IOXXHBIN MATEMATUYECKUWN MHCTUTYT

ISSN-1683-3414 (Print)

K)EMM ISSN-1814-0807 (Online)
J

BNAOUKABKA3CKUU
MATEMATUYECKUW
XXYPHAN

http://lwww.vimj.ru

Tom 27, Bbinyck 4 2025



SOUTHERN MATHEMATICAL INSTITUTE

ISSN-1683-3414 (Print)

KQ&M% ISSN-1814-0807 (Online)
J

VLADIKAVKAZ
MATHEMATICAL
JOURNAL

http://lwww.vimj.ru

Volume 27, Issue 4 2025



T'naBHBIN pegakTop

A.T. KYCPAEB
Branukaskasckuit nayansiit nearp PAH,
Buagukaskas, Poccust

3aM. riiaBHOro pegakTopa
. M. ITOJIAKOB

FOxxuprit Mmaremaruvecknii uacruryt — dpumman BHIT PAH,
Buiragukaskas, Poccust

PeﬂaKLlI/IOHHaﬂ KoJlJierus

A. B. ABAHUH
FOxxmubiit benepanbHbIil yHUBEPCUTET,
Pocros-na-/lony, Poccus

JAHUSJIb AHJIPEYYYU
Pumcknit yausepcurer Jla Canuenia,
Puwm, Uranmua

XOCE BOHET
TTonurexaudecknii yHUBEPCUTET,
Banencusi, Ucnanus

A. O. BATYJIbAdH
FOxxwubiit dbenepanbHbIil yHUBEPCUTET,
Pocros-na-/lony, Poccus

C. K. BOIOIIbAHOB
WNucruryt Mmaremarnkn CrnbupCKoro
ornenenuss PAH, Hosocubupck, Poccnst

E. 1. TOPIOH
Yuusepcurer Bocrounoro Wnnunoiica,
Yapascron, CIITA

A. 1. KO2KAHOB
WNucruryr maremaruku Crnbupckoro
otnenenuss PAH, Hosocubupck, Poccnst

B. A. KOIBAEB
CeBepo-Ocerunckuii roCy1apCTBEHHBIH
yuuBepcurer uMm. K. JI. Xeraryposa,
Brnanukaskas, Poccus

I. I. MATAPNJI-NJIBAEB

MockoBckuii rocy1apCTBEHHBIN YHUBEPCUTET

um. M. B. Jlomonocosa, Mocksa, Poccus

B. 1. MA3YPOB
WNucruryt Mmaremarnkn CrnbupCKOro
ornesiennst PAH, HoBocubupck, Poccus

B. E. HABAIKTHCKUIA
WMucturyT npobiaem MexaHUKH
nMm. A. FO. Umnnuckoro PAH, Mocksa, Poccust

10. I HUKOHOPOB
FO2xHbIil MaTeMaTHIECKUIT UHCTUTYT —

dunman BHIL PAH, Biragukaskas, Poccus

O. B. IOYMHKA
HanmonansHblit ncciaeq0BaTeIbCKuil yHUBEPCUTET
«Bpicmas mkosa skonomukuy», H. Hosropos, Poccus

A. B. I[ICXY
WMucturyT npukIagHoil MaTeMaTUKI
u apromaruzanuun KBHIL PAH, Hanpuuk, Poccust

B. 2K. CAKBAEB
VHCTUTYT NPUKJIAIHONR MATEMATUKHA
nm. M. B. Kengpima PAH, Mocksa, Poccust

C.T. CAMKO
Yuusepcurer Anrapse, @apo, [lopryranus

B. A. CTYKOIINH
MockoBckuit pU3NKO-TEXHUIECKUN
nacTUTyT, MockBa, Poccus

OAM HOHI' TUEH
BrernaMmckunii HanmmoHa IbHBLT
yHHUBepcurer, XaHoil, BbeTHAM

B. . TPOULIKNN

Aubbeprckuit yHusepcurer, JaMmonToH, Kanaga

C. M. YMAPXAJI?KIEB
KoMILIEKCHBII HayYHO-UCCIIEI0BATENbCKUA THCTUTYT
nM. X. . U6parumosa PAH, I'posnsrii, Poccus

JIE XA X0
XaHOMCKHUI YHUBEPCUTET HAYKHU U TEXHOJIOTHUIA,
Xanoit, Bbernam

A npec pepakmuwn: 363110, c. Muxaitnosckoe, yia. Bunbsmca, 1
Tenedon: (8672) 23-00-54; E-mail: rio@smath.ru
3as. penakmueii: B. B. KUBM30BA

2Kypnan ocroBan B 1999 r. Beixogur 4yersipe pasa B 1o
DJIEKTPOHHAS BEPCHUS: www.vlmj.ru

Baperucrpuposan B PejiepanbHoil cirykbe 1o Haa30py B cdepe CBsi3H,
nHOOPMAIMOHHBIX TEXHOJOIHH U MACCOBBIX KOMMYHUKAIIMIA:
ceug. [TV Ne@C77-70008 or 31 mas 2017
ceug. DJI Ne ®C77-70171 or 21 urona 2017 r.

(© Buagukaskasckuii HayuHbli nentp PAH, 2025



Editor-in-Chief
ANATOLY G. KUSRAEV
Vladikavkaz Scientific Centre

of the Russian Academy of Sciences,
Vladikavkaz, Russia

Associate Editor
DMITRY M. POLYAKOV
Southern Mathematical Institute of VSC RAS, Vladikavkaz, Russia

Editorial Board

ALEXANDER V. ABANIN
Southern Federal University,

OLGA V. POCHINKA
National Research University Higher School

Rostov-on-Don, Russia

DANIELE ANDREUCCI
Sapienza University of Rome, Rome, Italy

JOSE BONET
Universitat Politecnica de Valencia, Valencia, Spain

EVGENY I. GORDON
Eastern Illinois University, Charleston, USA

LE HAI KHOI

University of Science and Technology, Hanoi, Vietnam

VLADIMIR A. KOIBAEV
North Ossetian State University,
Vladikavkaz, Russia

ALEXANDER I. KOZHANOV
Sobolev Institute of Mathematics
of Siberian Branch of the RAS,
Novosibirsk, Russia

GEORGII G. MAGARIL-IL'YAEV
Lomonosov Moscow State University,
Moscow, Russia

VICTOR D. MAZUROV
Sobolev Institute of Mathematics
of Siberian Branch of the RAS, Novosibirsk, Russia

VLADIMIR E. NAZATKINSKII
Ishlinsky Institute for Problems
in Mechanics RAS, Moscow, Russia

YURII NIKONOROV
Southern Mathematical Institute —
the Affiliate of VSC RAS, Vladikavkaz, Russia

of Economics, Nizhny Novgorod, Russia

ARSEN V. PSKHU
Institute of Applied Mathematics

and Automation KBSC RAS, Nalchik, Russia

VSEVOLOD ZH. SAKBAEV
Keldysh Institute of Applied Mathematics,
Moscow, Russia

STEFAN G. SAMKO
Universidade do Algarve, Faro, Portugal

VLADIMIR A. STUKOPIN,
Moscow Institute of Physics,
and Technology, Moscow, Russia

PHAM TRONG TIEN
Vietnam National University,
Hanoi, Vietnam

VLADIMIR G. TROITSKY
University of Alberta,
Edmonton, Canada

SALAUDIN M. UMARKHADZHIEV
Ibragimov Complex Institute of the RAS,
Grozny, Russia

ALEXANDER O. VATULYAN
Southern Federal University,
Rostov-on-Don, Russia

SERGEI K. VODOPYANOV
Sobolev Institute of Mathematics
of Siberian Branch of the RAS,
Novosibirsk, Russia

Editorial Office: 1 Williams St., Mikhailovskoe 363110,
the Republic of North Ossetia-Alania, Russia
Phone: (8672) 23-00-54; E-mail: rio@smath.ru

Managing Editor: VICTORIA V. KIBIZOVA

The journal was founded in 1999. It is published four times a year.

ELECTRONIC VERSION: www.vlmj.ru

Registered with the Federal Service for Supervision in the Sphere of Telecom,
Information Technologies and Mass Communications:
I Ne®C77-70008 dated May 31, 2017; 9JI NedC77-70171 dated June 21, 2017.

© Vladikavkaz Scientific Centre of the Russian Academy of Sciences, 2025



POCCUNMCKAYd AKAJEMUYA HAVK
BIAJUKABKA3CKUN HAVYHB I IIEHTP
IOKHBIIT MATEMATUYECKUIT MTHCTUTYT

BIAJTNKABKA3CKUN
MATEMATUYECKNN ?KYPHAJI

Tom 27, BbITIyCK 4 OKTAOpb—1eKabpb, 2025

COIJEP2KAHUE

Terman B. A., Joarux T. ®@., 2Kykos M. FO. Acumnroruka pereHust KpaeBoii
3a/1a4M O IIOIEPEeYHON HEJIUHEHHON 3JIEKTPOMAIHUTHON BOTHE .. .vvvtinneiinennneenn.. )

Dahmane A. and Toufik T. Lattice Sequence Spaces and Summing Mappings ........... 21

Ucaes K. II., ®azynaun 3. FO., FOamyxameroB P. C. Orenka BepxHeil IoTHOCTH
TTOKA3ATENIEH CUCTEMBI [A00DA ..ttt ettt e e e 38

Karaca B. Boundary Value Problems for Inhomogeneous Polyanalytic Equations

ina Triangle .. ... 46
Koposuna M. B., Cmupnos B. FO. IIpumenerne meToa MOBTOPHOTO KBAHTOBAHUS

K OJTHOMY KJIACCY HE(PYKCOBBIX YPABHEHUIM . ...t ettt ettt et e enie e 61
Koctun A. B. Teopembr Tuna Keiicu u npeobpasoBanus Jlareppa ...............c.oooonn... 72

Kurakin L. G. and Kurdoglyan A. V. Classification of Dynamical Systems
Near a Cosymmetric Equilibrium ....... ..o 86

Nikonorov Yu. G. and Oskorbin D. N. One Application of Ptolemy’s Theorem ....... 103

Pamkabosa JI. H., Pagkabos H. K Teopun mepeorpe/ie/IeHHbIX CUCTEM
MHTETPAJIbHBIX ypaBHEHNH TUIIA BOIbTeppa ¢ OCOOBIMU JIMHUSIMI . .. vvvvevneeeennnn 109

Remizov I. D. Chernoff Approximations of the Solution of Linear ODE

with Variable Coefficients ....... ... i 124
Smirnov M. A. The Effect of Processes Leading to Cell Death on the Dynamic
Regimes of the Tissue Formation Model .......... ... ... i .. 136
Uyar A. What Remains the Same in Order Convergence Types .................cooia.. 148
Biragnkaskas

2025



RUSSIAN ACADEMY OF SCIENCES
VLADIKAVKAZ SCIENTIFIC CENTER
SOUTHERN MATHEMATICAL INSTITUTE

VLADIKAVKAZ
MATHEMATICAL JOURNAL

Volume 27, issue 4 October—December, 2025

CONTENT

Getman, V. A., Dolgikh, T. F. and Zhukov, M. Yu. Asymptotics of the Solution

of a Boundary Value Problem for Transverse Nonlinear Electromagnetic Wave .......... )
Dahmane, A. and Toufik, T. Lattice Sequence Spaces and Summing Mappings .......... 21
Isaev, K. P., Fazullin, Z. Yu. and Yulmukhametov, R. S. Estimate of the Upper

Density of the Gabor System ......... .. i 38
Karaca, B. Boundary Value Problems for Inhomogeneous Polyanalytic Equations

ina Triangle .. ... 46
Korovina, M. V. and Smirnov, V. Yu. Application of the Repeated Quantization

Method to a Class of Non-Fuchsian Equations ........... ... ... o i i 61
Kostin, A. V. Casey Type Theorem and Laguerre Transformations ........................ 72
Kurakin, L. G. and Kurdoglyan, A. V. Classification of Dynamical Systems

Near a Cosymmetric Equilibrium ........ ..o 86
Nikonorov, Yu. G. and Oskorbin, D. N. One Application of Ptolemy’s Theorem ...... 103
Rajabova, L. N. and Radjabov, N. On the Theory of Overdetermined Systems

of Volterra-Type Integral Equations with Special Lines ............................... 109
Remizov, I. D. Chernoff Approximations of the Solution of Linear ODE

with Variable Coefficients ...... ... 124
Smirnov, M. A. The Effect of Processes Leading to Cell Death on the Dynamic

Regimes of the Tissue Formation Model ........... ... ... i i, 136
Uyar, A. What Remains the Same in Order Convergence Types ...........c.oooiiii.. 148

Vladikavkaz

2025



BragukaBka3zckuii MaTeMaTHIeCKUH Ky DHAJT
2025, Tom 27, Bemyck 4, C. 5-20

YIOK 514.743.48, 517.956.35, 517.955.8
DOT 10.46698/e7486-7095-0322-1

ACUMIITOTUKA PEHIEHIS KPAEBOII 3ATAYN O IIOIIEPEYHON
HEJIMHEMHON SJIEKTPOMATHUTHOM BOJIHE

B. A. Terman!, T. ®. Hoarux', M. FO. 2Kykos!?

L IOkuErit erepaibHbLl yHIBEPCHTET,
Poccusa, 344090, Pocros-na-/lony, yia. Muiabsyakosa, 8 a;
2 FOskubiit MaTemarudeckuii nucruryT — uman BHI[ PAH,
Poccus, 362025, Biiagukaskas, yi. Baryruna, 53

E-mail: vagetman@sfedu.ru, dolgikh@sfedu.ru, myuzhukov@mail .ru

Annoranus. [TocTpoeHO aCHMITOTHYECKOE PEIIEHNnEe KPAEBOH 3aa49u JJIsl JBYX KBA3UJINHEHHBIX yDaBHE-
HUI I'UepGoIMIecKOro TUIA, OLKMCHIBAIOIINX IIOBEJIEHNE HOIEPedHOoil 1ekTpoMarauTHOi BosHbl (TEM-
BOJIHBI) B HEJMHEHHON CILUIONIHON Cpejie, KOTZa 3aBHCUMOCTD IOJAPU3AIMU P OT HAIPSIKEHHOCTH JIEK-
Tpudeckoro noss E (dbusnueckas menmueiinocts) umeer sug P = go(x1F + X2E2 + X;>,E3)7 e X1, X2,
X3 — JMIJIEKTPUYECKHEe BOCIPUUMYMBOCTH, €9 — JMIJIEKTPUYECKasi IPOHUIAEMOCTb BakyyMa. [JraBHbII
4JIeH aCUMIITOTHKHU IOCTPOeH B AByX ciaydasx: (1) x1 = O(1), x2 — 0, x3 = 0 (aHU30TpONHASs CILIOMIHAS
cpena), (ii) x1 = O(1), x2 = 0, x3 — 0 (u30TpOIHAS CIUIOMIHASI CPEJIA), XOTS OJUH U3 UCIOJIB30BAHHBIX
METOJIOB IIOCTPOEHUsI aCUMIITOTHKHU 6€3 Tpyia lepeHocuTcs U Ha ciaydait (i) x1 = O(1), x2 — 0, x3 — 0.
B ciyqae (i) acumnrornka npu x2 — 0 crpourca aByms crocobamu. B mepBoM BapuaHTe HCIOIb3YeTCs
HENOCPE/ICTBEHHOE PA3JIOKEHUE B D5 IO MAJIOMY IIAPAMETPY TOYHOIO HESBHOTO PEIICHMs KPAEBOH 3a1a9u
C TIOCJIE/LY FOIIMM YHMCJIEHHBIM IIOCTPOEHUEM SIBHOT'O PElIeHNUs] Ha JIMHUSIX yPOBHSI HESIBHOI'O peleHust (rJiaB-
HOTO YJIeHA ACUMIITOTHKHU HEsIBHOTO PEIIeHus). BO BTOPOM BAPHMAHTE PA3JIOKEHHs B PsIbI IO TAPAMETDY
IIPOBOIATCS HA BCEX ITAIAX, MPEANIECTBYIOIINX IIOCTPOEHUIO TOYHOTO HESIBHOTO DEIeHUsl, ITO MPUBOIUT
K HESIBHOMY DEIIeHUIO, OTJIIMNYHOMY OT TOYHOIO, HO IVIABHBIN WJIEH aCUMITOTHKYM HOBOT'O U IIPEXKHErO pelle-
HUS COBIIQJIAIOT. DKBUBAJIEHTHOCTD JIBYX YKA3AHHBIX BAPUAHTOB JIAJIEKO HEOYEBUIHA, B YJACTHOCTH, TOTHOE
HEsIBHOE PEIlleHne COJIEPKUT rurepreoMerpuyaeckyio dynkmmio [aycca, a acuMITOTHIeCKOe HesIBHOE perre-
Hue — dynkuuo Beccensi. B coyuae (ii) acumnrorunky npu xs — 0 BO3MOXKHO [IOCTPOUTH JIMIIb BTOPBIM
€1I0co6GOM, TIPOBOJIA PA3JIOKEHUE 110 NAapaMeTPy Ha BCEX STANAX NOCTPOEHMs HESBHOTO pemieHus. 1lepsorit
BApUAHT KOHCTPYUPOBAHUS ACUMIITOTUKK HEIIPEMEHAM, BBHJLY TOTO, ITO TOYHOE HESABHOE PEIICHHE HE YIa-
€TCsl HOCTPOUTD. JIJIsi TOCTPOEHNSI pellleHnst KpaeBoii 3a1a4n o nosejernu TEM-BosH, KaK TOYHOrO, Tak 1
ACHMIITOTUIECKOrO, UCIIOJIB30BAH METOJ rojorpada Ha OCHOBE 3aKOHA COXPAHEHUS JJIsl CACTEMBI JBYX KBa~
3WJIMHEHHBIX TUIEePOOIMIecKrX ypaBHeHnil Tuna 1 + 1 B 9aCcTHBIX MPOM3BOHBIX EPBOro mopsaka. Mero
II03BOJISIET 1IPeobpa30BaTh CUCTEMY KBA3UJIMHEHHBIX yPABHEHU B OJHO JIMHEHHOE ypaBHEHHe B YaCTHBIX
IPOM3BOHBIX BTOPOr'O MOPSAKA C epeMeHHbIMU Kodddunmentamu. Db HEKTUBHOCTD METOJIA 3ABUCUT OT
HAJIMYUs SBHBIX COOTHOIIEHUH, CBA3BIBAIONINX UCXOIHBIE IIEPEMEHHBIE C MHBAPUAHTAMH Pumana, a Takxke
OT HAJM4Ms SIBHOIO BbIpaykeHusl Juist byHKimn Pumana — ['puna suneiinoro nuddepeHianssHoro ypas-
Henusi. B ciyuasix (i), (ii) ykasaHHbIE ycI0BUst BBIIOJIHSIIOTCS. 1IpeicTaBiieHHbIe PE3y/IbTATEL II03BOJISIOT
JIETAJIBHO TPOCeuTh dBosonuio TEM-BosH B HEMMHEHHDBIX Cpefiax, HAPUMED, KOAKCHAIBHBIX BOJIHO-
BOJIAX WJIM B DACIIPEJIEJIEHHBIX MJIEAJbHBIX JIMHUSIX [Iepejiad, B 4ACTHOCTHU, ONPEJeJUTh MOMEHT BPEMeHH
(M IPOCTPAHCTBEHHYIO KOODJMHATY) IPHU KOTOPOM BO3MOYKHO BO3HMKHOBEHHE YJAPHBIX JIEKTPOMATHHUT-
HBIX BOJIH.

KiroueBble cJioBa: cUCTEMBbl KBa3WJIMHEHHBIX I'MIIEPOOINYECKUX YpPaBHEHWil, MHBapHaHTbl Pumana,
dyuknus Pumana — I'puna, meros romorpada, aCHMITOTHYECKIE PA3JI0XKEHNUS.

AMS Subject Classification: 35F15, 35140, 41A58.

O6pasern; nutupoBauus: erman B. A., Jlomrux T. @., 2Kykos M. FO. Acumnroruka penieHust KpaeBoit

3a7la90 O IIOIEPEYHON HeJMHENHON 3JIeKTpOMarHuTHO! BosHe // Biamukask. mar. XypH.—2025.—T. 27,

Boit. 4.—C. 5-20. DOI: 10.46698/¢7486-7095-0322-1.

© 2025 Terman B. A., Jonrux T. @., 2Kykos M. IO.



6 TI'erman B. A., Jlonrux T. @., 2Kykos M. IO.

1. BBeaenue

[Toctpoen 1iaBHBIM WIeH AaCHMITOTUKU PEIIEHUs KPaeBoil 3ajJadum 00 SBOJIONUN
HeJIMHEHON monepednoil ssekrpomarauTHoil BosiHbl (TEM-Bosabl). B upezcrasiennoi
pabore paccmorpennl gpa cayuast: (i) P =eo(x1E + x2E?) (aumsorponmas cpema) u
(i) P = eo(x1E + x3E?) (usorpommas cpena). BbIGop yKazaHHBIX ONPEIEIAIONIIX COOTHO-
IIeHUii He sIBJIsieTCsl CIydailHbiM. HamoMHuM, 910 OTKIIMK JH060r0 JU3JIeKTPUKa (B BOJIOKOH-
HOM CBETOBOJIE) Ha CBETOBOE BO3JEHCTBHE CTAHOBUTCS HEJIMHEHHBIM B CUJIBLHOM 3JIEKTPOMAI-
HUTHOM T0J1e. JIjIsi TIEHTPOCUMMETPUYHBIX ONTHYECKUX KPUCTAJIIOB (KPUCTAJIOB, 00J1a/1a0-
MUX [EHTPOM CHMMETPUH — HHBEPCHEH OTHOCHTEILHO IEHTPA CHMMETPHH) BBITEKAET, UTO
[IPU U3MEHEHWN HAIPABJICHUS JIEKTPUIECKOro 1oJisi B — —F nojsgpusaiius TakzKe U3MeHs-
er suak P — —P (cayuaii (ii)). Oxmaxko npyu GOJIBIINX HANPSIZKEHHOCTSX JIEKTPHIECKOTO
[OJIsE ONITUYECKUN MaTepuaJl TepseT MEHTPOCUMMETPUIHOCTb BBUJLY BOJIHOBBIX HEJIMHEIHBIX
(Tpexd)OTOHHblx) B3aMMOJEHCTBUHI, 1 OCHOBHOI BKJI&/, B €I'0 HEJIMHEHHYIO I10JISIPU30BAHHOCTD
BHOCST KBaJpaTudHble wieHbl (ciaydail (i)). YKakeM TakxKe, 4TO IIPU PACCMOTPEHHHU 3aJ1a4
HEJIMHEHOW ONTUKM MCTOPUYECKH IIPUHSITO OIEPUPOBATL C IOJApu3almeil cpenbl P, a me ¢
aJleKTpuieckoil nuaykiueii D, koropas ceasana ¢ P coornomenuem D = goF + P. Bonee
€CTEeCTBEHHO, IPY UCIOJIL30BAHUE ypaBHeHn MakcBeuia UCIoIb30BaAThE UMEHHO JIeKTPUTIe-
ckyto mHAYKIuo D B3amen noaspusanun P. Ilogpobraee o csasu mexay P u D, ¢ oneHKoi
BEJINYMH MAPAMETPOB X1, X2, X3 U JIDYIHUX, CM. TeKcT nocie dopmydst (40).

HeobGxomumMocTsh B moctpoennn acuMmuroTuku (coorsercrBenno npu 1 = O(1), x2 — 0
u/um x1 = O(1), x3 — 0), HOMUMO YHCTO MaTEMATHIECKOIO MHTEpEeca, BOSHUKAET, 110 Kpaii-
Hell Mepe, [0 JBYM [pUYUHAM. BO-1IepBbIX, aCHMIITOTHYECKOe pelleHne (IriaBHble d4ieHbl) 6o-
Jiee «0003pUMO», YeM TOYHOE PEIlleHne, U IIO3BOJISET JIEI'KO IIPOBOJUTH aHAJIU3 PEIIEHUs U ero
cBoiicTB. [Ipu 9TOM, KaK MOKa3a/ M Pe3y/IbTaThl CPDABHEHHUSI, B HEKOTOPOIi 00JIACTH [TapaMeTpOB
ACUMIITOTHYECKOE PEeIleHNe MAJIO OTJINYAETCHd OT TOYHOro. Bo-BTOPBIX, U 9TO OoJiee BarXKHO, ec-
Ji B cirydae (1) MOYKHO [OCTPOUTDH TOYHOE HesIBHOE pellieHue, To B ciydae (i) TouHoe perieHne
orcyTcTByeT (10 KpaiiHeil Mepe, ero He y1aeTcs HOCTPOUTH) U MOXKHO YKa3aTh JIAIIb TJIaBHbIE
“JIEHBI aCUMIITOTUKH.

it KOHCTPpYUPOBaHUs PEIleHusI, KAK TOYHOTO, TaK M ACHUMIITOTUIECKOTO, UCIOJIb3yeT-
csi MeToj1, rojiorpada Ha OCHOBE 3aKOHa coxpaHeHwusi (cM., Hampumep, [1, 2]). DrTo nossosster
CHCTEMY IBYX KBA3WJIMHEHHBIX YPABHEHUI B YACTHBIX IPOM3BOJHBIX IIEPBOTO IMOPSIKA, 3a-
[UCAHHBIX B MHBapuaHTtax Pumana, TpaHchopMUPOBATH K OJHOMY JIMHEHHOMY YPaBHEHUIO B
YaCTHBIX [TPOU3BOIHBIX BTOPOIO MOPSIKa C ITepeMeHHbIMU Koddduinentamu. VMernHo Takoe
JINHEHOE yPaBHEHUE UT'PAET KJIF0UEBYIO POJIb B 3 DEKTUBHOCTH TPUMEHSIEMOT0 MeToia. Keiu
VIAeTCd YKa3aTh ABHYIO (DOPMY PEIeHusT JIMHEHHOTrO ypaBHEHUsI, HAIIPUMED, ITOCTPOUB DYy HK-
nuto Pumana — ['puHa, TO HesiBHOE DeIleHHE UCXOJHOU 3a/adi TaKyKe MPEeJCTABUMO B BHJIE
SIBHOTO COOTHOIIeHUsT. HeMa/toBaXKHyI0 PoJib UTPAET W HAJUYINE SIBHBIX COOTHOIIEHUN, B3au-
MOCBSI3BIBAIOINIUX WUCXOJIHbIE IIepeMeHHble U MHBapuaHTbl Pumana. Hecmorpst Ha TO 49TO jijist
JIBYX KBa3WJIMHEIHBIX ypaBHEHU! MHBapuaHThl PuMaHa Bcerja CyIecTBYIOT, TAJEKO HE BCe-
[J1a yJIaeTcsi MOCTPOUTH sIBHBIE (POPMYJIBI. DTO CBSI3aHO KAK C ITOCTPOEHUEM SIBHBIX PEIeHMI
OOBIKHOBEHHBIX JupdHEepEeHIInaATbHBIX YPABHEHUH, TaK U C IOCTPOEHUEM OOpATHBIX (DYHKIIUNA.
B ciuyuae (i), korma yKasaHHBIH CII0COD [OCTPOEHMsI PEIIEHMs] OCYIIECTBUM, UMEETCsl TOTHOe
HESIBHOE PEIlleHre, U MPOIE/lypa MOCTPOEHUS IVIABHBIX YJIEHOB ACUMIITOTHKH CBOJIUTCS K IIPO-
CTOMY PAa3JI0KEHUIO B PsiJl 110 MajioMy 1apamerpy. Hanporus, B ciaydae (ii) He yuaercs ykasaThb
sIBHBbIE COOTHOIIEHUS MEXKJIy MCXOJHBIMU [IEPEeMEHHBIMYU ¥ MHBapuantamMu Pumana u, B cBs3u
C 9TUM, He VIAeTCs JaKe IOCTPOUTDH B SIBHOM BHJI€ COOTBETCTBYIOIIEE JUHEHHOE ypaBHEHUE
Merosa rogorpada. st mocTpoeHusi rIaBHOrO YjieHa ACUMIITOTHYECKOTO PEIeHUs B CJIy-
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vae (i) pasyioxkeHHe B Psijibl 10 MAJIOMy IIapaMeTpy HPOBOIUTCS Ha BCEX dTAllaX MeTolIa —
[IpU TIOCTPOEHUH B3aUMOCBS3M MEXKJIy UCXOIHBIMHU IIEPEMEHHLIMI U WHBApPUAHTAMH PuMmana,
[IPU TIOCTPOEHUH 3aBUCUMOCTH XapaKTEPUCTUIECKUX HAIPABIECHUN oT mHBapuaHTOB PrumaHa,
[IpA BBIYUC/IEHUN KOI(PDUIIMEHTOB JIMHEHHOro 1uddepeHuaj bHOr0 YPAaBHEHUSI B IaCTHBIX
[IPOM3BOHBIX BTOPOI'O MOPsi/ika. B KOHEYHOM HTOre, 9TO MO3BOJISET yKa3aTh SBHOE PEIeHUEe
COOTBETCTBYIOIIErO JIMHEHHOro ypasHeHus (pynknuio Puvana — ['puna) u oKOHUATEIBHO TI0-
JIVIUTH TJIABHBIA “JIEH aCHUMIITOTHIECKOTO PAa3JI0XKEHUsI PellleHusi. AHAJIOTMIHAasl [TPOIeIypa
npoBeJieHa U B ciaydae (1), 94To, Kak MoKa3aJa MpoBepKa, IPUBOJUT K COBIAJICHUIO C PE3yJIbTa-
TaMU, MMOJIyI€HHBIME HEIIOCPEICTBEHHBIM PA3JIOKEHHEM B PsJI IO [TapaMeTpy, UMEIOIIErocs B
ciydae (i), Toanoro pertenusi. OTMETHM, UTO 9TO JIAJEKO HETPUBHAJIBHBIN pe3ysbrar. B gact-
HocTH, B ciaydae (i) coorHomenue st pyukipun Puvana — I'puna B TOYHOM perieHnu cozep-
KUAT THIIEpreoMeTpudcKyto ¢dyukimio [aycca, Torma kak Jijisi aCUMIITOTHYECKOTO BapUAHTA
coorBeTcTByOMAs pyukiuu Pumana — ['puna Beipakaercs depe3 dyHKINO becces.

[IpeicTaBieHHble PE3YABTATHI TO3BOJISIIOT JIETAJIBHO MIPOCJIEIUTh, PA3YMEETCs IIPU MaJIbIX
3HAYEHUSIX [TaPAMETPOB, IBOJIIONNIO HEJUMHEHHBIX HOIMEPEIHBIX JIEKTPOMArHUTHBIX BOJIH B 3a-
BUCUMOCTH OT KPAEBbIX UJIM HAYAJIbHBIX JAHHBIX ([IPUHIMIINAJIBHOE PA3IMIne MeKLy KpaeBoii
U Ha4YaJIbHOH 3aja4eil J1j1g KBa3U/IMHEHHbBIX ypaBHEHUN B YaCTHBIX [IPOU3BOAHBIX OTCYTCTBYET
[3, §6, c. 43-47]). Hecmorpst Ha TO, uTO mapamerp (AudjaeKTpudeckas BOCIPHUUMYUBOCTD X2
WK X3) CYATAeTCsl MajbiM (B Ipejesie napaMeTp paBeH HyJII0, 9TO COOTBETCTBYET OOBIYHOI
JINHEIHOI BOJIHE), BCe TUIMYHBIE [ HEJTMHEHHBIX BOJH 3(DMEKThl — HCKaKeHHe MPOhUIIst
HAIIPSI)KEHHOCTEHN 3JIEKTPUIECKOT0 U MATHUTHOI'O TOJIEH, BOSMOXKHOCTb BOSHUKHOBEHUS Y 1ap-
HBIX 3JIEKTPOMArHUTHBIX BOJIH (CM., HarpuMmep, [4-8|) u T. 1., coxpausitorcsi. Kpome sroro, Bos-
MOZKHO BBIUUCJIEHHE MOMEHTA BPEMEHU OIPOKUJIbIBAHUsS pellieHusi (BO3HUKHOBEHHE YJIAPHOI
BOJIHBI), 9TO U IPOJIEMOHCTPHPOBAHO IPUMEPOM JJIsi HEKOTOPOI'O HAYATIBHOTO PACIIPE/ICICHUSI.

Cremyer Tak»Ke CKasaTb, YTO JIJIsi [IOCTPOEHUsI JIMHEHHOTO JTudHepeHnnaabHOr0 ypaBHe-
HUAS B 9aCTHBIX IIPOM3BOJHBIX BTOPOTO IMOPSIKA, KOTOPOE, B KOHEYHOM HUTOI'e, OIPeIesseT
XapakTep MOBEJICHUs PEIIeHUs], BOBCE HE 0053aTeIbHO UCIIOJIb30BATh METO/I rojiorpada Ha Oc-
HOBe 3aKoHa coxpanenus |1, 2]. MoxKHO IpuMeHsTH 1 JpyTrue MeTo/ bl rojgorpada, Halpumep,
Kylaccuueckuii BapuanT (cMm., Hapumep, [3, ¢. 33, 34|) miau 0606ueHHbIH MeToJ rogorpada
(cMm., nanpumep, [9]), 9KBUBaJIEHTHOCTH KOTOPBIX IToKasana B [10].

2. OcHoBHBIE ypaBHeHUs 1 MHBapuaHTbl Pumana

Juist onucanust moBeJieHNst ONepeyHoil sjekTpomaruuTHol BosiHbl (TEM-BosiHbL) ucmosib-
3yeM ypaBHeHnss MakcBesia B cpejie P OTCYTCTBUU 3JIEKTPUYECKUX TOKOB M CBOGOIHBIX
3apssioB (cM., Hanpumep, [11, rr. IX])

D;—rotH=0, B;+rotE=0, divD=0, divB=0, (1)
C OIPeNIEIAIONIIMI COOTHOIIECHIAMUI
D=D(E), B=B(H). 2)

Bnech E, H — HaIpsS?KEHHOCTH 3JIEKTPUIECKOTO U MAarHUTHOTO moJjeit, D, B — 3jekrpude-
CKasl ¥ MarHUTHAs] WHJLYKITUH.
s monepevnoit sekTpoMarauTHOl BosiHbL pentenue (1), (2) umem B Bue

D = (D(z,t),0,0), B =(0,B(z,1t),0),
E = (E(2,t),0,0), H =(0,H(z,t),0).
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3/ech z — HalpaBJIeHne PACIpPOCTPaHeHNUsI IJI0CKOi BostHbl, B, D, H, B — coOTBeTCTBYIOIIHE
KOMIIOHEHTBI BeKTOpHBIX nojieit B, D, H, B.

B ciyuae (3) ypasuenusi (1) ¢ onpeessiionMu COOTHOIIEHUSIMU (2) IIPECTABIISIOT CO0Oi
CHUCTeMY JIBYX KBa3WJIMHEHHBIX YPABHEHUII B YACTHBIX IIPOU3BOJHBIX [IEPBOIO MOPSI/IKA

Dt(E)+Hz =0, Bt(H)+Ez =0, (4)
KOTOpre J:LOHOJ'IHSIGM KpaeBbIMI/I yCJIOBI/IHMI/I
E{Z:O = Ey(t), H{ZZO = Hy(t), (5)

rae Ey(t), Ho(t) — usBectrble QyHKIML.

BBuy Toro, uro pasnuune MexKly HauaJbHOII U KPaeBOi 3ajadaMu i KBa3UIMHEHHbIX
runepbosInUecKux ypasHeHuii orcyrerByer (0be 3aja41 MPUHATO Has3blBaTh 3ajadeii Korn,
cM., HapuMmep, [3, § 6, ¢. 43-47]), npousBejiem 3aMeHbI

t=X, z=T1T, (6)

upuBosst (4), (5) K «IPUBBIYHOMY» BHILY
Hr+ Dgp(E)Ex =0, Er+ Bp(H)Hx =0, (7)
E|,_,=Eo(X), H|,_,=Ho(X). (8)

Bnecb T — «Bpemsi», X — «koopauHaray, Dy, By — npoussojnbie dpyukimit D, B.
Bagaua (7), (8) samucsiBaercs B nHBapuanTtax Prumana (oM. [12], a Takxe (3, § 3, c. 27-31])

Ry +MRY =0, R%+X\’R% =0, (9)

RY|,_, =Ri(X), R*,_,=R3(X). (10)
Bnecy RYX,T), R*(X,T), RY(X), R}(X) — nupapnantsr Pumana n nX HaqabHbIe 3HAYCHHS
npu T = 0, \Y(RY, R?), A2(R', R?) — xapakrepucTHYecKe HAIIPAB/ICHHS.

@Oyuxnmn A, A2 u cBsi3b ucxoqubx nepemennbix £, H ¢ nnpapuantamn Puvana R, R?
OIPEEIIOTCS COOTHOITEHUSIMI

M = —\/Dg(E)By(H), M\ =\/Dg(E)Bg(H), (11)
R'=F(H)-G(E), R?’=F(H)+G(E), (12)

F(H) = / VBr(H)dH, G(E)= / VDg(E) dE, (13)

e F', G — BcromoraresibHble (DYHKIINN.
Jasiee paccMaTpuBaeM JBa BUJA ONPEJIEIAIONMX COOTHONIEHMUI.
(1) AHM30TPOIHASI CIIONIHAS CPEJIA

1
D(B)=E+3 nE? B(H)=H. (14)
(ii) M3orponnas CIiIomIHast cpeia
1
D(E)=E+ 3 nE3, B(H)= H. (15)

O6paruM BHEMaHKME HA TO, 4TO coorTHomteHus (1)—(3) cupaBeiuBbl Kak Jjisi PA3MEpPHbBIX,
Tak u Ge3pasMepHbIX BeJIUYKH, B TO BpeMs Kak (14), (15) 3anmcanbl j1yisi 6e3pa3MepHBIX BeJIk-
qpH. CBsA3b MEXKJY Pa3MEPHBIMU U Oe3pa3MEePHBIMU BEJIMUYUHAME, [TO3BOJISIONAS COXPAHATH
B 3aJjlade JINIThL OJIMH MapaMeTp 1), YKa3aHa Jiajlee B pasjesie C JIEMOHCTpaIeil pe3yIbTaToB
JUIst KOHKpeTHOro npumepa (cMm. coornorrennst (40)).
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3. Tounoe peuienune B ciay4dae cooTHorreHuii (14)

Heranpro criocob nocrpoenusi pertennst 3agaqn (9)—(14) onmcan B [1,2,10,13-20|. 3xecn
OrPAHUYIKMMCsI JIUIIb U3JI02KEHHEM OCHOBHBIX PE3YJIBTATOB U COOTHOIIEHMUIA.
Pemenue 3amaan (9)—(14) wa jquaun yposust T, = T'(a,b) TOYHOrO HESIBHOIO DEIIEHUs
T(a,b) umeer BuUIL
Rl(X7 T.) = Ré(b(T))v RQ(X7 T.) = Rg(a(T))a

T, = T(a.,b.), X =Y(r). (16)

Cuwmraercsi, 4ro JIMHUsSL YDPOBHsI IlapaMeTPU30BaHA IIPU [OMOIIM [apaMerpa 7T, T. €.
T, =T(a(1),b(r)), u dyuknun a(7), b(7), Y (T) onpeensiorcs myreM HHTErpUpOBaHus (Hnc-
JIEHHOT0) 3asiaun Korm jyisi cucreMbl OOBIKHOBEHHBIX /i depeHIalbHbIX ypaBHeHuUI

ar(1) = =Tp(a(1),b(7)),
(

br (1) = Tola(r),b(r)), (17)
Yo () = J(a(7),b(r)),

a‘"r:o = G b|7'10 = bs, Y‘Tio =Y,
J(a7 b) = ()‘2 (7417 702) - )\1 (7”1, 7"2)) rl=rl(b) TaTb, (18)
r2=r2(a)

ri(b) = Ry(b), 1*(a) = Ri(a).

Baech ayx, by — Hekoropas Touka Ha JuHHM ypoBHst Tk = T'(a,bs), Yi — koopaunara X,
coorBercrByiommas napamerpy 7 = 0, J(a,b) — sikobuan upeobpasosanus (a,b) = (X,T).
[Moxpobro criocob KoHcTpyupoBanust 3ajgaun (17), (18) u onpe/ieseHnsi HauaIbHBIX 3HAYCHUIT
ay, by, Y, onmcan B |1, c. 48-51].

Oyukuust T'(a,b) — 910 HesiBHOE JBYXIapamerpudeckoe perenne 3a1aau (9)—(13), koro-
poe MMeeT BUJL

T(a,b) =

N | =

b
/ o(RY(r), R3(r) | r1(b),7%(a)) dr, (19)

20(RY, R? | rt,r?)

RY R |rl %) = : 20
p(RY R [r', %) N2(rL, 12) — A2(rL, 1) (20)
Bnecy bynkmua ¢ (R, R?|rl r?) — bynkmma Puvana — I'puna ypasnenus
eripe + AR, R?) op + B(R', R?) oo = 0, (21)
Al A2
_ R2 _ R
A—)\l_)\Q, B__)\1_)\2' (22)

o nepemennbiv 71, 72 bynxmus ®(RY, R%|r!, r?) ynosiersopster ypaBHeHHUIO, COMPSAZKEHHOMY
K (21), a o nepementnbiM RY, R? — ypasnenmio (21) 1 JONOMHATEILHBIM yCTOBUSIM

(¢ - Algp)‘Rlzrl = 15 (¢ - A2SD)|R2=T2 = _15 (23)

r7e Y yIOBJIETBOPSIET yPABHEHUSIM

Vri = MNop, g = Noge. (24)
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CobcrBeHHO TOBODsi, ypaBHeHue (21) siBjisiercss yCJIOBHEM COBMECTHOCTH (pPa3peruMOCTi)
ypaBrenwuit (24).

Awnanus npusesieHHbix coorHomnenuii (16)—(24) mokasbiBaeT, 4TO KIIOYEBYIO POJIb UIDPa-
1ot dopmyiast (19), (20) mua dyukuun T'(a,b), KoTopas oupejessieTcsi DelleHreM 3aja-
qu (21)—(24) wiu nocrpoennem byukiuu Pumana — ['puna ypasuenusi (21). Tpebyercst kon-
KpeTusupoBarTh ypasHerue (21), Bbranciaus kodddurmentsr (22). B cBoro ouepemp, npu 1o-
vomm (11)—(13) crreyer onpeie/MTh 3aBUCHMOCTDb XapaKTePUCTHIeCKUX Harpasaermii AL, A2
or muBapuantos Pumana R, R%. Bamernwm, uro dopmymst (11), (12) 3azator 3apucumoctn AL,
A2 or E u H, no ne nunsapnantos Pumana. /Iy seisosia sasucumocteit AL (RY, R%), \2(R!, R?)
HEOOXOMMO MOCTpOeHne ABHLIX dyHKImil, obparueix K F(H), G(E), . e. H = H(R', R?),
E = E(R', R?), uro He Bcerja BO3MOMKHO. B HWAaCTHOCTH, B CIIydae OIpPEIessIONIX COOT-
nomennit (14) a1o ymaercss cuenars, wo s (15) asmubx dopmyn suma H = H(RY, R?),
E = E(R!', R?) ne cymectyer.

Bagaay (21)—(24) moxkHO 3aMeHUTH 3ajadeil Jyisi onpejenenus GyHkmuit Pumana —
I'puna ®(RY, R?|r!,r?) ypasuemms (21) minm BBHUJY CHMMETPHE OTHOCHUTEIHHO 3aMeH
(RY, R?) = (r',7?) (cm., manpumep, [21, 1. V, §5, c. 451, 452|) sataueit

Ppipe + A(R', R?*)®p + B(R', R*)®pe = 0,
(Ppz2 + A®)| i1 =0, (Pg1+ BP)|po_ o =0,
<I>(T1,r2 | rl,r2) = 1. (26)

KOTOpasi, KaK MPAaBUJIO, Jierde peraercs, deMm (21)—(24).
Coornommenust (11)—(13), (22) B ciyuae (14) npuruMaior Buj

M=—@+nB)"?, N =(1+9E)"?,
)‘2:_)‘1:<1+§(R2_R1)n>1/37
4
R'=H-G, R’=H+G, (27)
G:%((1+77E)3/2—1), H:%(R1+R2),

1 2 _ R\ 2?3
E:—<1+7377(R R)> -=
n 4 n

)

A= )\}%2 _ n
N -2 ST6(R2—R)p’

B _ N U
M—X2 8+6(R2—RL)p

(28)

Oynxius Puvana — [puna ®(RY, R?|rl r?) ypasnenus (21) (mwm no nepemennbiv R,
R? pemenue 3amaan (21)-(23)) B caydae kosdbdunuenTos, onpeenseMbx (28), mmeeT BU

®(R', R*|r!,r?) = %mu — 7,71, —2), (29)
s :(R—r)(S—s) :l
T RTSr+s) T @

R=2-3nR', S=2+3nR* r=2-3nr', s=2+3np%
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Kazxxymasicst rpomosarocts coorHomenuii (16)—(29) komiieHcupyercst TeM, 9To, B HEKOTO-
POM CMBICJIE, IOCTPOEHHOE PEIeHHe SIBJISIeTCsI TOYHBIM. [orpenHocTh BOSHUKAET JINIIb Ha ITa-
Il UCJICHHOTO PEIIEHNsT CHCTEMbl OOBIKHOBEHHBIX Auddepennnanbubix ypasraenuii (17), (18)
u Bbrunciaenusi uarerpajgos (19). Ilpu sToM HuKakue annpokcuMaru UexoaHoi 3ajadn (7),
(8) mimm (9), (10), THIIYHBIE JUIst METO/a KOHEYHBIX PA3HOCTEl, METOI0B KOHEUHBIX 9JIEMEHTOB
U KOHEYHBIX 0O'bEMOB He UCIIOJIb3YIOTCSL.

4. TnaBHBIA 4€H aCUMITOTUKYU B ciaydae (14)

[Tpyu HAJIMYMM TOYHOTO PEIIeHUs] MOCTPOEHNE ACUMIITOTHKHU (HE TOJBKO IJIABHOIO UJIEHA)
He MpeJICTaB/IsIeT TPYAHOCTEH — ClleyeT HMCHOIb30BaTh Pa3JIOKEHHe B PsJi [0 HapaMeTpy
n — 0, cauras, uro £ = O(1), H = O(1). Takoe pa3sjiokeHue J0CTATOYHO YKA3ATh JIUIIb JJIsI
dyukuun (20), koropas Tpebyercst jyisi Borauciaenust 1'(a,b) no dopmyse (19). Samernm, uro
€CJIM UMeeTCsl TOYHOE PEHIeHne, TO MOCTPOEHNEe aCUMITOTUKHE MOXKET MOTPEeOOBATLCA 110 JBYM
npuduHaM. Bo-IIEepBBIX, 9TO NPUBOAUT K YIPOINEHHUIO BLIYUCJICHUNA ¥ aHAIU3a Pe3y/IbTaToB.
Bo-BTOpBIX, HOABISAETCA BO3MOKHOCTD CPABHEHUSI PA3JIMYHBIX METOJOB IIOCTPOCHUS ACHMII-
TOTHYECKOI'O PEIIeHUSI.

[TpuBemeM JIMIIL OKOHYATENbHBIN PE3yJIbLTAT, OIyCKask TPOMO3IKNAE BBIKJIAIKH:

2 _ .1 2 _ pl
gp(Rl,R2|r1,r2):1—n(T - T)_U(R - R)+O(772),

r2(a) — r! p (30)
T(a) = (- a) (5 - W) - 2 [ (R - By(r) dr + O,

a

QOyukuuio T'(a,b), ucnons3yst (27), MoKHO 3ammcarb u B Tepmuuax FEy, Hy (em. (5)
win (8)). B wacrHoCcTH,

R(1) — Ro(7) = 2Eo(1) + O(n),
r*(a) — r'(b) = Ho(a) — Ho(b) + Eo(a) + Eo(b) + O(n).

5. IlocTpoeHue acCMMOTOTUKHN B OOIIEM CJIy4ae

B ciyuae onpenessiionux coorHomenuii (15), Kak 1 BO MHOTUX JIPYTUX, TOYHOI'O DEIIeHHst
zagiaan (9), (10) mocrpouts He yuaercs. OJIHAKO [VIABHBI WIEH aCUMITOTHKY PEIIEHUs] MOKHO
[IOCTPOUTD, [IPOBO/JIS TIPOIIE/LYPY PA3JIOKEHUs B Psijibl 110 MAJIOMy IapaMeTpy Ha BCEX JTalax
MeToza rogorpada npu nosydenun coorsontenuit (11)—(13), (19)-(26).

Kak yzke roBOpUIJIOCH, OCHOBHYIO POJIb B IIOCTpoeHUH pertenusi B popme (16)—(20) urpaer
bynxmua (R, R?|r!,r?), 1. e. pemrenue 3anaun (25)(26) ¢ KoHKpeTHBIME KO3 DHITEHTAMEI
A(RY, R?), B(R', R?).

[Tpeamomoxum, ITO
A(R'Y R?*) = A" (R", R*) + * A*(R",R*) +..., n—0, (31)

B(R',R?) =nB'(R',R?) + n*B*(R",R*) +..., n—0.

Jastee 1oKa3aHoO, 9TO 9TO CHPABEJINBO, MO-KpaifHell Mepe, B Cilydae OLPEIeJISIONX COOTHO-
mennii (14), (15).
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Pemenue 3amaqn (25)-(26) umem B Buje
(R, R*|r!,r?) = (R, R?* | r',r®) + n@" (R', R* |r',7?) + ... (32)

[oxcrasiss (32) B 3amady (25)-(26), npupaBHUBAs WIEHBI IPH OJMHAKOBBIX CTEIEHSX 1),
¢ ydaerom (31) mosyanm cepmio 3a1ad s onpeenenus 0 &L w1
Hast ®O(RY, R2|rt, r?) umeem

0 0 0
‘lem =0, CI)R2‘R1:7»1 =0, (I)Rl{RQ:rQ =0.

OueBniHO, 9TO
<I>O(r1,7"2 ‘ 7"1,7”2) =1. (33)

Ist ®1(RY, R%|rt,r2) ¢ ygerom (33) momyaum

D1 2 (RN, R? | r,17) =0,

Opo (r!, R? |71, 0?) + AN (r' R?) =0,
O (R, 72| 7!, r?) + BY(R',r?) =0,
o' (r!,r? |t r%) = 0.
Jlerko yGeauthes, 1T0
R? R!
o' (R, R*|r!,r?) = —/Al(rl,T) dr — /Bl(T, r?) dr. (34)

2 1

T T

Takum 006pa3oM, €cu OrpaHUYMBATLCS [VIABHBIME YJIEHAMU ACUMITOTUKU, TO JOCTATOYHO
ykasatb Al(RY, R?), BY(R!, R?), ucnombays (11)—(13), (22).
Hanpuwmep, B ciydae onpejensionux coorHomenuii (14) ¢ yaerom (27), (28) umeem

R2_R1
)\2:_)\1:1+77( . )77+O(772), (35)
I 2 11 __n 2 1 1
A—8+O(n), A_8, B = 8+O(n), B' = S (36)

OcymecrBisisi mozpcranoBky (36) B (34), a 3arem wucnosns3ys (35), (20), umeem s
ot (rt, r?|rt, r?) panmee momyuenmyio pu momoru TouHOTO permenus dbopmyay (30), 9TO Koc-
BEHHO YKa3bIBa€T Ha KOPPEKTHOCTH IOJX0/a K IIOCTPOCHNIO ACHMIITOTHKH.

B ciyuae onpejesstionux coorHomennii (14) BO3MOKEH HEKOTODPBI «IIPOMEXKYTOUHbIH»
Bapuant. /lesio B ToM, 9TO ecqm npenebpedn wienamu mopsaaka O(n?) B koacdbdummenTtax, To
ypasuenue (21) (nnm (25)) npuHuMaer By

YRrig2 + gSDRl - g vr2 =0,

st Koroporo dyukiust Pumana — [puna xoporio mssecrHa (cM., Hampumep, [22-26],
[27, c. 116-124]). D10 no3BOJISIET HE IIPOBOUTD JATbHEIINE PA3JIOKEHNUs B Pl 110 IapaMeT-
Py 1), O'PAHUYHUBINUCH TAKUM PA3JIOKEHUEM JIUIIb JJis Kodddunuentos A, B. Dror mnpuem,
B 4aCTHOCTH, ObLJI yCIIEIIHO UCIIOJIb30BaH B [28] [jIsl IOCTPOEHNUSs 3a/1auu O TeUeHUN UIeasIbHOI
JKUJKOCTH II0 BHENIHEH IIOBEPXHOCTH LUJIUHJIPA.
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BI/I,H IIPOMEKYTOTIHOI'O» BapHaHTa aCUMIITOTUKHN DEIICHUA

dexp (n(7"2—7"1)—8n(R2—R1) )

o(RY, R2|r! r?) = P Jo(2s),

25 = ((Rl _ 7“1) (R2 . r2))1/27

=3

e Jo — dyukius Becceist.

6. I''maBHbI YiieH acuMnTOTHKH B ciydae (15)

B cayuae onpenessironux cooTHomienuii (15) TouHOe pelieHne IMOCTPOUTH He yJIAeTCsl.
PasbickuBast ryiaBHBII WI€H aCHMIITOTHYIECKOTO PEIleHus, yao0Hee paccMaTpuBaTh Oojiee 00-
A BApUAHT OIPEIE/ISIIONINX COOTHOIIEHMIA

D(E) = (E + %nEm> B(H) = H, (37)

KOTOpBIii, B yacTHOCTH, 06beuusier (14), (15).
Herpynuo nokasars, aro B ciaydae (37) uz (11)-(13), (22) ciaeayer (cpasuu ¢ (27), (28) n
upu m = 2 ¢ (35), (36))

A=Al =1427"(R? - RY" ™ + 0(n?),
R'=H-E+O0(n), R*=H+G+0(),

B3 (B =R +00), H=3 (R +R)+00)

A(Rl, R2) = Q*mfln(m — 1)(R2 — Rl)m_2 + 0(772),
B(RY,R?) = =27 'y(m — 1)(R* = R")" > + O(n?).
Oxonuarespao (cpasuu npu m = 2 ¢ (30))

gp(Rl,R2 | 7’1,7“2) =1- 779m(Rl,R2 | 7‘1,7“2).

(9m(Rl,R2 ! 7"1,7°2) = 2*m*1((R2 — rl)mfl + (7“2 - Rl)mfl) + 0(772).

Bnech O, (RY, R? |71, r%) — Beomorarebroe obosnauenme.
OrmeruM, 4To BMeCTO (37), OYEBHUIHO, MOXKHO PACCMATPHUBATE OIIPE/IEISIONIIEe COOTHOIIIE-
HUsI, COZIepKalllie JiBa Ilapamerpa

1 1
D(E) = (E +5 mE? + 3 773E3>, B(H)=H.

B sTtom cjry4dae IJIABHBIA YJIEH aCUMIITOTUKU HMeeT BU I

gp(Rl,R2 | rl,r2) =1- 77292(R1,R2 ‘ rl,r2) — 77393(R1,R2 | 7‘1,7“2).



14 TI'erman B. A., Jlonrux T. @., 2Kykos M. IO.

7. Ilpumep pertenus B ciaydae (14)

B cayvae onpegensionmux coorHomenuii (14) nmpuseseM pe3yJbraThl CDABHEHUS OJHON
U3 BayKHBIX XapaKTEPUCTHK — MOMEHTa OIpOKu/biBaHust Ty perenusi (oOpasoBaHus yiap-
HOM BOJIHBI), BBIYUCJIEHHOTO IIPH IIOMOIIM TOYHOIO U aCUMIITOTHYECKOro pernenuii. Moment Tj
oupeessiercst Kak (mozgpobuee cM. [19, dopmyssr (5.8), (5.9)])

Ty = T(ao, bo).

Baeck (ag,by) — Touka Ha JimHUK ypoBHs T, B KOTOPOil BO3HUKAET yJapHasi BOJIHA, OIPEJIe-
JisieMasl peleHneM CHCTEMbI YPaBHEHUN

J(ap,bo) =0, Thalao,bo)Tpy(ao, bo) = 0. (38)

Hitst «HaIaIbHBIX> JAHHBIX

Byx) - ME) )

_1+X4_1+t4, HO(X):Oa 77:0’2’ (39)

rae h(X) — dyuknus Xepucaiina, rounoe 3uauenue Ty ~ 19,022, a BbIYUCIEHHOE [IPH TIOMOIIH
acumrroradeckux gopmyi 1o ~ 17,597.

Taxum 0b6pazoM, j1axKe JJisi CPABHUTEIHLHO OOJIBIIIONO 3HAYEHUS [IapAMETPa 1) PA3HUIIA TOU-
HOT'O U aCHMITOTHYECKOTO 3HAUEHMI He npesbimnaet 8, 1%. BeraucamrebHbII 9KCIIEpUMEHT 10~
Ka3aJl, 4TO U JJid APYI'UX HadaJbHBIX JAHHBIX pa3J/IMdue MKy TOUYHBIM U aCUMITOTHYECKUM
3HAYEHUSMHA JIOCTATOYHO MAJIO M, €CTECTBEHHO, YMEHBITAETCS C YMEHBbIIEHNEM IapaMeTpa 7).
3aMeTuM, IYTO OJJHUM U3 BAPUAHTOB UCIIOJIb30BAHUS ACUMITOTHIECKUX (DOPMYJI SIBJISIETCS Ha-
XOKJIEHUEe HAYAJbHBIX TPUOJIVZKEHWI JIJIsi DellleHrsi CHCTeMbl HeJIMHEeHHbIX ypasHeHuil (38),
ITO3BOJIAIONINX BBIYUAC/IATH TAKOW BAXKHBIN IMapaMeTp, KaK MOMEHT BO3HUKHOBEHUS yIapPHOI
3JIEKTPOMArHUTHOU BOJIHBI.

Hanommum, 1o permnaercst kpaesast 3ajada (4), (5) u X =t (em. (6)). Musivu croBamy,
(39) — sr0 Kpaesoe yciaosue npu z = 0 (HanpuMep, Ha TOPIIE ONTHYECKOTO BOJIHOBOJIA), IPE]I-
CTaBJISIONIEe BpEMEHHON 3aTyXAIOMNI CTUIaXKEHHBIN UMITYJIbC, a 1( ABAgeTCs KOOPIMHATON Z,
B KOTOPOIT BO3HUKAET yJapHas BOJIHA.

CBsi3b pasMepHBIX (OTMEYEHBI <IIAIOYKOW» U 3BE3J0UKaMK) U 0Ge3pasMepHbIX BeJUIHH
3a/12€TCsl COOTHOITEHUSIMI

_ _ _ L 1
E=EE, H=E. |2H 2=L. (=Tt ===-—"nw/,

P Te  \/[Exlix
gp=8,85-10712 Ku/B/m, fig=1,26- 107°B c/A/Mm, e, =€k, s = Wlp.

3nech Ey, Ly, Ty — XapaKkTepHble 3HAYEHUS HAIIPSI>KEHHOCTU JIEKTPUIECKOTO TOJIs, JJIUHBI U
BpPeMeHH, €, [, — OTHOCHUTeJbHbIE IU3JEeKTPUIEeCKNe U MarHUTHbBbIE IIPDOHUIIAMOCTH.

B mesmmeitHoit onTuke, KaK MpaBUjIO, B3aMEH JIEKTPUIECKON MHIAYKIUU ) MPUHATO HC-
[IOJIb30BATh TOJIAPU3AINUIO Cpebl P, KoTopas 33JIaeTCs COOTHOIIEHIEM

ﬁ:/\oﬁ—Fﬁ, ﬁ:é\O(SC\IE—F;(\QEQ‘{—S(\gEg—F),
~ QSC\QE* (40)
e=1+%. =Gy

rje Xi — JUAJIEeKTPUYeCKHe BOCIPUUMYNBOCTHU, UMEIOIHe, HallpuMep, 3Hadenust |29, c. 18]

Xi~1-10, Xem~ (1077 —107")M/B, X3~ (107 —1072") m?/B?.
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Buibupas E, = 2-10° B/m (umuynascnbiit nazep [29, c.34]) aaa nmapamerpos X = 1,
X2 = 107" /B, X3 = 10723 M2 /B2, nonyunm

V3 B3 2% F.
NZh 0,02, n=X220
X2z 14+ X1

0,2.

9T0, B YaCTHOCTH, O3HAYAET, UTO KyOWIECKUMHU HEJMHEHHOCTSIME MOXKHO IIpeHeOperarhb II0
CPABHEHHUIO C KBA[PATUIHBIMIE, U BHIOOD OLPEJIEJISIIOIIEro cooTHoIIeHus B Bue (14) npu Heko-
TOPBIX 3HAYEHMSIX BEJMYMHBI HAIPSKEHHOCTH 3JIEKTPUIECKOTO IOJI U BOCHPUHMIHBOCTENT
JIOCTATOYHO OIPAB/IAH.

BameruM, UTO TJIABHBbIE YCIIEXH HPUKJIAIHON HEJMHEHHON ONTUKU CBSI3aHBI C HCIIOJIL30-
BaHMEM HEJIMHEHHBIX 9(PdEKTOB, ONUCHIBAEMbIX KBaJPATHIHON HEJNHEHHOH BOCIPUIMIHBO-
crbio. COOTBETCTBYIONIIE BOJHOBbIE HEJMHEHHbIe B3aMMOJIEHCTBUsI IPUHSATO HA3BIBATH TPEX-
dorornpiMu. Kak y2Ke rOBOPHIIOCH BO BBEIEHNH, JJIsI IIEHTPOCUMMETPUYIHBIX OITHIECKIX KPH-
CTAJUIOB IIPU WHBEPCUU OTHOCUTEJILHO IIEHTPA CUMMETPUY CJIejyeT, 9To 3ameHa F — —E Bie-
ger 3ameny P — —P. Eciu onrtudeckuii Marepuasl He sIBJISIETCsI EHTPOCUMMETPUYHBIM, TO
OH 00JiaJlaeT HEHyJIeBOil KBaPATUIHON BOCIPUUMYIMBOCTBIO, B YACTHOCTH, K TAKHM CpeEJaM
OTHOCSATCSI MbE30JIEKTPUKU. BoJiee 110po6GHO 0 M30TPONHBIX M AHU3OTPOIHBIX ONTHYECKHUX
cpenax, cM. B [30, c. 17-20], [31, c. 7, 23].

8. BakJirmouyenue

C ToYKHM 3peHHs aBTOPOB, HambOJiee BAXKHBIM DPE3YJILTATOM PabOTbhI SIBJISETCH HOITBED-
JKJIEHIE BO3MOXKHOCTH [OCTPOEHUSI ACUMITOTHYECKOIO DEIIeHUs IIyTeM 3aMEHbl ACHMIITOTH-
YECKUMH COOTHOIIEHUSIMU [IePEMEHHBIX KOI(DMUIMEHTOB JIMHEHHOrO ypaBHEHHsI B YaCTHBIX
IIPOU3BOJHBIX BTOPOIO IIOPsIKA, BO3HUKAIOMINX LPH UCIOJIb30BaHUN MeToda rogorpada. Ko-
HEYHO, 9TO He €JUHCTBEHHAs BOSMOXKHOCTE. B uacrHocTy, B cepuu crareii [32] myist mocrpoennst
ACHMIITOTHYIECKIX DPelIeHnil 3a1a1 06 603e-3iHIITEeHOBCKOM KOHJIEHCATE MPUMEHSIINCH HIEH
pabotrsl [33] (06 ypaBHEHUSIX TA30BOH JMHAMUKM) — aHAIM3 HOBeJeHust DyHKIMN PuMana—
I'puna u 3aMeHa €€ ACUMIITOTHIECKUM IIPUOIIIZKEHIEM.

Hakonen, ykazkem, uro TEM-posna (momepednasi 9J€KTPOMAIHUTHAsSL BOJIHA) HA IIPAK-
THKE Pean3yeTcsi JIH00 MeXKLy JABYMs IJIOCKAMHI HOBEPXHOCTAMHU (MMEIOIUMI GECKOHEUHY O
IIPOBOAMMOCTB ), JHOO B KOAKCHAJIBHBIX JIMHUAX Ilepefad (BOJHOBOJAX). BO3MOXKHO TakiKe
paccMaTpUBATh, TAK HA3BIBACMbIE, SKBIBAJICHTHBIC PACIIPE/Ie/ICHHbIE JIMHAN [IePe/Iat, COCTaB-
JICHHBIE U3 eMKOCTeil n MHIyKTHBHOCTE (cM., nanpumep, [34]). Hamumune acummrornyeckux
(M TOYHBIX) PEIIeHNI TO3BOJIUT JEeTAIBHO AHAIU3UPOBATH HPOXOXKIEHIE CUIHAJIOB 10 JIMHUSIM
epeiad.
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Abstract. An asymptotic solution of the boundary value problem for two quasi-linear hyperbolic equations

describing the behavior of a transverse electromagnetic wave (TEM wave) in a nonlinear continuous medium
is constructed when the dependence of polarization P on the electric field strength E (physical nonlinearity)

has

the form P = eo(\aF + X2E2 + X3E3), where x1, X2, x3 are dielectric susceptibility and e¢ is the

dielectric constant of vacuum. The main term of the asymptotics is constructed in two cases: (i) x1 = O(1),
X2 — 0, x3 = 0 (anisotropic continuous medium), (ii) x1 = O(1), x2 = 0, x3 — 0 (isotropic continuous
medium), although one of the methods used to construct the asymptotics is easily transferred to the case

(iii)

x1 = O(1), x2 — 0, x3 — 0. In the case of (i), the asymptotics for x2 — 0 is constructed in two ways.
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In the first variant, the direct expansion in a series by a small parameter of the exact implicit solution of the
boundary value problem is used with the subsequent numerical construction of the explicit solution on the
lines of the level of the implicit solution (the main term of the asymptotics of the implicit solution). In the
second variant, the expansion into series by parameter is carried out at all stages preceding the construction
of an exact implicit solution, which leads to an implicit solution different from the exact one, but the main
term of the asymptotics of the new and previous solutions coincide. The equivalence of these two options is far
from obvious, in particular, the exact implicit solution contains the hypergeometric Gauss function, and the
asymptotic implicit solution contains the Bessel function. In the case of (ii), the asymptotics at x3 — 0 can be
constructed only in the second way, by performing parameter decomposition at all stages of constructing an
implicit solution. The first variant of constructing the asymptotics is indispensable to them, due to the fact
that an exact implicit solution cannot be constructed. The hodograph method, based on the conservation law
for a system of two quasi-linear hyperbolic equations of type 1+ 1 in partial derivatives of the first order, was
used to construct a solution to the problem of the behavior of TEM waves , both exact and asymptotic. The
method allows to transform a system of quasi-linear equations into one linear partial differential equation of
the second order with variable coefficients. The effectiveness of the method depends on the presence of explicit
relations connecting the initial variables with the Riemann invariants, as well as on the presence of an explicit
expression for the Riemann—Green function of a linear differential equation. In cases (i), (ii) the specified
conditions are valid. The presented results allow us to trace in detail the evolution of TEM waves in nonlinear
media, for example, in coaxial waveguides or distributed ideal transmission lines, in particular, to determine
the time (and spatial coordinate) at which the occurrence of shock electromagnetic waves is possible.

Keywords: systems of quasi-linear hyperbolic equations, Riemann invariants, Riemann—Green function,
hodograph method, asymptotic expansions.
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Abstract. This paper contributes to the theory of positive summing operators between Banach lattices
by exploring the interplay between specialized sequence spaces, operator ideals, and tensor product
techniques. We focus on the spaces of positive strongly p-summable sequences £ (X) and positive
unconditionally p-summable sequences 6;‘ w‘(X ), utilizing them alongside the Banach lattice of positive
weakly p-summable sequences £, |,,(X) . These tools are employed to present and characterize three
central classes: positive strongly (p, ¢)-summing operators, positive (p, ¢)-summing operators, and positive
Cohen (p, ¢)-nuclear operators. Our investigation yields new properties, including the characterization of
positive (p, ¢)-summing operators as those which map positive unconditionally p-summable sequences into
g-summable sequences, and the identification of the positive strongly (p,q)-summing class with the class
of (p,q)-majorizing operators. A central achievement of this work is the unified characterization of these
operator classes via tensor product continuity, a method well-established for linear operator ideals that we
now extend to the context of Banach lattices. We characterize each class by the continuity of an associated
tensor operator I @ T : £, ®a X — £4®p Y for appropriate tensor norms « and /. This approach provides
a powerful and cohesive framework that deepens the connections between summability, the order structure
of Banach lattices, and tensor norms.
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1. Introduction and Background

The spaces of sequences with values in the Banach lattice are intimately related to the

summability of operators between Banach lattices. For example, the positive (p, ¢)-summing
operators, introduced by Blasco [1], are the continuous operators which take positive weakly
p-summable sequences £}, |, (X) into g-summable sequences £,(E) (see also [2]). In [3], Achour-
Belacel introduced the notion of positive strongly (p,¢)-summing operators to characterize
those operators whose adjoints are positive (¢*, p*)-summing operators.

In [4] and [5] the authors defined the space of positive strongly p-summable sequences

£7(X) (initially introduced by Cohen for the Banach spaces [6]), as well as the space of
positive unconditionally p-summable sequences £7 \w\(X ).

(© 2025 Dahmane, A. and Toufik, T.
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Tensor products have proved to be a useful tool for the theory of operator ideals. Indeed,
the excellent monograph [7] deals with the theory of the tensor product point of view and
provides many applications to the study of the structure of several spaces of summing linear
operators.

The following characterizations provide nice examples of how tensor products come into
the theory of summing operators:

e An operator T : X — Y is absolutely p-summing (see [8|) if and only if IQT : £,®. X —
l, ®n, Y is continuous, where A, satisfies A, (37 e; @ x;) = (D1 [|lzil|P) YP and ¢ is the
injective tensor norm (see [7]).

e Let 1 < p < oo. An operator T : X — Y is the Cohen p-nuclear (p-dominated) if and
only if I®T : ¢, ®. X = ¢, ®,Y is continuous and 7 is the projective norm (see [6] and [7]).

e An operator T': X — Y is strongly p-summing if and only if /@7 : £, @A, X — £, ®,Y
is continuous (see [9]).

The interplay between tensor products and positive summing operators have not been
explored yet. In this paper, first we utilize sequences in Banach lattice spaces to define and
characterize certain classes of positive summing operators. Then we describe these classes in
terms of the continuity of the canonically defined tensor product operator I @ T": £, ®q X —
¢, ®3Y for adequate p and tensor norms o and /3.

Our results are presented as follows. After this introductory section, Section 2 is devoted
to providing new properties of the positive (p,¢)-summing operators. Particularly, we prove
that these operators are continuous operators transforming positive lattice unconditionally
p-summable sequences €z7|w|(X ) into g-summable sequences £,(F). In Section 3, utilizing the
Banach lattice of positive strongly p-summable sequences, we present a novel characterization
of positive strongly (p, ¢)-summing operators. Furthermore, we demonstrate that this class
is equivalent to the class of (p,q)-majorizing operators introduced in [10]. In Section 4, we
study the notion of the positive Cohen (p, g)-nuclear operators. We explore the summability
properties of these operators by defining their corresponding operators between spaces of
positive weakly p-summable sequences KP,M(X ) and strongly positive strongly p-summable
sequences 7 (Y). In the final section, we describe these classes in terms of the continuity of
an associated tensor operator that is defined between tensor products of sequences spaces.

We use standard notation for the Banach lattices (see [11, 12]). If X is an ordered set, the
usual order on XN is defined by x = (Tn)nens = 0 &z, > 0 for each n € N*. Recall that the
Banach lattice X is an ordered vector space equipped with a lattice structure and the Banach
space norm satisfying the following conditions: ||z|| < ||y|| whenever |z| < |y| for all z,y € X,
where |z| = 2V (—z). Note that this implies obviously that for any € X the elements x and
|z| have the same norm. We denote by X, = {x € X, x > 0}. An element z of X is positive
ifxe X,.Forx e Xlet at ;=2 V0, 2z~ := (—z) VO be the positive part and the negative
part of x, respectively. For any = € X, we have the following properties z = 2+ — 2~ and
lo| =2t + 2.

The dual X* of a Banach lattice X is a complete Banach lattice endowed with the natural
order

] < a5 <= (2], z) < (z5,z) forall z € Xy,

where (-, -) denotes the bracket of duality.

By a sublattice of a Banach lattice X we mean a linear subspace A of X so that
sup{z,y} = = V y belongs to A whenever x,y € A. The canonical embedding ip : X — X**
such that (ig (x),2*) = (x*,z) of X into its second dual X** is an order isometry from X
into a sublattice of X**, see [11, Proposition 1.a.2]. If we consider X as a sublattice of X™**
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we have for 1,29 € X
T < 2 <= (r1,27) < (22,2") forall 2" € X7.

Throughout this paper X and Y are Banach lattices, E and F' are Banach spaces. We say
h: X — Y is a vector lattice homomorphism if it is a linear operator such that h(zy V x2) =
h(z1) V h(zz) for all 1,22 € X. An one-to-one, surjective vector lattice homomorphism is
called vector lattice isomorphism. A linear operator S : X — Y is called positive, if S(z) > 0
forany z > 0. Amap T : X, — Y, is called additive if for every z,y € X, we have
T(x+y) =T(x)+ T(y). We call T positively homogeneous if for each A € Ry and every
x € X, we have T'(Az) = AT'(z). The space of all bounded linear operators from E to
F is denoted by Z(FE, F) and it is the Banach space with the usual supremum norm. The
continuous dual space .Z(F,K) of E is denoted by E*, whereas Bp denotes the closed unit
ball of E. The symbol E = F means that E and F' are isometrically isomorphic.

Let 1 < p < 00, we write p* the conjugate index of p, that is 1/p+1/p* = 1. As usual ¢, (E)
denotes the vector space of all absolutely p-summable sequences, with the usual norm |||
and £, (E) the space of all weakly p-summable sequences with the norm ||(zn)nen-|,,, =
SUPg+e By, |({(Zn, ) )nen|,- The closure in £y, (E) of the set of all sequences in E which
have only a finite number of non-zero terms, is a Banach space with respect to the norm
[[[l, .- We denote this space by £} (E). Let co be the space of scalar sequences (A, )nen+, such
that \,, — 0. The space

(0) (B) = { @nnerv © B+ ((@n,€)nen- € co VE € B}

is a closed subspace of log o (E) = lo (E) (see [13, §19.4]). It is well known that £, (E)
is an isometrically isomorphic to Z(¢,+, E) for 1 < p < oo and 41, (F) is an isometrically
isomorphic to £ (co, E). We denote by £, (E) the space of all strongly p-summable sequences
(Cohen strongly p-summable sequences, see [6]), that is the space of all sequences (zy,)nen+
in E, such that (z,(x,))nen+ € €1, for any (z})nen+ € £y o (E*), which is a Banach space
with the norm

o0

= sup Z |z (z0,)] -

@5 ) ners e <1

| (T )nens

(B = sup Zx;;(xn)
=1

@5 ) nervs e <1 |5

The following fact, discussed in [14], is well-known

by w(EY) = [6, (E)]" and [fyr (E%)] = [fpu(E)]" . (1.1)
Moreover, it is well-known that
[lp(E)]" =€y« (E*) for 1< p<oo and [co(E)]" =1 (E*). (1.2)

Sequences in Banach lattice spaces. Consider the case where FE is replaced by a Banach
lattice X. The space of positive weakly p-summable sequences was introduced in [4] by

Uyl (X) = {(xn)neN* e XN Y (at |za])P <00 Vat e Xi},

n=1

endowed with the norm

B =

o
[(@n)nensl,,w = sup (Z@*’!xnw)
Tz*eB

X3 \n=1
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Also, (co)),| (X) is a closed vector lattice subspace of log ) (X). Then (€, 4 (X), [| - [l ) is
a Banach lattice (see [4, 5]). Moreover, we have (Io) [[(zn)nen+l, . < [[(@n)nent|l,,, for all
(xn)nEN* € Ep,|w\ (X)

(I) If (xp)nen+ = 0, we have

| @nnene oy = I @ndnee - (1.3)
We define
Cp ) (X*) = {(m;i)neN* e (XN Y (o, [ap)P <o Va € X+}
n=1
and

(@7 )nen-
X4 \n=1

plel = SUP (Z <!w2!,w>”> - (1.4)

Then £}, |, |(X*) with this norm is a Banach lattice (see [4, 5]).
Let E ol |( ) denote the closed sublattice of £, /(X ) defined by

EZ,\w\(X) = {(wn)neN* e xN°. liTILn H(xk)zo:mrl”mw' _ 0}_

In this case we say that (x;,)nen+ is positive unconditionally p-summable sequences.
Let

tp(X) = {(xn)neN* ex™ Z! Tps [En])] < 00 V(2 )nen- € (gp*,w(X*))—’—}

and
o

500 = sup S ). (L5)

(23 ) nen* EB[%*,\w\ (x*)+ n=1

| (%7 ) nen

In this case we say that (z;,)nen+ is positive strongly p-summable sequences. Then /7 (X) with
this norm is a Banach lattice [5]. For convenience let us denote ¢1(X) = (T(X) = ¢1(X).
By (Io) and (I1), we have (o) [|(@n)nen- | (x) < [[(@n)nen- g, (x) for all (zn)nen- € £, (X).
(I1) If (2p)nen+ = 0, then (zp,)nen+ € £5(X) if and only if (2, )nen+ € £, (X), and

0,() (1.6)

”(xN)nEN*HZg(X) = [[(zn)nen-

Moreover, we have the following results due to [4, 15].

Proposition 1.1 [15, Proposition 3.1 and Proposition 3.2|. Let X be a Banach lattice
and 1 < p < co. Then

(@)

tp(X7) = {(CUZ)neN* Z Tns [€3,])] < 00,V (Tn)nen- € (fp*,|w|(X))+}
and for each (x},)nen+ € £3(X™),
(@7 )nenlleg (x+) = sup > (@, |7h)).
(Zn)nen+ EB[ep*"w‘(X)]-ﬁ- n=1



Lattice Sequence Spaces and Summing Mappings 25

(b)

0 (X7) = {(ﬁ)neN* € (X Y @, |23l < o0 Y (@n)nen € (EZ*,|W|(X))+}
n=1
and for each (z},)nen+ € £3(X™),
(@7 nene lleg (x+) = sup > (za,las)-

(xn)neN*EB[eu* )1+ n=1
p*,w

Lemma 1.2 [4]. Let X be a vector lattice, (Y,C') be an ordered vector space, such that
Y=C-CandT: Xy — C be a positive, homogeneous and additive bijection. Then Y
is a lattice space and T can be uniquely extended to a lattice isomorphism from X onto Y.

Theorem 1.3. Let X be a Banach lattice and 1 < p < oo.
(i) The Banach lattice £, |,((X*) is lattice and isometrically isomorphic to [(7(X)] .

*
(ii) The Banach lattice [fg* (X*)] is lattice and isometrically isomorphic to VZ |w|(X)]
[15, Corollary 3.3 and Corollary 3.4].
< (i) Let 1 < p < 00, we define the mapping

T: ¢

p*,\w\(X*) — [%(X)]*v T = (1) )nens —> T(2") = Ty,

where T,.+ is the linear functional defined by

o0

T : £3(X) — K, (2n)nens — Ter (@n)nens) = Y a5 (wn).
n=1

The map T is clearly a positive map from (Kp*7‘w‘(X ") L to [Eg(X )] *+, and it is homogeneous,

additive and injective. To see that it is surjective, note that if S € [fg (X)]:_ and
In: X — 0,(X), z+—(0,...,2,0,...),
x;, = Sol, € X} for all n € N*.
Then
T(SoLn) pens ((zn)nenr) :Z(S o In)(zn) :Z S(In(zn)) = S(I1i(21)) + - - - + S(In(zn)) + - -
n=1 n=1

=S((z1,0,...))+---+5(0,...,zpn,...)) + - = S(zn)nen+).

For z € B;L(, we get

1 1
o] p* 00 p* 00
(Z(x;, x>‘p*> — <Z |S o 1y,)(z) p*> = sup Z apS o I, (x)
n=1 n=1 (an)neN*eBZ, n=1
= supS((n@)nen )| <[ISI sup [[(@n@)nenle, (x)-

(Oén)neN*eBZ;7 (an)nenx EB&;
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We need to estimate the latter expression. Note that

oo

(X)) = Sup Z<x;’ ’anan

(xZ)neN*GB[zp*"w‘(x*)H n=1

| () nen

[e.9]

= Sup Z ‘OénK.%';, ‘an

(T3 )nen* EB[ZP*"W‘(X*)]"‘ n=1

P sup [ (%5 ) nen Pl S [l (ctn)nens

(T3 ) nen eB[Zp*,\w\(X*)]+

< [(@n)nent p*

Then

1
P*
p) <ISIE - sup [l(@n)nenllp = [IS]-

(an)nenx GBZ,

(Z S o I,)(x)
n=1

Hence, by (1.4), (2,)nen+ € (£pe o] (X))

Since £, 1,/(X*) is the Riesz space and [(7(X)] t = [Eg(X)]: - [Eg(X)}:_ , it follows from
Lemma 1.2 that [£7(X)] " is a lattice space and that T is a lattice isomorphism from e o) (X7)
onto [fg(X)]*.

For (27, )nens € £p« o) (X™), we have

1T (2, )nen+) ‘[g;r(x)]* = IT((z}, ) nen+)
= [17°(|(z7 Jnen

\z(zg(X),K) = I[T'((z} )nen+) ”[zg(x)]*

Mgy = 1028 Dnent lpe o = @) nen-lpe ju-

This means that T is an isometry from £« 1, |(X*) onto [£7(X)] L

2. Positive (p,¢)-Summing Operators Generated by (% (X)

p,lwl

Let 1 < g < p < co. Following [1, Definition 1] and [3, Proposition 3.2 (1)|, an operator
T :X — F is said to be positive (p, ¢)-summing if there exists a constant C' > 0, such that
for every z1,...,z, € X, we have

(T ()i ll, < Cll (@i llg o - (2.1)

For ¢ < p = 00, we get
sup [|T(z)[ < C [[(zi)itallg ) -

1<i<n

We shall denote by A, ,(X,F) the space of positive (p,q)-summing operators. This space

becomes a Banach space with the norm || - [|z,, given by the infimum of the constants
verifying (2.1). For p = oo and 1 < ¢ < oo we consider Ay 4(X,Y) = Z(X,F) and
1T Ave g = ITI-

Now, we give characterizations of these classes in terms of transformations of lattice vector-
valued sequences.

Proposition 2.1 [1, Proposition 2|. Let T : X — F' be an operator and 1 < g < p < 0.
The following properties are equivalent.

(1) T eApy(X,F).

(2) The associated operator T lgjw|(X) — €,(F) given by T ((zi)ien+) = (T(x:))ien-
(z:)ien+ € Ly | (X) is well-defined and continuous.

In this case ||T||a,, = | T]-
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Theorem 2.2. For a continuous linear T € £ (X, F) and 1 < ¢ < p < oo, the following
conditions are equivalent.

(i) T € Apgy(X, F).

(ii) The sequence (T(z;))ien+ € €, (F') whenever (x;)ien+ € £

(iii) The induced map

(X).

q;|wl

T: | (X) = &y (F) T ((z)ien) = (T(x:))ien=

is a well-defined continuous linear operator and ||T'||s,, = liallp

< (i) = (ii) Let = = (z)ien- € o 1w |( ). We have

(T (zi)icall, < Cl(@a)illg )

for all n € N*. So, if m; > mo, then

(T (:));2y — (T(0) || = H )iz m2+1H CH )i m2+1Hq‘w‘

We conclude that (yy)nen+ with y, = (T'(z;))7, is the Cauchy sequence in ¢,(F") and so
converges to some (z;)ien+ € £p(F).

Given € > 0, we can find No € N* so that n > No = |[[(T'(2:))iy — (zi)ien-|l,, < €.
So, for a fixed igp € N*, we have || T(z;,) — zi,|| < €. We conclude that T'(z;,) = z;,. Hence
(T'(:))ien+ = (zi)ien= € Lp(F).

(ii) = (iii) Is it clear that T is linear implies that 7 is linear, for show that 7' is continuous
we showing that 7 has a closed graph. Suppose that the sequence (T(z;))ien+ € 0, (F)

whenever (z;)ien+ € £ o) (X ) and let ((2F, T(x k)))keN* be a convergent sequence in the
Cartesian product EZM( ) x €,(F) that is, ((2¥);en+, T((z 8iene) — (z,9) . So

a* — = (2n)nen € LY o (X (2.2)

and
T(a*) — y = (yn)ner- € Lp(F). (2.3)

From (2.2), for all € > 0 there exist ky > 0, such that

(et =l < (lo* ek - 29))" < 3 (a7](a - 2]’

i=1

o0
q
< sup (Z(x*l(wf—xi)|)><‘|x — llg oy < €

z*eB
X3

whenever k > ko, 2* € B X and for all ¢+ € N*. In this way, by the Hanh-Banach theorem, we
get

lof — 257 = sup |a*(af —2)|? <27 sup |a(af —y)|? < 2%, (2.4)
z*€Bxx* :B*EBxi

whenever k£ > kg and for all 7 € N*, then we have xf — x; € X for all kK — oco. How T is
continuous, we find
lilgn T(zF) = T(x;) for all i € N*.
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From (2.3), for all € > 0 there exist k, > 0, such that
P oo

<> et -
i=1

whenever k' > ké) and for all ¢ € N*, we find

/!

HT(ﬂﬂfC )~ i

k P ~ P
< H Z; zeN* - (yi)ieN* » = HT(QU ) - pr <eP

lillgn T(zF)=y; forall i e N* (2.5)
From (2.4), (2.5) and uniqueness of the limit, it follows that

T(x) = (T(z:))ien- = (Yi)ien = -

This implies that the linear mapping T has a closed graph.
(iii) = (i) is straightforward. >

3. Positive Strongly (p, ¢)-Summing Operators Generated by /7 (Y)

Let 1 < ¢ < p < oo. Recall that an operator T' € Z(E,Y) is called positive strongly
(p, ¢)-summing [3, Remark 4.2| if there exists a constant C' > 0, such that for all finite sets,
(z;)", C F and (y)", C (Y*)*, we have

ZI < Clla)isllall (w7 )i e - (3.1)

We shall denote by .@; 4(E,Y) the space of positive strongly (p, ¢)-summing operators or
.@; (E,Y) if p = q, the space of positive strongly p-summing operators. This space becomes
a Banach space with the norm || - || o, 8iven by the infimum of the constants verifying (3.1).

Lemma 3.1. The operator T € .@;q(E,Y) if and only if there exists a constant C > 0,
such that for all finite sets, (x;)"_; C E and (y;)", C (Y*)", we have

(T (zi)iza llen vy < Cll(@i)iza llg- (3.2)

+

<Lt T €2
()4 C E and

,(E,Y), then there exists a constant C' > 0, such that for all finite sets,
Y™, C (Y*)T, we have

=

—~

n

> T,y < Cll(a)iz g @il -

i=1
For each z € Y and z* € Y*,
12*[(|2]) = sup {lg"(2)| : lg" < [z"[}. (3.3)

Now let (y;)i; € (£pe 1 (Y™))T and let € > 0. From (3.3), there exists, for each 1 <4 < n,
an element g* € Y*, such that |gf| < |y;|, and

T @) < lgi (T (@) + =
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Note that (g7)iL; € (£). |w|(Y*))+. Then
D AT @)lyr) =Y (T @)l lyi ) < QKT (), 6)] + <
i=1 i=1 i=1
< C ()i llgll ()il w] + & < Clll(a)itillgl (w7)is lp ] + &

Then
(T ()i lleg vy < Cll(zi)izallg + &

Conversely, directly by [(T'(z;),y})| < (|T(z;)|,y]) for every i. >

As in classical cases, the natural approach to presenting the summability properties of
positive strongly (p,q)-summing operators by defining the corresponding operator between
appropriate lattice sequence spaces.

Proposition 3.2. Let T : E — Y be an operator and 1 < q¢ < p < oo. The following
properties are equivalent:

(1) Te @;fq(E,Y).

(2) The associated operator T : ly(E) — £3(Y) given by T (z)iens) = (T(2;))ien,
(xi)ien= € £4(E) is well-defined and continuous.

In this case HT||9;Q =||T].

< For the necessity, let T € 25 (E,Y), (zi)ien< € £y(E) and (y;)iens € (L 1) (Y))T.
Then by Lemma 3.1, we have

Z T (i)l yi —supz T (i)l y7) < NTll g supll ()i g1 (7 )i llpe
=1 =1 n

all (¥ ienllp

< T, I a)icne

which implies

o
sup Y AT @)y < Tl gy, (zs)ientl,
(Y7 )ien= eB[zp*"w‘(y*]Jr i=1

Consequently, we obtain

o
(T (z))iene lleg vy = sup Y (T @)l yi) <ITlgy, e,
(y?)ieN*eB[zp*"w‘(Y*]Jr i=1
and therefore T is continuous with norm < HT||9+ :

In order to prove sufficiency, suppose T is well-defined and continuous and assume that
T ¢ 9, (E Y) Then for each n € N*, we may choose a finite sequence (z;,);~} C E, such

that H Tin); H <1 and (T (xz,n))lz1||2;’(y > 2" which implies
mn
i=1

for some (y;,,)i € (€p= ) (Y*)) T, such that ||(y},,)i"

() (5 (xi’">m" )
21 Ji=17\ 22 Ji—17 "7\ 2n im0

_(T11 X271 Tmy,1l 1,2 T22 Tmg,2 Tin T2n Tmy,,n
=G 3Tl e g2 v an o om0 )

< 1. Let (zj)jen+ be the sequence
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We have

Q
Q=

T 1 , v =1
ICzg)jenlly = ZZ‘ Z’]H = X gall@dly] <(Xg] <t
— p

]— =1 J=

Then, (2;)jen+ € £4(F). However, T\((zj)jeN*) ¢ £7(Y). In order to see this, consider the

sequences
yin\" (Vi Yin\""
(@j)jeN*Z(( Z’) ,(“) ,...,<Z’”> ,)
28 s '\ 2% )iy 2" )iz

Clearly (¢;)jen+ € B(gp*"w‘(y*))+. Then

oo My y’.k‘ p
. . _ Z?]
H((PJ)JGN*HP*,M = EUP E E <x, o >

yEBy,

00 1 my . Pt e 1
= sup Z Y ;(xayi,j> < Z 2jp* s L
1=

veByy \ j=1

By (3.4) it turns out that

IT((z)5enleg vy = T (z5)) jenlleg vy = sup D (IT(z)1,€5)

| €)jen | v, <1 j=1
o0 o0 1 mj
> ST o) = Y- gy ST aiy) =
7=1 Jj=1 i=1

which according (1.5) is a contradiction with the fact that 7' maps £4(X) (continuously)
into £7(Y). Since

(T (i) iewe ez vy = 1T ((:)ien+)

lex(v) < ) | (24 sene q

we have ||T]|,+ < all =S

In the following result, we characterize the class of positive summing linear operators and
positive strongly summing linear operators by utilizing the adjoint operator. For the proof of
this result, we will utilize the duality of lattice sequence spaces. Theorem 3.3 was established in
[3, Theorem 4.6], and the proof provided there is direct. Using Theorem 1.3, the formula (1.2),
Proposition 3.2 and taking into account that the adjoint of the 7' : lg(E) — £5(Y) can be
identified with the operator T* : lpe ) (YY) — Ly (E7); ﬁ((y;)ieN*) = (T*(y}))ien+, we
provide an alternative proof of the results in Theorem 3.3.

Theorem 3.3. Let T : E — Y be an operator and 1 < g < p < o0.

(1) The operator T belongs to Ap.(X,F) if and only if its adjoint T* belongs to
.@qt’p*(F*,X*). Furthermore, ||T||a,, = HT*H%PP*

(2) The operator T belongs to .@;q(E, Y) if and only if its adjoint T* belongs to
Ay p+(Y*, E*). Furthermore, HT”QJQ = [T A s
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< (1) Let T € X(X F) and T* € Z(F*, X*) its adjoint. Suppose that T' € A, (X, F),
then by Theorem 2.2 T : 1w ‘( ) — £p(F') is continuous with ||T'||s,, = [|T]|- By (1.2) and
Theorem 1.3, the following diagram commutes

* ,1’;* U *
b(F) — €q7|w|(X)
Ji 71 T Jo

O (F*) I am(X7)

i.e., T o Jp=Jyo 1/;:, where Jj is an isometric isomorphism and J is an isometric lattice
isomorphism, such that J;((2})nen+)((2n)nen+) = f((Zn)nen+) = D> ny (2ns zn> i=1,2, with
the inverse I;, defined by I; (f) = (f © In)nens = (2] )nen+. In fact, the map T*, defined by
(Y5 Jnens = (T* (y) ) nens, let (Y )nen+ € €y« (™), then for all (z,,)pen € £“ M(X),

(T o 1) (W3 nerw) (@a)ner) = Ti (Wihnew) (T ((@a)nere) )
= J1((yn)nen+) (T(2n))nen- Z Y, T Z (T*(yn), zn) = J2((T"(yn))nen+) ((Tn)nen+)
n=1 n=1

= Ja(T* (g3 )nen+)) (@n)nen) = (Jo 0 T%) (1 )nene) (n)nene)

e., T* o J1 = Jyo T*. Then, T is well-defined and continuous if and only if T+ is well-
defined and continuous. Consequently, from Proposition 3.2, it follows that T is positive
(p, g)-summing, if and only if its adjoint T* € £ (F™, X*) is strongly positive (¢*, p*)-summing.
Furthermore, [|T||a,, = HT*HQ; L= 1T

(2) Let T € 2,f (E,Y). Then, by Proposition 3.2, the operator T : by(E) — £3(Y) is
continuous with HTH%TQ = ||T'||. Using Theorem 1.3, and taking into account that the adjoint
of the operator 7 : lq(E) — £7(Y') can be identified with the operator

—

T* e o] (V) — L= (E¥) given by T*((y; )ien+) = (T*(y; ) )iens,

we obtain 7 and T* are well-defined and continuous. Therefore, it follows from Proposition 2.1
that T is positive strongly (p,q)-summing if and only if its adjoint 7™ is positive (¢*,p*)-
summing, and |[Tllys. = [ T*s,. .. = |7 o
Corollary 3.4. Let 1 < g < p < 00.
(1) The operator T € Z(E,Y) belongs to 2,/ (E,Y) if and only if T** belongs to
D, (E**,Y**). Furthermore,
1Tl = 1T Ny,

(2) The operator T € Z(X,F) belongs to Ap4(X,F) if and only if T** belongs to
Ay o(X**, F**). Furthermore,
”THAp,q = ”T**”Ap,q'

We say that an operator T' : E — Y is called positive (p,¢)-majorizing (see [10] for
p = q) if there exists a constant C' > 0, such that

1
(Z ‘(T(Zi)7y;k>‘q*> < Ol llp w (3:5)
i=1
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for all (z;)™_, in Bg and (y})"_; in (Y*)". The space of all positive (p, ¢)-majorizing from E to
Y is denoted by Y, 4(E,Y’). This space becomes a Banach space with the norm || - ||, , given
by the infimum of the constants C' satisfying (3.5). In [10], the authors proved the duality
relationships between positive p-summing operators and positive p-majorizing operators. It
was known [3] that an operator T': X — F'is positive p-summing if and only if 7™ is positive
strongly p*-summing. Similarly, an operator T : £ — Y is positive strongly p-summing if
and only if 7™ is positive p*-summing. In the following, we directly prove that the concept of
positive strongly p-summing and the concept of positive p-majorizing are equivalent.

Theorem 3.5. Let T : E — Y be an operator. The following conditions are equivalent:
(1) T is positive (p, q)-majorizing.
(2) T is positive strongly (p, q)-summing.

< Suppose that T is positive (p, g)-majorizing, given any finite sequence (z;)7_; in E and

(yz )z 1 n (Y*)+> we get
s %
> Yi
||sz|> ' >‘

Zr o r—DmHKT(
' ) < I, )

< <§j ww)a (Z (r (o) 1)

This implies that 7" is positive strongly (p, ¢)-summing and HTHD;q < 7T,

Conversely, assume that 7' is positive strongly (p, ¢)-summing. Let tzi)?zl be a finite sequence
in By and (y})"; in (Y*)", we have

1

<Z |<T<zi>,y;*>|q*> T

)z 1€BZq

Z)\

i=1 =1
n
= sup | ) Tz, w)| < ATy, sup 1Ozl (Wi e o
(Ai)?—lequ =1 ’ (Ai)?:lequ
STl pg,  sup [1A)is gl )i llp= ot = 1T ot 117 )iz llpe ol

P9 (), €By,

This means that T is positive (p, ¢)-majorizing and [Ty, , < HTHD;q. >

Corollary 3.6. T' € Z(FE,Y) is positive p-majorizing if and only if T' is positive strongly
p-summing.

4. Positive Cohen (p,q)-Nuclear Operators

Cohen [6] introduced the concept of p-nuclear operators, which was extended to the Cohen
(p, ¢)-nuclear operators by Apiola [14]. Let 1 < p,q < oo. An operator T' € £ (E, F') is Cohen
(p, q)-nuclear if (T (xy,))nen+ € £, (F') whenever (xy,)nen+ € 44 (E). We denote the space of
Cohen (p, g)-nuclear operators by .4, , (E, F'). According to [6, 14], the following conditions
are equivalent for a linear operator T € .Z (E, F):

TebN (B, F)=Te.Z(ly.(E) L (F))), (4.1)

where T ((xn)nen=) = (T (zp))nen+ for every (zp)nen+ € lgw (E).
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In this section, we introduce the positive Cohen (p, ¢)-nuclear operators. For p = ¢, these
operators are closely linked to positive strongly p-summing and positive p-summing operators,
as stated in Kwapien’s Factorization Theorem (see [16, Proposition 2|). Here, we distinguish
three cases.

DEFINITION 4.1. Let 1 < ¢ < p < oo and X, Y be Banach lattices, £ and F' be Banach
spaces.

(a) An operator T from a Banach lattice X to a Banach space F is left positive Cohen
(p, g)-nuclear if there exists a constant C' > 0, such that for all (z;)_; C X, we have (see [17])

(T (@:))iz1 e, ry < Cll(i)iz g, (4.2)

(b) An operator T from a Banach space E to a Banach lattice Y is right positive Cohen
(p, g)-nuclear if there exists a constant C' > 0, such that for all (z;)! ; C E, we have

(T (i))illeg vy < Clli(@a)iza llgw- (4.3)

(¢) An operator T from a Banach lattice X to a Banach lattice Y is positive Cohen (p, q)-
nuclear if there exists a constant C' > 0, such that for all (z;)]"; C X, we have

(T ()i lleg vy < Cll(@i)itallg s

see |10, Definition 3.1] for r = 1.

The class of all positive Cohen (p, g)-nuclear operators from X to Y (respectively X
to F and E to Y) is denoted by €.} (X,Y) (respectively Cﬁ/ﬁ/;f,gt*(X,F) and
CN T (B,Y)).

We put HTH%JV;;(I = inf C.

The proof of the following results follows similar lines as in Proposition 3.2 and
Proposition 3.22 in [17] and is omitted.

Proposition 4.2. Let 1 < g <p < oo and X, Y be Banach lattices, E and F' be Banach
spaces.

(1) T e CﬁJVﬁf{;t’*'(X, F) if and only if T': £y |, (X) — £,(F) is a well-defined continuous
linear operator [17, Proposition 3.22|.

(2) T € Cfﬂ;fght’+(E, Y) if and only if T': £y, (E) — (5 (Y) is a well-defined continuous
linear operator.

(8) T € €N} (X.Y) if and only if T : £y, (X) — £3(Y) is a well-defined continuous
linear operator.

A result by Apiola states that the adjoint of a Cohen (p,q)-nuclear linear operator is
Cohen (¢*,p*)-nuclear linear operator. When p = g, this result appears in [6]. Utilizing
Theorem 1.3, (1.1) and (1.2) and taking into account that the adjoint of the operators
T lg (X)) — 6(F), T : £y (E) — £5(Y) and T : £ ,/(X) — £5(Y) can be identified
with the operators

—

T% ey (F*) — 05 (X*), T% 2 Ly 1o (V) — Ly (E*) and T*: ¢

p*7|w| (Y*) — EZ]T*(X*)7

¢|w

defined as ﬁ((x;)new) = (T*(z}))nen=, we extend this to positive Cohen (p,q)-nuclear
operators.

Theorem 4.3. Let 1 < g < p < o0 and X, Y be Banach lattices, E and F' be Banach
spaces.
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(1) The operator T belongs to %/éﬁgt*(,}(, F) if and only if its adjoint T* belongs to
€N INE () X*). Furthermore
qa*.p ’ )

1Tl pricses = ||T*H<f,/;i%§i’+'

(2) The operator T belongs to %,/V;fght’+(E,Y) if and only if its adjoint T* belongs to
(&/qui{;fr (Y*, E*). Furthermore,

‘|T||cgi/1/£fght,+ - ||T*H(€/Vf]i{;j

(3) The operator T belongs to €.} (X,Y) if and only if its adjoint T* belongs to
€N F. - (Y*, X*). Furthermore,

Tl s, = 1T e,

REMARK 4.4. In a recent paper [10, Definition 3.1|, the authors introduced the concept of
positive (p, ¢)-dominated, where 1/p+1/q = 1/r, defined between Banach lattices. Within this
framework, both the Pietsch Domination Theorem and the Kwapien Factorization Theorem
are established. This concept precisely aligns with the positive Cohen p-nuclear concept
presented here when r = 1. Thus, by referring the reader to the papers [10, Theorem 3.3
and Theorem 3.7, we can also derive the well-known theorems, namely Pietsch’s Domination
Theorem and Kwapien’s Factorization Theorem, for the other two concepts proposed here
(for left and right positive Cohen p-nuclear). Notice that Kwapien’s Factorization Theorem
ensures that positive Cohen p-nuclear are closely related to positive strongly p-summing and
positive p-summing operators.

5. Tensor Characterizations

Now we are interested to characterize the aforementioned classes using abstract
summability properties linked to the continuity of tensor product operators defined within
vector-valued sequence spaces.

The Wittstock injective tensor product and Fremlin projective tensor product. For Banach
lattices X and Y, let X ® Y denote the algebraic tensor product of X and Y. For each
u=>1" 2,0y € X®Y, define T, : X* =Y by T,,(z*) = D" | *(z;)y; for each z* € X*.
The injective cone on X ® Y is defined to be

n
Ci:{u:in@)yieX@Y: Tu(x*)€Y+\v/$*€Xi}.
1=1

Wittstock [18, 19] introduced the positive injective tensor norm on X ® Y as follows:
lul; = inf {sup {HTU(;U*)H = Bxi} veC utue ci} .

Let X®;Y denote the completion of X ® Y with respect to |-||;. Then X®;Y with C; as its
positive cone is a Banach lattice (also see [20, Section 3.8 |), called the Wittstock injective
tensor product of X and Y. The projective cone on X ® Y is defined to be

n
CP:{in®yi: xi€X+,yi€Y+,n€N}.
=1
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Fremlin [21, 22| introduced the positive projective tensor norm on X ® Y as follows:

HUHW = sup {

n
> i, vi)
i=1
where M is the set of all positive bilinear functional ¢ on X x Y with ||¢|| < 1. Let X®pY
denote the completion of X ® Y with respect to ||-[||. Then X ®rY with C, as its positive
cone is a Banach lattice (also see |20, Sect. 3.8 ]), called the Fremlin projective tensor product
of X and Y. Let p be real numbers, such that 1 < p < oo, then, due to [5, 4] we have
(Pr) EZ,M(X ) is isometrically lattice isomorphic to £,&; X.
(P2) £3(X) is isometrically lattice isomorphic to lRrX.
Let €p<§>eE and EI,@,TE denote the Grothendieck injective and projective tensor product of
¢, with a Banach space F, respectively (see Ryan [23]). It is well known that the space £}, ,(E)

n
: u:Zmi®y,~€X®Y, (bEM},

i=1

is isometrically isomorphic to ¢,®.E whereas £,(X) is isometrically isomorphic to £, ®A,
X (see [7, 12.9] and £, (E) is isometrically isomorphic to £,&,F (see [6, Proposition 2.2.5
and Proposition 2.2.6], [24, Corrolary 3.9] and [25]). Given a linear operator 7' : X — Y, its
associated tensor product operator I ® T': £, ® X — £, ® Y is defined by

n n
I®T <Z€i®xi> = Zei ® T(x;),
i=1 i=1

and this map is clearly linear.

We apply now Theorem 2.2 and (P;) to the class of positive (p, g)-summing operators to
get new characterizations in terms of tensor product transformations.

Corollary 5.1. Let 1 <p < oo and T € £ (X, F). The following conditions are equivalent:

(1) T is positive (p, q)-summing operator.

(2) The induced linear operator I @ T : £,@; X — £,®,F is continuous.

In this case ||T||a,, = [[I ®T.

According to (P;) and Theorem 3.2, we obtain characterizations in terms of tensor product
transformations for the class of positive strongly (p, ¢)-summing operators.

Corollary 5.2. Let 1 < p< oo and T € Z(E,Y). The following properties are equivalent:

(1) T is positive strongly p-summing.

(2) The induced linear operator I @ T : Ep@)APE — fp@)FY is continuous.

In this case ||T I, = I T

It is known from [6, Theorem 2.1.3] that T' € .Z (E, F') is Cohen p-nuclear if and only if
the mapping I @ T : Ep@)EE — €p<§>7rF is continuous. Utilizing Proposition 4.2, (P;) and (P),
we extend this result as follows.

Corollary 5.3. Let 1 < ¢ < p < oo and X, Y be Banach lattices, E and F' be Banach
spaces.

(a1) T € Z (X, F) is left positive Cohen (p,q)-nuclear if and only if the mapping I @ T :
EqéiX — €p<§>7rF is continuous.

(ag) T € £ (E,Y) is positive right Cohen (p, q)-nuclear if and only if the mapping I & T :
Eq@)eE — Ep@)FY is continuous.

(ag) =T € £ (X,Y) is positive Cohen (p,q) -nuclear if and only if the mapping I @ T :
EqéiX — Ep@)FY is continuous.
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Annortanusi. lannass paboTa OTHOCHTCS K TEOPHH ITOJOXKUTEILHBIX CyMMHUPYIOIIAX ONEPaTOPOB MerK-
Jly 6GaHaXOBLIMU peIlleTKaMH, UCCIeNysl B3auMOIeiiCTBIe MeXK/Ty CIIeIUATU3POBAHHBIMYI TPOCTPAHCTBAME T10-
CJIeTOBATEIBHOCTEMH, OMEPATOPHBIMYU MJI€AJIAMU W METOJIAMU TEH30PHOTO Tpom3BeieHns. Mbl (okycupyemest
Ha IPOCTPAHCTBAX IIOJIOXKHUTEIBHBIX CHIBHO P-CyMMHUPYEMBIX MOCTIE0BATeNbHOCTEH £p (X)) M IIOI0KHUTETBHBIX
6e3yCJIOBHO p-CyMMUPYEMBIX ToCsIeloBaTebrocTelt £, |, (X ), Mcromb3ys nx Haps 1y ¢ 6aHaXOBOil perneTKoii 1o-
JIOKUTENIBHEIX CJIA00 P-CyMMUPYEMBIX TIOCIEA0BATEIbHOCTE L) (X ). DTH HHCTPYMEHTHI IPUMEHSAIOTCS 15
LPEJICTABJIEHUS] U XaPAKTEPUCTUKU TPEX OCHOBHBIX KJIACCOB: MOJIOXKUTEJIBHBIX CUJIBHO (P, q)-CyMMUDYOIIUX
OLIEPATOPOB, IIOJIOXKUTEIBHBIX (P, ¢)-CyMMUPYOIINX ONEPATOPOB U IIOJIOKUTEIBHBIX (P, q)-5/IePHBIX OIIEPATO-
pos Kosna. Hamme ucciemosanme no3BossieT MOJTyIUTh HOBbIE CBOWCTBA, BKJIIOYAs XaPAKTEPUCTHKY TTOJIOMKHU-
TeJIbHBIX (P, ¢)-CYMMUPYIOIUX OIIEPATOPOB KaK TeX, KOTOPble OTOOPArKAIOT IOJIOKUTEJbHbIE Ge3YCI0BHO p-
CYMMUPY€EMBI€E TIOCIIEI0OBATENILHOCTH B ¢-CyMMHUPYEMBbIE MTOC/IET0BATETLHOCTH, 8 TAK¥Ke MICHTUMUKAIIAIO TIOJI0-
JKUTEJHLHOTO KJIACCA CHIIBHO (P, ¢)-CyMMHUPYIOIHAX OIEPATOPOB C KJIACCOM (P, ¢)-MarKOPU3UPYIOIIUX OIEPATO-
poB. IleHTpaabHLIM JOCTUKEHUEM 3TOH paboThI ABJIsAeTcs yHUMUIUPOBAaHHAS XapaKTEPUCTUKA 3TUX KJIaCCOB
OIIEPATOPOB TOCPEICTBOM HEMPEPBIBHOCTH TEH30PHOTO MMPOU3BEJIEHUS — METOJ[A, XOPOIIIO 3aPEKOMEH, I0BABIIIE-
ro cebst JJIs IMHEHHBIX OMePATOPHBIX UIIEAJIOB, KOTOPBIA MBI TEIepb PACIPOCTPAHSIEM HA KOHTEKCT DAHAXOBBIX
pemeTok. MBI XapaKkTepusyeM KazKJIblil KJIacC HENPepLIBHOCTBHIO acCONMUPOBAHHOIO TEH30PHOTO OllepaTopa
IRT : 4y ®a X — g R Y I COOTBETCTBYIOIIMX TEH30PHBIX HOPM (¢ M [3. DTOT HOAXOJ yIIybJisieT CBA3u
MEKJIy CyMMHPYEMOCTBIO, CTPYKTYPO# TOPsi/IKa OAHAXOBBIX PEIIETOK W TEH30PHBIMU HOPMAaMH.

KuroyeBble CJIOBA: PENIETOYHBIE TPOCTPAHCTBA MOCIEA0BATEILHOCTEH, TOJOKUTENbHBIE (P; )-CyMMU-
pyIOIIze OIEePATOPEI, IIOJIOKUTEIbHbIE CUILHO (D; ¢)-CyMMUDPYIOIIHE OLIEPATOPEIL.
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Mappings // Bragukaex. mar. )xypH.—2025.—T. 27, Ne 4. —C. 21-37 (in English). DOI: 10.46698 /r7902-6696-
2150-a.
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Awnnoraums. B pa6ore [1] 6p10 mokasano, 9T0 BEpXHsAs INIOTHOCTD JUCKPETHOIO MHOXKECTBa A, JIJIsT KO-
Toporo cucrema a6opa Ga nosHa B npocrpancrse L2 (R), He MOKeT GBITH MEHBIIE % N3 6osee pannunx
paboT M3BECTHO TaK¥Ke, U4TO MPHU PETYJISIPHOCTU PACIIPEJIE/IEHNs] IOKAa3aTe el BEpXHsisl IJIOTHOCTb HE Me-
Hee % B manHo# cTrarbe Mbl yTOYHSIEM OIEHKY IIPU OTCYTCTBUU YCJIOBUSI PErYJIIDHOCTH PACIIPEIEICHUSI:
BepXHsis IJIOTHOCTh JMCKPETHOrO MHOXKecTBa A, 1y Koroporo cucreMa ['abopa (GA moJiHa B MPOCTPAH-
cree L*(R), e MOxker GbITh MeHbITe Z/—f. ViydmieHue OIEHOK JOCTUTHYTO 3a cueT Hojiee METOIUYIHOrO
MIPUMEHEHUs] CUMMETPU3AIUN JIAHHOTO MHOXKECTBA IOKa3aTesiell cucteMbl ['abopa ¢ MCIOJIb30BaHUEM W3-
BECTHOTO 3 deKTa YMEHBIIEHUsT POCTa MOJYJIs eJI0i DYHKINK pu 60/Iee CHMMETPUIHOM PACIOJIOXKEHUH
ee Hyseil. Ha KOHKpeTHBIX TpuMepax 00CYKIAaeTCsl TaK¥Ke BO3MOXKHOCTD YTy YIIIEHUsI [TOJTy YEHHOM OIEHKU

B IIpeJIesiax [IPeJJIaraeMoro MEeTO/IA.

KurroueBble ciioBa: 1ejble GyHKINK, cucTeMa ['abopa, rusib6epToBbI MPOCTPAHCTBA, IOJTHOTA, MUHUMAIb-
HOCTb, MHOYKECTBA, €/IMHCTBEHHOCTH.

AMS Subject Classification: 42C15, 30D15.

O6pasern; nutupoBanusi: Hcaes K. II., @azysmmna 3. FO., FOamyxameros P. C. OneHka BepxHeil 11JI0T-
HOCTH TIOKa3aresneil cucrembl labopa // Bmamukask. mar. xkKypu.—2025.—T. 27, sem. 4.—C. 38-45. DOL:
10.46698 /m9533-0085-1293-h.

1. BBenenue

Mot dysxiun p(z) = 25 ns muoxkectsa A = {(t,w) € R?} paccmorpum cucremy

labopa G, cocrosiiyto w3 QyHKIUH
prwp(r) = AT G — 1), (t,w) € A.

[ToxpobHbIit 0630p ucciesoBanmii 10 TeMe cucteM ['abopa npuBejieH, HanpuMep, B pabore [2].
Jasee MbI 6yeM OTOXKIECTBIATL R2 ¢ KoMILTekcHoi miockoctbio C. Bepxnets naommuocmuio
(Boepamura — Jlangay) muckpernoro muoxkecrsa A C C HaspiBaeTCst BeIMIHHA

D.(A) = lim card(A N B(0,7))

r—>00 Tr2

)

#HccnenoBanye TIEPBLIX JIBYX ABTOPOB BBHITIOJHEHO B PAMKAX PeaJIM3aliuy TTPOTPaMMbl pa3suTusa HaydmHo-
00pa30BaTeIbHONO MATEMATHIECKOro IeHTpa llpuBoskckoro demepanbroro okpyra, cornamenne Ne 075-02-
2025-1637. ccietoBanne TpeTbero aBTopa BBIIIOJIHEHO 3a cdeT rpaHTa Poccuiickoro Hay4Horo ¢poHa, IpoexT
Ne 25-21-00044, https://rscf.ru/project,/25-21-00044/ .
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rje yepe3 B(a, ) 0603HaueH KPYyT pajuyca r ¢ eHTPOM B ToUKe a. COOTBETCTBEHHO, BEJIMIMHA

card(A N B(0,7))

2

D_ (A) =lim,

HA3BIBAETCS HUMCHET naomuocmuto. B pabore [3] mokasano, uro eciau cucrema Gp moJiHA
v MunmMasbaa B npocrpanctse L2(R) m MHOKecTBO A MMeeT peryispHoe pacHpejiesieHue,
TO INIOTHOCTH MHOYKECTBA HAXOIUTCS MEXKIY TNCIaMu % u 1. PeryssipHoctsb paciipe/iesieHust
MHOKeCTBa A O3HadYaeT, 9ToO 3a UCK/IIOYEHUEM, BO3MOXKHO, CIETHOIO MHOXKECTBa TO4eK f1, Oo
CYIIECTBYET YIJIOBas INIOTHOCTH

card(AN{A: |\ <r 0; <arg A < 63})
2

r—>00 r

. 1
Jm o> 5

o
[A|<r, AeA

7 CYIIECTBYEeT KOHCYHBIA Npeies

VcioBue perysIapHOCTH PACIIPE/Ie/IeHNsT, TAKUM 00Pa30M, SABJISI€TC CEPbE3HBIM OI'DAHIICHUEM.
B pab6ore [1] aBTopbl paccMarpuBaioT BOIPOC 00 OLEHKE IJIOTHOCTEH B CIydae OTKa3a OT
YCJIOBUST PETYJISIPHOCTH paciipeiesiernss MEOXKecTBa A. Jlokazana ciieyromiasi TeopemMa.

Teopema. (a) CymecrByer quckpernoe noavuoxkecrso A C C rakoe, uro Dy (A) = % u
cucrema G nomwa m munnvasbaa B L2 (R).
(b) Ecam mogmuozxectso A C C rakoso, uro cucrema Gy nonsa B LA(R), o D (A) > 5=

B sanHOIli 3aMeTKe, Mbl HAMEPEHbI 1I0Ka3aTh, YTO HUXKHsst oneHka D (A) > 3% JOITYyCKaeT
YTOYHEHNE.

2. OcHoBHBIE Pe3yJIbTaThI

Mpb!I HaMepeHBI J10Ka3aTh CJIEAYIONLYIO T€OPEMY.
Teopema 1. Ecmu mommmoxectso A C C taxopo, uro cucrema Gy nomna 5 L*(R), To
V3
Di(A) = 7
Tak ke, Kak B pabore [1| Mbl SKBHBaJeHTHBIM 06pa3oM IepedOpMyIHpyeM TeopeMy 1
B BHJle YTBEPXKIEHNUSI O MHOYKECTBAaX €JMHCTBEHHOCTH JJIsI KJjaccHdecKux npocrpancTs Poka

F
7= {Fem©: IFIP = [IFEP dn(e) < oo}

rje dm(z) — mrockast Mepa Jlebera. MuoxkecTBo A HA3BIBAECTCS MHOYKECTBOM €/THHCTBEHHOCTH
n1g npocrpancrsa Poka, ecym

(FeZ, FI\)=0,AeA) = (F(z) =0, z € C).

B npocrpancree @oka roueunbie dbyHkimonansl F — f(z) HenpepbIBHBI, MO3TOMY B HEM
CYIIECTBYeT MOPOXKatolee siipo ky(z):

(F ky)=F(\), XeC, FeZ.

TeopeMa 2. Ecim muoxkectso A C C sapigercsad MHOXKECTBOM C€/IMHCTBEHHOCTH JIJIA 1IPO-

crpancrBa Qoka, To Dy (A) > }4/—5.
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DKBUBAJICHTHOCTb 3TUX ABYX TeopeM 000CHOBBIBETCS C IIOMOIIIBIO HpeO6paBOBaHI/IH Bapr—
MaHa

ul

=

. 2|2 I 22
Bf(x)= e imTy+ 2‘ /f(t)p%_y(p(t) dt — 2 /f(t)e”tQ o2tz o= % dt,
R R

rie 2 = x + iy. DTo MpeobpazoBaHe M30METPUIecKH oTobpaskaeT mpocrpanctso L2(R) ma
_ w2
npocrpancteo Poka, npuaeMm Bpger,—mn)P =€ 2 ky (em. [4]). Tlostomy nommora cucre-

Mel G5 B mpoctpancte L2(R) paBHOCH/IBHA TOTHOTE cucTeMbl ky, A € A, B mpocTpaHCTBe
®doka. A IOIHOTA CHCTEMbI U3 BOCIPU3BOIAIINX SIIEP, B CBOIO OYEPEeIb, OUeBUIHBLIM 00pa3soM
SKBUBAJIEHTHA, TOMY, 9TO A SIBJISIETCSI MHOXKECTBOM €JIMHCTBEHHOCTH.

Kak uzBectHO, 9eM OoJIbIIE HyJIEll Y MHOIOYJIEHA, TeM OOJIbIIE er0 POCT. DTa IPOCTasl CBA3b

HapPYIIAeTCs [ TPAHCIEHIEHTHBIX Meybix (yuxkmnuii. Hampumep, nenas dyukims % rIe

z )
I'(z) — Tamma-dysakuus Dilsiepa, ¢ HysussMu B Toukax mn, n € N, uMeer 6GCKOHequIf)I IKC-
[MOHEHIIMAIbHBIA TUII, a QYHKIU Sin z — KOHeUYHBbI. B paccMmarpuBaemoii 3aiade 3agaHHOE
MHOYKeCTBO A XapaKTepu3upyeTcsi TOJBKO IJIOTHOCTBIO, O €r0 PaCIpeeIEHUN HUIero He u3-
BecTHO. [losTOMY TIpescTaBiisieTcss BO3MOXKHBIM JIMIIb KOHCTPYUPOBATH OOJIbIIEe MHOXKECTBO
A D A Takum 06pazom, 4TOOBI Hestasg (PYHKIUS ¢ MHOXKECTBOM Hyseil A mmesa Kak MOXKHO
Menbimii poct. B pa6ore 1] ata nnes peasmszosana ¢ nomonpio muozkecrsa A’ = AU A. Mo
BoCIIONIb3yeMcst MHOKecTBOM AU A UGA, rie o = 1, o # 1, 1 noKazKeM, 4To TAKOH BapHaHT

OIITUMAJIbHBII Ipu JaHHOM ITIOAXO/E.

3. JlokazaTeabCcTBO TeOpeMbI 2

[Iyctrs A = {\;, j € N} — mHOXecTBO eiumHCTBeHHOCTH s mpocTpancTBa Poka n
D, (A) < C pns uexkoroporo C' > 0. Yepes ) 0603HAIMM €JUHUYHYIO ATOMAPHYIO MEPY

M=Z5A,

wu(t) :== u(B(0,t)) = card(A N B(0,r)).

B TOYKE A\ ¥ IIOJIO?KUM

[TockosbKy Hac Oy/ieT HHTEPEeCOBATH JINIIL BEPXHSIs [IJIOTHOCTL MHOYXKeCTBa A, TO He yMeHbIIIast
obrHOCTH MOZKeM canuTaTh, uTo (1) = 0 n guis Hexoroporo C’ < C' mmeer MeCTO COOTHOIIEHNE

p(t) < C'nt?, t>0. (1)
Jlemma 1. Ilycre p > 0 u o € C onpesiesieHo u3 ypaBHEHHEH
a+a= -p,

o? +a% = —p. (2)

Hosoxxum
vp(w) =pn|l —w|+In|l —aw|+In|l —aw|, weC.

Torzna yHKIHS
u(z) = va (;) , z€C,
j=1 !

cybrapMOHHYHA H& BCEH IJIOCKOCTH M IpH HEeKoTopoii nocrosuuoii C(p), 3aBucsiieii or p,
YVZIOBJIETBOPSIET OIIEHKE

u(z) < C'nC(p)|z|*, ze€C.
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< B xoze nokazaresibcTBa He yMeHbIasi obmHocTn Oyaem cantarh, uro (1) = 0.
IIpu |w| < ¢ < min (|R1ea\ , 1) (YHKIMS V) 1O COOTHOIIEHNIO (2) IIPEICTaBIISETCS B BUIE
psia

o
p+2(Rea)”
vp(w) = Re Z Tw”.
7j=3
ITo onpenenennio Re v = —&, spaunt, npu |w| < ¢ < min (12) 1) BBIIIOJIHSIETCS OIEHKA,

<Py (p+2(2)") 2 < cp g
j=1

rae C(p,q) = —pln(l — ¢) —2In (1 — Bl). Ilycrs 2z € C u |z| < R s nekoroporo R > 0.
Torma st Bcex T > }—;

> o (2) <t 3 L [20

RYIEA J I\I=T T

Orcroza, uaTerpupys mo dacrsaM, s z € B(0, yuuThIBas npeanosoxkenue (1), mowydaunm

R),
S o, (;) DR 7u C(p%Q)R3_
T

|A;1=T J

SHauwT,
E v =z —0
PN

pasromepro 110 |z| < R npu T — oo. [Tonaras B sroii onenke T' =

> u(5) < 50Cmalkk )

A > 22

2l2|
q

, IMeeM

Jnst onenkn cymmbl 1o |Aj| < T' nosoxum
a(t) = (1 +t)?(1 + pt + |of*)¢?
Torya, KaK JIErKO IIPOBEPHUTD,
vp(w) < Ina(jw]), weC,
u ¢ ydaeroMm npeanosoxenus (1) =0 umeem
T
Z Up <i> < /lna <M> du(t).
IX;1<T A 1 '

Orciofia, HHTErPUPYS 110 YACTSIM, ITOJLY THM

> w(s)< <>1na<'—)+|z|/ %f

[Ai1<T
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||

3aMeHOll 1epeMeHHbIX 7 = & B MHTerpajie 9Ty OIEHKY 3allUIleM B BH/E
5 l2l
z z a(x z
Z v — | S<p L lna(g)—i-/ ()u u dx
Aj q 2 a(x) x
<22 2
q

U UCIOJIb3yeM Ipejtosoxkenne (1):

2 ;e | 4 q a'(z) dx
I |< 2L 2
q
HernocpeicrBeHHO BbIMUCIIsIst J0orapudMIIecKyio mpousBoaHyo a(t), mMeem
) p . p+2alt
a(t) 14+t  1+pt+|af2t?

[ockombKy |af? = @ U B UHTEpBaJle MHTEIPUPOBAHUS MOXKHO CYMTATH BBLIIOJHEHHLIM
nepaserncTro 2|al?z > p, To
a'(t) _ 5p
at) ~ x’
TeM CaMbIM,
2|
a(z)dx q

YuurbiBas oneHky (4), umeem

z
> u(5) <ol

I\jl<2lz|/2 J

rje

4 q q
=—1 )+ =
Cl(paQ) q2 na<2> + 128

HOCJIG,HHGG COOTHOIIIEHHUE BMeECTE C (3) JOKa3bIBa€T YyTBEPZKACHUE JIEMMbI 1. >

<1 JIOKABATEJILCTBO TEOPEMBI 2. [Ipumenum siemmy nipu p = 1. B atom ciayuae a0 =

71%\/& — Kybuveckuii Kopenb oT 1 u

v3(w) = (1 —w®), weC.

Hocrosmmyio C(p) B jemme 1 MOxHO onpeesnTsh 6ostee Touno. [lomaras a(t) = (1 + t3),

MIOJTYy MM OIEHKY
z 2|3
u(z) = ng X < [In(l1+ e du(t).
- J
J 1

[Tpounrerpupyem o dactsim, ¢ yaerom yciaous p(1) = 0 u npemosoxenust (1) mosydnm

T o0 2|3 L s Totdt
1 0
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[Tocsie 3ameHbl IepeMeHHBIX ¢ = |2|y nMeeM

o0

2
u(z) < 30/7'("2”2/ ydy = —_72C"2)%, zeC. (5)
0

v+1 V3

Paccmorpum 6eckonedHOe Tpon3BeaeHIe

ro-10-5) (%) (0-%)

j
ITockosbky
In|F(z)] =u(z), zeC,
to F(z) — nenas dyukuus, npudem B cuiy (5) OHa yIOBJIETBOPSIET OIEHKe

F(2)] < evsC™ 1l

V3

Ecmu pomycrum, aro C' < ¥=, 1o ayst Hexoroporo 3 < 1 nmeem

z € C.

IF(z)]2 <™ 2 ec,

u 3ra Qynknus, obpamaromascsa B 0 B Toukax A, NPUHAIJIEKUT IIPOCTPAHCTBY %, U MHOMKE-

cTBO A He gBIgeTCA MHOXKECTBOM CJNMHCTBEHHOCTH. Takum 06pa30M, C, 2 Zg, cJjieJ0BaTeJIbHO,

Dy(A) > }4/—5. Teopema 2 jokazana. >
Bamernm, 9TO OIeHKa (5) — TOYHAs B KJIACCE BCEX MHOXKECTB A, yI0BIETBOPSIONINX YCJIIO-
suio (1). B camom gene, ecin A € Ry, 1o

T a3 T (ry)dy
u(—x):/ln<1+t—3> 3/ Yy 1) r e Ry,
0 1

{V(C'm)~In,n € N}, 1o p(t) = [C'nt?] < C'wt* ([x] osmauaer neayro

Econ Bzare A =
u(t) =’ t2—1 Buauur,

9acTh T) U

2 92
u(—zx) = C'z*— A, xRy,
=>4 +

rie
o

dy
A:3/————<
1 y(y3 +1)

SAMEYAHUE. C npumenenneM (byHKIUH vy, p = 2, HeJ10il PyHKIMIN

o105 (%) (%)

J

U allpPOKCUMAIIMOHHON TeopeMbl U3 [5] MoxKHO nostyunts onenky Dy (A) > 0,279/7, koropast
Xy2Ke, 9eM OIeHKA, II0JIydYeHHasd B TeopeMe 2.
C npumenenueM QyHKIWN v, P = %, u 1es0il pyHKImmn

-0 5) (-5 (%)

J

MOXKHO T10JIy9uTh onenky D, (A) > 0,243 /7, koropas XyzKe, YeM IPeJIblyIasi.



44

Hcaes K. I1., ®azymma 3. I0., Oamyxameros P. C.

JIuteparypa

1. Belov Yu., Borichev A., Kuznetsov A. Upper and lower densities of Gabor Gaussian systems //
Applied and Computational Harmonic Analysis.—2020.—Vol. 49, Ne 2.—P. 438-450. DOI:
10.1016/j.acha.2020.05.003.

2. Heil C. History and evolution of the density theorem for Gabor frames // Journal of Fourier Analysis
and Applications.—2007.—Ne 13.—P. 113-166. DOI: 10.1007/s00041-006-6073-2.

3. Ascensi G., Lyubarskii Yu., Seip K. Phase space distribution of Gabor expansions // Applied and
Computational Harmonic Analysis.—2009.—Vol. 26, Ne 2.—P. 277-282. DOI: 10.1016/j.acha.2008.07.005.

4. Grochenig K. Foundations of Time-Frequency Analysis.—Boston: Birkhauser, 2001.—115 p.—(Applied
and Numerical Harmonic Analysis).

5. FOuamyxameros P. C. Annpokcumanus cybrapmormaeckux dynknmit // Analysis Mathematica.—1985.—
Vol. 11, Ne 3.—P. 257-282. DOI: 10.1007/BF01907421.

Cmamwvsa nocmynuaa 10 uross 2025 e.

NcaAaeB KoHCcTAHTUH TIETPOBUY

VdbumMmcKkuiit yHUBEPCUTET HAYKW U TEXHOJIOTHUIA,
3aBeyIomuil Kaeapoi OyHKIMOHATHHOTO aHAIN3a
H IIPOrpaMMHPOBAHUST

POCCUA, 450076, Yda, ya. 3aku Baaugu, 32
E-mail: orbit81@list.ru

https: //orcid.org/0000-0002-3680-0048

DA3VIIIINH 3UrAHYP HOCyrioBu4

Y dbumMckuilt yHUBEPCUTET HAYKU U TEXHOJIOTHUIA,
npogeccop Kapeapsl PYyHKIHOHATHLHOIO aHATIH3E
U [IPOrpaMMHUPOBAHUS

POCCHUA, 450076, Yda, ya. 3aku Bamumu, 32
E-mail: fazullinzuGmail.ru

FOnMyxAMETOB PuHAL CAJTABATOBUY

NMucruryr maremaruku ¢ BIL YOUIL PAH,

IVIABHBIH HAYIHBIH COTPYAHHK OTJeJIa TeOPUU (PyHKIIHH
U (OYHKIIHOHAJIBHOIO aHAJIN3A

POCCHA, 450008, Yda, ya. Yepubimesckoro, 112
E-mail: yulmukhametov@mail.ru

https: //orcid.org/0000-0002-3592-7741

Vladikavkaz Mathematical Journal
2025, Volume 27, Issue 4, P. 38-45

ESTIMATE OF THE UPPER DENSITY OF GABOR SYSTEM

Isaev, K. P.1, Fazullin, Z. Yu.! and Yulmukhametov, R. S.2

! Ufa University of Science and Technology,
32 Zaki Validi St., Ufa 450076, Russia;
2 Institute of Mathematics UFRC RAS,
112 Chernyshevsky St., Ufa 450008, Russia

E-mail: orbit81@list.ru, fazullinzu@mail.ru, yulmukhametov@mail.ru

Abstract. In [1] it was shown that the upper density of a discrete set A for which the Gabor system Ga

is complete in the space L?(R) cannot be less than 5=. It is also known from earlier studies that with a regular
distribution of indicators, the upper density is not less than % In this paper, we refine the estimate in the
absence of the regularity condition for the distribution: the upper density of a discrete set A for which the
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Gabor system G is complete in the space L? (R) cannot be less than Z/—f. Improvement of the estimates is
achieved by a more methodical application of symmetrization of this set of indicators of the Gabor system
using the known effect of reducing the growth of the modulus of an entire function with a more symmetrical
arrangement of its zeros. The possibility of improving the obtained estimate within the proposed method is

also discussed using specific examples.
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Abstract. In this paper, we investigate Dirichlet and Schwarz type boundary value problems for both
the inhomogeneous Cauchy—Riemann equation and higher-order polyanalytic equations in a nonstandard
domain, specifically a triangular region formed by the intersection of three circular disks in the
complex plane. Such domains introduce additional geometric complexity, which requires careful analytical
treatment. By constructing appropriate kernel functions tailored to the geometry of the domain, we
develop integral operator techniques that allow us to derive explicit solution formulas for the given
boundary conditions. In addition, we establish necessary and sufficient conditions for the solvability of
these problems, depending on the compatibility of boundary data and the properties of the inhomogeneous
terms. Our approach generalizes classical methods used for standard domains, extending their applicability
to more intricate geometric settings. The results presented in this work contribute to the broader theory
of boundary value problems for complex partial differential equations and offer new tools for addressing
similar problems in applied mathematical physics and complex analysis.

Keywords: polyanalytic equations, Schwarz problem, Dirichlet problem, Pompeiu-type operator, trian-
gular domain.
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1. Introduction

Boundary value problems (BVPs) for complex partial differential equations have attracted

significant attention due to their relevance in mathematical physics, engineering, and complex
function theory. Among the fundamental equations in this context are the Cauchy—Riemann
and higher-order polyanalytic equations, which admit rich boundary behavior and integral
representations. Numerous studies have addressed boundary value problems in complex plane,
see [1-13].

In recent years, particular focus has been placed on solving boundary value problems

for model equations in nonstandard domains. For instance, the Schwarz and the Dirichlet
problems in triangular geometries have been considered by Darya and Taghizadeh [14], Wang
and Wang [9], as well as Akel et al. [15], who developed integral representations under various
geometric and analytical constraints. Moreover, the works of Begehr and collaborators [1, 4,

(© 2025 Karaca, B.



Boundary Value Problems for Inhomogeneous Polyanalytic Equations in a Triangle 47

5] have provided a comprehensive framework of integral operators and function spaces for
generalized analytic structures, including polyanalytic and bi-polyanalytic functions.

Additional insights into boundary properties and solvability for higher-order elliptic and
the Sobolev-type equations have recently been developed in [15-19|, further enriching the
theoretical framework relevant to the present study. Building on these foundations, the present
paper investigates the Dirichlet and the Schwarz-type boundary value problems for both
the inhomogeneous Cauchy—Riemann and polyanalytic equations within a triangular domain
defined as the intersection of three disks.

Fig. 1. Triangular domain T’ bounded by arcs of three circles.
Let T be a triangular domain in the complex plane C defined by
T= {zecz 2 — x| < V2, k:1,2,3},
where
€e1=1, e=-1, €= —iV/3.

The sets

C’lz{zeC: |z—1|:\/§}, CQZ{ZE(C: |z+1|:\/§},
Cy={zeC: |2 +iV3 = V2]

represent three circles in the complex plane centered at e, €2, and €3, each of radius v/2.
The triangular domain 7" is the common intersection of the interiors of these three circles, as
illustrated in Fig. 1. The boundary of T', denoted by 9T, consists of three circular arcs. The
vertices of T are given by

a:—% (\/5—1>(1+¢), bz%(\@—l)(l—i), ¢ = —i,

which correspond to the pairwise intersections of C7, C5, and Cj.
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2. The Dirichlet Problem for Polyanalytic Functions

In this section, we investigate the Dirichlet boundary value problem for polyanalytic
functions of order n in a bounded domain T' C C. Polyanalytic functions, which are natural
generalizations of analytic and harmonic functions, satisfy higher-order equations involving
repeated applications of the Cauchy—Riemann operator. Our aim is to determine necessary
and sufficient conditions for the solvability of the Dirichlet problem associated with such
equations and to construct explicit integral representations of the solutions under suitable
assumptions on the boundary data and the inhomogeneous term. We begin with the classical
case n = 1, corresponding to the inhomogeneous Cauchy—Riemann equation, and then extend
the results to arbitrary order n.

Theorem 2.1 [14]. The Dirichlet problem for the homogeneous Cauchy—Riemann equa-
tion in T
w;=0inT, w=+ on IT, (1)

with given v € C(9T;C), is solvable if and only if

o [AQE (=, dc =0, )

orT

and for z € T the unique solution can be presented as

1
w(2) = 5 [ ORI Q) de, )
oT
where A ) . )
Kl(z,c>:;<—2k7 KZ(Zac):l;C_Zk7 C:§+Z777 (4)

and the points zj, are given by

1  —(1+iV3)z+1—iV3 (iv3—1)z —1—iV/3

21 =%, RZ=-——, 23= - - ;R4 = 3 ] )
! 2 z 3 (1—1\/§)z+1+2\/§ 4 (—1+1\/§)z+1—2\/§
Z+1 —Z41 —iv3z -1 Z—iV3
Z — b Z — — ) Z :7.7 Z :.7?
Tz T z+1 NG T iVBI+1

with R25 235 %45 %5y 265 275 28 ¢ T.
REMARK 2.1. In the analytic case, the classical Cauchy integral

L Q)
w(z) = Q—M/C——de
oT

already provides the solution of the Dirichlet problem. The advantage of the representation (3)
with kernels (4) is that it generalizes the Cauchy kernel and remains valid in broader contexts,
such as polyanalytic and k-analytic equations. While for analytic functions the two formulas
coincide, the form with K; and K extends naturally to higher-order equations, where the
classical Cauchy formula is no longer sufficient.

Theorem 2.1 provides a complete characterization of the solvability and representation
of the Dirichlet problem for the homogeneous Cauchy—Riemann equation in the domain T'.
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This result establishes a necessary and sufficient condition for the existence of a solution in
terms of a boundary integral and presents an explicit integral formula for the solution.

Building upon this foundational result, the following theorem extends the analysis
to the inhomogeneous case, where the equation involves a nonzero source term f(z). In this
context, the solvability condition naturally incorporates both the boundary data ~ and the
inhomogeneity f, reflected through the integral relation involving both K7 and K.

Theorem 2.2. The Dirichlet problem for the inhomogeneous Cauchy—Riemann equation
inT

ws=f(z) in T, w=+~ on IT, 5)

with given boundary data vy € C(9T;C) and source term f € L'(T) (in particular, f € C(T)
is admissible), is solvable if and only if

—~

o [ 1K~ [ QKo de = ()
orT T
and for z € T the unique solution can be presented as
()= g [ 10K - 1 [ £ K (2.0 ded (7
W= |7 1 T 1% "
or T

where K1 (z,() and Ko(z,() are the kernels defined in (4).

< Assume that the Dirichlet problem (1) is solvable. Then, by Theorem 2.1, the solution
can be written in the form given by (3).
Let us define a new unknown function

0(z) == w(z) = T(f1(2),

where the operator T'[f] denotes the area integral
1)) = [ HQ) = ded
z) = = n.
T

Applying the operator d5 to both sides of the definition of 6, we obtain:
829 = 82&) — agT[f]

Since w satisfies wz = f(z) and by known properties of the area integral operator (i.e. 9:T[f] =

f(2)), we get:
0:0 = f(z) — f(2) =0 in T.

Moreover, on the boundary 90T, we have:
0=w—-T[f]=v—-T|[f] on OT.
Thus, 6 satisfies the homogeneous Dirichlet problem:
0:=0in T, 6=~—T|[f] on OT. (8)

By Theorem 2.1, the homogeneous Dirichlet problem (4) is solvable if and only
if the following compatibility condition holds:

zim (7(€) = T1fUC)) Ka2(z,¢) d¢ = 0.

oT
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We now analyze the second term using the properties of the area integral operator.
The function T'[f](¢) is defined as:

= [ rinomae e = o [ [ deaq | ke, ac
T

211
oT oT

— 1 [10 5 [F2E D ac) agan= L [ r@mate. O déan
T ar 7

Therefore, the solvability condition becomes:

1

211
oT

WOKa2,0)d =+ [ £ Kalz,) den =0,
T

which coincides with the condition stated in (5).
Conversely, suppose that the solvability condition (5) holds. Define w(z) as in (3). Then,
we can rewrite this expression in the following form:

wl2) = g [ AU (10 = Kol O) de = — [ (0) 1(21) = Ko, O) d
T

o
oT

Using the result of Theorem 2.1 and the fact that the area integral tends to zero as
z — ¢ € 0T, we conclude that

limw(z) = 4(C), ¢ €T,

z—(

and clearly,
wz = f(z) in T.

Therefore, w is a solution to the inhomogeneous Dirichlet problem (1). We now turn
to the uniqueness of the solution to the problem. Suppose that w; and wy are two solutions
to the Dirichlet problem (1). Then, by definition, we have

(w)z=finT, w =+ on JT, (9)

and
(w2); =f in T, wo =+ on OT. (10)

Subtracting these equations, we obtain
(Wi —w2);=0in T, w;—wy=0 on IT.

This is the Dirichlet problem for the homogeneous Cauchy—Riemann equation in the domain 7.
By Theorem 2.1, which guarantees the uniqueness of the solution to the homogeneous problem
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with continuous boundary data, it follows that the only solution is the trivial one. Therefore,
w1 = ws in T', and the solution is unique. >

Theorem 2.2 establishes the solvability and integral representation of the Dirichlet problem
for the inhomogeneous Cauchy—Riemann equation, which corresponds to the case n = 1 in
the general theory of polyanalytic equations. The corresponding boundary condition involves
a single function -, and the unique solution is represented via the standard Cauchy-type
integrals over the boundary and the domain of 7', using the kernels K7 and K.

The next theorem generalizes this result to the case of the inhomogeneous polyanalytic
equation of order n, where the unknown function w satisfies 02w = f in 7', and the boundary
conditions involve the traces of the first n z-derivatives of w.

Theorem 2.3. The Dirichlet problem for the inhomogeneous polyanalytic equation
in the domain T,

w=f(z) in T, Ofw=r, on T, 0<K<n—1, (11)

z

is uniquely solvable for f € Li(T;C) and v, € C(9T;C) for 0 < k < n — 1, if and only if for
each 0 < kK < n — 1, the following compatibility condition holds.

n—1

> [ %m, )¢
g=r or

—Z" (F_ A\n—1—-r
=K dédn=20 T. 12
/f g e Odtdn =0, e T (1)
The solution is then given by

n—1 K
o) =3 GO [ T e, 0 g

xk=0 oT

TKi(z,0)dedy,  (13)

where K1 (z,() and Ko(z,() are the kernels defined in (4).

<1 We prove the theorem by mathematical induction on the order n € N.
Base case: n = 1. In this case, the equation reduces to the classical inhomogeneous
Cauchy—Riemann equation:

wy=f(z) in T, w=rp on IT.

The solvability condition and the integral representation of the solution are given by
Theorem 2.2. Therefore, the result holds for n = 1.

Inductive step: Suppose the theorem holds for some n = s > 1; that is, for the problem
Ojw=f(z) in T, Ofw=r, ondl, 0<K<s—1,

the unique solvability condition and the solution formula given in the theorem are valid.
We aim to prove that the result holds for n = s + 1.
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Let w be a solution of the problem
I =f(2) in T, fw=r,0ndT, 0<rK<s.
Define the auxiliary function v(z) := dzw(z). Then v satisfies
Hv(z)=f(z) in T, Ofv=rpy1 on 0T, 0<K<s—1

By the induction hypothesis, the solvability condition for v is

S _1\o—k—1 W
> e mo%fw, O d¢
o=k+1 T :

/f €= ) dedn = 0
—li—l) 2\ <y =

for 0 < k < s — 1. To complete the construction of w, we solve the first-order equation
wz=uv(z) in T, w=rp on I7T.
By Theorem 2.2, this equation is uniquely solvable if and only if

1

— [ 0(OKa(z ¢~ = / o(Q) K (2, ) dE dn = 0.

orT T

Substituting the integral representation of v into this expression leads to the full compatibility
condition for k = 0, completing the induction step.

Finally, by applying the integral representation of v and integrating once more with respect
to Z, we obtain the integral representation of w, matching the formula given in the theorem
forn=k+1.

Therefore, by the principle of mathematical induction, the result holds for all n € N. >

3. The Schwarz Problem for Polyanalytic Functions

In this section, we investigate the Schwarz boundary value problem for first- and higher-
order polyanalytic functions in a triangular domain 7. Starting from the classical case,
we derive an explicit integral representation for the solution and extend it to polyanalytic
functions of arbitrary order.

Theorem 3.1 [14|. The Schwarz boundary value problem
w: = f(2) in T, [Rew]™ (t) =~(t) for t € IT, (14)

with given data f € L1(T;C), and v € C(9T;R), is uniquely solvable. The solution is given

=2 % [ 20 (K0 - o) e

vie— = [ 11O dedn -+ [ TR dedn. (19

T T
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where

3
=32 [ muo = (16)

— i C—¢€j
J=Harne;

where K1 (z,() and Ko(z,() are the kernels defined in (4).

The solution w(z) in (14) can be expressed more compactly as
w(z) = Shi(z) + TIf](2) +ic, (17)
where the operators S[y] and T'[f] are given by

233% ARG (Iﬁ( e C_Qﬁj) d, as)

=1 arne

T11)2) =~ [ HOKi(e Q) dgdn - [ TR0 dgdn (19)
T T

We now introduce the poly-Schwarz operator S, in the domain T', defined for data
Y0, V1y ooy Yn—1 € C(@T,R), as

n— 1 1
Sn[Y0,71, -+ s Yn—1](2) k, Zm /(C—Z+C—Z)k7k(4)
k=0 I=1 0 arney
2
C—€

X (Kl(z, <) — > dc.  (20)

It is clear that for n = 1, this operator reduces to the classical Schwarz operator: So[y] = S[].

3.1. Boundary properties of the Poly-Schwarz operator. We investigate how the
poly-Schwarz operator behaves near the boundary of the domain. The results confirm that it
reproduces the given real-valued boundary data for all relevant derivatives.

Theorem 3.2. If v9,71,...,Y-1 € C(OT;R), then

n

EED S0, 715 -+ ¥n-1](2) =0, 2z €T.
< By the definition of the operator S, in (15), we have

S [70?715 cee aanl](Z)

n—l k: 3 1 — 9
X g [ [ o] (aeo - 25 ) «
=0 =1 arnc
nfl k k k B
ye Z(z) e | €+ 000 (K120 - 2 ) e
k=0 = = arne; ’
Now define

e (€) = (¢ + Ok (Q),
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and set

3
Shud() = Y% [ 2wl (Kit0) - 2 ) e @

Thus, we obtain:

n—1, .\ k
Sub-- 101l = X S 3 (3) 04+ 9 st

Each term S[y;;|(%) is independent of Z, since it is defined via integration over the
boundary with kernels Ki(z,¢) and 74;(¢). Therefore, all Z-dependence is inside the
polynomial (z + z)*=.

Differentiating n-times with respect to z, we obtain:

n n=1, \k k n
gz Sob el = X S 3 (3) G0 [+ 9] shud o

k=0 T1=0

But for all k — [ < n, the n-th derivative of the polynomial (z + z)¥~! vanishes. Since
k < n—1, we always have k — | < n, so each term is zero.
Hence,

an
FE Snl0y -y m-1](2) = 0. >

Having established the vanishing of the n-th Z-derivative in the domain, we now describe
how the lower-order derivatives of the poly-Schwarz operator behave on the boundary.

Theorem 3.3. If v0,71,...,Yn-1 € C(OT;R), then

I +
{Re [% Snlvo, 71, - - - ,ynl](z)} } t)=m@), tedl, 1=0,....,n—1, (22)

where the operator S,, is defined by equation (15).
<1 We prove the identity for each | =0,1,...,n — 1.
For [ = 0, we simply have
80
@ Sn[WOa RITERR 77n71](z) — Sn[’YO,’Yla cee aanl](Z)-

According to Theorem 3.1, the non-tangential boundary value of its real part satisfies

n—1l, _\k k
(RelS,007m,--- 9l ) (0 = 575 50 () 0= 0 e
k=0

=0

where the functions v, ; are defined as in equation (17).
Note that for k& > 1, the term (—t — £ + t + £)*~! = 0. Hence, all terms vanish except
the one with k = 0, giving

{Re[Su[0,- - mm-1](2)] } () = 70().

Thus, equation (19) holds for [ = 0.
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Now, let I = 1,2,...,n — 1. Differentiating under the integral sign (justified by
the continuity of ), we obtain

o' o 1
ﬁsn[WOa"'aWn 1 Z ' Zﬂ'l

k=l 7=1

. / (<—z+<Tz)’f‘lm<>(K1<z,<>— 2 >d<.

C—€j
aTij

Expanding the power term and reorganizing, we get

N—l k 1 k=l B
Z Z (k l> (—(z+ E))kilims[’)’k,m]@), zeT.
—

m

Taking the real part and applying the non-tangential boundary limit, we obtain

{Re [;ZS [0, -+, 1] (2 ]} i Sl l:zxk% l)(—t—f)’“"‘mvk,m(t).

k=l

Again, only the term with £ = [ and m = 0 survives since all other terms involve powers
of zero. Hence,

{re [ Zsubo.n-i(2)] }+ (8) = 0lt) = (),

which proves equation (19) for alll =0,...,n — 1. >

3.2. Pompeiu operator on the triangle. In this section, we introduce the following
area integral defined by

o o
TiIf](2) z_ufo (—2+C=2)" " [fOK(,0) + FORa (20| dedn, o

zeT, 1=1,2,...,
for functions f € Li(T;C).

The operator 1; is referred to as the Pompeiu-type operator in this context. In particular,
for [ = 1, it reduces to

T1[f1(z) =T[fl(2), =z€T. (24)
We also define
To[f1(z) = f(2), z€T, (25)
and this operator satisfies the following relation:
2 1@ =nife). e (26)

This operator family satisfies a recursive relation involving complex conjugate differen-
tiation. The following theorem establishes this fundamental property.

Theorem 3.4. If f € L(T;C), then

0

;Tl[f]( z) = ﬂ,l[f](Z), zeT, 1=12...,n—1 (27)
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< Let f € Ly1(T;C), and let us consider the operator

nlfl(z) =

(¢=2+C=2)"" [F(OKi(=.0) + FOK(2.0)| dedn.

Note that B
(—2z+(¢—2=(C+¢)—(2+2) =2Re(( - 2),
which is a real-valued function depending smoothly on z. Define
—\ -1
B 2):=C—2+C—2) .
Differentiating under the integral sign with respect to z, we obtain

0
gTz

[ FOK (=) + FIOK:(=C)| ds .

Now observe that

(9 0 —\-1_ 0 _
(G2)=o-(C—2+(=2) " = (2Re(¢—2))"
:%(ug—z_z)l—l:_(z_1>(g_z+m)

-2

Thus,
SETl) = (( =) [ (€= T ORI 0 + FORKE O] de
Simplifying the constants, we get
nIE 2+ T2 [FQOE.0) + TRz Q)| ded.

This is exactly the definition of T;_1[f](z). Therefore, we conclude that

0

Tl)() = Talf)(e), s€T.o

Theorem 3.5. Let f € Li(T;C). Then, for each | = 1,2,3,..., the real part of the
Pompeiu-type operator Tj|f] satisfies

{ReTi[f]}7 (t) =0, teal,

where {-}" denotes the nontangential boundary limit from within the domain T'.

< Let z € T and consider

Ti[f1(=)

_1) o -
o ) €2 T T FOKG 0 + TO R O | dedn
T

Note that
(—2+C—2=(C+() —(2+2) =2Re(¢ - 2),
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so the kernel is real-valued:

(C—z—l—(—z)li1 € R.
Then,

_1) -
ReTf](2) = — 5 [ 2Re(¢ — )/ Re [£(Q)Ka(2,0) + FORale:0) de
T

As z — t € OT nontangentially, the kernel (2Re(¢ — 2))"~! becomes symmetric with
respect to the reflection across the line Re(¢) = Re(t). Due to this symmetry and the regularity
of the data f € L,, we have

li T =0.
i, ReTilf)e) =0

Hence,

{ReTi[f]}T () =0, teol. >

We now consider the Schwarz-type boundary value problem for the inhomogeneous poly-
analytic equation in the triangular domain.

Theorem 3.6. The Schwarz-type boundary value problem for the polyanalytic equation
Hw(z) = f(z), zeT, feli(T;C), (28)

subject to the boundary conditions
{Re (2w)}T (t) =~4(t), t€dT, vs € C(OT;R), s=0,...,n—1, (29)

and the integral normalization conditions

2 d
> = / Im(agw(g))C ¢ =c, s§=0,...,n—1, (30)
: — €
=1 arne; !
is uniquely solvable. The solution is given by

n—1

W(Z) = th/Oana o ,r)/nfl](z) + Tn[f](z) + Z
s=0

(z+2°,. (31)

s!

where the operators S, and T,, are defined in equations (15) and (21), respectively, and ¢s € R
are given constants for s =0,...,n — 1.

<1 We aim to solve the boundary value problem
ou(z) = f(z), z€T,
subject to the boundary conditions
{Re (02w)} T (t) = s(t), t€dT, s=0,...,n—1,
and the normalization conditions

Z% / Im (O5w(()) d =c, s$=0,...,n—1.

. C—€
=t arnc;
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We construct the solution as follows:

n—1

w(z) = S0, 715+ 1] (2) + Tu[f](2) + Z (= _;Z)SZ'CS_
s=0
Let us denote:
(2 42)°
wi(2) = Su[10, -+ M-1)(2), wa(2) = Tulfl(2), ws(z) =)
s=0

We will verify that w = wy 4+ wg + w3 satisfies the differential equation and both boundary
conditions.
Step 1: Verify the differential equation. By definition of the operator T}, f], we have

ETalfl(z) = f(2), z€T.
Also, since S, is constructed from boundary data, it is a solution of the homogeneous equation:
92Sn0, -y m-1](2) =0, =ze€T.
Likewise, ws(z) is a polynomial in z + z, and hence satisfies
Jfws(z) =0, zeT.

Therefore,

Nw(z) = f(z), zeT.

Step 2: Verify the real part boundary conditions. From the construction
of Sp[v0,---sYn-1], we have

{Re (@2Sal0, - 1))} () = 7(t), t€OT.
On the other hand, it was previously shown (see Pompeiu operator properties) that
{Re (3T [f1(2) } (t) =0, te€dTl, s=0,...,n— 1
And since ws is a real polynomial multiplied by i, its real part vanishes:
Re (Qiws(2)) = 0.

Hence,
{Re (35w) Y (t) = 7s(t), tedT.

Step 3: Verify the normalization conditions. We compute:
Jjw(z) = Qw1 (z) + Ofwa(z) + iws(z), s=0,...,n—1.

By construction, the imaginary part of diw; and wy satisfy

3
2

E — / Im (Qfwy + Ffws) d< = 0.
i C—¢€j

=t arnc;
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Meanwhile, the contribution from ws is

SO

ores(z) = e,
tm (92s(0)) = S,

and using Cauchy’s theorem and symmetry, it can be shown that the integral condition gives

2 / Im (92w3(¢)) — %

= Cg.
— U C—Ej 3
= aTNC;

Thus, the full normalization condition is satisfied. >
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Awnnoranusi. B nannoit pabore uccieayrorcst Kpaesble 3agaun Tuna Jlupuxie u [1lBapria Kax st HEOTHO-
poxsoro ypasuenus: Kommu — Pumana, Tak u 111 TOTHAHATUTHYECKUX YPABHEHUH BHICOKOTO TIOPSI/IKA B HECTAH-
JIAPTHOM 00JIaCTH, & UMEHHO, B TPEYTOJbHON 00J1acT, OOPA30BAHHON IEpecedeHrnEM TPEX KPYTOBBIX JIUCKOB
B KOMILJIEKCHOM MJIOCKOCTH. Takue obJaCcTH BHOCST JIONMOJHUTEBbHYI0 NeOMETPUUECKYIO CJIOKHOCTD, TPEOYIO-
YO TIIATEJTHFHOTO aHAJTUTHIECKOTO aHamm3a. [locTpous coorBeTcTBYyIOINE (DYyHKINI-SAPA, aJANTHPOBAHHBIE
K TeOMeTpHUHU 00JIaCTH, Mbl Pa3BUBAEM METObI MHTEIPAJIBHBIX OIMEPATOPOB, MTO3BOJISIOIINE BHIBOJUTDL sIBHBIE
dOpMyJIbI pelleHust s 3aJaHHbIX TPAHUYHBIX yCJIOBHi. Kpome TOro, Mbl yCTaHABJIMBAEM HEOOXOJMMbIE U
JOCTATOYHBIE YCJIOBUS PA3PEIIMMOCTH 3THUX 33129 B 3aBUCHUMOCTHA OT COBMECTUMOCTH I'DAHUYHBIX JIAHHBIX U
CBOICTB HEOMHOPOJHBIX wWieHOB. Harr moaxos 0600Iaer KJIacCUuIeCKue MeTOJbI, MCIOJIb3yeMble JIjIsi CTaH-
JIAPTHBIX 00JIACTEl, PACIIupsisi UX TPUMEHNMOCTD Ha 60JI1ee CJI0KHBIE TEOMETPUIECKUE CUTYyaIuu. Pe3yibTarhl,
[IpE/ICTABJIEHHBIE B JAHHON paboTe, BHOCST BKJIAJ B 0OOJiee MIMPOKYIO TEOPHUIO KPAEBBIX 33149 JJIsi CJIOXKHBIX
ypaBHEHMIl B YaCTHBIX IPOM3BOJHBIX W IPEJJIaraloT HOBble MHCTPYMEHTHI JIJIsi PEIlleHusl MOJOOHBIX 3a/1a9 B
[IPUKJIATHON MATEMATUIECKON (PU3MKE U KOMILJIEKCHOM aHAJIM3E.

KirroyeBble cJioBa: M0JUAHAIUTHYECKUE ypaBHeH s, 3a1a4da [1IBapia, 3agada JJupuxie, oneparop THUIIa
Ilommeitro, TpeyrosibHas 001aCTh.
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ACUMITOTUYECKHE pelreHus s AuddepeHnnaabHbIX YPaBHEHNH ¢ roJIoMOpGHBIMU KO3d duimenramu
B OKPECTHOCTH OECKOHEYHO YIAJEHHON 0CO0O0# TOYKHU, KOTOpAasi, BOOOINE TOBOPSI, SIBJIAETCS UPPErysp-
HOIT. MeTo| MOBTOPHOrO KBaHTOBAaHUsI OCHOBAH HA METOJ/IaX PECyPreHTHOIO aHAJIN3a, T. €. Ha TPUMEHEHUN
npeobpazosanus Jlamiaca — Bopesg. OH npumensiercs B TOM CJiydae, KOrjla KOPHU OCHOBHOT'O CHMBOJIA
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Hus B obpasax Jlamiaca — Bopeiist cofeprkar 9KCIOHEHTHI € TOKAa3aTe/ISIMI B BA/JI€ IIOJIMHOMOB OT JPOOHOIT
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POBaHO Ha KOHKPETHOM IIPHUMeEpE.
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1. BeBeneHue

DTa crarbd IIOCBAIII€Ha Pa3BUTHUIO METO/ia, KOTOpI)IfI IIPUMEHAETCA JIJId pEHICHU A O,H‘HOP'I

3 QyHIaMEHTAIbHBIX TPOOJIEM aHAJUTUIECKON Teopuu nuddepeHInaabHbIX yPaBHEHUN, &

UMEHHO IPO0JIeMe TIOCTPOEHNsT PABHOMEPHBIX ACUMIITOTHK PEIIeHNi ypaBHEHUN ¢ MepoMopd-

HBIMI KO3 pUIImeHTaM B OKPECTHOCTH UPPErYJIAPHBIX 0COOBIX TOYEK. JTOT METOJ, HA3bIBa-
eTcsi MeTOJIOM [IOBTOPHOTO KBaHTOBaHus |1, 2].

[Ipobjiema mocTpoeHusi paBHOMEPHBIX ACUMIITOTUK pelreHuit muddepeHuajibHbIX ypaB-

HEeHHil B OKPECTHOCTSIX O0COOBIX Tovek Obuia cdopmyiauposana [lyankape B paborax (3, 4].

© 2025 Koposuna M. B., Cmupuos B. IO.
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B sTux paborax oH paccmarpuBasl Ciydail, KOIja UPPEryIsSpPHON 0cOOO#l TOYKOM SBJISETCSH
0OECKOHEYHOCTD, a8 UMEHHO 33/1a49y I YPABHEHUS BUIA

an (1) (%)n w(r) + ans <%)nl () + o+ as(r) ((%)iu(r) bt ag(r)u(r) =0, (1)

rae a;(r), i = 0,...,n, — ronomopdusie dyuknuu. 3ajgada, chopmynupoBannas [lyankape,
3aKJ/II0YAJIacCh B IIOCTPOCHNH ACHUMIITOTUK pelleHuil ypaBHeHus (1) B okpecTHOCTH GECKOHEU-
HOCTU B ciiydae, Korja an(r) = 1. Kak u3BecTHO, 6ECKOHEUHOCTH, BOOOIE MOBODS, SIBJISIETCS
UpperyJisipHoil 0coboit Toukoil. DTa 3ajaua pemena B paborax [5, 6] ¢ momoIpoo MeTonA T10-
BTOPHOT'O KBaHTOBaHUsl. B obriem cirydae, Korja KodabOUIUeHT ay, (1) siBasgeTcst Ipou3BOIbHON
roioMopdHO uan MepoMopdHoit DyHKIHEH, 3a7at1a TOCTPOSHNS ACUMIITOTUK B OKPECTHOCTH
UPPEryIspPHOl 0cODOI TOUKM SBJIsIeTCS 60Jiee CJI0XKHON U TpedyeT JOMOTHUTETbHBIX BO3MOXK-
HOCTel MeToj[a IIOBTOPHOI'O KBaHTOBAHUSI.

JlaHHBII 1TOAXO0 OBLIT CO3/IaH JJIs IOCTPOEHMST AaCUMIITOTHK pereHuil JuddepeHnuaabHbIX
YPaBHEHUII B OKPECTHOCTU HUPPETYJISIPDHBIX OCOOBIX TOYEK B C/Iydae, KOIjia KOPHU OCHOBHOT'O
cuMBoJIa uddepeHITnaIbHOrO OrepaTopa IBIAI0TCS KpaTubiMu. HamoMuuM ompegeieHne oc-
HOBHOT'O CHMBOJIA.

Bes orpanuvenus: obuHOCTH GyIeM CUUTATD, YTO 0COOOI TOUKON ypaBHenust (1) siBisiercs
r = 0. B pabore [7| nokazano, uro ypasuenue (1) MoxeT ObITh IIPUBEIEHO K BHUJLY

n n—1 3
H 1 & (e ) S ) TS AN @)
’ dr dr — ‘ dr

Baecs k= —1,0,1,2,..., a gepe3 G;(r) 0603HATEHBI COOTBETCTBYIOIINE TOJIOMOPMHBIE PYHK-
muu. B pabore [7] naiijieno MuHnMAaIbHOE 3HAYEHUE Kk, T. €. MUHUMAJIbHBIN TIOPSIJIOK BBIPOXK-
Jenusi 1 KoabduimenTs! 3roro ypasaenus. Eciu B nupejcrasiennu (2) ypasHenusi (1) MunHu-
MasibHoe k = —1 , To mo KyraccuduKaim ocoObIX TOUEK, BBejIeHHON [lyankape, OydnM, 9T0O
touka r = (0 He aBjsercs ocoboit. Ecim k = 0, To ocobast Touka 1 = () SIBJII€TCS PEryJISPHOI.
Kak usBectHo [8], B OKpecTHOCTH perysisipHOil 000N TOUYKU ACHMIITOTUKA DEIeHUs sBJIsIeT-
ca koHopmautbuo#t. Ecim k € N, To ocobass ToUuka SBJISETCA UPPErY/SPHOIl, B 9TOM CJIydae
3anuiem oneparop (2) B Buje

d 1 4 d 1o dy
k1Y _n Pl _ 1 k1 @
H(r, r dr) k ( z" > %—ZoaZ — < i dr)

(2

)

OcHoBHBIM cuMBOJIOM JuddepeHnuaabHoro omneparopa H (r, —r ABJIsIeTCst (PYHKITUS

H( +Z kn—z

B ciyuae, Korja OCHOBHOI CHMBOJI MM€ET TOJIBKO IIPOCTBIE KOPHH, ACUMIITOTHKI DEIICHUH B
OKPECTHOCTH 0COOBIX TOUeK ObLIU 10JIydeHbl B pabore [9].

Oznako MeTobl U3 [9] oKazaIuch HEIPUMEHUMBIMU B CUTYAIMU KPATHBIX KOPHEil, Kpome
cilydast ypaBHEHHi Broporo nopsijika. B pa6ore [10] Bonpoc o mocTpoeHnu acCUMITOTHK Dellie-
HUIl JIJIsl ypaBHEHHsI BTOPOI'O TIOPSIKA C IPOU3BOJIbHBIME T0JIOMOPMOHBIMU KoadbdumeHTaMu
PeIlleH.
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Ilitst perernsi mpoOJeMbl KPATHBIX KOPHEH B IOCJIEIHIE I'0JIbl OBbLI CO34aH METOJ, IIOBTOP-
HOrO KBaHTOBaHUs. CyTh 3TOr0 METO/a COCTOUT B TOM, UTO JiejlaeTcs mpeobpasoBanue Jlaria-
ca — bopens n okaspiBaeTcs TeopeMa 0 6€CKOHEYHON IIPOIOIKUMOCTH PEIIeHU 01y 9eH-
HOTO ypaBHeHUsl (Jyisi 0ObIKHOBEHHBIX AuddepeHnnaibHbIX ypaBHeHnii 1o jpokasaHo B [11]).
Jastee ere pa3 npumMensieTcs mpeodbpasoBanue Jlamaca — Bopeist n Jj1st #TOroBOro ypasHe-
HUA CTPOATCA aCUMIITOTUKHN, KOTOPbIE ITO3BOJIAIOT HaW¥TU aCUMIITOTUKN HNCXOAHOI'O YpaBHEHMA.
WabiMu ciioBaMu, CyTh METO/1a TIOBTOPHOT'O KBAHTOBAHUSI COCTOUT B TOM, 9ITO IIPeoOpa3oBaHue
Jlanmaca — Bopensa genaercs apa pasa. T. e. cIBUHYB KOPeHb OCHOBHOI'O CUMBOJI& Pj C HOMO-
[I[bI0 9KCIIOHEHIUAJIBHON TOJICTAHOBKH B TOYKY HOJIb, JlejiaeTcsi ipeobpasopanue Jlammaca —
Bopensa u nonydaercsa unrerpo-anddepennnaabHoe ypaBHEHNE OTHOCUTEILHO (DYHKIIUN JaH-
HOTO IpeobpasoBanust GyHKIUN u;(r), KOTOpoe MbI OyneM o6o3HaYaTh Yepe3 U;(p). IIpu srom
touka p = 0 6yzer 0ocoboii ToUKOil mosrydeHHoro ypasaenusa. OHa MOXKeT ObITh KaK peryJIsspHOi
0COOEHHOCTBIO, TaK W UPpEryJsipHoii. Eciu oHa peryisipHa, TO, KAK U3BECTHO, aCUMIITOTHKA
dbynKImn ;(p) ABIgETCA KOHOPMAJIBHOI, €C/IN UPPEryJIsSpHOl, TO, 4TOObI HATH aCHMITOTH-
Ky 9TOoil (PYyHKIUU B HyJIe, JejaeTcs mpeodbpasosanue Jlamnaca — Bopesst Bropoit pas. Ilpu
9TOM MBI [IOJIy4aeM MHTerpajbHOe ypaBHEHNE OTHOCHTEIbHO (DYHKIHHU (), KOTOpas dABJIsi-
ercs 1npeobpaszosanuem Jlamtaca — Bopesst dynkiun 4 (p). s momydennoro ypasaenus, ¢
IIOMOIIIBIO MeTOJa ITOCJ/IeI0BATEC/IbHBIX HpI/I6JII/I)K€HI/IfI CTPOUTCA aCUMIITOTHKA €TI0 pelleHusd B
OKPECTHOCTH KOpHeii riapHoro cumposia. Haitnsg acumnroruxky dbynkmun ;(q), u 3aTeM, cie-
naB obpaTHOe mpeobpasosamne Jlammaca — Bopesnst, crpourcst acumnrornka GyHknun 4;(p)
B OKPECTHOCTHU HYJIsI. DTa acUMITOTHKa MoxKeT ObiTh BKB-acuMmirorukoit nin umers 6oJiee
oOIuit BUJI U COAEPXKaTh SKCIOHEHTHI C JAPOOHBIMU cTeneHsMu. [losToMy Bo3HMKaeT HEOb-
XOJIMMOCTD BBIYMCJIEHHs 0OpaTHOro npeobpasoBanus Jlammaca — Bopeist or dyHKIui Buga

n

13
e®/P¥ g(p), tme n, k €N, a € C.

PaccMoTpuM 1puMep, KOTOPBIl WLIIOCTPUPYET IPUMEHEHHe MeTO/1a MOBTOPHOTO KBAHTO-
BaHUs K ITIOCTPOEHUIO aCUMIITOTUKH pertenus nuddepeHImajbHOT0 YPABHEHST B OKPECTHOCTH

UPPEryasspHOil 0c000 TOYKH:
d\’
2 2
—r°— ) u—cru=0. 3
( dr> (3)

[Tpumenus npeobpaszosanue Jlamiaca — Bopessi kK ypasaenuio (3), mosryanm

PP — i = f(p). (4)

(%)219% i = (%)2 ). (5)

Baeck f(p) — npousBosibHas rosiomopduasi dyHkims. [IpuMeHnM MeTo| TIOBTOPHOIO KBAH-
TOBaHUsA. 1aK KaK BBIIMOJHEHO PABEHCTBO

d\? 5 s d\? 5 3 5 d
— i=(p>—) 4+ (10—=)p2 (p2— )@+ 20p*0
(dp> P (dep> u+<0 2>p2 (dep>u+ P

TO ypaBHeHUe (5) MOXKHO [EpernucaTh B BUe

[Mpusenem (4) x BULY
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OcnoBHoit cumBot nuddepenimaibaoro oneparopa B (6) paBeH - %c, T. €. OCHOBHOI CUMBOJI
UMeeT JIBa IPOCTBIX KOPHA ¢1 2 = i%ﬁ Acumiroruka periennsi ypasHenusi (6) B OKpecTHO-
CTU PEryJspHOil ocoboit Touku p = 0 umeer BUJ

N R
i(p) ~ exp 25— p7 Y bip' +exp —2F—p7 Y bip'.
b2 i=0 b2 i=0

st roro, arobbl HafiTu acuMOTOTHKY perterust (3), HaJ0 HAlTH obpaTHOe Ipeobpa3oBaHUe

Jlammmaca — Bopesst oT BbIpaskeHusI BIIa €Xp (p,fj‘/n )p" Yoo ipt, tnem,n € N,a € C,o € R.

D10 OyIeT CaeaHo HUZKE B Teopeme 2.

2. OcHoBHBIE oripeaeJsieHns M BCIIOMOraTeJibHbl€ yTBEpP2K/JIeHUusA

B srom naparpade Mbl Ja M OIpeJeIeHns] OCHOBHBIX HOHSATHUIT, KOTOPBIe OY/IyT HCIIO/Ib-
30Babl B cTarbe (cM. moapobuee [12, 13]).

ONPEAEJEHUE 1. Anasmruueckas Ha Sp. dyHknus f, umeer He 6osiee, 4eM k-SKCIOHEH-
[IUAJIBHBII POCT, €CJIN CYIIECTBYIOT TaKue HeOTPHUIaTe/IbHble KOHCTAaHThI C U (v, 9TO B CEKTOPE
SR.c BBIIIOJIHEHO HEPABEHCTBO

R

1
|f| < Ce™ i,

O6osuaunm 4epe3 Ej(Sge) mpocrpancTBo byHKIuMii k-9KCIOHEHIHATLHOIO pocra. Ecmm
MOxKeT ObITh BbIOpaH Jii0bbiM 0 < & < 27w, TOo OymeM 0003HAYATH ITO IMPOCTPAHCTBO KAK

Ek(SR), nu E(SR) = El(SR)
\ ®
EiR.a

f

Puc. 1. Konryp ¥ u obiacts QRﬁg.

ONPEAENEHUE 2. k-npeobpasosanuem Jlanaaca — Bopeas dbynkumn f(r) € Ey (Sre)
Has3bIBaeTcst orobpaxkenue By : By (Spe) = E(Qr)/E(C) rakoe, 1ro

fZkaZ/e_p/rkf(r)%-
0

Obparnoe k-tipeobpazoBanue Jlamaaca — Bopess omnpenensiercs hopmysioit

iy k ok
BkleQ—m/ep/kf(p)dp-

2

Konryp 4 uzobpazken Ha puc. 1.
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OIPEJIEJIEHUE 3. OyHKIHs [ HA3BIBACTCS 0ECKOMEWHO-NPO0ANCUMOT, €CII TS JI0BOT0
amcsta R CylIecTByeT Takoe JMCKPETHOe MHOKeCTBO Touek Zg B C, uto ByHKIWs f aHAIATH-
YECKU MPOJIOJIKACTCS U3 MEPBOHAYAJBHON 00JIACTU OIPEJIEIEHUST BJIO/Ib JTFOOOTO Iy TH JIJIMHBI
MeHbIle R, He IPOXOIsIero 1epe3 Zg.

ONPEIAENEHUE 4. Daement f mpocrpancrsa Ej (Sgp.) HasbBaercs k-pecypeenmnod
Pyrryued, ecom ero k-upeoGpasosanue Jlamaca — Bopensi f = By f aBisiercst 6eCKOHEUHO-
IIPOJIOJIZKUMBIM.

B pabore [14] 6bu1a mokazana cieiyromnias Teopema.

Teopema 1. Ilycts [ — pecyprentHass (byHKIHs, TorJga pEIICHHE yDABHEHHs
H (—r’”ld%, r) u = f sBisiercst pecypreatHoli ¢yukiueii B npocrpancrse E(Sg). Eciau 1o-
smaoM Ho(p) umeer nmpocrble KOPHE B TOYKAX P1, . - . , D, TOIJIA ACHMIITOTHKA PEIICHUS B IPO-

k+1 d

crpancrBe E(SR) oxnoponmoro ypasuennst H ( = 7") u = 0 uMmeer BII:

apu k=1
u(r) ~ Zexp (%) 79I Z bgri, (7)

apu k > 1, keN

m o
Di Qg . _ o
u(r) ~ Zexp r_i + Z r’lz*; r% Z blr', (8)

P m—k—1 041 00
- j m—k—i o J .0
J i=1 =0
e cymma bepercst mo obbeJuHEHHIO Bcex Kopueii mosmHoMa Hy(p). Baech depes bg, aj,
7 =1,...,m, obo3HaUEHBI HEKOTOPbIE UHC/IA.
Bresnem obosnauenme:
"= Br"B~ L (10)
B pa6ore [14] 6bL10 JI0KA3aHO PABEHCTBO
: [
" ") dp’ 11
F( / () f (') dp (11)

B gacroom CJIy4dae

(12)

>
N~—
I
- |
S \’U
~
—
E\

3. OcHOBHbBIE PE3YJIbTATHI

B srom naparpade Mbl chopMyIpyeM U TOKaXKeM CJIEIYIOIIYI0 TEOPEeMY.

k
Teopema 2. Acuvnroruka dyuxmun B, 'p7e=*P" g(p), ke N,n e N,k > n, no,a € C,
B OKPDECTHOCTHU HYJIsI UMEET BUJT

n+k mk+n—1

o0
doexp | e + Z mmz — |7y bl (13)

jil r ntk k+n i=0
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3ﬂ€Cb aj,j=1,...,k+n, — kopan LIOJTHHOMA, ptE 4 (—1)”Jrl (m—1)" (O‘—f)n ("T'H“)N—HC,
a «l, 0j — coorBercTByIOmue UHCIa, ¥ oo bt — acumnrornueckuii ps.
< Paccmorpum ypaBaenue
d n+k 3 d k+n—1
(—’I“m%> u+cp_1r’™ 1 (—’I“m%> U
4\ Fn—2 d \Ft1
+ Cpgr?mD [ —pm— U ...+ erPT DD [ pm u (14)
dr dr
k
+ er™m=Dy 4 egpm=1) <—rmi> u=0.
dr
Baech wepes ¢;, i = 0,...,n — 1, u ¢ 0603HAYEHbI HEKOTOPbIE KOHCTAHTHI. IlepernuiieM ypas-
HEeHUe B BUJE
1 d N\ 1 . 1 d\Frt
(‘ﬁr 5) A e R (e I u
1 1 d k+n—2
+ Cn_Qﬁ 7,,2(m—1) - " — u
(m—1) m—1 dr
1 1 d\*! (15)
- (n—l)(m—l) o aam
—|—...—|—cl(m_1)n71r < m—lr dr> U
1 n(m—1) 1 n(m—1) 1 m d "
_— - — _— = O_
+c(m_1)n+kr u—i—co(m_l)nr m_lr o U
Caenaem B (15) npeobpasosanue Jlammaca — Bopes
(—1)n P P2
~ Co\— ~
anrku + m / e /plfu(pl) dpy ...dpn
1 1
( 1)n71 P P2
C1{— k+1~
m//pl+ u(pl)dpldpn_l
1 1
(—1) 5 P P2
C2(— -
i (m — 1)2(n=2) / Py a(pr) dpidps - . dpy—s (16)
1

+C(_1)”m/.../ﬂ(l)l)dpl---dpn:f(p)'
1

1

Yepes f(p) obosnauena npousBosbHasi rojomopduas dynkuus. [Tponuddepeniupyem n pas
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ypasuenue (16). Torna

d\" n+k co(—=1)" 4 a (-1t d k41
<dp> Pt P T e \gp) P

co(—1)"2 d\?
(mZ(— 1))2("2> <%> P "

+ ...+ i:n%(_l)lz) (%)n_lp’”"—lu—i— %CU = <d%>nf(17)-

[Tokarkem, 9TO MOXKHO BBIOpATH KOHCTAHTHI ¢, ¢;, ¢ = 0,...,n — 1 Tak, 9robbl (DyHKIUSA

k
- o)k
u(p) = pe /37 gpnsiach perierneM (17); jyist 3roro nojcraBuM 3Ty (GYHKIUIO B JIAHHOE
ypastaenue. Torja 1mory9uM COOTHOIIEHUE OTHOCUTEILHO KOHCTAHT ¢, ¢, ¢ = 0,...,n — 1:
_1)

n, o+k n, o+k—> n, o+k—=< n, o+k— n, o Cnfl(
<ap + ay’p —|—a —|—a +"'+a"p)+—(m_1)2(n—1)

1 otk 1 otk— 1 otk— 1 _otk— —1 otk (n=Dk
X(ozg o+ +af” p°t —|—oz" p°t n—l—a" p"Jr —|—...—{—0z271p0+ n

Cn—2 n—2 a—l—k n 2 _o+k— n—2 g4k— =2k Q)k

o (1)t ( 1 o+k
)

+ ..+ (- D)2

0+k75 CO(_l)n o+k (_1)n o __
") + (m — 1)2n? + (m — )2tk P = 0.

B,ZLerOé i=1,....,n,5=1,...

ak

,M, — COOTBETCTBYIOIINE IMOCTOSIHHBIE, KOTOPHIE 3aBUCAT OT
n ; .
o U 0. 3aMeTHM, 4TO o = (7) ,or #0,1=1,...,n. I3 nocneanero ypaBHeHHd CJIe/LyeT,

ITO BBIMIOJHEHA CHCTEMA
(="

— n
(m—1)2n+Fk C=—ay,
n—1 n
Qp_1Cn—-1 = —Qp_q
n—2 + n—2 _ .
QO _1Cn—1 Qp_2Cn—2 = —Qp_»

—2
Cn—2+ ... +ajer +cog=—al

n—1 n

Qy Cp—1t oy

O4eBuaHO, YTO OHA MMeeT eauHCTBeHHoe pernenue. OTciona CJIeJIyeT, 9TO MOYKHO BBIOPATD
k

KOHCTAHTHI ¢, ¢;, ¢ = 0,...,n — 1, Tak, 91006l yHKIusd U(p) = p"e’a/p" ObLTa pereHneM
ypaBuenust (17). Pemenue (14) siBisiercss obparabiM npeobpasoanuem Jlamiaca — Bopesist
sroit pyukiuu. Haiinem Bce acuMnToTuku ero perennii. PazmenmmM 910 ypaBHeHUEe Ha, pr(m=1)

U 3allMIlIEeM ero B BHJIE
n+k . nm-n d\"H*
_—7r n+k U

k(m —1) dr

k+n—1
: n—|—k‘) o nm=D)_y (_kn+k pnm=1) d> tn y

n+k —
+c"71kz(m— (m—l)r "

, n+k \2 2 (-2 1) n+k ,_nm-n d\F"2
- n+k - n R
Tl <k(m — 1)) " kE(m—1) " T “

cf 4k " (n—1) (m— 22 1) ntk oo d k+1
st (o) e )

/ n+k \" n(mfn(;"igkl)q) ntk  pontm-n d k n+k \"* B
+co<k(m—1)> " k(m—l)r " ar ¢ k(m —1) u=0




68 Koposuna M. B., Cuupros B. FO.

k(m—1)
n /.
(1)L (m — 1)2+k (2£)" g ¢ i =0,...,n — 1, — cOOTBETCTBYIONINE KOHCTAHTI.

n+k
3nech ocnopmoit cumsosn Hy = p"tr + c( ntk > , e ¢ = (—1)" T (m — 1)2ntkan =

2
Orcroma ciietyer, 9To

n n n ak\" [ n+k \"TF
Ho=1p +k + (_1) +1(m_ 1)2 +k <_> <k7)>

n (m—1
_ otk 1 n+1 —_ 1" a_ )
P - (20) ()
U3 reopemsbr 1 Bugno, uto ecim k+1 =" m € N, k € N, m > k, acumiroruka perieHus

n
YAOBJIETBOPAET COOTHOIIECHUIO

n+k mk+n—1 0o
~ o 9] 4
u R E exp mkM -+ E mkM — | g blr'. > (18)
j=1 r ntk . k+n i=0

SAMEYAHUE. Ypasuerue (17) MoxkeT ObITH IPUBEIEHO K BULY

d\" (n=1) d (n=2) d\?
<——p1+_ ) u+ bopFu + byp <p1+§—> utbip <p1+§—> u
dp dp

k d
g (19)
+...+0b E(presd +(n>n : cu=0
T n—-1P" | P dp k (m — 1)2n+k -
3nech wepes b;, i = 0,...,n — 1, 0603HAYEHBI COOTBETCTBYIOIIUE KOHCTAHTHI. (OCHOBHOM
CHMBOJI oIlepaTopa paseH ¢ + (%)n m, c. OH uMeeT IpOCThIe KOPHHA (1, . . . , Oy, OTCIO-

Jla CJIeJIyeT, 4To aCUMIITOTHKHU ypaBHeHus (19) mpeacraBuMbl B Buje JIMHEHHON KOMOMHAIMAN
dbynxmmit u;, j=1,...,n

k—n—1 ]
Z

o
kzl pajzbl?pl'

=0

uj R exp

Orciona ciemyer, 910 B]; /1nuj upejicraBumo B Bugie (18).

BepreMmcsi K pacCMOTPEHHIO TIPUMEPa (3) Haiiem
32 exp p"l Z bipt.

Tak kak B aToM caydae k = 3, n = 2, m = 2, 1o u3 dopmyJsr (13) ciaeayer, uro

5 mk+n—1 j 00
+2./c X . j .
—1 3 i ] i i
By exp —5—p° E bip' ~ g exp | —5 + g — | % E blr'.
b= i=0 j=1 s ; i=0
Koadpdumuentsor «j, j = 1,2,...,5, oupeaeisaiorca U3 TeOPeMbl, & MMEHHO OHH SBJISIOTCS

KODHSIMH MHOTOUJIeHa P° — (%)5

Orcroza ciejyer, 4To aCUMITOTHKE ellieHus: ypasHenus: (3) umeer suj (18).

Takum obpasoM, pe3yJbTaTr TeOpeMbl 2 pacIIupsieT BO3MOXKHOCTH IIPUMEHEHHSI MeTOJIa
[TIOBTOPHOT'O KBaHTOBaHUs K JuddepeHnuaibHbIM ypaBHeHusM, oopasbr Jlammaca — Bope-
JIST KOTOPBIX SIBJIAIOTCSI yPABHEHUSIMA C JIPOOHBIMU IOPSIAKAME BBIPOXKIEHUST U OCHOBHBIMHU
CUMBOJIAMH UMEOIIAMHA [TPOCThIE KOPHHU.
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Abstract. One of the fundamental problems of the analytic theory of ordinary differential equations is
the problem of constructing asymptotics of solutions of differential equations in the neighborhood of irregular
singular points. In general, this problem has not yet been solved. However, in recent years, the method
of repeated quantization has been created to solve this problem, which allows constructing asymptotics of
solutions for a wide class of equations with irregular singularities. This work is devoted to the development
of this method. For example, this method has been used to construct asymptotic solutions for differential
equations with holomorphic coefficients in the neighborhood of an infinitely distant singular point, which,
generally speaking, is irregular. The method of repeated quantization is based on the methods of resurgent
analysis, that is, on the application of the Laplace-Borel transform. This method is applied when the roots of
the principal symbol are multiple. Using the results of this article, the class of equations with irregular singular
points to which the repeated quantization method is applicable is expanded. Namely, to those equations with
an irregular singular point such that the asymptotics of solutions of the original equation in the Laplace-Borel
images contain exponentials in whose exponents there are polynomials of a fractional degree of the variable.
The application of the obtained results to an equation of this type is illustrated by a specific example.
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Awnnoranusi. B craree nccimenyrorcsa cBsasu mexay Teopemamu Keficm m ux 0bOOIIEHUSMHU Ha €BKJIN-
JIOBOM U TICEBJIOEBKJINIOBOI TmyiockocTsix. Hapsimy ¢ Teopemamu tuna Keiicu 06 OKpyKHOCTSIX M «Kaca-
TEJIbHBIX PACCTOSHUAX> MEXKJly HUMHM PACCMATPUBAIOTCS 1peobpas3oBanus Jlareppa, coxpaHsiolue Takue
paccrosinusi. C UCHOJIB30BAHUEM HEEBKJIUIOBOI M€OMETPUU ONUCHIBAIOTCSI HEKOTOPBIE CBA3U MEXKJLY ITUMU
npeobpazopanusivu. B teopeme Keiicu, siByistromeiicss oquum u3 06001eHuii Teopembl [lTomemest o Brm-
CAHHOM YE€TBIPEXYTOJbHUKE, PACCMATPUBAIOTCS YEThIPE OKPYKHOCTH, KACAIOIIMECs OJJHON OKPYKHOCTU Ha
€BKJIMJIOBOH IIOCKOCTH. BMecTO jijiuH CTOPOH U JuaroHajei 6epyTcs JJIUHBI OOMIUX KACATEJIHBHBIX COOT-
BETCTBYIOIIUX AP OKPYXKHOCTEN. DTa TeopeMa JIErKO 0000ImaeTcst Ha 60JIbIlee KOJIMIECTBO OKPYXKHOCTE.
Kpome Toro, y Hee cymecTByIOT pa3jiniHble aHAJIOIU B IPOCTPAHCTBAX MOCTOSIHHOM KpuBu3Hbl. Ha niceBo-
€BKJIMJIOBO IIJIOCKOCTH TaK»Ke MOYKHO pacCMaTpUBaTh aHAJIOTH TeopeMbl Keiicu n ee 06001menuii. TeopeMbr
TAKOr0 THUIA Ha ICEBJIOEBKJIMIOBON IIJIOCKOCTU SIBJISTFOTCSI HEITOCPEJICTBEHHBIM CJIEJICTBUEM COOTBETCTBY-
IONUX EBKJIMJIOBBIX TeopeM. B pabore CTPOUTCS COOTBETCTBUE MEXKIY KOH(DUIYPAIUIMU OKPYKHOCTEH
Ha €BKJIMJIOBON IJIOCKOCTU ¥ KOH(DUTYPAIUAMUA OKPYXKHOCTEH MHHUMOIO Pajiyca Ha IICEBIIOEBKJIUI0BOM
IJIOCKOCTH. [Ipy 3TOM COOTHOIIIEHNIO U3 €BKJIUIOBOI P€OMETPUM COOTBETCTBYET TO YK€ CaMO€e COOTHOIIIEHUE
B IICEBJI0EBKJINI0BON reoMmerpun. [IpeobpaszoBanus Jlareppa Ha eBKJIMIOBON IJIOCKOCTH BO3AEHCTBYIOT Ha
OPUEHTUPOBAaHHbIE NpsAMble. [Ipy 3TOM ceMelCTBO NpAMBIX, Orubaroliee OKPYKHOCTDb, 10, BO3JEHCTBU-
eM mpeobpazoBanuii Jlareppa MmepexouT B aHAJOIMYHOE ceMeiicTBO. Ecyu npsiMasi MPUHAJJIEXKUT JBYM
TaKUM CeMefcTBaM, TO Ipu npeobpa3oBaHusax Jlareppa coxpaHsgercs JJIMHA OTPE3Ka MPIMON MEXKJLy TOY-
KaMM KacaHus ¢ OKpyKHocTamu. C UCIoIb30BaHeM U30TPOIHON poekiun npeobpasoBanus Jlareppa na
EBKJINJIOBOM U TICEBIOEBKJINJIOBOI IJIOCKOCTSIX MOYKHO PacCMATPUBaTh KaK NMPeobpa30BaHUs, UHIYIIUPO-
BaHHBIE JIBUXKEHUSIMUA TPEXMEPHOIO ICEB0EBKJINIOBA IIPOCTPAHCTBA. JJisi onucanusi CBOWCTB OJHOIApa-
MEeTPHUYECKUX [IOJIPYIII IPYIIIbL Jlareppa Ha eBKJINIOBOMN U IICEBI0EBKIINIOBON IIJIOCKOCTIX UCIOJIb3YIOTCS
reomerpun Jlobayesckoro u je Currepa.

KiroueBblie ciaoBa: Teopema IItosemesi, reopema Keiicn, reopema @ypmana, npeobpasosanus Jlareppa,
MIPOCTPAHCTBO ITOCTOSTHHON KPUBU3HBL.

AMS Subject Classification: 51M09, 53B30.

O6pazern; murupoBanusi: Kocrua A. B. Teopems! tuna Keiicu u npeobpasosanust Jlareppa // Bnann-
kaBK. MatT. xkypH.—2025.—T. 27, Bom. 4.—C. 72-85. DOI: 10.46698/m2064-2286-7424-1.

1. BBenenue

B Teopeme Iltosremest yreprkiaeTcst, 9T0O IPOU3BEIEHUE JJINH JUaroHa el BIIUCAHHOIO Te-

TBIPEXYTOJbHUKA PABHO CyMME IIPOU3BEIEHUN JIJIMH ITPOTUBOIIOIOXKHBIX CTOPOH. DTa TeopeMa
“MeeT MHOT'OYUCJIEHHBIE 0DODIIEHNS U Ha CAMOI €BKJ/IHIOBOM IJIOCKOCTH II0 YIHC/IYy CTOPOH BIIH-
CAHHOT'O MHOTOYTOJIBHUKA, 110 THILY (PUTYD, YyIACTBYIONMX B KOH(Murypamusx. CyIiecrByor
IPOCTPAHCTBEHHDbIE 0000IEHNS TON TEOPEMBI, & TAKKE PA3/INIHbIE €€ HEeBKJINIOBbI aHAJIOTH.

© 2025 Kocrur A. B.
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[Ipocreiinm 0600ITIEHIEM 10 YHCIY CTOPOH BIHCAHHOI'O MHOI'OYTOJILHUKA SBJISIETCS TEOPEMa
Dypmana.

Teopema 1. Ha eBr/IHAOBOH IJIOCKOCTH JiJIs  BBIIYKJIOTO  IMECTHYTOJIbHUKA
A1 A3 A3A4 A5 Ag, BOIHCAHHOIO B OKPYXKHOCTH, HMEET MECTO COOTHOIIEHHE

A1Ay - AgAs - A3Ag = A1 Ag - A3Ag - AyAs + A1Ag - A3Ay - AsAg

+AxAsz - Ay Ay - AsAg + A Az - AyAs - A1Ag + A3Ay - A As - A As.

CneBa B 9TOM DPaBEHCTBE CTOSAT JJINHBI JTUATOHAJIEH, COETUHSIONINX TPOTUBOIOIOKHDIE
BEpIIUHBI IIecTuyroyibHuKa. ClipaBa B TPEX CJIAraeMbIX CTOST JJIMHBI TAKUX JIUATOHAJEN U
CTOPOH, HE MMEIONNX C HUMHU OOIMUX TOYEK, B JABYX — JJIUHBI TPEX CTOPOH, B3ATHIX 4Yepe3
onny. ['unepbosimaeckue anasoru Teopembl IITosiemest 0 BHIUCAHHOM YETBIPEXYTOJIBHUKE C pa3-
HOIl crenenbio obmuocTH HesaBucuMo jokasamn T. Ky6ora [1] 8 1912 r. u I1. A. Hlupokos [2]
B 1924 r. Bepcus 5T0# TeOpeMbl B PEJIITUBUCTCKON MOJIEIN aHAJIUTHIECKON TUIIepOOJIMIeCKOi
reomerpun Toydena B pabore A. Yrrapa (A. Ungar) [3] B 2023 r. B 1947 r. I1. Xaantsec [4]
JIoKazaJjl rutepbosimdeckuit aHasior HepasencTa [Itosemesi. OnybiukoBannasi B 2024 1. cra-
bt M. Tomeca u @. Memosu [5] nocesitena pacemorpenunto HepaseHcTsa [Itosemest B CAT-
[IPOCTPAHCTBAX.

B npyrux obobirenunsix Teopembr [ITosiemMest BepIinHbl BIMCAHHBIX B OKPYKHOCTH MHOTO-
YTOJIBHUKOB 3aMEHSIOTCS Ha OKPY?KHOCTH, KACAIOIIUECs ITONH OKPY2KHOCTH, & JJIUHBI CTOPOH
U Jyaronaseil — Ha JUIMHBI OTPE3KOB ODINUX KacaTeJbHBIX COOTBETCTBYIONIUX OKDPYKHOCTEN.
[Ipu sTOM, eciiu BE OKPY2KHOCTHU KACAIOTCSI OCHOBHOI OKPY2KHOCTHU OJIMHAKOBO — 00€ BHYTPEH-
HUM uiu 00e BHENTHUM 00pa3oM, TO OepeTcst OTPE30K BHEIIHEH KacaTe/IbHON K 9THUM OKPY2KHO-
CTSIM, €CJIM Ke [I0-pa3HOMYy, TO DepeTcsi OTPe30K BHYTpeHHe# KacaresbHoil. [lepByto Teopemy
takoro tuina jokasai xxon Keiicu B 1866 1. (cM. [6, 7]). MHOroMepHOe eBKINI0BO 00001eHe
reopembl Keiicu (B apyrux rpancaureparusx Kesu wim Ko3u) noayuniu H. B. A6pocumos
u B. B. Acees B 2018 r. B crarbe [§].

lNunepbosmueckuit anasior reopembl Keticn monydaen H. B. A6pocumossiv u JI. A. Mukaiini-
soBoii [9] B 2015 1. Pasimusble 060011eHMs I0CIIE[HEIT TEOPEMBI IS [IIECTU OKPYKHOCTEHl nim
[UKJIOB JIPDYTOrO BUJIA, KACAIONIMXCS JIMHUU TOCTOSHHON KPUBHU3HBI Ha IIOCKoCcTH Jlobaves-
ckoro, nosydenst B [10] u [11].

Unrepnperanusi runepbosmmyeckoro ananora reopembl Keiicn (Kesu) kak Teopembl o ue-
TBHIPEXYTOJbHUKE, BIMCAHHOM B U30TPOIHYIO cdhepy IICEBIOIUIIePOOJIMIECKOr0 IPOCTPAHCTBA,
nana B [12]. Tam ke npuBejieHa HHTEpIpETALUS €BKJINIOBOI TEOPEMBI KAK T€OPEMBI O YeThl-
PEXyroJIbHUKE, BIIMCAHHOM B Cepy HYJIEBOI'O PaJIMyca TPEXMEPHOI'O IICEBJOEBKJINIOBA IPO-
crpancTBa (TpexmepHoro npocrpascrsa Munkosckoro). Heobxomumast uadopmMalust 0 Hees-
KJINJIOBBIX reoMeTpusix uMeercs B MoHorpadusx B. A. Posendensua [13] u [14].

OCHOBHOIi 1I€JIBIO PAbOTHI ABJISIETCS JOKa3aTeJbLCTBO TeopeMbl Keiicu u ee obobOIeHust
JIJTsI TIIECTU TICEBJIOEBKJIMIOBBIX OKPY2KHOCTEN Ha, IICEBIOEBKJINIOBON IIJIOCKOCTA U YCTAHOBJIE-
HIEe B3aMMOCBsI3eil MexK 1y mpeobpa3oBanusiMu Jlareppa Ha €BKINIOBON U IICEBI0EBKINIOBOM
ILJIOCKOCTSIX.

2. Teopewmbl Tumna Keilicu Ha eBKJIMI0BOI U IICEBAOEBKJIMI0BOM MJIOCKOCTSIX

B yciioBusix Takux TeOpeM MOXKHO CHAO/IUTh OKPYKHOCTH U KacaTeJIbHble OpUEHTAIe 1
OpaTh KacaTeJbHbIe B COOTBETCTBHUH C COIVIACOBaHHOI opmenTtarmeii. JImuny orpeska obieit
KacaTeIbHOU Oy/IeM Ha3bIBATH TAKXKE KACATEJbHBIM PACCTOSHUEM MEXKY OKPYZKHOCTSIMHU.



74 Kocrun A. B.

As A:

Puc. 1. OxunakoBasi OpueHTAIUsT OKPYKHOCTEIA.

+—

@
C

Puc. 2. Pa3nas opueHTaIms OKpyKHOCTEA.

Ecin okpykHOCTH ¢ mentpom B Touke Bi(ai,b;) umeer pamuyc c; (puc. 1 u puc. 2),
a OKPYXKHOCTBb C HEHTPOM B Touke By(ag,by) mmeer (OTHOCHTENBHBIN) Pajyc cp HA €BKJIV-
JI0BO# TI0CKOCTH ¢ MeTpukoit ds? = da? + dy?, To jymna oTpeska obieil KacareabHON STHX
OKpYIKHOCTel Gy/1er ynosieTsopaTh yeomio |A As|? = |By1Bs|? — |B1C|%. Ecim y orpuia-
TEJILHO OPUEHTUPOBAHHON OKPYKHOCTH CYUTATH PAIUYC OTPUIATENbLHBIM, T. €. IPUIUCATH €ro
JUTMHE 3HAK MIHYC, TO B 060uxX ciayudasx mmeem: |A; As|? = (a1 —az)? + (b1 — b2)? — (c1 — ¢2).
BMmecTo opueHTanumm MOXKHO PacCMaTpPUBATL OKPACKY OKPYKHOCTEH B OJMH M3 JBYX I[BETOB
Uy OJMHAKOBO OKPAIIEHHBLIX OKPYKHOCTEl OpaTh OTpPe30K BHEIIHEH KacaTesbHOl, y OKpa-
IIEHHBIX [10-pasHoMy — BHyTpenHeil (M. [15]). VI3 mocsenmeit paboTsl 3anMCTBOBAH yIadHbLI
TEPMHUH B HA3BAHUU CTATHU.

Teopema Keiicu 0 9eTbIpex OKPYKHOCTSIX, KACAIONIUXCS OJHONW OKPYYKHOCTH Ha €BKJIH-
JIOBOIi TLIIOCKOCTH, C UCIIOJIB30BAHMEM M30TPOIHON MPOEKINE UHTEPIPETUPYETCsl KaK TeopeMa
[Trosemes: 0 9eTHIPEXYTOIbLHUKE, BIMCAHHOM B ¢(hepy HyJIEBOrO PaJnlyca TPEXMEPHOTO ICEBI0-
eBKJIMJIOBa TipocTpancTia [12]. Ha puc. 3 ¢ ucnosb3oBanueM Takoii HHTEPIPETAIU TIOKA3aHO,
KaK OIPEIEJIIOTC KaCaTeJbHbIe PACCTOSHUS MEXKIY JABYMS OKPYYKHOCTSIMU, KACAIOIIMMIECS
OJIHO¥ OKPY?KHOCTH, B 3aBUCHMOCTH OT CHOCODOB KacaHus ¢ Helo. Bee 9T paccTosiHus paBHbI
paccrosaHuio S1.55.

Puc. 3. Ceuennsa HU30TPOITHBIX KOHYCOB €BKJINJIOBBLIMUA IIJIOCKOCTAMM.

AHaJIOTUYHYIO0 WHTEPIIPETAIIMIO MOXKHO JIATh JIJIsl IICEBIOEBK/INI0BA aHAJIOTa ITOI Teope-
MBI. DTO CBOJIUT JIOKA3aTEIbCTBO IICEBIOEBKJIMIOBA aHAJIOTa K JO0KA3aTEIbLCTBY €BKJIMJIOBOM
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TeopeMbl. Takas HHTepIpeTalysl [I03BOJISIeT YCTAHOBUTDL U HAIJIAHbIE T€OMETPUIECKHAE CBA3H
MeXKTy IpeobpasoBanusiMu Jlareppa Ha €BKIHIOBONM U IICEBIOEBKINIOBON IIOCKOCTSAX. Jlitst
[ICEBIOEBKJINIOBOM IIJIOCKOCTH, CTPYKTYPa KOTOPOii 3aJlaeTcd MHIe(PUHUTHON KBaAPaTUIHON
dopmMoii, OYIyT UCIIOTB30BATHCS MTOHITHAST METPUKA, JJINHA, PACCTOSHUE U T.JI., AHAJTOTHIHO U
JIJIS TICEBAOEBKJINIOBA, IIPOCTPAHCTBA. JTO HE JOJIXKHO IPUBOINTDL K HEIOPA3YMEHHSIM.

Ha 11ceB10eBKIMI0BOIl ITOCKOCTH ¢ MeTpHKOi ds? = da?—dz? B 1eKapTOBBIX KOOPIHHATAX
Oy/1leM paccMaTpuBaTh OKPY?KHOCTU ¢ MHUMbIMU pajuycamu. Ilycrs O (a1, ¢1) — KOOpAUHATHI
LIEHTPA OHO} IICEBIOEBKIIMIOBOI OKPYKHOCTH, by -1, rie 12 = —1, — ee pajuyc. AHAIOrI4HO,
O (ag, c2) u by-i — y apyroit okpyzxxuoctu. Ilycrs T, Th — ToUKHN KacaHust obIel KacaTebHO
OpsIMOii ¢ JaHHbIMU OKpy2KHOCTsiME (puc. 4). TIposemem npsimyro 117 napaJsuieibHO IPSIMOii
0103. B tpeyrombauxe ThToT umeen: |TiTy|? — |ToT|? = |T1T|?. Orciona

’T1T2’2 = (a1 — a2)2 + (bl — bz)z — (01 — 02)2.

D10 KBAJPAT PACCTOSIHUSI MEXKJLy TOUYKaMu ¢ KoopauHatamu (ai, by, c1) u (ag, b, c2) B Tpex-
MEPHOM IICEBJIOEBKJIMI0BOM IIPOCTPAHCTBE ¢ MeTpukoi ds’ = da® + db® — dc?.

O 0:

Puc. 4. Kacarenbaas K IICEeBIOEBKJINIOBBIM OKPY2KHOCTSM.

[TceBmoeBKINIOBBI OKPY2KHOCTH TOXKE MOYXKHO OPHEHTHPOBATH 110 YACOBOI CTPEJIKE WU
nporus Hee. To ecTb, eciu Ha OJHON BeTBHU (IOJIyOKPYZKHOCTH) OPUEHTAIMsI CJIEBa HAIIPAaBO,
TO Ha JIPYTOfl BETBU 9TON OKPYKHOCTH — HAOOOPOT. Y OJIMHAKOBO OPUEHTUPOBAHHBIX OKPY K-
HoCTell GepeTcsl KacaTeJbHasi K OJHOTUIIHBIM BETBSAM (BEPXHUM HMJIM HUZKHUM OJTHOBDEMEHHO),
Yy OPHEHTHPOBAHHBIX OKPY:KHOCTEH ¢ pasHOll opueHTalmell — KacaTejbHash K Pa3HBIM BeT-
BAM. ECJ'H/I IIJIOCKOCTDH C pacCMaTpuBaeMbIMU IICEBAOEBKJINIOBbIMU OKPY2KHOCTAMU IIOMECTUTDH
B TPeXMepHOe HCEBIOEBKIINI0BO MPOCTPAHCTBO ¢ MeTpukoi ds? = dx? + dy? — dz?, To Touxu
C KOOpJMHATAMHU X1 = a1, Y1 = b1, 21 = €1 U T2 = a9, Y2 = by, 29 = cy OyAYT BepIIUHAMU
HM30TPOIHBIX KOHYCOB, BBICEKAIONIUX JIAHHBIE OKPYYKHOCTH U3 TiockocTr y = 0.

JlmuHa oTpeska obIeil KacaTesIbHON [ICEBI0EBKINIOBBIX OKPYXKHOCTEN B ItockocTr Oz
c nenrpamu O1(aq, 1), Oz(asz, c2) u paguycamu by -4, by -7 COOTBETCTBEHHO COBNAJIALT C JJINHOM
orpe3ka 0011l KacaTebHON eBKJINJIOBBIX OKPYy2KHOCTell ¢ nenTpamu B (a1, b1), Ba(ag, ba) n
PaJIMYCaMH €1, Cy COOTBETCTBEHHO B 1tockoctu Oxy ¢ Merpukoii ds? = dx? + dy?. Pasencrso
JUTHH OOINUX KacaTeJbHBIX PaCCMaTPUBAEMBIX €BKJIMJIOBBIX W TICEBIIOEBKJINIOBBIX OKPYKHO-
CTell sBJISIeTCsS JYACTHBIM ciiyvdaeMm Oojiee obiiero daxra.

JlemMma 1. IlycTh B IICEBIOEBKINIIOBOM ITPOCTPAHCTBE 3a(PUKCHPOBAHBI JBa H30TPOITHBIX
KOHYcCa, U IJIOCKOCTH MePeceKaloT KOHYCHI IT0 €BKJIUOBBIM HJIH ICEBIOEBKIHOBBIM OKPYKHO-
crsam. Toryga jmnabL OOIMIX KacaTeIbHBIX Hap OKpy»KHOCTel (IIPH cOOTBETCTBYIONIEM BLIOODE
9THX KaCATeJIbHDBIX) OYJIyT DABHBI.

< Ilycrs 3adukcupoBanbl M30TpOIHBIE KOHYCHI ¢ BepimHamu S1 u Sy (puc. 5). Iycrs
obriast KacaTeabHas IJIOCKOCTDh 9TUX KOHYCOB IEPECEKAET €BKJIMJIOBY ILJIOCKOCTD I10 IIPSIMOM
A1 As. dTa KacaTeIbHAs JIOCKOCTD SIBJISIETCST TIOJTYEeBKINI0BOM. Paccrosinust o mpsimoit A1 Ao
BeIlleCTBEHHBIE, 110 IpsiMoii A1.57 — Hysessie. IlmockocTr, mepecekaroIe 3TH U30TPOIHBIE KO-
HYCBI IT0 €BKJIHIOBBIM WU TICEBIOEBKIINIOBBIM OKPYKHOCTSIM, MIEPECEKAIOT TLIOCKOCTh A1 A2Sy
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0 OOIIUM KacaTeJbHLIM K 3TUM OKPYKHOCTAM. IIpu 3ToM TOUYKM KacaHusl OYAyT JIeXKaTb Ha
n30TpoIHbIX obpasyromux A1Sy, AsSy. Bemencrsue mosyeBKIuaoBocTH ItockocT A1 AsST
JUTMHBL OTPE3KOB O0IIUX KacaTeabHbIX (Takux, HanpuMep, Kak T17Th) Oy/yT paBHbBI UX MPOEK-
UM TTAPAJIIETbHO YKa3aHHBIM 00pa3yonM Ha npamyio Ay As. >

Puc. 5. IzoTponHble KOHYCHI ¢ 00IIell KacaTeJbHOH II0CKOCTHIO.

Ecnm nsorponHast mI0CKOCTh IEPeceKaeT 9TH KOHYCHI IO IapabojiaM, TO JJIMHA OTPE3Ka
ux obIell KacareJbHOH Takzke Oymer paBHa ajuHe orpeska AjAs, Ho B mamHoil pabore Hac
WHTEPECYIOT CedeHUs] KOHYCOB MMEHHO €BKJ/IMJIOBBIMU W TICEBIOEBKJIMIOBBIMU IIJIOCKOCTSIMU.

Teopema 2. Ilycrp Ha 11CEBIOEBKJINIOBOI JIOCKOCTH OKPY?KHOCTH W1, W, W3, W4, W5, We
MHHMOI'O paJiyca KacaloTcsl B YKa3aHHOM IOPs/IKe OJHOH OKPY>KHOCTH W MHHMOI'O DaJIuy-
ca. Ilycrp t;;— gmmHa orpeska oOIell KacaTe/bHOH OKpYy»KHOCTell w;, wj, B3ATOH ¢ y4eToM
OpHEHTAIINU OKPYKHOCTeH. Torja HMeIoT MECTO COOTHOIIIEHHUSI:

t13 - tog = t12 - 34 + t14 - to3

t14 - tos - t36 = t12 - €36 - Ta5 + €12 - 134 - t56 + 123 - t14 - t56 + tog - tas - 16 + t34 - T25 - L16.

< Ileppoe coornomenne — teopema Keiicu, Bropoe obobimaer ee u Teopemy Pypmana
(cm. [10, 11]) Ha mecTb OKPY?KHOCTEI, KACAIONIMXCSI OJTHON OKPY2KHOCTH. J[0KA3aTeIbCTBO Cle-
JlyeT u3 oDIIeil MHTepIpeTaluu 3TUX TeOPEM U3 €BKJIMJIOBOM U IICEBI0EBKJINJIOBOI MeOMETPHil
KaK TEOpeM O MHOTIOYTOJIbHMKAX, BIIMCAHHBIX B M30TPOIHYI CHEPY TPEXMEPHOIO IICEBI0EB-
KJIJIOBA ITPOCTPAHCTBA. JIefCTBUTEIBHO, €C/IU MICEBI0EBKINI0BbI OKPYKHOCTH KACAIOTCS, TO
IpU U30TPOIHON TPOEKITNU BEPIITUHLI COOTBETCTBYIONIUX WM KOHYCOB B TPEXMEPHOM IICEB-
JOEBKJINJOBOM IIPOCTPaHCTBE COEAUHIAET BEKTOD Hy,)'[eBOfI JJINHDBI. SHa‘{I/IT, meCTu OKPY2KHO-
CTSIM, KACAIOIIMMCsT OJTHON OKPY2KHOCTU W, OYJLYT COOTBETCTBOBATH IECTHh BEPIIUH KOHYCOB,
JIEXKAIUX Ha OJHOM HM30TPOITHOM KOHYCE, COOTBETCTBYIOIIEM OKPY2KHOCTH w. KacarejbHbIM
PACCTOSTHUSIM MEXKJIy OKPY2KHOCTSIMHU OVIyT COOTBETCTBOBATH PACCTOSHUS MEXKJY TOYKAMU
OJIHOT'O M30TPOIHOI'O KOoHyca. Eciu Bcio KoHMUIypaIHIO 11epecedeM e€BKJINI0BOI IIJIOCKOCTBIO,
TO B CEUEHUU TOJIyIUM HADOP €BKJIMJIOBBIX OKPYXKHOCTEH, KACAIOIUXCS OJHON €BKJIUJIOBON
OKPY2KHOCTH. Pa.CCTOHHI/IﬂI\J MeXK/1y BeplinmHaMnu KOHYCOB 6yﬂyT COOTBETCTBOBATH JJIMHDLI OT-
PE3KOB ODINMMUX KACATEJbHBIX K 9TUM OKPYXKHOCTSM. [IpH 9TOM COOTHOIIEHHE MEXKJy OTPEe3-
KaMU IICEBJIOEBKJINJIOBOM IIJIOCKOCTH CTAHET SKBUBAJEHTHO aHAJOI'MYHOMY COOTHOIIEHUIO Ha
€BKJINJIOBOI IJIOCKOCTH, UTO U 3aBepINaeT JOKa3aTeJbCTBO. [>
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3. IlpeobpazoBanus Jlareppa

[Tpeobpasosanus Jlareppa Ha eBKJIXIOBOI INIOCKOCTH PACCMATPUBAJIN PA3ITIHbLIE ABTOPLI.
O6mumpnasi 6ubauorpadust 110 reomerpun Jlareppa nmeercst B [16]. IIpeobpasosanust Jlarep-
pa M UX aHAJOTU B Pa3/IMYHBLIX IPOCTPAHCTBAX SABJIAIOTCH Peobpa3OBaHUSIMU MHOTOOGpa3Hil
dburyp srux npocrpancrs. [omyckasi onpee/eHHyI0 BOJIbHOCTL Pedr, GyJeM IPOCTO I'OBO-
pUTL O IpeobpasoBaHusaX Jlareppa paccMaTpuBaeMbIX IIPOCTPAHCTB. B aBymepHOM cilydae
5TU 1Ipeobpa3oBaHus BO3JEHCTBYIOT Ha (opueHTHpOBaHHbIE) HpsiMble. CeMellcTBa MpPSIMBIX,
orubalolue OKPY>KHOCTH, IIPU 3TOM NEPeBOJATCS B aHaJIOTH4HbIe ceMeiicTBa. Ecau npsimas
IPUHAJJIEXKAT JABYM TaKUM ceMeiicTBaM, TO IPH IPeodpa3oBaHUAX COXPAHAETCs JIJIMHA OTPe3-
Ka npsiMoit Mexk iy Toukamu kacanust. A. I1. Ilupokos [17] mpeaioKu ciielyiommii moaxo 1 K
IIOCTPOEHMIO IPyIIbl Jlareppa, Tounee, ee anrebpst Jlu, Ha E? ¢ merpukoii ds? = dx? + dy?.
Ha eBk/Ima0Boil OKpyzKHOCTH

y = sin(ul),
PaccMaTPUBAIOTCS BEKTOPHBIE T10JIs
d d d
1 ol
e cos(u") Tl sin(u )dul’

KOTOpBIE, B CBOIO O4YepPe/ib, MOPOXKIAIOTCA OllepaToOpaMy I'PYNIIBI BpaIlleHWil 1 mapaJijieIbHbIX
[IEPEHOCOB B HAIIPABJIEHUN KOOPIUMHATHBIX OCeil. 3aTeM CTPOSITCsl WX IMOJIHBbIe Vi — V3 1 Bep-
TukajbHble V4 — Vg audThl B KacareJbHOE PACCIOEHUE OKPYKHOCTH:

V_i Vo — 1y 9 2ain(t) 2 Va = si 1y 9 2 1y 9
1= 5.0 V2 = cos(u )8u1 u”sin(u )8u2’ 3 = sin(u )8u1 + u” cos(u )8u2’ n
0 B 1 ., 0
YT 0w 5 = cos(u )8u2’ 6 =sin(u )8u2'

3ech, Kak 0ObIYHO, OTOXKIECTB/ISAIOTCS BEKTOPHBIE 10JIsl U COOTBeTCTBYIomue juddepeniu-
asibHbIe oreparopbl. OpUeHTHpOBAHHAS IPSIMAsi, UMelomas Hanpas/erne € (cos(u'), sin(ul)),
38/1a€TCsl HOPMAJIbHBIM YPaBHEHHEM

—zsin(ul) + ycos(u') —u® = 0.

2

HyCTb BeleCcTBEeHHbIe 4YHuCJja a, b, C (bHKCHpOBaHI)I, a ul, u” MEHAIOTCH. TOF,IL& ceMeiicTBO

MIPSIMBIX
—asin(ul) + beos(ul) —u? = ¢

orubaer nUKJI (OKPY?>KHOCTB) ¢ 1eHTpoM (a,b) u pamuycom c. IIpeobpaszoBanusi IPSIMBIX UH-

JyIUpYyIOT Ipeobpa3oBaHus IUKJIOB. B mepeMeHHBIX @, b, ¢ COOTBETCTBYIOIIUE OIEPATOPSI

IIPUMYT CJICAYIOIIUNA BU/I;:

0 0 0 0 0 0
Vi=—ba tagy Ve=—cg,—age Vi= e~
0 0 0 (2)
Vi==5 Y%=m Y=g

AHaJIOrIIHO, 3318, [MM IPSMYIO Ha [ICEBJI0EBKIIHIOBOII INIOCKOCTH ¢ MeTPHKOil ds® = dx? —
dz? HOPMAJIBHBIM YDABHEHHEM:

—zsinh(u') 4+ zcosh(u!) — u? = 0.
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Basuc anre6per JIu rpynmnsl npeobpasopanuii Jlareppa Ha IICeBIOEBKJINIOBOI ILJIOCKOCTH
MOZKeT ObITh 3aJlaH cJiepyomum obpasom [18]:

0 0

Wy = Dl Wy = cosh(u') i + % sinh(u!) WL
0 0
W3 = sinh(u!) i + u? cosh(ul) WL Wy = WL (3)
0
W5 = cosh(u') WL W = sinh(u!) EWE
Kak u Bbiie, BekropHbie 11015 Wi — W3 B (3) sBISIOTCS HOJTHBIMU JIETAME BEKTOPHbBIX
roJtei d
. 1 3 1
Tl cosh(u )m, sinh(u )w,

3a/IAHHBIX HA [ICEBIOEBKIJINOBON OKPY?KHOCTH, B €€ KacaTeIbHoe paccioenue, nosst Wy—Ws —
UX BEPTUKAJIBHBIME JIL(TaMH.
[lycTh ONATL BelecTBeHHbIe YnCaa a, b, ¢ dukcnposanbl, a ul, u? Mensiorcs. Torma mps-
Mble
—asinh(u!) + ccosh(u!) —u? = b

KaCcaroTCsl ICeBJI0EBKIINIOBON OKPYKHOCTH C IIEHTPOM (a, ¢) 1 pajuycom b-i. [IpeobpasoBanust
[ICEBJIOEBKIIUIOBBIX TPSIMBIX, UHIyIUpOBaHHbIe orneparopamu Wi — Wy, mopoxkpaoTr mpeoo-
pa3oBaHus MUKJIOB. B mepeMeHHbIx a, b, ¢ COOTBETCTBYIONINE OIEPATOPHI IPUMYT CJIETy IOIITHI
BT

0 0 0 0 0 0
Wl—c%%—a&, Wg——b%%—a%, Wg—b&%—c%,
0 0 0 (4)
W4: %, W5 = %, W6 = —%

Orcrona, cpasuuBast (2) u (4), umeem

W1 = —VQ, W2 - V17
W3 =-V3, Wy=1Vs
Ws=—-Vy, Weg=1.

Taxkum 06pazoM, OmepaTopbl IPYIII TPEOOPaA30BaHUN COBIAIAIOT C TOYHOCTBIO JI0 MOPSiIKA
craemoBanus u 3Haka. OTIHane B 3HAKe JJIs OTIEPATOPOB O3HAMAET, ITO OHU TIOPOXKIAIOT OJTHO-
IapaMeTpUUecKue Ipylibl TPAHCIAINN WM BPAIleHUil B IIPOTHUBOIIOIOKHBIX HallpaBJIECHUIX.
ITosryaennoe cooTBeTCTBHE TO3BOJISIET YCTAHOBUTL B3AMMOCBSI3U MEXK/Iy TPe0Opa30BAHUIMUI
Jlareppa Ha eBKJIMJIOBOI ¥ IICEBJIOEBKJINJIOBOI IIockocTaX. [IpomsumiocTpupyem 310 Ha KOH-
KPETHBIX IIPpUMEpax.

3.1 IIpeobpazoBanus Jlareppa, MHAYIIMPOBAaHHbIE THUIIEPOOJINYIYECKUMI BUHTO-
BBIMU JIBHXKEHHUsIMU. PaccMoTpuM ofHOIIapaMeTpUdecKre TPYIINIbI [IPeoOpa3oBaHuil, I10-
poxaembre omeparopom Ws 4+ uWs, roe p — HekoTopasi BeIleCTBEHHAsl KOHCTaHTa. B Tpex-
MEPHOM TCEBJIOEBKJINIOBOM TPOCTPAHCTBE 3TOT ONEPATOP MOPOXKIAET OHOIIAPAMETPUIECKYIO
IPYIIYy BUHTOBBIX IBUXKEHUI rurepboimdeckoro tuma. [lokakem, Kak CBA3aHBI JEHCTBUS CO-
OTBETCTBYIOIINX IIpeobpazoBanuii Jlareppa Ha eBKIMIOBOI U IICEBIOEBKINIOBOM IJIOCKOCTSIX.

Ha eBKJINI0BOI IJIOCKOCTH COOTBETCTBYIOIIUI OTIEPATOD MUMEET CJICYIONIUI BUJI:

- sin(ul)i + (—u?cos(u') + psin(u'))

Oul ou?’
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TpaeKTOpI/II/I B MHOFOO6paBI/II/I IPAMBIX eBKJIH,Z[OBOfI IIJIOCKOCTH 3a/JaX0TCA CHCTEeMOIT ypaBHeHI/Iﬁ

dd—zf = —sin(ul),
dd—qf = —u?cos(ul) + psin(ul).

Orcrona ,
u? = —psin(ul)In ( tg % + C'sin(ul).
Buecs C' — KoHCTaHTa MHTErpupoBaHus. V13 cucrembl ypaBHeHuUi
—zsin(ul) + ycos(ul) = —psin(ul) In (tg “71> + C'sin(ul),
—zcos(ul) — ysin(ul) = —pcos(ul) In <tg %) — p+ ccos(ul),

HaXOUTCS OrUOAIOIIAsT STOTO OIHOIAPAMETPUIECKOTO CEMENRCTBA MPAMBIX:

T =p (ln(tg “—21) + Cos(ul)) - C,
y = psin(ul).

Orcroma ciemyer, 9To HpsiMasi HA €BKJIUIOBOI ILJIOCKOCTH IIOJ JEeHCTBHEM OIHOIApaMETPHU-
YeCKOH I'PYIIIbI TUIEPOOTMIECKUX BHHTOBBIX JIBUKEHUN CKOJIB3UT 10 TPAKTPHUCE C ITapaMeT-
poMm p. Baszoit rpakTpuce ciayxut ock Ox. [IpeobpazoBanus 1CeBIOEBKIIMIOBA IPOCTPAHCTBA
[IEPEBO/IAT M30TPOIHBIN KOHYC € BEpIINHO B Touke (r = a,y = b,z = c) B U30TPONHBIA KO-
nyc. KacarenbHasl IJIOCKOCTL K M30TPOITHOMY KOHYCY IEPEXOJUT B KACATEIbHYIO ILIOCKOCTH
K ero obpagy. Ob6pa3 mpsaMmoit, Mo KOTOPOi KacaTeJbHas IJIOCKOCTH MEPECEKACTCS € eBKJIN-
JIOBO TJI0CKOCTBIO Oy (1ICEBI0EBKIINIOBOI TI0CKOCTBI0 OX2), OPEIE/ISeTCsl IepeceueHneM
00pasa KacaTeJIbHOI TJIOCKOCTH C €BKJIMJIOBOIl (COOTBETCTBEHHO, TICEBIOEBKIINIOBOI) TLIIOCKO-
CTBIO. DTO IO3BOJISIET CBA3ATh M€OMETPUIECKUE XAPAKTEPUCTUKU OPOUT OJIHOIapaMeTpude-
CKUX TOArpyI rpymibl Jlareppa Ha eBKJIMJIOBON M IICEBIOEBKJINIOBOI ILIOCKOCTAX. IlycThb
npsiMasi 1 Ha €BKJIMJIOBO# IJIOCKOCTH KacaeTcs orubarorieit B Touke N. [locrpoum msorporr-
HBIIl KOHYC, KacaroIuiicss IpsiMoii B 310l »Ke Touke. Orpe3ok N P mpsiMoil OT TOYKH KaCAHUST
1o ocu Ox umeer jpuny |p|. I[Tnockoers Oxy mepecekaerT KOHYC MO €BKJIUIOBOI OKDPYKHO-
cru. [lnockocts Oz z miepecekaeT ero 1o NCEeBJI0EBKIIMIOBOM OKpy2KHOCTH. B mockoctu Oxz
KacaTeJbHag IJIOCKOCTb K KOHYCY BbICEKAET IICEBIOEBKIINIOBY IIPAMYIO 1, KACaloIlyIOCs IICeB-
JIOEBKJIUJIOBOI OKPYKHOCTU U OrUOAIOIIEH CeMeliCTBa IPSIMBIX, [TOJIYY€HHBIX U3 [ICEBIOEBKIIH-
JIOBOIl TIPsIMOil M TI0J, AEHCTBUEM OHOIIapaMeTPpUIecKoil rpymmbl, B Touke M. IlockoabKy
KacaTeJIbHasd MJIOCKOCTb K KOHYCY IMOJIyeBKJINI0Ba, B Tpeyroiabauke M N P cropona M N ne-
JKUT Ha U30TPOIIHOI IPsIMOit, 1 jytnHa orpeska M P 6yuer pasHa jymmHe orpeska N P (puc. 6).
DTO 03HAYAET, UTO HA IICEBIIOEBKJINIOBON TI0cKOCTU QX2 IpsMasi TaKKe OyJIeT CKOJIB3UTD 110
JIMHWH, JJINHA OTPe3Ka KacaTeJabHON KOTOpOil 10 ocu O MOCTOSIHHA U paBHA (.

z

xy

Puc. 6. Cssa3b mpeobpazoBaHuii.



80 Kocrun A. B.

AnaJIMTUIeCKN BbIpakKeHue Jjisi OPOUT MOXKHO HalTH aHAJIOIMYIHO Hpeablayimemy. Onepa-
TOP OJIHOIIAPAMETPUIECKON I'PYIILI IIPEOOPA30BaHUT UMeeT BUJ

0

3 1
sinh(u") R

s (u2 cosh(u') + ,usinh(ul))

L u? yroBieTBOPSIIOT cUCTEMe ypaBHEHHIT

[Tepemennnie u
1 .
2 — sinh(u!),

% = u? cosh(u!) + psinh(ul).

s u? w3 (5) mosydaem cietyroniee BhIpazkenue depes u':

1
u? = psinh(u') In (tanh %) + C'sinh(u').

Hasee, u3 cucreMbl ypaBHEHUI
—zsinh(u') + y cosh(u') = psinh(u!) In (tanh %) + C'sinh(ut),
—x cosh(u!) + ysinh(u!) = pcosh(u!)In (tanh %) + p + C cosh(ut),

HaXOIUM TIapAMETPUIECKUE YPABHEHUS OPOUT — JIMHUI, 110 KOTOPBIM CKOJIB3ST IICEBIOEBKIIM-
JIOBBI TIPsIMBIE TIOJ JIEHCTBUEM OJHOIIAPAMETPUIECKON IPYIIIbI IPe0Opa30BAHMIA

r=—p <ln(tanh “71) + cosh(u1)> -C,
y = —psinh(ul).

VY 3TOro IceBI0eBKIIMI0Ba AHAJIOra TPAKTPUCH 6238 U KacaTesbHasl SBJIAIOTCS IPSMBIMU
oxnoro Tuma. Kpome 6a3bl uMeeTcs elle M30TPOIHAs acUMITOTa. Kpubas He mMeeT 0COOLIX
TOYEK.

XOpOoIIo U3BECTHO, YTO HA IOBEPXHOCTH, II0JIy9eHHON BpalleHIeM TPAKTPUCHL B €BKJIHMJIO-
BOM IIPOCTPAHCTEBE, JIOKAJLHO peanusyercsa reomerpus Jlobadesckoro. Ilpn runepbommaeckom
BpAIIEHUH 3TOrO IICEBJIOEBKJIMIOBA, aHAJOra TPAKTPUCHL OTHOCHTEJILHO €€ 0a3bl II0JIydaeTCs
IIOBEPXHOCTD, ABJIAIONIIAACA OJIHMM M3 aHaJIOI'OB HCQBILOCCbepr n F.HO6a.HbHO N30MeTpUIHAasI
mwiockocTu JIoGagesckoro. Hekoropere cBoiicTBa ApyTHX IICEBIOEBKIMIOBLIX aHAJOIOB IICEB-
nocdepbl oTMedeHbl B craTbe [19).

3.2 IIpeobpazoBanus Jlareppa, MHAYHUPOBAHHBbIE U30TPOITHBIMUA BUHTOBBIMU
JOBUKEHUSAMMU. PaccMOTpUM OIHOIIAPAMETPUYIECKNAE TPYIIILI IPEoOPa30BAHUN, TOPOXKIae-
mbie oneparopom Wi+ Wy + - (Wy+ Ws). B TpexMepHOM HCEBI0EBKIINIOBOM [IPOCTPAHCTBE
9TOT OIEPATOP MOPOKIAET OJHOMAPAMETPUIECKYIO TPYIIY BUHTOBBIX JIBUXKEHUIT, OCh BpaIIe-
HUAST U BEKTOP IEPEHOCA Y KOTOPBIX M30TpOnHbI. [lokaxkeM, 9TO m B 9TOM ciydae mpeodbpa-
3oBanud Jlareppa, HHIYIIMPOBAHHBIE STUM OIEPATOPOM HA €BKJIMIOBOI W IICEBIOEBKJIINIOBOI
IJIOCKOCTSIX, Oy/IlyT UMETh ITOXOXKIEe reoMeTpudecKue cBoiicTBa. Ha 1ceBmoeBK/IMI0OBOIM ILTOC-
KOCTHU COOTBETCTBYIOIIUI ONEPATOP MMEET CJIEYIONIN BU;:

9 9
Oul ou?’

[Tycts ¢ — rpynmoBoit mapamMeTp OgHOIaPAMETPUIECKON IPYIIIbI Tpeodpa30BAHMIL, TOPOXK-
1

(1 + cosh(u')) (u?sinh(u') + g (1 + cosh(u')))

JTaeMOH JIAHHBIM oIlepaTopoM. IlepeMentbie ', u? ynoBIETBOPSIOT cHCTEMe ypaBHEHMil

dd—qf =1+ cosh(ul),

dd—zf u? sinh(u') + pu (1 + cosh(u')) .
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Orcroia HETPY/IHO TIOJTYy YU Th, 9TO [ICEBIOEBKINI0BA IIPSMasi [OJT JIefCTBIEM Ipeobpa3oBa-
HUI, TOPOXKIEHHBIX PACCMATPUBAEMBIM OIIEPATOPOM, Oy/IeT CKOIB3UTD IO IICEBI0EBKINIOBOMI
OKPYZKHOCTH

(@ —p)?— (2= 0)*=-C~ (6)

HCGBAOGBKHHILOB& Opr)KHOCTb TaK2Ke fABJIAeTCA OJHHUM M3 aHaJIOT'OB TPAaKTPUCHI. y Hee
OTPE30K KacaTeJIbHOH 10 M30TPOIHON IPsSIMOl MMeeT IOCTOSHHYIO JIMHY. s mHTepIipe-
Tanuu napaMerpa t ogHOImaApaMeTPUIECKON TPYyIIIbl IPeoOpa30BaHul MOXKHO MPUBJICYL Ie€0-
METPHUIO TaK Ha3bIBAEMOM MIeabHON 00J1acTh IIOCKOCTH JI06aueBCKOro, JIOKAJIbHO HECYIIei
reomerpuio jie Currepa, ciemyomumM obpasoMm. Beeaem Ha rtockoctu Oxz JIOMOJHATEIBHO
K IICEBIOEBK/INIOBOH MeTpUKY ds’ = d:’i;gdzg. B kagecTBe abcosiora B Takoil MOIEIU HIIe-
aJIbHOI 00JIaCTH BBICTYIIAeT OCh abcrmce. MeTpuka B Hell KOH(MOPMHA IICEBIOEBKJINIOBOMI
MEeTpHUKe. DJUINIITHIECKUE IpsiMble ITocKocTr je Currepa B TAKOH MOIEIH H300PaskKaroTcst
[ICEBIOEBKINIOBbLIMUA OKPY2KHOCTSIME MHUMOTO PAJINyCa C IEHTPOM Ha abCOJIIoTe, M30TPOIl-
HbIE TIPSIMbIe — OKPY>KHOCTSIME HYJIEBOTO PAJIAYCa € EHTPOM Ha abCoJFoTe, TUIepOOIMIecKue
[IpsIMble — OKPY2KHOCTSIMHU BEIIECTBEHHOI'O PAJIYCa U IPSIMBIMH, OPTOTOHAJIBLHBIME a0COJIIOTY,
OPUIUKJIBI — OKPYKHOCTSIMU, KACAIOIMMMUCH abCOIIOTa U MPAMBIMU, TAPAJLIETbHBIMUA a0COo-
sory. Kaxkaas 1ceBIoeBKINI0BA MOy ILJIOCKOCTb, IPAHUIEl KOTOPO# CIy>KUT abCOJIIOT, I10-
KPBIBAET BCIO UJICAIBLHYIO 00/1aCTh IJIOCKOCTH JI0OaTeBCKOro 3a UCKJIIOUYEHNEM OJHOI M30TPOII-
Hoit npsimoit. TlceBioeBkimoBa OKpYKHOCTH (6) craHer opunukJIoM 1iockocTu Je Currepa.
IlycTh MCeBI0eBKINI0Ba MpsMas KacaeTcst opurukita B Toaxe M (puc. 7). Ecom yron ul, za-
JAIOMINI HAIPAB/ISIOMNI BEKTOP IPSIMOil, IPU CMEINEHUN IPSIMOIl 110 OKPY?KHOCTHU II0JIy9aeT
HEKOTOPOE IPHUPAIIEHNE, TO TAKOe YK€ IPHUpPAIeHHe TIOJIyIaeT yroJl, 3a a0yl HalpaB/IeHue
[ICEBIOEBKINI0BOI HOpMaJI 3Toi npsimoit. [loa yryioM, TodHee 1o BEJIMYMHON yIJIa, MEXKIy
ABY M IIPOCTPAHCTBEHHO HO,ZLO6HBIMI/I nJjm BpeMeHI/IHOﬂO6HbH\/H/I OPAMBIMUA 31€CHh ITOHUMAaETCA
BeJINUMHA THUIIEPOOJUIECKOTO yIIa — YUCAEHHOe 3HAYeHMe ILIOIAIU CEKTOpa THUIIEepPOOJIbI C
eIMHIYHBIME TI0JIyOCSIMU HA €BKJIIIOBOII II0cKocTH. Bemmunna yria LK M pasna u', Ben-

anna Brmcannoro yria NSL Basoe menbire, T. e. ul/2.

N
—

N

T

Puc. 7. Opunukn wrockocru me Currepa.

Ha puc. 7 kacarenbHasi B I0KHOM IIOJIFOCEe S IICEBJIOEBKJIMIOBOI OKPY?KHOCTU IIPHHSITA
3a abcostor mwiockocru Je Currepa. Ilcenoeskimgosoit nnsepcueit (cum. [14]) ¢ nenTpom B TOU-
ke S mepesesieM ayry N M opunuikiia B orpe3ok N L. Takast HHBepCHUsT SIBJISIETCS JIBUXKEHUEM
merpuk jie Currepa. Jlasee BOCIOIb3yeMcs CBOMCTBOM 9JIEMEHTAPHOI T€OMETPUH IICEB/I0EB-
KJIn10Bo# twockoctu. B tpeyronbuuke NSL karer |[NL| = |[NS|-tanh(NSL). B merpuxke ne

[NL|

Currepa oTHOIIEHTE [NS] PABHO JUIMHE JIyTH OPHIIK/IA NL. g reoMeTpUiIecKoil XxapakTe-

PUCTUKHU T'PYIIIOBOTO HapamMeTrpa t oOpaTuMcsa K yPaBHEHHUIO

d 1
% =1+ cosh(u'),
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XapaKTepU3yIoIeMy BpalleHne MpsIMOil, Kacaroleiicsa IMCeBI0eBKINI0BOM OKpyKHOCTH. 13

9TOr'0 ypaBHEHUA ITOJIYINM
1 1

tanh 0 _ tanh L — t,
2 2

rie uy = ul(0). A orcioma ciejyer, 4TO IPYIIOBOfi APAMETDP OJIHONAPAMETPHYECKOil IPYII-
[bl, NHIYIUPOBAHHONM OIIepaTOPOM I'PYIIILI BUHTOBLIX JBUXKEHUI ¢ M30TPOIHOM OCHIO, MOXKHO
MHTEPIIPETUPOBATD KaK JJIMHY IyT'd OPUIUKJIA UIEAJTHHOM 00J1acTh mockocTu JlobatueBcKoro,
JIOKaJIbHO HecyIeil reomerputo ge Currepa.

Temepb HETPYAHO MOJIYIUTH T€OMETPUIECKYIO XAPAKTEPUCTUKY OPOUT COOTBETCTBYIOMINAX
peobpa30BaHMii Ha €BKJIMIOBOW IIJIOCKOCTH, He mpuberas K MHTErpupoBaHmio. Ha rcesio-
eBKJINIOBOM 1tockocTr Oxz TpsiMasi CKOJB3UT 110 OKPYXKHOCTH MHUMOI'O pajuyca. Takoi
OKPY2KHOCTH IIPYU U30TPOIHOMN IPOEKIINN COOTBETCTBYET U30TPOIHbBINA KOHYC C BEPUIUHONA B TOY-
ke ¢ koopuHaramu (u, C, C'). TIpeobpazoBanusi ofHOIAPAMETPHYECKOI MDYl HHJLYUPYIOT
Ipeobpa30BaHMs N30TPOIHBIX KOHYCOB U UX KacaTeJIbHbIX IIJIOCKOCTEH, BHICEKAIOIINX IIPSIMbIE
B pacCMaTpHUBa€MBbIX eBK.HI/IPZLOBOI‘/JI n HCQB,Z[OeBK.HH,I[OBOfI IIJIOCKOCTHAX. STI/I KOHYCbBI 1 UX KacCa-
TeJbHbIE IIOCKOCTH CMEIAIOTCsI, OCTaBasiCh KacaTeJbHBIMU K KOHYCY C BEPIIMHON B TOYKE
(u, C, C). Buaunr, B eBKINI0BON 110cKocTH Oy 1psivasi OyeT CMEIAThCsl, OCTABAsICh Kaca-
TeJIbHON K OKPY?KHOCTHU € HEHTPOM B Touke (x = u, y = C') u paguycom C.

I'pynmosomy mapamerpy t MOXKHO JIaTh MHTEPIIPETAIINI0 AHAJIOTUYIHO IIPEIBIIYIIEMY CJIy-
4Jalo, HO y»Ke C HMCIIOJIb30BaHneM Merpuku JlobadeBckoro. B kadecTse abcosora Gepercst Ka-
caTesibHas MIpsIMasi K €BKJIUJIOBOI OKPYKHOCTH, SIBJIsIIOIeicst opouToit. OKPYy>KHOCTb B 3TOM
cllydae CTaHeT OPHUIIMKJIOM ILIOCKOCTH JI0GadeBCKOro, a IpYyIIIOBOIl ITapaMeTp HCTOJIKOBBIBA-
ercsl KaK JJIMHA JyTU OPUIMKJIA TJIOCKOCTH JI06adeBCcKoro.

4. 3aKJI0YNTEeIbHbIE 3aMeYaHUsI

st mcronkoBaHust mpeobpasoBanmii Jlareppa, WHIyIMPOBAHHBIX JIPYTHMH OIlepaTopa-
MM, TAK>K€ MOXKHO IPHUBJI€Yb I'MIIEPOOINIECKYI0 NeOMETPHIO. B 9acTHOCTH, MOXKHO IIOKA3aTh,
9TO MPU IPeodpa30BaHUSIX, WHIYIIMPOBAHHBIX OIEPATOPOM OIHOIIAPAMETPUIECKON I'PYIIIIbI
S/UINIITUYECKUX BPAIIEHUI, IICEBIOEBKJINIOBA MIPsIMasi CMEIAETCS 110 JIPYTIOMY IICEBIOEBKJIM-
JIOBY QHAJIOI'y TPAKTPHUCHI. DTOT AHAJIOI MOYKET CJIYKUTh MEPUINAHOM IICEBIOEBKJINIOBOI 110~
BEPXHOCTH BPAIIlEHUs, sIBJISIIONIENCS Ipoao/KenneM 1ceBnocdepsl benbrpamun — Mumaumra.
CBs3b 1nceppocdeprudeckux moBepxHocreii MU uara 1 ux 1ceBI0eBKINI0BBIX IPOIOIXKEHIA
C IIOBEPXHOCTSIMU B TPEXMEPHOM T'UIIEPOOIMIECKOM IpocTpaHcTBe onucana B [20].

Wcronb3yst MHTepIIpETAIMI0 TeopeM O MUKJIAaX TIUIepOOoIMIecKol IIJIOCKOCTH W Kaca-
TEeJbHBIX PACCTOSIHUAX MEXKJy HUMHU KaK TeOpeM O BIHMCAHHBIX MHOI'OYTOJBHHUKAX B Cepbl
[ICEBIOTUIIEPOOIMIECKOTO TIPOCTPAHCTBA, MOXKHO YCTAHOBUTH B3aMMOCBSI3U MEXKJIy IIpeobpa-
zoBaHusIMU Jlareppa B IpOCTpaHCTBaX HEHYJIEBOH ITOCTOAHHONW KPUBHU3HLI. lIpuBeneHHbIE B
pabore [11] B3auMOCBsI31 MeKJ1y €BKJIMIOBBIMU U MHIIEPOOJNIECKUME TEOPEMAMU O UKJIAX U
KacaTeJIbHBIX PACCTOSIHUSIX JOIYCKAIOT JaJibHelime 0000Inennsi. B yacTHOCTH, TeOpeMbl THIIA
Keiicu, B KOTOpBIX BMECTO OTPE3KOB ODOIMMX KACATEJbHBIX IPSIMBIX PACCMATPUBAIOTCA JIYTH
KaCaTe/IbHBIX OPUIUKJIOB MOYKHO ODOOIUTHL Ha JPYTHe MUKJIbI IIocKocTH JIobadesckoro. 13
HepaBencrBa [ITojemest B rumrepOOJIMIecKoil reOMeTPHH TaKKe MOXKHO IOJIYYUTh P HATJISAI-
HO MHTEPIpPETUpPYeMbIX ciiencTBuii. OHUM U3 CJIEJCTBUI sIBJIsteTCsl aHaJIor TeopeMbl [lomMrero
0 TOM, YTO U3 TPEX OTPE3KOB, COEIMHSIIONINX IIPOU3BOJILHYIO TOYKY M IIOCKOCTH C BEPIIH-
HAMH IIPABWJIBHOIO TpeyrojbHuka ABC | MOXKHO COCTaBUTb TpeyroibHUK. Ecmum Ttouka M
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JIEYKUT Ha, OMMCAHHONW OKPYKHOCTH TpeyroibHuKa ABC, TO B €BKIMIOBOM CJIyYae TPEyTroJib-
HUK, cocTaBJieHHbII u3 oTpeskoB M A, M B, M C, Beipoxknaercsi. Ha rtockoctu JlobadueBckoro,
B OTJIMYKE OT 9TOrO, TPEYTOJbHUK HE BBIPOXKJIAETCS, & JIUINb OKA3bIBAETCS BIIMCAHHBIM HE B

OKPYZKHOCTb, & B OPUIUKJII.
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Abstract. The article explores the connections between Casey’s theorems and their generalizations on
the Euclidean and pseudo-Euclidean planes. Along with Casey type theorems about circles and “tangent
distances” between them, Laguerre transformations that preserve such distances are considered. Using non-
Euclidean geometry, some connections between such transformations are described. In Casey’s theorem, which
is one of the generalizations of Ptolemy’s theorem on an inscribed quadrilateral, four circles are considered
that are tangent to one circle on the Euclidean plane. Instead of the lengths of the sides and diagonals,
Casey’s theorem takes the lengths of the common tangents of the corresponding pairs of circles. This theorem
can be easily generalized to a larger number of circles. In addition, this theorem has various analogs and
generalizations in spaces of constant curvature. On the pseudo-Euclidean plane, one can also consider analogs
of Casey’s theorem and its generalizations. Theorems of this type on the pseudo-Euclidean plane are a direct
consequence of the corresponding Euclidean theorems. In this paper, a correspondence is constructed between
configurations of circles on the Euclidean plane and configurations of circles of imaginary radius on the pseudo-
Euclidean plane. In this case, the relationship from Euclidean geometry corresponds to the same relationship
in pseudo-Euclidean geometry. Laguerre transformations on the Euclidean plane affect oriented lines. In this
case, the family of straight lines enveloping the circle, under the influence of Laguerre transformations, passes
into a similar family. If a straight line belongs to two such families, then under Laguerre transformations
the length of the straight line segment between the points of contact with the circles is preserved. Using
isotropic projection, Laguerre transformations on Euclidean and pseudo-Euclidean planes can be considered
as transformations induced by the movements of three-dimensional pseudo-Euclidean space. To describe the
properties of one-parameter subgroups of the Laguerre group on the Euclidean and pseudo-Euclidean planes,
the Lobachevsky and de Sitter geometries are used.

Keywords: Ptolemy’s theorem, Casey’s theorem, Fuhrmann’s theorem, Laguerre transformations, space
of constant curvature.

AMS Subject Classification: 51M09, 53B30.

For citation: Kostin, A. V. Casey Type Theorem and Laguerre Transformations, Viadikavkaz Math. J.,
2025, vol. 27, no. 4, pp. 72-85. (in Russian). DOI: 10.46698 /m2064-2286-7424-1.

References

1. Kubota, T. On the Extended Ptolemy’s Theorem in Hyperbolic Geometry, Science Reports of the
Tohoku University. Ser. 1: Physics, Chemistry, Astronomy, 1912, vol. 2, pp. 131-156.

2. Shirokov, P. A. Etudes on the Lobachevskii Geometry, Izvestia Fiziko-Matematicheskogo Obschestva
pri KGU, Ser. 2, 1924, vol. 24, no. 1, pp. 26-32 (in Russian).

3. Ungar, A. A. Ptolemy’s Theorem in the Relativistic Model of Analitic Hyperbolic Geometry, Symmetry,
2023, vol. 15, no. 3, article no. 649. DOI: 10.3390/sym15030649.

4. Haantjes, J. A Characteristic Local Property of Geodesies in Certain Metric Spaces, Proc. Akad.
Wetensch., Amsterdam, 1947, vol. 50, pp. 496-508.

5. Gémez, M. and Mémoli, F. The Four Point Condition: An Elementary Tropicalization of Ptolemy’s
Inequality, The American Mathematical Monthly, 2024, vol. 131, no. 3, pp. 187-203. DOI:
10.1080,/00029890.2023.2285695.

6. Casey, J. A Seqyel to the First Six Books of the Elements of Euclid, Containing an Easy Introduction
to Modern Geometry, with Numerous Examples, Classic Reprint, Forgotten Books, London, 2012.



Teopembr Tuna Keiicu u npeobpaszosanusi Jlareppa 85

7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Maehara, H. and Martini, H. Casey’s Theorem, Circles, Spheres and Spherical Geometry, Birkhauser
Advanced Texts Basler Lehrbucher, Cham, Birkhauser, 2024, pp. 261-277. DOI: 10.1007/978-3-031-
62776-7_13.

Abrosimov, N. V. and Aseev, V. V. Generalizations of Casey’s Theorem for Higher Dimensions,
Lobachevskii Journal of Mathematics, 2018, vol. 39, pp. 1-12. DOI: 10.1134/S199508021801002X.
Abrosimov, N. V. and Mikaiylova, L. A. Casey’s Theorem in Hyperbolic Geometry, Siberian Electronic
Mathematical Reports, 2015, vol. 12, pp. 354-360. DOI: 10.17377 /semi.2015.12.029.

Kostin, A. V. On Generalizations of Ptolemy’s Theorem on the Lobachevsky Plane, Siberian FElectronic
Mathematical Reports, 2022, vol. 19, no. 2, pp. 404414 (in Russian). DOI: 10.33048/semi.2022.19.035.
Kostin, A. V. On Analogues of the Fuhrmann’s Theorem on the Lobachevsky Plane, Viadikavkaz Math.
J., 2023, vol. 25, no. 4, pp. 5867 (in Russian). DOI: 10.46698/d0031-4733-6473-n.

Kostin, A. V. and Kostina, N. N. An Interpretation of Casey’s Theorem and Its Hyperbolic Analogue,
Siberian Electronic Mathematical Reports, 2016, vol. 13, pp. 242-251. DOI: 10.17377/semi.2016.13.017.
Rosenfeld, B. A. Neevklidovy prostranstva [Non-Euclidean Spaces|, Moscow, Lenand, 2021, 552 p.
(in Russian).

Rosenfeld, B. A. Mnogomernyye prostranstva [Multidimensional Spaces], Moscow, Lenand, 2021, 672 p.
(in Russian).

Maehara, H. and Martini, H. Bipartite Sets of Spheres and Casey-Type Theorems, Results in Mathe-
matics, 2018, vol. 74, art. 47. DOI: 10.1007/s00025-019-0973-3.

Bobenko, A. I., Lutz, C. O. R., Pottmann, H. and Techter, J. Non-FEuclidean Laguerre Geometry and
Incircular Nets, Cham, Springer, 2021. DOI: 10.1007/978-3-030-81847-0 1.

Shirokov, A. P. On the Laguerre Group and Its Analogues in the Relative Ruled Geometry of the
Plane, Movements in generalized spaces, Ryazan, Ryazan State Pedagogical Institute, 1985, pp. 25-30
(in Russian).

Shustova, K. P. Laguerre Transformations in Pseudo-Euclidean Spaces and Lobachevsky Geometry,
Dissertaciia kand. fiz.-mat. nauk, Kazan, 1994 (in Russian).

Kostin, A. V. Asymptotic Lines on Pseudospheres and the Angle of Parallelisms, Russian Mathematics,
2021, vol. 65, no. 6, pp. 21-28. DOI: 10.3103/S1066369X21060037.

Kostin, A. V. Problem of Shadow and Surface of Constant Curvature, Siberian Electronic Mathematical
Reports, 2023, vol. 20, no. 1, pp. 150-164 (in Russian). DOI: 10.33048/semi.2023.20.014.

Received December 20, 2024

ANDREY V. KOSTIN

Kazan Federal University — Naberezhnye Chelny Institute,
68/19 (1/18) Mir Ave., Naberezhnye Chelny 423812, Russia,
Associate Professor of the Department of Mathematics
E-mail: kostin_andrei@mail.ru

https: //orcid.org/0000-0002-5353-6138



Vladikavkaz Mathematical Journal
2025, Volume 27, Issue 4, P. 86-102

VK 517.9
DOI 10.46698 /h3876-8857-0078-b

CLASSIFICATION OF DYNAMICAL SYSTEMS NEAR
A COSYMMETRIC EQUILIBRIUM#

L. G. Kurakin’?? and A. V. Kurdoglyan?*

! Water Problems Institute of RAS,
3 Gubkin St., Moscow 119333, Russia;
2 Southern Mathematical Institute of VSC RAS,
53 Vatutin St., Vladikavkaz 362025, Russia;
3 Institute of Mathematics, Mechanics and Computer Science of SFedU,
8 a Milchakov St., Rostov-on-Don 344090, Russia;
4 North Caucasus Center for Mathematical Research of VSC RAS,
1 Williams St., Village of Mikhailovskoye 363110, Russia

E-mail: kurakin@math.rsu.ru, aik_kurdoglyan®@mail.ru

Abstract. A local classification is developed in a neighborhood of a cosymmetric equilibrium for dif-
ferential equations with invertible cosymmetry and a vector parameter, under the assumption that the
kernel of the linearization matrix at the cosymmetric equilibrium is two-dimensional and that the entire
stability spectrum, except for the double zero eigenvalue, is stable. Equations with such properties are
of codimension one among even-dimensional systems with a cosymmetric equilibrium. In all cases, such
a system admits a straightenable family of non-cosymmetric equilibria near the cosymmetric one. The
classification is based on the following properties: the type of the cosymmetric equilibrium (node, focus,
saddle); the relative position of the cosymmetric equilibrium and the family (including the case where
the cosymmetric equilibrium belongs to the family); the number of boundary equilibria of the family
separating its stable and unstable regions (< 3); the number of intersections of each separatrix of the
cosymmetric saddle equilibrium with the family (< 3). Each property is determined by polynomial
conditions, and the classification therefore reduces to identifying sets of conditions with a non-empty
intersection. The defining polynomial conditions and corresponding phase portraits are presented for each
identified class. The existence of each nonempty class is established by a scalable example for non-obvious
cases, while the emptiness of the remaining classes is established separately. This work continues the studies
of L. G. Kurakin and V. I. Yudovich [1, 2|, where analogous results were obtained in the neighborhood
of a non-cosymmetric equilibrium.
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1. Problem Statement

The theory of cosymmetry was founded by V. I. Yudovich [3] to explain an unusual effect

in the problem of plane filtration convection posed by D. V. Lyubimov [4]. According to his
definition, a mapping L : H x A — H in the Euclidean space H = R", A C R™ is called a co-
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symmetry of a mapping F': H x A — H, or of the differential equation
= F(u,\), ueH, €A, (1)

if F'and L are orthogonal at every point u € H for any fixed value of the parameter \ € A.
Let uw = uyp € H be an equilibrium of system (1) at A = A\g € A. This equilibrium is called
cosymmetric if it is also a zero of the cosymmetry:

F(UO, )\0) = L(UQ, )\0) =0.

In what follows, we assume that the mappings F' and L are analytic. If given equilibrium
of the system is non-cosymmetric with respect to a specified cosymmetry, then, in the absence
of additional degeneracies, it belongs to an analytic family of equilibria. As later shown by
L. G. Kurakin [5], the converse also holds. In the neighborhood of a cosymmetric equilibrium,
V. I. Yudovich studied the properties of cosymmetry in a sufficiently general form for
applications to the filtration convection problem. In particular, for a system with a real
parameter, the cosymmetry was assumed to be a linear skew-symmetric operator L* = —L
independent of the parameter. For an odd-dimensional system, such an operator is non-
invertible. By replacing the skew-symmetry of a linear cosymmetry with the less degenerate
requirement of its local invertibility, and by allowing the cosymmetry to be a nonlinear
operator depending on a real parameter, we are led to the problem of analyzing the bifurcations
of the system in a neighborhood of a cosymmetric equilibrium.

This study was carried out in [6] using the Lyapunov-Schmidt method [7], where it was
shown that the dimension of the kernel of the linearization at a cosymmetric equilibrium has
the same parity as the dimension n of the original system. Moreover, in an odd-dimensional
system with one-dimensional kernel, the cosymmetric equilibrium belongs to an analytic family
of equilibria. Consequently, according to the results of [5], the original system also admits
another cosymmetry for which this equilibrium is non-cosymmetric. Bifurcations in even-
dimensional systems with a two-dimensional kernel were described. Thus, the problem arises
of a more detailed study of system (1) by means of the center manifold method [8] under the
following assumptions:

1°. n is even.

2°. The point ug is an equilibrium of system (1) for all A:

F(up,\) =0 VXeA.
3°. The equilibrium ug is cosymmetric for all A:
L(up,\) =0 VAeA.

4°. The cosymmetry L(u, ) is invertible in a neighborhood of the point u = wg for all
A€EA

5°. The Jacobian of F' at (ug,0) has a two-dimensional kernel:

_ dF(u,0)

dim ker Fjy = 2, Fy p
U

u=ug

6°. The entire stability spectrum of the matrix Fj, except for the double zero eigenvalue,
lies strictly in the left half-plane.
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Under assumptions 1°-6°, the center-manifold reduction of system (1) yields the following
two-dimensional system of differential equations in the Euclidean space:

x:f(m,y,)\), y:g(ﬂc,y,)\) (2)

with variables (z,y) € © C R? and m-dimensional (m > 1) parameter A € A C R™, defined
in a small neighborhood of the point 0 € V := Q x A.

REMARK 1. In this paper, the theory of the center manifold is invoked only insofar as
it allows the reduction of the original higher-dimensional system (1) to the two-dimensional
system (2). Moreover, one may instead begin with the two-dimensional system (2) and develop
the classification for it, reducing the higher-dimensional case to the two-dimensional one by
means of the center manifold theory under assumptions 1°—6°.

Let the mapping

o . 2. Ll(x7y’)\)
L . V—>R . (Qj,y,A)'_) < L2(ﬂj,y,>\)

denote the cosymmetry of system (2) inherited from system (1) via the center-manifold
reduction:

f(x,y, )‘)Ll(xaya)‘) +g(1’,y,)\)L2(1’,y,)\) - 07 (xaya)‘) ev. (3)

We further assume that system (2) satisfies the following properties:
1°. The mappings f, g, L1, and Ly are analytic in the neighborhood V.
2°. System (2) has the zero equilibrium for all A € A, so that the functions f and g : V' — R
satisfy the condition
f(0,0,\) =¢(0,0,A) =0, Xe€A. (4)

3°. The equilibrium x = y = 0 is cosymmetric for all A € A, so that the equality
L°(0,0,A) =0, X€A, (5)

is satisfied.
4°. The cosymmetry L° is locally invertible in a neighborhood of the point x = y = 0
at A =0:

(6)

oL, ($7y,0) BLl(x,y,O) )

I 0. O
det B#0, B:= ( OLo(r40)  OLa(2w.0)
ox oy

r=y=0

5°. The linearization matrix A of system (2), (4) at the zero equilibrium for A = 0 has
the two-dimensional kernel:

= 0. (7)

0f(z,y,0)  0f(z,y,0) )

: I 0. O
dimker A =2, A:= < Dg(ry.0)  Dg(r0)
ox oy

r=y=0

REMARK 2. Properties 2°-5° are inherited by system (2) from system (1). Property 1°,
however, need not be inherited. Indeed, even if the mappings in the original system are
analytic, the center manifold may fail to be analytic. For the results obtained below,
the analyticity assumption on the subsequent mappings, as well as on the functions f, g,
L1, and Lo, is adopted merely for convenience and is not essential. Throughout the paper,
analyticity may be replaced by C*-regularity.
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2. Effect of Cosymmetry on the System’s Structure

The following theorem states.
Theorem 1. Under assumptions 1°—5°, system (2) can be written in the form

&= —Lo(z,y, N by, N, § = Li(z,9,\) bz, y, V), (8)
where the function h : V — R is analytic in the neighborhood V and satisfies
h(0,0,0) = 0. (9)

< According to the inverse function theorem, conditions (5) and (6) imply that the system
of equations
Ky :Ll(maya)‘)a Ky :LQ(x7y7)‘)7

has a unique solution

.%':X(Kl,KQ,)\), y:Y(KhKQa)‘)a
which is analytic in the variables K;, Ko and in the parameter A in a small neighborhood
of the origin. Substituting this solution into the identity (3) and viewing it as an identity
in the variables K; and K5, we obtain

Ky fi(Ky, K2, ) + Kog1 (K1, K2, A) = 0, (10)

where f; and g are analytic functions of K;, Ky and the parameter A in a neighborhood
of the origin:

J1(K1, Ko, A) i= (X (K1, K2, ), Y(K1, K2, M), M),
g1(K1, Ko, M) i= g (X(K1, Ko, \), Y(K1, K2, \), A).
It follows that f1(K7,0,A) = g1(0, K2, A\) = 0 for all sufficiently small values of Ky, K5, and A.
Hence, the functions f; and g; can be written in the form
g1(K1, K2, \) = K1hi (K1, K2, ), fi(K1, K2, ) = —Kaha (K1, Ko, M),

where h; and ho are analytic functions of K7, K5, and the parameter A in a neighborhood
of the origin. It follows from the identity (10) that h; = ho.
Thus, equations (2) can be rewritten in the form (8), where the function h is defined by
h(CC, Y, )‘) = hl(Ll (:Ca Y, )‘)a L2($, Y, A)’ )‘)

and is analytic in the neighborhood V.
Now let us prove that h(0,0,0) = 0. It follows from (2) and (8) that

gz, N)
My, A) = Li(z,y, \)

By the analyticity of the functions g and L1, from condition (4) and assumptions 4° and 2°
we obtain the following asymptotic expansions for small x, y u A:

g(w,y,A) = O(2® + v + (2| + [y]) - [A]) -

It follows from the condition det B # 0 that I3 4 I3 # 0. Taking the limit, we obtain the
equality (9):

o g(x,0,0) . O(a?)
(0,0,0) = lim T1(2.0.0) %zt 0@ " (b #0),
2
7(0,0,0) = tim 2090y OW) Loy s

y—0 Ll(O, Y, 0) N y—0 m
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Theorem 1 reduces the problem of studying the properties of the original system (2), (4)
under assumptions 1°-5° to system (8), in which the functions L, Lo, and h are analytic
in the neighborhood V' and satisfy the conditions (5), (6), and (9).

The phase portrait of the system (8) for each fixed value of A can be constructed by
combining the phase portrait of the equations

T = _L2(~Taya)‘)a QZLl(ﬂC,?/,)\), (11)
with the set of equilibria S of the system (8):
S:={z,yeQ: h(z,y,\) =0}. (12)

The system (8) always possesses the cosymmetric zero equilibrium. Each of its nonzero
equilibria is noncosymmetric, lies on some phase trajectory of the system (11), and separates
it into two parts, which are trajectories of the system (8). In the region where h(z,y, \) <0,
the directions of motion along the phase trajectories of the systems (8) and (11) are opposite.

3. Stability of Equilibria

The linearization matrix of the system (8) at an equilibrium (z,y) = (a, () of the
family (12) has the form

—LQ( ah(ay)\

o Li(a, Bh(ayA :y 7 (13)

_LQ( 57 ) ﬁ,)
M(a’ﬁ’A) = ( 5 ) 7ﬁ7 )

=«

y=p

The eigenvalues of the matrix o7 («, 8, \) are zero, and its trace is given by
N = trd/(a, 5, N). (14)

In particular, 27(0,0,\) = 0, so that dim ker <7(0,0,\) = 2.

Consider the equilibria (12) with 2% + y? # 0. If N # 0, then dimker & (a, 3,A) = 1,
and, according to the cosymmetric version of the implicit function theorem [3], each nonzero
equilibrium of the family (12) is nonisolated and belongs to the one-parameter family
of equilibria. The equilibria of (12) with N > 0 are unstable. When N < 0, the stability
problem for the equilibria of the family (12) of the system (8) corresponds to the critical
case of a simple zero eigenvalue. This case was studied by Lyapunov A. M. (see [9], Theorem
of Section 32, degenerate case). According to his results, the equilibria of the family (12)
with V < 0 are the Lyapunov stable and asymptotically stable in the directions transverse
to the family S. In the present work, for N = 0, a situation arises where the linearization
matrix o/ («, 3, A) has a double zero eigenvalue, while dim ker &7 («, 5, A) = 1. In this case, the
equilibrium (a, f), called a boundary equilibrium [6], is non-isolated, and its stability problem
requires a nonlinear analysis. This boundary equilibrium locally separates the family .S into
two arcs, each of which consists entirely of either linearly stable or linearly unstable equilibria.

4. Model Systems and the Principle of Their Classification

In addition to assumptions 1°-5°, let the following condition hold for the system (8):
6°. The inequality
h%O + h%l 7£ 0’ (15)
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is satisfied, where

Oh(z,y,0) Oh(z,y,0)
hig := —22~ hor (= —322~ .
Oz r=y=0 ’ ay r=y=0

Without loss of generality, assume that

hot # 0. (16)

The case hig # 0 can be reduced to this one by interchanging = <+ y and f < g.
Let g9 := h(0,0,\). The change of variables

r—x, Yy— h(l’,y,)\) — €0 (17)

in the system (8) brings the function A to the form eg+y, thereby straightening the family (12).
Expanding the right-hand side of the resulting system in the Taylor series in the variables
x and y, we write it in the asymptotic form as |z| + |y| + |A| — 0:

&= [folz,y,n) +O(f(a,y,0)] - (0 +y),

. " (18)
g = [go(z,y, u) + OG(z,y,\)] - (0 +v),
where B B
Jo(z,y, 1) := (@10 + p3) z + ao1 v, (19)
go(,y, 1) := (a10 + p11) @ + (ao1 + o) y + (a0 + p2) v% + azo 2,
and

f(x7y7 )‘) = '%2 +y2 + ‘y’ ' ‘)“ + ’1" : ’)"27
9@, y, A) o= |z* + |yl + v7 + (> + |yl) - A+ |z] - [A]%.

The quantities a9, @1, @10, o1, a20, aszg are real coefficients of the system (18). Let
= (€0, po, 1, 2, 13) denote a new small parameter whose components are functions of
the m-dimensional parameter A. We assume that the five components of i are independent.
This situation occurs in the generic case when m > 5.

Neglecting in (18) the terms insignificant for further consideration, we obtain the system:

&= fo(x,y, 1) - (o +v), ¥=go(x,y,n)- (c0+y) (20)

Its cosymmetry

ten = (5600)

is invertible and vanishes at the equilibrium = = y = 0. Thus, system (20) with cosymmetry L
satisfies assumptions 1°—6°.

Note that the symmetry between the variables z and y in system (20) is broken due
to condition (16) and the transformation (17).

The further analysis of equations (8) reduces to the study of system (20), whose coefficients
and small parameters can be regarded as arbitrary, provided that they satisfy the inequality
det B = ajpap1 — ap1aio # 0, where the matrix B, according to definition (6), has the form

B — < 10 do1 > .
—aip —aol
The system corresponding to equations (11) takes the form:

xl:fO(x,ynu’)’ QZQO(xayuu)' (21)
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The linearization matrix
9fo(z,y,0)  9fo(z,y,0)

5 ) a a
M= i Yy _ 10 01 (22)
9g0(z,y,0)  9g0(z,y,0) aip ao1

of the system (21) at the zero equilibrium for p = 0 is invertible, since det M = det B # 0.
The classification of the zero equilibrium of system (21) in generic case

det M #0, trM #0, dy:=tr®M —4det M #0 (23)
is as follows:
Node:  detM >0, dy > 0; (24)
Focus: det M >0, dy < O0; (25)
Saddle: det M < 0. (26)

The invariants (23) are expressed by the formulas:

det M = aqp9a01 — ao1a19, trM = aio + ao1,

dy = (@10 — ao1)? + 4do1a1o.

The linearization matrix of the system (20) along the family of equilibria y = —eg has

the form
( 0 folx,—e0,1t) )
0 90(37, _60’:“) .

Setting the eigenvalue go(x, —eg, ) equal to zero, we obtain the cubic equation

(a10 + p1) @ + (azo0 + p2) ° + azo 2 = (ao1 + po) 0, (27)
which determines the boundary equilibria (x,—eg) of the family y = —eg. These equilibria
separate the family y = —&( into several connected sets of the type interval or ray, within each

of which the equilibria are either linearly stable or unstable. If the multiplicity of at least one
of these roots is greater than one, then when passing from the system (20) to equations (18),
the number of boundary equilibria may, in general, change. In the generic case, all real roots
of the polynomial (27) are simple. The number of such real roots is determined solely by the
nondegeneracy conditions.

We construct a classification of the system (20) according to the following set of properties,
which are preserved under the perturbation of the system (20) to (18):

1* Type of the cosymmetric equilibrium of (11): node / focus / saddle.

2* Number of boundary equilibria of the family y = —eg of (8):0 /1 /2 / 3.

3* Relative position of the cosymmetric equilibrium x = y = 0 and the family y = —e&.
The family y = —¢gqg lies in the lower half-plane, on the z-axis, or in the upper half-plane:
sgneg =1\0\ —1.

4* Vector of separatrix intersections (only for a saddle equilibrium):

v := (v1,v2,v3,04), (28)

where the j-th component denotes the number of intersections of the j-th separatrix of the
saddle of the system (21) with the equilibrium family y = —&(. The separatrices are numbered
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counterclockwise around a sufficiently small circle centered at the origin, starting from the
vector (x,y) = (0,1) (inclusive).

For example, v = (0,1,1,0) in Fig. 1(c1), and v = (0,0,0,0) in Fig. 1(cp).

In the sequel we impose nondegeneracy conditions on the coefficients of (20) on which
properties 1* and 2* depend. These properties also depend on certain small parameters of (20).
Setting the remaining coefficients and small parameters to zero yields a truncated system. By
further simplifying the truncated system via invertible changes of variables and time rescaling
we obtain a model system. Considering each model system under all nondegenerate relations
among its small parameters, we classify the model systems according to properties 1*—4%.
Degenerate parameter relations, i.e. relations for which at least one of the properties 1*—4*
of the model system ceases to persist under the passage first to the system (20) and then
to its perturbation (18), are omitted. Moreover, two systems are regarded as belonging to
the same class if they coincide up to an invertible analytic change of variables z, y, a time
reparametrization t (including time reversal), and a reparametrization of .

Table 7 lists all truncated and model systems considered in this work.

Class names are formed as follows:

1) Choose the letter (a)—(h) of the model system (see Table 7) to which the class belongs.

2) Append indices corresponding to the discriminating signs of certain functions of the
parameter p. Instead of the usual sign function sgn z we use the function w defined by

1, x>0,
w(z) =<0, =0, (29)
2, =<0,

3) If the equilibrium z = y = 0 is a saddle, append indices corresponding to the separatrix
intersection vector v to the model system letter (a)—(h).

5. Classification of the System (20) by the Codimension of Degeneracy

Generic Case. Assume that ajg # 0. The truncated system derived from equations (20)
has the form:

& = (@ + any) - (0 +¥), ¥ = (a0z + ao1y) - (€0 +¥)- (30)
The change of variables
xr — aypr + agry, Yy — /|det M| -y, (31)
reduces it to the model system
= (amqx—s1y)-(e1+y), y=z-(e1+y), a1 #0, s ==+1, (32)

where "y
a := o s1:=sgndet M, &1:= N — (33)

/] det M|’ /] det M|

REMARK 3. The system (32) retains its form under the transformation x — —z, y — —y,
t — —t, 1 — —e1. Therefore, without loss of generality, we may assume that 1 > 0.

The classification of system (32) is presented in Table 1 and the corresponding Fig. 1.
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Table 1
Classification of system (32) in a neighborhood of the equilibrium z =y =0
Class Conditions
S1, al sgn e
(a1) [ s1=1, a1 >4 1
(ao) (node) 0
(b1) |s1=1, af <4 1
(bo) (focus) 0
(Cl) S1 = —1 1
(co) (saddle) 0

(c1) (co)

Fig. 1. Phase portraits of the model system (32) corresponding to the classification in Table 1.
Here: <>\ O — cosymmetric \ non-cosymmetric equilibrium;
O\® \® _ stable \ boundary \ unstable equilibrium; dashed lines
are separatrices of the saddle equilibrium of system (32).

Case of a Single Degeneracy. Let
aio =0, agoam #0, ai # ao1- (34)
The system truncated from equations (20) and given by
i =awr (0+y), §=(mz+any+ anr®)- (e +y), (35)
is transformed, by a change of variables and, when agy < 0, a reversal of time,

x — +/|ag|x, Yy — apisgnag -y, t—sgnay-t, (36)
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to the model system
i=ar-(e2+y), y=(nr+y +x2) “(ea+vy), az#0,L (37)
The coefficient and parameters of the model system (37) are given by

a1o __sgnasg

Qg 1= —, V]:i=——=—-[l], E2:= Qp15gNnag EeQ. 38
ao1 V/ |aol (38)

Let us denote by
61(a,b) := a® — 4b (39)

the discriminant of the polynomial x? 4 ax + b.

REMARK 4. The substitution x — —z in (37) changes only the parameter vy and the
intersection vector:

vy — —U, (s (Ul,U4,U3,U2)-

The analytical classification of the system (37) is summarized in Tables 2 and 3, and the
corresponding phase portraits are shown in Fig. 3.

Theorem 2. In the classification of (37), all classes not appearing in Tables 2 and 3 are
empty:
(d12)’ (d02)’ (e%l)’ (6%2)7 (6%2)7 (631)7 (6(1)2)’ (632)’ (632)' (40)

Table 2
Classification of the system (37) in a neighborhood of the node z =y = 0 in the space
of small parameters v1 and e2. Here 611 = 1/12 + 4e5. The classes are written
in the form (dw(sz)yw((;n)), where the function w is defined by (29)

Class Conditions Example
(a #0)

a2 sgnes | sgndiy €2 V1

(d11) | a2 >0 1 1 o? «@

(d21) | a2 #1 -1 —a? 3o

(d01) (node) 0 0 «

(dzg) -1 -1 7OLZ o

Table 3

Classification of the system (37) in a neighborhood of the saddle x =y =0
in the space of small parameters vy and e2. Here 611 = v + 4eo,

d12 = &:3‘32 v? + 4ey. The classes are written in the form (ezgiiﬁ?w(éu)),
where the function w is defined by (29)
Class Conditions Example (a #0)
a2 sgnez | sgndir | sgndio €2 2
(e11) 1 o’ a
(e21) | a2<0 —1 1 1 —(1—2a2) &” 3(1—a2)
(ep1) | (saddle) 0 0 e!
(e31) -1 1 -1 2(a5—2(1—a2)?)a® | 4(1 —a2)
(e32) -1 -1 -1 —a? o
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<

bl /]
e

(651) (631) (652)

Fig. 2. Phase portraits of the model system (37) corresponding
to the classification in Tables 2 and 3.

First Case of Double Degeneracy. Let
aip =0, ai=ao1, axapiaon # 0.
The system, truncated from equations (20), is given by
& = ((ao1 + p3) x +aoy) - (o +y), §= (mz+ (a1 + po) y + asoz®) - (g0 +y),
and can be reduced to the form
t=(x+wmr+y) (e3+y), y= (V3x+y+m2) (e3+v),

by a change of variables and of time, and by time reversal, when asy < 0:

a dor a0 ag PN (ao1 + po)* y
b ) A~ .
(ao1 + 10)? (ao1 + 10)3 a0 a4,
The parameters vs, v3, and €3 are determined by
~ ~9
H3 — Ho ag1H1 a20 @p1 €0
Vg = ——— pgi=— =

, U3 , €3:= .
ao1 + po (ao1 + po)? (ap1 + po)?3

The classification of the system (43) is presented in Table 4 and illustrated in Fig. 3.
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Table 4
Classification of the system (43) in a neighborhood of the equilibrium z =y =0
in the space of small parameters vz, v3, and 3. Here 613 = 1/22 + 4vs, 614 = V§ + 4es.
The classes are written in the form (fw((;lg)’ w(b14), w(sg)), where the function w is defined by (29)

Class Conditions
sgndiz | sgndia | sgnes
(f111) = (d11) 1
(fi12) = (da21) 1 1 -1
(f110) = (d01) (node) 0
(fi22) = (d22) -1 -1
(f211) 1
(f212) -1 1 —1
(f210) (focus) 0
(f222) -1 —1

|\

(f210)
P 4
Qo

\ @

A
(f212) (fa22)

Fig. 3. Phase portraits of the model system (43) corresponding to the classification
in Table 4. The case where the zero equilibrium is a focus (v3 + 4vs < 0).

Second case of double degeneracy. Let
ap = ag =0, azoaor #0, a0 # ao1- (46)
The truncated system derived from equations (20) has the form
i =ar (c0+y), ¥= (mz+any+ pea®+azz’) - (0 +y), (47)
and under the change of variables
x = ago -, Yy — apy, (48)
reduces to the model system

T=agr-(e4+vy), U= (1/4:6 +y+vsa® + x3) (ea+y), az#0,1, (49)
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where _
aio H1 H2
ag = —, Vy = s V5 = s €4 = Qp1&0- (50)
ao1 Vaso Yaj,
Denote by

62(0” b’ C) (51)
the discriminant of the cubic polynomial z3 4 ax? + bz + c.

REMARK 5. For the system (49), the transformation z — —z, y — —y, t — —t, is
equivalent to the substitution €4 — —ey4, v5 — —v5. This substitution changes the parameters
as g4 — —&4 and v — (v1, v4, V3, v2), while preserving the discriminant d9; := d2(vs5, Vg, —€4).
Therefore, without loss of generality, we assume vo > vy.

The classification of the system (49) is presented in Tables 5, 6 and in Fig. 4.

Table 5
Classification of the system (49) in a neighborhood of the node z =y =0
in the space of small parameters v4, vs, and €4. Here 021 = d2(vs, va, —€4).
The classes are written in the form (gw(&l), u,(521)), where the function w is defined by (29)

Class Conditions Example
(a>0)
a2 sgney | sgnder | €4 V4 Us
(11) 1 1 o [ a7 | 3a
(g12) = (a1) | a2 > 0, 1 -1 a’ o? a
(g21) az #1 -1 1 —a® | o | -3a
(g22) = (a1) | (node) -1 -1 -’ | o —a
(go1) 0 1 0 | -] «
(g02) = (ao) 0 -1 0 o? o
Table 6
Classification of the system (49) in a neighborhood of the saddle x = y = 0 in the space
of small parameters vy, vs, and €4. Here d21 = 02(vs, v4, —€4), no = —(1 — 3az) €4,
m = 11%?;‘122 V4, M2 = }:—Z’Z;‘ vs. The classes are written in the form (hZ?(’EZ‘L)’U’(&Ql))’

where vz and v4 are the components of the separatrix-intersection vector (28),
and the function w is defined by (29)

Class Conditions Example (a > 0)

az sgney | sgnozi | v2 | va Mo L/ "2

(h3]) 1 2 |1 —6a° a? 4o

(h3Y) 1 3]0 6a’ 11a” 6

4a3 (3—az)”

(hi9) -1 21 7?1253@;)22) 3 _3a2 0

(h39) = (c1) | a2<0 —1 110 40’ 5a° 2

(hg?) (saddle) 2|0 207 3a

(ho1) 0 1 1|1 0 —2a? a

00 2a” 2a
(h()l) 0 0 2—8a2+7a§ 1-2ag

(hg9) = (co) -1 00 o’ a

Theorem 3. In the classification of the system (49), all classes not listed in Tables 5
and 6 are empty:

(hi}),  (hi}), (hi3), (h3), (52)
(h33), (013), (bi3), (h3), (b)), (hga). (53)

The authors thank the two anonymous reviewers for their valuable comments.



99

Classification of Dynamical Systems Near a Cosymmetric Equilibrium

(W| o>% 0 > 10p0Ip
I # % (fi+73)- AmH.T (fi + 03) Amaom@ + mami._. 0 # 00ty
va e + N&ml + A+ R&Sv =h A@.ﬂv 0 < 10pOip +AT10p 4 Réiv =h Abﬂv 0= 0ep
0< (fit+73)xtn = (fi+03)20Ip = x 0=0Ip
(fi 4 03) - (gz0en+ 0 % 0p0Zp
3+§Aa+@+a§vn.@ +601 4 fi10p + xTrf) = fi
) ¢ (€7) = (cy) | 10 =0mp
(i+¢83) (i+xtntx)=1 (fi + 03). B S@Z
.QMS\@ + e + Hoﬂwv =z 0=
(®) 0> 0 > 10p0Ip
14 (1 + <) (1 4 02) 0 # 1000
(p) e (it ala) =A (L) 0 < 10p0tp (2% + filp +2) = i (gg) 1op £ 01
0< AmnTmmv.am@H..a Amn_.omv.aoﬂwﬂ..a 0= 0Ip
(13- 2=1
©) (Ai+13)-(i+xn)=1x (c€) 0= Jiep
07 ™
@] 53 1y 0> p
\MITHwV.HH@ OMWEE AQATova?o@nTHo:wvH@
1 A . W . 0T
©) v<e (fit13)-(i—zln)=2x (@e) | o< " 0 < VP (fi+03) (fil0p + 20Ip) = (0¢) 070
i SUOT}IPUOD SUOT}IPUOD
N WISAS [OPOIN S — WOISAS PojeOUNI], [e10u05)
(zg) Aq peumgep ST py XuIyeur oy, ‘siojotmuered [[eWIS MOU 910UADP Y1 pue £3 o[IYM ‘SIUSIIIIOO0D MOU )OUdP D S[OqUIAS O[T,
"0M) PIIIXD J0U $P0P ADRIOUSSOP JO UOISUAUIIPOD O YIIYM 10J (0g) suoryenbs mwolf paatiop (y) — (v) suesAs [9poJy
L 91qeL




100

Kurakin, L. G. and Kurdoglyan, A. V.

e ettt X 2 CEE

(h3?) (ho1) (ho?)

Fig. 4. Phase portraits of the model system (49) corresponding
to the classification in Tables 5 and 6.
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Awnnorarusi. B oKpecTHOCTH KOCUMMETPUYHOTO PABHOBECHS IOCTPOEHA JIOKAIbHAsI KJIacCupuKaIus 1ud-
depeHnmaTbHBIX YPAaBHEHHUI ¢ 06paTUMONl KOCUMMETPHEH i BEKTOPHBIM [TaPAMETPOM B IIPEIIOJIOXKEHUN, ITO
AJPO MaTPUIIBI JIMHEAPU3AII Ha KOCUMMETPUYHOM PaBHOBECHHU JBYMEPHO, & BeCh €€ CIIeKTD YCTONYMBOCTH,
3a MCKJIIOYEHHEM JIByKPATHOIO HYJIsI, YCTOMYUB. Y PABHEHUS C TAKMMU CBOHCTBAMHM MMEIOT KOPa3MEPHOCTH 1
CpeJii Y€THOMEPHBIX CHCTEM C KOCHMMETPUYIHBIM paBHOBecHeM. BO Bcex PACCMOTPEHHBIX CITyYasiX TaKas CHCTe-
Ma 00JIaZaeT COPSIMJISIEMBIM CEMEMCTBOM HEKOCMMMETPHUUYHBIX PABHOBeCHi BOMM3M KocmMmmeTrpuaHoro. Kirac-
cuduKanyst IPOBeJIeHa 110 CJIELYIOIMM CBOMCTBAM: THI KOCUMMETPUYIHOrO paBHOBecust (y3es1, pokyc, cemio);
B3aMMHOE PACIIOJIOKEHNE KOCUMMETPHIHOIO PABHOBECUS U CEMEHCTBa (BKIIIOYAsA CIIyIail NPUHAIE?KHOCTH KO-
CHMMETPUYIHOTO PABHOBECUSI CEMEHCTBY ); IMCJIO TPAHUYHBIX PABHOBECHI 9TOTO CEMEHCTBa, PA3JIEIAIONUX €ro
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06s1acTH yCTORIMBOCTH M HeycToHIuBOCcTH (< 3); 9IMCIIO mepecevdenuii KaxK0il u3 CenapaTrpuc KOCUMMETPHY-
HOT'O CeJJIOBOro paBHOBecHs ¢ ceMmeiicrBoM (< 3). Kaxk/j0e n3 9TuX CBOMCTB OlLpeesIsiercst IIOJMHOMUAIbHBIMI
yeaoBusiMu. TakuM o6pa3oM, KJiacCupUKaIis CBeleHa K BBIJIEJIEHUIO TeX HADOPOB YCJIOBUIA, ITepecedeHne Ko-
TOPBIX He mycTo. J1JIsT KazK/10ro HaifiJIEHHOTO KJI1acCa IIPUBEIEHBI OIIPEIEISIONINE er0 OJNHOMUAIbHBIE YCIOBHS
U COOTBETCTBYIOIIUI (DA30BbIil MOPTPET. B HEOUEBUAHBIX C/IydasiX, CyIIeCTBOBAHNE KarKJIO0T0 HEITYCTOrO KJIAaCCa
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In this short note, we consider elementary and short proof of one result, which was proved
originally with using of symbolic computations based on the study of polynomial ideals.

1. New Proof of One Result on Special Pentagons

The following result was originally proved in [1, Theorem 4|, where the proof was based
on the study of polynomial ideals and symbolic computations using a computer.

Theorem 1 [1]. Let P be a convex pentagon in the Euclidean plane with the consecutive
vertices A, B, C, E, F such that |AE| = |BE| = |BF| = |CF| =1 and |AB| + |BC| > 1.
Then the perimeter L(P) of this pentagon is not less than 3.

In [1], the authors consider also the case when the pentagon P degenerates into a polygon
with fewer sides. For example, B may degenerately lie in the segment [A, C], E may coincide
with C or F', F may coincide with E or A. This assumption is useful since it allows to consider
a compact subset of polygons in the plane with respect to the Hausdorff metric. In particular,
one can be sure that there exists a pentagon with a minimum perimeter.

Let us consider the following values: « = /FAB = /EBA, p = /FBC = /FCB,
v=4BEF = /BFE, 0 = ZEBF = m — 2v. It is clear that |[AB| = 2cos «, |BC| = 2cos f3,
|EF| =2cosvy = 2sin(0/2), see Fig. 1 a).

In terms of the angles «, 3,7, one can give a complete description of the cases when
the equality L(P) = 3 holds in Theorem 1. Namely, L(P) = 3 exactly for the following

(© 2025 Nikonorov, Yu. G. and Oskorbin, D. N.
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values of («, 8,7): (7/3,7/3,7/3), which corresponds to E = C, F = A, |EF| = |AB| =
|BC| = 1; (n/3,m/2,7/3), which corresponds to B =C, A = F, |EF| = |AB| = |BE| = 1;
(m/2,7/3,m/3), which corresponds to B = A, C = E, |BF| = |BC|= |EE| =1; (o, 3,7/2)
with cos(a)+cos(f) = 1, which corresponds to a family of quadrangles with £ = F and |AB|+
|BC| = 1; (arccos(1/4),arccos(1/4),arccos(1/4)), which corresponds to a special pentagon
with perimeter 3, see Fig. 1 b), see details in [1, Section 3|.

The pentagon in Fig. 1 b) with @« = f = v = arccos(1/4) is quite remarkable. Note
that ZCEB = /CFB = LCAB = Z/AFB = Z/AEB = LACB = /ECF = Z/EBF =
ZEAF = 2arcsin(1/4) = arccos(7/8). In particular, all vertices of this pentagon lie on
the same circle. This implies |AF| = |CE| = 3/4. Moreover, |AC| = 7/8. Note also that
the radius of the circumscribed circle is v/17/8. Thus, if we increase this pentagon by 8
times, we get an integer pentagon, in which all sides and diagonals have integer lengths. This
pentagon was found at first in [2], see also the discussion in |3, p. 19].

2cosa B

a) b)
Fig. 1. a) A pentagon P as in Theorem 1; b) A special pentagon P with perimeter 3.

Here we consider a simple proof of Theorem 1, which is based on well know Ptolemy’s
theorem (see the next section). In fact, the proof is also suitable for the case of a degenerate
pentagon.

<1 PROOF OF THEOREM 1. Denote by II the perimeter of the pentagon P.

If [EF| > 1, then, taking into account |FA|+|AB| > |FB| =1 and |BC|+|CE| > |BE| =
1 (by the triangle inequality), we get Il = |BC|+|CE|+|EF|+|FA|+|AB| = 3. The equality
here is possible only when |[EF| =1, A € {F,B}, and C € {E, B}, i.e., P degenerates into
a regular triangle with the side length 1.

Now, we suppose that |EF| < 1. Note that (|JAB|+ |BC|—1)(1—|EF|) > 0 (the equality
here is equivalent to |AB| + |BC| = 1). Therefore,

AB| + |BC| + |EF| - (|AB| + |BC]) - |EF| > 1.

By Ptolemy’s theorem for the quadrilateral ABEF, we get
|AB| - |EF|+ |AF| = |AB| - |EF|+ |AF|-|EB| > |AE| - |BF| = 1.

By Ptolemy’s theorem for the quadrilateral BCEF', we get

|BC|-|EF|+ |EC| = |BC|-|EF|+ |EC|-|FB| > |FC|-|EB|=1.
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The last three inequalities imply the following one:

Il = |AB|+ |BC| + |EC| + |EF| + |AF| = (|[AB| + |BC| + |EF| — (|AB| + |BC|) - |[EF|)
+(|AB| - |EF| +|AF|) + (|BC| - |[EF| + |EC|) 2 14+ 1+ 1 =3.

Now, we consider in detail the case when this inequality becomes the equality. It is easy
to see that IT = 3 if and only if |[AB|+ |BC| = 1 and both quadralateral ABEF and BCEF
are inscribed (by Ptolemy’s theorem). Note that triangle BEF is a subset of both these
quadrangles. If it is degenerate (E = F'), then we get a l-parameter family of quadrangles
ABCF with IT = 3. In this case, |[AF| = |CF| =1, |AB|=t, |BC|=1-t,t € (0,1);fort =0
or t = 1, P degenerates to a regular triangle. If the triangle BEF' is not degenerate, then
both quadralateral ABEF and BCEF are inscribed in the circumscribed circle S for ABEF.
Therefore, the pentagon P is inscribed in S. Since chords of equal length rest on equal arcs
in any circle, the triangles AEB, BFC, and EBF must be equal each to other. Hence,
|EF| = |AB| = |BC| = 1/2. Therefore, we get the pentagon in Fig. 1 b). >

It should be noted that the results of the paper [1] are closely related to finding n-gons
with an extreme perimeter value among all n-gons with a given self Chebyshev radius of
the boundary (recall that the self Chebyshev radius of a compact set A on the Euclidean
plane is the smallest radius of a circle centered within the set A that encloses A). The study
of this class of problems was initiated in [4], and some related extreme problems were solved

in [5] and [6].

2. Ptolemy’s Theorem and Related Results

In Euclidean geometry, a cyclic quadrilateral or inscribed quadrilateral is a quadrilateral
whose vertices all lie on a single circle. It is well known that a convex quadralateral ABC' D
is inscribed if and only if ZABC + ZCDA =« (or, equivalently, ZDAB + ZBCD = ). On
the other hand, there are many other criterias to be inscribed for a convex quadrangle. One
of the most popular and useful is the following one:

Theorem 2 (Ptolemy’s theorem). Let @ be a convex quadrilateral in the Euclidean
plane with the consecutive vertices A, B, C, D, then the sides and diagonals of () satisfy
the inequality

|AC|-|BD| < |AB|-|CD|+ |BC| - |AD|,
which becomes an equality if and only if Q) is a cyclic quadrilateral.

There are many proofs of Ptolemy’s theorem, see e. g. [7, Problem 9.67|, [8], [9, pp. 20-21].

In should be noted that |AC|- |BD| = |AB| - |CD|+ |BC| - |AD| for points A, B,C, D
from a straight line. It is related to the fact that the image of any circle under any inversion
is either a circle or a straight line (that can be considered as a circle of infinite radius).

It is interesting the following result (which is sometimes called “Ptolemy’s second
theorem”):

Theorem 3. Let Q be a convex quadrilateral in the Euclidean plane with the consecutive
vertices A, B,C, D, then the sides and diagonals of () satisfy the equality
|AC|  |BA|-|AD|+ |BC|-|CD|
|BD| |AB|-|BC|+ |CA|-|AD|

if and only if Q) is a cyclic quadrilateral.
This result was obtained independently in [8] and [10], see some details in [9, pp. 24-25].
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Note that many other results are known related to quadrangles inscribed in a circle. The
interested reader can be advised to read the papers [9] and [11] on this topic.

Finally, we consider one result obtained by A. Mannheim in [12], see also [13] and [14,
Appendix 3], see Fig. 2 a).

a) b)

Fig. 2. a) Mannheim’s theorem; b) Stewart’s theorem.

Theorem 4 (Mannheim’s theorem). Let ABCD be a convex cyclic quadrilateral (with
consecutive vertices) in some Euclidean plane E?, that is situated in 3-dimensional Euclidean
space E3. Then for any point O € E?, we have the following equality:

|AB|-|BD|-|AD| - |OC> + |BC|-|CD| - |BD| - |OA?
=|AB|-|BC|-|AC|-|0OD|?* + |AC| - |CD| - |AD| - |OBJ?.

If we take O := A in this theorem, then we get |AC| - |BD| = |AB|-|CD|+ |BC|-|AD|,
the equality in Theorem 2. On the other hand, if we take the center of the circumscribed circle
as the point O, then |OA| = |OB| = |OC| = |OD| and we get the equality in Theorem 3.

For the convenience of readers, we will present a proof of Theorem 4. The simplest way
to prove this theorem is to use one standard result which is known as Stewart’s theorem, see
Fig. 2 b).

Lemma 1 (Stewart’s theorem). Let AK LM be a convex triangle in the Euclidean plane,
and N is a point of the side KN. Then we have the following equality:

[KN]|

NM|
[N2 K[2-| LZ‘[Q‘

— — |KN|-|NM|.
< If we express cos ZLK M from the triangles K LM and KLN, then we get

KL+ |KM|? — |LM[]> |KL|*+|KN|?> — |LN|?
|K M| - |KN]| ’

2-|KL|-cosZLKM =

that easily implies what we want. >

< PrROOF OF THEOREM 4. We use a little modified arguments from [13]. Let I be
the intersection point of the diagonals AC and BD. Applying Lemma 1 to the triangles

AOC and BOD with points on the sides AC and BD, we get
[C1]

|0I> = |0A?- 1AC] +|0C?-

[AL|

— |AI|- |1 1
Sy AT 1el, (1)
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DI| |BI|
orf = opp- 2Ly jopp. 151
Since the quadrilateral ABCD is inscribed, then /DAC = ZDBC and /BAC = Z/BDC.
This implies that AAID is similar to ABID, as well as, ABI A is similar to ACID. These

observations imply that

—|BI|- |ID]. (2)

|AIl |DI| |AD| |AI| |BI| |AB] )
\BI| |CI| |BC|” |DI| |CI| |CD|

In particular, |AI|-|IC| = |BI|-|ID|. Hence, (1) and (2) imply

Al |C1| |BI| |DI|
a2, 1AL 2 Il _ g, IBIl 2 1DI|
|OA] Ac| +0C| Ac| |0B| BD| |OD| BD| and
|BD|- (|JOA|* - |AI| + |OC* - |CI|) = |AC| - (|OB|* - |BI| + |ODJ* - |DI]). (4)
We get from (3), that
|AB]| |BC| |AB| |AB| |BC|
All = —— .|DI Cl|=+—— -|DI Bll=— |Cl|l=———+—- .

Substituting the obtained expressions into (4), we complete the proof. >
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Annoranums. B npamoyronsmuke D = {(z,y) : a <z < a1, b <y < b1} ¢ rpamuneit I't = {y = b,a <
z <ai}, s ={x =a,b< y < b1} nsyuaercs nepeonpeeeHHAs] CUCTEMa UHTErPAJIbHBIX yPABHEHH TUIIA
BosibTeppa ¢ 0co6bIMU JTMHUSIMU, KOTOPasi COCTOMT U3 JBYMEPHOI'O HHTErPA/JbHOIO YPAaBHEHUS U JIBYX OJI-
HOMEpHBLIX MHTerpajbHBIX ypasHeHuil. Pelienue mepeonpesie/ieHHoil CHCTeMbl WHTerpajIbHLIX ypaBHEHMI
Tuna Bosbreppa ¢ 0COGBIME JTMHUSMK UIIETCA B KJIACCE HEIPEPBIBHBIX (DYHKIMI B IIpAMOYTOJbHIKe D U
obparmaromuxcs B Hysb Ha ['1, ['2. B cayvae, korma ocHOBHBIM ypaBHEHHEM U3y YIaeMOil TePeopeeIeHHOM
CHCTeMbl MHTEerpaJIbHbIX YPaBHEHUH SBJIAETCs IIepBoe ypaBHEHUe CUCTEMbI, 1 KO3 MDUIMeHTHI By MepHO-
I'O MHTErpajbHOTO ypaBHEHUsl CBSA3AHBI M He CBA3AHBI MEXKJly COGOil 0COOLIM 06pPa30M, HOTYYUM YCJIOBHS
COBMECTHOCTHU ypaBHeHuit cucreMbl. B ciyuae, kKorja KoadbdHUIIMEHTh IEPBOro ypaBHEHHU T1€PeoIpeIe/IeH-
HOil CUCTeMBI He CBA3aHbBI MeK1y coboil, pellleHne repeonpe/ie/IeHHOi CUCTeMbl HHTerPaIbHBIX yPaBHEHMI
umeTcs B BUjie 0600IIEHHBIX CTENeHHbIX psAIoB. B paboTe IorydeHbl sBHbIE PelleHus IIepeolpe/leeHHOM
cUCTeMbl ypaBHEHHUt, KOTOpble B 3aBUCUMOCTH OT 3HaKa K03(hDHUIMEeHTOB MOT'YT COJepKaTh ITPOU3BOJIb-
HbIe TTocTostHAbIe. OIIpeieieHbl yCIOBHA COBMECTHOCTH YPABHEHU CHCTeMbl, M3y YeHbl CBOMCTBa PeIleHMi,
CTaBATCS W penaroTcs 3ajadn Tuna Komm, Tie ycioBus 3a/1al0Tcs Ha, CHHTYISPHBIX MHOI00O6pa3nsX.

KitroueBble ciioBa: riepeorpejie/ieHHas CUCTEMa YpaBHEHU, MHTerpaJibHOe ypaBHeHne Tua BoJsibreppa,
OCO6bIe JIMHUH, IIPOU3BOJIbHBIE ITIOCTOAHHBIC.
AMS Subject Classification: 45D05.

O6pasern; nurupoBanusi: Pasjpkabosa JI. H., Pagrkabo H. K Teopnn mepeonpeiesleHHbIX CACTEM HH-
TerpajbHBIX ypaBHeHMIT Tuna Bosbreppa ¢ ocobeivMu smuusivu // Biaagukask. mar. xypH.—2025.—T. 27,

soit. 4.—C. 109-123. DOI: 10.46698/q2158-4503-2268-b.

1. Beenenune

OTmernM, 9TO N3y YEHUIO MHTErPATIHHBIX YPABHEHUI 1 KPAEBBIX 3a/1a4 JIJIS AHAJIUTUIECKIX
dyukuumit mocssimensr u3sectable Monorpadun H. . Mycxemumsuan 1], @. /. Taxosa [2],
U. H. Bekya [3|. docroiinblii BK/Ia/ B pasBUTUEe TEOPUHM WHTErPAJIbHBIX yPABHEHUH C Helpe-
PBIBHBIME si/IPAME, CO CJIa00-CUHTY/ISIPHBIME s IpaMU, MHOIOMEPHBIX WHTErPAJbHBIX YDPaBHE-
uuit Buec Tpyx C. I Muxsmnua [4]. Pa6orsr A. xypaesa [5], I. Dxanrubekosa [6] u ux
YYEHUKOB MOCBSIIEHbl U3YYEHUIO OOOOMIEHHBIX AHAJTUTUIECKUX (DYHKIHIH, TAKKE CBAZAHHBIX
¢ HUMM JIBYMEPHBIX CHHTYJISIPHBIX MHTErPAJIbHBIX ypaBHeHwuii. VccaemoBannio XxapaKTepucT-
9EeCKOrO CUHTYJISIPHOIO MHTErPAJIBHOTO YPABHEHUS ¢ g1poM KoIy B HCKITIOUNTENIHHOM CIIydae,
HOJIYYEHHIO YCJIOBUsI PA3PENIMMOCTU U IBHON (hOPMYJIbI IIPEJICTABIEHUST PEIeHUsT TIOCBSIIEHA

(© 2025 Pamxatbosa JI. H., Pamxa6os H.
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pabora A. I1. Conmarosa [7]. Teopusi cUHTY/ISIDHBIX HHTEIPAJIBHBIX YPABHEHUI ¢ OCOGEHHOCTSI-
MU JIOTaPU(PMUAIECKOTO WU CTEIeHHOrO THUIA, & TaKKe OJHOBPEMEHHO CO CJIaOBbIMU U CUJIb-
HBIME OCOOEHHOCTSIMU B PA3JIMYHBIX codeTaHusix, Opuia pazpaborana H. B. [liemuuckum [8].
OcHoOBaM BBIYMUCJIEHUST OINPEIEJIEHHBIX, CHHTYJISPHBIX U TUIIEPCUHIYJISIPHBIX OIHOMEDPHBIX WU
JIBYMEPHBIX MHTErpPaJjIOB, & TAKXKE UYUCJICHHOMY PEIIEHWI0 yPABHEHUI C HUMH, TOCTPOEHUIO
7 OOOCHOBAHWIO BBIMHC/IUTE/IBHBIX CXEM PEMIeHUi It CJAa00-CUHTYJISAPHBIX U CUHTYJISPHBIX
MHTErpAJIbHBIX YPaBHEHUN pas/IMIHBIX BUIAOB HocBsienbl Tpyabl C. A. Jlosroro, U. K. Jlu-
danosa (9], I. A. Pacosnbko [10] u 1. B. Baiikosa [11].

OrmeruM, uro panee B paborax H. Pajpkabosa [12] Gbuin ucciieoBaHbl UHTErPAIbHbIE
ypaBHeHUs Tuna BoJibreppa ¢ 0COOBIME JIEBBIMU W IIPABBIMU I'DAHUYHBIMU, & TaKyKe BHYT-
PEHHUMU CHHTYJISIPHBIMUA UJIN CBEPX-CHUHTYJIAPHBIMU sdapaMu. VI3ydeHuio mepeonpereieHHbIX
CUCTEM OJIHOMEPHBIX HHTEIPAJIBHBIX YpaBHEHUH Tuiia Bosbreppa ¢ CHHIYISPHBIMU WJIA CBEPX-
CHHT'YJISPHBIMU TOYKAMHU B sijipe nocBsitena MoHorpadus [13|. B [14] uccienosanst asymep-
Hble UHTerpaJjbHble ypaBHeHusI Tuia Bojabreppa ¢ 0cOObBIMU U CUIIbHO-OCOOBIME T'PAHUIHBIMUI
JIMHUSIMU B NIPSIMOYTOJIbHUKE. Paborer [15-17] nOCBsIIEeHbl N3y YeHUIO IBYMEPHBIX HHTEIPAJIb-
HBIX ypaBHeHui Tuna Bojabreppa ¢ 0cOObIME U CHIBHO-OCOOBIMU TPAHUIHBIMU JIMHUAMU II0 OJ1-
HOI1 U3 TIEPEMEHHBIX U CJ1a00-0COOBIMU JIMHUSIMU 110 BTOPO#l IepeMeHHO Ha, roJsioce. B maHHON
CTaTbe UCCeIyeTCs IePeoIpeie/ieHHasl CHCTEMa NHTEIPAJIBLHBIX YPAaBHEHM, KOTOpasi COCTOUT
U3 OJIHOTO JIBYMEPHOI'O U JBYX OJIHOMEPHBIX UHTEIDAJIBHBIX yPABHEHUI ¢ OCOOBIMU JIMHUSIMU.
Jlist 9TOM cuCcTeMbl ypaBHEHUI OIYyYeHbI SIBHBIE PEIIEeHUs, KOTOPbIE MOT'YT COAEPXKATh IIPO-
U3BOJIbHBIE TIOCTOSIHHBIE, OIPEJICJIEHbI YCJIOBUSI COBMECTHOCTH YPABHEHUN CUCTEMBI, U3y YEHbBI
CBOICTBA PEIIeHnil, a TAKXKEe BBIMUCHIBAIOTCS PEIIeHNsI COOTBETCTBYIONUX 3a/1a49 Tuma Kormm.

2. OcHoOBHOI1 pe3yJbTaT

ITycts gan npsmoyromsank D = {(z,y) : a < & < a1, b < y < b1} ¢ rpanu<HbIME
muausivit Iy = {y = bya < z < a1}, e = {& = a,b < y < by}. Paccmorpum B Hem
HepeoNPe/ICJIEHHYI0 CUCTEMY MHTEIDAJIbHBIX YPaBHEHHN C OCOOBIME JIMHUSME BUJA

(

T b T b
u(w,y) + A [ 4D dt— p [ 45D ds 46 [ [ 4 ds = f(x,y),
a Yy a )
u(w,y) +v [ U dt = g, (z,y), (1)
ab u(t,s)
u(z,y) — x [ 525 ds = g2(z,y),
Y

riae f, g1, go — 3ajaHHble GYHKINU, N, (4, 0, V, X — 3aJaHHBbIE YUCJA, U — UCKOMAasi (DYHKITHS.

Permtenne niepeoripeieieHHON cruCTEMBI MHTEIPAJIbHBIX ypaBHEeHU Tuiia Bojsreppa ¢ 0co-
6bvu srpamu (1) 6ynem nckars B Kinacce dbyukiuii v € C(D), obpamaomuxcs B Hy/Ib Ha 'y
u 'y ¢ aCUMIITOTUYECKUM MTOBEJIEHUEM:

u(z,y) =o[(x —a)?], €>0, z— a,

u(z,y) =o[(y —b)°], >0, y— b

By,ILGM T'OBOPUTDL, YTO B CUCTEME (1) OCHOBHBIM YPaBHEHHEM fBJIACTCHA IIE€epBO€E, €CJIU CHa-
JaJla HaXOAUTCA €ro penieHue, a mocje INoAINHACTCA BTOPOMY U TPEThHEMY YPaBHEHUIO.
AmnajiornyunsiM o6pa30M BBOAUTCHA IOHATHE OCHOBHOI'O BTOPOI'O U TPETHLEI'O ypaBHeHI/Iﬁ.
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OTmernMm, 9TO €cjid B CUCTEMe HHTErPAJILHBIX ypaBHeHuil (1) OCHOBHBIM ypaBHEHUEM sIBJIsi-
ercst epBoe, To (byHKIMs [ obparaercst B Hy b Ha ['1 u 'y ¢ acHMIITOTHYECKUM TIOBEIEHAEM:

f(x,y):o[(x—a)él}, 51 > |A|, mpu z — q, (2)

f(:v,y)ZO[(b—y)ﬂ, Y1 > p, upny — b. (3)

Torpma cornacHo [14], siBHOe pemenue nepsoro ypasaenust cucrembl (1) mpu A < 0, u > 0,
0 = — AL TPEJCTABUMO B BH/JIE

xr

u@w):w—wa@y+m—aﬁw@y+ﬂmy»—§/( '

t—a>A f(t.y)

x—a t—a

b T b
b—y\" f(z,s) t—a\* dt b—y\" f(t,3)
+'u/<b—s> b—s ds—)\,u/ T —a t—a/ b—s b—sds’
y a y

rjie p, ¥ — NPOU3BOJIbHBIE (DYHKIIHUH.
[Mogcrasmsisi pemmenne Bujga (4) BO BTOpoe W TPEThe YPaBHEHHsI CUCTEMbI, OIpeJeisieM

YCJIOBUSI COBMECTHOCTU YPaBHEHMII CHCTEMbI, 3HAYEHUS TPOU3BOIBHBIX (DYHKIINI B PENICHUN
Bujia (4) Jyisi pasingHbIX 3HadeHuil kosdduimenTos nepeonpeenentoii cucremsr (1). Tis
JMAHHOHN CUCTEMBI B CJIydae, KOraa KO3 OUIUEeHThI IIe€PBOr0 YPABHEHUSI CBABAHBI MEXKTY COOOI,
CIIPaBEJJINBbI CJIeyIOIe YTBePKJICeHUS.

Teopema 1. Ilycre B cucreme uHTErpabHBIX ypaBHeHui tuna Boabreppa ¢ ocobbimum
suausvu (1) npu coornomennsix A < 0, > 0,0 = —Au, v <0, x > 0, [v| > |A|, f, 91,92 €
C (D), f(a,b) =0 ¢ acuMOTOTHIECKUM HOBEJEHHEM:

f(x,y)zo[(m—a)‘sl}, 91 > |A|, npu x — a, (5)
f(x7y)=0[(b—y)ﬂ7 Y1 > p, mpH Yy — b, (6)

CYIIECTBYIOT HPEIEJIbI
(b—y) " 91(z,y) ly=p= g1(z), (7)
(z = a)*g2(2,Y) |e=a= 92(y), (8)

nprdeM gi(a) =0, g2(b) = 0 ¢ acHMITOTHYECKUM HOBEJEHHEM:

g1(x) = 0[(35 — a)52], 0o > |v|, npu x — a, 9)

92(y) = o[(b — y)'yz”], Y3 > X, Opuay — b. (10)

Ilpu srom pyrrmum f, g1, go CBSI3aHBI MEKJy COOOI yCJIOBHUSIMH COBMECTHOCTH

ngr(z,y) + (b — y)a%(m(w,y) — f(z,y)) + (V ; A) (x—a)™

z A (11)
X uw(y)ag—;y) (b—y)()\—u))\/<x_a> f(x’s)ds =0,

a
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Age(x,y) + (% — 1> (b—y)* [()\ —v)(x—a) e+ (A —v)g1(x)

xT

+u(1—)\)/<;:2> fl_(c)ldt‘i'(x—a)aggl( )] (12)

a

Z(w—a)a%[f(:v,y)—m(:v ) j(b_syfb(f’? ds],

rae

b—s

U(y) = (b—y)¥e2 + g2y +x/b<b_s> 2(5) 4

Torza cucrema (1) Bceryia pasperniuma u pelreHne BbIPaXKaeTcsi PABEHCTBOM

u(i,y) = (b— y)" [(z o) tertg() - v / (£ “)V' 210, dt]

t—a t—a
a

b
—i—(ﬂc—a)'/\[(b—y)ch—i-gz +Xy/<b_8> _Szds]
Y (G R (=

a

b

i t—a\™ dt b—y\" f(t,s)
_)\'u/<x—a> t—a/(b—s) b—st’

Y

rje ¢1, Ca — MPOU3BOJILHDBIE IIOCTOSHHBIE.

CaencrBue 1. [lpu BoimosmHenun ycjiouii Teopembr 1 jioboe pemenne cucrembl (1) u3
kiacca C(D) na 'y u T'y obpamiaercst B Hysib ¢ ACHMITOTHIECKUM [OBEJIEHHEM:

u(z,y) = o[(x — a)N], mpn x — a;

u(z,y) = of(y — b)*], rae ys = min(u, x) upn y — b.

CaoiicTBo perrenns. Yyuoxas Ha (b— y)("#) 06e croposs! momydensoro pemenns (13)
cucremsbl (1), nanee npu p < x, y = b, noaydum

z—a\
=) ey, = | -0 e+ -y [ ( ) a1(t) 4

a

Torma

(& =)’ (=) ula,y)|,_, =

=a

|

Tenepn, ymuoxkas obe croponsl pemenus (13) na (x — a)*, upu |v| > |\, = = a, umeem

(z — a) (@, y)|a=a = (b — y)Xe2 + g2(y) + x/b ( s) ; _S; ds.
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Torma
(y - b)_X(CU - a)Au(x, y) z=a, — C2-
y=b
Teopema 2. Ilycrb B cucreme (1) npu coornomenusx A < 0, up > 0, § = —Au, v > 0,
X <0, f,g1,92 € C(D), f(a,b) = 0 ¢ acammrrormecknm nosegennem (5), (6) cymecrsyior
npezesnt (7), (8), rue
g1(z) o[(m — a)e], e>0, z— a (14)
g?(y)zo[(y_b)a]a €>Oa Yy — b7

(15)

a ¢yukmun f, g1, go CBsI3aHBI MEK Ty coOoi yciaoBusimu coBmectHoctd (11) u

A92($ay)+<%—1> (b=y)* |(A=v)g(x)+ (v = Iv) ](%)V%dt—i—(aﬂ—a)a%iy)
a5 f<x,y>—gz<x,y>+<ﬂ_x>j(Z:z)“fb@?

ds
Y

Torza cucrema (1) Bceryia paspernma u ee eJJHHCTBEHHOE DeIlleHHe [PeJICTABUMO B BHJIE:

u(z,y) = g1(w,y) — yj (m - a)”' g1(t) b

b—y\* g2(s)
t—a t—adt+92(x’y)+x/<b—s> b—st
a Y
T b
l—a )\f(tay) b_y Mf(xﬂg)
+f(x’y)_)\/<x—a> t—a dt+'u/<b—s> b—s ds
a Yy
i t—a\" dt / b—y\" f(t,s)
_)\M/<x—a> t—a/(b—s) b—s ds.
a y

CaencrBue 2. [Ipu BeimosiHeHHH ycioBuii TeopeMbl 2 Jjiioboe permenne cucrembl (1) u3

kjaacca C (E) Ha I'1 u 'y obpariiaercss B HyJIb ¢ aCHMIITOTHYECKHM ITOBEJICHUEM:
u(w,y) = ol(¢ — a)*) npir & > 0;

u(z,y) = o[(y — b)°] upu e > 0.

Teopema 3. Ilycrb B cucreme (1) npu coornomenusx A < 0, u > 0, § = —Au, v > 0,
x>0, f,g1,92 € C(D), f(a,b) = 0 ¢ acammrrormecknm nosegernem (5), (6) cymecrsyior

npenesnt (7), (8), rge gi(a) = 0, go(b) = 0 ¢ acmmnrormyecknm nosegennem (14), (10).
Dyukun f, g1, go CBsI3aHbl MKy coboii yciaousimu copmectHocta (11) u

A g2(z,y) + <K -1
7

)<b—y>" <A—v>gw+v<1—A>/m(%)V%dmx_a)agl—m

ox

d
— 8 b—s 5

(x—a)(% f(m,y)—QQ(x7y)+(M_X)/b(l;—y>“f(m,s)
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Torzia nepeonpee/leHHas HEOJHOPOJIHAST CHCTEMa HHTerDaJIbHBIX ypaBHeHHul Tuiia Boabreppa
¢ ocobpivu simausiMu (1) Beerja paspeluMa, pereHne cOAepKUT OJHY IPOU3BOJIBHYIO ITOCTO-
SHHYIO U IPEJCTABUMO B BHJIE:

T

u(z,y) = (b—y)" |g1(z) —v / (L>' a) g,

t—a t—a
a

b— — 8

+f(x,y)—A/$<;:Z>Af dt+u/b< 8>“fb(ﬂiaz) ds
Y

+@—a) (b= y)Xea + galy +X/b< y> g2(5) ds
' (16)

a

[ () it ] (2 it

a

CaencrBue 3. Ilpu Bbmosnennu ycjopuii teopembl 3 Jiroboe perrenne cucrembl (1)
u3 kiacca C'(D) va 'y u T'y obpamiaercs: B Hyslb ¢ aCHMITOTHIECKHM MOBEIEHHEM:

u(z,y) = o[(x — )] upu £ > 0;
u(z,y) = of(y — b)™], rae y4 = min(p, x) mpuy — b.

CsoiicTBO pemeHns. YMuoxas obe cropons! pemtenns (16) na (z — a)*, mpu |v| > |A],
T = a, IOJIyIuM

b—s

(@ = &) u(@,y)],, = 0= y)¥e2 + galy +x/b<b_5> 9208) 4
Y

Torma
(y - b)ix(x - a)Au(x, y) z=a, — C2-
y=b
Teopema 4. Ilycrs B cucreme (1) npu coorromernusix A < 0, p > 0, 6 = —Apu, v < 0,

x <0, |v| > |\, f,91,92 € C(D), f(a,b) = 0 ¢ acummrrormueckum mosesenmem (5), (6)
cymecrBytor upezesst (7), (8), rae gi(a) = 0, g2(b) = 0 ¢ acumnroTHYECKHM IOBE/IeHHEM
(9), (15). @ynknun f, g1, go cBsa3anbl MexK Ly coboii ycaoBusmu coBmectHocta (11), (12), rae

U(y) = g2(y) +x/b (2:‘;/))( ‘ZQE‘?, ds.
)

Torna nepeonpenesennas cucrema (1) Beerja paspeninma, penieHne COIEPXKUT OJHY ITPOU3-
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BOJIBHYIO ITIOCTOAHHYIO U BbIpazKa€TCsd paBE€HCTBOM

T

u(z,y) = b—y)H [(z—a) 1+ g1(z) — 1// (:c — a>|l’ () dt

t—a t—a

a

+(@ —a)* 1 ga(y) +x/b (H)XZQ_(S) ds
)

T B A\ b - .
Fiea) - [ (E22) 2D [ (1) 1220,
Y

Caencreue 4. Ilpu Bbinosnennn ycioBuii Teopemsr 4 ioboe pentenne cucremsr (1) u3
knacca C(D) na I'y u Ty obpamaercss B Hy/b ¢ aCHMIITOTHIECKHM TIOBEICHIEM:

u(z,y) = o[(x — a)N], mpu z — a;

u(z,y) =o[(y —b)¥], e >0 npuy — b.

CsoiicTBo pereHusi. YMmuoxas Ha (y — b) ™" obe cropoHsl mostydeHHoro pernenns (17)
cucrems! (1), npu Beionsaenun ycaosus (b —y) #ga(y)|y=p = 0, npu & = a, nosydnm

[ (z—a\M
(b_y)_uu(%y)‘y p= (T —a)” C1+91($)—1//< ) 91(t) dt.

t—a t—a
a
Torma
(z = ) (b—y) Mulw,y)|_, = e
A

Teopema 5. Ilycrs B cucreme (1 ) pu coorHomenusix A > 0, p < 0, § = —Ap,

fr91,92 € C(D), f(a,b) = 0, gi(a,b)

CKHM IIOBE€JI€HHEM:

g2(a,b) = 0, coorBeTCTBEHHO, C ACHMITOTHYE-

f(z,y) =o[(x—a)], &>0npunz—a; (18)
flz,y)=o[(y—b)], e>0mpmy—b, (19)
g1(z,y) = 0[(5[? — a)e], e >0 npu x — a; (20)
gi(z,y) =o[(y = b)f°], e>0mpmy—b, (21)
g2(z,y) = 0[(5[? — a)e], e >0 npu x — a; (22)
g2(z,y) = o[(y - b)a], € >0 upuy —b. (23)

Oyuxmun f, g1, go CBI3aHBI MEXKIY COOOH YCIOBUSIMH COBMECTHOCTH:

f(x,y)(VA)j(iDAi(uZ)dtwy/b(zZ)Hfb(:n,z)ds

vt [ (22 2 [ (1) S e,

a
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e [ (8) b [ (122) e

b—s b—s

Jr/\(x—u)/(;:ii)A dta/b<b_s> AUL) ds = g2(2,y).

b—s
a

Torzia nepeonpegesennas cucrema (1) uMeer eMHCTBEHHOE DeIlleHHue, MPEeJICTABUMOE B BHJIE

) — Flo ) [(t—a\\f / fla,s)
(z,y) = f(z,y) Aa/<x_a> dt+ y/( ) ——d
f () et () e

a

CaencrBue 5. IIpu BbioiHeHHH ycioBuii TeopeMbr 5 Jjiioboe permenne cucrembl (1) u3
kaacca C(D) na T'y u 'y obpaiaercst B HyJIb ¢ ACAMITOTHIECKHM ITOBEJCHHEM

u(x,y) = 0[@—(1)5}, € >0 upu x — a;
u(z,y) =ol(y — b)), e >0 upuy — b.

Teopema 6. Ilycrs B cucreme (1) npu coorromernusix A > 0, p > 0, v < 0, § = — Ay,
fi91,92 € C(D), f(a,b) =0 ¢ acumnrorndecknm nosegenneM (6), (14), cymecrByer npeses

(7), nze gi(a) = 0 u g2(a,b) = 0 yzosaersopsiror (9), (22), (23), coorBercrBenno. PyHKIUH
fs 91, g2 cBsI3aHBI M€Ky COBOM yC/IOBHSIMH COBMECTHOCTH:

A
e, 0-) | o)~ e+ O =0 =) 2 [(E22) 2Dl —o, g2

ga(:c,fg)z(l—;)(b N (= a) Ve + g1z /(t_a> n(t.9) 4

Tr—a t—a
[ (2—a\ flty) [ (b=y\" f(ts)

+f<f“’y>”/<f_§) t—y di+ (= x /<b i) s
a )

S

s e

Torga meomnoponnasi cucrema (1) Bcerya pasperuma, pereHue COAEPKUT OJHY HPOU3BOJIb-
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HYIO IIOCTOAHHYIO U BbIpazKaeTCs paBEeHCTBOM

t—a t—a

—|—f(:c,y)—)\/m<i:c;>)‘];(ii) dHMy/b(z;Z)“fb(%z) ds (25)

T b
t—a\™ dt b—y\" f(t,s)
_)\M/<x—a> t—a/(b—s) b—s ds.
y

u(z,y) = (b—y" |(x—a) e+ gi(x) —u] (;g—a)'” a) g,

CaencrBue 6. Ilpu Bbmosnennu yciaosmii Teopembl 6 Jjioboe perrenne cucrembl (1)
u3 kaacca C(D) na I'y u 'y obpamaercst B HyJib ¢ aCHMITOTHIECKHM [TOBEJICHUEM:

u(z,y) =o[(x —a)?], e >0 mpn x — «;
u(z,y) = ol(y — b)"] mpu y — .

CaoiicTBo pernenmsi. YMmuoxasi Ha (y — b) ™ 0be cTOPOHBI MOJIyYeHHOro pemienus (25)
cucrembl (1), Ipu BBINOJIHEHUH YCJIOBUN TeopeMbl 6, npu y = b, mosyunmM

T

z—a\V
(b— y)*uu(x’y)‘y:b =|(x—a) e+ g1(x) — 1// ( > 91(¢) dt

t—a t—a

a

Crenosarenbno, (v — a)’(b—y) Hu(z,y)|  =c1.
t=d
Teopema 7. Ilycrs B cucreme (1) npu coorromenusix A > 0, p > 0, v > 0, § = — Ay,

f,91,92 € C(D), f(a,b) = 0 ¢ acumnroruaecknm nopegennem (18), (6), cymecrsyer mpe-
aer (7), tae gi(a) = 0 u ga(a,b) = 0 yzosrerBopsitor dpopmymnam gi(x) = o[(x — a)], € > 0,
upu x — a, u (22), (23), coorsercreenno. Pyuruuu f, g1, go CBI3aHBI MEXKJLy COBOI yCI0BHU-
simu coBMecTHOCTH (24) 1

e [ (22) 5 ) () e

TOF,Z[& HEOIHOPpOZHas1 cucrema (1) Bcer/ia pa3pelinMa U e€ €JHHCTBEHHOE DCIIEHHE BbIpazKa-
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€TCsdA paBEeHCTBOM

w(z.g) = g1(z.y) — V/m (3: - a> L gi(t,y) gt

t—a
a

T b
t—a\*f fz,s)
+f(x’y)_)\/<x—a> t—a dt+,u/< s) b—s ds
a Y
i t—a\™ dt b—y\" f(t,s)
_)\'u/<x—a> t—a/(b—s) b—sds'
a y

CaencrBue 7. Ilpu BbimosHeHnn ycsoBuii TeopeMmbl 7, jfoboe pemenne cucrembl (1)
n3 kracca C(D) na T'y u T'y obpamjaercs B Hy/Ib ¢ ACHMITOTHICCKIM HOBEICHHIEM:

u(z,y) =ol(x —a)f], e >0 npu v — a;

u(z,y) =ol(y — b)!] upny — b.

Teopema 8. Ilycrb B cucreme (1) npu coorromennsx A < 0, up < 0, v < 0, § = —Ap,
x >0, [v] > |, f,91,92 € C(D), f(a,b) = 0 ¢ acamnrormaecknm nosegennem (5), (19),
cymectsyer npexen (¢ — ) g1(@, )leea = 91(4), 12e g1(b) = 0 1 ga(a,b) = 0 yroBRETBOPIIOT
dopmynam g1(y) = ol(y — b)¢], e > 0, npu y — b, u (22), (23), coorsercreernrno. Pyukmmu f,
g1, g2 CBSI3aHBI MEXKJY CODOIT yCJIOBUSIMH COBMECTHOCTH:

Do) = § |vfen) ~ @ =0 ai (o)~ f0.)

5 b b )
(z,s
x_a8_/<b—s> b—s 'u/<b—s> b—s as,
y y

b

92(2,y) = g1(z,y) x/g L ds + flay) - A/I(x_CL)Af(t’y)clt

t—a t—a
y

+(u—x)/b<z:3;>ufb(_ ) ds Ay - u)i(;:Z)Atita/b@:z;)“fb(?z) ds.

Tora vHeonroposuHas cucrema (1) Beerja pasperinma H ee eJMHCTBEHHOE DEIIeHHe BhIPaXka-
€eTCcsT paBEHCTBOM

7 —aQa A b x,S
we) = e+ e A [ (E22) L8 arpy [ (1) 10y,
a Y

x b
A
t—a dt b—y\" f(t,s)
_)\'u/<x—a> t—a/(b—s) b—s ds.
a y

CaencrBue 8. Ilpm BbimosHennn ycsaosuii Teopembr 7 oboe permenne cucrembr (1)
3 kiacca C'(D) ma I'y u 'y obpamaercst B Hyslb ¢ aCHMITOTHIECKHM HOBE/ICHUEM:
u(z,y) = o[(x — a)N] mpr z — a;
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u(z,y) =ol(y — b)), e >0 upuy — b.

B ciyuae, korja kosguimenter nepporo ypapHenusi cucteMbl (1) He CBsSI3aHBI MeXKy
coboii, T. e. 01 = §+ A\ # 0, perenne nepeorpesesienroii cucremsl (1) Gyem uckaTh B Kjacce
HeIPEPBIBHBIX (DYHKITUI, IPEICTABHMBIX B BHJE ODOOIIIEHHOIO CTEIEHHOI'O DSIIA:

u(z,y) = (z —a) b) Z )"y (). (26)
n=0

CHpaBe,ILHI/IBO yTrBeEepKaeHue.

Teopema 9. Ilycrp B cucreme (1) npu coornomenusix X < 0, p > 0, 61 = 6 + A # 0,
01 < 0, pyskmum f, g1, go OpeJacTaBUMBI B BHJIE:

oo

fla,y) = (@ —a) My =0 > (b—y)"" fulx),
n=0

gi(@y) = (@ —a) My —b)"> (b—y)" g (2),
n=0

92(z,y) = (x—a) My — )" Y (b—9)"Vgan(2),

n=0
1€ fu, in, gon € C(I'1), B TOUKe & = a 06paIaoTcst B HyJIb C aCHMIITOTHIECKHM II0BEIEHHEM:

|61]
n+v’

T — a,

fa@) = o|(@—a)}], 4} >

gin(z) = ol(x —a)?], >0, x — a,
gon(z) = 0[(x —a)?], >0, x— a.

Dyurmun fr, gin T gon CBI3AHBI MEXKIY COOOMH yCIOBHSIMH COBMECTHOCTH:
gin(@)= 1+ ) (e — a)fia) - (& — a)gn@)+ (1= A+ v — 2 ) (14— ) (@)
n+-y " n n+ n + ~

(o) (o) (i) (2 e
n 4y n 4y n 4y T—a t—

vin+vy)  gin(z) v
n+y)+oin+y+p  An+vy)+0

z 5y
v Y _ 2 / t-a "Hf"(t)dt, n=0,1,2,...
An+v)+01 n+7y r—a t—a

Tora neonHoponnasi cucrema (1) B kiacce bynknuii (26), umeer equHCTBEHHOE pelleHUe,
[IpeICTABUMOE B BHJIE

gon(z) = (n+7+u—x)[<1— N fn(w)>

N [ e L

z o1
—<1+ a ><5I+A(n+7)>/<t_a>nﬂf"(t)dt}, n=01,2,...
n 4y n 4y T—a t—a
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91

Ilpuyem, ecim cymecryer npegesn (x — a)n+y ggn(x){x:a = ¢}, rorma ¢, ompenemser-

cs U3 PABEHCTBa Cp %c}” n = 0,1,2,..., a Opu CymecTBOBAaHUH IPEIEJIa
51

(z — @)™+ gon(x) = 2, ¢, ompenensiercss m3 paBencTsa ¢, = <" 2 p —0,1,2,...

pAnty—x T

CaencrBue 9. Ilpu BbinosHennn ycsobuii Teopembr 9 Jto6oe perenne crucrembr (1)
n3 kracca C(D) na T'y u T'y obpamnjaercss B Hy/Ib ¢ ACHMITOTHICCKIM HOBEICHHIEM:

u(z,y) = 0[(35 — a)w] IpH T — ;

u(z,y) = 0[(y — b)“] upu y — b.

[Tomobubie yTBEpKIACHUS MOy IEHbI U JJIs IPYTUX 3HAKOB KOI(P(MDUIIMEHTOB CUCTEMbI UH-
TerpajbHbIX ypaBaeHuil (1), korma ko3 dUIMEHTH TIEPBOr0 ypaBHEHMsI CHCTEMbI He CBSI3aHbI
MEXKTy Cco0oli. YIBHBIE Ipe/CTaB/IeHrsT MHOrOOOpa3usi PEIIeHnil U CBOWCTBA, CHUCTEMbI UHTE-
rpaJibHBIX ypaBHeHuil (1) 1ar0T BO3MOXKHOCTD JIjist IIOCTAHOBKU U pelenus 3a1ad tuma Komm,
KOTJIa YCJIOBUSI 3 IAI0TCA Ha, CHHTYJISIPHBIX MHOI0OOpa3usX.

Bagaga K. Tpebyercs HaiiTu perenne cucTeMbl HHTEIPAJILHBIX ypaBHenuii (1) u3 kiacca
C(D)upu A <0, u>0,v<0,0 ==y, x >0, [v| > ||, 10 rPAHUYIHBIM YCIOBHSIM:

(& —a)"(y = b) "ul.y)|,_, = A
(y = 0) Xz = a)*u(z,y)|,_,

PEMEHUE 3A0AYUN K. [lycTs BhImoJsiHeHns! yeaoBust TeopeMbl 1. Vcmonb3yst nHTErpaih-
Hoe mpejicrapyienne (13) u cpoiicrBa pemenusi, noyunm ¢ = Aj, co = Bj.

= Bj.

[Moncrassis 3HaUenus c1, ¢z B (13), umeem perenue 3aza4n K. CirenoBaresibHo, JOKa3aHa
CJIeJTyTOIast

Teopema 10. Ilyctp BwimoJiHennr yciaoBust Teopembl 1. Torga 3amada Ky umeer exun-
cTBeHHOe pelrieHue, npejcrapumoe B Buge (13), e ¢; = Ay, co = By.

Bamaua Ky. Tpebyercs maittn pemrenne cucrembr (1) m3 kmacca C(D) mpu A < 0, p > 0,
v>0,0=—Au, x >0, no rpanmasomy yciosuio (y — b) " X(z — a)Au(x,y)‘x:a’ = B».

y=b

PEmEHUE 3A0AYN K5, [lycTs BbImoiHEHB! yCaI0BUs TeopeMbl 3. Vcmonb3yst nHTerpaib-
Hoe npejicTaByienue (16) u cBoiicTBa perenusi, umeem co = Ba.

[Moxcrasisis B (16) nanHoe 3HaUeHue co, nostydnM perienne 3a1aan Ko. CregoBaresbHo,
JIOKa3aHa CJIEYIONas TEOPEMA.

Teopema 11. Ilyctp BwimoJiHeHBI ycaoBus Teopembl 3. Torga 3amada Ko umeer emmn-

cTBeHHOe pelrienne, npejcrasumoe B e (16), rge co = By.

Bamaua K3. Tpebyercs maiitu pemenne cucrembr (1) u3 kimacca C(D) npu A < 0, p > 0,
v <0,x<0,]|v| >\, d =—Au, no rpannanomy yeaosuto (z—a)’ (b—y) Hu(z,y)|y=a, = As.
r=a

PEWEHUE 3A7AYU Kj. Ilpu Bbimossenun ycjosuit teopembl 4 u yciaosus (b —
y)f‘LQQ(y)‘y:a

[Moxcrasnsist B (17) nannoe 3HaveHue cq, mojydnm pemienne 3anadan Ks. CrenoBaresbHo,
BEPHO CJIEJYIOIIee yTBEPKIEHUE.

= 0, ucnionb3yst (17) u cpoiicTa perienusi, umeeM c¢; = As.

Teopema 12. Ilyctp BbimoJiHensr ycaoBust Teopembl 4. Torga 3amada K3 umeer egun-
cTBeHHOe perrienne, npejcrapumoe B sujge (17), rae ¢p = As.

Bamaua K. Tpebyerca naiitu pemtenue cuctemsr (1) m3 kmacca C(D) npu A > 0, p > 0,
v <0, § = =\, no rpanmanomy ycaosuio (x — a)’(b —y) Hu(z, y) b, = As.

)
r=a
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PEWIEHUE 3A0AYM K. Vcnosb3yst naTerpaibHoe npejcrasienue (25) u cBoiicTBa periie-

HUsI TIPYM BBITIOJIHEHUH YCJIOBHIT TeopeMbl 6, nMeeM ¢; = As.

[Mogcrapisiss B uHTErpajibHOE TpejcTaBieHue (25) 9T0 3HAYEHHE ¢1, MOJYYUM pelleHue
sagaan Ky. CremgoBaTe/ibHO, JOKa3aHa CJIELYIONIAsl TeopeMa.

Teopema 13. Ilycro Boimosiaensr ycaoBust teopembl 6. Torga 3amada K, umeer exmn-

CTBEHHOE pelleHue, 1pejcrapumoe B puje (25), e ¢ = As.
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Abstract. The Chernoff approximation method is a powerful and flexible tool of functional analysis, which
allows in many cases to express exp(tL) in terms of variable coefficients of a linear differential operator L. In
this paper, we prove a theorem that allows us to apply this method to find the resolvent of L. Our theorem
states that the Laplace transforms of Chernoff approximations of a Cp-semigroup converge to the resolvent
of the generator of this semigroup. We demonstrate the proposed method on a second-order differential
operator with variable coefficients. As a consequence, we obtain a new representation of the solution of
a nonhomogeneous linear ordinary differential equation of the second order in terms of functions that are
coefficients of this equation, playing the role of parameters of the problem. For the Chernoff function,
based on the shift operator, we give an estimate for the rate of convergence of approximations to the
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1. Introduction

The straightforward way to find the resolvent (Al — L)~! of the linear operator (L, D(L))

in the Banach space .% is to study (for given A € C) if the equation A\f — L f = g has for each
g € % a unique solution f € D(L). If we know that (L, D(L)) is closed then this is enough,
but if not then we must also check that f depends on g continuously. In case of success we
have f = (M — L)~ !g. For example, if .# is one of the subsets of space of all functions
f:R—C,and Lf =af” +bf" +cf is a differential operator defined by constant coefficients
a,b,c € C, then this task is not difficult. Indeed A\f — Lf = g is a second order differential
equation Af(z) —af”(x) —bf'(z) — cf (x) = g(z), x € R, with only one variable coefficient g,
and there are standard formulas in ODE books to solve this equation using the variation of
parameters method. But if a, b, ¢ are not constants, but functions that depend on x then the

#The work (except theorem 5) was supported by the Russian Science Foundation (project 23-71-30008).

Theorem 5 was obtained in IITP (Dobrushin’s Math. Lab.).
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situation becomes much worse because there are no standard formulas for solution of equation
M (x) = a(x) f'(z) = b(z) f'(x) — c(2) f(z) = g(x), v € R.

However, if (L, D(L)) holds one additional property, then we can use a non-straightforward
method of finding the resolvent, this method is the main result of the paper. The property
is that (L, D(L)) is the generator of a Cy-semigroup, which informally means that exponent
el exists as a linear bounded operator, and depends on t € [0,4+00) continuously in some
sense. If (L, D(L)) is a linear bounded operator with D(L) = .% then this condition holds
automatically, but if (L, D(L)) is not bounded then there is a beautiful theory around it,
see e.g. [1-5]. In most interesting cases (e.g. if L is a differential operator with variable
coefficients) it is difficult to calculate e'* directly because power series e’ = >°°° (tL)"/n!
is useless in case of unbounded operator L. Yet it is possible to find e*! approximately using
the Chernoff theorem [6], this theorem will be discussed below. After that, having e' we
calculate the resolvent via well known [3] formula (A\f — L)™' f = [;° e el fdt. The method
may look complicated because of the many steps it has (find Chernoff function for L, find e**
via Chernoff approximations, find (Al — L)™' via e'*), however all these steps are supported
by known methods, and so our proposed method may still be much simpler than considering
the equation \f — Lf = g.

Brief history and overview of the results obtained up to 2017 in constructing Chernoff
approximations of e for several classes of operators L can be found in [7]. Several papers
on the topic showing the diversity of cases studied are [8-13|, see also [14-16]. Speed of
convergence of Chernoff approximations were studied in [17-23], see also references therein. See
also paper [24]| which numerically investigates the efficiency of the Monte Carlo method based
on the application of the Chernoff theorem, and paper [25| that mathematically substantiate
such an approach to the Chernoff approximations.

Summing up, we can say that the method of Chernoff approximation is an extremely
effective tool for expressing e’ in terms of variable coefficients of operator L. The present
paper shows that this method can be also be used for expressing (Al — L)™' in terms of variable
coefficients of operator L, and for finding the solution of the corresponding differential equation
Af — Lf = g. As an example we consider second order linear ODE with variable coefficients.

Limits of multiple integral as multiplicity tends to infinity (such expressions are called
Feynman formulas [8]) are one of the ways (which actually was used originally by Richard
Feynman |26, 27|) to define Feynman path integral |28, 29]. So in Theorem 5 a solution of
an ODE is in the first time in history of science represented via Feynman formula, which can
also be interpreted as Feynman integral if one wishes to do. Such theoretical step is novel and
may lead to some unexpected applications in the future.

2. Preliminaries: Operator Semigroups and their Chernoff Approximations

Let us recall some relevant definitions and facts of Cy-semigroup theory following [3].

DEFINITION 1. Let .%# be a Banach space over the field R or C. Let .Z(.#) be the set of all
bounded linear operators in .%. Suppose we have a mapping V': [0,400) = Z(F), i.e. V(1)
is a bounded linear operator V(t): .% — Z for each t > 0. The mapping V', or equivalently the
family (V(t))i=0, is called a strongly continuous one-parameter semigroup of linear bounded
operators (or just a Cy-semigroup) iff it satisfies the following three conditions:

1) V(0) is the identity operator I, i.e. V(0)p = ¢ for each ¢ € .F;

2) V maps the addition of numbers in [0, +00) into the composition of operators in .Z(.%),
i.e. for all ¢ > 0 and all s > 0 we have V(t + s) = V(t) o V(s), where for each ¢ € .F the
notation (Ao B)(¢) = A(B(p)) = ABy is used;
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3) V is continuous with respect to the strong operator topology in .Z (%), i.e. for all
¢ € F vector V (t)p depends on t continuously, i.e. the function [0, +00) 3t — V(t)p € F
is continuous.

REMARK 1. The definition of a Cy-group (V(t))icr is obtained by substituting [0, +00)
with R in the definition above.

DEFINITION 2. Let (V(t))i>0 be a Cy-semigroup in Banach space .Z. Its infinitesimal
generator (or just generator) is defined as the operator L: D(L) — .# with the domain

V(t)p —
D(L) = {cp € .7 : there exists a limit lim M} C Z,
t—+40 t

and
V(t)p —
Ly = lim 7( )('0 4,0.
t—+0 t

REMARK 2. It is known [3]| that for each Cp-semigroup (V'(¢));>o in Banach space .Z#,
the set D(L) is a dense linear subspace of .%. Moreover, (L, D(L)) is a closed linear operator
that uniquely defines the semigroup (V' (t)):=0. Also for each Cp-semigroup (V' (t))¢>0 in Banach
space there exist constants M > 1 and w € R such that ||V (¢)]] < Me“* for all ¢t > 0.

REMARK 3. Very often the notation V (¢) = e is used. This is a good notation for several
reasons. First, properties €9 = T and e(tt5)L = ¢tLesl are consistent with the case when L
is a number or a matrix. Second, if L is a bounded linear operator then the exponent can
be defined via the standard power series et = Yoo o(tL)™/n! that converges in the operator
norm. Finally, in general case we have e'*f = (I +tL)f + o(t) for all f € D(L) which again
retains properties of the exponent in number and matrix case.

Now we are ready to state the Chernoff theorem. From several options (see [3, 5, 6, 29]),

we choose the one given in [5]| (in equivalent formulation):

Theorem 1 (P.R. Chernoff (1968), cf. [3, 5, 6, 29]). Suppose that the following three
conditions are met:

1. Cy-semigroup (e**);~o with generator (L, D(L)) in Banach space .Z is given, such that
for some w > 0 the inequality ||e'*| < e*! holds for all t > 0.

2. There exists a strongly continuous mapping S: [0,4+00) — Z(.%) such that S(0) = I
and the inequality ||S(t)|| < e“! holds for all t > 0.

3. There exists a dense linear subspace D C .# such that for all f € D there exists a
limit S'(0) f := limy—,4+o(S(t) f — f)/t. Moreover, S’(0) on D has a closure that coincides with
the generator (L, D(L)).

Then the following statement holds:

(C) for every f € .F, asn — oo we have S(t/n)"f — et* f locally uniformly with respect
tot >0, i.e. for each T > 0 and each f € .# we have

lim sup HS(t/n)"f—ethH =0.
]

N0 tel0,T

Above S(t/n)" = S(t/n)o---0S(t/n) is the composition of n copies of linear bounded

/

n
operator S(t/n) defined everywhere on F.

DEFINITION 3. Let Cp-semigroup (e**)s=o with generator L in Banach space .Z be given.
The mapping S: [0, +o00) = Z(.F) is called a Chernoff function for operator L iff it satisfies
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the condition (C) of Chernoff theorem 1. In this case expressions S(t/n)" are called Chernoff

approximations to the semigroup etl.

There is also a variant of the Chernoff theorem that allows us to prove the existence
of the semigroup.

Theorem 2 (Chernoff-type theorem, Corollary 5.3 from Theorem 5.2 in [3]). Let .#
be a Banach space, and £ (%) be the space of all linear bounded operators on .%. Suppose
there is a function S: [0,+00) — Z(.%), meeting the condition S(0) = I, where I is the
identity operator. Suppose there are numbers M > 1 and w € R such that ||S(¢)*|| < MeF+*
for every t > 0 and every k € N. Suppose the limit limy_, ¢ S(ﬂ% =: Ly exists for every
w € 9 C F, where & is a dense subspace of .. Suppose there is a number A\g > w such that
(Aol — L)(2) is a dense subspace of .F.

Then the closure L of the operator L is a generator of a strongly continuous semigroup
of operators (e%);>q given by the formula e"¢ = lim,, o, S(t/n)"p where the limit exists for
every ¢ € . and is uniform with respect to t € [0,T] for every T > 0. Moreover (e!)s=g

satisfies the estimate ||ef|| < Me*t for every t > 0.

REMARK 4. There are several theorems that help to find out if some linear operator
(or the closure of it) generates a Cp-semigroup. Most general are Hille-Yosida theorem and
Feller-Miyadera—Phillips theorem. Unfortunately both heavily use properties of the resolvent
which is a kind of circulus vitiosus because we start all this activity to find the resolvent but
need its properties to do it.

However there are several results that only use properties of the operator to prove that
it generates a Cp-semigroup:

1. Stone’s generation theorem: if A is a self-adjoint operator in Hilbert space, then A
generates a Cp-semigroup; even more, this is a Cy-group of unitary operators.

2. Lumer-Phillips theorem: linear, closed, densely defined in Banach space, dissipative
operator A with a property that A — Aol is surjective for some A9 > 0, generates a Cy-
semigroup of contraction operators.

3. A. Yu. Neklyudov’s inversion of Chernoff’s theorem [30].

REMARK 5. Chernoff’s theorem is a deep result of functional analysis and is designed for
dealing with infinite-dimensional spaces .%. However, it can be illustrated in one-dimensional
setting in two ways, which helps to build intuition. First, one-dimensional version of Chernoft’s
theorem, when % = £(.%) = R, says that if s: [0,+00) = R, I € R and s(t) = 1+ tl + o(t)
as t — 0, then lim,, .o (s(t/n))™ = e*, which is a simple fact of calculus. Second, one can see
that Chernoff’s theorem is an infinite-dimensional analogue of the forward Euler method for
solving ordinary differential equations numerically.

3. Main Result

Theorem 3. Let .% be real or complex Banach space, and let £ (%) be the set of all linear
bounded operators in .%. Suppose that linear operator L: % O D(L) — % generates Cy-se-
migroup (e'*)s=q satisfying for some constants M > 1 and w > 0 inequality ||e'*| < Me“t
for all t > 0. Suppose that function S: [0,+00) — Z(.F) is given and ||S(t)F| < Me~t
for allt > 0 and all k = 1,2,3,... Let us denote the resolvent of (L, D(L)) by the symbol
Ry = (M — L)~! for all A € p(L). Suppose that the number A € C is given and Re A > w.
Then X\ € p(L) and:
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L. If for all T > 0 we have limy,_,o0 SUPse[o 7] Heth - (S(t/n))"f” = 0 for every f € .7,
then we have

nh_)ngo Ryf — / S(t/n)"fdt| =0, feZF. (1)
0

2. If for all T > 0 we have lim;, o0 SUpyeo,7 HetL - (S(t/n))"” = 0, then we have

Tim | 7 - / M8t /)" dt|| = 0. @)
0

< Integrals in (1) and (2) can be understood as improper Riemann integrals because
for each n integrands are continuous functions of t. Moreover |le™*(S(t/n))"| <
e tReApfet/mwn — pNretw—Red) with w—Re ) < 0, so both integrals converge. Theorem I1.1.10
from [3] says that A\ € p(L) and Ryf = [ e Xt el fdt for each f € # with ||Ry| <
M/(Re X —w).

Let us prove item 1. Suppose ¢ > 0 and f € % are given. Let us prove that there exists
ng € N such that for all n > ng the estimate HR)\f foo _)‘t S(t/n)) fdtH < € holds.

Integral in (1) and fooo e Metl fdt both converge hence the integral on the right hand side
of the equality

Ryf — [ e?(S(t/n)" fdt = [ e (e f — (S(t/n))"f)dt
[ [

converges. Moreover, it convergences uniformly in n € N due to the estimate

o7 (et = (ste/mpm|| < e B (et ]|+ s em) )
L e ReM <Me”t + Me(t/")w"> < 2Met@—Re )

with w — Re X < 0.
Let us use the so-called e/2-method to prove that fooo < €, using representation
IS = fOT—i—f;o First, using ¢, we find such T > 0 that [»° < /2 for all n, and then

for this T' we find such ng that for all n > ng we have fOT < g/2. This will give us fooo < E.
Indeed, we have

Vi r 1 3

tL n < /2M t(w—Re A) — oM T(w—ReX) <=
/ f—=(S(t/n))"f) dt e dt o= ¢ 5
T T

for all n € N and all T satisfying inequality 7" > max <0, Re)lx—w In (Re4>\]\i[w)€). Suppose that
such number T' is selected.
Next, thanks to the conditions of the Theorem we have

1 (t =0,
nggot:[gg]He — (S/m)" f]]
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so there exists ng such that for all n > ng, we have

[ = (smys) arf < [ et~ (s(e/n) s
0 0

< T max e 'ReA gup Heth (S(t/n)) fH < -
t€[0,T] te[0,T]

So we proved that for arbitrary € > 0 there exists ng such that for all n > ng we get

o0

Ryf — / e M(S(t/n))" f dt|| < e.

0

Item 1 is proved. Proof of item 2 is obtained by deleting f from the proof of item 1. >

4. Corollary: Feynman Formula for the Resolvent

Assumption 1. Consider functions a,b,c: R — R on R. Assume that a(x) > 0 for all
x € R. Assume that there exists such 5 € (0,1] that function ¢ is bounded and Hélder con-
tinuous with Hélder exponent 3, and functions a, x — 1/a(z), b are bounded and Hdélder
continuous with Holder exponent 8 with derivatives of order one and two.

Consider Banach space Cy(R,R) of all continuous functions f: R — R vanishing at
infinity (i. e. im0 f(2) = 0), with the uniform norm || f| = sup,eg | f(x)|. Consider space
C2(R,R) of all compactly-supported functions that are continuous with derivatives of order
one and two; note that this space is a dense linear subspace in Cy(R,R).

For all f € C2(R,R) define linear operator H via the formula

(Hf)(z) = a(z)f"(z) + b(x) f'(z) + b(x) f (x). (3)

Assume that the closure (H,D(H)) of operator H: D(H) = C%(R,R) — Co(R,R)

exists and generates a Cy-semigroup (e tH )i=0 in Co(R,R); this assumption is fulfilled, e.g.
if a(z) > ag for some constant ag > 0, and b, ¢ only satisfy already mentioned conditions.
Now operator (H, D(H)) is well defined.

REMARK 6. Following [31], let us consider operator-valued functions S, Sy, Ss, S that
are defined on [0, 00) and take values in .Z(Cy(R,R)). For all z,y € R, ¢t > 0 define

—y)?

(S1(t)f)(=) = \/ﬁ/e’{p (ﬁw
R

2 T)\xr —
(SO = s / o (T - M) s

S0 @) =exp (¢ (o) = o5 ) ) o). S0 = Su(052(0) (@)

It is proved in [31] that for all f € C?(R,R) and ¢t — 0 we have
(S1(t)f) (@) = f(z) +ta(x)f"(z) + o(t),
(SO ) (@) = f(@) +tla(@)f" (@) + b@) f'(z) + e(x) f ()] + o(t),

) 1) dy,
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and inequality ||S(t)|| < ¥ holds for all t > 0 with w = max(0, sup,cg C(z)). Operator H
generates a Cy-semigroup, so all conditions of the Chernoff theorem are fulfilled. Hence

(etﬁf) (x) = <nlirrgo S(t/n)”f) (x), forall t>0, z€R, feCy(R,R)

nf‘:o.

locally uniformly in ¢, i.e. for all T' > 0 we have limy,_,c Sup;¢(o,7 Hetﬁf — (S(t/n))

The expression for S(¢/n)"f can be rewritten as follows:

2a(zj-1)

(¢5) a0 =t | /exp . (C(wJ-l)——ig‘ifﬂj') e
j=1

n
—-1/2
/ n—1

~ n [n—1 n S )
X < fﬂt) Ha(xj) exp _EZ(JQ(*?JFI) fan)dzr ... day.
j:O j:0

j)

Now we can apply Theorem 3 and obtain a formula for the resolvent of H.

Theorem 4. Undg notation and assumptions from Assumption 1 and Remark 6, the
resolvent Ry = (M — H)™! is given for all A € C satisfying Re A > w, all g € Co(R,R), all
o € R by the following formula:

/ A fron (45 -

R R J=1
~——
n

n

Jj=1

n
xexp | ——

M |

- le )?
g(xn)dxy ... dxy, | dt,
§=0 ]

where the limit lim,, .., exists uniformly in xy € R.

< Let us check conditions of Theorem 3. Set .# = Cy(R,R) with the uniform norm
Il = supyer |f(z)|. Consider L = H defined via (3), D(L) = D(H), w = w, M = 1.
Consider S(t) defined in (4). We already have ||S(t)| < e®*, which implies ||S(t)¥| < e®* .
Condition limy, o0 SUPsc( 7] et f — (S(t/n))"f|| = 0 for all f € .% and all T > 0 is true
thanks to [31], where the Chernoff theorem is used. The proof is finished due to item 1 of
Theorem 3. >

REMARK 7. Note that for an arbitrary linear operator (L, D(L)) the resolvent (Al — L)~}
and the semigroup e, if they exist, are defined by (L, D(L)) uniquely. Meanwhile, there
are many Chernoff functions for the same operator (L, D(L)), so there are many Chernoff
approximations for (A — L)~! and e'*. This gives us some freedom in constructing such
approximations. The representation for the resolvent proposed in Theorem 4 is only one
of the representations that can be obtained via the Chernoff theorem.
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5. Corollary: Representing Solution of ODEs via Feynman Formula

There is no standard well known method of expressing the solution of ODE —a(x)f"(x) —
b(z)f'(z) — c(x)f(z) + Af(z) = g(z), x € R in terms of variable coefficients a, b, ¢, g and
constant A\. Meanwhile, our method gives a formula for the solution, because f = (A — L)~!
for L given by (Lf)(z) = a(x)f”(x) + b(x)f(x) + c(z) f(x). We will rewrite \f — Lf = ¢
as Lf — Af = —g because it is easier to follow the idea. Please allow us to make the statement
of the theorem a bit wordy to keep it self-contained.

Theorem 5. Consider second order ordinary differential equation for function f: R — R

a(z)f"(z) +b(z)f'(z) + (c(x) = N\)f(z) = —g(z) for all x € R, (5)

where functions a,b,c,g: R — R are known parameters and number A € C is also a known
parameter. Assume that there exists constant ag > 0 such that a(xz) > ag for all x € R.
Suppose that there exists 8 € (0, 1] such that function c¢ is bounded and Hoélder continuous
with Hélder exponent (3, and functions a, x — 1/a(x), b are bounded and Hélder continuous
with Hélder exponent 3 with derivatives of order one and two. Assume that function g is
continuous and vanishes at infinity. Assume that R 3 A > max(0, sup,cp ¢(x)).

Then for (5) there exists a unique continuous and vanishing at infinity solution f given
for all xg € R by the formula

n

X exp Z":b(% 1)( —2-1) (ﬂ)n ﬁa(mj)

n
xexp | ——

4t

M |

ijrl )?
g(xp)dxy ... dx, | dt,
=0 J

where the limit lim exists uniformly in zy € R.
n—oo

<1 In Theorem 4 set f = Ryg. >

REMARK 8. This reasoning also works in the multi-dimensional situation for z € R?
where we have an elliptic PDE instead of ODE.

6. Corollary: Translation-Based Formula as a Method of Solving ODEs

Another Chernoff approximations for the same semigroup are known, these approximations
do not involve multiple integrals but use multiple shifts instead [12]. For these approximations
error bounds are known. Rate of convergence of Chernoff approximations is given in [19]
for the general case of arbitary semigroup, and also in this particular case of translation-
based approximations [18| for the semigroup that is discussed in the next theorem. The word
“translation” is used because for a(z) = agp = const operator f — [z — f(x + 2y/a(x)t)]
is indeed a translation (shift) of f by the value 2y/agt.

Let us use symbol UCy(R) to denote Banach space of all bounded and uniformly continuous
functions f: R — R with the uniform norm || f|| = sup,eg |f(z)|. Let us use symbol Cp°(R)
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for the subspace of UCy(R) consisting of all infinitely differentible functions that are bounded
and have bounded derivatives of all orders.

Theorem 6. Suppose that functions a,b,c € UCy(R) are bounded with their derivatives
up to order 3, and there exists such a constant ag > 0 that estimate inf ecr a(z) > ag > 0 is
satisfied for all x € R. For each function ¢ € C;°(R) = D(A) define Ap = a¢” + b¢’ + c¢. For
each t > 0, each x € R and each f € UCy(R) define

(S f)(x) = i f<x + 2\/a(x)t> + % f<m - 2\/a(x)t) + % f(x + 2b(2)t) + te(z) f(z).  (6)

Assume also that R 3 X\ > sup,¢cp |c(x)| = ||¢||. Then:
1. Closure A of operator A generates a Cy-semigroup in UCy(R).
2. For each g € UC(R) the solution f: R — R of the equation

a(x)f"(z) + b(x)f (x) + (c(x) = N f(z) = —g(x) for all z € R, (7)

exists, is unique in UCy(R) and is given for all x € R by the formula

[e.9]

/ e (eAg) (@)t = tim [ e (S(t/m))"g) (2)dr. (8)
0

n—00
0

where S(t/n) is obtained by substitution of t with t/n in (6), and (S(t/n))" is the composition
of n copies of linear bounded operator S(t/n).
Suppose additionally that function g is bounded with derivatives up to order 5. Then:

3. There exist nonnegative constants Cy,C1,...,Cy such that for all t > 0 and alln € N
the following inequality holds:

2ellelt

15(t/n)"g — || <

(Collgll+ Cullg'll + Callg” | + Csllg” Il + Callg ™[l - (9)

4. Error bound in (8) for all n € N is given by inequality

— Ooe_)‘t n))" T L
sup  f(z) 0/ ((S(1/m)"9) () de] < s,

where Cy = Collgll + Cillg'l| + Callg”l + Callg” [l + Callg ™.

5. Integral in item 2 can be calculated over [0, T instead of [0, 00) with controlled level of

error. This means that for each € > 0 there exists T = max (0, /\_1”6” In (/\_ﬁcu)e) such that

for all n € N we have

T
2
sup | f / S(t/n))"g) (x)dt| < n-()\# +e
0

zeR = ell)?

< Item 1 follows from Theorem 4.2 in [18]. Item 2 is a particular case of the main result
of the paper, Theorem 3. Item 3 follows from Example 4.2 in [18]. Item 4 follows from items 2
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and 3 with simple estimate

[ (o) @ae— [ (Ste/m)) (@)t
0 0

o0 e}

— 2
< /e)‘t HeAg _ (S(t/n))"gH dt < /6(||C||>\)tt_cg dt =
n
0 0

2,
n- (A= lel)®

Item 5 (by repeating the reasoning in the first part of the proof of Theorem 3) follows
from item 4 and the well known fact that the semigroup (et1) 0 is a quasi-contraction,
i.e. in estimate for norm ||e*4| < Me*? it is possible to set M =1, w = ||c|. >

REMARK 9. Independently of Chernoff function used (is it based on integral operators
as in Theorem 5 or on translation operators as in Theorem 6), Chernoff approximations are
allowing to calculate value of the solution in only one point of the domain of solution (in one
point € R in our examples). Meanwhile methods based on a computational grid calculate
values of the solution in all points of the computational grid. Moreover, values of Chernoff
approximations at different points of the domain can be calculated in parallel, using multi-core
processors and GPU which is an advantage of this approach.

Acknowledgments. Author is thankful to Oleg Galkin, Denis Mineev and Polina Panteleeva for
comments on the manuscript.
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Awnnoranusi. Metos 1epHOBCKUX ANIIPOKCUMAIIAN SBJISIETCS MOIIHBIM U THOKAM HHCTPYMEHTOM (DYHKITH-
OHAJILHOI'O aHAJIM3a, HO3BOJISAIONMM BO MHOIMX CJIydasix BeIpasuTh exp(tL) yepes nepemenubie koadduimen-
TBI JIMHEWHOrO JuddepennuanbHoro oneparopa L. B jmanHoit pabore J0Ka3bIBA€TCs TEOpeMa, ITO3BOJISIONIA
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Wi, SIBJISIIOIUXCST KO DUIMEHTAMU 9TOTO YPaBHEHIsI, UTPAIOIIUX POJIb mapamMeTpoB 3amaqan. Jms dysaxmmn
YepHOBa HA OCHOBE OIEPATOPA CIBUra MbI JIa€M OIEHKY CKOPOCTH CXOJUMOCTH NMPUOJIMKEHUH K PEIIeHUIO.
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Abstract. The article generalizes a mathematical model describing the population dynamics of cell
clusters, based on a system of first-order nonlinear differential equations by introducing additional
parameters. It is proposed to add two types of coefficients to the model: a survival coefficient, which
describes the proportion of cells that die due to some environmental influences and subsequent autophagy
or as a result of intracellular processes leading to death (necrosis, apoptosis), and the aging coefficient,
which describes the limitation in the rate and possibility of cell division due to reduction in the length of
telomers of the cells chromosomes during mitosis. The added coefficients have a biological meaning and
can be evaluated during the experiment, as required by the considered model of morphogenesis. Taking
these parameters into account in the mathematical model made it possible to determine new dynamic
regimes in the system of differential equations describing the behavior of multicellular clusters. For the
obtained system of differential equations, an analysis of its equilibrium points and the stability of steady
states corresponding to these points was carried out. The values of the parameters of the mathematical
model at which the system can reach a steady state were determined. Also, limitations on the parameters
were identified, at which it is impossible to estimate the stability of steady states using the Lyapunov
method. It follows from the obtained conditions that one of the cases when the system of cell clusters
comes to a steady state is either the extinction of all cells, or the cessation of division of cell clusters.
Steady states of different type are also possible, for which the criteria of existence and possibility have yet
to be determined.
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Introduction

The simplest way to describe tissue formation processes is to quantify changes in the

total number of cells in populations. Such estimates can be obtained using population models
like in [1] or |2]. Their main advantage is abstraction from the nature of interaction between
individual cells and the ability to evaluate scenarios for the development of the system with
minimal computational costs. Possible behavioural scenarios can be estimated using dynamic
regimes of a system of differential equations describing the cell populations.

An important requirement when choosing a mathematical model is the portability of

results between models of different types. If a certain result is obtained using a population

(© 2025 Smirnov, M. A.
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model, it should qualitatively coincide with the result of using simulation models with the
same system parameters (e. g., [3, 4]). A population model using a set of universal parameters
in [5] satisfies these requirements.

In population models, for certain values of the system parameters, situations are possible
where cell populations grow without limit. This behavior contradicts the fact that cells have
a divisibility limit called the Hayflick limit [6]. If the possibility of cell population aging is
not considered, an adequate assessment of the development scenarios of multicellular cluster
systems is impossible.

Models of morphogenesis primarily describe interactions between cells. In addition, the
impact of environment on cell populations is an important factor to consider. If environmental
conditions (heat, radiation, lack of chemicals necessary for life, etc.) are too aggressive, then,
regardless of the interactions between cells, some of the cells will always die out [7|. The death
of some part of the cell population can also be initiated by intracellular processes (necrosis,
apoptosis) [8]. A population of cells in which at least half of the cells are born dead cannot
grow without limits. If these factors are not taken into account, then morphogenesis scenarios
are also determined incorrectly.

The mathematical model with universal parameters does not take these factors into
account. Adding parameters describing populations aging, environmental influences and
intracellular processes leading to cell death allows us to more accurately determine the
behavior of the system of multicellular clusters.

The added parameters must satisfy the requirement of having a clear biological meaning,
as do other universal parameters from [9].

1. Description of the New Model Parameters

The main variables of the population model [5] are the sizes of the cell population N(7,t)
and the rates of their division vg(7,t). The change of these values over time is determined by
the following expressions:

N
W = Surplus(r, N) — Loss(7, N), (1)

d?)d(T, t) Ud(T, t) NP ,
g 1-— W / Z K (7 + 7)Sig(t + #,N)

K (1+7)>0 (2)
t

+<—”§ﬁ$’ ) ) Y K(r + 7)Sig(r + 7, N).

vi (1) 71K (14-7)<0
The parameter Loss(7, N) determines the decrease in the number of cells of type 7 per unit
of time:

Loss(1,N) = vg(7,t)N(7,1). (3)
The values Surplus(7, N) and Sig(7 < 7, N) are determined by equations (4) and (5),
respectively. To find them, the following parameters are taken into consideration:

N(r)=o(N(r) =14 ¢)N(7), Disp(#,N) = max (1, > N(T*)>,
Pr(7*+7)>0
L()N(7)

Inf(7 < 7, N) = Pr(r « 7‘)D_ 7N
isp(7,

, SumInf(r, N) =) " Inf(r < 7, N).

+

The function o is a sigmoid or Heaviside function with parameter c¢: 0 < ¢ < 1.
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The Sig(r < 7, N) parameter specifies the distribution of signals from cells of type 7
between cells capable of receiving these signals:

Inf(r7,N) if Inf(r « 7, N) > 0
Sig(t « 7, N) = { SumInf(m.N)” (T. 7. N) > 0; (4)
0, otherwise.

The distributional parameters e4(7, N) and §(7 < 7, N) are also considered:

ea(,N)= > Sig(r+ #,N),
F:0(1+7)=1
S(r«#N)= Y  Sig(f< 1" N).

7% D(F1*)=T1

The value of Surplus(7, N) determines the increase in the number of cells of type 7 per unit
of time:

Surplus(r, N) = va(7, )N (7, )ea(r, N) + > va(F)N(#,1)8(7 + 7, N)(2 — ea(#,N)).  (5)

+

It is proposed to add the following new parameters to the considered model:

1. Sy(11),...,Sr(m) — survival rate, which determines the proportion of cells of type 7
of each new generation that will be able to divide again in the future;
2. a(m),...,a(r,) — coefficients that determine the process of cell aging. Each type of cells

has a certain division limit, after which they lose the ability to divide.

The survival rate S,(7) should only affect the number of cells of type 7 that appeared
as a result of division at time ¢. Accordingly, the value Surplus(7,t) should be taken into
account in equations with the factor S,(7) as a new multiplier.

The value a(7) characterizes the aging of cells due to a large number of repeated divisions
or their rejuvenation caused by the appearance of new cells of type 7 from cells with a large (or
infinite) value of the divisibility limit (for example, from stem cells). This parameter should
only affect the rate of cell division, but not their number.

Aging and rejuvenation of cells of type 7 directly depend on the cell types and the division
type of their parents 7. Thus, in the expression for the rate v4(7), one should take into account
the values a(7) with the distributional indices e4(7, N), (7 < 7, N) and S,(7).

The change in the rate of division of 7-type cells is influenced by signaling influences from
cells of other types, the aging of cells of type 7 of the previous generation that have chosen
asymmetric division, and the division of cells of other types that have changed their type to 7.
The rate of division of cells that are not subjected to aging should not change over time.

The division rates vy(7,t) are limited below by zero, and above by the values v;**(7).
Therefore, positive and negative values of the parameters K (7 < 7) and a(7) must be
considered separately and included in the expression for the change of the division rate with
normalization coefficients.

Taking into account the introduced parameters, equations (1) and (2) will take the
following form:

dN(1,1)
dt
de(;’ D _ <1 - Zgﬁg’éﬁ) <SumK+(T) + Suma+(7)>

+< va(T, 1) ) (SumK(T) + Suma(7)> :

v (T)

= S, (7)Surplus(r, N) — Loss(, N), (6)
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where the expressions for Sumpg (7), Sumqay (7), Sumg_(7), Sum,—(7) are defined as:

Sumgi(r)= Y K(r« 7)Sig(r + #N),
7: K(1+7)>0
s , (8)
Sumpg_ (1) = Z K (7 « 1) Sig(t «+ 7, N),

1 K (14-7)<0

Sumay (1) = Sp(r) Y. (2—ea(#,N))S(7 + 7,N)a(#,N),

F#T a(f)>0
Sy(7) , (Z) 52 —eq(7,N))d(T « 7, N)a(T), a(t) > 0;
Suma_(T) _ Tra(f)<
Sr(T) ) (Z)<§2 —eq(f,N))o(1 < 7, N)a(7) + a1)eq(m, N) |, a(r) <O0.

(9)
REMARK 1. The coefficient «(7) has a biological meaning.
< If the coefficient a(7) < 0, then we consider a system consisting of one population in
the absence of all factors except the aging of population itself. The equation for the division
rate in this case is:

dvg(T,t) _ ST(T)< va(7,t)

7 vg‘ax(f)> [(2 = ea(r,N))d(7 + 7, N)a(r) + a(7)eqa(r, N)].

In the case of a system consisting of only one type of cells, e4(7, N) = O(7 < 7) = 0,
0(7 <= 7,N) = 1. Then the parameter «(7) can be found as:

_ g™ (1), (T, t)
alr) = 2Cf5‘r(7-)t S

taking into account the initial condition vg4(7,0) = vy.

Accordingly, the parameter a(7) can be estimated directly from the moment in time when
the rate of cell division becomes negligibly small, that is, from the divisibility limit of cells of
type 7.

Let us consider a system of two populations of types 79 and 71, where a(79) > 0, a(11) = 0.
During division, cells differentiate as follows: 79 — 71, 71 — 71. Cells exchange signals only
within their populations. All interaction effects, except rejuvenation, are absent. The equation
for the rate of cell division of type 77 is:

dvd(ﬁ,t) _ <1_ Ud(Tl,t)

dt UénaX(Tl)>(2 - 6d(7—0a N))(S(Tl < 70, N)OZ(T()).

Under given conditions e4(79, N) = O(19 + 19) = 0, (71 < 70, N) = 1. Then the parameter

a(1p) can be found:
vg (1) m( v ™ (1) — vo >
2t VA (1) — vg(T1,t) )

That is, the coefficient a(7p) can be estimated at the moment of time ¢, when the division
rate becomes close to its maximum value.

If cells with a(19) > 0 are differentiated into several other types, then among all the values
found, the largest value of a(7p) can be selected.

a(ry) =
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The «(7y) parameter is not included in the Sum,y(79) of the expression (9) due to the
7 # 79 summation condition. For this reason, the parameter a(7y) does not affect the change
in the cell division rate vy(79,t). >

The coefficient S,(7) can be estimated by definition as the proportion of surviving cells
among those that appeared as a result of division.

The model that takes into account population aging must have steady states. This
hypotesis is based on the fact that over time, the number of cells of certain types should stop
changing due to a decrease in the rate of division. As it turns out, the system of differential
equations under consideration actually has equilibrium points corresponding to such steady
states. Important issues are the studying of the stability of steady states of the system and
the identifying of the dependence of the stability of these states on the values of the model
parameters.

2. Steady States of the System and Their Stability

Let us write the system under consideration in the following form:

dN (7,
{71\/5” D= fi(mi,t);

i i=1,...,n (10)
dv(dz“t) = gi(Tiat)a

To assess the stability of steady states, we use the Lyapunov stability criterion.
It turns out that for some equilibrium points of systems it is possible to derive stationarity
conditions and draw a conclusion about the stability of such states.

Proposition 1. If there is a moment of time ty such that for any cell type T at t > ty at
least one of the conditions is satisfied:

1. N(7,t) = 0;

2. vg(r,t) = 0 and V7 K(1 < 1) > 0, Sig(t « 7,N) = 0 and V7 # 7, o(F) > 0 :
V7" D(7 < 1*) =71 Sig(t < 7,N) =0.
Then the set of values (N(71), N(72),...,N(7n),vq(11),v4(m2),...,v4(7s)) Is an equilibrium
point of the system (10).

< Further we will assume that ¢ > ty. The equation for f(7) can be written as follows:
flr) = vd(T)N(T) [ST(T)&“d(T,N) + Sy (17)0(T = 1, N)(2 — g4(1,N)) — 1]

+8:(1) > va(#)N()8(r « 7,N)(2 —eq(7, N)).
T#T
Since each term contains the value vy(7*)N(7*), then when the conditions of the proposition
are met, all terms will be equal to zero. Thus, f(7) = 0.
Let us show that the same is true for g(7).
When v4(7) = 0 the equation takes the form:

g(7) = Sump 4 (7) + Sumqy (7).
The fulfillment of the condition V7 K (7 < 7) > 0, Sig(7 < 7, N) = 0 implies Sumg(7) = 0.
The fulfillment of the condition V7 # 7, a(7) > 0: V7" D(7 <— 7*) =7 : Sig(t < 7,N) =0
implies Sum,(7) = 0. Accordingly, v4(7) = 0 is a solution to the equation g(7) = 0.

Let us consider the case when the condition v4(7) # 0 is not satisfied for the type 7. Since
the equation g(7) = 0 is linear with respect to v4(7), we can write the equation for vg(7):

Sumpg 4 (7) + Sume(7)
(Sumpg (1) + Sumgyy (7)) — (Sumg_(7) + Sumy— (7))

max

va(T) = vg*(7)
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If the denominator of this fraction is not equal to zero, then the equation g(7) = 0 has the
solution vg(7) # 0. Let us assume the opposite. The denominator of the fraction can be
written as follows:

Sumpy (7) + Sumgy (7) + (—Sumg (7)) + (—Sumq—(7)).

All terms in the sums Sumpg_(7) and Sum,_(7) are non-positive, so we can assume that all
terms in the denominator are non-negative. Accordingly, the denominator is equal to zero
when each term is equal to zero. But in this case g(7) = 0 for any value of vg(7). Thus, there
is a contradiction with the assumption that there are no solutions.

It can be assumed that if the conditions of the proposition are met, the equation g(7) =0
is solvable. >

Proposition 2. If a equilibrium point satisfies the conditions of Proposition 1 and for at
least one type of cells § N(0) = 0 is true, then it is impossible to determine the stability of the
steady state corresponding to this point from the eigenvalues of the matrix of the linearized
system.

<1 Let us show that when the conditions of the proposition are satisfied, the column of the

matrix of the linearized system corresponding to the derivative with respect to N(#) is equal
to zero. In this case, one of the eigenvalues of the matrix is equal to zero and it is impossible
to draw a conclusion about the stability of the steady state.

Let us consider the derivatives of %J;\(,z’gt)):

%J;\(,T(’H’;) = 5,(r) [vd(f)awhggd(ﬂ N) + vd(T)N(T)L?]ifT(’ ;;7 )
Fal0)hod(r 0, N)(2 ~ ca(6, N)) | +50(1) 3 vd(é)N(%)%@ —ca(#,N))
dea(?, N)

—va(F)N(7)3(7 7, N) ] — va(7)d70ho,

ON(6)
where d,¢ is the Kronecker delta, hg = h(N(0) — 1 4 ¢) is the Heaviside function.
Since each term contains the value vg(7*)N(7*) or vy(6)hg, and for each type of cell the

conditions of proposition 1 are true, then aaf;\([zg)) =0.

Let us show that if there is a cell type 6 for which N () = 0, then 2%—2;; = 0.

8. 5h;Disp(£,N)—N(#)h; . N
B ]gsizi)T(Tf7]\)/)2 @ e if Pr(r + 7)N(F) > 0;
=0.

0, if Pr(r « 7)N(7)

OInf(r < #,N) | Pr(r « #)I5(7)
ON()

Both expressions in the numerator are either equal to zero or depend on hg, which is also

equal to zero at N(f) = 0.
The equality to zero of the derivatives Inf(7 < 7, N) implies the equality to zero of the

derivatives Sig(T < 7, N), eq(7, N), 6(7 + 7, N), Sumg (7, N), Sumy (7, N), Sumg_ (7, N),
dg(r,t
o)

An exception to the situation under consideration is the equilibrium point, at which the
conditions N(7) # 0, vy(7) = 0 are satisfied for all cell types. We will show that in this case it
is also impossible to estimate the stability of the steady state using the sign of the eigenvalues
of the matrix of the linearized system.

Sum,— (7, N). This implies that the derivatives of are equal to zero for all values of 7. >
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Proposition 3. If there is a moment of time ty such that for any cell type T at t > ty at
least one of the conditions is true:

1. N(7,t) # 0;

2. vg(r,t) = 0 and V¥ K(1 < 1) > 0 : Pr(t < 7) = 0 and V¥ # 7 a(f) > 0,
Ot 7)=1:Pr(tr+7)=0and V7 #71 a(f) >0,V7* D(7 < 7*)=7: Pr(t < 7) =0.

Then the set of values (N(71),N(72),...,N(70),vq(71),v4(m2),...,v4(T)) Is an
equilibrium point of the system (10).

<1 This proposition is a special case of Proposition 1. For such equilibrium points, the
second condition of this proposition is satisfied for all types. The conditions Sig(r < 7, N) =0
are satisfied when Pr(7 « 7) = 0. >

Proposition 4. If the equilibrium point satisfies the conditions of Proposition 3, then it
is impossible to determine the stability of the corresponding steady state from the eigenvalues
of the matrix of the linearized system.

<1 This proposition is proved similarly to Proposition 2.

Since each term in the expression for %%?0? contains vg(7), vy(7) or vy(f), the entire sum

of(rt) _
any = O-

. When vg4(7) = 0, the expression for it takes the form:

is equal to zero. Accordingly, all derivatives

dg(r.t)
aN(0)

Let us consider the derivative

dg(t,t) _ OSump (1)  OSumgy(T)
ON(0) ON(0) ON(0)

The fulfillment of the condition ¥ # K (7 « #) > 0: Pr(r < 7) = 0 implies 253660 = 0.
The fulfillment of the conditions V7 # 7 a(7) > 0, O(7 < 7) = 1: Pr(t <~ 7) = 0 and
Vi#71alf)>0,V7* D(f < 7) =171 :Pr(r + 7) = 0 implies that the derivatives Geqlr.IV)

: IN ()
and a‘;(];(i);). It follows that %grﬁiﬁ)(ﬂ 0>

Thus, for the specified types of equilibrium points it is necessary to use other methods of
stability research. In addition to the considered types of equilibrium points, another case is
possible: equality to zero of the function f(7) can be achieved not only if all terms defining
this expression are equal to zero, but also if the condition is met:

Sy(T)eq(m, N) + Sy (17)0(T <= 1, N)(2 — e4(r, N)) = 1 < 0.

In this case, the first term will be negative and other solutions of the equation are possible.
The existence of equilibrium points of this type needs to be checked. It is also necessary
to assess the possibility of using the eigenvalues of the matrix of the linearized system to
determine the stability of such steady states.

3. Modeling

To assess the adequacy of the influence of the introduced parameters «(7) and S,(7),
modeling of the populataion dynamics of multicellular clusters was carried out for different
values of the parameters under consideration. The modeling results are presented in the graphs
below.

1) Division of cells of arbitrary type a(7) < 0.

As the population ages, its rate of division decreases to zero. Fig. 1 shows that at a certain
point in time, cells stop dividing and the system reaches a steady state.
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2) Two cell types (stem cells 79 and arbitrary type 71). a(mp) > 0, a(m) < 0. All stem
cells differentiate into 71. All cells of type 7 divide into cells of the same type.

Fig. 2 shows that after all stem cells have differentiated into 7, the number of 7 cells
continues to increase in a different way for some time and then stops changing.
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Fig. 2.

3) Division of stem cells. No effect of population aging.

The simulation was performed with different values of the population survival rate. The
simulation results are presented in Figure 3.

The graphs show three possible scenarios for the development of a cell population:

1. S, (79) > 0.5: the population is growing.

2. Sy(m0) = 0.5: the number of new cells is exactly twice as large as the number of dead
cells — the population size does not change.

3. Sp(70) < 0.5: the population goes extinct.

To confirm the adequacy of the above propositions describing the type and stability of the
steady states of the system, a modeling of change in the number of cells and the rate of their
division was carried out. The values of the system parameters were generated randomly. For
each system, the eigenvalues of the matrices of the linearized systems were found. The results
of the modeling are presented in the graphs.
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4) The steady state of the system, satisfying the conditions of Proposition 1.

Several eigenvalues of the matrix of the linearized system are equal to zero. Fig. 4 shows
an example of an equilibrium point. It is clear that if the population size is not equal to zero,
then the division rate is equal to zero (types 79 and 73) and, conversely, if the population size

is equal to zero, then the division rate is not equal to zero (types 71, 72).
5) The steady state of the system, satisfying the conditions of Proposition 3.

Several eigenvalues of the matrix of the linearized system are also equal to zero when all

division rates are equal to zero.
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Fig. 5 shows an example of an equilibrium point at which all cell types have non-zero
population sizes and all division rates is equal to zero.
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6) A steady state of the system that does not satisfy the conditions of Proposition 1.
One of the eigenvalues is also equal to zero. Presumably, this is due to the fact that one of
the values of the division rate at the equilibrium point is equal to zero. Fig. 6 shows an example

of an equilibrium point at which the population sizes and cell division rates of types 7y and
71 are not equal to zero simultaneously.
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4. Results

Adding the cell division limit and the survival rate to the consideration allows us to
take into account a larger number of scenarios for the development of multicellular cluster
systems. Aging of cell populations and limitation of their growth due to the influence of the
environmental and intracellular processes for necrosis and apoptosis leads to the emergence of
steady states in systems. In mathematical models that do not take these factors into account,
the behavior of systems will show unlimited population growth instead of establishing a steady
state, which does not allow for an adequate assessment of dynamic regimes.

The main limitation in the obtained model is the impossibility of assessing the stability
of steady states using the eigenvalues of the matrix of the linearized system. Many of the
equilibrium points of the system of differential equations have either zero values of the
population size N(7) or the cell division rate vy(7). Such situations arise in two cases:

1. The population goes extinct due to aggressive external conditions (S, (7) < 0.5) or when
differentiating into cells of a different type.

2. The population loses the ability to divide due to signaling interactions between cells
(K (7 + 7) < 0) or natural aging of the population (a(7) < 0).

In systems with a large number of cell types, the possibility of such development scenarios
cannot be excluded. Determining the stability of these steady states is problematic. To
adequately assess possible scenarios for the morphogenesis of systems with a large number of
cell types, it is necessary to answer the following questions:

1. are steady states of other types possible;

2. is it possible to estimate the stability of steady states of other types using the Lyapunov
method,;

3. what are the conditions for the emergence of steady states of other types.
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AnHoTauud. B crarbe 3a cuer BBeIeHUs JIONOJTHUTE/ILHBIX ITAPAMeTPOB 0000IAETCsT MATEMATHIECKAA MO-
JIeJTb, KOTOPasi OIUCHIBAET MOIMYJISIIUOHHY IO IMHAMUKY KJIETOYHBIX CKOILJIEHU HA OCHOBE CUCTEMbI HEJIMHENHBIX
nuddepeHImaabHbIX YPaBHEHUI IepBoro mopsigaka. IIlpenjgaraercs m00aBUTh B MOAEb ABa TUIA KO3hduUIm-
eHTOB: KO3 MUIUEHT BbRKUBAEMOCTH, OMUCHIBAIOIIUI JI0JII0 KJIETOK, TOruOAIONIUX B PE3yJIbTaTe BO3IeHCTBUSI
Ha, KJIETKHM BHEIHEN CPeJibl U MOCJEIYIOIIErO MPOoIecca ayTodarui Wik U3-3a BHYTPUKJIETOYHBIX ITPOIECCOB,
BEIyIUX K CMEPTH (HEKPO3, anonTos), u Kod(GdUIMEHT cTapeHusi, OMMCBIBAIONINAN OrPAHAYIEHUE B CKOPOCTH
U BO3MOXKHOCTH JIeJIeHUsI KJIETOK M3-3a COKPAIEHUs JJIMHBI TEJIOMEP XPOMOCOM KJIETOK mpu muToze. Jlobas-
JisieMble KO UIMEHTHI 06/IaIaf0T GHOJIOTHIECKUM CMBICJIOM M MOTYT OBITH OIIEHEHBI B XOJ€ SKCIIEPUMEHTA,
KaK TOro TpedyeT MCXOAHAsS PACCMOTDPEHHAsI MOJEIb. Y 9eT B MATEMATHIECKON MOJIEJIN STUX HAPAMETPOB 103~
BOJIUJI ONPEJENIUTDL Yy cucreMbl quddbepeHnaibHbIX yPaBHEHU, OMUCHIBAIONIEH TOBEIEHNE MHOIMOKJIETOTHBIX
CKOILJIEHU 1, HOBbIE JIUHAMUYECKUE pexKuMbI. JIJist moTyYeHHOl cucTeMbl auddepeHInaTbHBIX yPaBHEHU OBLIT
[IPOBEJIEH aHAJU3 €e OCOOBIX TOYEK U yCTONYUBOCTH CTAIMOHAPHBIX COCTOSIHUIN, KOTOPbIE COOTBETCTBYIOT STUM
TOYKaM. BbUIn onpejiesieHbl 3HAYeHUs TaPAMETPOB MATEeMATUIECKON MOJIeJIN, TIPU KOTOPBIX CUCTEMa [TEPEXOJIAT
B CTaI[MOHAPHOE COCTOsTHUE. Takrke OBbLIN BBISBJIEHBI OIPAHUYEHUs] Ha 3HAYEHHs [TapaMeTPOB, MPU KOTOPHIX
OIEHKA YCTOWYIMBOCTHU CTAITMOHAPHBIX COCTOSHUI 10 MeToxy JIsmyHoBa HeBO3MOXKHA. VI3 MOy 1€HHBIX YCIIOBUA
CJIEJIyeT, 9TO OJIHUM W3 CJIy4YaeB, KOIJla CHUCTEMa KJIETOUYHBIX CKOIJIEHWH IPUXOIUT K CTAIMOHAPHOMY COCTO-
SIHUIO, SIBJISIETCS] BHIMUDaHUE WJIU IPEKPAIeHNe JeJIeHUs] KJIETOK KaXKJOW MOy . BO3MOXKHBI TaK>XKe U
CTAllMOHAPHBIE COCTOSHUS JAPYTOTrO BUJIA, JJIsi KOTOPBIX KPUTEPHUH CYIIECTBOBAHUS U YCTOWYMBOCTH €I1e Ipejl-
CTOUT OIEHUTb.
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Abstract. In this paper, we examine what remains the same between order convergence and unbounded
order convergence, as well as between unbounded order continuity and strongly unbounded order
continuity. In [1], Gao et al. proved that a sublattice of a Riesz space is order closed if and only if it
is unbounded order closed. It is shown that o-ideals and unbounded o-ideals are the same. Additionally, it
is established that injective band operators are unbounded order continuous, while bijective order bounded
disjoint preserving operators are order continuous. Let G be an order dense majorizing Riesz subspace of
a Riesz space E, and let F' be a Dedekind complete Riesz space. In reference [2], the question is posed:
If T: G — F is a positive strongly unbounded order continuous operator, does T have a unique positive
strongly unbounded order continuous extension to all of E7 We prove that this problem has a positive
answer whenever G is suo-convergence reducing of E, namely, if 2, 5 0 in E then z, <3 0 in G for any
net (z) in G.
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1. Introduction and Preliminaries

In classical literature such as [3, 4], the definition of order convergence are slightly different.
In [5], various types of order convergence are investigated. We will consider two of them. A net
of a set X is a mapping u : I' — X from a directed set I' to X. As usual, u(«) is denoted by z,,
and the net u : I' — X by (x,), omitting the directed set I' if its presence is not necessary.

Let E be the Riesz space. A net (4 )qer in E is:

(a) order convergent (o-convergent) to x € E if there is another net (zg)gep in E with
zg 1 0 and for every 3, there exists o such that |z, — x| < 23 for all @ > ag. In this case, we
write 2o — .

(b) strongly order convergent (so-convergent) to x € E if there is a net (Yo )aer in E such
that (yo) 4 0 and |z, — x| < yq for some ag and for all a > ag. In this case, we write 24 -5 .

Obviously, z, =3 z implies £, — z. In general, o-convergence of a sequence does not
imply so-convergence (see |5, Example 1.4]). If E is the Dedekind complete Riesz space, then
strongly order convergence is equivalent to order convergence. A net (z,,) is unbounded order
convergent (uo-convergent) to = € E, written as 24 — «, if |24 — 2| Au 5 0 for all u € E.
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Similarly, strongly unbounded order convergence is defined. In this case, we write z, 5 .
It is clear that z, 25 implies x, .

Recall that a net (z) in a Riesz space F is said to be order bounded if there exists © € E
such that |z,| < z for all a. For any net (z,) in E,

(i) 2o B 0iff |z4] 2 0;

(ii) 2o > z iff 2o =5 z and a tail of (z4) is order bounded;

(i) 2o 23 0iff 2, 2% x and a tail of (z,) is order bounded.

Note that the uo-limit is unique whenever it exists. Let R¥ be the Riesz space of all real-
valued functions on a non-empty set X, equipped with the pointwise order. It is not difficult
to see that a net z,, in R¥ wo-converges to € R¥ iff it converges pointwise to 2. For general
results on wo-convergence we refer the reader to [1, 6, 7].

An order closed ideal is referred to as band. Let A be a nonempty subset of the Riesz
space E. Then the band generated by A is the smallest band that contains A. The band
generated by a set A and an element x is denoted by B4 and B, , respectively. We write A%
for (A%)? where A? is disjoint complement of A, namely, A? = {x € E: x L y for all y € A}.
The band generated by a nonempty subset A of an Archimedean Riesz space is A%. The ideal
A in FE is called o-ideal whenever it follows from (z,,) C A and supx,, = z in E that z € E.

All Riesz spaces are assumed to be Archimedean. For terminology and results on Riesz
spaces not explained in this paper we refer to [3, 4, 8, 9].

In [10], unbounded order continuous operators are introduced. An operator 7' : B — F
between two Riesz spaces is said to be unbounded order continuous (uo-continuous), if x, =5 0
in E implies Tzo =50 in F. The definition of the strongly unbounded order continuous
(suo-continuous) operator is similar. In particular, lattice operations are unbounded order
continuous (see [7, Lemma 3.1]).

It is known that the sublattice of a Riesz space is order closed if and only if it is unbounded
order closed (see |1, Proposition 3.15]). In section 2 of this paper, a simpler proof of this
proposition is given, taking the ideal instead of the sublattice. Moreover, it is obtained that the
class of g-ideals is the same as the class of unbounded o-ideals. In section 3, it is demonstrated
that an injective principal band operator is wo-continuous, and a bijective order bounded
disjoint preserving operator is order continuous. In section 4, we aim to provide a partial
solution to the open problem given in |2, Problem 7).

2. Unbounded Order Closed Ideals

In [11], Bilokopytov presents a characterization of the uo-convergence as follow:

Proposition 1 [11, Theorem 6.4]. Let (x,) C E and x € E. Then z 5 x iff

(i) infor>a(z VTo) = 2 = Supysqo (T A o) for every a,

and

(ii) if y € £ and infor>0(y V Tor) = Y = SUPy>q (Y A Tor) for every a, then y = x hold.

uo

Corollary 1 [12, Lemma 3.1|. Let E be a Riesz space and (x,) C E such that x, — 0.
Then inf |z,| = 0.
uo

< It follows from Lemma 3.1 in [7]| |zo| — 0. By Proposition 1, infy/>q |zo| = 0 for
every «. It is easily seen that inf |z,| = 0. >

Let E be a Riesz space and (z,) C E. It is said that (z,) is eventually null net if there
is ag such that x, = 0, for every a > ag. Every element of cgg is eventually null net. From
Theorem 3.2 in [1], if A is either an ideal or order dense sublattice of Riesz space E, then
for a net (x,) in A, z, X 0oin Aiff z, % 0 in E. Thus, for a net (o) in E, x4 o E
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iff zo = 0 in a Dedekind complete of E [1]. Therefore, without loss of generality, we may
assume that F is Dedekind complete in some uo-convergence studies.

Proposition 2. Let E be a Riesz space and (x4 )aer C E.

(i) Recall that, an element ag € T" is said to be maximal whenever oy < « for any a € T,
then ag = «. If the index set T’ has a maximal element and x,, 5 0, then (z,,) eventually null
net.

(ii) If E is a Riesz space and (q)aer Is a disjoint net in E such that the index set T’
doesn’t have a maximal element then xo —5 0.

< (i) Suppose that the index set I' has a maximal element and let this element be «ag. Let
To 30 and u = |Ta,|. Then |z4] Au > 0. There is another net (23) in E such that 25 | 0 and
that for any 3, there exists a; such that |zo| Au < 23 for all @ > ay. Let’s take an arbitray 3
and consider «q corresponding to this 8. Let’s choose the index ais, which yields oy < a9 and
a1 < ag. For every a > an, we have 24 = 24, and so |Tay| = |Ta| A u < 25. Thus, |z4,| < 23
for every 8. Then we have x, = 0 for every a > ay.

(ii) Let’s assume that E is a Dedekind complete. Fix v € FE;. We claim that 0 <
SUPy/so(|Tar| A u) Lo 0. Suppose that supys.(|Te| Au) =y > 0 for all a.. Since I' doesn’t
have a maximal element, I has an element «g such that o < ag for each «. Then,

0<yAlzal < ( sup (|zq/| /\u)> Alzo| = sup (|xo| A lza] Au) =0.

o' > o' >ag
Thus, we have y A |z4| = 0 for all a. Let choose a; € I'. Tt follows that

y=yA sup (| Au) = sup (y A fra| Au)=0.

o' >an o' >on

Now it is immediately that |z,| A u > 0. >
The above proposition is analogue to Corollary 3.6 in [1]. The condition in the proposition
that the index set does not have a maximal element cannot be removed.

EXAMPLE 1. Let X = [0,1] and f, € R¥ be denoted the characteristic function of {a}
for each o € X. It is easy to see that (fy)aecx is a disjoint net but not uo-converge to 0.
Let us present the routine definition of unbounded order closed sets.

DEFINITION 1. Let E be a Riesz space.

(i) A subset A of E is said to be unbounded order closed (uo-closed) whenever (z,) C A
and z, — z imply z € A,

(ii) An ideal A in F is said to be unbounded o-ideal (uo-ideal) in E whenever (z,) C A
and z,, — z imply z € A,

(i) An ideal A in E is said to be unbounded order band (uo-band) in E whenever A is
uo-closed.

(iv) Let A be a nonempty subset of E. Then the uo-band generated by A is the smallest
(with respect to inclusion) uo-band that includes A. The uo-band generated by a vector x € FE
will be denoted Uy,.

Clearly, the wo-band generated by A coincides with the band generated by the ideal
generated by A. The unbounded order continuity of the lattice operations guarantees disjoint
complement of any nonempty set is a uo-band. Thus, we get the following simple result.

Corollary 2. Let A be an ideal in E and (x,) C Ay, v € Ey, such that x, % z in E.
Then z € A%,

< It follows easily that A% is the band generated by A. >
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It is clear that z, — 0 in E implies z, — 0, the converse is not true. Let E = ¢y, and
let (e,,) be the standard basis of E. Then (e, ) uo-converges to 0, but it is not order convergent
to zero. However, the sublattice of a Riesz space is order closed if and only if it is unbounded
order closed (see [1, Proposition 3.15]). We obtain a simpler proof of this result when we work
with ideals instead of sublattices.

Proposition 3. Let E be a Riesz space and A be an ideal in E. Then A is uo-closed if
and only if A is o-closed. In other words, A is a band iff A is a uo-band.

<1 The “only if” part is straightforward since order convergent nets are uo-convergent.

For the “if” part, suppose A is a o-closed. Then A is a band. If Uy is a uo-band generated
by A, then Uy C A% because A% is a uo-band. Since A = A% (see [8, Theorem 1.28)]),
A =Up, and so A is uo-closed. >

In the case of sequentially closeness, we will use the characterization of wo-convergence
that we gave at the beginning of this section.

Proposition 4. A is a uo-ideal in a Riesz space E if and only if A is a o-ideal in E.

<1 The “only if” part straightforward since order convergent sequences are uo-convergent.

For the “if” part, suppose A is a o-ideal, and let (z,,) C A, x € F and z, ® 2 in E. Then
|z,| 28 |z| in E by [7, Lemma 3.1]. Thus, without loss of generality, we assume (x,) C A,
and z € E;. By Theorem 6.4 of [11], sup(x A z,) = x. Since x A x,, € A for every n, we have
r €A >

A sublattice A of a Riesz space F is said to be dense with respect to order convergence
(uo-convergence) if every vector in E is order limit (unbounded order limit) of a net in A.
Then, A is dense with respect to order convergence iff A is dense with respect to unbounded
order convergence. Indeed, it is clear that if A is dense with respect to order convergence then
A is dense with respect to unbounded order convergence. On the other hand, we have z, —
then (|zq — x| + 2) A (|z] + 2) 2 2. Thus, if A is dense with respect to unbounded order
convergence then it is dense with respect to order convergence.

3. Unbounded Order Continuous Operators

In [10, 13|, uo-continuous operators were introduced and investigated. Then, some
properties of wo-continuous operators were studied in [2, 12]. Recall that an operator
T : E — F between two Riesz spaces is said to be unbounded order continuous (uo-con-
tinuous), if r, =5 0 in E implies Tz, =5 0 in F. The definition of the strongly unbounded
order continuous (suo-continuous) operator is similar.

It is well known that every order continuous operator is order bounded [5, Theorem 2.1].
It is easy to see that every uo-continous functional is order continuous and so order bounded.
It is natural to ask whether uo-continuous operators are order bounded:

QUESTION 1. Is every wo-continuous (suo-continuous) operator order bounded?

Let T : E — F be an order bounded operator between two Riesz space with F' Dedekind
complete. If T is a uo-continuous (suo-continuous) operator then |T'| is a uo-continuous (suo-
continuous) (see [2, Theorem 2|). This theorem allows us to present an alternative and shorter
proof of Proposition 3.2 of [12].

Proposition 5. Let T : E — F be an order bounded operator between two Riesz spaces
with F' Dedekind complete.

(i) If T is a uo-continuous operator, then T™, T~, T and |T| is an o-continuous.

(ii) If T is an suo-continuous operator, then T™, T~ , T and |T| is an o-continuous.



152 Uyar, A.

< (i) It is enough to show that Tt is an o-continuous operator. Let % 0 in E. Then,
To 30 and a tail of (z,) is order bounded. Since T is a positive uo-continuous operator,
T2y 230 and a tail of (T z4) is order bounded. Therefore Tz, 0.

(ii) The proof is also valid, with minor modification, for the o-continuity of 7. However,
let us give a shorter proof. Let zo | 0 in E. Then THz, ™ 0. From Corollary 1, Tz, | 0. >

Proposition 6. Let T : E — F be a lattice homomorphism between two Riesz spaces.
The following are equivalent;:

(1) T is wo-continuous;

(2) T is o-continuous;

(3) T is suo-continuous.

< By [12, Theorem 3.3], (1) < (2) and by Proposition 5, (3) = (2) hold. It is enough to
show that (2) = (3). Let T be a suo-continuous and z,, | 0. Then we have T+ 2z, ™% 0 and so
Ttz, =5 0. By Corollary 1, inf Tz, = 0. Therefore, we obtain that Tz, | 0. >

As a consequence of the preceding proposition, we obtain the following result.

Corollary 3. Letl : E — F be an order bounded disjoint preserving operator between
two Riesz spaces. The following are equivalent:

(1) T is uo-continuous;

(2) T is o-continuous;

(3) T is suo-continuous.

< If T: F — F is an order bounded disjoint preserving operator, then its modulus exists
and |T'| : E — F is a lattice homomorphism [4, Theorem 2.40|. Using Proposition 6, the proof
is easily obtained. >

The author introduced the definition of the band operator in [14]. Some properties were
proved for band operators and inverse band operators, including the relations between band
operators and disjointness preserving operators in [15] and [16]. Let T : E — F' be an operator
between two Riesz space. T' is called a band operator if T(B) is a band in F' for each band B
in E. T is called principal band operator if By, C T(B,) for each x € E. It is easy to see that
if T is a band operator then T is a principal band operator (see [16, Corollary 5|). Let, now,
we can give the next result.

Corollary 4. Let T : E — F be an order bounded injective principal band operator
between two Riesz spaces. Then T is o-continuous, uo-continuous and suo-continuous operator.

<1 Since T is an order bounded injective principal band operator, 1" is order continuous
by [16, Theorem 16|. From [15, Theorem 3.1|, T is a disjoint preserving operator. Therefore,
T is both uo-continuous and suo-continuous by Corollary 3. >

Corollary 5. Let T : E — F be an order bounded bijective disjoint preserving operator
between two Riesz spaces. Then T and T~' are o-continuous, uo-continuous and suo-conti-
nuous operators.

<1 It is well known that 7! is order bounded disjoint preserving operators (see [17, The-
orem 1]). Then T and T~ are order bounded band operators by Corollary 9 in [16]. As we
mentioned before, both operators are order bounded bijective principal band operators. From
Corollary 4, both operators are o-continuous, wo-continuous and suo-continuous. >

4. On a Problem About Strongly Unbounded Order Continuous Operators

For a Riesz space E, we write E° for its Dedekind completion. Recall from [3, Theo-
rem 1.41] that EY is the unique (up to a lattice isomorphism) Dedekind complete Riesz space
that contains F as a majorizing and order dense sublattice.
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Let E and F be Riesz spaces. We denote the set of all order bounded operators from E into
F by Ly(E, F). The space of all uo-continuous order bounded operators (resp. suo-continuous
order bounded operators) is denoted by Ly (E, F) (resp. Lsyo(E, F). If E and F are Dedekind
complete Riesz spaces, then Ly,(F, F) = Lgyo(E, F). If F' is a Dedekind complete Riesz space,
then L,,(F, F) is an ideal in Ly, (E, F') (see [2]).

The space Lyo(F,R) (resp. Lsuo(E,R)) is denoted by E;. (resp. E5,,) and it is called
unbounded order continuous (resp. strongly unbounded order continuous) dual of E. Let

n
£ = {Z a; fi - n €N, aq; € R, f; coordinate or functional on E} .
=1

Then we have . = E;, C E},, by Proposition 2.5 in [12]. On the other hand, it is clear
that uo-convergence and suo-convergence of a sequence to an element are the same. Thus, we
obtain that E7;,, C .Z by repeating the proof of Proposition 2.2 in the same way in [6]. Thus,
the following proposition is easily obtained.

Proposition 7. Let E be a Riesz space. Then E;;, = EZ, .

In this section, our main aim is to give a partial solution to the following open problem.

PROBLEM 1 |2, Problem 7]. Let G be an order dense majorizing sublattice of a Riesz
space F, and let F' be a Dedekind complete Riesz space. If T : G — F' is a positive suo-
continuous operator, does T' have a unique positive suo-continuous extension to all of £ 7

From Proposition 1 (iv) in [2], if this problem is solved positively, then L,,(E,F) =
Ly o(E, F) for every Dedekind complete Riesz space F.

DEFINITION 2. A sublattice G of a Riesz space E is said to be o-convergence reducing of
Eif 24 2 0in E then x, > 0 in G for any net (x,) in G. Similarly, uo-convergence reducing
of ¥ and suo-convergence reducing of E are defined.

Let G be an order dense majorizing sublattice of a Riesz space E. Then G is an o-
convergence reducing of E and it is also a uo-convergence reducing of E [1]. However, we have
illustrated below that G' may not be generally suo-convergence reducing of E:

EXAMPLE 2. Let K be the one-point compactification of an uncountable discrete space,
and consider the Riesz space F = C(K) with point-wise order. If f,, denotes the characteristic
functions of a sequence of distinct singletons in K, the sequence f;, is o-convergent to zero but
not so-convergent to zero (see [5, Example 1.4]). It is clear that f,, =5 0 in F implies f, =5 0
in E°. Since E° Dedekind complete, we have f, 5 0 in E. Then E doesn’t suo-convergence
reducing of FE.

By Proposition 2, the following is easily obtained.

Lemma 1. (i) An operator T : E — F between two Riesz spaces is a uo-continuous if and
only if the index set T' of (z,) doesn’t have a maximal element and x4 % 0, then Ty 23 0.

(ii) An operator T : E — F between two Riesz spaces is a suo-continuous if and only if
the index set T' of (z,,) doesn’t have a maximal element and x, 20, then Tz =5 0.

In the following proposition, we give the condition under which the open problem given
in [2, Problem 7] has a positive answer.

Proposition 8. Let G be an order dense majorizing sublattice of a Riesz space E, and let
F' be a Dedekind complete Riesz space. If G is a suo-convergence reducing of E andT : G — F
is a positive suo-continuous operator, then T has a unique positive suo-continuous extension
to all of E.
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<l Let T': G — F be a positive suo-continuous operator. Then, T' : G — F' is an o-
continuous operator. From Theorem 1.65 in [4], the formula

S(z)=sup{Ty: yeGand 0<y <z}, z€FEy

defines a unique positive order continuous extension T of T to all of E with T‘E+ = S.

It is enough to show that T is suo-continuous. Let (Za)aer C E4 and z, 0 in E. From
Lemma 1, we assume that the index set I does not have a maximal element. Let A, = {(a,y) :
y € GN[0,z4]} for each aw and A = |J A, Clearly, A is directed upward set with respect to the
lexicographical order by defining that (a1,y1) < (a9,y2) if and only if a; < a9 or (a1 = g
and y1 < y2). Let us set x(,,) =y . Then we have (z(4,)) C G. Let’s take u € E,. There is
a net (yo) in F such that y, | 0 and x4 A u < y, for some o and for all & > «p. Then we
have
L(ay) NU=YNANUS To AU S Ya-

for every (a,y) = (ao,0). Therefore, z ™0 in E. By hypothesis, T(a,y) ™0 in G. Since

)
T is suo-continuous on G, Tx(q ) 0 in F. Let’s take w € F. There is a net (V(ayy)) in F
such that v(q,) 4 0 and Tz, ) A w < V(o) for some (a1,y1) and for all (a,y) > (a1,y1).
Let wa = v(q,0) for each a. It is not difficult to see that 0 < wy | 0, since I' doesn’t have
a maximal element. Let’s choose ay > «ay. For each o > a and for each y € G N [0, z,] we
have (a,y) > («,0) = (a1, y1) and so,

Ty Aw =To(a,y) AN S Vay) S Va0) = Wa

Therefore, Tﬂ:a ANw = S(zq) Nw < wy for each o > ay. Thus, we obtain that T is suo-
continuous. Since every suo-continuous operator is o-continuous and G is order dense in F| it
is obtained that 7 is unique. >

As a consequence of the preceding theorem, we obtain the following result.

Corollary 6. If E is a suo-convergence reducing of E°, then Ly,(E, F) = Lgu(E, F) for
every Dedekind complete Riesz space F.

< It is known that L,o(E,F) C Lso(E,F). We have to prove that Lg,(E,F) C
Ly(E,F). Let T : E — F be a suo-continuous operator. Since Lg,,(E, F) is an ideal in
Ly(E, F), it is enough to show that |T'| is a wo-continuous [2]. By Proposition 8, |T'| has a
unique positive suo-continuous extension to all of E°. Let |T| denote the extension of |T'| to all
of E%. Since E° and F are Dedekind complete Riesz spaces, \T! : B9 — F is a uo-continuous.
Then |T'| is a uo-continuous. >
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YTO OCTAETCA HEM3MEHHBIM B TUITAX ITOPSJIKOBON CXOAUMOCTU?

Vap A1
! Vuusepcurer Dazu, Typuus, 06560, Arkapa

E-mail: ayseuyar700@gmail.com

Awnnoranusi. B qaHHoil crarhe MBI UCCIEyeM KaKue CBOMCTBa He 3aBUCAT OT TOTO, PACCMATPUBAETCS JIU
[OPSIJIKOBAsl CXOJMMOCTh UJIM HEOTPDAHUYEHHAs MOPIAIKOBAs CXOJIUMOCTh, a TAKYKe HEOIDAHUYEHHAs! TOPSIKO-
Basi HENPEPBIBHOCTD UJIM CUJIHLHO HEOTPAHWYEHHAs MOPsIKOBas HenpepbiBHOCTE. B [1] Tao u ap. ycranosmim,
YTO TMOJpPEIIeTKa MPOCTPAHCTBa Pucca siBiasieTCsl MOPsiIKOBO 3aMKHYTON TOIJa M TOJBKO TOTJA, KOLJa OHA
SIBJISIETCS HEOIPAHUYEHHOMN MMOPsIKOBO 3aMKHYTOH. [lokazaHo, 4TO o-ujea bl 1 HEOrPDAHUYEHHBIE T-UeasIbl —
3TO OHO U TO kKe. KpoMe Toro, yCTaHOBJIEHO, UTO UHbEKTUBHBIE OIIEPATOPDI, IEPEBOJISIIIIE [IOJIOCHI HA [TOJIOCHI,
SIBJISIFOTCSI HEOIPAHWYEHHBIMU TIOPSIIKOBO HEIIPEPBIBHBIMU, B TO BpeMsi KaK OMEKTHBHBIE TOPSIIKOBO OrDaHU-
YeHHBIE COXPAHSIONINE TU3bIOHKTHOCTD OIIEPATOPHI TAKXKE SBJISIIOTCS MOPSIKOBO HempepbIiBHbIME. [lycts G —
MTOPSIAKOBO IJIOTHOE MarKOPUPYIOIee MOAIPOCTPAHCTBO Pucca mpoctpanctBa Pucca E, a F' — mneneknHI0BO
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nosHoe mpoctpaHcTBo Pucca. B [2] craBures Bompoc: ecomm T : G — F — NOJIOXKUTENIBHBIA CHUJIBHO HEOTDa-
HUYEHHO MTOPSIIKOBO HENPEPBIBHBINA OMEpaTop, UMeeT Jin | eIMHCTBEHHOE IOJIOYKUTEIbHOE CUJIBHO HEOIDAHM-
YEHHOE ITOPs1JIKOBO HEIpepbIBHOE pacimpenre Ha Bce £7 Mbl goka3piBaeM, 9T0 9Ta IpobiieMa UMeeT ITOJI0XKK-
TeIbHBIE OTBET, ecin (G HACIIE/YEeT SUO-CXOIMMOCTBIO U3 F, 8 UMEHHO, eCili Lo — 0 B F, T0 Ta — 0 8 G st
JoGoit cetn (zo) B G.

KimroueBble cjioBa: HEOIPDAHUYEHHO MOPSIKOBO CXOJAINIMICS, HEOIDAHUYEHHO MOPSIKOBO 3aMKHYTHIH
ujeas, HEOrpaHUYEHHO IOPAJKOBO HEIIPEPBIBHBIN OllepaTop, CUJIbHO HEOIPAHUYEHHO IIOPAJIKOBO HEIIPEPHIB-
HBII OIlepaTop.

AMS Subject Classification: 46A40, 47B65.

O6pazer; nurupoBanus: Uyar A. What Remains the Same in Order Convergence Types // Biaaukask.
mar. xKypH.—2025.—T. 27, Ne 4.—C. 148-156 (in English). DOI: 10.46698/x9860-3651-6483-z.



ITPABINJIA OJId ABTOPOB

OO011ue 110JI0>KEeHUS

1. Ilepuonmueckoe u3manue «BianukaBKa3cKuii MaTeMaTUYECKUil KYypHAJI» MyOJIMKyeT
OpWTIMHAJIbHBIE HAyJHBIE CTATBA OTEUECTBEHHBIX U 3apyOeKHBIX aBTOPOB, COJEPXKAIINAE HO-
BbI€ MaTEMaTUUIECKUE PE3YJIbTATHI 10 (DYHKIMOHAJHLHOMY U KOMILJIEKCHOMY aHAaJIU3y, ajareope,
reomerpun, auddepeHnuaabHbIM ypaBHEHUSIM 1 MaTeMaTndeckoil ¢pusuke. [1o 3akasy pemgax-
[IMOHHON KOJIJIEIMH Ky PHAJ TakKe IyOInKyeT 0630pHble cTaTbu. 2KypHAJ [IpeIHA3HAYEH JIJIs
HAyYHBIX PabDOTHUKOB, IpeIoJaBaTeieil, aClUPAHTOB U CTYIEHTOB cTapmux Kypcos. Ilepuo-
JIMIHOCTb — YEThIPE BBIIYCKa B T0Jl. «BirajmkaBka3cKuii MaTeMaTuIecKuii »KypHa» 1my0siu-
KyeT CTaTbU HA PYCCKOM U AHIVIUHCKOM SI3bIKax, 00beMOM, KaK IPAaBUJIO, He Hojiee 2 yCJIILJL.
(17 crpanur popmara A4). Paborsl, npesbimaormnue 2 yeiI.ILJIL., IPUHAMAIOTCS K 11y OInKaInm
o creruajibHoMy periennto Pejkosnerun xkKypaasa. Cpok paccMoTpeHust craTeil 0ObITHO He
npesbimaer 8 Mecsnes. [Ipu moaroToBke crareil st YCKOPEHHUsT MX PACCMOTPEHUsT W ITyOJIH-
KAIlUU CJIeIyeT CODJII0IATh MPABUJIA JIJIsi ABTOPOB.

2. K nybaukaruun 8 BM2K nipuHuMaroTcst craTbu, CojiepKaliiue HOBbIe pe3yJIbTaThl B 00/1a-
CTU MaTeMaTUKU U CcTaThbu 0030pHOrO Xapakrepa. CraTbu, paHee OIyOJMKOBAHHBIE, & TAKKe
[PUHSITBIE K OIyOJIMKOBAHUIO B JPYTUX YKYPHAJIaX, PEIKOJIIerneil He paccMaTpuBaioTcs. Pe-
3yJIBTATBI MHBIX aBTOPOB, MCIIOJb30BAaHHDLIE B CTATHE, CJIEIyeT HOJKHBIM 00Pa3sOM OTPA3UTD
B cChlIKaX. Halpapjisist cTaTbio B 2KypPHaJI, aBTOPBI T€M CAMBIM IOJITBEPAKIAIOT, ITO JIJisi Hee
BBIIIOJTHEHB! yKa3aHHbIE TPEOOBAHUS.

3. Hanpapiisist cTaThio B YKy pHAJI, KaXKJbIil 13 ABTOPOB HOJATBEPK/IAET, YTO CTATbsl COOTBET-
CTBYeT HAWBBICIIAM CTAHIAPTAM ITyOJIMKAIIMOHHON STUKH JJIsi aBTOPOB U COABTOPOB, pa3pado-
ranabiM COPE (Committee on Publication Ethics), cm. http://publicationethics.org/about.

4. Bce marepuajibl, TOCTYIUBINNE [ IIyOJUKAIIUN B YKypHAJIE, [MOJJIEXKAT PETUCTPAINN
C yKa3aHUeM aThl MOCTYILIEHUsT PYKOIIMCH B PEIAKIUIO KypHaJsa. Perrerue o mybmKanum,
OTKa3e B IyOJIMKAIIMU WJIA HAIPABJICHUHM PYKOIUCH ABTOPY I JOPAOOTKH JIOJ2KHO OBITH
[IPUHSTO IJIABHBIM PEIaKTOPOM M COODIIEHO aBTOPY He Mo3aHee 4 MeCsIeB CO JIHS TOCTYILJIEHUsT
pyKomucu B penakiuio KypaaJa. [logpobuee cMm. B pasnene PenensupoBanue.

5. llpunsareie k nydaukanuu B BM2K crarbu npoxomdaT pegakiinoHHy IO OATOTOBKY, ITOCTIe
Yero OKOH4YaTeIbHBI MakeT craTbu B opmare PDF narpasiisiercs aBTopy Ha KOPPEKTYDY.

6. YcioBueM myOuKaIuu craTeil, IPUHSTHIX K [I€YATH, sIBJISETCS [TOJIIUCAHINEM aBTOPAMU
JIOTOBOPa O Iiepejiade aBTOPCKUX I1paB. BJlaHK J0roBopa MOXKHO CKa4YaTh I10 CCBIJIKE.

7. IlonHoTeKkcTOBBIE Bepcuu CTaTel, MyD/JIMKyeMbIX B KypHaJe, pa3Memniaorcsa B arepre-
Te B CBOOOJIHOM JIOCTyIIe Ha oduuaabHOM caiite xKypHasa http: //www.vlmj.ru, a Takzke Ha
caiitax Hayunoit asrekrpornoit 6ubimorekn eLIBRARY.RU, Obmepoccuiickoro MareMaTude-
ckoro noprajia Math-Net.Ru u Hayunoit snexkrponnoit oubsmoreku «KubepJlenunkas.

8. Crarbu »KypHasa pedepupytorcs u usiekcupyiores B Scopus (Elsevier), zbMATH
(Springer), MathSciNet (AMS), Russian Science Citation Index (Web of Science), EBSCO,
P2>KMar (BUHUTU PAH), Math-Net.Ru, PUHII (eLibrary.Ru).

9. Ilybsiukaruu B »KypHaJe JJjisi aBTOPOB OECILIaTHDI.
IloaroroBka m mpejicTaB/ieHNEe PYKOMUCHU CTAaTbU

1. Bce maTepuaibl IpeIoCTaBISIOTCS B PEIAKIIUIO B 9JIEKTPOHHOM BHUE. PyKOuch J0/KHA
OBITH TINATEJHLHO BhIBEpEHA. Bee cTpaHuIlbl pyKOIMCH, BKIIOYasl PUCYHKH, TaOJIMIBI U CIIHCOK
JINTEPATYPBI, CJIEIyeT IPOHYMEPOBATD.

2. Pabora moskHA OBITH MMOATOTOBIEHA HA KOMIIBIOTEPE B M3JaTe/bCKOil cucteme LaTeX.
MairmnHonucHbIe PyKOIIMCH U PYKOIIMCH, HaOpaHHble Ha KOMIIbIOTEPE B CHCTEMAaX, OTJUIHBIX
or TeX, ne paccmarpupatorcs. Paiisbl crarbu *.tex u *.ps (*.pdf) BeicbUTAlOTCS B ajpec
PeIaKIuU 10 3JIEKTPOHHOI moure rio@smath.ru.
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3. B Tekcre crarbu yrasbiBaercs uuieke YK, HazBanue paboThl, 3aTeM CJIEIYIOT WHUIIH-
aJbl U haMUIMU aBTOPOB, IPUBOJSTC AHHOTAIMN HA PYCCKOM U AHIVIMACKOM s3bIKax (00be-
MoM He Meree 200 CJIOB, JIOCTATOYHYTO JJisi IOHUMAHUsI COJIEPYKAHMSI CTATBH ), JAI0TCS CIHCKH
KJIIOYEBBIX CJIOB HA PYCCKOM U AHIVIMICKOM $3BIKaX, a TakKxKe Kojbl corsiacHo Mathematics
Subjects Classifications (2010). dasee B daiise npusojgrest nossocrbio Pamuiust, Mmst, Or-
YeCTBO KaryKJOI0 aBTOpa, JOJKHOCTH, IMOJIHOE HA3BAHUE HAYJIHOI'O YUPEXKIEHUsI, MOUTOBBIN
aJIpec ¢ WHIEKCOM IIOYTOBOIO OTIEJIEHHUs, HOMeDP TejiepOHa C KOJOM TOpOJa WJId HOMED MO-
ouwipHOTO TestedoHa, ajgpec snekTpornoit mourel 1 ORCID.

4. JlaToit OCTYIIEHUS CTATbU CAUTAECTCS JIaTa MOCTYILIEHUs JIEKTPOHHON KOIMHU CTATbU
Ha odurnma bl e-mail xkypaasia. TekcT 3/IeKTPOHHOTO COODIITEHMS HOJI2KEH ObITh 0POPMIIEH
KaK COIPOBOJIUTEJIBHOE ITHUChMO, U3 TEKCTa KOTOPOIO SICHO CJIEJLYET, UITO aBTOPBI HAIIPABJISIOT
CBOIO CTaThi0 BO BirajmkaBKasckuii MaTeMaTudecknii xKypHas. Heobxonumo ykasaTh aBTOpa,
OTBETCTBEHHOIO 32 IMEPEIUCKY C PeIaKIuei.

5. B aHHOTAIIMM HE JIOMYCKAETCsl MCIOJIb30BAHUE I'POMO3JIKUX (POPMYJI, CCBLIOK HA TEKCT
paboThI WJIM CIIUCOK JIUTEPATYPHI.

6. Ilpu moxroroske (aiina crarbu ocoboe BHUMaHUE CJIEAyeT OOPaTUTh Ha HEXKeIaTeJb-
HOCTb UCIIOJIb30BaHUsI HOBBIX (BBOJMMBIX ABTOPOM IIpU HAGOpE) KOMAHIHBIX MOCJIEI0BATE b
HOCTeill, 0ocobeHHO ¢ napamerpamu. CieyeT ucob30BaTh B OCHOBHOM CTaHIAPTHBIE CPEJICTBA
makponakera LaTeX. Takyke kpaifHe HekeaTeIbHO UCIOJIb30BATH 0€3 HEOOXOIUMOCTH 3HAKA
pobea.

7. Crarbu, comepKaliye PUCYHKH, PACCMATPUBAIOTCS TOJBKO IOCJE COIVIACOBAHUS C Pe-
JIaKIHell TEXHUIeCKUX BOITPOCOB MIOJNOTOBKY PUCYHKOB. UepHO-6ejible pUCYHKH JOJI?KHBI ObITH
noarorosiensl B popmare EPS (Encapsulated PostScript) Takum obpasom, arobbl obecriedn-
BaTh aJeKBATHOE BOCIIPUSITHE UX IPHU IOCEIYIOIMIEM ONTHIECKOM yMEHBIIEHUU B JIBa Pasa.
[Ipu ucnosib3oBaHNM PUCYHKOB HEOOXOAMMO MOAK/IIOUNTh nakeT epsfig. Tloanucs K pucysky
JIOJ’KHA OBITH IEHTPUPOBAHA I10J PUCYHKOM U COCTOSITH U3 CJIOBa «PuUC. » ¢ MOCIELyFOIIM
HoMepoM. Homepa prCyHKOB JIOJIZKHBI UMEThb CKBO3HYIO HYMEPAIUIO 110 TeKCTY cTarhu. [losc-
HEHUsI K PUCYHKY CJIeJlyeT IPUBOIUTE B TEKCTe CTaThbu. Tab/IMIbl COIPOBOXKIAIOTCST OTOPMa-
THPOBAHHON CJIeBa HAMIUCHIO « Tabsuiay ¢ mocsemytomumM nomepom. Homepa tabur 1012KHbBI
UMEeTh CKBO3HYIO HYMEPAIIUIO 110 TEKCTY cTarTbu. [losicHeHus K TaOJuIe MPUBOJIATCS B TEKCTE
cratbu. ['paduku BBIIOJIHAIOTCS B BUIE PUCYHKOB.

8. Crucok JinTepaTyphl HOJXKEH COIEPXKATh TOJIBKO T€ UCTOYHUKM, HA KOTOPbIE MMEROTCS
CCBLIKM B TEKCTE PADOTHI, PACIIOJIOKEHHbBIE B MOPsiJiKe UTUpoBaHusi. CChIJIKU Ha HEOITYOIMKO-
BaHHBbIE PabOTHI, PE3YJIBTATHl KOTOPBIX HCIOJB3YIOTCS B JOKA3aTEIbCTBAX, HE HOIYCKAIOTCS.
Crmcok JiuTeparyphl [Ie9aTaeTcs B KOHIIE TEKCTa CTAThi, 0POPMJIEHHBIE B COOTBETCTBUU C TP~
BWJIAMU U3JaHUsI, HA OCHOBAaHUU TpeboBaHUil, mpepycMorpeHHbIX AeficTBytomumu ['OCTamu.
B Hem nosmKHBI OBITH yKa3aHBL: JJI CTaTbell — aBTOp, [OJTHOE HA3BAHWE CTATbU, YKYPHAJI,
IO/l U3JIaHUsI, TOM, HOMED (BBIILYCK), CTPAHUIbl HAYa/Ia U KOHIA CTAThU; JIJIs KHUI — aBTOD,
[IOJTHOE Ha3BaHUe, TOPOJl, U3IATEJILCTBO, IO U3daHus, obiee KojimuecTBo crpanut]. Ccbliku
HA JINTEpaTypy B TEKCTE JAIOTCA B KBAJIPATHBIX CKODKAX.

9. Crucok JiuTeparypbl MOJTHOCTHIO TyOJUpyeTcs: Ha aHIVIMICKOM S3bIKE, TPUBOJIUTCS 1101
HOCTBIO OTIEJIbHBIM OJIOKOM B KOHIIE CTATbH, [TOBTOPSIsl CIIMCOK JINTEPATYPHI K PYCCKOSI3BIU-
HOIl 9aCcTH, HE3aBUCHMO OT TOIO, UMEIOTCsl WM HET B HEM HHOCTPAHHBbIE MUCTOYHUKU. Kcym
B CIIMCKE €CThb CCBLJIKW Ha WHOCTPAHHBIE ITyOJIMKAINN, OHU ITOJTHOCTHIO IOBTOPSIFOTCST B CITACKE,
roropsmeMcs B pomanckoMm ajiasure. Crucok References mcrosibsyercs MexX1yHaApOIHBIMI
6ubsmorpaduveckuvu 6azamu (Scopus, WoS u 1p.) jjisd yuera IUTUPOBAHKsT aBTOPOB.

IIpumeuyanue: 60jiee MOAPOOHYIO MHMOPMAIHIO MOXKHO HAiTH Ha OMUIMAJILHOM CaiiTe
)KypHasia http: //www.vimj.ru.
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Tom 27

Breinyck 4

Tnasubiii pegakrop A. I'. Kycpaes

3aB. pegaknueit B. B. Kubusosa

Saperucrpuposan B DenepasibHoit ciry»kbe 110 Hag30py B cdepe CBs3H,
nHAMOPMAIMOHHBIX TEXHOJIOTHI U MAaCCOBLIX KOMMYHUKAIUIA.
Caugierenberso o peructparuu [IM Ne @C77-70008 ot 31 mast 2017 1.

Ilonnucano B meuars 24.12.2025. Jara BeIxona B cBeT 29.12.2025.
Dopmar 6ymaru A4. lapu. mpudra Computer modern.
Ve, . 1. 18,48. Tupazk 100 sk3. Ilena cBobogHAast.

YupeaureJb:
DemepasbHOE TOCYIAPCTBEHHOE OIOYKETHOE YUIPEXKICHIEe HAYKN
DemepasbHbIil HAYIHBIN TIEHTD «BaamkaBKka3cKuil HAy IHBIA IEHTD
Poccuiickoit akanemun Hayk» (BHIL PAH)

Nz narens:
FOxkmub1it Mmaremarmyeckuit nucruryt — dbuanan PI'BYH OHIT
«BiragukaBkasckuit Hay4uHbII 1eHTp Poccuiickoil akajieMun HayKs»

A npec uznaress:

362025, Bnajgukaska3, yi. Baryruna, 53

Orneuarano UII [onanosoit A. FO.
362000, r. Biragukaskas, nep. [laBmosckuit, 3.
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