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Abstract. We consider some multiplicative interpolation inequalities between the Holder space and the
Lebesgue space. Multiplicative interpolation inequalities of the Gagliardo—Nirenberg type are used in
the investigations of partial differential equations. Several such inequalities involving the Holder norm
(seminorm) were already proved and applied. In the present paper we generalise previous results to the
anisotropic “parabolic” case with another simple proof due to idea of Olga Ladyzhenskaya. The manuscript
also contains an application of such Gagliardo—Nirenberg type inequality with the H&lder norm. Some
integral estimate and this inequality give a priori estimate of the solution to quasilinear parabolic problem
in the smooth Holder classes. Moreover, using this a priori estimate, we establish the existence of solution
of the quasilinear parabolic problem. In order to prove multiplicative inequality of the Gagliardo—Nirenberg
type with the Holder norm we use an equivalent normalization of the higher order Holder spaces over higher
order finite differences. The key technical tool is the representation of a function u(zx,t) at an arbitrary
fixed point (z,t) over a higher order finite difference at this point and the corresponding additional sum of
values at neighboring points. After that we integrate with respect to the neighboring points over the balls
B ((z,t)) of small radius r. Estimating the finite difference over the corresponding Holder seminorm, we
obtain an additive inequality with the parameter r, involving the Hélder and integral norms. Optimizing
this inequality over r we get the multiplicative estimate of the Gagliardo—Nirenberg type with the Holder
norm and the Lebesgue norm.
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1. Introduction

In the present paper we deal with some simple interpolation inequalities between

the Holder and the Lebesgue spaces. The importance of interpolation inequalities in the
investigations of different problems for partial differential equations is widely known, see, for
example, [1, Ch. 5, Ch. 6]. The inequalities from this paper can be used, for example, in some
appropriate situations to obtain a priori estimate in the Holder spaces when the estimate in
a particular the Lebesgue space has already been obtained. The last estimate can very often
be obtained more easily. We give a simple example of an application of the interpolation
inequalities from this paper to a priori estimate for a solutions to some quasilinear parabolic
initial boundary value problem.
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The subject of interpolation inequalities is so vast that it is impossible to describe even
short history of this question, so we confine ourselves to refereing to books [1, Ch. 5, Ch. 6;
2, Ch. 1; 3, from section 1.6 and throughout|, and the references therein.

From the previous papers with aggregate results on the interpolation of norms between
different scales of function spaces we mention only the papers [4-10], where the more
comprehensive bibliography can be found. Here the papers [4] and [5] deal with interpolation
inequalities in the Lebesgue and the Sobolev spaces involving the Holder norms (similar to the
present paper). Moreover, the papers [6, 7| contain multiplicative estimates of the Lebesgue
and the Sobolev norms over the Lebesgue and the Besov norms, including the limiting the
Hélder case BY, o = C7. On the other hand, in the papers [8, 9] multiplicative interpolation
inequalities between the Holder (or BMO) and the Lorentz norms of a function are proved.
Besides, inequalities from [9] bind together the Lebesgue or the Sobolev, the Lorentz and the
Besov—Lorentz norms. Mention also that the inequalities from the paper [10] include BMO
norm.

Thus the present paper can be viewed as an extension of the results in [4-10] to the aniso-
tropic “parabolic” case and with another proof. Moreover, the present paper is motivated, in
particular, by [11], where the simplest situation was considered, and where we got the idea of
simple proof for such sharp inequalities. Note also that in this paper we consider for simplicity
the known functional spaces, designed for parabolic and elliptic equations of the second order.

Let us now give several deﬁnitions and auxiliary facts. We are going to use standard
spaces C™t%(Q)) and Cm‘m’ > “(Qr) of the Holder continuous functions u(x) and u(z,t),
where m = 0,1,2,..., a € (0,1), Q is a given domain in RY (bounded or unbounded) with
smooth boundary (of the class O™, Qp = Q x (0,T), Qr = Q x [0,T], T > 0 is a given
constant. The norm in the space C™%(Q) is defined by
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Note that for the space 2 (Q7) we also have the estimate (see, for example, [12])
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where here and everywhere below we denote by C' and v all absolute constants or constants
depending on fixed data of the problem. It is known (see [3, 5, 13]) that the seminorm <u>(ﬁm+a)

is equivalent to the seminorm
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Here k£ and [ are some fixed integers such that
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E>m+a, [> A’;Eu:AmE(Akﬂu), A 7u=u(x+ h,t) —u(z,t)

z.h
and analogously
Aému = At,At(Al Atu) Ay aru = u(x,t + At) — u(x, t).
The above relations can be written also in a more concise way. Denote H = (h, At) ,
[ = [F]+ 1At
and denote Az u(z,t) = u(z + h,t + At) — u(x,t). Then (7) is equivalent to
|A%u(m, t)‘

<u>(_m+o‘) ~ (), sup T
o7 ) enrmear |[H|™
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We also use for functions u(z) or u(x,t) spaces Ly(€2) or L,(Q7) respectively with the
norms Hu||p o and ||qu q, correspondingly, p > 1.

For the spaces C™*+(Q) = C!(Q) with noninteger | = m + « and also with integer I > 0
we have the following interpolation inequalities (see, for example, [2])

G @)\ (1 () _l-h
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1 —
and analogous inequalities for anisotropic spaces Cz (Qr)

‘u‘(—é) <C \u]%) ’ ]u\%l) 1_w, w= l__ll, h <l<ly, (10)
T T T lo—1

where [1, lo may be either integer or noninteger.

The further content of the paper is as follows. In the next section of the paper we prove
some interpolation inequalities for functions from the Holder spaces (in the case of unbounded
domain we need the intersection of the Holder and the Lesbesgue spaces). And in the last
third section we apply these inequalities to a priori estimates and solvability of a model (just
for simplicity) problem for partial differential equations.
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2. Interpolation Inequalities

We start with the following interpolation inequality as the key particular case.

Lemma 1. Let | > 0 be a positive noninteger and let u(x,t) € Cl’%(ﬁT) N Ly (Q7). Then
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If for the function u(z,t) the following parabolic norm is finite
sup lu(-,)[lp0 < oo, (12)
0<t<T
then -
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<0 We are going to use relation (8). Let first 2 = RN T = oco. Let z,y € RN, x is fixed,
t,7 >0, tis fixed, h=y—x, At =t —7, H = (h,At), k is an integer, k > [, € > 0. Represent
u(z,t) in the form

u(z,t) = A%u + ZCZu(x +ih,t +iAt) = Hszj HFHI + ZCm(w +ih,t +iAt), (14)
i=1 H i=1
where C;, i = 1,...,k, are some integers, depending only on k. From this we obtain
k
lu(z,t)] < C<u>§2\,le+ HHHI 4 ch|u(x +ih,t + iAt)| (15)
i=1

with some constants ¢;, R} = {t > 0}.
Raising this inequality to the power p > 1 and applying the inequality
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we obtain

k
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=1

Integrating in (y,7) over the cylinder Q.(z,t) = {(y,7) : |y — x| <&, t <7 < t+ €2}, we get

k
CeN+2 lu(z,t)|P < C <<u>%)NXR£r>P€N+2+pl + C@,Z / lulP(z,0)dz db, (17)
i=1
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where for each i in the sum we made the change of the variables z = x+i(y—=x), 0 = t+i(7—t)
and we took into account that for each i we have (y — x) = (z — z)/i. If the norm in (12) is
finite, we can integrate just in y over the ball B.(x,t) = {y : |y — z| < €} and obtain

k
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Estimate now the integrals over Q;(z,t) in (17) by the integral over RY x R, divide
both sides of (17) by CeN*2 and take the roots of power p from the terms of this relation. As
a result we obtain

I 2
lu(z,t)] < Ce <u> NxRY +C€ ||qu,RN><R£r’

or, taking supremum over (z,t) € RN x RL,

[l oh . < )+ C™ 7 Nl oy (19)

Optimizing this inequality with respect to € > 0, or just taking

P
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with (u >(l) <Rl # 0, we finally obtain
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that is exactly inequality (11). If now (u)n

. =0, then from (19) after letting ¢ — oo it
L

follows that |u|§g])\,xR1 = 0 and so (20) is valid in this case also.
+

If the norm in (12) is finite, completely analogously to (20), we have subsequently from (18)

N
u(z, t)] < Cel<u>RNle +Ce v sup [lu(-, )|, gy,
teR

N
!uiRNle Cel (u)) Vgt + O 7 sup [lul, )], py,
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and, optimizing this inequality with respect to € > 0,

(l) pl% pl+N
[ e < C (s )™ ( sup Dl v

teRl,

that is exactly inequality (13).

Now in the case of general smooth domain Q # RY and T < oo the lemma follows by
an extension of a given function to RY x Ri with the preserving of the corresponding norms
up to a multiple constant (the way of such extension for smooth domains is described in, for
example, [14, Ch. IV]). The lemma is proved. >

Now we can easily get the following more general assertion.

Theorem 1. Let [ be any positive number and let Il > | be a positive noninteger. Let
1 —
also u(z,t) € C'>% (Qr) N L,(Qr). Then
0 BN (ull o ), o PN 2
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If the parabolic norm
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is finite, then

l1-0o
o \® _ pl+ N
ey < ()" (g, ectla) o= e

< From (10) with [; = 0 we have

bl < € (117)* (i) ®

At the same time, from (11) it follows that

N+2

(0) (1)) e
ey <€ (1) (lnen) ™ o= s

Substituting this estimate for |u|%] ) in the previous inequality, we obtain
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that is (21). Inequality (22) is completely analogous on the base of (13). The Theorem is
proved. >

By exactly the same arguments we have also an assertion for isotropic the Holder spaces
in an “elliptic” case.

Theorem 2._Let [ be any positive number and let lo > | be a positive noninteger. Let
also u(x) € C2(Q) N Ly(Q). Then

pl+ N
w = .
plo + N

[l < (Jul&)" (lull,0) '~ (23)

In the next section we give some simple application to an initial boundary value problem
for a quasilinear parabolic equation, mostly to illustrate the idea of applications.

3. Solvability of a Quasilinear Initial Boundary Value Problem

Consider the following initial boundary value problem in a bounded domain Q7 for an
unknown function wu(z,t)

% — Dut [l P = flat),  (a,1) € O, (24)
u(z,t) =0, x €09, (25)
u(z,0) =ug(z), x¢€ Q. (26)

Here f(z,t) is a given function, ug(z) is a given initial datum and we suppose that

fla,t) € 02 (Qr), wug(z) € C*F(Q), 2<q<2+%. (27)
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We note again that we consider the case of a bounded domain €2 just for simplicity of
estimates. (In the case of an unbounded domain we can consider the data of the problem to
be from an appropriate the Lebesgue spaces, besides (27).) We are going to prove carefully only
a priori estimate for a solution to problem (24)—(26) in the space 2o 55 Q7). The existence
and uniqueness of the solution can be proved after this in a more-less standard (nowadays)
way (see, for example, [2, Ch.7]), about the quasilinear parabolic equations. Namely, we have
the following assertion.

Theorem 3. Let a € (0,1). Let, further, a function u(x,t) € c2re e “(Qr) satisfy
problem (24)—(26). Let also

Lt @D+ o alla-2)2+a)+2] o)
q2+a)+ N+2 g2+ a)+ N +2
There exists a constant C' > 0, which does not depend on f(z,t) and ug(x), with
B
T q(1—A)
) <o (109 +[uld™) +o| [ [Pands [é@ar) @)
0 Q Q

< First we get some integral estimates for u(x,t). Multiply equation (24) by wu(z,t) and
integrate over Q7. After integrating by parts in the first two terms of the equation with taking
into account the boundary and the initial conditions we get

T T T
%/uQ(x,T)dx—i—//\Vu]dedt—i—// |ul? dedt = //f(x,t)u(x,t)dwdt—i—%/ug(x)dx. (30)
Q 0 Q 0 Q 0 Q Q

For the first term in the right hand side of (30) we have

T
1
/ / Fla, tyute ) dedt| < | flbar lulzar <ellulllg, + = [ l5q,

T

:5//u2xtdaﬁdt+ //fotdxdt ECQ//]Vu\ (x,t) dedt + — //f2xtdxdt

0

where we took advantage first of the Holder inequality, then of the Cauchy inequality with e,
and then of the Poincare inequality. Taking into account this estimate, choosing & such that
eCq = 1/2, and absorbing the term with ¢ into the left hand side of (30), we obtain

T T T
/UQ(CC,T) dﬂ:—{—//|Vu|2dﬂ:dt+//|u|qudt <C //fZ(x,t) dxdt—i—/ug(x) dzr | . (31)
Q 0 Q 0 Q 0 Q Q

Thus, in particular, we get the following estimate

T
lullooy < C //fQ(x,t)dxdt—i—/ug(x)dx . (32)
0 Q

Q

Q=
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Now we are ready to obtain a priori estimate for a solution to (24)—(26) from the space

C2+o, 55 (Q7). Let us apply inequality (21) to estimate the norm of the term |u|?72u in the
space Cc*3 (Qr). Note first that by elementary considerations we have

-2
a2l < € (Jul )" Jul - (33)

Use (21) with I =2+ «, [; = 0, p = ¢ to obtain

2+ 1- N +2
iy <€ (0l ™)™ Ulys)' ™ o= o @

Then use (21) with lo =2+ a, I3 = «, p = ¢ to obtain also

(a) (2+a) _ \1-wa g+ N+2
Julg, < <| \ ) (lell,g,) ™ wa= Tt T NIE (35)
From (33)-(35) it follows that
=2l < & (Jul &) (lull )" (36)
where
A=(q—2w)+wa, B=(q—2)1—-wo)+1—w, (37)

are defined in (28). On the base of the condition on ¢ in (27) we have A < 1. So, applying
to (36) the Young inequality with e, we obtain

o (@) 24 1 A B
a2l < el + €T TR (ullq,) (38)
Moving now the term |u|9~2u to the right hand side of equation (24) we represent it in the form

— —Au=g(x) = f(z,t) — [u|f%u, (x,t) € Q. (39)

Now we use the well known estimate in Hdélder spaces for a solution to initial-boundary
problem (39), (25), (26) (with the given function |u|?"2u) to obtain

ey < € (loligr + uo ™) < € (17157 + ol ™ + [lul=2u]5))
<C (115 + fuo| ™)) + Celul G + 0=~ (Jull 5,) =

lA)

T
< CelulGr+ O (|FI5) + Juolg ™) + Ce™r% //f2<x,t>dxdt+/u ,
0 Q

where we took advantage of (38), and then (32). Absorbing now the first term with sufficiently
small ¢ (Ce = 1/2) into the left hand side of the last inequality, we arrive at the estimate

_B
T q(1-A)

iy < () + olg™™) + 0 { | [ P nasier frieas

0 Q Q

that is at (29). Theorem is proved. >
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Note that, of cause, the estimate of the kind (29) can be obtained in some other ways. For
example, starting with estimate (31), one can consider problem (24)—(26) in the Sobolev spaces
first (under even weaker restrictions on the exponent ¢). And then one can use some bootstrap
arguments to gradually raise up the smoothness of the solution with some corresponding
estimates. For example, we can first consider the problem in the space Will (Qr) when the

e

term |u|9"%u € L o Well known results on parabolic equations in the Sobolev spaces give
.

us the solution from W2, (Q7). Then the Sobolev embedding gives us that u € L, (Qr) and
q—1

depending on g and n it may occur p; > q. Now we can repeat the considerations in the space
W% (Qr) to obtain u € Ly, () with p2 > p;. And so on till by embedding v € C*(Qr)

q—1
with some ¢ > 0.

Our goal was just to demonstrate how easy it is to apply the interpolation inequalities from
section 2 to a priori estimates of solutions to nonlinear PDE in smooth classes of functions.
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O HEKOTOPBIX UHTEPIIOJIAIIMOHHBIX HEPABEHCTBAX,
[IOJIVYEHHEIX O. A. JIAABIXKEHCKON, 1 HEJIMHENHBIX YPABHEHM X
B YACTHBIX ITPON3BOJHBIX

Jerrapés C. I1.1

! MockoBekmit TeXHIUECKMT yHUBEPCUTET CBSA3K U MH(MOPMATHKH,
Poccus, 111024, Mocksa, yJsi. ABuamoropnas, 8 a

E-mail: spdegt@mail.ru

Awnnoranus. B crarbe paccMOTpeHbl HEKOTOPbIE MYyJIbTUILIMKATUBHBIE NHTEPIIOJIAIMOHHBIE HEPABEHCTBA
Mex 1y npocrpancrBamu lenbiepa u JleGera. MysibrumimkaTuBHbIE HHTEPIIOIAIMOHHBIE HEPABEHCTBA THIIA
Tlambsipio — Hupenbepra mmpoKo HCHOJB3YIOTCS B HCCIEIOBAHUAX 110 JruddepeHnnaIbHbIM yPABHEHUAM
B YaCTHBIX NIPOM3BOJHBLIX. PaHee ObLIN JIOKA3aHbI U IPUMEHEHBI HECKOJBKO THUIIOB TAKUX HEPABEHCTB, BKJIIO-
varormux HopMy (mosyHopMy) Tesibnepa. Hacrosimasi crarbst 06001aeT HMeONecst PE3y/IbTaThl HA CJLydait
AHM30TPOIHBIX «I1apaboJIMYecKuXy IPOCTPAHCTB, IIpejJIaras IIPOCTOe JOKA3aTe]bCTBO, OCHOBAHHOE Ha Hee
0. A. Jlagprkenckoii. B pabore npuBoauTcs npuMeHeHne Takoro HepaseHcTsa tuma [ambapgo — Hupenbep-
ra ¢ Hopmoit esbaepa. Vcnosb3yst 6osee ciiabyro MHTErpaibHYIO OIEHKY, 9TO HEPABEHCTBO IIO3BOJISIET JIETKO
[IOJIYYNTH AIPUOPHYIO OIEHKY DelIeHus] KBa3WJINHEHHON mapaboImdecKoil 3a/1a4y B IVIQJIKUX KJaccax lesb-
nepa. Ha ocHoBanum 9Toi anprOpPHOl OIEHKM yCTAHABJIUBAETCs CYIIECTBOBAHUE DEIIeHUs Toh 3ajaaun. s
JI0Ka3aTeIbCTBa MYyJIbTUILINKATUBHOIO HepaBeHcTBa Tuna lanbsapro — Hupenbepra ¢ mHopmoii Iesibiepa nc-
[TOJIB3YETCsl SKBUBAJEHTHAs HOPMHPOBKA IIPOCTPAHCTB leiibjiepa BHICOKMX MTOPSJIKOB B TEPMUHAX ITOBEJICHUS
KOHEYHBIX PA3HOCTEN BBICOKOTO MOPsIKa. KII04eBoil TEXHUYECKU TPUEM 3aK/TI0YAETCA B IIPE/ICTABJICHUN 3HA~
vyenusi byHkmu u(z,t) B NPOU3BOJIBLHON TOUKe (z,1) B TEDMUHAX €€ KOHEYHON PA3HOCTH BBICOKOIO MOPSIKA
B 9TOI TOUKe, & TaKKe JT00ABOYHON CyMMBbI 3HAUYeHUH (PYHKINN B coceHUX TouKax. [locse sToro nponssoaurcst
MHTErPUPOBAHUE 110 COCEIHUM TOoUKaM 1o mapam By ((z,t)) manoro pamuyca r ¢ nearpom B (z,t). Onenusas
KOHEYHYIO PA3HOCTh depe3 MOoIyHOpMYy ['esb/iepa, Mbl IPUXOIUM K &/[ITATUBHOMY HEPABEHCTBY C IaApAMETPOM T
KOTOpOE BKJIIOYAET MOJIyHOpMy lenbiepa n mHTErpasbHyio HopMy. HakoHer|, onTuMU3UPysl [OJIyI€HHOE a1
JIUTUBHOE HEPABEHCTBO 110 IIApaMeTpy T, MPUXOIUM HEIOCPEICTBEHHO K MYJIbTUILINKATUBHOMY HEPABEHCTBY,
BKJIIOYaloIeMy HopMbl Lenbepa u Jlebera.

KinoueBble cji0Ba: MHTEPIIOJAIMOHHbIE HEPABEHCTBA, allpUOPHbIE OLEHKU, HejuHelHble quddepeniu-
aJIbHbIE yPaBHEHUS.
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