Vladikavkaz Mathematical Journal
2026, Volume 28, Issue 1, P. 7-15

VK 517.98
DOI 10.46698 /h7168-4322-6544-h

ON BAND PRESERVING OPERATORS ON COMPLEX VECTOR LATTICES#

N. Abasov! and A. Gutnova?

'Bauman Moscow State Technical University,
5, Bldg. 4 2-nd Baumanskaya St., Moscow 105005, Russia;
?North-Ossetian State University after K. L. Khetagurov,
44-46 Vatutin St., Vladikavkaz 362025, Russia

E-mail: abasovn@mail.ru, gutnovaalina@gmail.com

Dedicated to the memory of S. S. Kutateladze

Abstract. In this article we continue an investigation of orthogonally additive operators on complex
vector lattices started in [1]. We study the special class of so called band preserving orthogonally additive
operators defined on the complexification F¢ of a uniformly complete vector lattice £ and taking values
in E. We say that an orthogonally additive operator 7 : Ez — F is band preserving if .7 (w) € {|w|}*~*
for every element w of E¢. The authors introduce and study the class of elementary band preserving
operators, which are complex extensions J7 s constructed from pairs of real operators T, S: E — E that
commute with all band projections. It is demonstrated that such operators are not only band preserving,
but also regular. A central result of the work is that the set .4 (Eg, F) of all elementary band preserving
operators constitutes a vector sublattice within the Dedekind complete vector lattice 0.2/, (Ec, E) of all
regular orthogonally additive operators. The lattice operations in this sublattice are shown to be calculated
pointwise, mirroring the structure of the target space E, with explicit formulas provided for the supremum,
infimum, positive part, negative part, and modulus. Furthermore, it is established that .4 (Ec, E) is
contained within the band generated by the complex extension of the identity operator {97, 1}ll.
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1. Introduction

Linear disjointness preserving operators on vector and Banach lattices had been studied

during the early part of the twentieth century (see the survey article [2| and references
therein). Orthogonally additive (in general nonlinear) operators (OAOs) on vector lattices
were introduced in [3]. Some deep results on different classes of orthogonally additive operators
on vector and Banach lattices were obtained in [4-9]. Disjointness preserving OAOs on vector
lattices were studied in [10-14].
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In [1] the concept of an orthogonally additive operator was extended to the setting of
maps defined on the complexification E¢ of a uniformly complete vector lattice F¥ and taking
values in a Dedekind complete vector lattice F'. It was proved in [1] that the vector space
04, (Ec, F) of all regular orthogonally additive operators from E¢ to a Dedekind complete
vector lattice F' is a Dedekind complete vector lattice with respect to the natural partial order
on 0, (Ec, F).

In this paper we continue this line of thought. We study band preserving OAQOs defined
on E¢ and taking values in E. The article is organized as follows. In the next section,
we present the necessary information on complex vector lattices and orthogonally additive
operators. Then we introduce band preserving orthogonally additive operators from FE¢
to E and present some basic examples of such operators. We show that with a pair of
orthogonally additive operators T, S: E — F is associated the orthogonally additive operator
Irs: Ec — E which called the complex extension of T" and S. We prove that a complex
extension I g: Ec — E of commuting with projections operators T',S: E — E is a band
preserving operator (Proposition 3.2). We consider a special class of a band preserving
operators 7 : Ec — E, which have the form .7 = J7 5, where T',S: E — E are commuting
with projections operators. We call these operators elementary band preserving operators.
We prove that the set A4 (Ec, E) of all elementary band preserving operators is a vector
sublattice of @.«7,(Ec, E) and there is the inclusion A (Ec, E) C {Ic}** (Theorem 3.1).
Finally, two open problems are stated.

2. Preliminaries

In this section we present some necessary facts and notations that we need in the sequel. For
the standard information on the theory of vector lattices and regular linear operators between
them we refer the reader to [15-17|. All vector lattices we consider below are supposed to
be Archimedean. The identity operator on a vector space W we denote by Iy. The term
«operator from vector spaces F and F'» means an arbitrary map 9 : E — F.

Two elements e, f of a vector lattice E are called disjoint (notation e L f), if [e| A|f| = 0.
The sum e + f of disjoint elements e and f we denote by e U f.

Given a net (eq)aca in a vector lattice E order converges to e € E, if there exists a net
(fe)eez in By, such that fe | 0 and for every & € Z there is an index () € A, such that
le — eq| < fe for all & > a(&). We note that for a Dedekind complete vector lattice E a net
(éa)aca in E order converges to e if and only if there exists a net (fq)aca in Ey, such that
fa 4 0 and |e —eq| < fo for all & > ag, with some ag € A. A linear subspace I of a vector
lattice E' is called an order ideal of E, if for every z € I and y € E the relation |y| < |z]
implies that y € I. We note that every order ideal I of F is a vector sublattice of . An order
ideal I of E is said to be order closed if for every net (eq)aca in I, which order converges to
an element e € F it follows that e € I. An order closed order ideal I of a vector lattice E is
called a band. Consider a subset A of a vector lattice E. By A% is denoted the set

Ad::{eEE:eJ_x,V:UGA}.

As usual A% = (A9)?. Tt is well known that A is a band of E [8, p. 34]. A band £ of vector
lattice F is said to be a projection band, if

E=%ao %"

Suppose that A is a projection band in FE. Then every element e € FE has a unique
decomposition e = e Ll e, where e; € % and ey € %% and there exists a positive projection
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mg: E — E defined by the formula mge = e1. A projection of the form 74 is called an order
projection (or a band projection onto the band Z). We say that F is a vector lattice with
the principal projection property if {e} is a projection band for all e € E. The order
projection in E onto the band {e}%? is denoted by ..

The set of all order projections on E is denoted by B(E). There is a natural partial order
on B(F), namely 7 < p < mop = m. We note that the partially ordered set B(F) is actually
a Boolean algebra with respect to the Boolean operations:

TAp:=mop;, wVp=mwm+p—mop;, w=1-—m.

We say that an element f of a vector lattice F is a fragment of e € E, and use the notation
fEeif f L (e— f) The set of all fragments of an element e € E is denoted by Fe.
The relation C is turned out to be a partial order on F which is called the lateral order
(see [18]).

DEFINITION 2.1. A sequence (e, )nen in a vector lattice E is said to be uniformly Cauchy
whenever there exists some e € E, such that for every £ > 0 the inequality |e, — e,,| < ce
holds for all sufficiently large n and m. We say that a vector lattice E is uniformly complete
whenever every uniformly Cauchy sequence is relatively uniformly convergent.

We observe that every Dedekind o-complete vector lattice is uniformly complete
[8, p. 111].

DEFINITION 2.2. Let X be a real vector space. We say that a complex vector space X¢
defined by

Xe=X+1iX = {x+z’y: T,y EX}

is a complexification of X. The vector space operations on X¢ defined by

(x4+iy)+ (w+iv) =z+v+i(y+u) and (a+ip)(z+iy) =ax — Py +i(ay + Bx)
for all a,8 € R and z,y,v,u € X.

Proposition 2.1 [19, Proposition 2.2.1|. Suppose E is a uniformly complete vector lattice.
Then for every z = x + iy € E¢ the following supremum

|z| = |x 4+ dy| ;== sup {(cos )z + (sin Lp)y}
0<p<2m

exists in Ey which is called the modulus of z. Moreover the modulus possesses the following
properties:

1) |2 =0 2 =0;

2) |Az| = |A||z| for all A € C and z € Eg;

3) |z +w| < |z| + |w] for all z,w € Ec.

REMARK 2.1. It is worth noting that

2 V [yl < |2] < || + || for every @+ iy = 2 € Ec.

DEFINITION 2.3 |20, Definition 3.1]. Suppose that E is a uniformly complete vector lattice.
Two elements z,w € E¢ are said to be disjoint (notation z L¢ w) if |z| A |w| = 0. An element
w € Eg is called a fragment of z if (z — w) L¢ w. The set of all fragments of z is denoted
by §.. We shall write w C¢ z, if w € §,. We write z = | | 2z, if z =Y ;" | 2z and 2z Lc %
for all ¢ # j. In particular, if n = 2, as in the case of vector lattices, we use the notation
z = z1 U 29.
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Proposition 2.2 [20, Proposition 3.1|. Let E be a uniformly complete vector lattice,
w,v € Be, w=x+ iy and v = f +ig. Then the following statements are equivalent:

1) wLlc v

2) (|2l + Iyl) L (1] + lg)).

Proposition 2.3 [20, Proposition 3.2]. Let E be a uniformly complete vector lattice.
Then C¢ is a partial order on E¢. As in the case of real vector lattices the relation Cc¢ is
called the lateral order. It was introduced and studied in [20].

Proposition 2.4 [20, Theorem 3.5|. Let E be a uniformly complete vector lattice and
z=x+1y € Ec. Then §,, the set of all fragments of an element z € Ec, is a Boolean algebra
with respect to the partial order C¢. Moreover §, is isomorphic to the Boolean subalgebra
Ay, of §» X §y defined by

gy ={(f,9) €FaxTy: fLy—g)andg L (z—f)}.

DEFINITION 2.4 [1, Definition 3.9]. Let E be a uniformly complete vector lattice and X
be a vector space. A map 7 : E¢z — X (not necessarily linear, not homogeneous) is said to
be orthogonally additive operator, if

T (uldv) = Tu+ Jo for all disjoint u,v € Eg.

DEFINITION 2.5 [1, Definition 3.15]. Let E be a uniformly complete vector lattice and F'
be a vector lattice. An orthogonally additive operator 7 : E¢c — F is called:

1) positive, if 7z > 0 holds in F for all z € E¢;

2) regular, if 7 = . — S, where .#],.% are positive orthogonally additive operators
from E¢ to F

3) C-bounded, if the set T'(.#,) is order bounded in F' for every z € Ec.

The sets of all positive, regular, and C-bounded orthogonally additive operators from E¢
to F' are denoted by 0«7, (Ec, F), O .(Ec, F), and 0 c(Ec, F) respectively.

Proposition 2.5 [1, Theorem 3.16|. Let E be a uniformly complete vector lattice
with the principal projection property and F be a Dedekind complete vector lattice. Then
Od cy(Ec,F) = 0 (Ec,F) and 0 cp(Ec, F) is a Dedekind complete vector lattice.
Moreover, the lattice operations on 0.<f oy(Ec, F') can be calculated by the following formulas:

N (TVS)z=sup{Tu+ Sv:z=ulv};
N (TN )z:=inf{Tu+Sv:z=ulv};
3) Ttz —Sup{yu uCc 2};
4) T z:=—inf{Tu: ulc z};
5) ]ﬂ]z —sup{ﬂu—ﬂv z=ulv};
6) |72 < |7z
for every ., € O cp(Ec, F) and every z € Eg.

Let (A,%,u) be a o-finite measure space. The vector lattice of all equivalence classes
of measurable real-valued functions on A is denoted by Lo(u). Given f € Lo(u)c by supp f,
we denote the measurable set

suppf—{tEA f 750}

The characteristic function of a set D is denoted by 1p. We recall that H, D € ¥ are called
disjoint, if p{t € H N D} = 0. The union H U D of two disjoint sets H, D € ¥ we denote by
HUD.
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3. Band Preserving Operators

In this section we introduce band preserving operators on complex vector lattices and
explore some of their properties. In particular, we consider real band preserving OAOQOs
and prove the main result of these notes, concerning order properties of these operators
(Theorem 3.1).

DEFINITION 3.1. Let E be a uniformly complete vector lattice and 7 : Ec — FE be an
operator from E¢ to E. We say that 7 is:

1) a band preserving operator, if 7 (w) € {|Jw|}*+ for every w € Eg;

2) disjointness preserving, if 7 (w) L 7 (v) for every w,v € Eg, such that w L¢ v.

It is clear that a band preserving operator .7 : Ec — FE preserves disjointness.

Consider some examples of band preserving orthogonally additive operators.

EXAMPLE 3.1 [1, Proposition 3.11|. Let E be a uniformly complete vector lattice. Then
the modulus | - | : Ec — E' is a band preserving orthogonally additive operator.

DEFINITION 3.2. Let (A,X, ) be a finite measure space. We say that a function N :
AxC—=Ris:

1) superpositionally measurable (or super-measurable for brevity), if N(-, f(-)) € Lo(u) for
every measurable function f: A — C;

2) normalized, if N(t,0) = 0 for almost all ¢t € A.

Proposition 3.1 |1, Proposition 3.14]. Let N: Ax C — R be super-measurable, normali-
zed function. Then there is the orthogonally additive operator Ty : Lo(u)c — Lo(p) defined by
Tn(f)() = N( f(), [ € Lo(p)e.

Actually, it was shown in the proof of [1, Proposition 3.14] that Tx(f) € {|f|}% and
therefore Ty is a band preserving operator. The operator Ty is known in a literature as a
nonlinear superposition operator or Nemytskij operator [21].

Suppose that F is a uniformly complete vector lattice and X is a real vector space. To a

pair of orthogonally additive operators T, S: E — X there is associated a map I7 g: Ec — X
defined by

<7.7’,5(x_{_iy) :Tx+sya x,yEE. (1)

EXAMPLE 3.2 [1, Proposition 3.12|. J7 g is an orthogonally additive operator from E¢
to X.

We say that 97 g: Ec — X is the complex extension of operators T,S: E — X.

DEFINITION 3.3 [11, Definition 2|. Let E be a vector lattice with the principal projection
property. We say that an operator 1T': E — E commutes with projections, if Tm = «'T for
every m € B(E).

We note that a commuting with projections operator T: E — FE is automatically
orthogonally additive [11, Proposition 1].

Proposition 3.2. Let E be a vector lattice with the principal projection property and
T,S: E — E be commuting with projections operators. Then Irs: Ec — X is a band
preserving operator.

< Fix w = x + iy with z,y € E. Then by Proposition 2.2 we have that {|w|}% =
{|z| + |y|}%. Now we may write

Irsw = Trs(@+iy) =T+ 8y = Tr(aly)® + ST(al+y)Y
= (ol +y) T + T (0| +1y) SY = T(ja|+y) (T2 + SY) = T(|a|41y) TT,5W
and therefore 7 sw € {|Jw[}9. >
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Proposition 3.3. Let E be a Dedekind complete vector lattice and T,S: . — E be
operators commuting with projections. Then 91 s € 0./, (Ec, E).

< By Proposition 2.5 it is enough to prove that 7 g is a C-bounded operator. Fixing
w = (x +1iy) € Ec, we will show that 77 s(Fy) is an order bounded subset of E. Take an
element v € §,,. By Proposition 2.4 v = ¢+ id, where ¢ € §, and d € §y, ¢ L (y — d) and
d 1l (x—c). Since T, S: E — E are disjointness preserving operators we have that

|Tx| = |T(cU(z—c))|=|TcUT(x—c)| =|Te|U|T(x—c)| = |T¢|
and analogously |Sy| > |Sd|.

Thus, it follows that |T'c| < |Tz| and |Sd| < [Sy| for every ¢ € §, and d € §, and therefore
Tr.sv = Irs(c+id) =Tc+ Sd < |Te| + |Sd| < |Tz| + |Sy|.

Hence, J7 5 is a C-bounded and consequently a regular orthogonally additive operator. >

An operator .7 : Ec — E which has the form 97 g for some commuting with projections
operators T,S5: E — FE is called an elementary band preserving operator. The set of all
elementary band preserving operators from E¢ to E is denoted by A (E¢, F). It is not hard
to verify that A4 (Ec, E) is a real vector space. We recall that Ig: E — E is the identity
operator on E. By 77 1: Ec — E we denote its complex extension, that is

%,I($+Z?/):IE$+IEQZ$+% x,yEE'

Clearly, 97 1 is an elementary band preserving operator from E¢ to E. Now we ready to state
the main result of these notes.

Theorem 3.1. Let E be a Dedekind complete vector lattice. Then 4 (Ec, E) is a vector
sublattice of the Dedekind complete vector lattice 0o/, (Ec, E) of all regular OAOs from E¢
to E and for every Ir 5, Ira € N (Ec,E), w € Ec the following equalities hold:

1) (yT,S vV 9}{7@)11) = 9T7Sw V ﬂng;

2) (91“,5 AN ng)w = <7T7Sw AN ﬁng;

3) (Ir.s) w = (Irsw)™;

4) (Ir,s)"w = (Irsw)”;

5) | Tr.s|lw = |Tr sw|.

Moreover A (Ec, E) C {71},

< Taking into account Proposition 3.3 we deduce that A4 (Ec, F) is a linear subspace
of a Dedekind complete vector lattice 0./, (Ec,E). Let Ir s, Irc € A (Ec,E) and
v = (x 4+ iy) € Ec. Then by Proposition 2.5 we have

(Ir.sV TrG)v = sup {ﬂrngw + Tpaz:v=wl z} > IrsvV Tgav.

Let us prove the converse inequality. Fix w = a 4+ ¢b and z = ¢ + ¢d, such that v = w U z. By
Proposition 2.2 we have that (|a[+|b[) L (|c|+]|d|). It follows that 7|4+ T = @, T(jal+p)¥ = s
7T(|C‘+|d|)1' =C, and 7T(‘C|+‘d‘)y = d. Now we may write

Irsw+ Ipaz = Irs(a+ib) + Ipc(c+id) =Ta+ Sb+ Re+ Gd
= T7(jaf o)) + ST(al+(6)Y + BT (e +1d)T + G (el +1a¥ = T(jal+1p) LT + T(ja|+[6))SY
+ (el +d) B + T (el 1) GY = T(jal+1o]) (TT + SY) + T(jc|(a) (B2 + GY) = T(jaj+(p)) TT.5v
+ (o] +ld) TR.GV < T(jal+p)) (TT,50 V TRGV) + T(le|+1a) (1,50 V TRGV) = T1,.5v NV TR GV-
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Passing to the supremum in left-hand side of the above inequality over all disjoint
decompositions v = w LI z we have that

(yT,S vV 9R,G)v < 91“,52} vV yR,Gv

and consequently (Ir.sV Tra)v < TrsvV Trao for every v € Ec. Now, we get all lattice
operations for elements of 4 (Ec, E) as follows:

(Trs N Tre)v=—((=Trs) V (=Trc))v = —((=Trsv) V (= Trcv)) = Tr,sv A Trco;
(Fe)o = (Frs VO = Frg0 v 0 = (T50)"*;
(Tr,s)"v=—(I1,5VO)v==Tp 50V 0= (T1,50);
| T, s|v = (yT,S \% (—97175))?) = IrsvV (—Ir,sv) = | Tr5v|.

Finally we show that .4 (Ec, E) C {7 1} By [17, Theorem 4.3.4] it is enough to prove that
Tr.s = sup,{n| I 1|\ Ir s} for every positive 71 g € N (Ec,E). Take 0 < I € N (Ec, E)
and w € Ec. By above we have that

sup{(n\ﬂf,f\ A ﬂT,S)w} = sup {n!ﬂLﬂw A ﬂT,Sw} = sup {n\w\ A ﬂT,Sw}.

Since Frgv € {|v|}% for every v € Ec by [17, Theorem 4.3.4] it follows that Jrsw =
sup, {n| 7 rlw A I sw} and the proof is finished. >

4. Open Problems

In this section we point two questions concerning band preserving operator from E¢ to E.
PROBLEM 4.1: Does every band preserving operator .7 : Ec — E has the form .7 = I ¢
for some commuting with projections operators T,5: E — E?

We remark that in the real-case situation the vector space of all band preserving OAOs
on E is the projection band of €</, (E) which coincides with {Iz}%. Hence, the following
natural problem arises.

PROBLEM 4.2: Is the inclusion A (Ec, E) C {71} in Theorem 3.1 strict?

Acknowledgments. We are thankful to Professor M. Pliev for the fruitful and valuable discussion.
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Annoraums. /lanHas 3aMeTKa IPOJIOIZKAET UKJI NCCIIEIOBAHUI, MHUIMMPOBAHHBIX paboToii [1]. B crarne
pacCMaTPUBAETCSI IIOJKJIACC TAK HA3bIBAEMBIX <«HEPACIIUPSIOININX» OPTOrOHAJIBHO a/IUTUBHBIX OIEPATOPOB,
3a/IaHHBIX Ha KOMIUIeKcndukanuu Fc paBHOMEPHO IIOJIHOM BEKTOPHOM PEIIeTKH M NPUHUMAIONIMX 3HATEHUS
B E. Bynem roBopurb, 94TO OPTOrOHAJIBHO &JIMTUBHBIN oneparop 7 : Ec — E aBisercs HepaCIIUPSAIONIUM,
ecn T (w) € {Jw|}*+* mna xaxmoro snementa w u3 Ec. BRoaurcs u H3ydaerca KJace 3/IeMEHTAPHBIX Hepac-
[IUPSIOIIUX ONEPATOPOB, KOTOPBIE IPEJCTABISIIOT CO00M KOMIIEKCHBIE paciiupenusi Jr, s, IOCTPOEHHbIE U3
nap BellecTBEeHHBIX oreparopoB 1,S: E — E, KOMMyTUPYIOMIMX CO BCEMHU HEPACHIUPAIONIMMU TPOEKTOPAMHU.
ITokazaHo, ¥TO Takue OmepaTOpbl HE TOJIBKO SIBJIAIOTCS HEPACHIUPSIIONIMMU, HO M peryispHbl. [Ipencrasie-
HO HECKOJIBKO IIPHMEPOB TAaKHUX OIEPATOPOB M YCTAHOBJIEHO, YTO JEHCTBUTEIHLHOE BEKTOPDHOE IIPOCTPAHCTBO
N (Ec, E) Bcex 3/eMEHTAPHBIX HEPACIIUPSAIONMX OPTOrOHAJIBHO AJINTUBHBIX OIEPATOPOB SABJSETCA MOIPE-
werkoit 0./, (Ec, E) — NOpSKOBO IIOJHON BEKTOPHO pEIeTKHM BCEX PEryJIsipHbIX OPTONOHAJIBHO aJ|INTHB-
HBIX oniepaTopoB n3 Ec B E. [loka3aHo, 4TO Olrepannuy pemerky B 9TOM [IO/IPEIIIeTKe BBIYUCIAIOTCS TOTOYETHO,
oTpakas CTPYKTypy HpocrpaHcTBa F, ¢ aBHbIMEU (DOpMyJIaMu JJisd CylIpemMyMa, HHPUMYyMa, MOJIOXKUATEIHHON
JaCTH, OTPHULATEILHON dacTH U Moxyssa. Kpome rToro, ycranosieno, uro 4 (Ec, E) comep:KUTCs B IIOJIOCE,
TOPOYK IEHHO KOMILTEKCHBIM DACIINPEHAEM eMHITHOrO ormepaTopa {771},
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