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Abstract. In this paper, we investigate the translation-invariant Gibbs measures (TIGM) for the Hard-
Core (HC) lattice model with a countable set Z of spin values on the Cayley tree of order k > 2.
This statistical mechanics model is uniquely characterized by an infinite set of parameters governed by
a positive activity function λi > 0, i ∈ Z. We explicitly derive the functional consistency equation and
establish the exact normalizability conditions required for the boundary laws of the system. The analysis
specifically focuses on the convergence of the activity series partitions, denoted by

∑
j∈Z0

λ2j = ∆ and∑
j∈Z

λ2j+1 = Ψ. In the symmetric subcase where ∆ = Ψ ≡ γ, we determine the precise critical value
γcr(k), proving that a unique TIGM exists for γ 6 γcr(k), while there exist exactly three distinct TIGMs
when γ > γcr(k) on Cayley trees of orders k = 2, 3, 4, 5. Furthermore, a generalized lower bound for the
total number of TIGMs is formulated for all orders k > 2. Finally, in the asymmetric subcase (∆ 6= Ψ),
we provide a comprehensive mathematical description and classification of all translation-invariant Gibbs
measures on Cayley trees of orders k = 1, 2, 3.
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1. Introduction

The study of random functions σx from the vertices of some graph G (usually Z
d or

a Cayley tree) into a space with measure (E,E ) is a central problem in ergodic theory and
statistical physics.

In many classical models of physics (e. g., the Ising model, the Potts model, the Hard-
Core model), E is a finite set and σx has a physical interpretation as the spin of a particle
at vertex x in a crystal lattice (graph G). For such models, the theory of Gibbs measures is
well developed. It is known that each limiting Gibbs measure is associated with one phase of
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a physical system. Therefore, one of the important problems in the theory of Gibbs measures
is the existence of a phase transition, i. e. when a physical system changes its state with
a change in temperature. This occurs when the number of measures changes with a change
in temperature. In this case, the temperature at which the state of a physical system changes
is usually called critical (see [1–4]).

For many classical models with a finite set of spin values (for example, the Ising model,
the Potts model, the SOS model, the λ-model, the Hard-Core model), the theory of Gibbs
measures is well developed (see, e. g., [5–12]). However, in the case of a countable set of spin
values, the existence of Gibbs measures is not guaranteed. There are several papers devoted
to the study of such models (see, e. g., [13–19]).

In [20], A. Mazel and Yu. Suhov introduced the HC (Hard-Core) model on a d-dimensional
lattice Z

d. This model is interesting from the point of view of statistical mechanics, as well as
combinatorics and the theory of neural networks [2, 21, 22]. There are a lot of works devoted
to the study of limiting Gibbs measures for HC models with a finite number of states on the
Cayley tree (see [3, 23–27]).

In [28], for the first time, the HC model with a countable set of spin values was studied.
For this model, on a Cayley tree of arbitrary order, some conditions for the existence of
TIGM, and also the uniqueness of such a measure under the existence conditions are found.
In addition, the conditions for the existence and non-uniqueness of periodic (not translation-
invariant) Gibbs measures with period two are found. In [29] it is proved that for this model
each H-periodic Gibbs measure is either translation-invariant or two-periodic. In [30] it is
proved that in the case of an arbitrary normal divisor of index two the weakly periodic Gibbs
measure is translation-invariant and unique, and in the case of a normal divisor of index four,
under certain conditions the translation invariance of weakly periodic Gibbs measures on a
Cayley tree of arbitrary order is shown. And also under certain conditions the exact critical
value is found, at which weakly periodic (non-periodic) Gibbs measures exist. The present
paper can be considered as a continuation of the mentioned works.

In this paper, we consider an HC model with a countable set of spin values on a Cayley
tree. This model is defined by a countable set of parameters specified by the activity function
λi > 0, where i ∈ Z. It is shown that each boundary law constructed for the model under
consideration defines the Gibbs measure. The cases

∑

j∈Z0
λ2j = ∆,

∑

j∈Z λ2j+1 = Ψ are
considered. In the case ∆ = Ψ on a Cayley tree of orders k = 1, 2, 3, 4, 5 and in the case
∆ 6= Ψ on a Cayley tree of orders k = 1, 2, 3, a complete description of the TIGM is obtained.
Also, at ∆ = Ψ, the lower bound for the number of TIGMs is indicated for k > 2.

2. Preliminaries

The Cayley tree ℑk of order k > 1 is an infinite tree, i. e. a graph without cycles, such
that exactly k + 1 edges originate from each vertex. Let ℑk = (V,L, i), where V is the set of
vertices of ℑk, L is the set of its edges, and i is the incidence function setting each edge l ∈ L
into correspondence with its endpoints x, y ∈ V . If i(l) = {x, y}, then the vertices x and y
are called nearest neighbors, denoted by l = 〈x, y〉.

For fixed x0 ∈ V , we set

Wn =
{

x ∈ V : d
(

x, x0
)

= n
}

, Vn =
{

x ∈ V : d
(

x, x0
)

6 n
}

,

where d(x, y) is the distance between the vertices x and y on the Cayley tree, i. e., the number
of edges of the shortest path connecting vertices x and y.
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Write x ≺ y, if the path from x0 to y passes through x. A vertex y is called a direct
successor of x, if y ≻ x and x, y are nearest neighbors. Note that in ℑk every vertex x 6= x0

has k direct successors, and x0 has k+1 successors. The set of direct successors of x is denoted
by S(x), i. e., if x ∈Wn, then

S(x) =
{

yi ∈Wn+1 : d(x, yi) = 1, i = 1, 2, . . . , k
}

.

We consider the Hard-Core (HC) nearest neighbor model with countable number of states
on the Cayley tree, where the spin variables are take values in the set of integers Z and
are located at the tree vertices. A configuration on the Cayley tree is defined as a function
σ = {σ(x) ∈ Z : x ∈ V }, i. e., in this model each vertex x is assigned one of the values
σ(x) ∈ Z. The value σ(x) 6= 0 means that the vertex x is “occupied”, and σ(x) = 0 means
that it is “vacant”.

We consider the set Z as the set of vertex set of some infinite graph G. Using the graph G,
we define a G-admissible configuration as follows. A configuration σ is called a G-admissible

configuration on the Cayley tree (in Vn), if {σ(x), σ(y)} is an edge of the graph G for any 〈x, y〉
from V (from Vn). Denote the set of G-admissible configurations by ΩG (ΩG

Vn
).

The activity set [24] for a graph G is a bounded function λ : G 7→ R+ (R+ is the set of
positive real numbers). The value λi of function λ at the vertex i ∈ Z is called its “activity”.

2.1. Boundary law equation for Hard-Core model. For given G and λ we define the
Hamiltonian of the G-HC model as

Hλ
G(σ) =







− ∑

x∈V
lnλσ(x), if σ ∈ ΩG,

+∞, if σ /∈ ΩG.
(1)

Let L(G) be the set of edges of a graph G. We let A ≡ AG =
(

aij
)

i,j
denote the adjacency

matrix of the graph G, i. e.,

aij = aGij =

{

1, if {i, j} ∈ L(G),

0, if {i, j} /∈ L(G).

Definition 1 (see [2, Chapter 12]). 1) A family of vectors l = {lxy}〈x,y〉∈L with
lxy = {lxy(i) : i ∈ Z} ∈ (0,∞)Z is called the boundary law for the Hamiltonian (1), if for each
〈x, y〉 ∈ L there exists a constant cxy > 0, such that the consistency equation

lxy(i) = cxyλi
∏

z∈∂x\{y}

∑

j∈Z

aij lzx(j) (2)

holds for every i ∈ Z, where ∂x is the set of nearest neighbors of a vertex x.
2) A boundary law l is said to be normalisable if and only if

∑

i∈Z

(

λi
∏

z∈∂x

∑

j∈Z

aijlzx(j)

)

<∞ (3)

at any x ∈ V .
3) A boundary law is called translation-invariant, if it does not depend on edges of the tree,

i. e., lxy(i) = l(i) for every oriented edge 〈x, y〉 and each i ∈ Z.
Now we give a specially established correspondence between the boundary laws and Gibbs

measures for the HC model (1). From our Hamiltonian we have the nearest-neighboring
interaction potential λ = (λb)b, where b = 〈σ(x), σ(y)〉.
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For a given configuration ω, graph G with A = (aij), edges b = 〈x, y〉, and i = ω(x),
j = ω(y), we define the symmetric transition matrix Qb as

Qb(i, j) := λiaijλj . (4)

Let ωb = {ω(x), ω(y)}, when b = 〈x, y〉.
For a finite subset Λ ⊂ V define the Markov (Gibbsian) specification as

γλΛ
(

ω : ω|Λ = σΛ
)

=
(

Zλ
Λ

)

(ω)−1
∏

b∩Λ 6=∅

Qb(ωb),

where Zλ
Λ(ω) is a normalization constant (partition function).

Now we give the main theorem in [31] for the model (1).

Theorem 1. For any Gibbsian specification γ with associated family of transfer matrices

(Qb)b∈L we have

• Each normalizable boundary law (lxy)x;y for (Qb)b∈L defines a unique Gibbs measure µ
(corresponding to γ) via the equation given for any connected set Λ ⊂ V ,

µ(σΛ∪∂Λ = ωΛ∪∂Λ) =
(

Zλ
Λ

)−1
∏

y∈∂Λ

lyyΛ(ω(y))
∏

b∩Λ 6=∅

Qb(ωb), (5)

where for any y ∈ ∂Λ, yΛ denotes the unique nearest-neighbor of y in Λ.

• Conversely, every Gibbs measure µ admits a representation of the form (5) in terms of

a normalizable boundary law (unique up to a constant positive factor).

Denote Z0 = Z \{0} and assume lxy(0) = 1 (normalization at 0), for each 〈x, y〉 ∈ L, then
dividing (2) to the equality obtained for i = 0 we get

lxy(i) =
λi
λ0

∏

z∈∂x\{y}

ai0 +
∑

j∈Z0

aijlzx(j)

a00 +
∑

j∈Z0

a0j lzx(j)
. (6)

We consider the graph G with ai0 = 1 and a0i = 1 for any i ∈ Z and

{

aij = 1, if i+ j even,

aij = 0, otherwise.

Given a boundary law lxy(i), we define zi,x = lxy(i) where x are a direct successors of y,
i. e., x ∈ S(y). Then in case of G, (6) can be written as











































z2i,x = λ2i
∏

y∈S(x)

1 +
∑

j∈Z0

z2j,y

1 +
∑

j∈Z0

zj,y
, i ∈ Z0,

z2i+1,x = λ2i+1
∏

y∈S(x)

1 +
∑

j∈Z

z2j+1,y

1 +
∑

j∈Z0

zj,y
, i ∈ Z.

(7)
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3. Constant Solutions. Translation Invariant Gibbs Measures

It is natural to begin with translation invariant solutions of (7), where zx = z ∈ R
∞
+ is

constant. In this case, the system of equations (7) reads














































z2i = λ2i







1 +
∑

j∈Z0

z2j

1 +
∑

j∈Z0

zj







k

, i ∈ Z0,

z2i+1 = λ2i+1







1 +
∑

j∈Z

z2j+1

1 +
∑

j∈Z0

zj







k

, i ∈ Z,

(8)

where λi > 0, zi > 0.

3.1. Normalisability of boundary law. The aim of this subsection is to prove the
following

Proposition 1. Let k > 2 and
∑

j∈Z λj < ∞. Then any boundary law l = {lxy :=
zx}〈x,y〉∈L for the Hamiltonian (1) with graph G is normalizable.

⊳ Let
∑

j∈Z λj < ∞. Recall Q(i; j) := λiaijλj . The normalisablity of boundary laws can
be reduced (see [29]) to show

∑

i∈Z

∑

j∈Z

zx,iQ(i; j)zy,j <∞ (∀ 〈x, y〉 ∈ L).

Now we check this condition for solution (8)

∑

i∈Z

∑

j∈Z

zx,iQ(i; j)zy,j =
∑

i∈Z

∑

j∈Z

zx,iλiaijλjzy,j 6
∑

i∈Z

λizx,i
∑

j∈Z

λjzy,j . (9)

Since the solution is independent on the vertices of the Cayley tree, for the RHS of (9) we
have

∑

i∈Z

λizx,i
∑

j∈Z

λjzy,j =

(

∑

i∈Z

λizx,i

)2

.

Therefore, the lemma follows from the following estimate (in the case of (8))

∑

i∈Z

λizx,i = λ0 +
∑

i∈Z

λ22i







1 +
∑

j∈Z0

z2j

1 +
∑

j∈Z0

zj







k

+
∑

i∈Z

λ22i+1







1 +
∑

j∈Z

z2j+1

1 +
∑

j∈Z0

zj







k

<
∑

i∈Z

λ2i .

It is easy to check that if
∑

j∈Z λj <∞, then
∑

j∈Z λ
2
j <∞. ⊲

Remark 1. We assume k > 1 and
∑

j∈Z λj <∞. Therefore, each boundary law which we
construct, by Theorem 1 and Proposition 1, defines a Gibbs measure.

Let series
∑

j∈Z0
zj and

∑

j∈Z0
λj obtained, respectively, from {zi}i∈Z0

and {λj}j∈Z0

converge, i. e.,

∑

j∈Z0

z2j = A,
∑

j∈Z

z2j+1 = B,
∑

j∈Z0

λ2j = ∆,
∑

j∈Z

λ2j+1 = Ψ.
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Then from (8) we obtain



















A = ∆

(

1 +A

1 +A+B

)k

,

B = Ψ

(

1 +B

1 +A+B

)k

.

(10)

We investigate the system of equation (10) in the following subcases.

3.2. Subcase ∆ = Ψ. In this case, the system of equations (10) reads



















A = γ

(

1 +A

1 +A+B

)k

,

B = γ

(

1 +B

1 +A+B

)k

,

(11)

where γ := ∆ = Ψ.
In the system of equations (11), we first consider the case A = B. In this case, we get

A = γ

(

1 +A

1 + 2A

)k

. (12)

The following proposition is true

Proposition 2. Let k ∈ N. Then for any γ > 0 the system of equations (12) has exactly

one positive solution.

⊳ The proof follows from the fact that the function f(x) =
(

1+x
1+2x

)k
is strictly decreasing

under the conditions of the proposition. ⊲

Proposition 3. For k = 1 and any γ > 0 the system of equations (11) has exactly one

positive solution (A;A).

⊳ The proof is clear. ⊲

Remark 2. In [10], the system of equations (11) for k = 2 is studied completely and it
is proved that for γ 6 9/4 has a unique solution (A∗, A∗), and for γ > 9/4 has exactly three
solutions (A∗, A∗), (A1;B1) and (B1;A1), where

A1 =

(

1 +
√
1− 4a2

2a

)2

, B1 =

(

1−
√
1− 4a2

2a

)2

, a =
2√

γ +
√
γ + 4

.

Remark 3. In [12], the system of equations (11) for k = 3 is studied completely and it
is proved that for γ 6 32/27 has a unique solution, and for γ > 32/27 it has exactly three
solutions.

Remark 4. In [11], it is shown that in the case k > 2 the system of equations (11) for

γ 6 1
k−1

(

k+1
k

)k
has a unique solution, and for γ > 1

k−1

(

k+1
k

)k
it has at least three solutions.

The following statement is true.

Proposition 4. Let k = 2, 3, 4, 5 and γcr(k) =
1

k−1

(

k+1
k

)k
. Then

• if γ 6 γcr, the system of equations (11) has exactly one solution of the form (A∗, A∗),
• if γ > γcr, the system of equations (11) has exactly three solutions of the form (A∗, A∗),

(A,B) and (B,A).
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⊳ Cases k = 2 and k = 3. The proof follows from Remark 2 and Remark 3, respectively.
Case k = 4. In this case, from (11) we obtain



















A = γ

(

1 +A

1 +A+B

)4

,

B = γ

(

1 +B

1 +A+B

)4

.

(13)

For simplicity introduce the notation A = x, B = y. Then

x

y
=

(

1 + x

1 + y

)4

. (14)

We introduce the notation 1+x
1+t = t, t > 0. Then by virtue of (14) (x = y · t4), after some

algebra, we get
(t− 1)

(

1− y · (t3 + t2 + t)
)

= 0.

Hence t = 1 or
y ·
(

t3 + t2 + t
)

= 1.

It is clear that for t = 1 we have the solution x = y = x∗. By Propositon 2 it follows that for
any γ > 0 a solution of this kind is unique.

Let t 6= 1. Then

y(t) =
1

t3 + t2 + t

and the function y(t) is uniquely determined for each value of t, since

y′(t) = − 3t2 + 2t+ 1

(t3 + t2 + t)2
< 0.

The values x(t) corresponding to each value t(t) are determined by the formula

x(t) = t4 · y(t) = t4

t3 + t2 + t
.

We substitute the expressions for x(t) = y(t) · t4 and y(t) into the first equation in (13). Then

t4

t3 + t2 + t
= γ ·

(

t4 + t3 + t2 + t
)4

(t4 + t3 + t2 + t+ 1)4
. (15)

Equation (15) has a solution t = t(γ), but it is very hard to solve. Therefore, we consider
equation (15) with respect to the variable γ, i. e. from (15) we find that

γ(t) =

(

t4 + t3 + t2 + t+ 1
)4

(t3 + t2 + t) (t3 + t2 + t+ 1)4
.

Let us prove that each value of γ corresponds to only one value of t. Note that if t is a
solution to (15), then 1

t is also a solution to (15). Hence, it suffices to show that each value
of γ corresponds to exactly one value t > 1 (or t < 1). To do this, consider the derivative of
the function γ(t):

γ′(t) =
(t− 1) · (t4+t3+t2+t+1)3 · (t8+5t7+15t6+31t5+36t4+31t3+15t2+5t+1)

t2 · (t2 + t+ 1)2(t+ 1)5(t2 + 1)5
.
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Therefore, the function γ(t) decreases for t < 1, increases for t > 1, and reaches its minimum
for t = 1 (see Fig. 1):

γmin = γ(1) = γcr(4) =
625

768
.

Fig. 1. Graph of the function γ(t) for k = 4 (on the left) and k = 5 (on the right).

Hence, each value γ corresponds to only one value t > 1 (or t < 1) for γ > γcr(4), the value
t = 1 for γ = γcr(4) and the equation (13) has no solutions for γ < γcr(4). Due to symmetry,
the system of equations (13) has a unique solution of the form (x∗, x∗) for γ 6 γcr(4), and for
γ > γcr(4) has exactly three solutions (x∗, x∗), (x, y) and (y, x), x 6= y, where x∗ is the only
positive solution of (11).

Case k = 5. In this case, similar to the case k = 4, for γ(t) we get

γ(t) =
(t5 + t4 + t3 + t2 + t+ 1)5

(t4 + t3 + t2 + t)(t4 + t3 + t2 + t+ 1)5
,

and

γ′(t) =
(t− 1)(t+ 1)3(t2 + t+ 1)4(t2 − t+ 1)4 · P (t)

t2 · (t2 + 1)2(t4 + t3 + t2 + t+ 1)6
,

where

P (t) = t10 + 4t9 + 11t8 + 24t7 + 41t6 + 38t5 + 41t4 + 24t3 + 11t2 + 4t+ 1.

Then the function γ(t) decreases for t < 1, increases for t > 1, and reaches its minimum for
t = 1 (see Fig. 1)

γmin = γ(1) = γcr(5) =
1944

3125
.

Hence, the system of equations (13) has a unique solution of the form (x∗, x∗) for γ 6 γcr(5),
and for γ > γcr(5) has exactly three solutions (x∗, x∗), (x, y) and (y, x), x 6= y, where x∗ is
the only positive solution of (11). ⊲

By virtue of Proposition 3, Proposition 4 and Remark 4 we obtain the following theorem.

Theorem 2. For the HC model with a countable set of spin values (corresponding to the

graph G), the following statements are true:

1. Let k = 1 and γ > 0. Then there is a unique TIGM.

2. Let k = 2, 3, 4, 5 and γcr(k) = 1
k−1

(

k+1
k

)k
. Then for γ 6 γcr(k), there is exactly one

TIGM µ0, and for γ > γcr(k) there are exactly three TIGMs µ0, µ1, µ2.
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3. Let k > 6. Then for γ 6 γcr(k) there is exactly one TIGM, and for γ > γcr(k) there are

at least three TIGMs.

3.3. Subcase ∆ 6= Ψ.

Case k = 1 and ∆ 6= Ψ. In this case, from (10) we obtain



















A = ∆

(

1 +A

1 +A+B

)

,

B = Ψ

(

1 +B

1 +A+B

)

.

(16)

It is clear that A 6= B, ∆ > A and Ψ > B, since ∆ 6= Ψ. For convenience, we introduce
the notations A = x, B = y, ∆ = α and Ψ = β. Then from (16), we get















y = (1 + x)
(α

x
− 1
)

,

x = (1 + y)

(

β

y
− 1

)

.

(17)

Let us write (17) as follows:
{

y = f(x, α),

x = f(y, β),

where
f(x, α) := (1 + x)

(α

x
− 1
)

.

From the last system of equations we obtain
{

y = f(f(y, β), α),

x = f(f(x, α), β),

or


















y =
(y2 + (α− β + 1)y − β)(βy − y2 + β)

y(1 + y)(β − y)
,

x =
(x2 + (β − α+ 1)x− α)(αx− x2 + α)

x(1 + x)(α − x)
.

(18)

From (18) we find


















α =
β(y + 1)2(β − y)

y(βy − y2 + β)
,

β =
α(x+ 1)2(α− x)

x(αx− x2 + α)
.

Introduce the following

g(x, α) :=
α(x+ 1)2(α− x)

x(αx− x2 + α)

and consider the derivative of the function g(x, α) with respect to the variable x:

g′x(x, α) = −α(1 + x)(2x3 − 2αx2 + α2x+ α2)

x2(xα− x2 + α)2
.
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Let us consider the equation g′x(x, α) = 0 with respect to x, i. e.,

ψ(x, α) := 2x3 − 2αx2 + α2x+ α2 = 0.

Let us show that the equation ψ(x, α) = 0 has no positive solution. To do this, it is
sufficient to show that

2x3 − 2αx2 + α2x > 0.

Indeed, using the Cauchy inequality we obtain

2x3 + α2x > 2
√
2αx2 > 2αx2.

Therefore, the function g(x, α) decreases for x > 0. Then each value of β corresponds to
one value of x. Due to symmetry of (18), the above can also be said about the parameter α.

Summarising, the system of equations (16) has exactly one positive solution for ∆ 6= Ψ,
i. e., the following theorem is true.

Theorem 3. Let k = 1, ∆ > 0, Ψ > 0 and ∆ 6= Ψ. Then for the HC model with

a countable set of spin values (corresponding to the graph G) there is exactly one TIGM.

Case k = 2 and ∆ 6= Ψ. In this case, from (10) we obtain


















A = ∆

(

1 +A

1 +A+B

)2

,

B = Ψ

(

1 +B

1 +A+B

)2

.

(19)

Since ∆ 6= Ψ, then A 6= B, ∆ > A and Ψ > B. For convenience, we introduce the notations
A = x, B = y, ∆ = α and Ψ = β. After some algebras, from (19) we obtain



















y = (1 + x)

(√

α

x
− 1

)

,

x = (1 + y)

(√

β

y
− 1

)

.

(20)

We write the system of equations (20) as
{

y = f(x, α),

x = f(y, β),

where

f(x, α) := (1 + x)

(
√

α

x
− 1

)

.

It follows that
{

y = f(f(y, β), α),

x = f(f(x, α), β).

or


























y =

(√

β

y
+

√
βy − y

)

(√

α
√
y

(1 + y)(
√
β −√

y)
− 1

)

,

x =

(√

α

x
+

√
αx− x

)

(
√

β
√
x

(1 + x)(
√
α−√

x)
− 1

)

.

(21)
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After some algebras, from (21), we obtain


















α =
β(1 + y)3 (

√
β −√

y )
√
y (y

√
β − y

√
y +

√
β )2

,

β =
α(1 + x)3 (

√
α−√

x )√
x(x

√
α− x

√
x+

√
α )2

.

Let us introduce the function

h(x, α) :=
α(1 + x)3(

√
α−√

x )√
x(x

√
α− x

√
x+

√
α )2

and calculate its derivative with respect to the variable x:

h′x(x, α) =
xα(1 + x)2

(

α(x2 − 1)−√
αx3/2(x− 5)− 6x2

)

2x5/2(x
√
α− x3/2 +

√
α )3

.

Let us consider equation h′x(x, α) = 0 with respect to x. Then

φ(x, α) := α(x2 − 1)−
√
αx3/2(x− 5)− 6x2 = 0.

We write φ(x, α) as follows:

φ(x, α) = −
√
αx5/2 − (6− α)x2 + 5

√
αx3/2 − α.

It is easy to see that the equation φ(x, α) = 0, by Descartes’ theorem on the number of positive
roots of a polynomial, has at most two positive solutions or has not positive solutions. On the
other hand,

φ(0, α) = −α < 0, lim
x→∞

φ(x, α) = −∞, φ(1, α) = 4
√
α− 6.

Therefore, there exists a value α0 of the parameter α such that the equation φ(x, α) = 0
has two positive solutions. Let x1(α0) and x2(α0) be solutions of the equation φ(α, x) = 0.
Then the function h(x, α) decreases for 0 < x < x1(α0) and x > x2(α0), and increases for
x1(α0) < x < x2(α0). Consequently, for the function h(x, α) the point x = x2(α0) is a local
maximum, and the point x = x1(α0) is a local minimum (see Fig. 2).

Fig. 2. Graph of the function h(x, α) for α = 5 (on the left) and α = 2 (on the right).
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As a result, for the parameter β we have:
1) if 0 < β < β(x1(α0), α0), then each value of β corresponds to one value of x;
2) if β = β(x1(α0), α0), then corresponds to two values of x;
3) if β(x1(α0), α0) < β < β(x2(α0), α0), then corresponds to three values of x;
4) if β = β(x2(α0), α0), then corresponds to two values of x;
5) if β > β(x2(α0), α0), then corresponds to one value of x.
Since there is symmetry in the system of equations (20), the above can also be said about

the parameter α. Thus, the following theorem is true.

Theorem 4. Let k = 2. Then for the HC model with a countable set of spin values

(corresponding to the graph G) the number of TIGMs is:

N =











1, if 0 < Ψ < Λ1(∆) or Ψ > Λ2(∆),

2, if Ψ = Λ1(∆) or Ψ = Λ2(∆),

3, if Λ1(∆) < Ψ < Λ2(∆).

Here

Λ1(∆) =
∆(1 + x1)

3 (
√
∆−√

x1 )
√
x
(

x1
√
∆− x1

√
x1 +

√
∆
)2 , Λ2(∆) =

∆(1 + x2)
3 (
√
∆−√

x2 )
√
x2
(

x2
√
∆− x2

√
x2 +

√
∆
)2 ,

where x1 and x2 are positive solutions of the equation

√
∆x5/2 + (6−∆)x2 − 5

√
∆x3/2 +∆ = 0.

Case k = 3 and ∆ 6= Ψ. In this case, from (10) we obtain



















A = ∆

(

1 +A

1 +A+B

)3

,

B = Ψ

(

1 +B

1 +A+B

)3

.

(22)

Since ∆ 6= Ψ, then A 6= B, ∆ > A and Ψ > B. Introducing the notations A = x, B = y,
∆ = α and Ψ = β, similarly to the previous case from (22) we obtain

{

y = f(f(y, β), α),

x = f(f(x, α), β),

where

f(x, α) := (1 + x)

(

3

√

α

x
− 1

)

.

As a result, solving the system of equations (22) leads to the following



























y =

(

3

√

β

y
+ y 3

√

β

y
− y

)

(

3

√

α 3
√
y

(1 + y)( 3
√
β − 3

√
y)

− 1

)

,

x =

(

3

√

α

x
+ x 3

√

α

x
− x

)

(

3

√

β 3
√
x

(1 + x)( 3
√
α− 3

√
x)

− 1

)

.

(23)
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From (23) we get


















α =
β(1 + y)4 ( 3

√
β − 3

√
y )

3
√
y (y 3

√
β − y 3

√
y + 3

√
β )2

,

β =
α(1 + x)4 ( 3

√
α− 3

√
x )

3
√
x (x 3

√
α− x 3

√
x+ 3

√
α )2

.

Consider the function

χ(x, α) :=
α(1 + x)4( 3

√
α− 3

√
x )

3
√
x (x 3

√
α− x 3

√
x+ 3

√
α )3

and calculate its derivative. Then from the equation χ′
x(x, α) = 0 we have

ζ(x, α) := −2α1/3x7/3 + 2α2/3x2 − 12x5/3 + 10α1/3x4/3 + α2/3x− α2/3 = 0.

By the well-known Descartes theorem on the number of positive roots of a polynomial,
the equation ζ(x, α) = 0 has four positive solutions, or two positive solutions, or does not
have positive solutions.

On the other hand,

ζ(0, α) = −α2/3 < 0, lim
x→∞

ζ(x, α) = −∞, ζ(1, α) = 8α1/3 + 2α2/3 − 12.

Therefore, there exists a value α0 of the parameter α such that the equation ζ(x, α) = 0 has
two or four positive solutions. Let us prove that the equation ζ(x, α) = 0 for x ∈ (0;α) and
α > α0 has two solutions or has no solution. To do this, we will show that the equation

ζ ′x(x, α) := −14

3
α1/3x4/3 + 4α2/3x− 20x2/3 +

40

3
α1/3x1/3 + α2/3 = 0

has a unique positive solution. We denote x = t3. Then

ζ ′x(t, α) := −14

3
α1/3t4 + 4α2/3t3 − 20t2 +

40

3
α1/3t+ α2/3 = 0.

Using the Ferrari formula, we find the only positive solution t(α) of the equation ζ ′x(t, α) = 0.
Then the function ζ(x, α) increases for x < t3(α) and decreases for x > t3(α). Consequently,
for x ∈ (0;α) and α > α0, the equation ζ(x, α) = 0 has two positive solutions or no solutions.
In the case where the equation ζ(x, α) = 0 has no solutions, then each value of β corresponds
to one value of x.

Let the equation ζ(x, α) = 0 have two positive solutions of the form x1(α0) and x2(α0).
Then the function χ(x, α) decreases for 0 < x < x1(α0) and x > x2(α0) and increases for
x1(α0) < x < x2(α0). Consequently, for the function χ(x, α) the point x = x2(α0) is a local
maximum, and the point x = x1(α0) is a local minimum (see Fig. 3).
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Fig. 3. Graph of the function χ(α, x) for α = 2 (on the left) and α = 1 (on the right).

From all that has been said, for the parameter β we have:
1) if 0 < β < β(x1(α0), α0), then each value of β corresponds to one value of x;
2) if β = β(x1(α0), α0), then corresponds to two values of x;
3) if β(x1(α0), α0) < β < β(x2(α0), α0), then corresponds to three values of x;
4) if β = β(x2(α0), α0), then corresponds to two values of x;
5) if β > β(x2(α0), α0), then corresponds to one value of x.
Since there is symmetry in the system of equations, the above can also be said about the

parameter α.
Thus, the following theorem is true.

Theorem 5. Let k = 3. Then for the HC model with a countable set of spin values

(corresponding to the graph G) the number of TIGMs is:

N =











1, if 0 < Ψ < Λ1(∆) or Ψ > Λ2(∆),

2, if Ψ = Λ1(∆) or Ψ = Λ2(∆),

3, if Λ1(∆) < Ψ < Λ2(∆).

Here

Λ1(∆) =
∆(1 + x1)

4( 3
√
∆− 3

√
x1 )

3
√
x1
(

x1
3
√
∆− x1 3

√
x1 +

3
√
∆
)3 , Λ2(∆) =

∆(1 + x2)
4( 3
√
∆− 3

√
x2 )

3
√
x2
(

x2
3
√
∆− x2 3

√
x2 +

3
√
∆
)3 ,

where x1 and x2 are positive solutions equations

2∆1/3x7/3 − 2∆2/3x2 + 12x5/3 − 10∆1/3x4/3 −∆2/3x+∆2/3 = 0.
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HARD-CORE МОДЕЛЬ СО СЧЕТНЫМ ЧИСЛОМ СОСТОЯНИЙ:
ТРАНСЛЯЦИОННО-ИНВАРИАНТНЫЕ МЕРЫ ГИББСА

Махаммадалиев М.1, Хакимов Р.1,2
1 Наманганский государственный университет,

Узбекистан, 160107, Наманган, ул. Бабуршах, 161;
2 Институт математики им. В. И. Романовского

Академии наук Республики Узбекистан,
Узбекистан, 100174, Ташкент, ул. Университет, 9

E-mail: mmtmuxtor93@mail.ru, rustam-7102@rambler.ru

Аннотация. В данной работе исследуются трансляционно-инвариантные меры Гиббса (ТИМГ) для
решеточной модели Hard-Core (HC) со счетным множеством значений спина Z на дереве Кэли порядка
k > 2. Эта модель статистической механики однозначно характеризуется бесконечным набором пара-
метров, задаваемых положительной функцией активности λi > 0, i ∈ Z. Явно выведено функциональ-
ное уравнение согласованности и установлены точные условия нормализуемости, необходимые для гра-
ничных законов системы. Анализ подробно сосредоточен на сходимости разбиений рядов активности,
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обозначаемых как
∑

j∈Z0
λ2j = ∆ и

∑
j∈Z

λ2j+1 = Ψ. В симметричном подслучае, когда ∆ = Ψ ≡ γ,
определено точное критическое значение γcr(k) и доказано, что при γ 6 γcr(k) существует единственная
ТИМГ, тогда как при γ > γcr(k) на деревьях Кэли порядков k = 2, 3, 4, 5 возникают ровно три различные
ТИМГ. Кроме того, сформулирована обобщённая нижняя граница для общего числа ТИМГ при всех
порядках k > 2. Наконец, в асимметричном подслучае (∆ 6= Ψ) представлено полное математическое
описание и классификация всех трансляционно-инвариантных мер Гиббса на деревьях Кэли порядков
k = 1, 2, 3.

Ключевые слова: дерево Кэли, Hard-Core модель, конфигурация, мера Гиббса, трансляционно-
инвариантные меры, граничный закон.
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