Vladikavkaz Mathematical Journal
2025, Volume 27, Issue 3, P. 28-39

VK 517.91
DOI 10.46698 /r6381-0860-2384-¢

ANALYSIS OF THE EXISTENCE OF PERIODIC SOLUTIONS
OF THE SYSTEMS OF NONLINEAR DIFFERENTTAL EQUATIONS
WITH A SMALL PARAMETER

G. E. Grishanina!, E. M. Muhamadiev?, I. J. Nurov® and Z. I. Sharifzoda?

! State University Dubna, 19 Universitetskaya St., Dubna 141980, Russia;
2 Vologda State University, 15 Lenina St., Vologda 160000, Russia;
3 Tajik National University, 17 Rudaki Ave., Dushanbe 734063, Tajikistan

E-mail: anora66@mail.ru, emuhamadiev@rambler.ru, nid1@mail.ru, sakhara-2803@mail.ru
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1. Introduction and Assistive Information

Many natural processes are oscillatory. In the mathematical formulation, such processes

correspond to problems that have periodic solutions. Oscillatory processes are usually
described by differential equations. A typical example is an equation of the form:

where p is a small parameter. It is known that for 4 = 0 equation (1) has periodic solutions.
If i # 0, then some perturbations arise in the right-hand side of this equation and, possibly,
periodic solutions do not exist. Therefore, the problem is to find conditions under which the
equation (1) has periodic solutions.
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The study of the system of the form (1) originates from the work A. Poincare [1] and
A. M. Lyapunova [2]. Among the many works devoted to the further development of the
theory of a small parameter, it is sufficient to mention the works of B. I. Bogolyubov [3],
I. G. Malkin [4], J. Guckenheimer [5], A. N. Tikhonov [6], A. D. Morozov [7] and others.

The determining role in the study of equations with a small parameter is played by the
linear parts of the equations, the properties of which allow us to study the issues of the
existence of periodic solutions of nonlinear equations.

The transition to equations with “essential” nonlinearities, as a rule, requires the deve-
lopment of fundamentally new approaches and methods. A significant contribution to the
theory of such equations was made by the works of M. A. Krasnoselsky and his students,
Yu. I. Neimark, V. A. Pliss, F. Hartman and others. In these works, topological, qualitative
and approximate methods for studying various classes of nonlinear equations were developed.

According to the Poincare method, the solution to the equation (1) is sought in the form [1]

z(t) = xo(t) + pry(t) + plro(t) + ..+ p a,(t) + ...

By equating the coefficients of the same powers of y, we obtain a system of recurrence relations,
for each of which it is necessary to use methods of variation of arbitrary constants to find
a solution. However, there are systems in which the use of this method is not effective. An
example of such a system could be a nonlinear system of the form

T =y,
Y= U T -COST — X,
where p is a small parameter.
For such systems, other alternative methods are used [8].
Nonlinear systems depending on a small parameter were also the subject of research by
L. S. Pontryagin [9] and others (see, for example, [10, 11]). Let us briefly present some auxiliary
information from the theory of dynamic systems on the plane and from the general theory of
nonlinear analysis (see, for example, [12-16]). Let us consider a system of the form

& = =G+ up(z,y, ), )
i =9+ ng(z,y, p).

For p = 0 we get a Hamiltonian system
OH OH
= === 3
8y i y 8.%' ) ( )
the integral of which is H(x,y) = C. It is assumed that for the considered values of C
(C1 < C < C) the curves H(x,y) = C are closed curves. Let x = ¢(t,C), y = ¢(t,C) be a

solution of the system (3) corresponding to some curve H(z,y) = C.
Consider the integral

.%.':

1(C) :/[p(%w,O)w’—q(%w,O)w’] dt,
0

where 7 = 7(C') — period of functions ¢ and . This function is called the Pontryagin function.
Along with this function, the function is considered

T

I/(C)Z/[p;(so,w,O)Jrq;(%w,O)] dt.

0
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Theorem L. S. Pontryagin’s [12, p. 203|. If for some value C = Cy the conditions are
satisfied
I(CO) =0, I/(CO) 7é 0,

then there are numbers e > 0 and d > 0 such that:

a) for anyone p, |u| < 8, system (2) has in e — neighborhood of the curve H(x,y) = Cy
one and only one limit cycle, and at p — 0 it contracts to this curve;

b) this limit cycle is a rough limit cycle, stable, when p - I'(Cy) < 0, and unstable, when
we I /(CO) > 0.

The conditions of Pontryagin’s theorem assume that the functions p and ¢ are differenti-
able. We study the conditions for the existence of a cycle for the more general case, when the
functions p and ¢ are only continuous.

For proof of the main statements obtained in the work, topological methods are used, in
particular, the apparatus of rotation of vector fields. These methods originate from the works
of J. Leray and Y. Schauder [17]. Below we will provide the necessary information from this
theory.

First of all, let us recall some definitions and concepts (see, for example, [13]).

Let E be a real Banach space and 2 C FE be a bounded domain. Let a completely
continuous operator A acting in E be defined on the closure Q of the domain €, and let
Ax # x for any x € Q: where Q is the boundary of the domain Q. Then an integer characteristic
y(I — A, Q) is defined, which is called the rotation of the completely continuous vector field
dx = z — Az on the boundary  of the domain Q.

Two non-degenerate on O (i.e. not taking zero values on Q) completely continuous vector
fields

bz =z — Agz, =z €9,

Pz =1z — Az, z €,

are called homotopic on € if there exists a family of non-degenerate on € vector fields
d(\z)=z—A\z), z€Q Ael0,1],

such that the operator A(\,z) is completely continuous with respect to the set of variables A
and x, and
®(0,z) = Poz, P(1,2) = Pyx.

The homotopy relation of vector fields has the following properties:
PROPERTY 1.1. If &3 and ®; homotopic on 2, that

v(@o, Q) = y(P1, ).

This property allows us to reduce the calculation of the rotation of complex vector fields
to the calculation of the rotation of simpler fields.

PROPERTY 1.2. If the likenes AQ of the domain € lies in the subspace Ey C E and
QN Ey # 0, then the field ¥z = z — Az is defined on the boundary Qo of the domain
Qo = QN Ey with a value on Ey. Let Qg # 0. Then the equality v(®, Q) = (¥, QO) is true.

PROPERTY 1.3. Let a completely stable vector field &z = x — Az be non-degenerate on
the boundary of 2 bounded domain € and continuity of its closure O and 7(®,€) # 0. Then
the field ® has at least one singular point in the domain 2.

It follows from property 1.3 that each sign of non-zero rotation of the field ® on the
boundary € of the domain € is a sign of the existence of at least one solution of the equation
®x = 0 in the domain €.
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2. Statement of the Problem and Main Results

Let us consider a system of differential equations, the vector notation of which has the
form

&= Az +ef(z,¢), (4)

where x = (21,29, 23) € R3, A is a square real matrix, f (x,e) — a continuous vector function
over a set of variables (z,¢) € R? x [—¢eg,e0], €0 > 0, € — parameter. In what follows, it is
assumed that the spectrum o(A) of the matrix A has the representation: o(A4) = {£i8,~},
B8 >0,v#0.

Of interest is finding conditions on the vector function f(z,e) under which there exist
non-zero periodic solutions of the system (4) for sufficiently small non-zero values of €.

For the study of the question of the existence of cycles, the starting point was the classical
theorem of L.S. Pontryagin [1, p. 214|, which was formulated for systems of equations on a
plane under the assumption of analyticity of the function f(x,e) with respect to the set of
variables x, . In contrast to Pontryagin’s conditions, below we do not assume differentiability
of the function f(x,¢); the continuity condition of this function with respect to both variables
is sufficient. We also note that the system we are considering is not Hamiltonian. It should
be noted that in the case of x € R? the system (4) was considered in the work [8].

Under the assumptions made regarding the spectrum of the matrix A, there exists a non-
singular matrix U, such that replacing x = Uy the system (4) leads to the system

Y1 = Py2 +€91(y1, Y2, Y3, €),
Yo = —PBy1 +€92(y1, Y2, Y3, €), (5)
Y3 = vy3 +€93(y1, Y2, Y3, €)-

Note that systems (5) and (4) are equivalent.
On the right side of the system (5) we define an analogue of the Pontryagin function [1]

27

F(p) = / (g1 (pcos @, psin p, 0,0) cos ¢ + ga2(pcos p, psinp, 0, 0) sin @] dp.
0
Let us recall that the norm in the space of continuous functions is defined by the following
equality: ||z(t)|| = max; |(t)|, where | - | is the euclidian norm in space R3.
Let us formulate a necessary condition for the existence of periodic solutions of the
system (4) at e — 0, £ > 0.

Theorem 1. Suppose that for some sequence of values € = e, # 0,6, — 0, for k — o0
the system (4) has a periodic solution x(t + wy,e) = x(t,ex), with the smallest period
wr = w(eg) > 0, satistying the condition Cy < ||z(t,eg)|| < Cq, where 0 < C; < Cy — are
given numbers. Then there exists py € [C1,Ca], such that F(pg) = 0.

The formulated necessary condition, under some additional restrictions on the behavior
of the function F(p) in the neighborhood of the solution of the equation F(p) = 0, is also a
sufficient condition for the existence of a periodic solution of the system (4) for small |¢]| > 0,
namely, the following theorem is valid.

Theorem 2. Let py > 0 be a solution to the equation F(p) = 0, and in the neighborhood
[P0 — 00, po + do] points pg, where py — oy > 0, function F(p) # 0 for p # po, and F(py — do) -
F(po+0dp) < 0. Then the system (4) for sufficiently small values of |¢| > 0 has a non-stationary
w(e)-periodic solution x(t,¢).

The proofs of the theorems are given below.
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3. Transition to Polar Coordinates

For ¢ = 0, system (5) is a linear system, and its general solution has an explicit re-
presentation, from which it follows that any solution (yi(t),y2(t), y3(t)) with initial condition
(y1(0),y2(0),0), |y1(0)|+]y2(0)| > 0is a cycle with period %” in the plane (y1, y2,0). Therefore,
for T > 0 the solution is (y1(t,€),ya(t,€),ys(t,€)), ly1(0,€)| + |y2(0,€)| = o > 0 satisfies the
condition 72(t,e) = y?(t,e) + y3(t,e) > 0 for anyone [t| < T for sufficiently small absolute
values ¢ and y3(0, ).

Let (y1(t),y2(t),y3(t)) be the solution of the system (5), satisfying the condition r(t) =

y3(t) + y3(t) > 0. Believing

Y1 =rcosyp, Y= T sin Y, Y3 =1yYs, (6)

we get

i = e[g1(r cos g, rsin g, y3, €) cos ¢ + ga(r cos @, 7sin p, y3, €) sin ],
¢ =—F—E[g1(rcosp,rsinp,y3,e)sin g — ga(rcos @, rsing, y3, €) cos ¢, (7)
Y3 = vys + £g3(r cos @, 7sin p, y3, €).

Let us assume that for the solution y(¢) of the system (5) for a given value of € the right-
hand side of the second equation of the system (7) is not equal to zero for all ¢. Then time ¢
can be expressed through the polar angle ¢ : t = T'(v), T(p(t)) = t. Let’s define complex
functions p(p) = r(T(¢)), Y(v) = y3(T(p)). It is easy to show that these functions satisfy
the system of equations

{71% =ceRi(p, Y, ,¢), (8)
49X = Ry(p. Y, p.e).
where i
Ru(p,Y,prc) = —L1c0s 0+ gasing)
IV ESE _5[)—8[91 SingO_gZ COSSO], (9)
Y 4+¢
R2(PaKSD’€) = p(fy gg)

—Bp — elg1sinp — gz cos ]’

9i = gi(pcos p,psing, Y e), i =1,2,3.
Conversely, if p(¢), Y(¢) is the solution of the system (8) for a given e and satisfies the
condition —Bp+e(gs cos ¢ — g1 sinp) < 0, then a monotonically decreasing function is defined

©
B p(¥) dip
e 0/ —Bp(¥) + (g2 cos i — g1 sine)’

(10)

and vector function (r(t),(t),y3(t)) = (p(T~1(t)),T~(t),Y(T~1(t))) is a solution to the
system (7).

Under these conditions, in particular, to each w-periodic solution of the system (7) (and,
consequently, of the system (4)) there corresponds a 27-periodic solution of the system (8).

Thus, we have established the validity of the following lemma.

Lemma 1. If z(t) = Uy(t) is a solution (4), the function (r(t),¢(t),ys(t)), defined by
the equalities (6), satisfies the condition €(ga cos — gising) < fr, then vector function

(p(¢), Y () = (r(T(v)),y3(T(p))) is a solution to the system (8).
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Conversely, if (p(¢),Y (¢)) is a solution of the system (8), and the function ¢(t) is
determined from the equation T(yp) = t, then the vector function (r(t),p(t),ys(t)) =
(p(p(t)),(t),Y (¢(t))) is a solution of the system (7), where the function T(p) is defined
by the equality (10).

If, in particular, the function x(t) = Uy(t) is w-periodic, then the corresponding function
(p(¢), Y (p)) is 2m-periodic, and w = T'(—2m).

4. Proof of Theorem 1

< Let for some sequence of values ¢ = ¢ # 0, ¢y — 0, for & — oo the system (4)
has a periodic solution x(t + wg,ex) = x(t,e) with the smallest period wy = w(ex) > 0,
satisfying the condition 0 < O7 < ||x(t,&1)|| < Ca. Then y(t,ex) = U~ y(t,e;) is a solution
of the system (5) for ¢ = ;. Without loss of generality, we can assume that the sequence
y(t,ex) uniformly converges to some function yo(¢). The function yo(t) is a bounded solution
of the system (5) for ¢ = 0. It follows that the third coordinate of the sequence y(t,er)
uniformly tends to zero. Therefore, after the transition to polar coordinates (6) for the obtained
sequence (r(t,ex), p(t, k), ys(t,er)) the first coordinate r(¢,e;) > 0. According to Lemma 1,
this sequence corresponds to a sequence of 2m-periodic solutions p(p,ex), Y (p,er) of the
system (8):

{dp(f—fk) = exli(p(p,ex), Y (9 28), 9, 28)

%ﬁﬁgek) - RZ(p((P,Ek), Y(SO7€]<:)7 (pagk)-

Let us integrate the first equality of this system from 0 to 27 over the variable ¢, taking
into account the 27r-periodicity of the function p(p, i ). Reducing the resulting equality by e,

we have
27

/RI(P(%%), Y(So,gk)’ QD,&k) ng =0.
0

By definition of the sequence (p(p,ek), Y (p,ek)), the first coordinate uniformly converges
to some number py > (], the second coordinate to zero. Therefore the sequence
Ri(p(p,er), Y(p,er), p,ek) converges uniformly to —%(gl (po cos ¢, posin p,0,0) cos ¢ +
92(po cos @, po sin v, 0, 0) sin ). Therefore, after passing to the limit under the integral sign at

k — oo, we obtain that pg is a solution to the equation F(p) = 0. >

5. Proof of Theorem 2

<1 Let us consider a system of integral equations

o) — p(2m) = & [ Ra(p(s), Y (s),5,) ds,
" (1)
V) =¥ (27) = [ Ralp(s). Y (5)..2) .

where are the functions Ry (p(s),Y (s), s, ), Ra(p(s),Y (s), s,e) are defined by equalities (9) in
the domain &(gs cos ¢ — g1 sin @) < fBr. Every solution of the system (11) defines a 27-periodic
solution of the system (8), and conversely, to each 2r-periodic solution of the system (8) there
corresponds a solution of the system of integral equations (11). If we show that the system (11)
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has a solution for small values of € > 0, then, according to lemma 1, the system (4) also has
a periodic solution. Thus, theorem 2 will be proved. At the boundary of £2(dg, 0g) region

Q(d0,00) = {(p(#), Y (#)) : [lp(#) = poll < o, [Y (@)l <00},

where §g is determined by the conditions of theorem 2, oy > 0 is a fixed number, in the space
of continuous vector functions C[0, 27| we consider families of completely continuous vector
fields

® ®
(ID([),Y,E)(LP) = p((p)—p(Q?T)—&/Rl(p,Y,S,e’;‘)ds, Y((p)—Y(zﬂ')—/RQ(p,Y,S,E)dS ) (12)
0 0
© ©
V(p.Y.2)(e) = ( ple) — pl2m) 4 [Floods, V(o) - Y(m)+ ] [Y(o)as | 13)
0 0

We will show that for sufficiently small € > 0 on the boundary Q(dy, o) of the domain
Q(d0,00) these vector fields are linearly homotopic: there exists g9 > 0, such that

AR (p, Y, e) () + (1 = N¥(p,Y,e)(p) #0
(VA €[0,1]) (Ve e (0.20) (p,Y) € (o, 00).

Indeed, if we assume the opposite, then there are sequences e, — 0, g > 0, A\ € [0,1],
(pk, Yi) € Q(do,00), such that

pili) = pu(2m) = &1 | DN Fa(p1(9). i), 26) = (1= M) Flp(s)] s,
(14)
Y ( ) Yk 27‘( f |:)\kR2 pk Yk(s), S,e’:‘k) — (1 — )\k)%Yk(s)} ds.

From the limited sequence (pg, Yx) and equality (14) its equicontinuity follows. Therefore,
without loss of generality, we can assume that it converges to some vector function
(p«(¢),Yi(p)) and A\ — A.. Note that from the equalities (14) it follows that p.(¢) = p.(0),
a Yi(p) is a solution to the equation

@&__1

dp
and satisfies the condition Yi(0) = Y. (27). Therefore, (p.(¢),Ya(¢)) = (p«(0),0). Further,
from the condition that (p«(¢), Yi(p)) € Q(dg, 0¢) it follows that p.(p) = po+ 0 or pi(p) =

o — 0.
’ On the other hand, assuming equality (14) ¢ = 27 and reducing the resulting equality
by ek, we have
27
/ [(NeR1(pr(s), Yi(s), s,ex) — (1 — Ag) F(pi(s))] ds = 0.
0
Let’s move to the limit at k — oo in this equality. We get

2w

/ [ — % (g1 (ps(s) cos s, p«(s)sin s, Yi(s),0) cos s
0

+ g2(p«(8) cos s, ps(s) sin s, Yi(s),0) sin s) — (1 =X)F(p«(s))|ds =0.



The Existence of Periodic Solutions of Differential Equations 35

Given that Y, = 0, p«(s) = const € [py — €, po + €], it follows from the last equality that
p«(8) = po. This contradicts the condition that p.(¢) = po+0 or p«(¢) = po— 9. The obtained
contradiction proves that for sufficiently small € > 0 on the boundary Q((SO, 00) of the domain
Q(dg, 09) the vector fields (12) and (13) are linearly homotopic.

Now let us consider the family of vector fields

© 2m
(0, Y2)(0) = plp) — p(2m) + ¢ / F(p(s)) ds + X / F(p(s)) ds,
0 ®

© 2w
Y(p) - Y(2r) + % /Y(s) ds + %)\/Y(s) ds
0 ¢
at 0 < A < 1. It is easy to show that there exists g > 0, such that for all 0 < ¢ < g9 and

any 0 < A < 1 on the boundary of Q(8y,00) the domain Q(dy,o0) ¥a(p,Y,e)(p) # 0. In
particular, for A = 0 we obtain the original vector field (13), and for A = 1 we obtain

2 2
(0, Y.2)() = | ) = pl2m) + < [ Fp()ds, Vo) =Y Cr)+ 3 [V(s)ds
0 0
Operator
27 27
= 1 S S
A(p,Y,2)(0) = | 2 0/ F(p(s))ds, 7 0/ Y(s)ds | .

defining the vector field ¥y, acts from the closure of the domain (dg,0¢) of the space of
vector functions C|0, 27] into the subspace of constant functions. Therefore, according to the
Leray—Schauder lemma [17], the rotation of the completely continuous vector field ¥y on the
boundary (8, o) of the domain Q(dy, o) coincides with the rotation of its restriction

Ty (p,Y) = <27T€F(,0), 277%1/)

on the boundary of the intersection of the region (dg, o¢) with the space of constant vector
functions, that is, a rectangular region {(p,Y) : |p — po| < do}, |Y| < 0p.
Thus, the equalities are valid

sign F'(po + &o) — sign F(po — &o)

7(\111’ Q) = 7(®1a Q) = 5 .

Therefore, rotation v(®,) fields (14) on the boundary  of the domain Q are non-zero.
This implies the existence of a 2m-periodic solution of the system of equations (8) in the
domain , and by lemma 1 the system (4) has an w-periodic solution for sufficiently small
e>0.>

REMARK. The results above can be extended to the case where the dimension of the
solution space is greater than three.
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6. Example
Consider a system of the form
T = —x1 — x2 + w3 + e fi(x1, 22, 23, €),
Ty = —x9 + € fo(x1, T2, 3, €), (15)
T3 = —2x1 + x3 + € f3(21, T2, T3,€),
where
2 o L 2 9 1
fi=/|(xe —21)% 4+ (x3 — x1)? — 5 -sign | (xg — 21)° + (23 — 21)° — 5) (x3 — x2) + £x9,
P o 1| . 2 9 1
fo=2-y/|(ze —21)? + (x3 — x1)? — 3 -sign ( (xe — x1)° + (23 — x1)° — 3 (x3 — x9) + €12,

f3= (29 — x1)2 + ex3.

The linear part of the system (15) is determined by the matrix A:

-1 -1 1
A= 0 -1 0
-2 0 1

The spectrum o(A) of the matrix A has the present: o0(A) = {£i, —1}. Accordingly, we
can assume that in the system (15) the matrix A has a Jordan presentation. Then the system
corresponding to the system (5) has the following form

Y1 =y2 +€91(y1,Y2,Y3,€),
Y2 = —y1 +€92(Y1, Y2, y3, €), (16)

Y3 = —y3 +g3(y1, Y2, Y3, €),

where

ign (T2 422 - L)y (Lp — Ly + 12
sign | — —Y5 — = = = —&
g 291 2?/2 n 4y Y1y2 4y2 Y3,

1 1 1
91(y1, 92, Y3, €) \/‘2?/1 +2y2 5

2 179
1, 1 1,
92(Y1, Y2, y3,€) = 4y1 - 2y1y2 + 492,
1, 1., 1. (1, 1, 1
93(y1,Y2,Y3,€) =2 \/‘ﬁy% + 5?/% — 5 |sien (5?/1 + S¥2 5) Y1+ €ys.

After the transition to the polar coordinate system using formulas (6), the system (16)
will take the form

p = elg1(pcos o, psin g, ys, ) - cos  + ga(p cos ¢, psin g, y3, €) - sin ¢,
¢ =1+ 5[ga(pcosp, psin p,ys,€) - cos — gi(pcos p, psinp, ys, ) - sin @),
Y3 = —y3 + €g3(pcos @, psin ,y3, €),
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where
. 2 145 15, .
gi(pcos g, psin g, y3, ) =—2p- (p™—1) COSSD+ZP -3 COS Y SIN Y —EY3,
. 15 1, .
g2(pcosp, psinp,ysz, ) = 17~ 3 COs ¢ s1n ,

g3(pcosp, psinp, yz, ) = 2p -

1
sign <§(p2 - 1)) cos ¢ + €ys3.

Let’s introduce the functions

(p* — 1)) . g12(p) = g2(p) = p°,  g22(p) =0,

1 1 ,
Pi(p) =cosp, Pa(p) =Q1(p) = 1 5 cosesing, Q2(p) =0,

and we rewrite the last equalities in the form
g1 = g11(p) Pi(p) + g12Pa(p) —€y3, g2 = g21Q1().

The function F'(p) corresponding to the system (16) will take the following form

sign (%(pQ — 1)) .

The function F(p) at the point py = 1 is equal to zero. If we take the neighborhood
[po + d0, po — o] point pg, then at dy € (0,1) function F(pg + dg) < 0, and F(pg — dg) > 0. It
follows that the conditions of theorem (2) are satisfied, therefore, the system has a periodic
solution for small ¢ > 0. Note that here the function F(p) is continuous, but not smooth,
since at the point pg = 1 it has no derivative.

(P —1)

References

1. Poincaré, H. Selected Works, Moscow, Nauka, 1971, 771 p. (in Russian).

2. Lyapunov, A. M. Obshchie zadacha ob ustojchivosti dvizheniya [General Problem of the Stability
of Motion|, Moscow, State Publishing House of Technical and Theoretical Literature, 1950, 472 p.
(in Russian).

3. Bogolyubov, N. N. Asimptoticheskie metody v teorii nelinejnyh kolebanij [Asymptotic Methods in the
Theory of Nonlinear Oscillations|, Moscow, State Publishing House of Physical and Mathematical
Literature, 1974, 504 p. (in Russian).

4. Malkin, K. G. Metody Lyapunova i Puankare v teorii nelinejnyh kolebanij [Lyapunov and Poincare
Methods in the Theory of Nonlinear Oscillations], Moscow, State Publishing House of Technical and
Theoretical Literature, 1949, 246 p. (in Russian).

5. Guckenheimer, J. and Holmes, P. Nonlinear Oscillations, Dynamical Systems and Bifurcations of Vector
Fields, Applied Mathematical Sciences, vol. 42, Springer, 1983, 462 p.

6. Tikhonov, A. N. On the Dependence of Solutions of Differential Equations on a Small Parameter,
Matematicheskii Sbornik. Novaya Seriya, 1948, vol. 22 (64), no. 2, pp. 193-204 (in Russian).

7. Morozov, A. D. On Limit Cycles and Chaos in Pendulum-Type Equations, Journal of Applied Mathe-
matics and Mechanics, 1989, vol. 53, no. 5, pp. 721-730 (in Russian).

8. Sharifzoda, Z. I., Muhamadiev, E. M. and Nurov, I. J. Cyclic Solutions of the Pontryagin Equation with
a Small Parameter, Itogi Nauki ¢ Tekhniki. Sovremennaya Matematika i ee Prilozheniya. Tematicheskie
Obzory, 2021, vol. 194, pp. 167-171 (in Russian). DOI: 10.36535/0233-6723-2021-194-167-171.



38

Grishanina, G. E., Muhamadiev, E. M., Nurov, I. J. and Sharifzoda, Z. I.

10.

11.

12.

13.

14.

15.

16.

17.

Pontryagin, L. S. On Dynamical Systems Close to Hamiltonian, Journal of Experimental and Theoretical
Physics, 1934, vol. 4, no. 8, pp. 234-236 (in Russian).

Yumagulov, M. G., Ibragimova, L. S. and Belova, A. S. Methods for Studying the Stability of Linear
Periodic Systems Depending on a Small Parameter, Itogi Nauki i Tekhniki. Sovremennaya Matematika
i ee Prilozheniya. Tematicheskie Obzory, 2019, vol. 163, pp. 113-126 (in Russian).

Muhamadiev, E. M., Nazimov, A. B. and Naimov, A. N. On the Solvability of One Class of Nonlinear
Equations with a Small Parameter in a Banach Space, Ufa Mathematical Journal, 2020, vol. 12, no. 3,
pp. 60-68. DOI: 10.13108,/2020-12-3-60.

Bautin, N. N. and Leontovich, E. A. Metody i priemy kachestvennogo issledovaniya dinamicheskih
sistem na ploskosti [Methods and Techniques for Qualitative Research of Dynamic Systems on a Plane],
Moscow, Nauka, 1976, 496 p. (in Russian).

Krasnoselsky, M. A. and Zabreiko, P. P. Geometricheskie metody nelinejnogo analiza [Geometric
Methods of Nonlinear Analysis|, Moscow, Nauka, 1975, 512 p. (in Russian).

Krasnoselsky, M. A. Topologicheskie metody i teorii nelinejnyh integral’nyh uravnenij [Topological
Methods and Theories of Nonlinear Integral Equations|, Moscow, State Publishing House of Technical
and Theoretical Literature, 1956, 392 p. (in Russian).

Krasnoselsky, M. A. Vektornye polya v ploskosti [Vector Fields in a Plane|, Moscow, Fizmatgiz, 1963,
248 p. (in Russian).

Fillipov, A. F. Vvedenie v teoriyu differencial’nyh uravnenij [Introduction to the Theory of Differential
Equations|, Moscow, LENAND, 2015, 240 p. (in Russian).

Leray, J. A. and Schauder, Y. Topology and Functional Equations, Russian Mathematical Surveys,
1946, vol. 1, no. 3, pp. 71-79 (in Russian).

Received October 16, 2024

GULNARA E. GRISHANINA

State University Dubna,

19 Universitetskaya St., Dubna 141980, Russia,

Associate Professor of the Department of Higher Mathematics
E-mail: anora66@mail.ru

ErRGAsHBOY M. MUHAMADIEV

Vologda State University,

15 Lenina St., Vologda 160000, Russia,
Professor of the Department of Mathematics
and Informatics of VoGU

E-mail: emuhamadiev@rambler.ru

IsnokBOY Dz. NUROV

Tajik National University,

17 Rudaki Ave., Dushanbe 734063, Tajikistan,
Professor of the Department of Information
and Communication Technologies

E-mail: nid1@mail.ru

ZEBONISOI I. SHARIFZODA

Tajik National University,

17 Rudaki Ave., Dushanbe 734063, Tajikistan,
Senior Lecturer at the Department of Information
and Communication Technologies

E-mail: sakhara-2803@mail.ru

https: //orcid.org/0000-0003-1548-9884



The Existence of Periodic Solutions of Differential Equations 39

BiajmkaBkazckuii MaTeMaTHIECKHH Ky pPHAJT
2025, Tom 27, Beinyck 3, C. 28-39

NCCJIEJOBAHIE CYIIECTBOBAHNS NEPUOANYECKNX PEIIEHUN
CHUCTEM HEJMHENHBIX ANOOEPEHLIMAJIBHBIX YPABHEHUI
C MAJIBIM ITAPAMETPOM
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Amnnoranusi. B pabore nsydaercss BOIIpoC O CyIIECTBOBAHUM HEPHOAMYECKUX PEIIEHNN-IUKIIOB B HEJIU-
HeWHBIX AuddEPEHITNATbHBIX YPABHEHUSIX C MAJBIM mapaMeTpoM. lloaydeHbl HEOOXOMMMbIE U IOCTATOYHBIE
YCJIOBUS CYIIECTBOBAHUSA IE€PUOJUYECKUX PEIIeHNH, KOTOPhIE CYIIECTBEHHO PACHIUPSIOT 00JIaCTh IIPUMEHHMO-
cru Meroma Masioro napamerpa JI. C. Ilonrpsirusa m3 Teopuu JUHAMHYECKUX CHCTEM Ha IJIOCKOCcTH. llpwm
9TOM He Tpejanonaraercs nuddepeHImpyeMoCTh BCeX BXOAAIINX B CHCTeMY (YHKIHUI, & TaK»Ke TOr0, 9TO
cUCTeMa sIBJISieTCS TaMUJIbTOHOBOM. /lyIs nokasaTesbCcTBa CYIIECTBOBAHUS IIEPUOJUYECKUX PEIIEHUN CHCTEMBI
HeJIMHEHHBIX JuddepeHnnaIbHbIX YPABHEHN B paboTe IMPUMEHSIOTCS TOIOJIOIUYIECKUE METObl HEeJIMHEHHO-
ro aHagm3a. Ha ocHOBe mpesio;KeHHBIX METOIOB CHOPMYIUPOBAHBI U YCTAHOBJIEHBI TEOPEMBI O HEOOXOIMMBIX
U JOCTATOYHBIX YCJIOBUSX CYIIECTBOBAHUS IIEPUOJMYECKUX PEIIeHUil IIPU YCJIOBUHU HEIIPEPBIBHOCTU BCEX BXO-
nanmx B cucreMmy yHkiuin. C IesIblo yIIpOIIEHUs n3yvIaeMOil CUCTeMBI B PabOTe HMCIOIB3YeTCs MePEeXol] K
MTOJIIPHOM crCTeMe KOOPAWHAT ¥ »KOPJAHOBBI ITpeodpa30BaHusi. B 3aKIIOYNTENHHOM 9acTh MPEIIoKeH METOT
pa3paboTKH IPUMEPOB [JIsi KOHKPETHOIO KJiacca (MYHKIWIL, & TaKKe [IPUBEJIEH IIPUMEP CUCTEMBI, J1JIsi KOTOPOIt
JIErKO IIPOBEPSIIOTCS YCJIOBUSI CYIIECTBOBAHUSA IEPUOJIMIECKUX PEeIIeHUi IPU MaJIbIX 3HAUEHUAX €.

KioueBble cyioBa: HeuHeHbIE quddepennuanbable ypaBHEHNsl, MAJIbIi TapaMeTp, *KOPJAAHOBO TIpe-
obpaszoBaHue, FTOMOTOIINsI, BPAllleHue BEKTOPHBIX TIOJIEH.
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O6pasern, uutupoBanusi: Grishanina G. E., Muhamadiev E. M., Nurov I. J., Sharifzoda Z. I. Analysis
of the Existence of Periodic Solutions of the Systems of Nonlinear Differential Equations with a Small
Parameter // Bnagukask. mar. »xxypu.—2025.—T. 27, Ne 3.—C. 28-39 (in English). DOI: 10.46698 /r6381-0860-
2384-e.



