ẏ3 = γy3 + εg3(y1, y2, y3, ε).

(5)

Note that systems (5) and (4) are equivalent.
On the right side of the system (5) we define an analogue of the Pontryagin function [1]

F (ρ) =

2π
∫

0

[g1 (ρ cosϕ, ρ sinϕ, 0, 0) cosϕ+ g2(ρ cosϕ, ρ sinϕ, 0, 0) sin ϕ] dϕ.

Let us recall that the norm in the space of continuous functions is defined by the following
equality: ‖x(t)‖ = maxt |x(t)|, where | · | is the euclidian norm in space R3.

Let us formulate a necessary condition for the existence of periodic solutions of the
system (4) at ε→ 0, ε > 0.

Theorem 1. Suppose that for some sequence of values ε = εk 6= 0, εk → 0, for k → ∞
the system (4) has a periodic solution x(t + ωk, εk) ≡ x(t, εk), with the smallest period

ωk = ω(εk) > 0, satisfying the condition C1 6 ‖x(t, εk)‖ < C2, where 0 < C1 < C2 — are

given numbers. Then there exists ρ0 ∈ [C1, C2], such that F (ρ0) = 0.

The formulated necessary condition, under some additional restrictions on the behavior
of the function F (ρ) in the neighborhood of the solution of the equation F (ρ) = 0, is also a
sufficient condition for the existence of a periodic solution of the system (4) for small |ε| > 0,
namely, the following theorem is valid.

Theorem 2. Let ρ0 > 0 be a solution to the equation F (ρ) = 0, and in the neighborhood

[ρ0 − δ0, ρ0 + δ0] points ρ0, where ρ0 − δ0 > 0, function F (ρ) 6= 0 for ρ 6= ρ0, and F (ρ0 − δ0) ·
F (ρ0+δ0) < 0. Then the system (4) for sufficiently small values of |ε| > 0 has a non-stationary

ω(ε)-periodic solution x(t, ε).

The proofs of the theorems are given below.
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3. Transition to Polar Coordinates

For ε = 0, system (5) is a linear system, and its general solution has an explicit re-
presentation, from which it follows that any solution (y1(t), y2(t), y3(t)) with initial condition
(y1(0), y2(0), 0), |y1(0)|+|y2(0)| > 0 is a cycle with period 2π

β
in the plane (y1, y2, 0). Therefore,

for T > 0 the solution is (y1(t, ε), y2(t, ε), y3(t, ε)), |y1(0, ε)| + |y2(0, ε)| > σ > 0 satisfies the
condition r2(t, ε) = y21(t, ε) + y22(t, ε) > 0 for anyone |t| 6 T for sufficiently small absolute
values ε and y3(0, ε).

Let (y1(t), y2(t), y3(t)) be the solution of the system (5), satisfying the condition r(t) =
√

y21(t) + y22(t) > 0. Believing

y1 = r cosϕ, y2 = r sinϕ, y3 = y3, (6)

we get











ṙ = ε[g1(r cosϕ, r sinϕ, y3, ε) cosϕ+ g2(r cosϕ, r sinϕ, y3, ε) sinϕ],

ϕ̇ = −β − ε
r
[g1(r cosϕ, r sinϕ, y3, ε) sinϕ− g2(r cosϕ, r sinϕ, y3, ε) cosϕ],

ẏ3 = γy3 + εg3(r cosϕ, r sinϕ, y3, ε).

(7)

Let us assume that for the solution y(t) of the system (5) for a given value of ε the right-
hand side of the second equation of the system (7) is not equal to zero for all t. Then time t
can be expressed through the polar angle ϕ : t = T (ϕ), T (ϕ(t)) ≡ t. Let’s define complex
functions ρ(ϕ) = r(T (ϕ)), Y (ϕ) = y3(T (ϕ)). It is easy to show that these functions satisfy
the system of equations

{

ρ
dϕ

= εR1(ρ, Y, ϕ, ε),

dY
dϕ

= R2(ρ, Y, ϕ, ε),
(8)

where

R1(ρ, Y, ϕ, ε) =
ρ(g1 cosϕ+ g2 sinϕ)

−βρ− ε[g1 sinϕ− g2 cosϕ]
,

R2(ρ, Y, ϕ, ε) =
ρ(γY + εg3)

−βρ− ε[g1 sinϕ− g2 cosϕ]
,

(9)

gi = gi(ρ cosϕ, ρ sinϕ, Y, ε), i = 1, 2, 3.
Conversely, if ρ(ϕ), Y (ϕ) is the solution of the system (8) for a given ε and satisfies the

condition −βρ+ε(g2 cosϕ−g1 sinϕ) < 0, then a monotonically decreasing function is defined

T (ϕ) =

ϕ
∫

0

ρ(ψ) dψ

−βρ(ψ) + ε(g2 cosψ − g1 sinψ)
, (10)

and vector function (r(t), ϕ(t), y3(t)) = (ρ(T−1(t)), T−1(t), Y (T−1(t))) is a solution to the
system (7).

Under these conditions, in particular, to each ω-periodic solution of the system (7) (and,
consequently, of the system (4)) there corresponds a 2π-periodic solution of the system (8).

Thus, we have established the validity of the following lemma.
Lemma 1. If x(t) = Uy(t) is a solution (4), the function (r(t), ϕ(t), y3(t)), defined by

the equalities (6), satisfies the condition ε(g2 cosϕ − g1 sinϕ) < βr, then vector function

(ρ(ϕ), Y (ϕ)) = (r(T (ϕ)), y3(T (ϕ))) is a solution to the system (8).
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Conversely, if (ρ(ϕ), Y (ϕ)) is a solution of the system (8), and the function ϕ(t) is

determined from the equation T (ϕ) = t, then the vector function (r(t), ϕ(t), y3(t)) =
(ρ(ϕ(t)), ϕ(t), Y (ϕ(t))) is a solution of the system (7), where the function T (ϕ) is defined

by the equality (10).
If, in particular, the function x(t) = Uy(t) is ω-periodic, then the corresponding function

(ρ(ϕ), Y (ϕ)) is 2π-periodic, and ω = T (−2π).

4. Proof of Theorem 1

⊳ Let for some sequence of values ε = εk 6= 0, εk → 0, for k → ∞ the system (4)
has a periodic solution x(t + ωk, εk) ≡ x(t, εk) with the smallest period ωk = ω(εk) > 0,
satisfying the condition 0 < C1 6 ‖x(t, εk)‖ < C2. Then y(t, εk) = U−1y(t, εk) is a solution
of the system (5) for ε = εk. Without loss of generality, we can assume that the sequence
y(t, εk) uniformly converges to some function y0(t). The function y0(t) is a bounded solution
of the system (5) for ε = 0. It follows that the third coordinate of the sequence y(t, εk)
uniformly tends to zero. Therefore, after the transition to polar coordinates (6) for the obtained
sequence (r(t, εk), ϕ(t, εk), y3(t, εk)) the first coordinate r(t, εk) > 0. According to Lemma 1,
this sequence corresponds to a sequence of 2π-periodic solutions ρ(ϕ, εk), Y (ϕ, εk) of the
system (8):

{

dρ(ϕ,εk)
dϕ

= εkR1(ρ(ϕ, εk), Y (ϕ, εk), ϕ, εk),
dY (ϕ,εk)

dϕ
= R2(ρ(ϕ, εk), Y (ϕ, εk), ϕ, εk).

Let us integrate the first equality of this system from 0 to 2π over the variable ϕ, taking
into account the 2π-periodicity of the function ρ(ϕ, εk). Reducing the resulting equality by εk,
we have

2π
∫

0

R1(ρ(ϕ, εk), Y (ϕ, εk), ϕ, εk) dϕ = 0.

By definition of the sequence (ρ(ϕ, εk), Y (ϕ, εk)), the first coordinate uniformly converges
to some number ρ0 > C1, the second coordinate to zero. Therefore the sequence
R1(ρ(ϕ, εk), Y (ϕ, εk), ϕ, εk) converges uniformly to − 1

β
(g1(ρ0 cosϕ, ρ0 sinϕ, 0, 0) cos ϕ +

g2(ρ0 cosϕ, ρ0 sinϕ, 0, 0) sinϕ). Therefore, after passing to the limit under the integral sign at
k → ∞, we obtain that ρ0 is a solution to the equation F (ρ) = 0. ⊲

5. Proof of Theorem 2

⊳ Let us consider a system of integral equations















ρ(ϕ)− ρ(2π) = ε
ϕ
∫

0

R1(ρ(s), Y (s), s, ε) ds,

Y (ϕ)− Y (2π) =
ϕ
∫

0

R2(ρ(s), Y (s), s, ε) ds,
(11)

where are the functions R1(ρ(s), Y (s), s, ε), R2(ρ(s), Y (s), s, ε) are defined by equalities (9) in
the domain ε(g2 cosϕ−g1 sinϕ) < βr. Every solution of the system (11) defines a 2π-periodic
solution of the system (8), and conversely, to each 2π-periodic solution of the system (8) there
corresponds a solution of the system of integral equations (11). If we show that the system (11)
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has a solution for small values of ε > 0, then, according to lemma 1, the system (4) also has
a periodic solution. Thus, theorem 2 will be proved. At the boundary of Ω̇(δ0, σ0) region

Ω(δ0, σ0) = {(ρ(ϕ), Y (ϕ)) : ‖ρ(ϕ) − ρ0‖ < δ0, ‖Y (ϕ)‖ < σ0} ,

where δ0 is determined by the conditions of theorem 2, σ0 > 0 is a fixed number, in the space
of continuous vector functions C[0, 2π] we consider families of completely continuous vector
fields

Φ(ρ, Y, ε)(ϕ) =



ρ(ϕ)−ρ(2π)−ε

ϕ
∫

0

R1(ρ, Y, s, ε) ds, Y (ϕ)−Y (2π)−

ϕ
∫

0

R2(ρ, Y, s, ε) ds



 , (12)

Ψ(ρ, Y, ε)(ϕ) =



ρ(ϕ)− ρ(2π) + ε

ϕ
∫

0

F (ρ(s)) ds, Y (ϕ)− Y (2π) +
γ

β

ϕ
∫

0

Y (s) ds



 . (13)

We will show that for sufficiently small ε > 0 on the boundary Ω̇(δ0, σ0) of the domain
Ω(δ0, σ0) these vector fields are linearly homotopic: there exists ε0 > 0, such that

λΦ(ρ, Y, ε)(ϕ) + (1− λ)Ψ(ρ, Y, ε)(ϕ) 6= 0

(∀λ ∈ [0, 1]) (∀ ε ∈ (0, ε0]) (ρ, Y ) ∈ Ω̇(δ0, σ0).

Indeed, if we assume the opposite, then there are sequences εk → 0, εk > 0, λk ∈ [0, 1],
(ρk, Yk) ∈ Ω̇(δ0, σ0), such that















ρk(ϕ)− ρk(2π) = εk

ϕ
∫

0

[

λkR1(ρk(s), Yk(s), s, εk)− (1− λk)F (ρk(s))
]

ds,

Yk(ϕ)− Yk(2π) =
ϕ
∫

0

[

λkR2(ρk(s), Yk(s), s, εk)− (1− λk)
γ
β
Yk(s)

]

ds.

(14)

From the limited sequence (ρk, Yk) and equality (14) its equicontinuity follows. Therefore,
without loss of generality, we can assume that it converges to some vector function
(ρ∗(ϕ), Y∗(ϕ)) and λk → λ∗. Note that from the equalities (14) it follows that ρ∗(ϕ) ≡ ρ∗(0),
а Y∗(ϕ) is a solution to the equation

dY

dϕ
= −

γ

β
Y

and satisfies the condition Y∗(0) = Y∗(2π). Therefore, (ρ∗(ϕ), Y∗(ϕ)) ≡ (ρ∗(0), 0). Further,
from the condition that (ρ∗(ϕ), Y∗(ϕ)) ∈ Ω̇(δ0, σ0) it follows that ρ∗(ϕ) ≡ ρ0 + δ or ρ∗(ϕ) ≡
ρ0 − δ.

On the other hand, assuming equality (14) ϕ = 2π and reducing the resulting equality
by εk, we have

2π
∫

0

[

λkR1(ρk(s), Yk(s), s, εk)− (1− λk)F (ρk(s))
]

ds = 0.

Let’s move to the limit at k → ∞ in this equality. We get

2π
∫

0

[

−
λ∗

β

(

g1(ρ∗(s) cos s, ρ∗(s) sin s, Y∗(s), 0) cos s

+ g2(ρ∗(s) cos s, ρ∗(s) sin s, Y∗(s), 0) sin s
)

− (1− λ∗)F (ρ∗(s))

]

ds = 0.
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Given that Y∗ = 0, ρ∗(s) = const ∈ [ρ0 − ε, ρ0 + ε], it follows from the last equality that
ρ∗(s) ≡ ρ0. This contradicts the condition that ρ∗(ϕ) ≡ ρ0+δ or ρ∗(ϕ) ≡ ρ0−δ. The obtained
contradiction proves that for sufficiently small ε > 0 on the boundary Ω̇(δ0, σ0) of the domain
Ω(δ0, σ0) the vector fields (12) and (13) are linearly homotopic.

Now let us consider the family of vector fields

Ψλ(ρ, Y, ε)(ϕ) = ρ(ϕ) − ρ(2π) + ε

ϕ
∫

0

F (ρ(s)) ds + ελ

2π
∫

ϕ

F (ρ(s)) ds,

Y (ϕ)− Y (2π) +
γ

β

ϕ
∫

0

Y (s) ds +
γ

β
λ

2π
∫

ϕ

Y (s) ds

at 0 6 λ 6 1. It is easy to show that there exists ε0 > 0, such that for all 0 < ε 6 ε0 and
any 0 6 λ 6 1 on the boundary of Ω̇(δ0, σ0) the domain Ω(δ0, σ0) Ψλ(ρ, Y, ε)(ϕ) 6= 0. In
particular, for λ = 0 we obtain the original vector field (13), and for λ = 1 we obtain

Ψ1(ρ, Y, ε)(ϕ) =



ρ(ϕ) − ρ(2π) + ε

2π
∫

0

F (ρ(s)) ds, Y (ϕ) − Y (2π) +
γ

β

2π
∫

0

Y (s) ds



 .

Operator

A(ρ, Y, ε)(ϕ) =



ε

2π
∫

0

F (ρ(s)) ds,
γ

β

2π
∫

0

Y (s) ds



 ,

defining the vector field Ψ1, acts from the closure of the domain Ω(δ0, σ0) of the space of
vector functions C[0, 2π] into the subspace of constant functions. Therefore, according to the
Leray–Schauder lemma [17], the rotation of the completely continuous vector field Ψ1 on the
boundary Ω̇(δ0, σ0) of the domain Ω(δ0, σ0) coincides with the rotation of its restriction

Ψ̄1(ρ, Y ) =

(

2πεF (ρ), 2π
γ

β
Y

)

on the boundary of the intersection of the region Ω(δ0, σ0) with the space of constant vector
functions, that is, a rectangular region {(ρ, Y ) : |ρ− ρ0| < δ0}, |Y | < σ0.

Thus, the equalities are valid

γ(Ψ1, Ω̇) = γ(Ψ̄1, Ω̇) =
signF (ρ0 + ξ0)− signF (ρ0 − ξ0)

2
.

Therefore, rotation γ(Φ, Ω̇) fields (14) on the boundary Ω̇ of the domain Ω are non-zero.
This implies the existence of a 2π-periodic solution of the system of equations (8) in the
domain Ω, and by lemma 1 the system (4) has an ω-periodic solution for sufficiently small
ε > 0. ⊲

Remark. The results above can be extended to the case where the dimension of the
solution space is greater than three.
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6. Example

Consider a system of the form











ẋ1 = −x1 − x2 + x3 + εf1(x1, x2, x3, ε),

ẋ2 = −x2 + εf2(x1, x2, x3, ε),

ẋ3 = −2x1 + x3 + εf3(x1, x2, x3, ε),

(15)

where

f1 =

√

∣

∣

∣

∣

(x2 − x1)2 + (x3 − x1)2 −
1

2

∣

∣

∣

∣

· sign

(

(x2 − x1)
2 + (x3 − x1)

2 −
1

2

)

· (x3 − x2) + εx2,

f2 = 2 ·

√

∣

∣

∣

∣

(x2 − x1)2 + (x3 − x1)2 −
1

2

∣

∣

∣

∣

· sign

(

(x2 − x1)
2 + (x3 − x1)

2 −
1

2

)

· (x3−x2)+ εx2,

f3 = (x2 − x1)
2 + εx3.

The linear part of the system (15) is determined by the matrix A:

A =





−1 −1 1
0 −1 0
−2 0 1



 .

The spectrum σ(A) of the matrix A has the present: σ(A) = {±i,−1}. Accordingly, we
can assume that in the system (15) the matrix A has a Jordan presentation. Then the system
corresponding to the system (5) has the following form











ẏ1 = y2 + εg1(y1, y2, y3, ε),

ẏ2 = −y1 + εg2(y1, y2, y3, ε),

ẏ3 = −y3 + εg3(y1, y2, y3, ε),

(16)

where

g1(y1, y2, y3, ε)=−2·

√

∣

∣

∣

∣

1

2
y21 +

1

2
y22 −

1

2

∣

∣

∣

∣

sign

(

1

2
y21 +

1

2
y22 −

1

2

)

y1+

(

1

4
y21 −

1

2
y1y2 +

1

4
y22

)

−εy3,

g2(y1, y2, y3, ε) =
1

4
y21 −

1

2
y1y2 +

1

4
y22,

g3(y1, y2, y3, ε) = 2 ·

√

∣

∣

∣

∣

1

2
y21 +

1

2
y22 −

1

2

∣

∣

∣

∣

sign

(

1

2
y21 +

1

2
y22 −

1

2

)

y1 + εy3.

After the transition to the polar coordinate system using formulas (6), the system (16)
will take the form











ρ̇ = ε[g1(ρ cosϕ, ρ sinϕ, y3, ε) · cosϕ+ g2(ρ cosϕ, ρ sinϕ, y3, ε) · sinϕ],

ϕ̇ = −1 + ε
ρ
[g2(ρ cosϕ, ρ sinϕ, y3, ε) · cosϕ− g1(ρ cosϕ, ρ sinϕ, y3, ε) · sinϕ],

ẏ3 = −y3 + εg3(ρ cosϕ, ρ sinϕ, y3, ε),
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where

g1(ρ cosϕ, ρ sinϕ, y3, ε)=−2ρ·

√

∣

∣

∣

∣

1

2
(ρ2−1)

∣

∣

∣

∣

sign

(

1

2
(ρ2−1)

)

cosϕ+
1

4
ρ2−

1

2
ρ2 cosϕ sinϕ−εy3,

g2(ρ cosϕ, ρ sinϕ, y3, ε) =
1

4
ρ2 −

1

2
ρ2 cosϕ sinϕ,

g3(ρ cosϕ, ρ sinϕ, y3, ε) = 2ρ ·

√

∣

∣

∣

∣

1

2
(ρ2 − 1)

∣

∣

∣

∣

sign

(

1

2
(ρ2 − 1)

)

cosϕ+ εy3.

Let’s introduce the functions

g11(ρ) = −2ρ ·

√

∣

∣

∣

∣

1

2
(ρ2 − 1)

∣

∣

∣

∣

sign

(

1

2
(ρ2 − 1)

)

, g12(ρ) = g21(ρ) = ρ2, g22(ρ) ≡ 0,

P1(ϕ) = cosϕ, P2(ϕ) = Q1(ϕ) =
1

4
−

1

2
cosϕ sinϕ, Q2(ϕ) ≡ 0,

and we rewrite the last equalities in the form

g1 = g11(ρ)P1(ϕ) + g12P2(ϕ) − εy3, g2 = g21Q1(ϕ).

The function F (ρ) corresponding to the system (16) will take the following form

F (ρ) = −2πρ

√

∣

∣

∣

∣

1

2
(ρ2 − 1)

∣

∣

∣

∣

sign

(

1

2
(ρ2 − 1)

)

.

The function F (ρ) at the point ρ0 = 1 is equal to zero. If we take the neighborhood
[ρ0 + δ0, ρ0 − δ0] point ρ0, then at δ0 ∈ (0, 1) function F (ρ0 + δ0) < 0, and F (ρ0 − δ0) > 0. It
follows that the conditions of theorem (2) are satisfied, therefore, the system has a periodic
solution for small ε > 0. Note that here the function F (ρ) is continuous, but not smooth,
since at the point ρ0 = 1 it has no derivative.
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Аннотация. В работе изучается вопрос о существовании периодических решений-циклов в нели-
нейных дифференциальных уравнениях с малым параметром. Получены необходимые и достаточные
условия существования периодических решений, которые существенно расширяют область применимо-
сти метода малого параметра Л. С. Понтрягина из теории динамических систем на плоскости. При
этом не предполагается дифференцируемость всех входящих в систему функций, а также того, что
система является гамильтоновой. Для доказательства существования периодических решений системы
нелинейных дифференциальных уравнений в работе применяются топологические методы нелинейно-
го анализа. На основе предложенных методов сформулированы и установлены теоремы о необходимых
и достаточных условиях существования периодических решений при условии непрерывности всех вхо-
дящих в систему функций. С целью упрощения изучаемой системы в работе используется переход к
полярной системе координат и жордановы преобразования. В заключительной части предложен метод
разработки примеров для конкретного класса функций, а также приведен пример системы, для которой
легко проверяются условия существования периодических решений при малых значениях ε.

Ключевые слова: нелинейные дифференциальные уравнения, малый параметр, жорданово пре-

образование, гомотопия, вращение векторных полей.
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