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A. K. Gutnova1, R. R. Deunezev1 and M. A. Pliev1,2,3

1 North-Ossetian State University,
44–46 Vatutin St., Vladikavkaz 362025, Russia;
2 Southern Mathematical Institute of VSC RAS,

53 Vatutin St., Vladikavkaz 362025, Russia;
3 North-Caucasus Center for Mathematical Research of VSC RAS,

1 Williams St., Mikhaylovskoye Village 363110, Russia

E-mail: gutnovaalina@gmail.com, resuandeunezev@gmail.com, plimarat@yandex.ru

Dedicated to E. M. Semenov with admiration

Abstract. In this paper we investigate narrow linear operators in the setting of Köthe–Bochner spaces of
vector-valued measurable functions. We prove that for an atomless finite measure space (A,Σ, µ), a Köthe
F -space E on (A,Σ, µ) with the absolutely continuous norm, a Banach space X and an F -space Y every
bounded linear operator T : E(X) → Y from a Köthe–Bochner space E(X) to Y is narrow, whenever the
density of the range space Y is strictly less than the density of E(B) for every B ∈ Σ with µ(B) > 0. Our
main result is based on methods and technique of the set-theoretic topology, the measure theory and the
theory of F -spaces. In this connection, we mention the work of Popov, Semenov and Vatsek [1], where
sufficient conditions on a rearrangement invariant space E were established for the orthogonal projection
onto the closed linear span of the Rademacher system to be a hereditarily narrow operator. Moreover, in [1]
the authors posed a number of open problems turned out to be important for the further development of
the theory of narrow operators.
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1. Introduction

Narrow operators on Banach function spaces (F -spaces) are often viewed as a generaliza-
tion of compact operators. These operators are small in some appropriate sense. The idea to
consider such operators has led to interesting problems which can be applied to Geometric
Functional Analysis.

Narrow operators first were introduced by Plichko and Popov [2]. But actually these
operators were studied by different mathematicians in some partial cases. For example,
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Ghoussoub and Rosenthal in [3] studied so called “norm-sign-preserving” operators from L1

to a Banach space X, that are exactly not narrow operators. Some deep results on
narrow operators were obtained by Johnson, Maurey, Schechtman and Tzafriri in [4]. Later
Maslyuchenko, Mykhaylyuk and Popov discovered that narrow operators have a pure lattice
nature [5]. The rearrangement invariant function spaces constitute the well studied subclass
of Banach lattices. In [1] Popov, Semenov and Vatsek established sufficient conditions on an
rearrangement invariant space E under which the orthogonal projection onto the closed linear
span of the Rademacher system is a hereditarily narrow operator. It is worth noting that in
article [1] the authors stated the list of open problems that turns out to be important for the
further development of the theory of narrow operators (see for instance recent paper [6] and
historical comments therein). In last years narrow operators were studied in the setting of the
noncommutative analysis and the theory of Köthe–Bochner spaces [6–10].

Suppose that X and Y are Banach spaces (F -spaces) and A(X,Y ) is a subclass of
L (X,Y ). The subtle problem of the theory of narrow operators can be stated as follows.

Problem 1.1. For what Banach spaces (F -spaces) X and Y and A(X,Y ) ⊂ L (X,Y )
every operator T ∈ A(X,Y ) is narrow?

For different classes of Banach spaces X,Y and different A(X,Y ) ⊂ L (X,Y ) this problem
had been studied by some authors [7–9, 11, 12] (see also [13] for the detailed comments).
In [11, Theorem 5] the authors showed that every bounded linear operator T from Lp to Lq

for 1 6 p < 2 and p < q is narrow. Later, it was proved in [12, Theorem A] that every bounded
linear operator T : Lp → lr is narrow, whenever 1 6 p < ∞ and 1 6 r 6= 2 < ∞ or 1 6 p < 2
and r = 2. This result was partially generalized to the setting of bounded linear operators
taking values in noncommutative symmetric operator ideals [9, Theorem 5.2]. It was shown
in [8, Corollary 1.2] that every l2 strictly singular bounded linear operator T : Lp → Cr is
narrow whenever 1 6 p, r < ∞. It was proved in [7, Corollary 4.13] that every laterally-to-norm
continuous dominated orthogonally additive (in general nonlinear) operator T : E(X) → Y

from Köthe–Bochner space E(X) to c0 or lp, 1 6 p < ∞ is narrow.

The aim of these notes is to continue this line of thoughts. We consider Problem 1.1 in
the setting of bounded linear operators defined on Köthe–Bochner spaces. Our main result is
stated below. All unexplained notions are defined in the next section.

Theorem 1.1. Let (A,Σ, µ) be a finite atomless measure space, E be a Köthe F -space

on (A,Σ, µ) with the absolutely continuous norm, X be a Banach space and Y be an F -space

and dens (E(B)) > dens (Y ) for every B ∈ Σ with µ(B) > 0. Then every operator T ∈
L (E(X), Y ) from a Köthe–Bochner space E(X) to Y is narrow.

We note that the special case of Theorem 1.1, when a Banach space X coincides with R,
was obtained in [13, Theorem 2.12].

2. Preliminaries

In this section we state some basic facts and notions that we need for the further
presentation. We refer the reader to [14] for background on the set-theoretical constructions,
to [15] for measure theory, to [13, 16] for F -spaces theory and to [17–19] for Köthe–Bochner
spaces theory.

A set B is called transitive if the relations C ∈ D ∈ B imply C ∈ B. A transitive set which
is well ordered by the relation ∈ is called an ordinal. Every well-ordered set B is isomorphic
to a unique ordinal α (i. e. there exists a monotone bijection between B and α). For any two
ordinals α, β one of the following relations holds: α ∈ β, α = β, β ∈ α. Note that the natural
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well ordering of ordinals is defined as α < β, if α ∈ β. We observe that an ordinal α is equal
to the set of all ordinals less than α. The cardinality of a set B is denoted by |B|. A cardinal

is any ordinal α, such that |β| < |α| for every β ∈ α. An infinite cardinal β is denoted by ωα,
where α is the ordinal which is isomorphic to the set of all infinite cardinals, less than β. We
note that ω0 is the least countable infinite cardinal; ω1 is the least uncountable cardinal. For
every ordinal α there exists the cardinal ωα. The cardinality of the cardinal ωα is denoted
by ℵα.

Through the text (A,Σ, µ) is supposed to be a finite measure space. Let

N = {D ⊂ A : D ⊂ N for some N ∈ Σ with µ(N) = 0}.

We say that (A,Σ, µ) is complete if N ∈ Σ. All measure spaces below we consider to be
complete.

By L0(A,Σ, µ) (L0(µ) for shortness) we denote the space of (equivalence classes of)
µ-measurable functions from A to R. We shall use the denotation {f ∈ D} := {t ∈ A :
f(t) ∈ D}, where f ∈ L0(µ) and D is a Borel subset of R.

Given a measure space (A,Σ, µ) by Σ̃ we denote the Boolean σ-algebra of sets from Σ,
equal up to a set of measure zero, with respect to the natural operations ∨ and ∧. Two
measure spaces (Ai,Σi, µi), i ∈ {1, 2} are called isomorphic, if there exists a Boolean measure-

preserving isomorphism between the Boolean algebras Σ̃1 and Σ̃2. We denote the measure
space (A,Σ, εµ) by ε(A,Σ, µ).

The density of a topological space Y (we shall use the denotation dens(Y )) is defined to
be the least cardinality of a dense subset of Y . Let (A,Σ, µ) be a measure space. By dens(Σ)
we denote the density of the metric space (Σ̃, ρ) where ρ(C,D) = µ(C △ D). A measure space
(A,Σ, µ) is called homogeneous, if dens(Σ(B)) = dens(Σ) for every B ∈ Σ, with µ(B) > 0. Set
D := {−1, 1} and let ωα be an arbitrary infinite cardinal. By µωα we denote the Haar measure
on the σ-algebra Σωα of subsets of the power-set Dωα considered as a compact abelian group.
We note that µωα(D

ωα) = 1.

Proposition 2.1 (First Maharam Theorem [20, Theorem 8, p. 122]). A homogeneous

measure space (A,Σ, µ) is isomorphic to the measure space (Dωα ,Σωα , µωα), where ℵα =
dens (Σ).

Proposition 2.2 (Second Maharam Theorem [13, Theorem 1.14]). Let (A,Σ, µ) be a

finite atomless measure space. Then there exists a unique, at most, countable collection

of ordinals M and a decomposition A =
⊔

α∈M
Aα, with µ(Aα) > 0 for every α ∈ M

which is also unique, up to measure zero sets, such that (Aα,Σ(Aα), µ|Σ(Aα)) is isomorphic to

εα(D
ωα ,Σωα , µωα), where εα = µ(Aα).

The collection of ordinals M that appears in Proposition 2.2 is called the Maharam set

of the measure space (A,Σ, µ).
Below in the text an F -space is a complete metric real or complex linear space Z equipped

with an invariant metric d (i. e. d(x, y) = d(x + z, y + z) for all x, y, z ∈ Z). The map
‖ · ‖ : X → R+ defined by

‖x‖ := d(x, 0) = d(0, x), x ∈ X,

is called the F -norm of the F -space X. Clearly d(x, y) = ‖x− y‖ because d is invariant. The
linear space L0(µ) of all classes of equivalence of µ-measurable almost finite functions on [0, 1]
equipped with the invariant metric

d(f, g) :=

1∫

0

|f(t)− g(t)|

1 + |f(t)− g(t)|
dµ



On Narrow Operators on Köthe–Bochner Spaces 43

is turned out to be an F -space. A very important class of F -spaces that are not Banach
spaces is the class of Lp(µ) spaces with 0 6 p < 1. A linear operator T : Z → Y between
F -spaces Z and Y is called bounded, if there exists C > 0, such that ‖Tx‖ 6 C‖x‖ for every
x ∈ Z. The linear space of all bounded linear operators from Z to Y is denoted by L (Z, Y ).
An F -space E of equivalence classes of measurable almost finite functions on A is said to be
a Köthe F -space, if the following conditions hold:

1. E is an order ideal of L0(µ) and condition |x| 6 |y| implies that ‖x‖ 6 ‖y‖ for all
x, y ∈ E;

2. 1A ∈ E.

In particular, we note that ‖|x|‖ = ‖x‖ for all x ∈ E.

Definition 2.1 [13, p. 3]. A Köthe F -space on a finite atomless measure space has:
1. the absolutely continuous norm provided that limµ(Dn)→0 ‖x1Dn‖ = 0 for each x ∈ E

and every decreasing sequence of sets Dn ∈ Σ with
⋂

∞

n=1Dn = ∅;

2. the absolutely continuous norm on the unit if limµ(D)→0 ‖1D‖ = 0.

It is clear that the absolutely continuous norm ‖ · ‖ is absolutely continuous on the unit.
The converse assertion is not true [13, Example 1.2].

Given sets A1, . . . , An the equality A =
⊔n

i=1 Ai means that A =
⋃n

i=1Ai and Ai∩Aj = ∅

for any i, j ∈ {1, . . . , n}, i 6= j. If n = 2, we use the denotation A = A1 ⊔ A2. The identity
operator on a vector space X we denote by IdX . The characteristic function of a set A is
denoted by 1A.

Let X be a Banach space. A function f : A → X is called simple if there exist x1, . . . , xn ∈
X and A1, . . . , An ∈ Σ, such that f =

∑n
i=1 xi1Ai

. A function f : A → X is called µ-measurable

if there exists a sequence of simple functions (fn)n∈N with limn→∞ ‖f(·)−fn(·)‖X = 0 µ-almost
everywhere.

By L0(A,Σ, µ,X), or L0(µ,X) for brevity, we denote the space of (equivalence classes of)
µ-measurable vector functions acting from A to X. As usual, vector-functions are equivalent
if they have equal values at almost all points of the set A. Suppose that E is an F -space on
(A,Σ, µ). The Köthe-Bochner space E(X) on (A,Σ, µ) is defined [19, p. 178] as

E(X) := {f ∈ L0(A,Σ, µ,X) : ‖f(·)‖X ∈ E} .

Since E is an F -space the vector space E(X) is an F -space with respect to the F -norm
‖f‖E(X) := ‖‖f(·)‖X‖E . Suppose that B ∈ Σ. By E(X)(B) we denote the Köthe–Bochner
space on (B,Σ(B), µ|Σ(B)) that is

E(X)(B) :=
{
f ∈ L0

(
B,Σ(B), µ|Σ(B),X

)
: ‖f(·)‖X ∈ E

}
.

In particular if a Banach space X coincides with R we have that E(B) = {f1B : f ∈ E}.
We note that the theory of Köthe–Bochner space is the well developed field of the modern
analysis (see [19, 21]).

3. Proof of the Main Result

In this section we prove the main result of the paper. We start with a definition of a narrow
operator.

Definition 3.1 [22, Definition 3.1]. Let E be an F -space on a finite atomless measure
space (A,Σ, µ), X be a Banach space and Y be an F -space. A bounded linear operator
T : E(X) → Y from a Köthe–Bochner space E(X) to Y is called narrow (functionally narrow
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in the terminology of [22]), if for every B ∈ Σ, x ∈ X and ε > 0 there exists a decomposition
B = C ⊔ D, with C,D ∈ Σ and µ(C) = µ(D), such that the following inequality holds
‖T (x1C − x1D)‖ < ε.

We recall that two measurable functions f, g ∈ L0(A,Σ, µ) are called stochastically

independent, if

µ
{
{f ∈ D} ∩ {g ∈ D}

}
= µ{f ∈ D}µ{g ∈ D}

for every Borel subset D of R.

Proposition 3.1 [2, Theorem 2.2]. On a homogeneous measure space (A,Σ, µ) with

dens(Σ) > ℵ0 and α0 = |Σ| there exists a system (rα)α<α0
of stochastically independent

µ-measurable functions, such that for every α the following conditions hold:

1. |rα| ≡ 1,
∫
A
rα dµ = 0;

2. σ(rα)α<α0
= Σ.

We say that (rα)α<α0
is the generalized Rademacher system on (A,Σ, µ).

Proposition 3.2. Let (A,Σ, µ) be a homogeneous measure space with µ(A) = 1,
dens (Σ) > ℵ0, (rα)α<α0

be the generalized Rademacher system on (A,Σ, µ) and rβ 6= rγ
with β < γ < α0. Then µ{t ∈ A : rβ(t) = rγ(t)} = 1

2 .

⊳ Consider the sets:

Aβ+
:= {t ∈ A : rβ(t) = 1}; Aβ−

:= {t ∈ A : rβ(t) = −1};

Aγ+ := {t ∈ A : rγ(t) = 1}; Aγ− := {t ∈ A : rγ(t) = −1};

A++ := Aβ+
∩Aγ+ ; A−− := Aβ−

∩Aγ− .

We need to prove that

µ(A++) + µ(A−−) =
1

2
. (1)

By Proposition 3.1 (1) we have that

µ(Aβ+
) = µ(Aβ−

) = µ(Aγ+) = µ(Aγ−) =
1

2
.

Taking into account that rβ and rγ are stochastically independent we have that

µ(A++) = µ(Aβ+
)µ(Aγ+) =

1

4
; µ(A−−) = µ(Aβ−

)µ(Aγ−) =
1

4

and we obtain equality (1) by the direct calculation. ⊲

Proposition 3.3. Let (A,Σ, µ) be a finite atomless measure space, E be an F -space on

(A,Σ, µ) with an absolutely continuous norm on the unit, X be a Banach space, Y be an

F -space and T ∈ L (E(X), Y ). Then the following statements are equivalent:

1. T is a narrow operator;

2. for every B ∈ Σ, x ∈ X and ε > 0 there exists D ∈ Σ(B) with µ(D) > 1
2µ(B) and a de-

composition D = G⊔H, with G,H ∈ Σ(B) and µ(G) = µ(H), such that ‖T (x1G−x1H)‖ < ε.

⊳ (2) ⇒ (1). Fix B ∈ Σ, x ∈ X and ε > 0. Choose D1 ∈ Σ(B) with µ(D1) >
1
2µ(B)

and a decomposition D1 = G1 ⊔ H1, with G1,H1 ∈ Σ(D1) and µ(G1) = µ(H1), such that
‖T (x1G1

− x1H1
)‖ < ε

2 . Set B1 := B \ D1, and choose D2 ∈ Σ(B1) with µ(D2) >
1
2µ(B1)

and a decomposition D2 = G2 ⊔ H2, with G2,H2 ∈ Σ(D2) and µ(G2) = µ(H2), such that
‖T (x1G2

− x1H2
)‖ < ε

4 . Suppose that D1, . . . ,Dn, G1, . . . , Gn and H1, . . . ,Hn have been
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chosen. Set Bn := B \
(⋃n

i=1Di

)
and choose Dn+1 ∈ Σ(Bn) with µ(Dn+1) >

1
2µ(Bn) and a

decomposition Dn+1 = Gn+1 ⊔Hn+1, with Gn+1,Hn+1 ∈ Σ(Dn+1) and µ(Gn+1) = µ(Hn+1),
such that ‖T (x1Gn+1

− x1Hn+1
)‖ < ε

2n+1 . Then put G :=
⊔

∞

n=1 Gn and H :=
⊔

∞

n=1 Hn. We
observe that limm→∞ µ

(⊔
∞

n=mHn

)
= limm→∞ µ

(⊔
∞

n=mGn

)
= 0. It is clear that B = G ⊔H

and µ(G) = µ(H). Now, we have
∥∥∥∥∥x1G −

m−1∑

n=1

x1Gn

∥∥∥∥∥
E(X)

=

∥∥∥∥∥∥
x1G − x1m−1⊔

n=1

Gn

∥∥∥∥∥∥
E(X)

=

∥∥∥∥∥x1 ∞⊔

n=m
Gn

∥∥∥∥∥
E(X)

=

∥∥∥∥∥∥

∥∥∥∥∥x1 ∞⊔

n=m
Gn

∥∥∥∥∥
X

∥∥∥∥∥∥
E

= ‖x‖

∥∥∥∥∥1 ∞⊔

n=m
Gn

∥∥∥∥∥
E

.

Taking into account the norm of E is absolutely continuous on the unit we have that

lim
m→∞

‖x‖

∥∥∥∥∥1 ∞⊔

n=m
Gn

∥∥∥∥∥
E

= ‖x‖ lim
m→∞

∥∥∥∥∥1 ∞⊔

n=m
Gn

∥∥∥∥∥
E

= 0

and therefore x1G =
∑

∞

n=1 x1Gn . Now we may write

∥∥T (x1G − x1H)
∥∥ =

∥∥∥∥∥

∞∑

n=1

Tx1Gn −

∞∑

n=1

Tx1Hn

∥∥∥∥∥ 6

∞∑

n=1

∥∥Tx1Gn − Tx1Hn

∥∥ < ε

and the assertion is proved.
The implication (1) ⇒ (2) is obvious. ⊲

Proposition 3.4. Let Z and Y be F -spaces, G ⊂ Z, such that |G| > dens(Y ) and

T ∈ L (Z, Y ). Then for every ε > 0 there exist v,w ∈ G, such that ‖Tv − Tw‖ < ε.

⊳ We prove the assertion by assuming the contrary. Suppose that there exists ε > 0, such
that ‖Tv − Tw‖ > ε for all v,w ∈ G. By our assumption there exists a dense subset H of Y ,
such that |H| < |G|. By density of H, for every v ∈ G we can choose hv ∈ H, such that
‖Tv−hv‖ < ε

4 . We claim that all hv 6= hw for all v,w ∈ G. Indeed, for each v,w ∈ G we have
that

ε 6 ‖Tv − Tw‖ 6 ‖Tv − hv‖+ ‖Tw − hw‖+ ‖hv − hw‖ <
ε

2
+ ‖hv − hw‖

and therefore ‖hv − hw‖ > ε
2 . Consider the set H0 := {hv : v ∈ G}. Clearly, H0 ⊂ H,

|H0| = |G| > |H| and we come to the contradiction. ⊲

Proposition 3.5. Let E be an F -space on an atomless finite measure space (A,Σ, µ),
X be a Banach space and B ∈ Σ with µ(B) > 0. Then the identity operator IdE(X)(B) on

E(X)(B) is not narrow.

⊳ We prove the assertion by assuming the contrary. Suppose that IdE(X)(B) is a narrow
operator. Fix x ∈ X with ‖x‖ = 1 and ‖1B‖E > ε > 0. Then there exists a decomposition
B = C ⊔D, such that C,D ∈ Σ(B) with µ(C) = µ(D), such that
∥∥IdE(X)(B)(x1C − x1D)

∥∥
E(X)(B)

=
∥∥ ‖x1C − x1D‖X

∥∥
E
= ‖1C − 1D‖E =

∥∥ |1C − 1D|
∥∥
E
< ε.

By disjointness of 1C and 1D we have that

|1C − 1D| = |1C |+ |−1D| = 1C + 1D = 1B

and therefore
‖|1C − 1D|‖E = ‖1B‖E > ε.

Hence, we come to the contradiction. ⊲
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Proposition 3.6. Let E be an F -space on (Dωα ,Σωα , µωα) and X be a Banach space.

Then dens(E(X)(B)) > ℵα for each B ∈ Σωα with µωα(B) > 0. If, moreover, X is a separable

Banach space and the norm of E is absolutely continuous then dens(E(X)(B)) = ℵα.

⊳ Suppose that B ∈ Σωα and µωα(B) > 0. First we show that

dens(E(X)(B)) > ℵα.

Assume, on the contrary, that dens(E(X)(B)) < ℵα. By Proposition 3.5 the identity operator
IdE(X)(B) on E(X)(B) is not narrow. Then by Proposition 3.3, there exist B ∈ Σ, x ∈ X

and ε > 0, such that for every D ∈ Σ(B) with µ(D) >
1
2µ(B) and every decomposition

D = G ⊔H, with G,H ∈ Σ(B), the inequality

∥∥IdE(X)(B)(x1G − x1H)
∥∥ =

∥∥x1G − x1H
∥∥ > ε

holds. By Proposition 2.1 the measure space (B,Σωα(B), µωα |Σωα (B)) is isomorphic to
(Dωα ,Σωα , µωα) and we may assume that µωα |Σωα(B)(B) = 1. By Proposition 3.1
E(B) contains the generalized Rademacher system (rα)α<ωα of cardinality ℵα. Since
dens(E(X)(B)) 6 dens(E(X)) < ℵα, by Proposition 3.4 there exist indexes β 6= γ < ωα,
such that ‖x(rγ − rβ)‖ < 2ε. Set h :=

rγ−rβ
2 and observe that h is {−1, 0, 1}-valued function

on B. Consider the sets

G := {t ∈ B : h(t) = 1}; H := {t ∈ B : h(t) = −1}; D = G ⊔H.

By Proposition 3.2 µ(D) = 1
2µ(B) and D = G ⊔ H is the decomposition of D, such that

‖x1G − x1H‖ < ε. Hence, we come to the contradiction and the inequality dens(E(X)(B)) >
ℵα is proved. It remains to show that dens(E(X)(B)) = ℵα for a separable Banach space X.
Suppose that A is a countable dense subset of X. Set

S(X)(B) :=

{
n∑

i=1

xi1B∩Ai
, n ∈ N

}
,

where xi ∈ A and Ai are cylindric measurable sets from Σωα for all i ∈ {1, . . . , n}. Using the
absolutely continuity of the norm of E we deduce that S(X)(B) is a dense subset of E(X)(B).
Since the set V of all cylindric measurable sets from Σωα has cardinality ℵα it follows that

dens(E(X)(B)) 6 |A||V | = |A|ℵα = ℵα.

Hence, dens(E(X)(B)) = ℵα and the proof is completed. ⊲

Remark 3.1. In particular, for an F -space E on (Dωα ,Σωα , µωα) with the absolutely
continuous norm and every B ∈ Σωα with µωα(B) > 0 by Proposition 3.6 we have that
dens(E(B)) = ℵα.

Now we are ready to prove Theorem 1.1.

⊳ Proof of Theorem 1.1. Fix T ∈ L (E(X), Y ). By Proposition 3.3(2) it is enough
to prove that for every B ∈ Σ, x ∈ X and ε > 0 there exist D ∈ Σ(B) with µ(D) > 1

2µ(B)
and a decomposition D = G ⊔H, with G,H ∈ Σ(B) and µ(G) = µ(H), such that ‖T (x1G −
x1H)‖ < ε. Fix ε > 0, x ∈ X and B ∈ Σ with µ(B) > 0. By Proposition 2.2 there exists a
decomposition A =

⊔
α∈M

Aα, such that for α ∈ M the measure spaces (Aα,Σ(Aα), µ|Σ(Aα))
and εα(D

ωα ,Σωα , µωα) are isomorphic, for εα, such that
∑

α∈M
εα = µ(A). Set Bα := B∩Aα

for every α ∈ M . Take α ∈ M , such that µ(Bα) > 0. We observe that (Bα,Σ(Bα), µ|Σ(Bα)) is
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a homogeneous measure space and consequently by Proposition 2.1 we may assume that the
measure spaces (Dωα ,Σωα , µωα) and (Bα,Σ(Bα), µ|Σ(Bα)) are isomorphic. Taking into account
that (Dωα ,Σωα , µωα) is a homogeneous measure space and using Remark 3.2 we have that

dens (E(Dωα)) = dens(Σ(Dωα)) = ℵα > dens(Y ).

By Proposition 3.1 we have that E(Dωα) contains a generalized Rademacher system (rα)α<ωα

of cardinality ωα. Since dens(Y ) < ℵα by Proposition 3.4 there exist indexes ηα 6= θα < ωα,
such that

‖T (xrηα − xrθα)‖ <
2εαε

µ(A)
.

Set qα :=
rηα−rθα

2 . We note that qα is {−1, 0, 1}-valued function on Dωα . Now we may write

xrηα − xrθα = 2xqα = 2(x1Gα − x1Hα)

for every α ∈ M with µ(Bα) > 0. Set M ′ := {α ∈ M : µ(Bα) > 0} and

Gα := {t ∈ D
ωα : qα(t) = 1}; Hα := {t ∈ D

ωα : qα(t) = −1};

Dα := Gα ⊔Hα, α ∈ M
′.

By Proposition 3.2 we have that µωα(Dα) =
1
2µωα(D

ωα) and µωα(Gα) = µωα(Hα) for every
α ∈ M ′. Set

G =
⊔

α∈M ′

Gα; H =
⊔

α∈M ′

Hα and D = G ⊔H.

We note that µ(D) = 1
2µ(B) and µ(G) = µ(H). Now, taking into account the absolutely

continuity of the norm of E and using the same arguments as in the proof of Proposition 3.3
we may write

∥∥T (x1G − x1H)
∥∥ =

∥∥∥∥∥T
(
∑

α∈M ′

x(1Gα − 1Hα)

)∥∥∥∥∥

=

∥∥∥∥∥
∑

α∈M ′

T (xqα)

∥∥∥∥∥ 6
1

2

∑

α∈M ′

∥∥T (xrηα − xrθα)
∥∥ <

1

2

∑

α∈M

2εαε

µ(A)
= ε

and the narrowness of T is proved. ⊲

Remark 3.2. We note that in [13, Theorem 2.12] the norm of E is assumed to be
absolutely continuous on the unit, but actually in the proof of the theorem the norm needs
to be absolutely continuous.

Acknowledgment. We are thankful to the referee for the careful reading of the text and valuable
remarks.

References

1. Popov, M., Semenov, E. M. and Vatsek, D. O. Some Problems on Narrow Operators on Function Spaces,
Central European Journal of Mathematics, 2014, vol. 12, no. 3, pp. 476–482. DOI: 10.2478/s11533-013-
0358-x.

2. Popov, M. M. and Plichko, A. M. Symmetric Function Spaces on Atomless Probability Spaces,
Dissertationes Math. (Rozprawy Mat.), Warszawa, Institute of Mathematics of the Polish Academy
of Sciences, 1990, vol. 306, 88 p.



48 Gutnova, A. K., Deunezev, R. R. and Pliev, M. A.

3. Ghoussoub, N. and Rosenthal, H. P. Martingales, Gδ-Embeddings and Quotients of L1, Mathematische

Annalen, 1983, vol. 264, no. 3, pp. 321–332. DOI: 10.1007/BF01459128.
4. Johnson, W. B., Maurey, B., Schechtman, G. and Tzafriri, L. Symmetric Structures in Banach Spaces,

Memoirs of the American Mathematical Society, vol. 19, no. 217, American Mathematical Society, 1979,
298 p.

5. Maslyuchenko, O., Mykhaylyuk, V. and Popov, M. A Lattice Approach to Narrow Operators, Positivity,
2009, vol. 13, no. 6, pp. 459–495. DOI: 10.1007/s11117-008-2193-z.

6. Pliev, M. and Sukochev, F. On Rosenthal’s Approach of Hereditarily Narrow Projections, Proceedings

of the American Mathematical Society, 2025, vol. 153, no. 10, pp. 4387–4399. DOI: 10.1090/proc/17307.
7. Dzhusoeva, N., Grishenko, E., Pliev, M. and Sukochev, F. Narrow Operators on C-Complete Lattice-

Normed Spaces, Nonlinear Analysis, 2024, vol. 243, 113524. DOI: 10.1016/j.na.2024.113524.
8. Huang, J., Pliev, M. and Sukochev, F. On Narrow Operators from Lp into Operator Ideals,

Mediterranean Journal of Mathematics, 2022, vol. 19, no. 5, article no. 208. DOI: 10.1007/s00009-
022-02118-y.

9. Huang, J., Pliev, M. and Sukochev, F. A (Strongly-)Dunford-Pettis operators and narrow operators,
Integral Equations and Operator Theory, 2023, vol. 95, no. 4, article no. 22. DOI: 10.1007/s00020-023-
02739-2.

10. Pliev, M. and Sukochev, F. The Kalton and Rosenthal Type Decomposition of Operators in Köthe–
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ОБ УЗКИХ ОПЕРАТОРАХ В ПРОСТРАНСТВАХ КЁТЕ — БОХНЕРА
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Аннотация. В данной статье исследуются узкие линейные операторы в пространствах Кёте — Бох-
нера измеримых вектор-функций. Во введении упомянута работа Попова, Семёнова и Вацек [1], в ко-
торой авторы установили достаточные условия того, что в банаховом симметрическом пространстве из-
меримых функций E ортогональный проектор на замкнутое подпространство, порожденное функциями
Радемахера, является наследственно узким оператором. Наше исследование также связано с изучени-
ем обобщенных систем Радемахера. Доказывается, что для пространства с конечной безатомной мерой
(A,Σ, µ), Kёте F -пространства E на (A,Σ, µ) с абсолютно непрерывной нормой, банахова пространства X

и F -пространства Y любой ограниченный линейный оператор T : E(X) → Y , действующий из простран-
ства Кёте — Бохнера E(X) в Y является узким, если плотность F -пространства Y строго меньше плот-
ности E(B) для любого B ∈ Σ при µ(B) > 0. Доказательство основного результата опирается на методы
и технику теоретико-множественной топологии, теории меры и теории F -пространств. Ключевым тех-
ническим инструментом выступает теорема Магарам о разложении однородных пространств с мерой,
позволяющая свести задачу к анализу на обобщенных пространствах Радемахера. Предложенный подход
открывает перспективы для характеризации узких операторов в широких классах пространств Кёте —
Бохнера, включая несепарабельный случай.

Ключевые слова: узкий оператор, плотность, однородное пространство с мерой, множество Ма-
гарам, F -пространство, пространство Кёте — Бохнера.
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