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Abstract. A planar integral point set (PIPS) is a finite set of non-collinear points in the Euclidean plane
such that the Euclidean distance between any pair of points is an integer. These sets are characterized
by their cardinality (the finite number of points), diameter (the maximum pairwise distance), and
characteristic (the smallest positive integer ¢ such that all triangular areas are commensurable with |/g).
The characteristic remains invariant under translations, dilations, reflections, and even the addition or
removal of points. Existing classifications include sets in semi-general position (no three points collinear)
and general position (no three collinear and no four concyclic). Circular sets and facher sets (all but one
point on a line) are prominent examples, but finding sets of general position is difficult problem. For
instance, the largest known set has seven points, and no eight-point example is currently known. This
work introduces new examples to advance the classification, including rails sets (points on two parallel
lines) and sets with multiple symmetries. We also present sets with many shared points that cannot be
merged. These constructions highlight the potential of sequential extensions and limitations of merging
sets, offering insights into the structure and properties of planar integral point sets.
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1. Introduction

DEFINITION 1. A planar integral point set (PIPS) is a set & of non-collinear points in

the plane R? such that for any pair of points P;, P, € & the Euclidean distance |P;P;|
between points P; and P» is an integer.

How do we describe a planar integral point set? For example, by the number of points in

it, which is always finite [1, 2| and is said to be the cardinality of the PIPS. Furthermore, we
can naturally define the diameter of a finite point set.
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DEFINITION 2. The diameter of a planar integral point set & is defined as diam(Z?) =
maxp) pe ’P1P2‘

DEFINITION 3 3, 4]. The characteristic of a planar integral point set & is the least positive
integer p such that the area of any triangle with vertices P, Py, P3 € &2 is commensurable
with /p.

The characteristic of a PIPS does not change if the set is moved, dilated or flipped;
moreover, even addition or deletion of a point does not change the characteristic of a PIPS.

While the minimal possible diameter for planar integral point sets of a given cardinality
was being computed, it was noticed [5] that such a diameter is attained at sets with many
points on a straight line; for some estimations on this tendency, we also refer the reader to [6].
(For the recently established connection between the characteristic and the minimal possible
diameter, see |7].) Thus, the following classification was introduced.

DEFINITION 4. A PIPS &7 is said to be in semi-general position if no three points of &
are located in a straight line.

The most dominating examples of PIPSs in semi-general position are circular sets.

DEFINITION 5. A planar integral point set that is situated on a circle is said to be a circular
point set.

So, the following constraint appeared.

DEFINITION 6. A planar integral point set & is said to be in general position if no three
points of &2 are located on a straight line and no four points of &2 are located on a circle.

Planar integral point sets in general position are very difficult to find; the first known
examples of such sets with cardinality 7 were presented in [8]. Currently, there is no known
example of a PIPS of cardinality 8 in general position.

The main purpose of this work is to demonstrate examples of planar integral point sets
that may provide clues for the development of further classification.

It is rather common for points of a PIPS to have non-integer coordinates; for convenience,
in such cases we use the notation [9-11]: \/p/q * {(z1;91);...;(Zn:Yn)}, which means that
each abscissa is multiplied by 1/¢ and each ordinate is multiplied by \/p/q, i.e.,

Volax {(@s )i (@nsyn) } = {<E M) P <x—"; M)} (1)

q q q q

Here p is the characteristic of the PIPS; any PIPS can be written in this form [11, Theorem 4].

Note that all examples that are discussed below are located on a union of at most three
straight lines. For a classification of PIPSs located on the union of two straight lines, see [12].

There are some examples of PIPSs that are not contained in the union of any three straight
lines: for example, these include the heptagons presented in [8] and 7-clusters from [13].
However, we have to keep in mind that circular inversion under certain conditions translates
a planar integral point set into a planar integral point set (although sometimes additional
dilation is necessary). On the other hand, circular inversion may translate a straight line into
a circle and vice versa. Thus, we can consider the concept of generalized circles, which are
circles or straight lines; obviously, from that point of view all the examples from [8] and [13]
are located on a union of three generalized circles, because any seven points are located on
a union of a circle and two straight lines.
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2. Rails Sets

DEFINITION 7. A planar integral point set of n points with n — 1 points on a straight line
is called a facher set.

Facher sets are predominant examples of planar integral point sets [14]. In [15], facher sets
of characteristic 1 are called semi-crabs.

DEFINITION 8 [12]. A non-facher planar integral point set situated on two parallel straight
lines is called a rails set.

Among rails sets, sets with 2 points on one line and all the others on another line dominate.

The two PIPSs below have been obtained by dilating [12, Fig. 34| by 23 and 29 respectively;
the third one has been constructed by dilation and merging.
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Fig. 1. A PIPS of cardinality 42 and diameter 2473117504.
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Fig. 2. A PIPS of cardinality 46 and diameter 3118278592.
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Fig. 3. A PIPS of cardinality 48 and diameter 71720407616.

e Fig. 1:

Pus = V1541 x { (£219513840; —15069600); (£345596160; 0); (+:260201760; 0);
(£225792840; 0); (£213234840; 0); (+153961080; 0); (+144668160; 0); (£25116000; 0);
(£694026840; 0); (£514710560; 0); (+359116940; 0); (£13423904; 0); (+75682880; 0);
(+£464143680; 0); (£827069880; 0); (+92144325; 0); (+£1195180740; 0); (+1236558752; 0);
(+44590560; 0); (+339925740; 0); (+117312468;0) }.

e Fig. 2:

P = V154/1 % {(£276778320; —19000800); (+£435751680; 0); (+:328080480; 0);
(£268861320; 0); (£194124840; 0); (+182407680; 0); (£1559139296; 0); (+284695320; 0);
(£1506967020; 0); (£1042827240; 0); (£875077320; 0); (+648982880; 0); (£585224640; 0):
(£452799620; 0); (£95426240; 0); (£16925792; 0); (£116181975; 0); (£428602020; 0);
(56222880; 0); (£769560480; 0); (+626458560; 0); (+31668000; 0); (£130761918;0) }.
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o Fig. 3:

Pug = V154/1 % {(£6365901360; —437018400); (£10022288640; 0);
(£23985026520; 0); (£389293216; 0); (+£6183810360; 0); (+4464871320; 0);
(£4195376640; 0); (£728364000; 0); (+£35860203808; 0); (+34660241460; 0);
(£7545851040; 0); (£20126778360; 0); (£14926606240; 0); (+13460166720; 0);

(£10414391260; 0
(£1293126240; 0);

points, respectively, of S are on the line or on the circle.

); (£2194803520; 0); (£2672185425; 0); (+9857846460; 0);
(£17699891040; 0); (£14408546880; 0); (£3007524114; 0);
(£6547992360; 0); (£3402061572; 0)} .

Taking these examples into consideration, we can conjecture that there is an infinite point

set with rational distances that contains 22,3. However, it is known [16] that if a point set S
with rational distances has infinitely many points on a line or on a circle, then all but 4 and 3

3. Example of Sets with Many Common Points That Cannot Be Merged

points but cannot be combined into another PIPS.
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Fig. 4 shows an example of three PIPSs of cardinality 8, each pair of which shares 6 or 7
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c)

Fig. 4. PIPSs with cardinality 8 and diameter 2520 with many common points.

o P =/143/2 x {(£1620;0);
o P =/143/2 % {(£1620;0);
o P =/143/2 % {(£1620;0);

24/320401. Notably, 320401 is a prime.

(£1920; 300); (£735; 75); (£340;0)};
(£1920; 300); (£735; 75); (£1767; 147)};
(£1920; 300); (£735; 75); (—340; 0); (1767; 147)}.

The distance between the non-adoptable points is \/(L267 — 3;;0)2 + (%7)2 - 143

4. Integral Point Sets with Two Axes of Symmetry

and looking for points on the z-axis.

Py = {(0;0); (£1445; 0); (+£1085; 0); (—455; £528); (455; £528) },

The set 19 shown in Fig. 6 was obtained from the set &y shown in Fig. 5 by dilation

(2)
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Fig. 5. A PIPS of cardinality 9 and diameter 2890.
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Fig. 6. A PIPS of cardinality 19 and diameter 20663808074.

P9 = {(0; 0); (—987843675; +£1146332880); (987843675; +1146332880);
(£729918777;0); (£972103809; 0); (£1113030324;0); (£1400170149;0);
(£3137217825;0); (£2355627225; 0); (£10331904037; 0)}

5. Arrow-Like Planar Integral Point Sets with One Axis of Symmetry
In Fig. 7, the following PIPS is shown:

P = {(—2847; +72072); (47073; £124488); (47073;0); (£98943; 0);
(—694668;0); (15457;0); (—71487;0); (—50367;0); (—14943;0);
(23582;0); (63073;0); (125307; 0); (172207; 0); (329628; 0) } .
Note that the axis of symmetry for &7 is the x axis; all such sets are of characteristic 1.
Moreover, note that the set contains three points with the same first coordinates.
In Fig. 8 and 9, other examples of arrow-like PIPSs are shown. The one in Fig. 9 is obtained
from the one in Fig. 8 by dilation and looking for points on the z-axis.
Fig. 8:
Py = {(0; 0); (0; £252); (960; +£468); (—1120; 0); (—405;0); (336;0); (561; 0); (1311; 0)}
Fig. 9:
P15 = {(0; 0); (0; £1413720); (5385600; £2625480);
(—6283200; 0); (—2272050; 0); (—1971915;0); (—635040; 0); (1884960; 0);
(31472105 0); (45581765 0); (5976333; 0); (7354710; 0); (12920544; 0)}
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Fig. 7. A PIPS of cardinality 17 and diameter 1024296.
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Fig. 8. A PIPS of cardinality 10 and diameter 2431.
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Fig. 9. A PIPS of cardinality 15 and diameter 19203744.

6. Other Examples

Fig. 10 displays a PIPS with no axis of symmetry; although the set is of characteristic 1, it
cannot be extended by the reflection in the z-axis. Moreover, we failed to extend it by dilation
and looking for extra points on the z-axis.

Py =V1/13 % {(0;0); (8450; 0); (12844; 0); (21294; 0); (29575; 0);

(—2366; —8112); (10647; —14196); (15022; —3696) } .
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Fig. 10. A PIPS of cardinality 8 and diameter 2535.
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Fig. 11. A PIPS of cardinality 8 and diameter 2400.

The set shown in Fig. 11 has an axis of symmetry, but it is the y-axis, not the xz-axis. Due
to the fact that its characteristic is not 1, the set cannot be rotated by 90° but still be on the
lattice (1):

Py, = V42/1 % {(£1200;0); (£529; 182); (£814; 152); (£440;80) }.

7. Final Remarks

All given planar integral point sets were obtained through a combination of computer
search and the authors’ intuition.

The source code can be obtained at https://gitlab.com/Nickkolok/ips-algo.
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Professor Semen Samsonovich Kutateladze, who played a pivotal role in my scientific career. He
recommended the journal for my first significant scholarly article [17] and facilitated its submission,
marking the start of a pioneering series of works on this topic at our university. This contribution is
dedicated to his memory.
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Awnnoranus. [liockoe neoy1ajieHHOe MHOYXKECTBO €CTh KOHEYHOE MHOXKECTBO TOYEK HA €BKJIUIOBOH I110C-
KOCTH, HE COJIEpKAIIleecss HU HA KaKO IMPSIMOIi, TAKOe, YTO €BKJIMJIOBO PACCTOSTHUE MEXK Ty JIF0OO0H mapoii Touek
SIBJISIETCS TIEJIBIM IUCJIOM. DTH MHOXKECTBA XaPAKTEPU3YIOTCSA CBOEH MONIHOCTBHIO (KOHEYHBIM YHCJIOM TOYEK ),
nuamerpoM (MaKCHUMAJIBHBIM TIOIIAPHBIM PACCTOSHUEM) M XaPAKTEPUCTUKON (HAMMEHBIINM IIOJIOKHUTETHHBIM
[EJIBIM YHCJIOM ¢ TAKHUM, 9TO ILJIOIIAINA BCEX TPEYTOJBHUKOB, 0Opa30BaAHHBIX TOYKAMHU MHOYXKECTBA, CON3MEPUMBI
¢ +/q). XapaKTepuCTHKa HHBAPHAHTHA OTHOCHTEIBHO CABUIA, DACTSKEHNsA, OTPAXKEHNs, 8 TAKXKE [00aBICHIU
i ypanenus todek. CymmecTsyonme KaacCuduKaIyy BKIIOYAIOT MHOKECTBA B TIOJLyOOIIEM MTOJIOXKEHn (HU-
KaKue TPH TOYKH He JIesKaT Ha OJHON NpsiMOi) M B 00IIeM HOJIOXKeHUM (HUKaKue TPU TOYKU He JieXkaT Ha
OJIHO¥ TIPAMON M HUKAKWE YeThIPE He JIeXKAT HA ONHOH okpyzkHOCTH). Knaccuueckumu npumepamu siBIsiOTCS
KPYTOBBIE MHOYKECTBA W BEEPHBIE MHOXKECTBA (BCE TOUKH, KPOME OJIHOH, JIEXKAT HA OJHOMH npsamoit). OxHako
HaXOXKJIEHUE MHOYKECTB OOIIEro MOJIOXKEHUS IPEICTaBIIsSIeT 3HAYUTEIbHbIE TPy aHOCTH. Hanpumep, HanboJibInee
U3BECTHOE MHOXKECTBO MMeEeT CeMb TOYEK, W IIOKa He HaiJIeHO MHOXKEeCTBO U3 BOCBMHU TOYEK ODIIErO IOJIOXKe-
Husi. B pannoit pabore mpejicTaBieHbl HOBbIE IPUMEPDI JIJIsi PA3BUTHS KJIACCU(DUKAIINN, BKJIIOUAsA PEIHLCOBBIE
MHOXKeCTBa (TOYKH Ha JBYX LAapaJlJIeJbHBIX IIPSIMBIX), MHOXKECTBA C HECKOJIBKMMHU CHMMETDUSIMH M CTDPEJIO-
BUAHBbIE KOHMUTrypanuu. Mbl Takyke pacCMaTPUBAEM MHOYKECTBA € OOIBITNM KOJUIECTBOM OOIIMX TOYEK, KO-
TOpBIE HEJIb3sl O0BEIUHUTh. DTU KOHCTPYKIUHU [TOI9€PKUBAIOT TIOTEHIIUAJ [TOCJIE0BATEIbHBIX PACTAXKEHUN 1
orpaHuYeHust Ha OObeIUHEHNE MHOYXKECTB, JEMOHCTPUPYsI HOBBIE OCOOEHHOCTH CTPYKTYPhI U CBOWCTB ILJIOCKUX
LIEJI0Y/IaJIeHHBIX MHOYKECTB.

KiroueBble ciioBa: Ie/I0Y/IaJIEHHOE MHOXKECTBO, KJIACCU(MUKAINS [VIOCKUX I1€JIOYAAJEHHBIX MHOXKECTB,
JIMCKPETHAs TeOMeTPUsl, KOMOMHATOPHAST T€OMETPHUSI.
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