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we obtain an explicit expression for the Beltrami coefficient for the composition of two quasiconformal
mappings and we prove an analogue of the Stoilow factorization theorem on the plane. Namely, if the
Beltrami coefficients of two quasiconformal mappings are equal almost everywhere, then there exists a
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obtain another given mapping. As an application of these results on the Heisenberg group H' we compute
the Beltrami coefficients of some quasiconformal mappings and we prove a theorem on the images of
quasi—Brownian motions. In specific examples we demonstrate the invariance of the Beltrami coefficient
under the action of the composition of a conformal function on the corresponding left mapping. Using
the Stoilow factorization on the Heisenberg group, we show that if two quasi-Brownian motions have the
corresponding Beltrami coefficients equal almost everywhere, then their trajectories are equivalent only
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Keywords: Heisenberg group, Stoilow factorization, quasiconformal mappings, Beltrami system, Brow-
nian motion.

AMS Subject Classification: 53C17, 34C05.

For citation: Dorokhin, D. K. Stoilow Factorization of the Heisenberg Group, Viadikavkaz Math. J.,
2025, vol. 27, no. 3, pp. 50-59. DOI: 10.46698/08833-7719-4418-f.

1. Introduction

It is known, see, for example, [1], that I/Vli’c?—homeomorphism f:Q—=Q0,00cCcC,is
K-quasiconformal if and only if, when

of
0z

of
(z):pa(z) a.e. z €, (1)

where u = p(z) (the Beltrami coefficient) is a bounded measurable function satisfying

K-1

<<
Il < 77

The equation (1) is called the Beltrami equation. Next theorem characterizes all solutions of
the Beltrami equation.
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Theorem 1 (Stoilow Factorization). Let a homeomorphism f(z) € VVllo’C2 be a solution of

the Beltrami equation (1) and |u(z)| < k < 1. Also let g(z) € Wlif be any other solution of
the Beltrami equation (1). Then there exists a holomorphic function ® : Q' — C such that

9(z) = (f(2), z€Q. (2)

Conversely, if ® is holomorphic on §', then the composition ®o f is T/Vlif—solution of the equa-
tion (1) on Q.

Initially, S. Stoilow in the paper [2| showed that if there is a continuous, open mapping f
between two Riemann surfaces S and S’ for which the preimage of any point is a totally
disconnected set, then there exists the Riemann surface S and a homeomorphism A : S — S
such that foh™!: S Sisa holomorphic mapping. Theorem has significant generalizations
in 2D analysis: every open and discrete map h is topologically equivalent to some analytic
function, so h = ¢ o f, where f is some homeomorphism, ¢ is some holomorphic function
(mapping h : © — C is called discrete, if set h~!(w) is discrete for every w € C). Y. G.
Reshetnyak proved [3| that every mappings with bounded distortion are open and discrete;
on the other hand, the quasiconformal mappings are homeomorphic mapping with bounded
distortion.

The Beltrami equation has importance for isometrical coordinates on the 2-dimensional
manifolds and also in the calculus of variations in minimizing the energy functional for
homeomorphisms acted from a unit disk to defined domain [1].

Quasiconformal maps on non-Riemannian structures were first considered by G. D. Mostov
because of the classification of metric spaces of constant negative curvature [4]. To prove the ri-
gidity theorem, G. D. Mostow needed quasiconformal transformations of the ideal boundary of
some symmetric space [5]. M. L. Gromov, using the Gromov—Hausdorff convergence, proved [6—
8] that the geometry of such an ideal boundary is modeled by a nilpotent group with the
Carnot—Caratheodory metric. This was one of the incentives for studying quasiconformal
maps on the Carnot groups and more general Carnot spaces [8, 9]. In the paper [10] P. Pansu
introduced the concept of differentiability of mappings “in terms” of the Carnot—Caratheodory
metric (Z-differentiability). Using the concept of Z-differentiability, A. Koranyi and
H. M. Reimann [11] systematized analytical methods for studying mappings on the Heisenberg
groups H", assuming a priori Z-differentiability of mappings almost everywhere. The
analytical apparatus that allows one to develop the theory of quasiconformal mappings on
the Carnot groups under minimal assumptions was developed by S. K. Vodopyanov and his
students, see [12-16]. A. Koranyi and H. M. Reimann [11, 17] showed that on the Heisenberg
groups quasiconformal mappings can be defined in terms of systems of differential equations
similar to the classical Beltrami equations on the plane. It should be noted separately that
in the Euclidean case the Beltrami equations exist only in dimension 2; on the Heisenberg
groups H" an analogue of the Beltrami equation exists in all dimensions [11, 17]. For strictly
pseudoconvex hypersurfaces the theory of the Beltrami equations was constructed in [18].

In our paper, we proved an analogue of the Stoilow factorization theorem on the first
Heisenberg group H' (Theorem 4). Our proof is based on the use of a formula for the Beltrami
coefficient of a composition of quasiconformal mappings and an analogue of the Liouville
theorem proved by D. V. Isangulova in the paper [19]. To do this, we derive the notation
forms of the corresponding differential operators from the composition of quasiconformal
mappings (Lemma 1), using which we calculate the corresponding Beltrami coefficient for
compositions of quasiconformal mappings (Lemma 2). The last section of the paper is devoted
to the following problem: let two quasiconformal mappings with a common Beltrami coefficient
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be given; will the images of the corresponding Brownian motions then be equivalent, that is,
will these processes be expressed through each other by means of a time change (preserve
their trajectories)? We have proven the following

Theorem 2. Let N; and M, be quasi-Brownian motions on the Heisenberg group H!
with corresponding quasiconformal maps f and g whose Beltrami coefficients are equal almost
everywhere. Then, if the map go f~! is a composition of dilations, rotations, and translations

on the Heisenberg group H!, then there exists a time change a(t) such that almost surely
Nt == Ma(t) .

2. Basic Definitions and Known Theorems

The first Heisenberg group H' [11, 17, 19, 20] defined in the standard Euclidean space R3
with the coordinate system (z,y,t) induced by the coordinate frame (O,eq,ez,e€3), using
the following table of commutators

{[61, 62] = —463, (3)

le1, €3] = [ea, e3] = 0.

Using the Baker—Campbell-Hausdorff formula and the table (3), we obtain an analytical
expression of the left translation of wy * wo an arbitrary element we = (x2,y2,t2) € H! and
an other arbitrary element wy = (x1,y1,t1) € H}l:

wy * wy = (T1 + X2, Y1 + Y2, t1 + t2 — 221y2 + 2y122). (4)

Using (4), we obtain expressions for the basis of left-invariant vector fields (the Jacobi
basis [20]) of the Lie algebra V of the group H' at each point (z,y,t):

0 0 0 0 0

Left-invariant vector fields X,Y are horizontal. We denote by V; the tangent bundle
induced by horizontal vector fields X, Y. We have V' = V1 ® V5, where V5 as tangent subbundle,
induced “vertical” field T [11, 20].

We will also use the representation of the Heisenberg group. H' as (z,t) € C x R [11, 17].
Then the group operation is defined as

(Zl,tl) * (Zg,tg) = (2’1 + 29,t1 + 12 — QIm(21 . 22)), (5)

where z1 = x1 + 1y1, 20 = T2 + 1Yo.
Action is a one-parameter stretching group & : H! — H!, s > 0, set by the law

85(2,t) = (sz,5°t).
Homogeneous norm [17] (the Koranyi norm) p(z,t) = (|z|* 4 t2)1/* sets the metric on H!:
p((z1,11), (22, t2)) = P((Zz,h)_l % (21,1)).

DEFINITION 1 [19]. Let Q C H! be an open set. Sobolev space W 4(Q), where 1 < q < oo,
consists of locally integrable functions f : Q — R, having weak derivatives X f and Y f, with
norm

[ fllwra) = [1flla@) + IVRfllna) < oo,
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where Vi f = (X f,Y f) is a horizontal gradient. We will denote f € VVli’Cq(Q), if fewha(U)
for any open set U such that U C €.

DEFINITION 2 [19, 20]. A mapping f : Q@ — H! belongs to W, ’q(Q HY), if f € L9(Q, H)
and satisfies:

(A) for any w € H a function [f]y : z € Q — p(f(x),w) belongs to I/Vli’cq(Q);

(B) a family of functions V[f],, has a majority belongs to L (Q).

Recall that the differential 1-form 7 sets the contact structure on a (2n + 1)-dimensional
manifold, if 7 A (d7)™ # 0. On the Heisenberg group H! the contact structure is determined

by the form
T = 2xdy — 2ydx + dt. (6)

We have ker 7 = V7.

DEFINITION 3 [17]. A diffeomorphism f : U — U’, U,U’ Cc H', will be called a contact
map if it preserves the contact structure, that is

[ =, (7)

where A # 0 is some function.

Condition (7) can be written in the following equivalent form

8
=2fRYfi+2fiY fo+Y f3=0. ®)

{JﬁXﬁ+2ﬁXh+Xﬁ=&
Mapping of the Sobolev space f: U — U’, U,U’ C H' are weak contact, that is, the con-
ditions (8) are fulfilled for them almost everywhere (see, for example, [19]).
For mappings f = (f1, f2, f3) : @ — H! of the Sobolev space I/VI})’Cq(Q,Hl) we define the
formal horizontal differential Dy, f as a matrix

_(Xf Y
[%f_<Xé Yé)'

It follows from general facts, see, for example, [21], that the horizontal differential Dy, f
generates a linear mapping Df : V — V| called a formal differential, which is a homomorphism
preserving the grading of the Lie algebra V. The determinant of the matrix D f(x) will be
called the formal Jacobian of the mapping f and denoted by Jy(z).

DEFINITION 4 [19, Definition 1]. The homeomorphism f : 2 — H' defined on an open set
Q) C H, is a quasiconformal mapping if f € I/Vl1 4(Q H!), and there is a constant K > 1, such
that the inequality

[Dut @) < KTl (9)
for almost any x € Q2. Consider the following vector fields
1 , = 1 ,
Z = 3 (X —1Y) and Z = 3 (X +1Y). (10)

DEFINITION 5 [11, Definition 2]. The homeomorphism f = (f1, fa, f3) : © — H! is defined
on an open set Q C H', is a quasiconformal mapping, if f is absolutely continuous, Z-dif-
ferentiable almost everywhere, preserves orientation and almost everywhere on ) satisfies
the Beltrami equation

Z fi = pZ fi, (11)
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Z fu = pZ fu, (12)

where fi = f1 +ifs and fi1 = f3+1i|f1|?, p is some measurable function, such that ||ulls < 1.

These two definitions of a quasiconformal mappping are equivalent, see [11, 21].
We have [22]

th:<Zﬁ Zf1>, IDufll = |24 + |Zfi

Zfi Zfi 7
Zf Zh 0 ; (13)
Jr=det | Zf 7R 0 = (112 - [ZAf) "

0 0 |ZfP-|ZA)

REMARK 1. If the Beltrami coefficient of the quasiconformal mapping f is zero almost eve-
rywhere, then almost everywhere it holds Z f; = 0. Then the inequality (9) has the form

\Z AP < K|Zfi* (14)

This is true for all K > 1, i. e. f is a 1-quasiconformal (conformal) mapping.

Theorem 3 [19, p. 326]. Any (not necessarily orientation-preserving) 1-quasiconformal
map on the Heisenberg group H' is represented as a composition of the following type of
mappings:

(1) Left translation m,(x) = a * x, a € H
(2) Dilation §4(x) = (sz,s°t), s > 0;
(3) Rotation ¢q(x) = (e'z,t), a € R;
(4) Inversion j(x) = <\z\2+zt’ ﬁ)?
(5) Reflection 1(x) = (Z,t).

3. Stoilow Factorization on the Heisenberg Group H!

Lemma 1. Let Q, ', Q" be domains of H', g : Q@ — Q" and h : ¥ — Q" are quasiconformal
mappings. Then

Z(hiog) =(Zhiog)Zg1 + (7h1 o g)Z?I,

Z(hyog) =(Zhiog)Zgi+ (Zhi o 9)Z gy
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<1 We have
Z(hiog) = 3 (X —i¥)(hrog) = 3 (X(hog) + ¥ (b0 )] +i[X(hs 0 9) ~ ¥ (0 g))

1
=3 ( [(h1z © 9)g1,+ (h1y © 9)g2,+ (h1t © 9) g3, +2y((h1s © 9)g1,+ (hiy © 9)g24+ (h1r © 9)g3;) ]

+ [(h2g © 9)g1,+ (hay © 9)g2, + (hay © 9)g3, — 22 ((hay © 9)g1+ (hay © 9)g24+ (hat © 9)g3,) |
+i [(h2g 0 9)g1,+(h2y © 9)g2,+ (hat © 9)g3,+2y((haw © 9) g1, +(h2y © 9)gay+(hay © 9)g3y) ]
— i [(h1g © 9)g1y+ (h1y © 9)ga,+ (1 © 9)g3, —22((h1y © 9)g1,+(h1y © 9)g2,+ (hay © g)g3t)])
= {combine them g;,+ 2yg;; and g;, — 22g;, into X g1 and Y gy, accordingly, for all i=1,2, 3}
= % [(h1z09) X g1+ (h1y09) X ga+(h1,09) X g3] +[(h2z09)Y g1+ (hay09)Y g2+ (h2i09)Y gs]
+1i [(hoz09) X g1+ (h2y,09) X g2+ (h2,09) X g3| —i[(h1209)Y g1+ (h1,09)Y g2+ (h1,09)Y g5]
= {by the condition of contact, we will X g3 and Ygg} = % ( [(Xhl 09)Xg1+(Yh og)ng]
+[(Xhs0g)Y g1+ (Yhoo g)Y go] +i[(Xha 0 g)Xg1 + (Yhao g)Xgo] —i[(Xh1 0 g)Y g1
+(Yhyog)Yg] = %([(Xhl 0 9)Xg1 + (Yhiog)Xgs] —i [(Xhiog)Y g1+ (Yhio g)Ygg])
= (Xhiog)Zg1+ (Yhiog)Zgs = (Z + Z)hi o 9)Zg1 —i((Z — Z) ) o g>Zg2
= (Zhi o g)Zgi + (Zhi o 9) Z Gy.

Similarly:
Zlhiog) = 3 (X +iY)(hwog) = 3 ([X(hog) ~ (s 09)]
+i[X(hgog)+Y(hyo g)]> = (Zhio 9)Zgi + (Zhi 0 9)Zgy. 1>

Lemma 2. Let f: Q — Qq and g : ) — Q5 be quasiconformal mappings on the Heisnberg
groups H' with Beltrami coefficients py and pg, accordingly. Then the composition

fo g_l Oy —
is an quasiconformal mapping with the Beltrami coefficient

291 Jf — pyg

fjogr 0g = 28 1 b (15)
Tea Zgy 1 - nsiy

<1 A mapping f o g~! is quasiconformal (see, for example, [11]). Let h = f o g~ !, then

ft = hy o g. Using the Lemma 1 to Z f; and Z fi, we get
Zf[ = (Zh[ o g)ZgI + (Zhl o g)Z?I, Zfl = (Zhl o 9)791 + (7h[ o g)_gI

Then

g = ZhZg — ZHhZ gy Zhyog— — ZHhZg - ZHiZgi
Z9ZGi— 2929 ZgZ Gy — ZnZ G
From here we find puj og

ZhZg —ZHhZgr 1 ZHhZg—ZHhZg  Zgi piy — by

ZHZG —ZhZ2G ZHZ G L= prhyg Zgy 1= pphiy

Zhpo

phog = —
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Note that 1 — usfz, # 0 almost everywhere, see Definition 5. The product Z f127g; is also
non-zero almost everywhere. Indeed, if Zf; = 0, then using the Beltrami equation for f,
we get that Zf; = 0, from which J ¢t = 0, see Remark 1. However, J; # 0 is almost
everywhere [21, Theorem 4]. Thus, Zf; # 0 is almost everywhere. Similar arguments work
for Zg;. >

As a result, we obtain the expression for the Beltrami coefficient of the inverse mapping
(in the Lemma 2, we need to put f(z) = z):

Zgn
Mo 09 = =7 Hy: (16)

Theorem 4. Let f : Q — Q7 and g : 2 — Qo be quasiconformal mappings on the Heisen-
berg group H' with the Beltrami coefficients ¢ and g accordingly. The following conditions
are equivalent:

(1) py = pg almost everythere on €;

(2) There is an quasiconformal mapping h : Qo — Qq so that f = hog.

< (1) = (2) By the Lemma 2, we consider mappings with almost everywhere equal the Bel-
trami coefficients. We obtain that the Beltrami coefficient of the function h = f o ¢!
and, therefore, h is a conformal function such that f = h o g, see Remark 1.

(2) = (1) Let fog™! = h. Then by the Lemma 2 we get

1S zero

Zgr pf— g
0=flfog-109 === ————". (17)
Teg Zgy 1—prny

Therefore, p1y = p14 almost everywhere. >

4. Examples

To demonstrate the results obtained, let us consider a number of examples.

4.1. Invariance of the Beltrami coefficient with respect to the conformal
mapping. Now we check that the composition from the left to the conformal mapping does
not change the Beltrami coefficient of the mapping. Consider the functions g = (tz,t3/3),
h=jog= (3z/(3t|z]> —it?), —3/(9t|z|* +3)), where j is the inverse of the Heisenberg group.
Now fi4:

Zqr 122
P = o = iR (18)

We check that pg and pp, are equal almost everywhere:

— —Otzz+i322(3|2|?—2it)
_Zh GBt[z7—it2)Z
Ph = Zhy  9tz2—3it?—9tzz—i3z2(3[2[2—2it)
Gil=[?—it2)?2
_ SBtzz+izz(3l2P —2it)  —izz(3lz +it) izz

—it? —izz(3|22 — 2it)  (t+i|z[)B[2 +it)  t+ilz2

4.2. The Beltrami coefficient for the inverse function. We show how the Beltrami
coefficient for the inverse mapping is expressed in terms of the Beltrami coefficient of
the original mapping. Consider the mappings h = (tz,t3/3) and h™' = (z/V/3t, V/3t ). Now puy,
and pp-1

Zhy 122 7h1_ 1 122

M= Zh ~ TP M T Zn T T 3=z
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On the other hand, by the Lemma 2

Z(h~1Yy) Zht -1 t+izz  izz -1 izz
-1 = " = — fr— O = . O = -,
Fn=t = 71y Zh " t—izz L+ |22 3L — |22

4.3. The Beltrami coefficient of the composition of the mappings. Now we show
how the Beltrami coefficient for the composition of mappings can be expressed in terms of
the Beltrami coefficients of the original mappings. Consider the mappings h = (2z + Z, 3t),
g = (tz,t3/3) and g~' = (2/(3t)'/3, (3t)1/3). Now pp,, p1y and fhg—1

Zhy 1 7g1 122 7g1_1 122

'uh:Z—hlzi’ ,Ug:ZgI T il Mgil:ngl T 3t— 22

Consider the Beltrami coefficient for f = ho g = (2tz + tz, —t3):

_Zh t—i2(22+72)

M= Zh " atriz(2z+32)

By the Lemma 2,

Z - 1 a1 ;

i Z(hi o g) <Zgll Hh — g1 )Og (3t) :1”—(3t) 5072 5‘% o

hog — = . — Uz
T Zheg) A\zgt 1y (3)75 + (3t)73

_ 1
izz Lt gsane

3t—i|z|?—2i
<3t Loz ) 8 — 222 — 222z t—iz(22 +7%)
p— g pu— p—

3t +izz  6tH2lzPtizz T3 4 20222 +it2zz 2+ iz(22+2)
3t+i|z[2

5. Quasi-Brownian Motion on the Heisenberg Group H!

The property of conformal invariance of the Brownian motion is known: on the plane,
the conformal image of the Brownian motion is the Brownian motion with modified time,
and in R™ this is possible only if the mapping is a harmonic morphism [23] (see also [24]).
A similar result for mappings on the Heisenberg group H! was obtained in [25]. Then the
question of describing random processes invariant with respect to quasiconformal mappings
of the Heisenberg group is of interest. On the plane, such processes are described in the
dissertation [26].

DEFINITION 6 [27]. Let X; and Y; be independent standard one-dimensional Brownian
motions, and Sy = 2 fOt(YSdXS — XdY5). The random process My = (X4, Y:, S;) will be called
the horizontal Brownian motion in the Heisenberg group H!.

DEFINITION 7. The process A; will be called the quasi-Brownian motion on the Heisenberg
group H! if there exists a quasiconformal mapping f such that f(A;) is the horizontal
Brownian motion.

<1 PROOF OF THEOREM 2. By the definition of the quasi-Brownian motion

g(N:) = (g0 f1)(By),

where By is the Brownian motion on the Heisenberg group. By Theorem 4.1 of [25] the mapping
go f~1 will preserve the trajectories of the Brownian motion if and only if go f~! is a harmonic
morphism on the Heisenberg group, that is, if it is a composition of dilations, rotations, or
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translations. Note that by Theorem 4 the mapping g o f~! is conformal and orientation-

preserving. Then we get that (g o f~1)(By) = Bq), where By(t) is another independent of By
Brownian motion with changed time a(t) and Ny = M. >
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OAKTOPUBAIINST CTOUJIOBA HA TPVIIIIE I'EN3EHBEPTA

Topoxuu J. K.
! HoBocuGupcKwuii rocy1apCTBeHHbI yHIBEPCHTET,
Poccus, 630090, HoBocubupck, ya. Iluporosa, 1

E-mail: d.dorokhin@g.nsu.ru

Awnnoranusi. B gannoit cratbe MBI HCCIeAyeM CBOHCTBAa KBa3MKOH(MOPMHBIX OTOOpAXKEHWil Ha TPYIIe
Teitzen6epra H' u paccMaTpuBaeM onpeieienne KBasuKOH(GOPMHBIX 0TOOpasKeHUil depe3 ypasHeHne Besbrpa-
Mu. B "gacTHOCTH, TOIy9eHO SIBHOE BbIpazkeHue Koadduimenta beabTpaMu Jjisi KOMITO3UIUN IBYX KBA3UKOH-
dOpMHBIX 0TOOPaXKEHUH U JIOKA3aH aHAJIOr (PaKTOPU3AIMOHHON Teopembl CTOMIIOBA HA IJIOCKOCTH. A UMEHHO,
eciu ko3 duimeHTs BesbTpamu IByX KBa3UKOH(MOPMHBIX OTOOPaXKEHUI TOYTH BCIOLY PABHbBI, TO CYIIECTBYET
KOH(POPMHOE OTODpaskKeHne TaKoe, YTO IMOJEHCTBOBAB UM CJIeBa HA KAKOW-TO M3 JAHHBIX KBa3WKOH(MOPMHBIX
0TOOparKeHuil, Mbl TIOJy9IUM JPyToe 3aJaHHoe oToOpakeHue. B KadecTBe MPUMEHEHUs [TOJIYUYEeHHBIX Pe3yJlb-
TaToB Ha rpymme leiizenGepra H' Boramciens kosddunuenTs BebTpaMi HEKOTOPBIX KBAa3HKOH(MDOPMHBIX
oTobOpaXKeHwuii, u JIoKa3aHa TeopeMa 00 0bpa3ax KBa3HOPOYHOBCKUX JIBUKEHUN. B KOHKPETHBIX MPUMEpPaX MbI
JeMOHCTPUPYEM WHBAPUAHTHOCTH Koddduimenta Bembrpamu mop fmeficTBueM Ha COOTBETCTBYIOIEe OTOOpa-
JKEHMe CJieBa KoMIosuimeit Koudopmuoin dpyakiuu. C moMompo JoKa3aHHON dgakropusanuu CTomioBa Ha
rpyme [eitzenbepra, MbI MOKa3a/M, 9TO €CJIM Y JBYX KBa3sHOPOYHOBCKUX JIBUYKEHUI WX COOTBETCTBYIOIIUE
koaddurmentsl BesbrpaMu paBHBI OYTH BCIOJY, TO WX TPAEKTOPUU SKBUBAJIEHTHBI TOJLKO B CIIy4ae, €C-
Ji KOH(OPMHOe oTobpakenne B (paxkTopuzanuu CTOMIOBA €CTh O0TOOparKeHUe, MOJIyIEeHHOEe U3 KOMIIO3UIINHI
CIBUT'OB, TIOBOPOTOB U PACTSI?KEHMUIA.

Kurouessbie ciioBa: rpymma [eitsenbepra, dpakropuzarus CTonioBa, KBa3UKOH(MOPMHBIE OTODPAKEHUSI,
cucrema Benbrpamu, 6pOYHOBCKOE JIBUXKEHUE.
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