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1. Introduction

The study of random functions o, from the vertices of some graph G (usually Z% or

a Cayley tree) into a space with measure (F, &) is a central problem in ergodic theory and
statistical physics.

In many classical models of physics (e. g., the Ising model, the Potts model, the Hard-

Core model), F is a finite set and o, has a physical interpretation as the spin of a particle
at vertex x in a crystal lattice (graph G). For such models, the theory of Gibbs measures is
well developed. It is known that each limiting Gibbs measure is associated with one phase of
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a physical system. Therefore, one of the important problems in the theory of Gibbs measures
is the existence of a phase transition, i.e. when a physical system changes its state with
a change in temperature. This occurs when the number of measures changes with a change
in temperature. In this case, the temperature at which the state of a physical system changes
is usually called critical (see [1-4]).

For many classical models with a finite set of spin values (for example, the Ising model,
the Potts model, the SOS model, the A-model, the Hard-Core model), the theory of Gibbs
measures is well developed (see, e. g., [5-12]). However, in the case of a countable set of spin
values, the existence of Gibbs measures is not guaranteed. There are several papers devoted
to the study of such models (see, e. g., [13-19]).

In [20], A. Mazel and Yu. Suhov introduced the HC (Hard-Core) model on a d-dimensional
lattice Z%. This model is interesting from the point of view of statistical mechanics, as well as
combinatorics and the theory of neural networks [2, 21, 22|. There are a lot of works devoted
to the study of limiting Gibbs measures for HC models with a finite number of states on the
Cayley tree (see [3, 23-27]).

In [28], for the first time, the HC model with a countable set of spin values was studied.
For this model, on a Cayley tree of arbitrary order, some conditions for the existence of
TIGM, and also the uniqueness of such a measure under the existence conditions are found.
In addition, the conditions for the existence and non-uniqueness of periodic (not translation-
invariant) Gibbs measures with period two are found. In [29] it is proved that for this model
each H-periodic Gibbs measure is either translation-invariant or two-periodic. In [30] it is
proved that in the case of an arbitrary normal divisor of index two the weakly periodic Gibbs
measure is translation-invariant and unique, and in the case of a normal divisor of index four,
under certain conditions the translation invariance of weakly periodic Gibbs measures on a
Cayley tree of arbitrary order is shown. And also under certain conditions the exact critical
value is found, at which weakly periodic (non-periodic) Gibbs measures exist. The present
paper can be considered as a continuation of the mentioned works.

In this paper, we consider an HC model with a countable set of spin values on a Cayley
tree. This model is defined by a countable set of parameters specified by the activity function
A; > 0, where i € Z. It is shown that each boundary law constructed for the model under
consideration defines the Gibbs measure. The cases ZjeZo Aoj = A, ZjeZ A2j+1 = V¥ are
considered. In the case A = W on a Cayley tree of orders kK = 1,2,3,4,5 and in the case
A = U on a Cayley tree of orders k = 1,2, 3, a complete description of the TIGM is obtained.
Also, at A = ¥, the lower bound for the number of TIGMs is indicated for k& > 2.

2. Preliminaries

The Cayley tree S* of order k > 1 is an infinite tree, i. e. a graph without cycles, such
that exactly k + 1 edges originate from each vertex. Let S* = (V, L,4), where V is the set of
vertices of ¥, L is the set of its edges, and i is the incidence function setting each edge [ € L
into correspondence with its endpoints z,y € V. If i(l) = {x,y}, then the vertices = and y
are called nearest neighbors, denoted by | = (z,y).

For fixed 2° € V| we set

W, = {$€ V. d(x,xo) :n}, V, = {x eV: d(x,xo) gn},

where d(z,y) is the distance between the vertices 2 and y on the Cayley tree, i. e., the number
of edges of the shortest path connecting vertices x and y.
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Write 2 < v, if the path from 2% to y passes through z. A vertex y is called a direct
successor of z, if y = = and x, y are nearest neighbors. Note that in I* every vertex = # z
has k direct successors, and 0 has k+ 1 successors. The set of direct successors of z is denoted
by S(x), i. e., if v € W,,, then

S(z) = {yi e Wyy1:d(z,y;) =1, i = 1,2,...,k}.

We consider the Hard-Core (HC) nearest neighbor model with countable number of states
on the Cayley tree, where the spin variables are take values in the set of integers Z and
are located at the tree vertices. A configuration on the Cayley tree is defined as a function
o ={o(x) € Z:xz € V}, i e, in this model each vertex x is assigned one of the values
o(x) € Z. The value o(z) # 0 means that the vertex z is “occupied”; and o(z) = 0 means
that it is “vacant”.

We consider the set Z as the set of vertex set of some infinite graph G. Using the graph G,
we define a G-admissible configuration as follows. A configuration ¢ is called a G-admissible
configuration on the Cayley tree (in V), if {o(x),0(y)} is an edge of the graph G for any (z,y)
from V' (from V},). Denote the set of G-admissible configurations by Q¢ (Q%)

The activity set [24] for a graph G is a bounded function A : G — Ry (R; is the set of
positive real numbers). The value \; of function X at the vertex i € Z is called its “activity”.

2.1. Boundary law equation for Hard-Core model. For given G and )\ we define the
Hamiltonian of the G-HC model as

- > ln)\o(m), if o€,

Hév(O') = zeV (1)
+00, if o¢ Q%

Let L(G) be the set of edges of a graph G. We let A = A% = (aij)z' i denote the adjacency
matrix of the graph G, i. e., 7

Qi = aG — 1’ if {Z’j} € L(G)’
Yo, i {ig) ¢ LG).

DEFINITION 1 (see [2, Chapter 12]). 1) A family of vectors I = {lyy}u e With
Loy = {luy(i) 1 i € Z} € (0,00)% is called the boundary law for the Hamiltonian (1), if for each
(x,y) € L there exists a constant ¢, > 0, such that the consistency equation

lmy(z) = Cmy>\i H Z aijlz:v(j) (2)

z€0x\{y} JEZ

holds for every i € Z, where Oz is the set of nearest neighbors of a vertex z.
2) A boundary law [ is said to be normalisable if and only if

Z <)\i H Zaijlzm(j)> < 00 (3)

€L z€0x JEZ

at any x € V.

3) A boundary law is called translation-invariant, if it does not depend on edges of the tree,
i. e., lzy(i) = I(i) for every oriented edge (z,y) and each i € Z.

Now we give a specially established correspondence between the boundary laws and Gibbs
measures for the HC model (1). From our Hamiltonian we have the nearest-neighboring
interaction potential A = (\)p, where b = (o(x), 0 (y)).
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For a given configuration w, graph G with A = (a;;), edges b = (z,y), and i = w(x),
Jj = w(y), we define the symmetric transition matrix @ as

Qv(7,7) = NiaizA;. (4)

Let wp = {w(x),w(y)}, when b = (x,y).
For a finite subset A C V' define the Markov (Gibbsian) specification as

T (w:wla =0a) = (Z3)(w H Qv(ws),
bAA£S

where Z3 (w) is a normalization constant (partition function).
Now we give the main theorem in [31] for the model (1).

Theorem 1. For any Gibbsian specification v with associated family of transfer matrices
(Qb)beL we have

e Each normalizable boundary law (lyy)q.y for (Qp)per, defines a unique Gibbs measure p
(corresponding to ) via the equation given for any connected set A C V,

1(oavan = wauan) T @) T @), (5)

yedA bNA£D

where for any y € O\, yp denotes the unique nearest-neighbor of y in A.
e Conversely, every Gibbs measure p admits a representation of the form (5) in terms of
a normalizable boundary law (unique up to a constant positive factor).

Denote Zg = Z\ {0} and assume [,,(0) = 1 (normalization at 0), for each (x,y) € L, then
dividing (2) to the equality obtained for ¢ = 0 we get

aio + Y aijla(J)

) A J€Zg
Ly(@) == ] . (6)
Ao zedz\{y} 00+ jEZZo 0 lzx(])

We consider the graph G with a;0 = 1 and ag; = 1 for any i € Z and

a;; =1, if i+j even,
a;; = 0, otherwise.

Given a boundary law [, (i), we define z; ; = l;y(i) where x are a direct successors of y,
i. e., z € S(y). Then in case of G, (6) can be written as

L4+ > 225y
292 = A9 H I€%0 1€ ZO
1, 7 T, - )
ves@ 1+ 2 Ziy
J€Zg
(7)
143 22541y
jez .
20410 = Nit1 || ———=——, 1€Z.
ves@ 1T 2 Ziy
J€Zo
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3. Constant Solutions. Translation Invariant Gibbs Measures

It is natural to begin with translation invariant solutions of (7), where z, = z € R is
constant. In this case, the system of equations (7) reads

1+ z 22j
j€2Zo .
c= gy | | € Zo,
22 2i 1+ Z 2 ? 0
o ®)
L+ > 22541
€7 .
29111 = A2i41 711 S 2 , 1E€Z,
J
J€Zo

where \; > 0, z; > 0.

3.1. Normalisability of boundary law. The aim of this subsection is to prove the
following

Proposition 1. Let k > 2 and ZjeZ Aj < oo. Then any boundary law | = {lzy =
2z }(zyyer, for the Hamiltonian (1) with graph G is normalizable.

< Let 3 ;07 Aj < 00. Recall Q(i;7) := AjajjA;. The normalisablity of boundary laws can
be reduced (see [29]) to show

DD Qi )z < oo (V(wy) € L)

i€Z jET

Now we check this condition for solution (8)

Z Z ng‘Q(Z‘;j)ZyJ‘ = Z Z zx,i)\iaij)\jzy,j < Z )\Z‘ZJM‘ Z )\jzyd‘. (9)

1€EZ JEL 1€Z JEL 1€EZ JEL
Since the solution is independent on the vertices of the Cayley tree, for the RHS of (9) we

2
Z)\iz$7i2)\jzy7j = (Z)\ZZJ;J) .

i€Z. jez i€z

have

Therefore, the lemma follows from the following estimate (in the case of (8))

k
1+ E 225 1+ E 22j+1
jEZ €7
S hzai =+ SN [ L | Y [ | <R
; ; 14+ > 2 ; 14+ > z ;
1€EZ 1€EZ i€Zo 1€EZ j€Zo 1€EZ

. . 2
It is easy to check that if ZjeZ Aj < oo, then ZjeZ A <oo. >

REMARK 1. We assume k > 1 and ) ez Aj < 00. Therefore, each boundary law which we
construct, by Theorem 1 and Proposition 1, defines a Gibbs measure.

Let series > ;.7 2 and ) Aj obtained, respectively, from {z;}icz, and {\;}jecz,
converge, i. e.,

Z 205 = A, ZZQjJrl = B, Z Aoj = A, Z)\2j+1 =V,

J€Zg JEZL J€Zg JEZ

J€EZg
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Then from (8) we obtain

1+4 \F
A_A<1+A+B>’

k
pow(1T8B
1+A+B
We investigate the system of equation (10) in the following subcases.

3.2. Subcase A = V. In this case, the system of equations (10) reads
1+4 \*
A=~ +———=
7Q+A+B>’
1+B \"
B=vy|—F——=
7<1+A+B>’
where v := A = V.

In the system of equations (11), we first consider the case A = B. In this case, we get
1+A\"
A= . 12
7<1+2A> (12)

Proposition 2. Let k € N. Then for any v > 0 the system of equations (12) has exactly
one positive solution.

The following proposition is true

< The proof follows from the fact that the function f(x) = (11_;3; )k is strictly decreasing
under the conditions of the proposition. >

Proposition 3. For k = 1 and any v > 0 the system of equations (11) has exactly one
positive solution (A; A).

<1 The proof is clear. >

REMARK 2. In [10], the system of equations (11) for £ = 2 is studied completely and it

is proved that for v < 9/4 has a unique solution (A*, A*), and for v > 9/4 has exactly three
solutions (A*, A*), (A1; By) and (By; Ap), where

14+v1—4a2 \? 1—+v1—4a2\?2 2
Ay =\——), Bi=|—F7—"7""|, 0=——"”—.
2a 2a VYtV t4

REMARK 3. In [12], the system of equations (11) for & = 3 is studied completely and it
is proved that for 4 < 32/27 has a unique solution, and for v > 32/27 it has exactly three
solutions.

REMARK 4. In [11], it is shown that in the case k > 2 the system of equations (11) for

¥ < ﬁ (%)k has a unique solution, and for vy > ﬁ(%)k it has at least three solutions.

The following statement is true.

Proposition 4. Let k = 2,3,4,5 and 7., (k) = ﬁ(%)k Then
e if v < v, the system of equations (11) has exactly one solution of the form (A*, A*),
e if v > 7., the system of equations (11) has exactly three solutions of the form (A*, A*),

(A, B) and (B, A).
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<1 CASES k = 2 AND k = 3. The proof follows from Remark 2 and Remark 3, respectively.
CASE k = 4. In this case, from (11) we obtain

144 \*
A=qy—2
7<1+A+B>’

1+B \*
B=rn(—22 ).
7<1+A+B>

For simplicity introduce the notation A = x, B = y. Then

£:<1+x>4‘ 14

Yy 1+y

(13)

We introduce the notation 2 = ¢ ¢ > 0. Then by virtue of (14) (z = y - t*), after some
1+t
algebra, we get
(t—1)(1—y -+t +1)) =0.
Hence t =1 or
y- (B+2+1) =1
It is clear that for ¢ = 1 we have the solution x = y = x*. By Propositon 2 it follows that for

any v > 0 a solution of this kind is unique.

Let ¢t # 1. Then
1

H=——
v = ey
and the function y(t) is uniquely determined for each value of ¢, since
32+ 2t+1

y/(t) = _(

The values z(t) corresponding to each value t(¢) are determined by the formula
1 t
x(t) =t 'y(t):m-

We substitute the expressions for x(t) = y(t) - t* and y(t) into the first equation in (13). Then

N (SRS LS S (15)
Brert | (Bt ettt

Equation (15) has a solution ¢ = t(vy), but it is very hard to solve. Therefore, we consider
equation (15) with respect to the variable v, i. e. from (15) we find that

(t+ 3+ 624t +1)"
B+2+t) B +124+t4+1)*"

v(t) =

Let us prove that each value of v corresponds to only one value of ¢t. Note that if ¢ is a
solution to (15), then } is also a solution to (15). Hence, it suffices to show that each value
of v corresponds to exactly one value ¢ > 1 (or t < 1). To do this, consider the derivative of
the function ~(¢):

(t— 1) (434424t +1)3 - (13457 +15¢5+ 315+ 36t1+-31¢3 + 152+ 5t + 1)
2 (2 +t+ 12+ 152 +1)°

Y(t) =
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Therefore, the function (t) decreases for ¢ < 1, increases for ¢ > 1, and reaches its minimum
for t =1 (see Fig. 1):
625

min — 1:cr4:—-
gt (1) =7er(4) = o2

0 1 2 3 4 5 6 0 i 2 3 i ; ;
t t

Fig. 1. Graph of the function (¢) for k = 4 (on the left) and k = 5 (on the right).

Hence, each value 7 corresponds to only one value t > 1 (or t < 1) for v > 7,,-(4), the value
t =1 for v = 7.-(4) and the equation (13) has no solutions for v < ~..(4). Due to symmetry,
the system of equations (13) has a unique solution of the form (z*,z*) for v < v..(4), and for
v > 7ver(4) has exactly three solutions (z*,2*), (z,y) and (y,x), x # y, where x* is the only
positive solution of (11).

CASE k = 5. In this case, similar to the case k = 4, for y(t) we get

O+t 3412+t +1)°

t:
A e e e o
and
() = L= DEHDIE + e DUE =+ 1) P
B Y (R R D
where

P(t) = "0 4+ 4% + 1165 + 24¢7 + 414 + 38% + 41#* + 24¢3 4+ 1142 +- 4t + 1.

Then the function «(t) decreases for ¢ < 1, increases for ¢ > 1, and reaches its minimum for
t =1 (see Fig. 1)

1944

= 3005

Hence, the system of equations (13) has a unique solution of the form (z*,z*) for v < 7.(5),
and for v > v.(5) has exactly three solutions (z*,z*), (z,y) and (y,z), x # y, where x* is
the only positive solution of (11). >

Ymin = V(1) = Yer (5)

By virtue of Proposition 3, Proposition 4 and Remark 4 we obtain the following theorem.

Theorem 2. For the HC model with a countable set of spin values (corresponding to the
graph G), the following statements are true:

1. Let k =1 and v > 0. Then there is a unique TIGM.

2. Let k = 2,3,4,5 and ~..(k) = ﬁ(%)k Then for v < 7.-(k), there is exactly one
TIGM pyg, and for v > ~y..(k) there are exactly three TIGMs po, p1, 2.
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3. Let k > 6. Then for v < 7. (k) there is exactly one TIGM, and for v > 7. (k) there are
at least three TIGMs.

3.3. Subcase A # V.
CASE k=1 AND A # W. In this case, from (10) we obtain

1+A
A_A<1+A+B>’
p-u(_1+tB ).
1+A+B

It is clear that A # B, A > A and ¥ > B, since A # W. For convenience, we introduce
the notations A =z, B =y, A = a and ¥ = . Then from (16), we get

(16)

y=0+2)(=-1),

T

x:(1+y)<§—1>. o

Let us write (17) as follows:

where

From the last system of equations we obtain

{yzfﬁ@ﬁxw,

z = f(f(z,a),B),

(> +(a—=B+1y—B)(By —y* + )
y(1+y)(B —y) ’

(22 + (B —a+ 1)z —a)(axr — 22 + )
z(1+z)(a — ) '

(18)

From (18) we find
_ By+D*B-y)
y(By —y*+8)
oz + 1) (a—x)
b= r(ar — 22 +a)

Introduce the following
a(z +1)%(a —2)
z(ar — 2% + )

g(z,a) ==
and consider the derivative of the function g(x,«) with respect to the variable z:

a(l+ )22 — 2ax? + o?x + o?)
22 (za — 2% 4+ a)? '

g;(:ﬂ, a) = -
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Let us consider the equation ¢, (x,«) = 0 with respect to z, i. e.,
Y(z, ) := 2% — 2a2% + o’z + o® = 0.

Let us show that the equation t(x,«) = 0 has no positive solution. To do this, it is
sufficient to show that
223 — 202? + o’z > 0.

Indeed, using the Cauchy inequality we obtain
223 + oz = 2V2 az? > 202

Therefore, the function g(z,«) decreases for > 0. Then each value of 8 corresponds to
one value of . Due to symmetry of (18), the above can also be said about the parameter «.

Summarising, the system of equations (16) has exactly one positive solution for A # W,
i. e., the following theorem is true.

Theorem 3. Let Kk = 1, A > 0, ¥V > 0 and A # V. Then for the HC model with
a countable set of spin values (corresponding to the graph G) there is exactly one TIGM.

CASE k=2 AND A # U. In this case, from (10) we obtain

1+4 \?
A_A<1+A+B> ’

1+B \?
B=Vv|———] .
(1)
Since A # W, then A # B, A > Aand ¥ > B. For convenience, we introduce the notations
A=z, B=y, A =aand ¥ = . After some algebras, from (19) we obtain

y:(1+x)<\/g—1>7

(19)

(20)
xr=(14y) <\/§—1>.
We write the system of equations (20) as
{y = f(@,a),
z = f(y,P),
where
flz,a) = (1+2) <\/g—1>.
It follows that
{ = [(f(y.5). ),
f x? a 75)
y:<\/7+\/_ ! (\/Hy (VB =) 1>’ (21)
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After some algebras, from (21), we obtain

B +y)°* VB—y)
VIWVB —yyy+VB)?
a(l+2)° (Va - Vz)
V(zya —ayr +ya)?

8=

Let us introduce the function

h(m Oé) — a(l +1’)3(\/—— \/E)
’ Va(zy/a -z + Va)?

and calculate its derivative with respect to the variable x:

za(l+2)?(a(z? — 1) — Vaz**(z - 5) — 62?)
225/2(z/a — 23/2 + /)3

Let us consider equation hl(x,«) = 0 with respect to z. Then

hy(@,0) =

o(x, ) = az® — 1) — Vax?(x — 5) — 622 = 0.
We write ¢(x, ) as follows:
o(x,a) = —Vaz®? - (6 — a)z? + 5var?? — a.

It is easy to see that the equation ¢(z, &) = 0, by Descartes’ theorem on the number of positive
roots of a polynomial, has at most two positive solutions or has not positive solutions. On the
other hand,

#(0,a) = —a < 0, len;O d(x,a) = —00, ¢(1,a) = 4/a — 6.

Therefore, there exists a value ag of the parameter « such that the equation ¢(z,a) = 0
has two positive solutions. Let z1(ag) and xa(cp) be solutions of the equation ¢(a,z) = 0.
Then the function h(z,a) decreases for 0 < x < z1(ap) and = > x2(), and increases for
z1(ap) < x < z2(ap). Consequently, for the function h(x,«) the point z = za(ayp) is a local
maximum, and the point z = z1(ag) is a local minimum (see Fig. 2).

81

74

0 T T T T 1 0 T \
0 1 2 3 4 5 0 0.5 1 1.5 2
X x

Fig. 2. Graph of the function h(z,«) for @« = 5 (on the left) and a = 2 (on the right).
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As a result, for the parameter S we have:
1)if 0 < 8 < B(z1(ap), ap), then each value of 5 corresponds to one value of z;
2) if B = B(x1(ap), ), then corresponds to two values of x;
3) if B(x1(ap), ) < B < B(x2(ap), ), then corresponds to three values of x;
4) if B = B(z2(ap), ), then corresponds to two values of x;
5) if B > B(xa(ap), ), then corresponds to one value of z.
Since there is symmetry in the system of equations (20), the above can also be said about
the parameter «. Thus, the following theorem is true.

Theorem 4. Let k = 2. Then for the HC model with a countable set of spin values
(corresponding to the graph G) the number of TIGMs is:

1, if 0< U <A(A) or U > Ay(A),
N = 2, if = Al(A) or U= AQ(A),
3, if Al(A) <VU < AQ(A)

AU +n) (VA ym)
\/5(561\/5—561\/$_1+\/Z)2’

AG+ a0 (VA - y53)
\/@($2\/Z—$2\/CU_2+\/Z)2 ’

Ar(A) =

where x1 and xo are positive solutions of the equation
VAL 4 (6 — A)a? =5V A2 + A =0.

CASE k =3 AND A # V. In this case, from (10) we obtain
1+4 \°
A=A(———=
(rais)
1+B \°
B=V|—7"] .
(r+ivs)

Since A # V¥, then A # B, A > A and ¥ > B. Introducing the notations A = z, B = y,
A = « and ¥ = 3, similarly to the previous case from (22) we obtain

(22)

T = f(f(x’ O‘)’ﬁ)a

fla,a) = (1 +) <\/§_ 1> .

As a result, solving the system of equations (22) leads to the following

. <@+yﬁ_y) <§/<1+y>?%— D) ”)’
(25 ) (f’/(u@f@g/@—%) ‘1>'

{y = [(f(y,8), ),

where

(23)

x
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From (23) we get
BL+y)* (VB — )
Sy (VB —yy+ VB)*
o(1 + 2)! (Ya - ¥7)
e e~ adat Var

B =

Consider the function

N Ve - evET var

and calculate its derivative. Then from the equation x/,(x,a) = 0 we have
C(z,a) == —2a 3273 4202322 — 122573 + 10013242 + 0?3z — o?/? = 0.

By the well-known Descartes theorem on the number of positive roots of a polynomial,
the equation ((x,«) = 0 has four positive solutions, or two positive solutions, or does not
have positive solutions.

On the other hand,
¢(0,a) = —a?3 < 0, ]Lm ((z,a) = =00, ((1,a)= ]a/l/3 + 202/3 _ 12,

Therefore, there exists a value ag of the parameter « such that the equation ((z,«) = 0 has
two or four positive solutions. Let us prove that the equation ((x,a) = 0 for = € (0;a) and
a > g has two solutions or has no solution. To do this, we will show that the equation

C(x,a) = —% o33 4 40Py — 2022/ + %0 alBgl3 4 023 =0
has a unique positive solution. We denote = = ¢3. Then

T

14 4
Gt @) == -3 a3t 4 402383 — 2082 + EO a3t + a2? = 0.

Using the Ferrari formula, we find the only positive solution ¢(«) of the equation ¢, (¢, ) = 0.
Then the function ¢(x, ) increases for # < t3(a) and decreases for x > t3(a). Consequently,
for x € (0; ) and o > v, the equation ((z,a) = 0 has two positive solutions or no solutions.
In the case where the equation ((z,a) = 0 has no solutions, then each value of 3 corresponds
to one value of x.

Let the equation ((z,«) = 0 have two positive solutions of the form z;(ag) and za(ap).
Then the function x(x,«) decreases for 0 < z < z1(ap) and = > z2(ap) and increases for
z1(ag) < x < z2(ap). Consequently, for the function x(x,«) the point = = x9(ayp) is a local
maximum, and the point z = z;(ap) is a local minimum (see Fig. 3).
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Fig. 3. Graph of the function x(a,z) for & = 2 (on the left) and o = 1 (on the right).

From all that has been said, for the parameter 5 we have:

1)if 0 < B8 < B(z1(ag), ap), then each value of 5 corresponds to one value of z;

2) if 8 = B(x1(), ), then corresponds to two values of x;

3) if B(x1(ap), ) < B < B(x2(ap), ), then corresponds to three values of x;

4) if = B(z2(ap), ap), then corresponds to two values of z;

5) if B > B(xa(ap), ), then corresponds to one value of z.

Since there is symmetry in the system of equations, the above can also be said about the
parameter «.

Thus, the following theorem is true.

Theorem 5. Let k = 3. Then for the HC model with a countable set of spin values
(corresponding to the graph G) the number of TIGMs is:

1, if 0< U <A(A) or U > Ay(A),
N = 2, if o= Al(A) or U= AQ(A),
3, if Al(A) <VU< AQ(A)

AL+ 2 (VB - §7)
VT2 (2 VA — 29 Y73 + \?’/Z)g’

_ A(l —|—561)4(\3/Z— 13/$1)
Jx (CEl\EX/K —x19/71 + \B/Z)?’ ’
where x1 and xo are positive solutions equations

QALBLT/3 _9A2/322 4 1225/3 _ 10A/32Y3 — AZ/3p 4 A2/3 =,

Az (A) =
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BiagnkaBka3zckuii MareMaTHIeCKUH YKy PHAJT
2026, Tom 28, Bemyck 2, C. 91-107

HARD-CORE MOJIEJIb CO CUETHBLIM Y1CJIOM COCTOSHNIN:
TPAHCJ/IAIMOHHO-NUHBAPMAHTHBIE MEPBI TMBEBCA

Maxammatammes M.!, Xaxumos P.12

! HamaHraHCKHil rocy1apCTBEHHbI YHIBEPCUTET,
Vsb6ekncran, 160107, Hamanran, yi. Babypmax, 161;
2 Mucruryr maremaruxy nM. B. 1. Pomanosckoro
Axanemun Hayk PecrnyGiuku Y306eKuCTaH,
V3b6ekucran, 100174, Tamkent, yia. Yausepcurer, 9

E-mail: mmtmuxtor93@mail.ru, rustam-7102@rambler.ru

AnHoTaumsi. B nanHoii paGore ucciey0TCs TPAHC/ISIIIMOHHO-nHBapuanTHble Mepbl ['u66ca (TUMI) mus
pemerounoit mogemu Hard-Core (HC) co cuernpiM MHOXKeCTBOM 3HadeHuil ciimua Z Ha gepese Kasm mopsaka
k > 2. Dra MOIeIb CTATUCTUYECKON MEXaHUKU OJIHO3HAYHO XapaKTepu3yercd GECKOHEYHBbIM HabGOPOM Iapa-
METPOB, 33/IaBaEMBbIX IOJIOKUTEHHOM (byHKIMeH akTuBHOCTH \; > 0, i € Z. ZIBHO BBIBEIEHO (DYHKIIMOHAb-
HOE ypaBHEHWE COTJIACOBAHHOCTH W YCTAHOBJIEHBI TOYHBIE YCIOBUS HOPMAJIN3yEeMOCTH, HEOOXOMUMBIE JJIs TPa-
HUYHBIX 3aKOHOB CHUCTE€MBI. AHaIU3 MOAPOOHO COCPEIOTOYEH Ha CXOAUMOCTHU Pa3OMeHUuil psI0B aKTUBHOCTH,
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0003HAYAEMBIX KaK ZjEZo Aoj = Am ZjeZ A2j+1 = V. B cummerpuyHOM mojcitydae, korpa A = U = -+,
OLIPEJIEJIEHO TOYHOE KPUTHIECKOe 3HaYeHue Yer (k) 1 okazano, uro upu v < ver (k) cyuiecrByer exuHcTBEHHAS
TUIMI, Torga Kak npu vy > vYer(k) Ha gepeBbsax Kanu nopsakos k = 2, 3, 4, 5 BOSHEKAIOT POBHO TP Pa3/IMIHbIE
TUMI'. Kpome Toro, chopmynupoBana oOOOIMIEHHAsT HUXKHAA Tpanura ajs obmiero yuciaa TUMI mpu Bcex
nopsinkax k > 2. Hakonen, B acummerpuuatoM nozaciay4dae (A # W) npesCTaBIeHO II0JHOEe MaTeMaTHIeCKOe
onycaHue U KJIacCUPUKAIMS BCEX TPAHCIISIMOHHO-UHBAPUAHTHBIX Mep ['mb6ca Ha jepeBbsax Kanm mopsiikos
k=1,2,3.

Kurouessie cioBa: jepeso Kanu, Hard-Core mogmens, koudurypamnust, mepa ['n66ca, TpaHCISIIMOHHO-
WHBapHAHTHBIE MEPbl, TPAHUYHBINA 3aKOH.
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