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1. Introduction

A pseudo-Riemannian manifold (M, g) is called a geodesic orbit manifold if any geodesic

of M is an orbit of a l-parameter subgroup of the full isometry group of (M,g). This
terminology in the case of Riemannian manifolds was introduced in [1] by O. Kowalski and
L. Vanhecke, who initiated a systematic study of spaces (M = G/H, g), where G is an isometry
group and H is an isotropy subgroup. We refer to [2-6] for expositions on general properties
of geodesic orbit Riemannian manifolds and historical surveys. Some important results on
geodesic orbit pseudo-Riemannian spaces were obtained in [7—11]. It should be noted that
symmetric spaces, weakly symmetric spaces, naturally reductive homogeneous spaces, normal
homogeneous spaces, generalized normal homogeneous spaces (but not only) are subclasses
of geodesic orbit pseudo-Riemannian spaces.
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The pseudo-Riemannian H-type nilmanifold is a 2-step nilpotent H-type Lie group en-
dowed with a left invariant pseudo-Riemannian metric. The Lie algebra n of a pseudo-Rie-
mannian H-type nilmanifold carries a non-degenerate scalar product (-,-), whose restriction
(-,-); on the centre 3 of the Lie algebra n is also non-degenerate. The orthogonal complement
b to the center is a representation space for the Clifford algebra Cl(3,(:,);), such that the
representation map is the dual to the adjoint map on the Lie algebra, see Section 2.

The problem of classification of geodesic orbit and naturally reductive pseudo-Riemannian
nilmanifolds of H-type is very relevant. The results on Riemannian H-type nilmanifolds
(the metric is positive definite) were obtained by A. Kaplan in [12] and C. Riehm in [13] (see
Theorem 1) and the results on pseudo-Riemannian H-type nilmanifolds, when the space v is
a minimal dimensional admissible Clifford module was obtained in [14].

Theorem 1 [12, 13]. Let N be H-type Lie group (supplied with a left invariant Rieman-
nian metric) with the H-type algebra n = 3 ® v, m = dim(3), n = dim(v), and the center 3.
Then N is geodesic orbit if and only if one of the following three conditions holds:

1) m =1,2,3 and n is any possible;

2) m=5,6 andn =8§;

3)m=17,n=8,16,24 and v is an isotypic Clifford module (in this case it is equivalent to
the following property: if Z1,Zs, ..., Z7 is an orthonormal basis of 3, the linear transformation
X Jz Jz, - Jz.(X) of v is either 1d or —Id).

Moreover, N is naturally reductive if and only if m =1 or m = 3.

Recently, an analogue of this theorem was obtained for pseudo-Riemannian metrics.

Theorem 2 [14|. Let N, be an H-type Lie group, where (r,s), s > 1, is the signature
of the left invariants pseudo-Riemannian metric restricted to the center of the group. Let
n.s = 3 ®v be the Lie algebra of N, s, where 3 is the centre and v is a minimal admissible
module for the Clifford algebra Cl(R™*) orthogonal to 3. Then the following four assertions
hold:

1) N, s is naturally reductive (hence, geodesic orbit) if and only if (r,s) € {(0,1), (1,2)};
2) If N, is geodesic orbit but not naturally reductive, then (r,s) = (3,4);

3) N34 is a geodesic orbit pseudo-Riemannian manifold;

4) N, with (r,s) ¢ {(0,1),(1,2),(3,4)} is not geodesic orbit pseudo-Riemannian mani-
fold.

It is important that item 3) of the above theorem is proved in [14]| using a system of
symbolic computations that allows one to calculate and evaluate the ranks of a number of
auxiliary matrices to prove that each geodesic can be represented as an orbit of a 1-parameter
isometry group of the manifold under study. This kind of reasoning proves the existence of
the required one-parameter group, but does not always allow one to specify it explicitly.

The main goal of this note is to provide an alternative proof of the corresponding result,
which also provides explicit expressions for the corresponding one-parameter isometry groups,
see Theorem 4.

The paper is organized as follows. In Section 2, we recall some important results on
pseudo-Riemannian geodesic orbit metrics on nilpotent Lie groups. The main role here is
played by the notion of the transitive normalizer condition, which Riemannian version was
used by C. Gordon in order to study geodesic orbit Riemannian metric on nilpotent Lie groups.
We also recall some important properties of pseudo H-type Lie groups, their isometry and
automorphism groups. In Section 3, we show the geodesic orbit property for the 15-dimensi-
onal pseudo-Riemannian H-type nilmanifold N3 4(0min). Section 4 is dedicated to the same
property for the Riemannian H-type nilmanifold N7 o(0min)-



110 Markina, I. G., Nikonorov, Yu. G. and Furutani, K.

2. Definitions and Notation

2.1. Geodesic orbit pseudo-Riemannian manifolds.

DEFINITION 1. A pseudo-Riemannian homogeneous reductive manifold (G/H, g) is called
geodesic orbit if any geodesic through the point eH is an orbit of some 1-parameter isometry
group of (G/H,g).

Let (N, g) be a 2-step pseudo-Riemannian nilpotent Lie group with the Lie algebra n and
(-,-) the scalar product (a symmetric non-degenerate bilinear form) generating the pseudo-
Riemannian left invariant metric g. We call such groups pseudo-Riemannian nilmanifolds.
If the centre 3 of n is non-degenerate with respect to (-,-), then we write n = 3 @ v, where
b = 3+ relative to (-,-). In this case, v is also non-degenerate, see [15, Lemma 2.60].

Whenever (N, g) is connected simply connected, we do not distinguish between the group
of automorphisms of the nilmanifold (N, g) and of its Lie algebra n = 3 @ v. Note that each
skew-symmetric derivation of n leaves each of v and 3 invariant. For any Z € 3, we consider
the operator

Jz:v— v, suchthat (Jz(X),Y)=(X,Y],Z), X,Y €v. (1)

The map Jy is skew-symmetric and Jz(Y) = (adY)(Z), where (adY)’ is dual to ad Y with
respect to (-,-). The map J: 3 — so(v,(-,)y), sending Z +— Jz is linear. The group of
isometries of the nilmanifold (N, g) is given by

H = {(SD’TZ)) € O(3a <" >3) X O(U’ <"'>U) : ZZ)JZT;Z)_l = Jcp(Z)a Z € 3}a (2)
while its Lie algebra is
h = Der (n) Nso(n, (-,-))
= {D = (C’ A) € 50(3’ <'?'>3) X 50(0’ <'a '>D) : [A’ JZ] = JC(Z)’ S 3} .

The next result is well known, see e.g. Corollary 3.5 in [16].

(3)

Proposition 1. Let (N,g) be a pseudo-Riemannian nilmanifold with non-degenerate
center. Then the connected isometry group of (N,g) is N x H, where N is the set of left
translations by elements of N and the isotropy subgroup H is given by the isometric auto-
morphisms (2) with Lie algebra b as in (3).

In this case, the isotropy group of (N, g) at the identity element e is exactly H with the
embedding a € H — (e,a) € N x H. The following Proposition summarizes well known
Geodesic Lemma [10], its reformulation in the spirit of [17], and consideration done in [14] for
the setting of H-type nilmanifolds, see definition in Section 2.2.

Proposition 2. A pseudo-Riemannian H-type nilmanifold (N, g) is geodesic orbit if for
any zg € 3 and xo € v there is D = (C, A) € b, such that

A(zo) = Jo(z0), Cl20) =0, [A Ju]=Jow) forall wes;. (4)

A special case of geodesic orbit pseudo-Riemannian spaces are naturally reductive
homogeneous pseudo-Riemannian spaces. We refer to [14] and references therein for more
detailed study.

DEFINITION 2. Let (M = G/H,g) be a homogeneous reductive pseudo-Riemannian
manifold. Then M is said to be a naturally reductive if there is a reductive decomposition
g = b ®m, such that

([T, Qlm, R) = (Q, [T, Rlm) (5)

for the corresponding scalar product and any T, Q, R € m.
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Theorem 3 [18, Theorem 3.2|. Let (N, g) denote a 2-step pseudo-Riemannian nilmanifold
with a non-degenerate center. Assume that the map J: 3 — so(v) is injective, see (1). Then
the metric is naturally reductive with respect to G = N x H (see Proposition 1), if and only if

(i) V. = J(3) is a Lie subalgebra of so(v) and

(ii) [J(Z1), J(Z2)] = J(72,(Z2)), where Tz, € s0(3) for any Z1 € 3.

Since the map J is supposed to be injective, the map 7 can be easily recovered from (ii).

REMARK 1. Using Theorem 3, it is easy to prove that the pseudo-Riemannian H-
type nilmanifold N374(Umin), as well as the corresponding Riemannian H-type nilmanifold
N7.0(0min), that are studied further in this note, are not naturally reductive.

2.2. Pseudo H-type Lie groups. Now, we recall some important properties of pseudo
H-type Lie groups. Let (N, g) be a 2-step pseudo-Riemannian nilmanifold and n = 3 @ v be
its Lie algebra endowed with a scalar product (-,-) making the center non-degenerate. We
identify (3, (-,-);) with the pseudo Euclidean vector space R™* = (R"*5, (-, .), ), where

T S
= r+s
(z,W)ps = E 2 Wi — E Zpgj Wrtj, 2w € R
i=1 j=1

If the linear operator J: 3 — so(v,(-,-)y) is defined by for any z € 3 by (1), and satisfies
J2(z) = —(z,2)psx for any z € R™ and all * € v, then n = n, 4 is called the pseudo
H (eisenberg)-type Lie algebra. We denote by N, s the connected simply connected Lie group,
whose Lie algebra is the pseudo H-type Lie algebra n, . The H-type Lie algebras N, o with
a positive definite scalar product were introduced in [19] and with an arbitrary indefinite
scalar product in [20], see also [21].

These Lie algebras are related to the representations of the Clifford algebras in the
following way. Let J: CI(R™*) — End(v) be a representation of the Clifford algebra CI(R"*)
generated by the pseudo Euclidean vector space R™*. If there is a scalar product (-, ), on the
representation space v (Clifford module) such that the linear map J, is skew-symmetric for
any z € R™?; that is

(J=(2),9)0 = =(@, J2(y))o, 2 €R™, wyco,

then we get a pseudo H-type Lie algebra with the commutators defined in (1), see details
in |20, 22, 23]. The scalar product (-,-), in this case is called admissible and v is called
admissible (Clifford) module.

It is important that, see e.g. [20], or |23, Proposition 2.2.2|, the signature of the scalar
product space (b, {-,-)y) is neutral and (v, (-, -)y) is isometric to R4 for some [ € N, if s > 0,
whereas the corresponding signature is either (7,0) or (0,1) for some [ € 2N, if s = 0.

3. Pseudo-Riemannian H-Type Nilmanifold N34 = N3 4(0min)

Although the fact that a pseudo-Riemannian nilmanifold of H-type N3 4(bmin), Where
the complement of the centre is the minimal admissible modulus, is a geodesic orbit manifold
is proved in [14], we give here an alternative proof of the following theorem.

Theorem 4. The pseudo-Riemannian H-type nilmanifold N3 4(bmin) is a geodesic orbit
manifold. Fach geodesic is realized as an orbit of a one-parameter subgroup which initial
conditions form an eight dimensional affine space.

It is known that the Clifford algebra Cl(R*?) has two non-equivalent minimal admissible
8-dimensional modules U:ﬁn and v_. . Moreover, the corresponding 15-dimensional pseudo
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H-type Lie algebras N3 4(v. ) and N3 4(v_. ) are isomorphic and isometric, see [24, Theorem

12]. Therefore, it suffices to check only one pseudo H-type nilmanifold N34(v_. )

N3 4(0min). The left invariant metric on N3 4(vmin) is generated by the scalar product
(-,)3,4+(-,)a4 on the Lie algebra nz 4, = R34 @R, We write (20, 20) € 3P 0min = R34 QR
for an initial vector for a geodesic. For different type of the initial vectors we will use
distinguished bases for the horizontal space v, and for the centre 3. We start from a basis
for the centre.

3.1. Central component z; of initial conditions.
(C1) If ||20]|? = (20, 20)g3.4 = 1, then we set

{Zl = 20, Z2) .. ,Z7}a
as an orthonormal basis, satisfying

1Z0|? = 1 Zel* = 1 Zs)* = 1, 1 Z4]l* = 1 Z5]* = | Z6|* = 1| Z7* = —1. (6)

(C2) If ||20]|? = (20, 20)r3.4 = —1, then we set
{Zla Z2a Z3a Z4 = 20, Z5, Z6a ey Z7},

such that (6) holds.

(C3) If ||20]|> = (20,20)ms4 = 0, then first we fix an arbitrary orthonormal basis
{#7,...,25}, satisfying (6) and write

3 7
zO—Z 0; 2 —i—ZHiz;k =23 + 2
=1 =4
Then, without loss of generality, we can assume Z?:l 0,2 = 2314 9,2 = 1. Since

(2%, 2*)gsa = 0 we can select an orthonormal basis
{Zl = qu ZQv Z37 Z4 = Zi7 Z57 Zﬁv Z7}7

still satisfying (6). With these basis vectors we can denote zg = Z1 + Zj.
In what follows we use the construction of basis on the centre as above.

REMARK 2. In any of the above constructions, the operators Jz,, j = 1,...,7, span
a 7-dimensional subspace in J; C s0(4,4), nevertheless the vector space V = Jj is not a Lie
subalgebra of s0(4,4). Hence, N3 4(0min) is not a naturally reductive manifold, see Theorem 3.

3.2. Horizontal component x( of initial conditions and reduction by conjugate
Clifford action. Fix 2y € 3 and choose a suitable basis as was described in Section 3.1. Now
we have three cases:

(H1) [lz0]|* = (20, zo)paa = 1, (H2) [lzo]* = —1,  (H3) [|zo|* = 0.
Before we consider these three options we let v € v, be such that ||v[|? = 1 and

JZIZ2Z4Z5 (v) =, JZIZQZ6Z7 (v) =0, Jle3Z5Z7(U) =, JZIZQZS (v) = . (7)



On Examples of Geodesic Orbit Pseudo-Riemannian Manifolds 113

The condition Jz, z,z,(v) = v is equivalent to Jz, z,7,7,7:7:2.(v) = —v. This choice fixes
the module v, = v_. . Moreover, the choice of v as in (7) allows us to use the following
orthonormal basis for the module vjy:

X1=v, Xo= JZI(U)7 X3 = JZ2(U)’ Xy = JZS(U)’

X5 = JZ4(U)7 X = JZs(U)7 X7 = JZG(”)? Xg = JZ7(U)' (8)

REMARK 3. Once we fix an orthonormal basis {z;} in R®* (or in general in R™*), the num-
ber of a set of generating positive involutions {p;} of a maximal abelian subgroup S consisting
of positive involutions, which is a subgroup in the finite group G = G({z;}) generated by {z;},
is determined by the pair (r,s). In the case (r,s) = (3,4) it is 4, that is one set of them is
listed in (7). It should be noted that in our case the correspondence z — .J, is not one-to-one.
This is common in all the cases of the Clifford algebra being not irreducible. In such case we
have two irreducible modules and they are distinguished by the action of the volume form

oy oo+ Jz - As we can see easily that in our case J;, ---J,, is in the center of the group G,
so that J,, J,,J.,(v) = v is not only equivalent to J,, ---J,.(v) = —v, it is also equivalent
to Jy, -+ J,, = —Id as an operator acting on the space generated by {J,,(v)}. So we may

distinguish two irreducible modules Urflin by the action of the volume form J, --- J,. = £+Id,
see details in [24].

Let £y € bmin be as in (H1) above. Let T' € SO(4,4) be such that 29 = T'(v) and consider
the conjugate Clifford action J,, := T~ 1J,T = T7J,, T, where T7 is the transpose to T" with
respect to the scalar product (-,-)s4. Then, a geodesic determined by the initial condition
(z0,20) is homogeneous if there is a pair D = (C, A) such that

A(wo) = Jx(20), C(20) =0, [A, Ju] = Jow), forall we R34, (9)
Lemma 1. The condition (9) is equivalent to
AWw) =T AT (v) = T ', T(v) = J,(v), C(z) =0, [AJu]=Jow),  (10)
for all w € 3 = R34,
< In fact, from (9)
T AT (v) = T 1 A(zo) = T Ty (20) = T T, T (o)

:gwmrhnjﬂhﬂ:TﬂAhp:TﬂkwT:%w,

and vice versa. >

We denote the H-type group N3 4(0min) related to the Cliﬁord action J, : Omin — Ymin and
the H-type group Ng;l(nmin) related to the Clifford action J.: dpmin — Omin, J» = T J,T.
Then the Lie bracket [x,y]” defined by .J, is given by

(2.9 o = (Lo(@)y)

Lemma 2. The transformation T' x Id : N3 4(0min) — Ng: 4(bmin) Is an isometric isomor-
phism.

<1 We can see this by the equality:

(2, [T(), T o = (J=(T(@)), T(Y)) 01
= <TTJZT(x)’y>nmin = <jz(x)’y> = <Z’ [xay]T>R3,4 )

Ymin

that proves the lemma. >
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Let x¢ € vy be as in (H2) and v € vy as in (7). We find T € SO(4,4), T': 0min — Ymin,
such that T'(z9) = Jz,(v). Then condition (9) is equivalent to

A(Jz,(v) = Jo(v), Clz0) =0, [A,Ju] =Jog, foral weR.

by changing the Clifford action from J, to J, = T1J.T.

Let zp € vy be as in (H3) and v € vy, as in (7). We fix an orthonormal basis {Zi}Z:1
as was described in (C3), and express z in the basis (8) as follows

3 7 3 ;
o = z;wzi(v) + Z;HiJZi(v) = o} + g, 259‘2 _ ;:HZQ L

Since (z, g Yo, = 0, we can find an orthogonal transformation 7' € SO(4,0) x SO(0,4) C
SO(4,4), such that T'(z§) = v and T'(zy) = Jz,(v). Then for J, = T~1J,T we obtain

T_lAT(U + JZ4(U)) = T_1JZOT(U + Jz (U))7 C(20) =0,

1 1 1 3.4 (11)
T7A, J]T = [T AT, T” J,T| =T Jo@)T for any w € R,
which is equivalent to condition (9).
The discussions above can be summarized in the statement that an initial vector (zg,x¢)
for a geodesic can be restricted to the following nine cases.

71D v,
Z4 D, € R34 @ Omin, (12)
(Zl + Z4) D

Z1 ® Jz,(v),

Z4 D JZ4 (’U), € R3’4 ® Omin, (13)

(Z1+ Zy) ® Jz,(v)
Z1 @ (v+ Jz,(v)),
Zy® (v + Jz,(v), € R** @ vppin. (14)
(Zl + Z4) S¥ (1) + JZ4(1)))
We not only show the existence of a pair (C, A) for all the 9 cases (12), (13) and (14),

but we also show that it form an affine space of a suitable dimension according to the initial
conditions.

3.3. Relation between A and C in [A, J,] = Jo(,). We can express A in the form

A= Z ai,kJZiJZk- (15)
i<k

Indeed, we know that A belongs to linear combination of {[Jz,,Jz.]: 1 < i < k < 7}, see
details in [14, Proposition 4|. On the other hand, [Jz,, Jz, ] = Jz,Jz, — Jz,Jz, = 2J2,J7,.
Then [A, Jz,| = Jo(z,) implies

(A, Jz)) =AJz — JzA = Z a;xJz,Jz, Iz, — Iz, Z a; 1 Jz,J 7,

i<k i<k

= QZalkaZk = 222:2 al’ka'
k>1
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Thus C(Z;) =2 ZIZ:Q a1 2. By similar calculations we obtain

7

2 7
C(ZQ) = —2@17221 + 2 Z a27ka, C(Zg) = -2 Z akf,Zk + 2 Z a37ka,
k=3 k=1 k=4

3 7 4 6
C(Z1) =2 akaZk =2 aspZr, C(Z5) =2 arsZe —2 517,
k=1 k=5 k=1 k=5
5 6

C(ZG) =2 Z akﬁZk — 2@67727, C(Z7) =2 Z ak77Zk.
k=1 k=1

In the matrix form C' is given by

0 —ap —a13 aa4 @15 a1 a7
a1,2 0 —ag3 Q24 G255 (26 427
aiz a3 0 as4  ags  age a3y
C=2x a4 az 4 as.a 0 a4s a4.6 asg7 | - (16)
ais a5  A3s5  —a45 0 ase sy
aie (26 (36 —a46 —a56, 0 aer
a7 a7 a3y —a47 —asy —ag7 0.

3.4. Writing A(v) and A(Jz,(v)) in the basis (8). Note that condition (7) implies

Jz, (v) = —Jz,Jz, (v) - J2,J 27, (U) = Jz5J 7z (U)’
JZ2(U) = Jleza(v) = JZ4JZ6(U) = _J25JZ7(U)7
Jzy (v) = —Jz,Jz, (v) - Jz,Jzs (U) = JZ6JZ7(U)’
JZ4(U) = J21JZ7(U) = JZ2JZ6(U) = J23JZ5(U)7 (17)
Jzs (v) = —Jz,Jz, (v) = —JzJz (U) = Jz,Jzg (U)’
JZG(U) = _lejzs(v) = _JZ2JZ4(U) = JZa‘]Z?(U)?
Jz; (v) = —Jz,Jz, (v) = Jz5J 75 (U) = —Jz3Jz (U)

Put A(v) = >, aixdz,Jz,(v) = agv + 237‘:1 a;jJz,(v). Then using (17) we find
the relations between coefficients a; 5, and «; as follows

ap =0,

a1 = —az3+a47+ ase,
Qg = Q13+ a46 — a5,7,
a3 = —a12+a45+ ag7,
a4 = a1y +aze + ass,
Q5 = a16 — a2,7 — 434,
o = —a1s — a4 +asv,

a7 = —a14+azs — asge.
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Write A(Jz,(v)) = Bov + Zznzl BmJz,, (v), and note that
Jz, (U) = Jz2,Jz24 02, (v) - Jz, JZ5 Jz, (v) = _JZ3 JZG Jz, (v)’
JZ2(U) - _JZ1J25JZ4(U) - JZ2JZ4JZ4(U) - J23JZ7JZ4(U)7
JZ3(U) - JZ1JZGJZ4(U) - _JZ2JZ7JZ4(U) - J23JZ4JZ4(U)7
vo= Jz, JZ7JZ4 (v) - Jz, JZG Jz, (v) = JZS JZ5 Jz, (v)’ (19)
JZs(U - _JZ1J22JZ4(U) - _JZ4J25JZ4(U) - JZGJZ7JZ4(U)7
JZG (U) = Jz, JZ3 Jz, (v) = —Jz, JZG Jz, (v) = _JZ5 JZ7JZ4 (v)’
JZ?(U) - _JZ2JZ?,JZ4(U) - _JZ4JZ7JZ4(U) - JZs‘]ZGJZz;(U)'

By using (19) we find relations between a; j, and f3; as below:

Bo = a1,7 + aze + asps,

p1 = a14+azs — asge,

P2 = —a15+az4 +asq,

B3 = aie — az7 + aza, (20)
Bs =0,

B5 = —a12 — as5 + ag 7,

Be = a1,3 — ase — as7,

Br = —as3 — as7 + ase.

3.5. Existence of D = (C, A). Based on data in the previous section, we discuss the
existence of a pair (C,A) of condition (9) for each cases of initial conditions (12), (13),
and (14).

CASE (20, 70) WITH ||z0|? # 0. Assume for the moment that ||zo]|?> = ||20]|> = 1 and use
Lemma 1. Then the conditions A(v) = Jz, (v), C(Z1) =0, and (18) give

ap=a13=a14=a15=aie=ay7 =0, and

apg = Oa (
ase =1+ a3 —aq7,
a1 = —ag3+agr+ase =1,
as;7 = a4.6,
ag =a13+ase —as7 =0, " "
6,7 = —045,
ag3 = —ai2 + a5+ ag7 =0,
= (a3 = —azg, (21)
aq4 = ay7+aze +azs =0,
asy = —ag,
as =ay16 —az7 —agyg =0, a a
3,7 — 424,
ag = —a15 —az4 +az7 =0, " u
3,6 = (2,5,
\ I )
a7 = —aj4+ags —aze =0.

where a23, A2.4, 425, 42,6, @27, A4.5, A4.6, Q4,7 Are free parameters.
Analogously to the above case one can obtain systems similar to (21) for any of the fol-
lowing initial conditions:

Z@v, Zedv, Z1® Iz ), Ze®Jz0), (Z1+Zy) @v, (Z1+2Zs) © Jz,(v).  (22)

CASE (z0,x0) WITH ||zg]| = 0 OR ||z0]| = 0. The cases Z1 & (v+Jz,(v)), Z4® (v+Jz,(v)),
and (Z1 4+ Z4) @ (v+ Jz,(v)) are treated by a similar way, requiring more careful calculation.
We consider only the (Z; + Z4) & (v + Jz,(v)) in some details.
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Conditions (9) are equivalent to
A(v + Jz,(v) = Jz42,(v + Jz,(v))

7
=Jz,(v) + Jz,2,(v) + Jz,(v) + v ="yv+ Z Yidz, (v).
i=1

Noticing that Jz, (v) + Jz,2,(v) + Jz,(v) + v = Jz,(v) — Jz,(v) + Jz,(v) + v, we obtain
the system

Yo = oo+ Bo=ai7+aze+azs =1,

1 =a1+ 1= (—az3+ase —aze+azs) + (14 +asr) =1,
Y2 =2+ P2 = (ar3 — a5 +azr —asy7) + (as6 +az4) =0,
Y3=0a3+ 3= (—ai2+as7+ a6 — az7)+ (as5+aga) =0,
Ya=oy+ By =a17+aze+azs =1,

5 = a5+ PBs = (—a12 + a7 +aie — azyr) — (45 +azq) =0,
Y6 = ap + B = (1,3 — a15 +az7 —as7) — (as6 + aza) =0,
(17 =07+ Br = (—az3+ase —ase + azs) — (a4 +asy) = —1.

(23)

The condition C(Z; + Z4) = 0 leads to
a14=0, ar2+ass =0, ar3+a3s=0, ar5—as5=0, ar6—as6=0, a7 —as7 =0,

From these expressions we obtain the solution

(

a1,4 = Oa
G46 = —024 = A1,6 = 41,2,
a45 = —a3 4 = a1 5 = a1 3,

agr =ay7 =1,

G56 = G2,3 — A25 + a3 6,
azs = —aze,

ag7 = g7,

as;7 = as,

\

with eight free parameters a; 2, a13, a23, ass, aze, a27, ase, a3,7.

This finishes the proof of Theorem 4. We emphasize that this proof is constructive and it
is easy to find a 1-parameter group (and even a multi-parameter family of such groups) whose
orbit is an arbitrarily chosen geodesic.

4. Riemannian H-type Nilmanifold N7 = N7¢(0min)

Here we consider another example of 15-dimensional manifold, related to Clifford algebra.
It is the Riemannian H-type Lie group with 7-dimensional centre and 8-dimensional
irreducible Clifford module. The metric on the centre and on the module is positive definite.
It is known from the work of [13] that this Riemannian nilmanifold N7 o(0min) is geodesic
orbit. We give a proof which is similar to the proof in Section 3, but significantly simpler
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since all the vectors has positive square lengths. It also shows more complicated structure
of pseudo-Riemannian nilmanifold, compared to Riemannian once.

Theorem 5. The Riemannian H-type nilmanifold N7 (bmin) is geodesic orbit. Each geo-
desic is realized as an orbit of a one-parameter subgroup which initial conditions form an eight
dimensional affine space.

<1 The Clifford algebra C1(R"?) has two non-equivalent irreducible 8-dimensional modules

b;;in and v_. . The corresponding 15-dimensional H-type Lie algebras N7,0(b;;in) and
Nro(v_.) are isomorphic and isometric, see |25, Section 3.1.2]. The left invariant metric

is generated by the positive definite scalar product (-,-)70 + (-,-)s0 on the Lie algebra
n7o = R0 @ R8O, We write (20,20) € 3D Opin = R70 @ R3O for an initial condition for
a geodesic. As was shown in Section 3, without loss of generality we can assume that zg = Z1,
where

{Z1,.... 2z}, NZillgro = = Z7|lfro = 1,

is an orthonormal basis for R™? and zg = v € by, is a vector satisfying (7) and |Jv[|2s, = 1.
We will also use basis (8).

Then, a geodesic determined by the initial condition (zg,xo) = (Z1,v) is homogeneous, if
there is a pair D = (C, A), such that

AWw) = Jz (v), C(Z1)=0, [A Juy]=Jow) forall we R, (24)

We write A = >, a;xJz,Jz,. By checking the condition [A, J,] = Jog for w = Zj,
k=1,...,7, we come to the conclusion that

0 —a1p —a13 —ays —ars —aig —aiy
ai,2 0 —a23 —a24 —a25 —aG26 —a27
ar3  a23 0 —ags —azs —aze —asy
C=2x a4 az 4 as.4 0 —Q45 —Q46 —Q47 |- (25)
ais a5  a3s5 Q45 0 —ase —as7
aie G26 (36 446 456, 0 —ag7
ai7 a7 az7 Q47 A5y Ag7T 0

Note that condition (7) for N7 (dmin) implies

Jz, (U) = —Jz,Jz, (v) - _JZ4JZ7(U) = —Jz;Jz (U)’
JZ2(U) = J21JZ3(U) = JZ4JZ6(U) = _J25JZ7(U)7
Jzy (U) = —Jz,Jz, (v) = Jz,Jz5 (U) = JZsJZ7(U)’
JZ4(U) = J21JZ7(U) = _J22JZ6(U) = _J23JZ5(U)7 (26)
Jzs (U) = Sz, J 7, (v) Jz5J2, (U) = Jz,Jzs (U)’
JZG(U) = _lejzs(u) = JZ2JZ4(U) = _J23JZ7(U)7
JZ7(U) = —Jz,Jz, (v) = —Jz,Jz (U) = Jz5J 7 (U)

Now we write the value A(v) in the basis (8). Put A(v) = Y. aixJz,Jz, (v) = agv +
23:1 a;Jz;(v) and solve the equation A(v) = Jz, (v). We obtain the values of ay in terms
of a; .
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ag =0,

a1 = —a23 — 47 — 56, = 1,
ag =a13+ase —as7 =0,
a3 = —a12+a45+ag7 = 0, (27)
oy =ay7—aze—azs =0,

as =a1p+az7+aze =0,

ag = —a15 +azq —az7 =0,

|7 = —a14 —azs +aze = 0.
The condition C(Z;) = 0 implies
alp =a13=ayj4=a15=aye = a7 = 0.
The system (27) has the following solution:

a3, G4, G255, 2.6, 2,7, G45, G446, a47 are free variables and

(a3,4 = —a27,
azs = —az6,
age = a5,
az 7 = a2 4,

ase = 1+ ag3 —aq7,

as7 = 4.6,

46,7 = —a4,5-
This finishes the proof of Theorem 5. >

The given examples of geodesic orbit pseudo-Riemannian metrics are obtained using
important structural results for the corresponding pseudo H-type Lie algebras. We dare to
suggest that similar ideas will be useful in constructing other examples of geodesic orbit
pseudo-Riemannian manifolds.

References

1. Kowalski, O. and Vanhecke, L. Riemannian Manifolds with Homogeneous Geodesics, Bollettino
dell’Unione Matematica Italiana. B (7), 1991, vol. 5, no. 1, pp. 189-246.

2. Arvanitoyeorgos, A. Homogeneous Manifolds Whose Geodesics are Orbits. Recent Results and
Some Open Problems, Irish Mathematical Society Bulletin, 2017, vol. 79, pp. 5-29. DOI: 10.33232/
BIMS.0079.5.29.

3. Berestovskii, V. N. and Nikonorov, Yu. G. Riemannian Manifolds and Homogeneous Geodesics, Springer
Monographs in Mathematics, Cham, Springer, 2020.

4. Nikolayevsky, Y. and Ziller, W. Non-Singular Geodesic Orbit Nilmanifolds, Annali di Matematica Pura
ed Applicata, 2026. DOI: 10.1007/s10231-026-01661-9.

5. Nikonorov, Yu. G. On the Structure of Geodesic Orbit Riemannian Spaces, Annals of Global Analysis
and Geometry, 2017, vol. 52, pp. 289-311. DOI: 10.1007/s10455-017-9558-0.

6. Nikonorov, Yu. G. On Geodesic Orbit Nilmanifolds, Journal of Geometry and Physics, 2024, vol. 203,
article ID 105257, 12 p.

7. del Barco, V. Homogeneous Geodesics in Pseudo-Riemannian Nilmanifolds, Advances in Geometry,
2016, vol. 16, no. 2, pp. 175-187.

8. Chen, Z., Nikolayevsky, Y., Wolf, J. A. and Zhang, S. Pseudo-Riemannian Geodesic Orbit Nilmanifolds
of Signature (n — 2,2), The Journal of Geometric Analysis, 2024, vol. 34, no. 5, article no. 132, 21 p.
DOI: 10.1007/s12220-024-01579-9.

9. Chen, Z., Wolf, J. A. and Zhang, S. On the Geodesic Orbit Property for Lorentz Manifolds, The Journal
of Geometric Analysis, 2022, vol. 32, no. 3, article no. 81, 14 p. DOI: 10.1007/s12220-021-00744-8.



120

Markina, I. G., Nikonorov, Yu. G. and Furutani, K.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Dusek, Z. and Kowalski, O. Light-like Homogeneous Geodesics and the Geodesic Lemma for
Any Signature, Publicationes Mathematicae Debrecen, 2007, vol. 71, no. 1-2, pp. 245-252. DOI:
10.5486,/PMD.2007.3800.

Nikolayevsky, Y. and Wolf, J. A. The Structure of Geodesic Orbit Lorentz Nilmanifolds, The Journal
of Geometric Analysis, 2023, vol. 33, no. 3, article no. 82, 12 p. DOI: 10.1007/s12220-022-01134-4.
Kaplan, A. On the Geometry of Groups of Heisenberg Type, Bulletin of the London Mathematical
Society, 1983, vol. 15, pp. 35-42. DOI: 10.1112/blms/15.1.35.

Riehm, C. Explicit Spin Representations and Lie Algebras of Heisenberg Type, Journal of the London
Mathematical Society, 1984, vol. 29, no. 1, pp. 49-62. DOI: 10.1112/jlms/s2-29.1.49.

Furutani, K., Markina, I. and Nikonorov, Y. Geodesic Orbit Pseudo-Riemannian H-Type Nilmanifolds:
Case of Minimal Admissible Clifford Modules, Preprint, 2025, arXiv: 2507.00470.

Lee, J. M. Introduction to Riemannian Manifolds, 2nd edition, Graduate Texts in Mathematics, vol. 176,
Cham, Springer, 2018.

Cordero, L. A. and Parker, P. E. Isometry Groups of Pseudoriemannian 2-Step Nilpotent Lie Groups,
Houston Journal of Mathematics, 2009, vol. 35, no. 1, pp. 49-72.

Gordon, C. Homogeneous Riemannian Manifolds Whose Geodesics are Orbits, Topics in Geometry:
Honoring the Memory of Joseph D’Atri, Progress in Nonlinear Differential Equations, vol. 20,
Birkhé&user, 1996, pp. 155-174.

Ovando, G. P. Naturally Reductive Pseudo-Riemannian 2-Step Nilpotent Lie Groups, Houston Journal
of Mathematics, 2013, vol. 39, no. 1, pp. 147-167.

Kaplan, A. Fundamental Solutions for a Class of Hypoelliptic PDE Generated by Composition of
Quadratic Forms, Transactions of the American Mathematical Society, 1980, vol. 258, no. 1, pp. 147-153.
DOI: 10.1090/S0002-9947-1980-0554324-X.

Ciatti, P. Scalar Products on Clifford Modules and Pseudo-H-Type Lie Algebras, Annali di Matematica
Pura ed Applicata, IV Ser., 2000, vol. 178, pp. 1-31. DOI: 10.1007/BF02505885.

Godoy Molina, M., Korolko, A. and Markina, I. Sub-Semi-Riemannian Geometry of General H-Type
Groups, Bulletin des Sciences Mathématiques, 2013, vol. 137, no. 6, pp. 805-833. DOIL: 10.1016/
j-bulsci.2013.05.005.

Kaplan, A. Riemannian Nilmanifolds Attached to Clifford Modules, Geometriae Dedicata, 1981, vol. 11,
pp. 127-136. DOI: 10.1007/BF00147615.

Furutani, K. and Markina, I. Automorphism Groups of Pseudo H-Type Algebras, Journal of Algebra,
2021, vol. 568, no. 3, pp. 91-138. DOI: 10.1016/j.jalgebra.2020.09.038.

Furutani, K. and Markina, I. Complete Classification of Pseudo H-type Lie Algebras. I, Geometriae
Dedicata, 2017, vol. 190, pp. 23-51. DOI: 10.1007/s10711-017-0225-1.

Berndt, J., Tricerri, F. and Vanhecke, L. Generalized Heisenberg Groups and Damek—Ricci Harmonic
Spaces, Lecture Notes in Mathematics, vol. 1598, Berlin, Springer, 1995.

Received November 8, 2025

IRINA G. MARKINA

Department of Mathematics, University of Bergen,
P.O. Box 7803, N-5020 Bergen, 41 Allégaten, Norway,
Professor

E-mail: irina.markina@uib.no

https: //orcid.org/0000-0003-2686-6657

Yuril G. NIKONOROV

Southern Mathematical Institute of VSC RAS,
53 Vatutina St., Vladikavkaz 362025, Russia,
Principal Investigator

E-mail: nikonorov2006@mail.ru

https: //orcid.org/0000-0002-9671-2314

KENRO FURUTANI

Osaka Central Advanced Mathematical Institute,
Osaka Metropolitan University,

Sugimoto, Sumiyoshi-ku, Osaka 558-8585, Japan,
Professor

E-mail: kf460890gmail . com

https: //orcid.org/0000-0002-9972-7693



On Examples of Geodesic Orbit Pseudo-Riemannian Manifolds 121

BiamkaBka3cKuit MATEMATHIECKHE XKV PHAJT
2026, Tom 28, Bemyck 1, C. 108-121

O ITPUMEPAX TICEBJIOPMMAHOBBIX 'EOJIESUYECKU
OPBUTAJIbHBIX MHOT'OOBPA3UI1

Mapxuna 1. I.', Hukonopos FO. I'.2, ®ypyranu K.

! Vuusepcurer Beprena, Hopserus, 5020, Bepren, Aseraren, 41;
2 FOskubiit MaTemaruyeckuii nucruryT — uman BHI] PAH,
Poccus, 362025, Binagukaskaz, yi. BaryTuna, 53;

3 Crommansiit yausepcurer Ocax,

Ocakckuil eHTPaJIbHBI HHCTUTYT yIiIyOJI€eHHOW MAaTeMaTHKH,
Anonwus, 558-8585, Ocaka, Cyrumoro, CyMuomm-Ky

E-mail: irina.markina@uib.no, nikonorov2006@mail .ru, kf46089@gmail . com

Ansoraums. IlcepnopumanoBo MHOroo6pasue (M, g) Ha3bIBAETCS IEOJE3MYECKH OPOUTAJIBHBIM MHOIO-
obpasmem, ecau Jji0basi reome3mdeckas Y MHOroobpasuss M sBasercs opburToit 1-mapaMeTpuYecKoil mo-
IPYIIBI MOJHON Tpynmbl usomerpuii (M, g). DTOT TepMUH B CiIy¥dae PUMAHOBBIX MHOroobpasmii GbL1 BBe-
gen B 1991 1. O. Kosanbckum u JI. Banxekke, IMOJIOKUBIIMMYU HAYAJI0 CUCTEMATHYECKOMY H3YYEHUIO IIPO-
crpaucts (M = G/H,g), tne G — rpymna nsomerpuii, a H — noarpynmna m3orpormu. Cresyer OTMETUTD,
YTO CUMMETPUYHBIE IPOCTPAHCTBA, C1ab60 CUMMETPUIHbBIE IPOCTPAHCTBA, €CTECTBEHHO PE/IyKTUBHBIE OJIHOPOJI-
HbIE IIPOCTPAHCTBA, HOPMAJIbHBIE OJHOPOJHbIE IIPOCTPAHCTBA, OGOOIIEHHbIE HOPMAJIBHBIE OJHOPOIHBIE ITPO-
cTpaHcTBa (M HE TOJBKO OHU) SBJIAIOTCH MOAKJIACCAMH KJIACCA TEOJIE3NIECKNA OPOMTAILHBIX NCEBIOPUMAHO-
BBIX IPOCTPAHCTB. B JIaHHO# CTaThbe MPUBOMATCS IPUMEPHI IICEBJOPUMAHOBLIX I'EOE3UYECKU OPOUTAJIBHBIX
MHOroo6pasuii. TAKOBBIMU IIPUMEpPAMU SIBJISIIOTCS ClleIUaJibHble 15-MepHble rpynnsl JIu ncespo H-tuma, T. €.
2-CTyIEeHHO HUJILIIOTEHTHBIE IPYIIIbLI JIu reii3en6eproBekoro Tuia, cHabKEeHHbIE JIEBONHBAPUAHTHO [1CEBIOPH-
MaHOBOI MeTpHuKOi. /[Jisi mocTpoeHnsi COOTBETCTBYIONUX MTPUMEPOB UCIIOJIB30BAHBI PE3YJILTATHI O CTPYKTYPE
paccMaTpUBaeMbIX Pyl JIu.
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