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Abstract. We establish the equivalence between two standard ways of defining symmetric sequence
spaces. One approach, common in the theory of rearrangement-invariant spaces, requires invariance under
all coordinate permutations together with solidity with respect to the lattice order. The other, used in the
classical framework of Krein, Petunin and Semenov, is formulated in terms of the decreasing rearrangement
of a sequence. We prove that, for every p-normed sequence space contained in c0, these two definitions
determine exactly the same class of spaces. The argument applies throughout the range 0 < p 6 1. We
also explain why the assumption E ⊂ c0 is natural: outside c0, the only rearrangement-invariant sequence
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sequence spaces to operator ideals in this discrete setting.
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1. Introduction

In his 1964 work “Embedding Theorems for Banach Spaces of Measurable Functions” [1],
E. M. Semenov introduced the concept of a symmetric space: a Banach ideal space E of
measurable functions on a σ-finite measure space, such that whenever y ∈ E and |x| is
equimeasurable with |y|, one has x ∈ E and ‖x‖E = ‖y‖E . When the norm satisfies an
additional continuity condition, these spaces, later known as rearrangement-invariant, were
previously studied by G. G. Lorentz [2].
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The notions of symmetric (in the sense of Krein–Petunin–Semenov [8]) and rearrangement-

invariant (r. i.) sequence spaces are fundamental concepts in the modern theory of Banach
function and sequence spaces (see, e. g., the classical monographs of Bennett–Sharpley [4]
and Lindenstrauss–Tzafriri [5] for systematic treatments in the Banach space setting). In the
setting of function spaces, these notions form the backbone of studies in interpolation theory
and the geometry of Banach lattices.

Traditionally, there are two distinct approaches to the definitions of symmetric sequence
spaces. The first approach is based on the usage of the notion of decreasing rearrangement
µ(x) of a sequence x, whereas the second approach defines r.i. spaces axiomatically by two
natural requirements: invariance under coordinate permutations, and stability with respect
to the lattice order. In the setting of Banach function (in particular, sequence) spaces, these
two approaches are widely regarded as equivalent and are routinely used interchangeably
in the literature. However, even for the purely discrete case of normed sequence spaces,
a complete and elementary proof of this equivalence does not appear to have been recorded
in the literature. It is the purpose of this note to fill in this gap for a more general case of
p-normed sequence spaces.

To motivate the discussion, recall that the ℓp-(quasi-)norm when 0 < p < ∞ (with the
usual modification for p = ∞)

( n
∑

k=1

a
p
k

)1/p

of a nonnegative vector (a1, . . . , an) depends only on the values {a1, . . . , an}, not on the
order of the entries. In this sense, ℓp measures the “size” of a vector independently of how
its components are arranged. This property—that the (quasi-)norm depends only on the
distribution of the sequence values, not their order — is the key idea behind permutation-
invariant sequence spaces, which generalize ℓp. Rearrangement-invariant function spaces are
continuous analogues of these permutation-invariant sequence spaces: in that setting, the
(quasi-)norm of a function depends only on the distribution of its values (through the
decreasing rearrangement) and not on where those values occur.

Definition 1.1. Let 0 < p 6 1. A p-normed (sequence) space is a linear subspace E ⊂ C
N

(or R
N) equipped with a functional ‖ · ‖E : E → [0,∞) satisfying:

1. ‖x‖E = 0 if and only if x = 0;
2. ‖αx‖E = |α| ‖x‖E for all scalars α and x ∈ E;
3. ‖x+ y‖pE 6 ‖x‖pE + ‖y‖pE for all x, y ∈ E.

If E is complete with respect to the metric d(x, y) = ‖x − y‖pE , it is called a p-Banach

(sequence) space [6, Chapter 1.3].
Our main result, Theorem 3.9, establishes that in the case of p-normed sequence spaces

these two approaches coincide. Specifically, we prove the following theorem

Theorem 1.1. Let (E, ‖·‖E) ⊂ c0 be a p-normed space. Then the following are equivalent:

(i) E is rearrangement-invariant (in the sense of Definition 2.1);
(ii) E is symmetric (in the sense of Definition 2.2).

Although the equivalence may appear almost self-evident, we emphasize that it has not
been explicitly addressed even in standard references. Making this connection precise allows
for a unified and flexible language when treating symmetric and rearrangement-invariant
sequence spaces. We believe this observation reflects the spirit of the work of E. M. Semenov,
who contributed decisively to the structural theory of symmetric and rearrangement-invariant
spaces and their role in interpolation and operator theory (see, e.g., the classical book [3], and
other works of E. M. Semenov and his collaborators [1; 7–14].
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The present note is written in connection with the 85th anniversary of E. M. Semenov.
It aims to highlight one of the foundational aspects of symmetric sequence spaces, and to
complement the body of results inspired by his deep and substantial contributions to the
geometry and interpolation theory of Banach spaces. In the last section we briefly discuss
connection of our main result with the definition and properties of symmetrically normed
ideals of compact operators.

2. Preliminaries

2.1. Notation. We write Z+ = {0, 1, 2, . . . } and denote by ℓ∞ the space of bounded
real-valued sequences over Z+. For k ∈ Z+, we let ek denote the canonical unit vector.

For x ∈ ℓ∞, we denote by µ(x) its decreasing rearrangement, i. e. the nonincreasing
sequence equimeasurable with |x|. To be precise, if x = (x(k))∞k=0 is a bounded sequence of real
numbers, then, in what follows, µ(x) = (µ(k, x))∞k=0 denotes the “decreasing rearrangement”
of the sequence |x| = (|x(k)|)∞k=0. That is, it is defined by the formula

µ(k, x) = inf
A⊂Z+

card(A)=k

sup
i∈Ac

|x(i)|, k ∈ Z+.

Note that, in general, it is not quite the decreasing permutation of the sequence |x|. For
example, let x = (1 − 1

k+1)
∞

k=0, then µ(x) = (1, 1, . . . , 1, . . .). However, in cases where the
sequence |x| can be arranged in a non-increasing fashion (e. g., when it has only finitely many
values or decreases monotonically), µ(x) coincides with the usual decreasing permutation, as
the name “decreasing rearrangement” suggests.

2.2. Rearrangement-invariant sequence spaces.

Definition 2.1. A p-normed space (E, ‖ · ‖E) with E ⊂ ℓ∞ is called rearrangement-

invariant (r.i.), if
(i) for every x ∈ E and every permutation (bijection) π : Z+ → Z+ we have x ◦ π ∈ E

and ‖x ◦ π‖E = ‖x‖E (permutation/rearrangement-invariance);
(ii) if x ∈ E and y ∈ ℓ∞ with |y| 6 |x|, then y ∈ E and ‖y‖E 6 ‖x‖E (lattice stability).

2.3. Symmetric sequence spaces.

Definition 2.2. A p-normed space (E, ‖ · ‖E) with E ⊂ ℓ∞ is called symmetric, if
(i) for every x ∈ E and y ∈ ℓ∞ with µ(x) = µ(y) we have y ∈ E and ‖x‖E = ‖y‖E ;
(ii) for every x ∈ E and y ∈ ℓ∞ with |y| 6 |x| we have y ∈ E and ‖y‖E 6 ‖x‖E .

Conditions (i) and (ii) in the latter definition are equivalent to the following single
condition: if x ∈ E and µ(y) 6 µ(x), then y ∈ E and ‖y‖E 6 ‖x‖E [3, Definition 1, II.4].

These two definitions form a foundation for the so-called Calkin correspondence, which
provides a link between symmetric sequence spaces and two-sided ideals of compact operators.
This correspondence has been developed and extensively studied in many works, including
the monographs [15, 16], the comprehensive treatment by Krein, Petunin, and Semenov [3],
and more recently in the monograph by Dodds, de Pagter, and Sukochev [17].

3. Proof of Theorem 1.1

This section is devoted to proving Theorem 1.1. Specifically, the forthcoming lemmas
establish the implication (i) ⇒ (ii).

Lemma 3.1. Let (E, ‖ · ‖E) ⊂ c0 be an r. i. p-normed space. If there exists 0 6= x ∈ E,

then ek ∈ E for every k > 0 and ‖ek‖E = ‖e0‖E for every k > 0.
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The proof is not difficult, so we omit it. In what follows, we assume without loss of
generality that ‖e0‖E = 1.

It should be noted that µ(x) need not be a permutation of x, even if x ∈ c0. Nonetheless,
the situation in c0 is more controlled. That is, one can always relate µ(x) to a rearrangement
of x via a suitable permutation, as made precise in the next lemma.

Lemma 3.2. If 0 6 x ∈ c0, then there exists a permutation π : Z+ → Z+, such that

exactly one of the following (mutually exclusive) options holds.

(i) µ(x) = x ◦ π;
(ii) x(π(2k)) = µ(k, x) > 0 and x(π(2k + 1)) = 0 for every k > 0;
(iii) x(π(k + n)) = µ(k, x) > 0 for every k > 0 and x(π(k)) = 0 for 0 6 k < n for some

n ∈ N.

⊳ Set A := {k ∈ Z+ : x(k) > 0} and B := {k ∈ Z+ : x(k) = 0}. If B = ∅, then
µ(x) = x ◦ π for some permutation π and so case (i) holds while cases (ii) and (iii) are not
possible. The same is true for every finite set A. Hence, we may assume that A is infinite
and B is non-empty (either finite or infinite).

Suppose that B is infinite. Cases (i) and (iii) are not possible. Fix ε > 0. Choose a
permutation π, such that π : 2Z+ → A and π : Z+\2Z+ → B. Replacing x with x ◦ π if
needed, we may assume that A = 2Z+ and B = Z+\2Z+. Choose a permutation π, such that
π = id on Z+\2Z+ and such that µ(k, x) = x(π(2k)) for every k > 0. Replacing x with x◦π if
needed, we may assume without loss of generality that x(2k) = µ(k, x) > 0 and x(2k+1) = 0
for every k > 0, i. e. case (ii) holds.

Finally, suppose B is a finite set. Cases (i) and (ii) are not possible. Let |B| = n for
some n ∈ N. Choose a permutation π such that π : {0, · · · , n − 1} → B. Replacing x with
x ◦ π if needed, we may assume without loss of generality that B = {0, · · · , n− 1}. Choose a
permutation π, such that π = id on {0, · · · , n − 1} and such that µ(k, x) = x(π(k + n)) for
every k > 0. Replacing x with x ◦ π if needed, we conclude that x(k + n) = µ(k, x) > 0 for
every k > 0 and x(k) = 0 for every 0 6 k < n, that is, case (iii) holds. ⊲

We now show that every element of an r. i. sequence space has its decreasing rearrangement
in the space, with (quasi-)norm no greater than the original. This is a fundamental property
of r. i. spaces and will play a key role in proving symmetry.

Lemma 3.3. Let (E, ‖ · ‖E) ⊂ c0 be an r. i. p-normed space. If x ∈ E, then µ(x) ∈ E and

‖µ(x)‖E 6 ‖x‖E .

⊳ Without loss of generality, assume x > 0. Let π be a permutation as in Lemma 3.2. By
assumption, we have x ◦ π ∈ E and ‖x ◦ π‖E = ‖x‖E . Therefore, replacing x with x ◦ π if
needed, we may assume that π = id. Thus, as in Lemma 3.2 we consider the following three
cases.

Case (i): We have µ(x) = x. In this case the claim is trivial.
Case (ii): We have x(2k) = µ(k, x) > 0 and x(2k + 1) = 0 for every k > 0.
Define y ∈ c0 by y(2k+1) = µ(k, x) and y(2k) = 0 for every k > 0. Let π be a permutation

such that π : 2k ↔ 2k + 1 for every k > 0 so that y = x ◦ π. Since E is r. i., it follows that
y ∈ E and ‖y‖E = ‖x‖E .

Let ε > 0. Set z = x + εy. Since x, y ∈ E, it follows from the p-sub-additivity of ‖ · ‖E
that z ∈ E and ‖z‖pE 6 (1 + εp)‖x‖pE . Therefore,

‖z‖E 6 (1 + εp)1/p‖x‖E .

Note z(k) > 0 for every k, therefore, µ(z) = z ◦ π′ for some permutation π′. Hence, µ(z) ∈ E

and ‖µ(z)‖E = ‖z‖E 6 (1 + εp)1/p‖x‖E . Since µ(x) 6 µ(z), it follows from lattice stability



74 Zanin, D. V., Nessipbayev, Y. Kh. and Sukochev, F. A.

that µ(x) ∈ E and ‖µ(x)‖E 6 ‖µ(z)‖E 6 (1 + εp)1/p‖x‖E . Since ε > 0 is arbitrary, the claim
follows.

Case (iii): We have x(k+ n) = µ(k, x) > 0 for every k > 0 and x(k) = 0 for 0 6 k < n for
some fixed n ∈ N.

Let ε > 0. Set z = x + εχ[0,n). Since ek ∈ E by Lemma 3.1 and ‖ek‖E = 1 for every
k > 0, it follows from the p-sub-additivity that χ[0,n) ∈ E and that ‖χ[0,n)‖E 6 n1/p. Since
x, χ[0,n) ∈ E, it follows from the p-sub-additivity that z ∈ E and ‖z‖pE 6 ‖x‖pE + εpn. Hence,

‖z‖E 6 (‖x‖pE + εpn)1/p.

Since z(k) > 0 for every k, it follows that µ(z) = z ◦ π′ for some permutation π′. Hence,
µ(z) ∈ E and ‖µ(z)‖E = ‖z‖E 6 (‖x‖pE + εpn)1/p. Clearly, µ(x) 6 µ(z). Thus, µ(x) ∈ E and
‖µ(x)‖E 6 (‖x‖pE + εpn)1/p. Since n is fixed and ε > 0 is arbitrary, we have that ‖µ(x)‖E 6

‖x‖E . ⊲

To establish the converse statement (see Lemma below) we need several auxiliary lemmas.

Lemma 3.4. Let (E, ‖·‖E) ⊂ c0 be an r. i. p-normed space. If x ∈ c0 is such that µ(x) ∈ E,

then x ∈ E. Moreover, for every A ⊂ Z+ with |A| = |Ac| = ∞ we have

‖x‖pE 6 ‖µ(x)χA‖
p
E + ‖µ(x)χAc‖pE .

⊳ Without loss of generality, assume x > 0. Let A ⊂ Z+ be such that |A| = |Ac| =
∞ and let π be a permutation as in Lemma 3.2. By assumption, we have x ◦ π ∈ E and
‖x ◦π‖E = ‖x‖E . Therefore, replacing x with x ◦π if needed, we may assume that π = id. As
in Lemma 3.2 we consider the following three cases.

Case (i): Assume µ(x) = x. In this case the claim is obvious.
Case (ii): Assume x(2k) = µ(k, x) > 0 and x(2k + 1) = 0 for every k > 0.

By lattice stability, we have µ(x)χA ∈ E and µ(x)χAc ∈ E. Choose permutations π1 and
π2, such that π1 : 2k → k for every k ∈ A and such that π2 : 2k → k for every k ∈ Ac. We
have

xχ2A = (µ(x)χA) ◦ π1, xχ2·Ac = (µ(x)χAc) ◦ π2,

where xχ2A is a componentwise product of two sequences x and χ2A (with 1’s at position k

for every k ∈ 2A and 0’s otherwise). Indeed, π1(2A) = A and so if n ∈ 2A i. e. n = 2a for
some a ∈ A, then (xχ2A)(n) = x(n) = x(2a) = µ(a, x) = (µ(x)χA)(a) = (µ(x)χA)(π1(2a)) =
(µ(x)χA)◦π1)(n). If n 6∈ 2A, then π1(n) 6∈ A, so both sides are zeros. Similarly, for the second
equality.

Since (E, ‖ · ‖E) is r. i., it follows that xχ2A, xχ2·Ac ∈ E with ‖xχ2A‖E = ‖µ(x)χA‖E and
‖xχ2·Ac‖E = ‖µ(x)χAc‖E . Since x is supported on even indices (i. e. x = xχ2A + xχ2·Ac), it
follows that x ∈ E and from p-triangle inequality we have

‖x‖pE 6 ‖xχ2A‖
p
E + ‖xχ2·Ac‖pE = ‖µ(x)χA‖

p
E + ‖µ(x)χAc‖pE .

Case (iii): Assume there n ∈ N such that x(k+ n) = µ(k, x) for every k > 0 and x(k) = 0
for 0 6 k < n.

Since µ(x) ∈ E by lattice stability we have µ(x)χA ∈ E and µ(x)χAc ∈ E. Choose
permutations π1 and π2, such that π1 : k+n → k for every k ∈ A and such that π2 : k+n → k

for every k ∈ Ac. We have

xχn+A = (µ(x)χA) ◦ π1, xχn+Ac = (µ(x)χAc) ◦ π2.



Symmetric and Rearrangement-Invariant Sequence Spaces: a Unified Framework 75

Since (E, ‖ · ‖E) is r. i., we have xχn+A, xχn+Ac ∈ E with ‖xχn+A‖E = ‖µ(x)χA‖E and
‖xχn+Ac‖E = ‖µ(x)χAc‖E . By p-triangle inequality, we have x ∈ E and

‖x‖pE 6 ‖xχn+A‖
p
E + ‖xχn+Ac‖pE 6 ‖µ(x)χA‖

p
E + ‖µ(x)χAc‖pE ,

which completes the proof. ⊲

We state the following immediate corollary of Lemma 3.4 for future reference.

Corollary 3.1. Let (E, ‖ · ‖E) ⊂ c0 be an r. i. p-normed space. If x ∈ c0 is such that

µ(x) ∈ E, then x ∈ E and ‖x‖E 6 21/p · ‖µ(x)‖E .

The next lemma shows that for a decreasing sequence in an r.i. space, one can isolate an
infinite subset of coordinates on which the (quasi-)norm becomes arbitrarily small.

Lemma 3.5. Let (E, ‖ · ‖E) ⊂ c0 be an r.i. p-normed space. If x = µ(x) ∈ E, then for

every ε > 0 there exists A ⊂ Z+, such that |A| = |Ac| = ∞ and ‖xχA‖E 6 ε‖x‖E .

⊳ The statement is clear if x has a finite support. Assume x = µ(x) ∈ E has infinite
support and let ε > 0.

Choose a strictly increasing sequence {k(m)}m>0 of even numbers, such that x(k(m)) 6
ε

21/p
x(m) for all m > 0. Set A = {k(m) : m > 0}. We have µ(xχA) 6

ε
21/p

µ(x). Applying
Corollary 3.5 to xχA, we obtain

‖xχA‖
p
E 6 2‖µ(xχA)‖

p
E 6 2 ·

εp

2
‖µ(x)‖pE = εp‖x‖pE ,

hence, ‖xχA‖E 6 ε‖x‖E . ⊲

Now we are ready to obtain the converse result to Lemma 3.3 and strengthen the estimate
from Corollary 3.5.

Lemma 3.6. Let (E, ‖ · ‖E) ⊂ c0 be an r. i. p-normed space. If x ∈ c0 and if µ(x) ∈ E,

then x ∈ E and ‖x‖E 6 ‖µ(x)‖E .

⊳ Let x ∈ c0 be such that µ(x) ∈ E. By Lemma 3.4, x ∈ E. Let ε > 0 and A ⊂ Z+ be as
in Lemma 3.5 (applied to µ(x)). By Lemma 3.4 and Lemma 3.5, we have

‖x‖pE 6 ‖µ(x)χA‖
p
E + ‖µ(x)χAc‖pE 6 (1 + εp)‖µ(x)‖pE .

Since ε > 0 is arbitrary, the proof is complete. ⊲

Proposition 3.1. Every r. i. p-normed space (E, ‖ · ‖E) ⊂ c0 is symmetric. Namely, let x

be in an r. i. p-normed space E and y be in ℓ∞ such that µ(y) = µ(x). Then y ∈ E and

‖y‖E = ‖x‖E .

⊳ It follows from Lemma 3.3 that µ(x) ∈ E and ‖µ(x)‖E 6 ‖x‖E . It follows from
Lemma 3.6 that ‖x‖E 6 ‖µ(x)‖E . That is, µ(x) ∈ E and ‖µ(x)‖E = ‖x‖E . Therefore,
µ(y) ∈ E (since µ(x) = µ(y)) and ‖µ(y)‖E = ‖x‖E . Note y ∈ c0 since x ∈ c0 and µ(x) = µ(y).
It follows from Lemma 3.6 that y ∈ E and ‖y‖E 6 ‖µ(y)‖E = ‖x‖E . It follows from Lemma 3.3
that ‖y‖E > ‖µ(y)‖E = ‖x‖E . Thus, y ∈ E and ‖y‖E = ‖x‖E . ⊲

Now we are ready to prove the main result of this paper.

Theorem 3.1. Let (E, ‖·‖E) ⊂ c0 be a p-normed space. Then the following are equivalent:

(i) E is rearrangement-invariant (in the sense of Definition 2.1);
(ii) E is symmetric (in the sense of Definition 2.2).

⊳ The implication (i) =⇒ (ii) follows from Proposition 3.1. The implication (ii) =⇒ (i)
follows from Definitions 2.1 and 2.2. Indeed, let x ∈ E and π be a permutation of Z+. It is
clear that µ(x) = µ(x ◦ π). By definition of a symmetric space we have x ◦ π ∈ E and
‖x‖E = ‖µ(x)‖E = ‖µ(x ◦ π)‖E = ‖x ◦ π‖E . ⊲
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3.1. Space of bounded sequences ℓ∞. So far, we have established the equivalence of
the definitions for r. i. and symmetric p-normed sequence spaces contained in c0. The following
lemma shows that this assumption is not overly restrictive: in fact, the only r. i. (or symmetric)
sequence space not contained in c0 is ℓ∞ itself.

Proposition 3.2. Let (E, ‖ ·‖E) ⊂ ℓ∞ be an r. i. p-normed space. If E 6⊂ c0, then E = ℓ∞
(as sets) and ‖ · ‖E is equivalent to ‖ · ‖∞.

⊳ Let z ∈ E \ c0. Without loss of generality, z > 0. Choose ε > 0, such that the set
A := {n ∈ Z+ : z(n) > ε} is infinite. Since z > εχA, it follows that χA ∈ E. Choose an
infinite set B ⊂ A, such that Bc is also infinite. By lattice stability we have χB ∈ E. Choose
a permutation π such that χBc = χB ◦ π. Since E is r. i., it follows that χBc ∈ E and the
constant sequence 1 = χB + χBc ∈ E. By linearity it follows that ℓ∞ ⊂ E and, therefore,
E = ℓ∞.

For every x ∈ ℓ∞, we have 0 6 |x(n)| 6 ‖x‖∞ for all n ∈ Z+. Thus, ‖x‖E 6 ‖x‖∞‖1‖E .
On the other hand, we have |x| > |x(k)|ek for all k ∈ Z+. Thus, ‖x‖E > |x(k)|‖ek‖E =
|x(k)|‖e0‖E . Taking the supremum over k > 0, we obtain ‖x‖E > ‖x‖∞‖e0‖E . Thus, ‖ · ‖E is
equivalent to ‖ · ‖∞. ⊲

We could not prove or disprove the equivalence of these two definitions in the case E = ℓ∞,

as well as for general quasi-normed sequence spaces (although every quasi-norm is equivalent
to some p-norm by the Aoki–Rolewicz theorem [6, Theorem 1.3]). Hence, we finish this section
with the following question.

Question. Does the equivalence between (i) and (ii) from Theorem 3.1 hold for all quasi-
normed sequence spaces (not necessarily p-normed), and in particular, is every permutation-
invariant norm on ℓ∞ (respecting the lattice stability) necessarily symmetric?

3.2. Ideals of compact operators. We conclude with a short discussion of the notions
of r. i. and symmetric spaces in the non-commutative setting of ideals of compact operators.

Let E ⊂ c0 be a symmetric (equivalently, r. i.) Banach sequence space equipped with the
norm ‖ · ‖E and H be a separable Hilbert space. Define the associated (to E) space CE of
compact operators as follows

CE :=
{

A ∈ K (H) : µ(A) ∈ E
}

,

where µ(A) = (µ(n,A))n>0 are the singular values of A, that is, the eigenvalues of the positive
operator |A| = (A∗A)1/2 arranged in non-increasing order and counted with multiplicities.
Note that in this case µ is also called a generalized singular value sequence and is given
by [20, p. 89]:

µ(k,A) = inf
{

‖A(1 − p)‖∞ : p ∈ B(H), rank(p) 6 k
}

, k > 0.

Also, CE is a two-sided ideal in B(H) [16, Corollary 2.3.17]. It is shown in [20] that when
equipped with the norm

‖A‖CE
:= ‖µ(A)‖E ,

the space CE becomes a Banach space. Moreover, by [16, Theorem 3.1.1(c)], it follows that
CE is symmetric (or symmetric operator space) in the sense that if A ∈ CE and B ∈ B(H)
with µ(B) 6 µ(A) then B ∈ CE and ‖B‖CE

6 ‖A‖CE
[16, Definition 2.5.1], compare with

Definition 2.2. By [17, Proposition 4.4.3], it also has the following property (which is also
sometimes called ‘symmetric’ [16, Definition 1.2.12])

‖XAY ‖CE
6 ‖X‖∞‖A‖CE

‖Y ‖∞, A ∈ CE , X, Y ∈ B(H).
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In this setting, the role of permutations is replaced by conjugation by unitaries. Indeed,
let H = ℓ2, with the canonical orthonormal basis (en)n>1. Given a sequence x = (xn) ∈ ℓ∞,
consider the diagonal operator

Dx := diag(x1, x2, . . . ) ∈ B(ℓ2).

Then for any permutation π of N, define the unitary operator Uπ in B(ℓ2) by Uπen :=
eπ(n), n ∈ N. Straightforward computation shows that UπDxU

∗

π = Dx◦π. Thus, permuting
coordinates of a sequence by π corresponds exactly to unitary conjugation by unitaries Uπ.
Hence, it is natural to call CE rearrangement-invariant (r. i.) (or rather the norm ‖ · ‖CE

is r. i.), if
‖UAV ‖CE

= ‖A‖CE
, A ∈ CE , U, V unitaries in B(H).

A classical example is the Schatten p-class: for E = ℓp, CE = Sp with norm (for more
general examples see [20])

‖A‖Sp =

( ∞
∑

n=0

µ(n,A)p
)1/p

, 1 6 p < ∞.

Theorem 3.11. Let (E, ‖ · ‖E) be a rearrangement-invariant space. If E ⊂ c0, then CE

is a normed ideal in B(H) with unitarily invariant norm

‖UA‖CE
= ‖AU‖CE

= ‖A‖CE
, A ∈ CE , U unitary in B(H).

⊳ By Theorem 1.2, (E, ‖ · ‖E) is not only rearrangement-invariant, but also symmetric.
The assertion follows now from [20]. In particular, CE is both r. i. and symmetric. ⊲

Moreover, if E is Banach, then CE admits an equivalent norm that is monotone with
respect to the Weyl (logarithmic) submajorization.

Definition 3.1 (Weyl or logarithmic submajorization). Let x, y ∈ ℓ∞ (or B(H)). If for
all n > 0,

n
∏

k=0

µ(k, y) 6

n
∏

k=0

µ(k, x),

then y is said to be logarithmically submajorized by x, written y ≺≺log x.

It follows from [19, Theorem 7] that every Banach ideal in B(H) (in particular, CE) and
every symmetric Banach sequence space admits an equivalent norm monotone with respect
to ≺≺log. We record this as an explicit, straightforward consequence.

Proposition 3.3. Let E ⊂ c0 be a symmetric Banach sequence space, and let ‖ · ‖′E be

an equivalent norm on E monotone under logarithmic submajorization:

y ≺≺log x ⇒ ‖y‖′E 6 ‖x‖′E , x, y ∈ E.

Define for A ∈ CE ,

‖A‖′CE
:= ‖µ(A)‖′E .

Then ‖·‖′CE
is an equivalent norm on CE, monotone with respect to ≺≺log: if µ(B) ≺≺log µ(A),

then ‖B‖′CE
6 ‖A‖′CE

. Hence every symmetric Banach sequence space admitting a ≺≺log-

monotone norm induces such a norm on CE .
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⊳ Since ‖ · ‖′E and ‖ · ‖E are equivalent, there exist c, C > 0 such that c‖x‖E 6 ‖x‖′E 6

C‖x‖E for all x ∈ E. Thus, for any A ∈ CE ,

c‖A‖CE
= c‖µ(A)‖E 6 ‖µ(A)‖′E = ‖A‖′CE

6 C‖µ(A)‖E = C‖A‖CE
,

so ‖ · ‖′CE
is equivalent to ‖ · ‖CE

.
As µ(B) ≺≺log µ(A), we have

‖B‖′CE
= ‖µ(B)‖′E 6 ‖µ(A)‖′E = ‖A‖′CE

,

as required. ⊲
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3. Krĕın, S. G., Petunin, Yu. I. and Semenov, E. M. Interpolation of Linear Operators, Translations

of Mathematical Monographs, vol. 54, Providence, RI, American Mathematical Society, 1982. DOI:
10.1090/mmono/054.

4. Bennett, C. and Sharpley, R. C. Interpolation of Operators, Pure and Applied Mathematics, vol. 129,
Boston, MA, Academic Press, 1988.

5. Lindenstrauss, J. and Tzafriri, L. Classical Banach Spaces. II, Ergebnisse der Mathematik und ihrer
Grenzgebiete, vol. 97, Berlin–New York, Springer-Verlag, 1979.

6. Kalton, N. J., Peck, N. T. and Roberts, J. W. An F -Space Sampler, London Mathematical
Society Lecture Note Series, vol. 89, Cambridge, Cambridge University Press, 1984. DOI:
10.1017/CBO9780511662447.
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Аннотация. Мы устанавливаем эквивалентность двух стандартных подходов к определению сим-
метричных пространств последовательностей. Первый подход, распространенный в теории перестано-
вочно-инвариантных пространств, требует инвариантности относительно всех перестановок координат
вместе с солидностью относительно решеточного порядка. Второй подход, используемый в классической
теории Крейна, Петунина и Семёнова, формулируется в терминах убывающей перестановки последова-
тельности. Мы доказываем, что для всякого p-нормированного пространства последовательностей, со-
держащегося в c0, эти два определения задают в точности один и тот же класс пространств. Аргумент
применим во всём диапазоне 0 < p 6 1. Мы также объясняем, почему предположение E ⊂ c0 является
естественным: вне c0 единственным перестановочно-инвариантным пространством последовательностей
является ℓ∞, с точностью до эквивалентности норм. Наконец, мы обсуждаем соответствующую тер-
минологию для идеалов компактных операторов и ее связь с унитарно-инвариантными нормами, тем
самым проясняя переход от пространств последовательностей к операторным идеалам в дискретной
постановке.

Ключевые слова: симметричное пространство, перестановочно-инвариантное пространство, бана-
хово пространство.
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