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Abstract. We investigate conditions which provide equi-continuity of bounded on order intervals families
of semi-norms. This investigation develops further recent results on uniform boundedness of bounded on
order intervals families of linear operators from an ordered Banach space with a closed generating cone
to a normed space. More precisely, we prove that a family of semi-norms on an ordered Banach space
with a closed generating cone is equi-continuous if it is equi-bounded on order intervals. In particular,
every semi-norm on an ordered Banach space with a closed generating cone is continuous, whenever
it is bounded on order intervals. It leads to straightforward proofs of above-mentioned recent results on
automatic continuity of certain linear operators and on uniform boundedness of some families of linear
operators. Furthermore, we prove that every order-to-topology bounded set of linear operators from an
ordered Banach space with a closed generating cone to a locally convex space is equi-continuous.
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1. Introduction

It is well known that order bounded operators from a Banach lattice to a normed lattice are
continuous (cf., [1, Theorem 1.31]). The norm completeness of domain is essential (for example,
the operator of summation of coordinates in the vector lattice c00 of all eventually zero real
sequences equipped with an arbitrary lattice norm, is bounded on every order interval but is
not continuous). In general, it is a difficult task to establish continuity of operators of certain
classes (see, e.g., [2–4]). Thus, finding of new equivalent conditions for continuity of operators
is of considerable interest.

# The work of the second author was carried out in the framework of the State Task to the Sobolev
Institute of Mathematics (Project FWNF-2026-0022).
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It was proved in [5, Theorem 2.1] that collectively order-to-norm bounded sets of operators
from a Banach lattice to a normed lattice are equi-continuous. Later, this was extended
in [6, Theorem 2.1] to the case of ordered Banach space with a closed generating cone.
In the present note, we generalize the above results by proving Theorem 1 which establishes
that every equi-bounded on each order interval family of semi-norms on an ordered Banach
space with a closed generating cone is equi-continuous. In the end of this note, we also include
Theorem 4 extending Theorem 1 further, to families of semi-norms on a completely metrizable
ordered vector space with a closed generating positive cone.

We abbreviate a normed (topological, ordered, ordered normed, ordered Banach) vector
space by NS (TVS, OVS, ONS, OBS respectively). Throughout the paper, vector spaces are
real, operators are linear, L (X,Y ) stands for the space of operators from a vector space X

to a vector space Y , BX(a, r) = {x ∈ X : d(x, a) 6 r} for the closed ball centered at a ∈ X

of radius r > 0 in a metric space (X, d), and BX for the closed unit ball of an NS X.
Let X be an OVS. If Y is an NS, an operator T ∈ L (X,Y ) is order-to-norm bounded

whenever T [a, b] is bounded for each order interval [a, b] of X. More generally, if Y is a TVS,
a family T ⊆ L (X,Y ) is order-to-topology bounded whenever the set T [a, b] =

⋃

T∈T
T [a, b]

is topologically bounded for every [a, b] ⊆ X.
Recall that a family F of mapping from a metric space (X, d) to a TVS (Y, τ) is equi-

continuous on a subset B of X if: for every U ∈ τ(0), there exists ǫ > 0, such that for all f ∈ F

and all x, y ∈ B, we have f(x) ∈ f(y) + U whenever d(x, y) 6 ǫ. We say that a family S of
semi-norms on a vector space X is equi-bounded on a subset A of X, if SA :=

⋃

s∈S
s(A)

is bounded in R. Clearly, a family S of semi-norms on an NS X is equi-continuous, iff it is
equi-bounded on BX . We denote the set of equi-bounded on each order interval of an OVS X

semi-norms by Seboi(X).
For further unexplained terminology and notations, we refer to [1, 7, 8].

2. Main Results

Recall that a positive cone X+ of an OVS X is generating whenever X+ −X+ = X. The
Krein–Smulian theorem [8, Theorem 2.37] tells that, in an OBS X with a closed generating
cone, BX ∩ X+ − BX ∩ X+ is a neighborhood of zero. We extend [5, Theorem 2.1] and
[6, Theorem 2.1] to the semi-norm setting as follows.

Theorem 1. If X is an OBS with a closed generating cone then a family S of semi-norms

on X is equi-continuous whenever S is equi-bounded on each order interval.

⊳ Assume the opposite: some S ∈ Seboi(X) is not equi-continuous. By the Krein–Smulian
theorem, αBX ⊆ BX ∩X+−BX ∩X+ for some α > 0, and hence S is not equi-continuous on
BX ∩X+. So, there exist sequences (xn) in BX ∩X+ and (sn) in S , such that sn(xn) > n3 for
all n. Set the norm limit x := ‖ · ‖-

∑

∞

n=1 n
−2xn. As X+ is closed, x ∈ X+ and n−2xn ∈ [0, x]

for each n. Since S ∈ Seboi(X), we have S [0, x] ⊆ [0, N ] for some N ∈ N. It follows
from n−2xn ∈ [0, x] that sn(n

−2xn) ∈ [0, N ] ⊆ [0, n] for large enough n. It is absurd, since
sn(n

−2xn) = n−2sn(xn) > n for all n. ⊲

An inspection of the proof of Theorem 1 shows: the requirement that X+ is generating
can be weakened to the requirement that BX ∩X+−BX ∩X+ is a neighborhood of zero (this
is to say, X+ gives an open decomposition in X). It is worth mention that the property of
open decomposition in topological OVSs was studied in a lot of papers of I. A. Polyrakis and
co-authors (see, for example, [9] and references therein).

Remark. Assuming in Theorem 1 the semi-norms consisting the family S to be con-
tinuous, one can avoid closedness of X+. Indeed, let us take x ∈ X. It follows from X+ −



On Equi-Continuity of Bounded on Order Intervals Families of Semi-Norms 37

X+ = X that x = x1 − x2 for some x1, x2 ∈ X+. As S ∈ Seboi(X), the set S [−x2, x1]
is bounded. Thus, S x is bounded, because x ∈ [−x2, x1]. Since x ∈ X is arbitrary, X =
⋃

∞

n=1

⋂

s∈S
s−1[0, n], where the sets

⋂

s∈S
s−1[0, n] are closed by continuity of semi-norms

in S . The Baire category theorem implies BX(a, r) ⊆
⋂

s∈S
s−1[0, n0] for some n0 ∈ N,

r > 0, and a ∈ X. As above, S a ⊆ [0,M ] for some M ∈ N. Since s(x) 6 s(x+ a) + s(a) for
all s ∈ S , we have sups∈S , x∈BX(0,r) s(x) 6 n0 +M , and hence S is equi-continuous.

Corollary 1. If X is an OBS with a closed generating cone, then every bounded on each

order interval semi-norm on X is continuous.

The assumption on X to be Banach space is essential in the above Corollary. Indeed,
let us consider a semi-norm s(x) =

∑

∞

k=1 |xk| on c00. Then s is equi-bounded on each order
interval of c00, yet not continuous. To see the condition X+ −X+ = X is essential, take any
infinite-dimensional Banach space X, any discontinuous semi-norm s on X, and set a trivial
cone X+ = {0} in X. Then s is bounded on each order interval of c00. The closedness of X+ is
also essential. To see this, take any infinite dimensional Banach space X, make it an OBS, and
set a semi-norm s(x) = ‖Tx‖, where the operator T : X → X is as in [6, Example 2.12 b)].

The key result of [6] turns a consequence of Theorem 1 as follows.

Theorem 2 [6, Theorem 2.1]. Let X be an OBS with a closed generating cone, Y be

an NS, and T be an order-to-norm bounded subset of L (X,Y ). Then T is bounded in the

operator norm.

⊳ For each T ∈ T define a semi-norm sT (x) = ‖Tx‖ on X. Since T is order-to-norm
bounded, ST = {sT : T ∈ T } ∈ Seboi(X). By Theorem 1, ST is equi-continuous. So, ST is
bounded on BX , and hence the set T is norm bounded. ⊲

Recall that a positive cone X+ of an ONS X is normal whenever order intervals of X are
bounded. It is worth noting that not every bounded operator in the conditions of Theorem 2
is bounded on order intervals. As an example, consider the identity operator IX on the OBS
X = C1[0, 1], and observe that X+ is closed and generating (but not normal).

Corollary 2 [10, Theorem 1]. Every order bounded operator from an OBS with a closed

generating cone to an ONS with a normal cone is continuous.

The next theorem should be compared with [11, Theorem 2.5].

Theorem 3. Let X be an OBS with a closed generating cone and (Y, τ) be a locally

convex space. Then every order-to-topology bounded subset of L (X,Y ) is equi-continuous.

⊳ Let T be an order-to-topology bounded subset of L (X,Y ). Take a base U of τ at
zero consisting of convex circled open sets and denote by fU the Minkowski functional of
U ∈ U . For every T ∈ T and U ∈ U , we define a semi-norm sUT on X by sUT (x) = |fU(Tx)|.
Since T is order-to-topology bounded, the set T [a, b] is τ -bounded in Y for each order
interval [a, b] ⊆ X. Therefore, S U

T
= {sUT : T ∈ T } ∈ Seboi(X) for each U ∈ U . Theorem 1

implies that the corresponding set of operators is bounded on BX for each U ∈ U , say
supT∈T ;x∈BX

|fU (Tx)| = supT∈T ;x∈BX
sUT (x) < NU ∈ N. It follows T

(

N−1
U BX

)

⊆ U for
every U ∈ U . Since U is a base of τ at zero, the set T is equi-continuous. ⊲

Corollary 3. Every order-to-topology bounded operator from an OBS with a closed ge-

nerating cone to a locally convex space is continuous.

We conclude the paper with the following extension of Theorem 1.

Theorem 4. Let (X, τ) be a completely metrizable OVS with a τ -closed generating po-

sitive cone. Then every family of semi-norms on X equi-bounded on each order interval is

equi-continuous.
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⊳ Suppose some S ∈ Seboi(X) is not equi-continuous. Since τ is completely metrizable,
there exist sequences (xn) in X and (sn) in S , such that xn

τ
→ 0 and sn(xn) > n2 for all n.

By [8, Lemma 2.30], there exist a subsequence (xnk
) and u ∈ X+, such that for each k we

have nkxnk
∈ [−u, u]. Since S ∈ Seboi(X), then S [−u, u] ⊆ [0, N ] for some N ∈ N. It follows

from nkxnk
∈ [−u, u] that snk

(nk
−1xnk

) ∈ [0, N ] ⊆ [0, k] for large enough k. It is absurd,
since snk

(nk
−1xnk

) > nk > k for all k. ⊲

Remark. Note that under the conditions of Theorem 4, the conclusion of the Krein–
Smulian theorem also holds [8, Corollary 2.11]. However, the proof of Theorem 1 does not
directly transfer to the current situation. On the other hand, if X+ has a nonempty interior,
the metrizability of τ and τ -closedness of X+ are not necessary in Theorem 4. Indeed, if u

is an interior point of X+ then [−u, u] is a neighborhood of zero [8, Lemma 2.5]. The rest is
obvious.

Corollary 4. If the cone of a completely metrizable OVS X is closed and generating,

then every family of linear functionals on X equi-bounded on each order interval of X is

equi-continuous.

⊳ Let F be an order-to-norm bounded subset of L (X,R). For each f ∈ F , define a
semi-norm sf (x) = |f(x)| on X. Since F is equi-bounded on each order interval of X, then
{sf}f∈F ∈ Seboi(X). Theorem 4 implies that {sf}f∈F is equi-continuous, and hence F is
equi-continuous. ⊲

In particular, we have the following extension of the result of G. Ya. Lozanovsky
(cf., [8, Theorem 2.34]).

Corollary 5. If the cone of a completely metrizable OVS X is closed and generating,

then every order bounded linear functional on X is continuous.
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Аннотация. Исследуются условия эквинепрерывности ограниченных на порядковых интервалах
семейств полунорм. Данное исследование развивает недавние результаты о равномерной ограниченно-
сти ограниченных на порядковых интервалах семейств линейных операторов, действующих из упоря-
доченного банахова пространства с замкнутым порождающим конусом в нормированное пространство.
Более точно, доказывается, что семейство полунорм на упорядоченном банаховом пространстве с за-
мкнутым порождающим конусом эквинепрерывно, если оно эквиограничено на порядковых интервалах.
В частности, полунорма на упорядоченном банаховом пространстве с замкнутым порождающим конусом
непрерывна, если она является ограниченной на порядковых интервалах. Это ведет к прямым доказа-
тельствам вышеупомянутых результатов об автоматической непрерывности ряда линейных операторов,
а также равномерной ограниченности некоторых семейств операторов. Например, доказывается, что
всякое топологически совместно ограниченное на порядковых интервалах семейство линейных опера-
торов, действующих из упорядоченного банахова пространства с замкнутым порождающим конусом в
локально выпуклое пространство, является эквинепрерывным.

Ключевые слова: упорядоченное банахово пространство, порядковый интервал, эквинепрерывное
семейство полунорм.
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