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INITIAL BOUNDARY VALUE PROBLEM FOR A SYSTEM OF SEMILINEAR
PARABOLIC EQUATIONS WITH ABSORPTION AND NONLINEAR NONLOCAL
BOUNDARY CONDITIONS#

D. A. Bulyno!, A. L. Gladkov' and A. I. Nikitin?
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Dedicated to Professor A. F. Tedeev on occasion of his 70th birthday

Abstract. In this paper we consider classical solutions of an initial boundary value problem for a system of
semilinear parabolic equations with absorption and nonlinear nonlocal boundary conditions. Nonlinearities
in equations and boundary conditions may not satisfy the Lipschitz condition. To prove the existence of
a solution we regularize the original problem. Using the Schauder—Tikhonov fixed point theorem, the
existence of a local solution of regularized problem is proved. It is shown that the limit of solutions
of the regularized problem is a maximal solution of the original problem. Using the properties of a
maximal solution, a comparison principle is proved. In this case, no additional assumptions are made
when nonlinearities in absorption do not satisfy the Lipschitz condition. Conditions are found under
which solutions are positive functions. The uniqueness of the solution is established. It is shown that the
trivial solution (0,0) may not be unique.

Keywords: system of semilinear parabolic equations, nonlocal boundary conditions, existence of a solu-
tion, comparison principle.
AMS Subject Classification: 35K51, 35K58, 35K61.

For citation: Bulyno, D. A., Gladkov, A. L. and Nikitin, A. I. Initial Boundary Value Problem
for a System of Semilinear Parabolic Equations with Absorption and Nonlinear Nonlocal Boundary
Conditions, Vladikavkaz Math. J., 2025, vol. 27, no. 2, pp. 5-18. DOI: 10.46698/02548-3794-2309-a.

1. Introduction

In this paper we consider the initial boundary value problem for a system of semilinear
parabolic equations with absorption and nonlinear nonlocal boundary conditions:

(

up = Au—+vP —au”, vy = Av+ul — b’ zeQ, t>0,

2 = [ oy 0,0 dy €00, t>0, )
B = [0, 00" (0 dy €00, t>0,

u(z,0) = up(z), v(z,0)=1vy(x), z €,

\

# This work is supported by the state program of fundamental research of Belarus (project Ne 1.2.02.2) and
the Belarusian foundation for fundamental research within the framework of the project “Systems of semilinear
parabolic equations with absorption” (state registration Ne 20231262).

(© 2025 Bulyno, D. A.; Gladkov, A. L. and Nikitin, A. L.
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where a, b, p, 7, ¢, s, m, n are positive numbers,  is a bounded domain in RY for N > 1
with smooth boundary 052, v is the unit outward normal vector on 0f2.
Throughout this paper we suppose the following conditions:

d(x,y,t) € C(ON x Q x [0,+00)), o(z,y,t) = 0;
P(z,y,t) € C(O x Q x [0,+00)), Y(z,y,t) > 0;
u (3:) e CQ), wo(z) e Cl(), uo(az) >0, vo(x) >0 in

0 0
uo /gbxy, Jug' (y) dy, UO /Q,Z)xy, 0)vg (y)dy on 0S.

Let Qr = Q x (0,T), St =092 x (0,T), 't = S UQ x {0}, T > 0.

DEFINITION 1. We say that a pair of nonnegative functions (u(z,t), v(x,t)) is a subsolution
of (1) in Qr, if u,v € C*Y(Qr) NC*(Qr UTr) and

ut\Au—i—vp—au v < Av 4+ u? — bv®, (x,t) € Qr,
25t < J 9@ ) un 1) dy, (z,1) € 57,
(2)
\f¢x,y, ( ’t)dya (x’t)GST’
Q
u(z,0) <up(z), wv(z,0) < wv(x), x € Q,

a pair of nonnegative functions (u(x,t),v(x,t)) is a supersolution of (1) in Qp, if u,v €
C*HQr)NCHO(QruTr) and it satlsﬁes (2) in the reverse order. We say that (u(x,t),v(z,t))
is a solution of problem (1) in Qr if (u(z,t),v(z,t)) is both a subsolution and a supersolution
of (1) in Qr.

DEFINITION 2. We say that a solution (Umax(Z,t), Umax(z,t)) of (1) in Q7 is a maximal
solution if for any other solution (u(z,t),v(x,t)) of (1) in Qr the inequalities w(z,t) <
Umax (T, 1), v(x,t) < vmax(x, t) are satisfied for (x,t) € Q.

A lot of articles have been devoted to the investigation of initial boundary value problems
for parabolic equations and systems with nonlocal boundary conditions (see, for example,
[1-22] and the references therein). In particular, the problem (1) with a = b = 0 was considered
in [11]. Initial boundary value problem (1) with a = b = 0 and Dirichlet nonlocal boundary
conditions was studied in [5]. The authors of [23] investigated the existence of global solutions
for (1) with zero Dirichlet boundary condition. Blow-up problem for (1) with nonlinear local
Neumann boundary conditions was investigated in [24, 25].

This paper is organized as follows. In the next section we prove the existence of a local
solution. A comparison principle and the uniqueness of solutions of (1) are established
in Section 3.

2. Local Existence

Let {e;} be decreasing to 0 sequence such that 0 < g; < 1,1 € N. For ¢ = ¢; let ug(x)
and vp:(x) be the functions with the following properties:

ue(2),v0:(z) € CH(Q), woe(z) e, voela) >

Uoe; (T) = Uoe;,  Voe; (T) = voe; for g > gj;
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0 < wpe(x) —up(x) <2, 0<ve(z) —vo(x) < 26

/¢m% Yl () dy,

aqu (%06

(=) /¢3€y, 0)vg. (y) dy for x € 99.

Since the nonlinearities in (1), the Lipschitz condition may not be satisfied, and thus we
need to consider the following auxiliary problem:

(

ut:Au—Fv”—aur—i—aeT, e, t>0,
= Av 4+ u? — bv® + be®, e, t>0,
au(” f(bxy, ™ (y,t) dy, x €00, t>0, (3)
it = fw:cy, "(y,t) dy, v €00, >0,
(x’o)_UOE( )’ (x,O):UOE(CC), x €,

where € = ;. The notion of a solution (u., v.) for problem (3) in Q7 can be defined in a similar
way as in Definition 1.

Theorem 1. Problem (3) has a unique solution in Qr for small values of T.

< We start the proof with the construction of a subsolution and a supersolution of (3)
in Qr for some T'. Let supg uoe(z) < M, supg vo-(x) < M, where M > 1. Denote

KZIH&X( Sup (ﬁ(.%',y,t), Sup w(mayat)>

8Q><QT 8Q><QT

and introduce an auxiliary function ¢(z) with the following properties:

p(z) € C*(Q), i?zfgo(:c) > 1, 1anﬂf BV K/max ©"(y)) dy, (4)

where K = K max (Mm_l,M"_l) max (1,exp(m —1),exp(n — 1)) Let o, B be positive
constants such that og — 8 = Bp — « and

Ap(r) p—1 oy p—1(, a
oz)sup( () + M p(1)P™ (z) + ), (5)

1 A@(x) q—1 ex qg—1 T
52&91)(@(1,) +M p(L)e ()+b>-

It is easy to see that ag — 8 > 0 for pg > 1 and ag — B < 0 for pg < 1. Obviously, (g,¢) is
a subsolution of (3) in Q7 for any T. Let us show that

fx,t) = Mexp(at) p(z), g(x,t) = M exp(Bt) p(z)

is a supersolution of (3) in Qp for T' < min ( o Tl [3) if pg > 1, and for T' < min (é, %)
if pg < 1. Indeed, by (5) we have

fi(z,t) = Af(x,t) — g°(x,t) + af"(z,t) — ac”
= aM exp(at)p(x) — Ap(x)M exp(at) — MP exp(Bpt)eP (z) + aM" exp(art)p” (z) — ac”

>Mmmmwm(mfﬁgﬁwﬂ*wmw%ﬂmw*@ww>>o
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for (z,t) € Q7. Using (4), we obtain

Lf(x’ 2 = M exp(at) agg(yx)

ov

>Mmexp(amt)K/80m(y) dy > /gb(:c,y,t)fm(y,t) dy
Q Q

for (z,t) € Sr. In a similar way we show that
gi(x,t) — Ag(z,t) — fU(x,t) + bg®(z,t) — be® > 0 for (z,t) € Qr,

% > /¢(w,y,t)g"(y,t) dy for (z,t) € St.
Q
And we have up:(z) < f(z,0), voe(x) < g(z,0) for x € Q, which implies that (f(z,t),g(z,t))
is a supersolution of (3) in Qr.
To prove the existence of a solution of (3) in Q7 for some T let us define a set

B = { ((.1). hae.1)) € C(@r) x C(@r) :
e < hi(x,t) < f(z,t), € < ha(z,t) < g(x,t), hi(z,0) = ugpe(x), ho(z,0) = vog(x)}.

Obviously, B is a nonempty convex subset of C(Qr) x C(Qr). Now we consider the following

problem
(

up = Au~+vP —au” + ae”, (z,t)

vy = Av + u? — bv® + be®, (x,t) € Qr,
S = S{QS(w,y,t) s (y,t) dy, (z,t)

o = S{Mﬂc,y,t) s (y,t) dy, (

u(z,0) = upe(x), v(z,0) = voe(x), x € (),

where (s1,52) € B. Problem (6) has a classical solution, which is bounded in Q7 for some T
(see, for example, [26]). Let A be a map such that A(s1,s2) = (u,v). Denote the set of
functions u as U and the set of functions v as V. In order to show that A has a fixed point
in B we verify that A is a continuous mapping from B into itself such that AB is relatively
compact. Since (e, €) is a subsolution of (6) in @7 and (f(z,t), g(x,t)) is a supersolution of (6)
in Q7 we have that A maps B into itself thanks to a comparison principle for (6) which can
be proved in a similar way as Theorem 3 below.

Let G(x,t;&,7) denote the Green function for the heat equation given by w; — Au =
0 for z € 2, t > 0 with homogeneous Neumann boundary condition. The Green function has
the following properties (see [27, 28]):

/G(x,t;f,T)dle, reN, 0< 1<, (8)
Q
t
sup//G(x,t;{,T)ngdTg)\\/t—s, 0<t—s<o, 9)
Q
s 00

for s > 0, A > 0 and small ¢ > 0.
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It is well known that (u(zx,t),v(z,t)) is a solution of (6) in Q if and only if

u(z,t) = /G(w,t; Y, 0)ug: () dy +

o[ [atmisen

t
ant) = [ oty Oun. () dy + [ / G, t5y,7)(w (g, 7) — b’ (y, 7) + be") dy dr
0

Q

/G(w,t; y,7) (VP (y,7) — au” (y,7) + ae”) dydr
’ (10)

~ o\_,u-

/ o(&y,7)sT (y, T) dy) dSg dr,
Q

| (1)
+//G(x,t;§, 9/1/1 §y,7)s5(y, 7) dy | dSe¢dr

0 909

for (z,t) € Q7.

We claim that A is a continuous map. In fact let {(s1x, sox)} be a sequence in B converging
to (s1,82) € B in C(Qr) x C(Qr). Denote (uy,vy) = A(s1x, s2x). Then by (7), (10), (11) we
have

t

lu — ug| + v — x| < //thy, \vp—vzldydT—i—//Gxt'y,T)\uq—uZ]dydT

0
t t

—i—a//Gm,t,y, )|u" —uk|dyd7'—|—b//Gxty, )|v® — vi| dy dr

0 0

t
s sf* =i / / Gla,t:6,7) / o(6,y,7) dy | dSe dr
T
Q

0 90

t

+sup |s} — st / / Gl t:6,7) / B(EyT) dy) dS dr

Qr 0 90 Q
< B(sup |u — ug| + sup [v — vg))

Qr Qr
t
—l—sup]s’l”—s’f}g]//Gxtg, /(b{y, dy) dSe dr
Qr
Q

0 00

t
ssupls =) [ [Gaten | [ o) dy) S dr.
@r 0 80 Q

where

d = {pmax <€p_1,supgp_1(x,t)> -+ gmax (fsq_l,sup fq_l(x,t)>

Qr Qr

+ ar max (f;“rl,supfrl(x,t)) + bs max <831,supgs Yz, t) )}sup//G x,t;y, 7)dy dT.
Qr Qr
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By (8) and (9) there exists T, such that ® < 1. Then we obtain (uy, v;) — (u,v) in C(Qr)x
C(Qr) as k — oo.

By the definition of B the sets U and V are uniformly bounded.

Now we prove the equicontinuity of the sets U and V. We will consider the set U since the
proof for the set V is similar. We show that for any ¢ > 0 there exists § > 0, such that

|u(za,t2) —u(xy,t1)] < € (12)

for any u(x,t) € U and any (z1,t1), (72,t2) € Qr with the property |(z2,t2) — (21,t1)] < 6.
Applying (10), we obtain

lu(ze, t2) —u(xr, t1)] < /(G(m,tz;yao) — G(21,t13y,0)uo-(y)) dy
Q
to

+//mm@%ﬂwm>—w< 7) + ae”) dy dr
- /mmmWJM%hwwu<>+%>@m (13)
/ G(z2,t2;&,7) /¢ £y,7)s7 (y, 7)dy | dS¢dr

o0

//G x1,t1;€,7) /¢(§,y,7)s’1”(y,7-)dy dSg dr|.
Q

0 o0
Since [, G(z,t;y,0)uos(y) dy is a continuous function in Q7 (see [29])
€
/(G(902,t2;y70) — G(x1,11;9,0))uoe (y) dy| < 3 (14)
Q

for small values of 4.

Let us consider the second term in the right hand side of (13). We set h(y,7) = vP(y,7) —
au”(y,7) + ag”, H = supg,. |h(y, )| and suppose for the definiteness that t5 > t1. Using (7),
(8) and the contmulty of the Green’s function for t > 7 > 0, we have

to t1
//m%m%mwmwm—//mmm%mwn@m
Q

t1—y

/ /G x2yt27ya dydT+ / /|G x25t27y5 G($1,t1;y,7)|dyd’7' (15)

t1—y Q
+//G($1,t1;y77)dyd7 <§

t1—y Q

with an appropriate choice of v and 9.
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Similarly, we estimate the third term in the right hand side of (13)

to
/ / G, o3 ,7) / o(6,y,7)s7 (v 7) dy | dSe dr
Q

0 00

t1
- [ [e@men | [ocnnsiwray| dsear| <5 o)
Q

0 00

for small values of 4. From (13)—(16) we derive (12).

The Ascoli-Arzeld theorem guarantees the relative compactness of AB. Thus we are able
to apply a corollary of the Schauder—Tikhonov fixed point theorem (see [30]) and conclude
that A has a fixed point in B if T" is small. Now if (u.,v.) is a fixed point of A then it is
a solution of (3) in Q7. The uniqueness of the solution follows from a comparison principle
for (3) which can be proved in a similar way as Theorem 3 in the next section. >

Now we are ready to prove the existence of a local solution of (1).

Theorem 2. For small values of T' problem (1) has a maximal solution in Q.

< Now, let g9 > 1. Then it is easy to show that (u.,(z,t),v.,(z,t)) is a supersolution of
problem (3) with £ = &1 in Q7 for some T. Applying a comparison principle to problem (3),
we have ug,(z,t) > ug, (z,t) and v, (x,t) > ve, (2,t) in Qp. Using the last inequalities and
the continuation principle of solutions we deduce that the existence time of (uc(z,t), v (z,t))
does not decrease as € \, 0. Taking ¢ — 0, we get

Umax (T, ) = ;i_r}(l)ug(m,t) >0, vmax(z,t)= ;I_I)I(l) ve(z,t) =0, (17)

and (Umax (7, 1), Umax(x,t)) exists in Qp for some T. By dominated convergence theorem
(Umax (2, 1), Umax (7, 1)) satisfies the following equations:

t
Umax (T, 1) = /Gmty, Juo (y dy+//Gxty, VB (U5 T) — @t (y, 7)) dy dr
0 Q

/ Je@uen | [o€nrumtrdy| ascar
Q

0 002

t

Umax (2, 1) = /G(x t;y,0)vo (y dy+//G (2, 6y, T) (Whiax (U, T) — b0 (¥, 7)) dy dT
0

N / / Gl t56,7) Q/ B(E,yy T (0, 7) dy | dSe dr.

0 00

By the properties of the Green function (umax(,t),vmax(z,%)) is a solution of (1) in Q7.
Let (u(z,t),v(x,t)) be another solution of (1) in Q7. Applying a comparison principle to
problem (3), we have uc(z,t) > u(z,t), ve(x,t) > v(z,t) in Qr. Taking ¢ — 0 we deduce that
Umax = (T, 1), Umax = v(z,t) in Q7. Therefore, (Umax(x,t), Umax(x,t)) is a maximal solution
of (1) in Qp. >
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3. Comparison Principle

We start this section with a comparison principle for problem (1).

Theorem 3. Let (u(x,t),v(x,t)) and (u(z,t),v(z,t)) be a supersolution and a subsolution
of problem (1) in Qr, respectively. Suppose that g(:c,t) > 0 or u(x,t) > 0 in Qr UT'p and
v(z,t) > 0 or v(x,t) > 0 in Qr U 'y if min(p,q,m,n) < 1. Then u(z,t) > wu(z,t) and
v(z,t) = v(x,t) in Qr UTr.

<1 Suppose at first that

min(p, g, m,n) > 1. (18)

Let functions wuo (), vo-(z) have the same properties as in the previous section but
0 < upe(z) —u(x,0) <2, 0< ve(x) —v(x,0) < 2. (19)

Then problem (1) with wo(z) = wu(z,0), vo(z) = wv(x,0) has a maximal solution
(Umax (T, 1), Umaz (7, 1)), and, moreover,

umax(x7t) = ii_)r%ug(x,t), Umax(x7t) = ;i_r)r(l)va(x,t),

where (u(z,t)ve(z,t)) is a solution of (3). To establish the theorem it is enough to prove
that

u(z,t) < umax(z,t) <a(x,t), v(x,t) < vmax(z,t) <v(x,t) in Qr, UST, (20)
for any Tp € (0,7"). We show only that

umax(xa t) < ﬂ(ﬂf, t)? Umax(xa t) < 6('1:’ t) in QTO U STO (21)
for any Ty € (0,7 since the proof of other inequalities in (20) is similar. We set
Wl(xat) :us(:n,t)—ﬂ(x,t), WQ(CC,t) :’UE(SC,t)—@(CC,t). (22)

By virtue of (3), (19), (22) and the definition of a supersolution we conclude

wit < Awq —|—p«9p wg — arﬁg_lwl + ag”, (x,t) € Qmy,

wor < Awg + qu wl — bs@s_lwg + be®, (x,t) € Qmy,

8w1 x,t) qu 2yt am 1(4)1(y,t) dy, (Cﬂ,t) € STO, (23)
Peri) f Wy, by sy ) dy,  (a.t) € Sny,

wi(z,0) <2,  wa(z,0) < 2, x €,

where 6;, i = 1,4,6, are some continuous functions in Q7 between v.(x,t) and o(z,t), and
0;,1=2,3,5, are some continuous functions in Q7 between u.(x,t) and u(x,t). Based on the
assumptions made, we have

0<ﬂ($7t)<M, Ogﬁ(l’,t)gM, Egue( ) M7 Eg’ljg(.%',t)gM in Q—Tm (24)
0< é(r,y,t) <M and 0<Y(z,y,t) <M in 00 x Qr,,
where M is some positive constant. It follows from (24) that powers of 6;, = 1,...,6 in (23)

are positive bounded functions in ()7;,, and, moreover, 9’1’_1 < MPL Hg_l < ML 9;”_1 <
ML Hgfl < M™ 1. Let us define the functions

Wl(x’t) = f(x’t) +ée1 eXp(Oﬁf)h(x), W2(x’t) = g(m,t) +e1 eXp(Oﬁf)h(x), (25)
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where
20 0 8h(1’) m n
h(z) € C*(2), h(z)>1 inQ, o {mM™ +nM"} [ h(y)dy on 09,  (26)
Q
Ah
g1 =2+¢e"+€°, a>max h((g;) +pMP 4 gMI 4 a+ 0. (27)
Q T

We substitute the functions from (25) into the first inequality of (23) to derive
fi(z,t) + ey exp(at)h(z) < Af(z,t) + 1 exp(at) Ah(z) + p 8~ (x,t)g(x,t)
+p 0P (x,t)ey exp(at)h(z) — ardyH(x, t) f(z,t) — ardy(z, t)er exp(at)h(z) + as” in Q.
Hence by (26), (27) we get
filz,t) < Af(x,t) +p0° (@, t)g(x,t) — ar 05 (a, ) f(z,t) in Qp. (28)
In a similar way we obtain
gi(x,t) < Agla,t) + 01 (z,8) f (2, ) — bs 05z, t)g(z,t)  in Q.

Substituting the functions from (25) into the third and fourth inequalities of (23), we deduce

that
of(z,t —
f((;; )</¢(x,y,t)m6?5 1(y,t)f(y,t)dy on ST, (29)
Q
and Dyl 1)
x’ n—
gay </¢($,y,t)n96 1(y,t)g(y,t)dy on St,.
Q

From (23), (25), (27) we have f(x,0) <0, g(x,0) <0 in Q. We prove that
f(:l?,t) <0, g(x’t) <0 in QTO U STo' (30)

Let (30) not be true. Then there exists (zo,t0) € Qmn, U St such that to > 0, f(z,t) <0,
g(z,t) < 0for 0 <t <tgand f(zg,ty) =0 or g(xg,tg) = 0 for some zy € 2. Suppose that
f(zo,to) = 0. If zy € Q, then fi(xo,to) =0, Af(zo,t0) < 0 and by (28) we get

0 = fi(zo,to) < Af(zo,to) + p6 " (o, to)g(xo, to) < 0.
If zy € 09, then (29) yields

< (0.t

0. 2000 [ .y, to)mo (0, 10) 0. 10) dy < 0.
Q

If g(zo,t0) = 0 we can obtain a contradiction in a similar way.

Taking ¢ — 0 in (30) and using (22), (25)—(27), we deduce (21).

If (18) doesn’t hold we can introduce wy = u(z,t) —u(x,t), wa(z,t) = v(x,t) —v(x,t) and
prove the theorem in a similar way using the positiveness of some functions in a subsolution
and a supersolution. >

REMARK. Under the condition min(r,s) < 1 we don’t suppose the positiveness of a sub-
solution or a supersolution in Theorem 3. A comparison principle for problem (1) with zero
Dirichlet boundary condition is proved in [23] for the case min(r, s) < 1 under the conditions
u(x,t) > 0 and T(x,t) > 0 in Q.
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To prove the uniqueness of a solution of problem (1) we need the following statement.

Lemma. Let (u,v) be a solution of (1) in Q7. If min(r, s) > 1 and ug(z) # 0 or vo(z) # 0
in , then u(z,t) > 0 and v(z,t) > 0 in Qr U Sp. If ug(x) > 0 and vo(z) > 0 in  and either
p<r<1,qg<s<1ormax(r,s) > 1, then u(xz,t) >0 and v(z,t) > 0 in Qr U Tp.

< Let min(r,s) > 1 and ug(x) # 0 in . Denote

M = supu(z,t),
Qry

where Ty € (0,T). We set h(z,t) = u(z,t) exp(\t) with A > aM"~!. Then we have in Qr,
he — Ah = exp(At)(Au + uy — Au) > exp(At)u (A —au" 1) > 0.

Since h(z,0) = up(z) = 0 and up(x) #Z 0 in £, by the strong maximum principle h(z,t) > 0
in Q. Let h(xo,tp) = 0 at some point (zg,tg) € St,. Then according to Theorem 3.6 of [31]
it yields Oh(xg,tp)/0v < 0, which contradicts the boundary condition for w in (1). Hence
u(z,t) > 0 in Q7 U St since Ty may be any in (0,7).
We show that
?}(.%',t) >0 in QrUSy. (31)

If either vo(z) # 0 or vo(z) = 0 and there is no 7 € (0,7)), such that
v(z,t) =0 in Q, (32)

then we prove (31) as above. If there exists 7 € (0,7)), such that (32) holds, then we have
a contradiction in @, with the second equation in (1).
Suppose now that ug(z) > 0 and vo(x) >0in Qand p<r<1,¢<s<1. Let

1\ [1\54
2 = min { min uo(z), min vo(z), <—) (—) |
Q Q a b

It is easy to see that (£2,e2) is a subsolution of (1) in @7 and by Theorem 3 u(x,t) > €5 and
v(x,t) = e in Qp U Tp. B
If up(x) > 0 and vo(xz) > 0 in © and s > 1, then arguing as above, we obtain

v(z,t) 2e3 inQrUlr

1
. . T
€4 = min < minug(z), | = .
O a

Then u(z,t) = 4 is a subsolution of the following problem

for some €3 > 0. Set

uy = Au+ vP —au’, (x,t) € Qr,
8ua(l:1i,t) :S{gb(:c,y,t)um(y,t) dy, (z,t) € St, (33)
u(z,0) = up(z), x € Q.

Now by the comparison principle for (33) we conclude that u(z,t) > ¢4 in Q7 UT'p. The proof
is similar in the remaining case. >
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As a simple consequence of Theorem 3 and Lemma, we get the following uniqueness result
for problem (1).

Theorem 4. Let (u,v) be a solution of (1) in Qr. Suppose that at least one of the
following conditions holds:

1) w(z,t) > 0 and v(z,t) > 0 in Qp U T'p;

2) min(p,q,m,n) > 1;

3) min(p, ¢,m,n) < 1, ug(z) > 0 and vo(z) > 0 in Q and either p <r <1,qg<s <1 or
max(r,s) > 1.

Then a solution of problem (1) is unique in Q.

Now we show that problem (1) may have a nonunique solution in Q7.

Theorem 5. Let ug(z) = vg(z) = 0 and at least one of the following conditions hold:
1) pg <1,r>Xpand s> % for X € [q,l—lj];

2) min(1,r) > m and ¢(x,y1,t1) > 0 for any x € 9Q and some y; € I and t1 € [0,T);
3) min(1,s) > n and (x,ya,t2) > 0 for any x € 9 and some y, € OS2 and to € [0,T).
Then problem (1) has a nonunique solution in Q.

< We note that problem (1) with trivial initial datum wg(xz) = wvo(x) = 0 has the
trivial solution (0,0). As we showed in Theorem 2 a maximal solution (umax(,t), Vmax(,t))
satisfies (17), where (u.(z,t),v-(x,t)) is some positive in Q7 supersolution of (1). To prove
the theorem we construct a nontrivial nonnegative subsolution (u(z,t)),v(z,t) of (1) with
trivial initial datum. By Theorem 3 then we have u.(x,t) > u(z,t), ve(x,t) > v(z,t) and
therefore a maximal solution is nontrivial.

Let the conditions 1) hold. We put

u(z,t) = (Ctw(z, 1)), v(x,t) = (Ctw(z,1))’, (34)
where positive constants C, «, 8 will be chosen later and w(z,t) is a solution of the following
problem

wy = Aw, (x,t) € Qr,
w(z,t) =0, (x,t) € Sp,

w(z,0) = wo(x), x €.

Here wp(xz) is a bounded nontrivial nonnegative continuous function, which satisfies
the boundary condition. By the strong maximum principle

0 <w(z,t) < M =supwy(x) for (x,t) € Qr. (35)
€
We note that
u(z,0) =v(x,0) =0 forx € Q and du(z,?) <0, du(w,?) <0 for (z,t) € Sp.  (36)
v v
Suppose at first that
B=aq+1, (37)
where o > 1”_—4;)1(1. Then
a>Pp+1. (38)

We put A = %ﬂ. It is easy to check that A takes all values in (q, %] if « takes all values in

[f’%plq,oo). Since r > Ap and s > ¢ for X € (g, %] we have

ar—pp>0, Bs—aqg>0. (39)
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By virtue of (34)-(39), after simple calculations we obtain
w, — Au—vP + au” < at® N (Cw(x, 1) = (Ctw(z, 1)) + a(Ctw(z, 1))
< (Ctw(z, t))ﬁp{aTafﬁp*(CM)a*ﬁp + a(CT M) =P 1} <0, (40)
v, — Av —u? 4+ bv® < BtPH(Cw(x, 1)’ — (Ctw(z, 1) + b(Ctw(z, t))P*
< (Ctw(z, t))aq{ BOM + b(CTM)Ps=01 — 1} <0 (41)

for (z,t) € Qr if C is sufficiently small. It is easy to see that (40), (41) hold for r > gp
and s > 1 under suitable choice of a and C. Thus by (36), (40), (41) we conclude that
(u(z,t),v(x,t)) is a nontrivial subsolution of (1) with trivial initial datum and the theorem

is proved for \ € [q, %]. To prove the theorem for A € (;’%, %] we put o = fp + 1 with
8= f_iplq and argue in a similar way.

Now we suppose that the conditions 2) hold. Let us consider the following problem

u = Au — au’, (x’t) € QT,

8u8(z’t) = f (b(l’, Y, t)um(ya t) dya (.%', t) S ST7 (42)
Q

u(z,0) =0, x € Q.

It is proved in [9] that (42) has a nontrivial nonnegative solution wu,(x,t). Then a pair
of functions (uy,(z,t),0) is a nontrivial subsolution of (1) with trivial initial datum.
The remaining case can be treated similarly. >
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Awnnoranusi. B pabore MbI paccMaTpuBaeM KIacCUIeCKHE PEIIeHNs Ha9aIbHO-KPAESBOI 33/1a9H JIJIs CUCTe-
MBI HOJIYJINHENRHBIX IapabOoINIeCKUX YPABHEHMH C ITOTJIONIEHNEM U HEJTMHEHHBIMI HEJIOKAIbHBIMYI IPAHIUYHBIMI
yenoBusiMu. HenmmHellHOCTH B ypaBHEHUAX ¥ IPAHUYHBIX YCJIOBUAX MOI'YT He yJIOBJIETBOPATH ycsoBuio Jlummu-
ma. st mokazaTeabCcTBa CYIECTBOBAHUS PEIIEHIS MBIl PETY/ISIPU3yeM UCXOAHYIO 3a1ady. VIcmonb3yst TeopeMy
ITaynepa — TuxoHoBa 0 HENOIBUKHOI TOYKE, JOKA3bIBAETCS CYIIECTBOBAHUE JIOKAJIBHOI'O DEIIEHUS PeryJis-
pusoBaHHON 3ama4u. 1lokazaHo, 4TO Ipefiesl pelleHnil PeryJIsipu30BaHHON 33/1a9M SABJISETCS MAaKCHMAJIbHBIM
perteHneM UCXOIHON 3amadu. Vcnomb3yst CBORCTBA MAaKCHMAJIBHOIO PEIIeHUs], TOKA3bIBACTCSA MPUHIIUI CPAB-
HeHud. lIpu sToM He Jesaercs IONOIHUTENBHBIX IIPEJIIOIOXKEHHUI, KOIJIa HEJIMHEHHOCTH B IIOIVIOIIEHUU He
VIOBIETBOPAIOT ycyosuio Jlummmura. HalineHs!l ycioBus, Npu BBIIOJIHEHUN KOTOPBIX DEIIEHUs SBJISAIOTCH I10-
JIOXKUTEJIHHBIMUA (DYHKIIASAME. YCTAHABINBAETCS €IMHCTBEHHOCTDH pemrenus. [lokaszano, 4To Hy/€BOe perrenne
MOXKET OBbITH HEEeIMHCTBEHHBIM.
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’
yCJI0OBUs, CyII€eCTBOBaHNE PEIICHNs, IIPUHIINUII CDaBHEHUA.

AMS Subject Classification: 35K51, 35K58, 35K61.

O6pazen; nutupoBanusi: Bulyno D. A., Gladkov A. L. and Nikitin A. I. Initial Boundary Value
Problem for a System of Semilinear Parabolic Equations with Absorption and Nonlinear Nonlocal Boundary
Conditions // Bramukask. mar. xypu.—2025.—T. 27, Ne 2.—C. 5-18 (in English). DOI: 10.46698/02548-3794-
2309-a.



BragukaBka3zckuii MaTeMaTHIeCKUH Ky DHAJT
2025, Tom 27, Bernyck 2, C. 19-34

VK 517.93
DOI 10.46698 /p1879-1111-4332-k

O CTPYKTYPE OKPECTHOCTU I'OMOKJIMHUYECKO TPAEKTOPUU
K HET'PYBOI1 HEIIOJIBUYKHOI TOYKE#

O. B. T'opaeesa', B. E. Topzees!

! HaroHaJIbHbIN HccilenoBaTebekuii Hurkeropomckuit
rocynapcrBennbiit yausepcuter uMm. H. U. Jlobawesckoro,
Hayuno-06pa3oBaTe/ibHBI MaTEMATUYIECKUN TIEHTP
«Maremaruka TexHOJIOTHI OYAYIIETOy,

Poccus, 603950, Huxuuit Hosropoa, np. I'arapuna, 23

E-mail: olga.gordeeva@inbox.ru, vgord1103@gmail. com

AnHoTanms#a. B pabore paccmarpuBaeTcs oHOIApAMETPUIECKOe CEMERCTBO f), IBYyMePHBbIX auddeoMop-
dusmoB Takoe, yro npu p = 0 muddeomopdusm fy rnMeer TPaHCBEPCAJIBHYIO NOMOKJIMHUYECKYIO TPa-
€KTODHUIO K Herpy0oil HEHNOABMKHOW TOYKE IIPOM3BOJILHOIO KOHEYHOIO HOPS/IKA BBIDOXKIEHUS 1 > 1, a
npu p > 0 HemoJBMXKHAsSL TOYKA CTAHOBUTC rpyboit ceioBoii. Lless paboTbl — Jarhs onucaHue CTpyKTy-
pPbI MHOXKeCTBa [V, TPAEKTOPHil U3 JOCTATOYHO MaJIOW (DUKCHPOBAHHON OKPECTHOCTU TOMOKJIMHHYECKO
tpaekropun. OCHOBHBIM PE3YJIBTATOM PabOTHI sIBJISIETCS [TOJIHOE OIMCAHNE MHOXKECTBa [N, TPAeKTOpHii, 11e-
JINKOM JIe’KalllX B OKPECTHOCTU MOMOKJIMHIYECKOH cTPYKTypbl. Ilokazano, uro npu 4 > 0 MHOKecTBO N,
siBysiercsi rutiepbosmaeckuM (nipu g = 0 — HEepaBHOMEPHO I'MIlepboIMIecKnM ), u orpanudenue f, Ha Ny,
T. €. IUCKPETHas! JUHAMIIECKAs CUCTEMa fu‘ N, » TOTIOIOTHIECKH CONPSIAKEHO ¢ HEKOTOPOIl HETPHUBHUAJIBHOM
[IOJICHCTEMOM TOIIOJIOIMYECKOil cxeMbl BepHysmm u3 nByx cuMBosIoB. TeM cambIM MbI 06061Ia€M KIitaccude-
ckuit pesynbrar JIykpsauosa u [InibHIKOBA, TOIYYeHHBI UMU JJIsI CJIydasi, KOI/la HEIOABHKHAsS TOUKA
SIBJISIETCsT HEBBIPOXKIEHHBIM ceuio-y3i0M (n = 1). ITomumo storo B pabore mosydeHsl HOBbIe 3 deKTrB-
Hble (POPMYJIBI JIJIsl UTE€PANuii 0JJHOMEDHBIX 0TOOpaykeHuil (0TOOpaskeHnil B OrpaHUYEHNN Ha IEHTPAJIbHOE
MHOroobpasue muddeomopdusma fi,). dtu HOPMyIIBI BEIBOAATCA € IIOMOIIBIO HEKOTOPOH Mogudukamm
MeTOo/1a BJIIOYXKEeHUsI 0ToOparkeHus: B HOTOK u MeTost IIIunbHrKOBa epeKpecTHBIX 0TOOPasKeHMIA.

KumroueBble cJiioBa: OJHOMEPHOE OTODparKeHUe, CeJIO-y3eJl, HEIMIepOOINIECcKoe CeJJI0, TOMOKJIMHIYE-
CKasl TPAEKTOPUsl, TUIIEPOOINIECKOEe MHOXKECTBO, TOIIOJIOTNYeCcKasi cxeMa, bepHysiin.
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1. BeeneHue

B Teopun 6udypkarmit ocoboe MecTo 3aHUMAIOT 33/1a491, CBSI3aHHBIE C U3y I€HUEM I100a b

HbIX OudypKanuii MHOTOMEPHBIX CHUCTEM € TOMOKJIMHUIECKUMH TPACKTOPUSIMU K HErumnepobo-

JIMIECKHUM COCTOAHUAM PaBHOBECUA WJIN IMEPUOAUICCKHUM JIBU2KEHUAM [1] Takue cucreMbl xa-

PaKTEPpU3yr0TCdAd HEPABHOMEDPHO FI/IHep6OJII/I‘IeCKI/IM IIOBEJICHEM TpaeKTOpHﬁ, 1 OHHN ABJIAIOTCH

IOTrpaHUIHBIMU MEZKJTY pr6bIMI/I I‘I/IHep6OHI/I‘{eCKI/IMI/I cucreMaMm 1 CuCTeMaMMn CO CJIOZKHBIM

# PaboTa BBITIOMHEHa TIpU (DUHAHCOBOH ToAAep:KKe Poccmiickoro nayaroro dbonga, rpaat Ne 24-11-00339.
© 2025 Topueesa O. B., T'opzees B. E.
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XAOTUIECKUM TIOBEJICHUEM TPAEKTOPHUI, I KOTOPBIX XapaKTEPHO CYIIECTBOBAHUE MOMOKJIU-
HUYECKUX KaCaHUI M BCEX TeX HEeNpeICKa3yeMbIX JIUHAMHUIECKUX sIBJIEHUN W OudypKalui,
KOTOpBIE OHH NPHUBHOCAT |2, 3].

OCHOBHBIE 3JIEMEHTBI TEOPUHU TJIOOAJIBHBIX OU(YPKAIM CUCTEM ¢ TOMOKJTMHIIECKAMEA OP-
OuTaMyu K HErurnepOboTMYecKuM [IePUOJIMIECKUM TPACKTOPUSM OBbLIH 3aJI02KEHBI B paboTax
B. C. Adpaiivmosuua u JI. I1. HlunbuukoBa [4-6]. C Toukn 3penusi HeJmHENHHON AuHAMUKY,
B 9TuX paboTax ObLIN 3aJI0’KEHBI OCHOBBI TEOPUHU TAKOIO YACTO HADJIIOIAEMOrO B IPUJIONKE-
HUSIX TUIA CTPAHHBIX aTTPAKTOPOB, KOTOPbIE HA3BIBAIOTCS <«TOP-Xa0COM». TAKOW THIT Xao-
ca BO3HUKAET IPHU PA3PYIIEHUN PE30HAHCHOTO JBYMEPHOIO MHBAPUAHTHOIO TOPA IOCJE TOTO,
KaK CYIIEeCTBYIOIIE HA HEM yCTOMYMBOE M CEJIOBOE TEPUOIMICCKUE JIBUKEHUS CIMBAIOTCS
B CeJI0-y3J10Boe U nucue3aoT. [1oapobHO 3TOT MeXaHN3M BOZHUKHOBEHUS TOP-Xa0ca, KOTOPIT
HA3BIBAETCS TAKKe MePEeXOIoM K XaoCy Uepe3 pa3pyIleHne JIBYMEPHOTO TOpa, MpeCTaBIeH
B pabore [6], cm. Takxke [7].

OJIHUM U3 OCHOBHBIX CJIy4YaeB pas3pyllleHusl HHBADUAHTHOIO TOPA, YKAa3aHHBLIM emle B [4],
SABJISIETCs CJIydail, KOrjia B KPUTHYECKUI MOMEHT CEJJI0-Y3JI0BOE MEPUOINIECKOe BUKEHUE
HAMeeT eIle ¥ TPAHCBEPCATLHYI0 TOMOKJINHAIECKYTO TpaekTopuio. OCHOBHBIE PE3Y/IBTATHI, CBSI-
BaHHBIE C WCCJIEJOBAHUEM BO3HUKAIOIIUX 3/1€Ch IVIODAIBHBIX OudypKaruii, ObLIN 0y YeHbI
B pabore Jlykbsinosa u [unbaukosa [8].

HaromunM, aro B pabote [8] paccmarpuBaiochk oJfHOIIApaMeTpUYecKoe ceMeiicTBo F), MHO-
romepubix C"-rimaxux auddeomopduzmos! Taknx, uro

e ipu i = 0 quddeomopduzm Fy numeer TpaHCBEPCATBLHYIO TOMOKINHIIECKYIO TPAEKTO-
puto I'g K HEBBIPOXKIEHHON CeI0-y3JI0BOI HEMOABUAKHON Touke O

e ipu 4 < 0 HemoIBUYKHAS TOYKA MCUe3aeT, a npu u > 0 oHa pacmagaercs Ha gBe IPyObie
HEIOJBIKHBIe TOUKH — cefyioByio O, u ycroituusyio Og,, cM. puc. 1.

(a) (b)

Puc. 1. Ilpumepst aBymepHbIX auddHeoMOpdU3MOB ¢ TPaHCBEPCATBHON TOMOKIUHUYECKOM
TpaekTopueil ['g K HENOABUKHOI TOUKe B CJIEYIONMX Clydasx: (a) HemojpuzKHast Touka O
SIBJISIETCS TOYKOM ceyio-y3moBoro tuig; (b) Touka O pacnagaerca Ha jase, yeroiaunsyo Oz
u cegnoByio O, Tpaekropus L'o(p) cTaHOBUTCA TOMOKIMHUIECKOH K Touke O1. B kaxkmom
W3 CIy94aeB MOKa3aHa TaKXKe OKPeCTHOCTh U TOMOKJIMHUYECKON TPAeKTOPHUH, KOTOPasi COCTOUT
n3 okpectaHocTH Uy Touku O M KOHEYHOTO YHC/Ia MAJIBIX OKPECTHOCTeH Tex Toduek Tpaekropuu Lo,
xoropsie He nontasu B Up. B caygae (b) okpecrnocrs Uy comepkur 06e Toukun O1 u Os.

! 3ameTnm, uTO MCXOMHOM 3amakeit B [8] GbLT MHOrOMEPHLIH HOTOK. XOPOIIO H3BECTHO, YTO HCC/ICIOBAMME
MHOT'OMEPHBIX TIOTOKOB YaCTO MOYKET OBITH CBEJIEHO K MCCJIEJOBAHUIO COOTBETCTBYOMUX oToOparkenunit [lyan-
Kape Ha HEKOTOPOi TyI06aIbHON CEeKyIIei, KOTOPhIe ABIS0TCH auddeomopdu3MaMu pa3MEePHOCTH Ha €IMHHILY
MenbIe. dror Meros [lyankape mo3BosisieT He TOJBKO CIIeJaTh PACCMaTPUBAEMYIO 3aady reoMeTpudecku 6o-
Jlee HAIJISITHON, HO M CYIIECTBEHHO YIPOIAeT MHOIME MaTeMaTHuJecKre KOHCTPYKIuU. B Hacrosieit pabore
MBI OyZIEM PACCMATPUBATD JIJIsI OMPEIEIEHHOCTH TOJBKO TudHeoMOpOU3MBI.
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OcnoBHoe BHumanue B pabore (8], kak u B mukie pador AdpaiimoBuua u IIluwibHuKo-
Ba [4-6|, ObUIO y/leJIeHO MCC/IEOBAHUIO JIMHAMUYECKUX SIBJICHUI, IIPOMCXOJAININX [IPU UCIe3-
HOBeHnu ceyio-y3ia (st < 0). 31ech Oblia MoJIydeHa cepust 3aMedaTe/IbHbIX Pe3yJIbTaToB,
KOTOpPBIE COCTABUJIN B COBOKYITHOCTH OCHOBY MATEMATHYECKON TEOPHUM U3BECTHOIO B HEJIMHEl-
HOIl JIMHAMUKY CIIEHAPUsI [Iepexo/la K Xaocy uepes mepemexkaeMocTb [9]. Oxnako B padore |[§]
Obl1 TaKKe uccsaenoBad caydail (npu g > 0), Korja ceyio-yses paclajaercst Ha JiBe Helo-
JIBH2KHBIE TOUKHU. Tora TOMOKJIMHUYECKasT TPAEKTOPHsI, y2Ke K CEJJIOBOI HEITOIBUKHON TOU-
ke O1,,, coxpansiercs. IIpu 9ToM, Kak II0Ka3aHO B [8], IIpK JIOCTATOYHO MAJIBIX [i COXPAHAETCS 1
HETPUBHAILHOE THIEPOOIIIECKOe MHOKECTBO [Ny, KOTOPOe COCTOUT U3 BCEX HeO/Ty KIalonux
TpaekTopuii (3a uckmouenneM Toukn Ogy, mpu g > 0), HEINKOM JIEXKAIUX B JOCTATOYHO Ma-
Jaoii ukcuposannoit okpecrnocru U = U (O UT) romoksmandeckoii rpaekropun [y, Takast
OKPECTHOCTH COCTOUT M3 okpecTHOCTH Uy Toukm O M HEKOTOPOTO YHCIA OKPECTHOCTEH Tex
ToueK TpaekTopun Iy, Koropwie He JexkaTr B Uy, cMm. puc. 1.

st roro arobbl cpopMyIMpoBaTh COOTBETCTBYIOMINI pe3ysibraT u3 [8], HAOMHUM CHa-
JaJia HeKOTOpbIe (PaKThl U3 CUMBOJIMYECKON JTHHAMUKH.

Tonorozuveckoti cxemoti bepryaiu U3 IBYX CUMBOJIOB B9 HA3BIBAETCS JUCKPETHAS JTUHA-
MuYeckasi cucreMa o : ) — (), onpejiesieHHas Ha, MOJIHOM METPUYIECKOM MpocTpaHcTBe ) Gec-

KOHEYHBIX B 00€ CTOPOHBI 110CJIeI0BaTeIbHOCTel BUIa w = (..., 4, Qit1, .. .), tae o = {0, 1},
1=0,%1,... Ha ) BBoguTCSI MeTpuKa
k=+o00 |Oék; o |
/ et
plw,w) = > o
k=—00

u orepaTop o, roMeoMopdu3M Ha §), KOTOPBIX CIBUTaeT KazKIbIii CAMBOJI IIOC/IEI0BATEILHOCTH
Ha equHUIly BIeBo: ow = W', w = {ax}, W = {Bk}, Brk—1 = ai. PaccMorpuM 1oaMHOKECTBO
Q C Q, BbLAEISIEMOE CJIELYIONIUMU yCIOBUSIMU:
1) Q2 He COmEPXKUT OCJIEIOBATEIBLHOCTEN, B KOTOPBIX €CTh JBa COCEHUX CUMBOJIA «1»;
2) muis oot mocsenoBareabHOCTH U3 (f, JIMHA JIOOOTO MOJHOTO OTPe3Ka U3 CHMBO-
708 «0» He MeHbIe, yeM k.

Teopema [8|. Cymecrsyior Takme g > 0 u marypasabsuoe k, aro npu Beex 0 < p < po
JmHaMHYecKast cucrema I u| N,, TOHOJIOTIECKH CONPSIKena ¢ cucremoii o : Qp — Q.

B nacrosieit pabore Mbl 00001IaeM 3TOT PE3YJIbTAT Ha CJIydail JByMEpHBIX JuddeoMop-
GU3MOB € TPAHCBEPCAILHOM TOMOKJINHUIECKON TpaeKTopueil K HerpyOoil HeloIBIKHOM TOIKE,
UMEIOIIEN IPON3BOJILHOE KOHETHOE BBIPOXKJICHUE.

(a) (b)

Puc. 2. CrpyKTypa OKpECTHOCTH HEIIOJBHXKHBIX TOYEK THIA (&) CeI0-y3es
u (b) cnoxkHOE Ce/Io B CIydae JBYMEPHBIX OTOODAYKEHHA.
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B pabore paccmarpuBaercst ojHomapaMeTpudeckoe cemedicreo CT-ragKux JIBYMEPHBIX
b deomopdusmos f,, yrosmersopsiomux yciaosusim A)-C):

A) Ipu p = 0 qudpdeomopdusm fy umeer HenoaBIAKHY0 TOUKY O ¢ MyJIBTHILTHKATOPAME
vi = 1luwvy = A e 0 < |A| < 1. Ilpeanonaraercsi Tak:ke, 4TO HENOABUXKHAasi TouKa O
MMeeT BBIPOXKJIEHUE TOPsiIKa 1 > 1 U ee JISIIyHOBCKasl BeJIMUMHA TIOJIOKUTEbHA, T. €. IPU N
HEYETHBIX 3TO TOYKA THIA CEJJIO-y3eJI, & TP N YeTHBIX — THUIA CJIOXKHOE CEJIJIO.

3aMernM, 9TO B 9TOM CJIydae JIOKaJbHOe oTobpaxkeHnue Ty, T. €. orpanuveHue auddeo-
Mopdusma f;, Ha JOCTATOYHO MaJlylo oKpecTHOCTh Uy Touku O, ¢ HOMOIILIO HEKOTOPOi Ccr1-
[JIaJIKOH 3aMeHbl KOODJMHAT MOXKeT ObITh HpuBeeHO K Buy [10]

To: z=Xx(1+h(z,y), g=y+y""' +P(y), (1)

e h(0,0) = 0 u P(y) = O(y"*?). Us dopmymsr (1) BbiTekaer, cM. Taxke [1, 7], uro Ka-
YeCTBEHHAs] KAPTUHA TIOBEJECHUS TPAEKTOPHH BOJM3M TAKMX TOYEK OyJeT TAKOH »Ke, Kak u
B HEBBIPOXKJIEHHOM CJIydae: Kak y MpocToro ceiio-ysia (mpu n = 1) u y rpyboro cejja co-
OTBETCTBEHHO, CM. pUC. 2. Y HENOJBUKHBLIX TOYEK ITUX JIBYX THIIOB MOXKHO BBIJIEJUTDH JIBa
OJIHOMEPHBIX JIOKAJIbHBIX WHBAPUAHTHBIX MHOT000pas3ust. Bo-1lepBbIX, 3TO CHJILHO yCTONIMBOE
muoroobpasue W#(0) : {y = 0, |x| < &}, u, BO-BropbIX, 9T0 HeyCTOYNBOE MHOIOOOpa-
sue W"(O), koropoe B ciaydae cejyio-yaia umeer ypasaerne {z =0, 0 < y < £}, a B ciaydae
CJIOZKHOTO ceqta — ypasrenue {x = 0, |y| < e}.

Ha puc. 2 nokazano Kax Takue MHOIo0bpa3usi yCTPOEHbI JIOKAJIbHO. DTH JIOKAJIbHBIE MHOT'O-
00pasusi MPOIOJIZKAIOTCsI JI0 IVI00AJIbHBIX, KOTOPbIE, KAK U3BECTHO, He SIBJISIOTCS IOIAMHOI000-
pasusiMi (HAIIpEMeD, B TOLOJIOMMHU IJIOCKOCTH ), HO Mbl IIPEJIIIOJIAraeM, YTO OHU [1ePECeKatoTCsl
TaKuM 0Opa30M, 4TO

B) Uupapuanrthble rinobasbhble HeycroiiunBoe W'(0O) u cuibHOo ycroituuBoe W*(O)
MHOT00Opa3us HenoaBukHONU Touku O muddeomopdusma fiy mepecekaoTcsi TPaHCBEPCAIb-
HO B TOYKAX HEKOTOPOIl TOMOKJIMHHYECKON TpaekTopum 1o, cM. puc. la.

C) Ilpu p > 0 rouka O craHoBUTCsE TPYOOIi Ce/IJIOBOI HEMOABUKHON TOUKOM Tudbdeomop-
dbusma f,, u TpaexTopusi I'g(p) siBisiercst Tpy6oii (TpaHCBEPCATBHOIT) TOMOKIMHIIECKON K Heil
TpaeKToOpueil.

OcCHOBHOIT pe3yJIbTaT PabOThl — ITO CJIEIYIONIAsi TeOPEMa.

OcHoBnasi Teopema. Ilycts f, — HempepbIBHOE OfHONApAMETPHIECKOE CeMelCcTBO
C"-rnagkux, r > n+3, AByMepHbIX Jubpeomoppuzmos, yiaoiaersopsioree yeaopusm A)—C).
Torza cymiecTByer Takasi JOCTaTOYHO MaJasi pukcupoatHnasi okpecrnocts U = U(O UT),
raxme f1; > 0 n narypasbnoe k, uro npu Kax oM ¢puxcuposannom i € [0, 1] orpanmaerue fu
Ha MHOkecTBO N, HeO1y>Kpaomux Tpaekropuii uz U TONOJIOrMYeCKH COIPSI?KeHO ¢ CHCTeMOit
o : Qp — Q. Ilpn stom N, sBIsSIETCS pABHOMEPHO THIIEPOOITIECKIM MHOMXKECTBEOM 1IpH fi > 0
u HepaBHOMEpHO ruriepbomaeckumM pu 1 = 0.

OcraBiiasicst 9acTh pabOTHI TOCBSIIIEHA TOKA3aTeJILCTBY 9TOM TeopeMbl. Bo BTopoM mapa-
rpade MBI JOKA3bIBAEM HEKOTOPBIE PE3YJbTATHI O CTPYKTYPE UTEPAIHil OJIHOMEPHOIO O0TOO-
pakeHHus, KOTOpoe B HallleM ciIydae, ABjsgeTcs orpanmdenueM muddeomopdusma f,, Ha ero
HeHTpajbHOe MHOTOOOpa3ue. [lojyueHHbIe pe3yIbTAThl UMEIOT BIIOJIHE CAMOCTOATEIbHBIN MH-
Tepec, OHU TaKKe CYIIECTBEHHO MCIIOJIL3YIOTCS IIPH JI0KA3aTEJbCTBE OCHOBHON TEOPEMbI, KO-
TOpPOE MBI JIaeM B TpPeTbeM maparpade.
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2. O cTpyKType ureparuii orobpakeHuii B6JIu3u
HerpyObIX HENOABUXKHBIX TOYEK

PaccmorpuMm onnonapamMerpudeckoe cemMeicrso CT-IIaIKuX OJIHOMEDPHBIX OTOOParKeHMi
BU/IA

Tt g= 1+ py+y"+ Py, p), (2)

”*2) u r > n+ 2. Hac uarepecyer mpexk e BCero moBeienmne

b p— mapavierp, P(y, i) = O(y
TpaeKTopHii oToOparKkenust 7, Ha mosyunrepsane Ip = [0,€) 3HAYEHUI KOODIUHATHI i IIPH
JIOCTATOYHO MaJjioM (DUKCUPOBAHHOM € > (), He 3aBUCSIIEM OT [i.

OrmermM, 9TO ofHOMepHOe oTobpaxkenne § = (1 + p)y + y" 1 + ... apagerca Becbma
YACTHBIM CJIy9aeM obIieil n-napamMerpudeckoil Hopmasboil hopmbl § = po+ (14+p1)y+...+
1y -y L s Gudyprarmit oHOMEPHBIX 0TOOpasKeHuit (M MHOTOMEPHBIX 0TOO-
parKeHuii B OrpaHUYeHNN Ha IIEHTPAJIbHOE MHOT0OOPA3Ke), UMEIOIIUX HErpyOy IO HEIOIBUKHY IO
TOYKY C MyJIbTUILIHKATOpoM +1. B orinumume or obmieit HopmasibHOM GopMBI, B 0TOOparke-
HuU (2) KOOp/MHATA HENoABUKHON ToYKM y = 0 IpH U3MEHEHHHU [apaMeTpPa (i COXPAHSIeTCsI.
Kpowme Toro, npu p > 0 ona cranosurcst rpy6oii ceioBoii (aro cornacyercst ¢ yciaosuem C)),
u Ha unrepsadie (0, &) ¢ 10cTaro9HO MaJIbIM € > 0 IPYTUX HEIOIBUZKHBIX TOUEK HE HOSIBJISIETCSI.

Takum obpazoM, 3ajiada UCCIIEIOBAHNS MTOBEJICHUS TPACKTOPUI B OJIHONAPAMETPUIECCKOM
ceMelncTBe (2) CTAHOBUTCH MHTEPECHON C TON TOYKU 3PEHUS, YTO €€ pelIeHne MO3BOJIMT Pa3o-
OpaTbCsi B TOHKHX BOIPOCAX IEPEXO0JIa OT HEPABHOMEPHO THIIEPOOJIMYECKON K PaBHOMEPHO
TUIEPOOJIMIECKON TUHAMEIKE, B TOM YUCJIE IIPU UCC/IEIOBAHUN COOTBETCTBYIONINX II00ATBHBIX
obudypkarmuii. B ciy4uae kopasmeprocTu onuH, n = 1, Takue 6udypKamun u3ydaanch B pabore
JlykbstnoBa u lnibaukoBa (8|, st cirydasi HEBBIDOXKIEHHOT'O CEJIJIO-Y3JIa, COOTBETCTBYIOILYTO
TeopeMy MbI ChOPMYIUPOBAIN BO BBejeHUU. B Hareil pabore Mbl 0000IaeM 3TOT Pe3yIbTaT
JlykbsinoBa u [IlwibaukoBa u3 (8] Ha ciyyail MpOU3BOIBLHOTO M.

st 9TOM 1Iesin B HACTOSIIEM aparpade Mbl BBIBOAUM (GOPMYJIbL JIjis UTepamuit oTodpa-
»KeHust 7(() ¥ UX IMPOU3BOJHBIX Ha nosyunrepsase Iy = [0,€), Koropble OyiayT CIpaBe/JIuBbI
JJIsE IOCTATOYTHO MAJIOro (PMKCUPOBAHHOIO W HE 3ABUCAIIETO OT (i 3HadeHus € > (.

Jlokarkem cHadasa OOIMUiIl Pe3yJIbTAT O BJIOXKEHUUW B ITOTOK OJHOMEPHOI'O OTOOPAXKEHUsT
B OKPECTHOCTU HErpy0Oil HEIOIBUXKHON TOUYKU.

JIemma 1. Pacemorpum m-niapamerpudeckoe cemeiicrso CT-ruaakux (r = 2) oHOMEPHBIX
oTobpazkeHHil BUa

y=y+ 9y i), (3)

HEIIPEPhIBHO 3aBHCSIIHX OT I1aPAMETPOB i, 00/1acTh 3HAYEHHI KOTOPBIX [\, HIPUHAIICHKHT
mapy ||| < 0o u comepxxur Touky [ = 0. Ilycrs cymecrByer takoe €y > 0, 4ro st Beex
fi € Ay, 1 Beex 0 <y < e Bemomstiorest yeaosus (0, i) = 0, g,(0,0) = 0 u g, (y, i) > 0.
Tora orobpazkenne (3) Ha naTepBase 0 < y < €y HpH [i € A, coBHagaeT ¢ 0TOOParKEHHEM
C/IBHTA Ha €UHHUILY BPEMEHH 110 TpaeKTopusiM Hekoroporo C"~'-riajkoro noroka

u pyuknust §(y, [i) onpenesiercs: Ha uareppase 0 < y < €y no ¢yakuuu §(y, fi) OAHO3HATHO.

< Io oupenenenuto, orobpazkenue (3) BKIaJbIBAETCs B MOTOK (4), eCy BBIIOJIHSETCS

/ ds
y/m:L (5)

NHTETrpaJIbHOE PaBEHCTBO
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910 o3HaYAeT, u4TO 33 ¢ = 1 MBI IEePexXOoIUM BJIOJIb TPAEKTOPHIl TAKOrO IIOTOKA U3 TOUYKH Y
B TOUKY ¥y B coorBeTcTBum ¢ hopmysioit (3). Teneps naia 3a1aua 1mokasars, 4ro ypasaenue (5)
HUMeeT pellleHue U OHO €JIMHCTBEHHOE.

bg!
g'(y) bt

g'(y) bg(y)=g"(y)

g'®)

S S,<1 S S>1

2 2

y y+g(y) y y+g(y) Ty

(a) (b)

Puc. 3.

[Tocmorpum, uro Gymer upu §(s, i) = g(s,1). B arom cayuae, nockoiabky g(y, i) — BO3-
pacraromias GyHKus (cooTBercTBenno, g ' (y, fi) — ybblBalomas), IMeeM, CM. PUC. 3a,

< \‘d\

Y
ds~ </ ds~ _ g—? _ 1
g(s, ) gy, ) gy, i)
Y

[Iycrs Teneps §(s, i) = B 1g(s, i), rae mbr BosbMeM Takoe 3 > 0, uro B¢~ (7) = g ' (y),
cMm. puc. 3b. B stom cirygae
d 7
. !
9(s,) ~ 9(y, /1)

< \@\

U JJIsI 5 IMeeT MECTO COOTHOIIEHUE

) 9ly, ) +g'0y), i) / _
Y= o00) =1+4'(0(y), i),

rie 0(y) — HeKoTopast IPOMEXKYTOYHAsl TOUYKA HA MHTEpBaJe (Y, 7).

5= 9@,
9y,

= =

TakuMm 06pa3oM, MOJIydaeM, 9To cymecTByer nekoropast dbyukuus 3 = fo(y, 1) > 1 Takas,
aro upu §(s, ii) = Bo(y, 1)g(s, fi) BImOIHSIETCS cooTHOIIEHHE ().

[Tokaxkem Tenepb, uro dyukuus §(y, fi) oupeesiercs 1no dbyHKuu g(y, i) OAHO3HAUHO.
Bamerum, uro Touka y = ( SABISETCS HENOJBUXKHON Jijisi oTOOpaykeHus (3) U COCTOSHUEM
paBHOBecHs JijIst HOTOKa (4). DTo cocTosiHne paBHOBeCHs HeycToilunBo Ha unTepsasie y € (0,¢)
JUIst JtocTaTodHo Masioro € > 0, rak kKak Ay =y —y = g(y, ft) > 0 B cuity Toro, uro GyHKImst
g(y, 1) crporo Bospacraiomas upu y > 0. Orcioma Takxke BbiTexaer, uto §,(y,f) > 0 u
g(y,n) > 0 mpu y > 0. Torma mist uarerpana (5) na mobom uaTepBase [0,€) npuMeHHMA
TeOpeMa O CPeJIHEM 3HAYEHHU, KOTOPAas JaeT CJEIyIoNyo (hopMmy.Iy.

/y ds y-y _ y—y
/ 9(s;)  9(&m) gy, 1) + 09, (y, 1) (G —y) + o(y — y)
9(y, 1)

e T (e
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rae € € [y,y], 0 € (0,1) uy € (0,¢e). Orcrona BeITEKAET, UTO

lim 1) _ (6)
=0 9(y, 1)
Tak Kak § — y upu y — 0.

Hokaxkem ternepb, uro dbyukims §(y, u) oupenensercs dyukuumeii g(y, pt) OJHO3HAYHO.
[Ipoauddepennupyem coorrormterne (5) 10 Yy, HOLYIUM

)
)

[Mpeanonoxum, uaro nse byukiwn §i(y, i) u §o(y, fi) yA0BIETBOPSIOT 3TOMY paBeHcTBY. Torma
[TOJIY9UM, 9TO

Na$Y
=

tdwpm L 9

9(y, it) 9y, it) 9y,

=1+4(y, ).

=

Ilepermuriem 3Ty MPOHOPIUIO B BUIE

a@,n)  aly, i)

i
92(:']7/7/) QZ(yﬂa) .

Bal\/IeTI/IM7 Y9TO 1ocJjieHee COOTHOIIECHNE BBITIOTHACTCA BO BCEX TOYKaX TPACKTOPHUH OTO6pa.)Ke—
nust (3). B wacrHocTu, it TeX, KOTOpPbIe IPH 06PATHBIX UTEPAIUsIX CXOJATCst K Touke y = 0.
Iloctetnee MOXKHO 3aIUCATD B CJIEAYIOIIUM O0PA30M

9y, . 1y, B gy, i) . gy,
WA _ o 98 51 A) 90y )

NS, P 1N, P s CACALad
Go(y, 1)  v=0g2(y, 1)  v=0 g(y, 1) v—0 Ga(y, it)

[Mocueauee paBercTBo siByisiercst caencreueM (6), u oHo Bieder uro §1(y, fi) = ga2(y, i), 410 U
TpeboBaJIOCH JI0Ka3aTh. [>

SAMEYAHUE 1. JIemMMBI 0 BIozkenuu B HOTOK 11pu (= 0 JOKa3bIBAIKNCH B PA3HBIX paboTax.
B uacrrocTH, B [11] 6611 paccMoTpeH cirydaii mpocToro (HEBBIPOXKIEHHOIO) CeIo-y3ia, a B [12]
CYIIECTBOBAHUE IJIAJKOTO BJIOYKEHUsSI B MOTOK TIpH 4 = () OBLIO JOKA3aHO 6€3 MPEeoI0KeHusT
0 BBICOKOH IJIAJIKOCTH M O TOM, YTO Cejjio-y3es mnpocroii. Cm. takxke §12.5 uz xkuuru |7),
B KOTOPOM IIPEJICTABICH PAJl PE3YJILTATOB HA 3Ty TEMY.

Bepuewmcsi renieps K Haremy oTobparkeHuto T (i), npejcrasieHHoro B uje (2). OdeBujHo,
9TO OHO TIpH (4 2> 0 yIOBJIETBOPSET YCJAOBUAM JIEMMBI 1, 9YTO ITO3BOJISET YCTAHOBUTH HEKOTOPbIE
pesysbraThl (M. JeMMbl 2 1 3) 06 urepanusx orobpazkenus T(() IPU BCEX JIOCTATOTHO MAJIBIX
w = 0. B ciygae p = 0 cupaBeiuBa CaeayIONAs JIEMMA.

Jlemma 2. Ilpu p = 0 qurst mobbIx Yo, Yy u3 Iy 1 jroboro HarypaabHOro k TakHx, 9TO
78 (yo) = Yk, BBIMOMHACTCST COOTHOITEHNE

Yk
W= T T (7)
e v = Y(yk, k) — Hekoropblii Kodphdunuent, 6auskuii k 1, Korga € mamo: v — 1 npu

e — 0. Kpome Toro, npu ¢puxcupoBaarom Yy, > 0 u 6oabmux k CIIpaBeauBbl CICILYIOIIHE

aCHMIITOTH4YeCKHe OLICHKH:
1 dyo 1

~ = -5 T 8
W e h R (8)
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y +y" "+ P(y), rae P(y) = O(y"*?). Tlo nemme 1

< Paccmorpum orobpazkenne § =
= [0,¢)) BruampiBaeTcss B MOTOK o : ¥ = g(y) ¢ g(y) =

OHO JIOKasbHO (Ha mHTepBate Io
Y"1 + P(y), rie P(y) = O(y"*?).
PaccMOTPUM J[Ba BCIOMOIaTeIbHBIX MAYKOPUPYIOIIUX MOTOKa 1 & ¢ = Y1y T u @y 1 ¢ =

Y2 yn+1

TAKMX, ITO
Nyt <y" 4 P(y) < yoy"t!

OueBnyiHo, KOHCTAHTBI ] < 1 < 79 MOXKHO BBIOpaThb TakuMu, 4ro y; = 7;(€) — 1 mpu
€ — 0 1 BBIIOJIHAIOTCS WHTErpabHble HEPABEHCTBA

1 Y Y Y d
S
V2 /s”“ / n+1+P 71/8"“'
Y Y Y

Takum 00pazoMm, IOTOKHU 1 U Y9 HPHU MOAXOAAIMX y1 < 1 < 79 ABJSIOTCS CHCTEMaMu
cpasHenust [13] J1st MCXOIHOTO HOTOKA (.

Orobpaxkenuss Ty u Th ciBUra 3a €JUMHUILY BPEMEHU BIOJIb TPAEKTOPUil OJIHOMEPHBIX MO-
ToKOB 9 = Y"1
IpaIbHOM BHUJIE:

, © = 1,2, 3a eIUHUILYy BpEMEHN MOXKHO IIPEJICTABATHL B CJEIYIONIEM WHTE-

y
T; / Yt =1, (9)
Y

NJIM B sIBHOM BHE

T8 — Y n+1 n+2
T j=——m—— =y +yy " +0 .
IS s =YY (")

Paccmorpum Teneps orobpazkenue 7y, ¢M. (POPMYITY (2)~Hp1/1 = 0. MbI mokazaJjm, 9To J1ist
€ero Koopm/IHaTbI i CHpaBe,HJH/IBbI oueHKI/I T1( ) < 10(y) < To(y) st Beex y € Iy. Orcrona cite-
ayer, ato Ty '(y) < 75 1(y) < Ty (). Taxum obpasom, st k-oif ureparyu oTobpaskenust T
crpaBeyuBo HepaencTso Ty F(yy) < 7'0 Flyr) < T *(un)-

IIycrs yo; ¥ Yy, TaKue, 9TO Yo; = TZ *(y). Torna

Yk

dy _ 1 Yk _
Yy,
Yoi

Yoi

OTKY/a IIOJIydaeM, 9TO
Yk

U, CJIe0BaTe/IbHO, JJId KOODAMHATHI Yo TaKOii, ITO Yo = To k(yk), CIIpaBeJJINBa OIIEHKA

Yk Yk

/1 +n ”k<y0<"1+n ng’
Y2Yp Y1Yp

13 KOTOpoii cpady ciemyer dopmyra (7). B cBoro ouepenb, n3 Hee JIETKO IOJIYIAIOTCH ACHMII-
troruku (8). >

Paccmorpum Tereps orobpazkenne 7, cM. GopMyity (2), A/ KOTOPOTO MBI JOKAXKeM CJle-
IYIOIIUI Pe3yIbTaT.
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Jlemma 3. Ilpu Bcex ,ZIOCTaTOtIHO masbix 1 > 0 st J1o6bIX Yo, Yr € lg 1 jmoboro Hary-
paJIbHOTO k TAKHX, 9TO T, (yo) = Yk, HMEET MECTO COOTHOIICHUE

ykef;ufyk

'\L/l +(1- 6*"“7k)pfly2

(10)

e v = Y(1, Yk, k) — Kosappurment rakoii, yro y — 1 npu p,e — 0.

< Paccmorpum oTobparkeHust ﬁ uu Eu CIBUTA BIOJIb TPAECKTOPUI OJHOMEPHBIX ITOTOKOB
Oui 1Y = vilpy + y" 1), i = 1,2, 3a equHmiyy Bpemenu. 3aMeTHM, 9TO 1O JiemMe 1 oTobpa-
»Kenme T, npu (> 0 BKIaJBIBAETCH B HEKOTOPBIH HOTOK (40, JJis KOTOPOTO OHO SIBJIAETCS
oTODOpaKeHNeM 3a, eIMHUILY BpeMeHu. MBI moKaXkeM, 9To Jjisi TOJAXOIANNX KOHCTAHT Y] U Y9
IOTOKH (1 U Py1 OYIyT ABIATLCS CHCTEMAMI CPABHEHHUA [JIsI TIOTOKA, Q0.

3armireM orodbpazkeHue Tiu B MHTErPAILHOM BHUJIE

7
/% uy+y"+1) - =
Y

Brorancaus nHTerpaJl

y ] ] 1 g
[ty = st = [ atee e = e (4 1)], =
Yiluy + y" Viy" 1) —npyi(py =" + D oy \y" y
y y y
HOJIyYUM, YTO
_ Y
Yy = .
Y1+ (e =D~ +y")
Wcnonb3ys passioxkenue B pai Teitsopa, TOJIy9IuM PABEHCTBO
_ 1 — e_nuvi n n 2
g=y 1+T(u+y )+O((u+y ) )
=y(1+7p+0E?) + 71+ 0@w)y™ + O(y"*?).
Orciona Buano, uro name orobpaxenue § = y(1 + pu) + y™ ! 4+ O(y"*?) maxopupyercs

orobpaxkenusamu 11, u T, ¢ noAXOAAmIUMU KOHCTaHTaMH Y1 < 1 u 72 > 1 Takumu, 4TO
vi — 1upu e — 0n p — 0. Takum obpazoM, /i KOOPJAMHATBI § OTOOparKeHUst T, HOﬂyqaeM

nepasencrso 11, (y) < 7.(y) < Tou(y). Orciona crenyer, uro ffl(_) <7, ' y) < T1 L(@).
Taxum obpasom, Jyist k-oif uTeparuu 0To0pazkeHust 7, CIPABEIJINBO HEPABEHCTBO T2 Flyr) <

) < T (o).
Haiinem Teneps yg; = TZ;kyk, BBIYUCJ/IUB MHTEI'PAJILHOE PABEHCTBO,

Yk

= ()
— In|{ —+1
/ Yi(py + ym+l) npyi o \y"

Yoi

Yk
=k.

Yoi

OTkyma mosrydaem

yk ef/»r\/ik

’\1/1 +(1- e—nm/z’k),u—lyg

Yoi =
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Takum obpazom, ciipaBe/jinBa OIEHKA

yke_M’YQk yke_ﬂ/’ylk

< Yo < )
71 + (1 — e~mpk) = 1yn ’\1/1 + (1 — emmemk)—lyn

U3 KOTOPOii cpa3y nostydaercs: uckomast popmysia (10). >

CdopmymupyeM Tenepb CJIEIYIONUI pe3yJbTaT, KOTOPBI <«COEJIUHSETY YTBEPKICHUS
jgeMMm 2 1 3.

Jlemma 4. [lpu ji060M pUKCHPOBAHHOM Yy, € lg clIpaBeJIUBbBI CJIEAYIONHE ACHMIITOTHKHI
st yo 13 (10)

1) npu ¢purcupoBarrom k

lim g (ye, o k) = ——te— ~ ! ; (12)
L0 Y1+ nyyik Uk

2) npu ¢pukcupoantom > 0 u 6osbmux k
d
Yo ~ ek, d_yo ~ p /e, (13)
Yk

<11) @opwmyina (12) BeBoauTCs U3 yeiosus, uto e "MF = 1 —nuyk+O(u?) npn Mambx .
2) Acumnroruku (13) serko nosaydvatorest usz gopmysst (10). HeiicrBurenbho, st kKoab-
dbunpenta nepex e~ ™ B (10) nonyuaem
: Yk _ Yk _ Y/
e e S A L S VA R

(14)

9TO JIAeT UCKOMYIO aCUMIITOTUKY JJist Yo 1pu 0osibiux k. Jduddepeniupys mocaeamnee BbIpa-
kerne u3 (14) 1o yg, nojydaeM aCUMITOTUKY Jist Tpou3BOAHON dyo/dyy npu 6osbmux k. >

U3 jiemm 3 1 4 MOXKHO BBIBECTH TOT MHTEPECHBI (haKT, ITO HOBEJECHHE TPACKTOPHIi 0TOO-
PayKeHns T, IPU OOBIINX K M MaJIBIX (i MOJKET MEHSThCS OT I'MIEPOOJITYECKOro, SKCIOHEH-
nuaabHoro, (Koryia npu g > 0 TpaekTopuu HPOXOoAsT OueHb 6/m3Ko K ceiry O), CM. acHMII-
Totuky (12), 0 HOJMHOMHATBHOTO (C HOpsIKOM pasberamms k'/" acHMITOTHYECKH MeHb-
1ee, 4eM Jiroboe IKCHoHeHmaibHoe). [Ipu 9ToM, B onpe/ieenHble MOMEHTHI (3T0 Oy/1eT, Koria
p = O(k™1)) acumnToTnKa JOKHA GBITH TPOMEXKYTOYHOH — CyGIKCIIOHEHIHABHOf (KOTO-
pasi, KOHEUHO, IpucyTcTByeT B obeii dopmyse (9), HO Kak ee «u3BJIeYb» OTTYJA, Mbl HE
3HAEM ).

3. okazaTeJbCTBO OCHOBHOII TeOpeMBbI

Paccvorpum aBymepHsrii guddeomopdusm f,, ymosaersopsiomuii ycirosusivn A)-C) u3
Beejiennsi. Kak nokazano B pabore [10], B sTOoM ciaydae JiokajabHOe orobpaxkenue Tp, T. e.
orpanmyenue auddeomopdusma f, Ha JOCTaTOYHO Masyio okpecTHOCTh Uy Touku O, ¢ 1o-
MOIIBIO HekoTopoi O~ l-ry1a iKoil 3aMeHbI KOOPAMHAT MOYKET OBITH IPHUBEICHO K BUJLY

To: z=Xe(1+h(z,y,p1), §=1+py+y"+ Py p), (15)

e A = A(p) u 0 < |\ <1, h(0,0, ) =0, u, B cumty yenosus C), P(y, u) = O(y"2). B stux
KoopAuHaTax Mbl nosaraeM, aro Up{(z,y) : |z] < ¢, |y| < €} g mHEeKOTOpPOro HOCTATOIHO
MaJioro € > 0, He 3aBUCSIIETO OT [i.
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Beszie nuzke Mbl pacemarpuBaeM ciay4ait, korga g > 0. Torma Touka O(0,0), koropast npu
p =0, B cuy ycnosust A), siBjsieTcst HerpyOOil HEMOIBUKHOI TOUKO#T (BBIPOXKIEHUST TIOPSIJIKA
n > 1) aubo Tuna ceIo-y3J0M, 60 TUIIA CJIOKHOE CeJI0, IPH (i > () CTAHOBUTCsI TUNEpOOJIH-
JeCKIM CceyIoM (¢ MysbTHIuInKaTopamu A i 1+ ). B koopaunarax (15), maOoroo6pasue WS,
mmeer ypasienue y = 0 1 oHO feuT okpectHocTh Up Ha jse wact: Uy : {|z] < £,0 <y < ¢}
u Uy : {|z] < e,—e < y < 0}. Bamernm, uro tpaekropun B U, He mpunajiexar N, u
TO3TOMY MBI HX He paccMarpubaeM. UTo kacaercst okpectHocTH Uy, TO TPaeKTOPHHU, MOKH-
JAIOIIIE ee IIPU UTEPALUX f,, MOIYT BO3BPAIIAThCs (J1azke GECKOHETHOE HHCIIO Pa3) B CHILY
CyIIEeCTBOBAHUST TOMOKJIMHIYIECKON TpaexTopun ['o(u). CooTBeTcTBeHHO, MBI OyjIeM U3ydarhb
Te TpaexTopun uddeomopdusma f,, nemmrom gexamue B U(O UT).

o KacaeTcs TOKaIbHBLIX CBOHCTB quddeomopdusma f,, T. €. nTeparmii JoOKaIbHOro 0To0-
pazkenust Tj : Ugr — U(;L , TO JIJIsi HUX CIIPABEJJINBA, CJIEIYIONAas JIEMMA.

JIemma 5. Ilycrs roukn My(zo,yo) 1 My (xk, yx) u3 UaL raxme, aro My = T§(My). Toraa
cymrectByer Takoe py > 0, uro npu Bcex 0 < p < 41 BBITOJIHSIOTCS COOTHOIIEHHUST:

T = )\kwk(x07 Yk /’L)7
ype "R
\/1+ —e— n,u,wk) ly]?
Yk

"/1+nﬂ/ykk n= Oa

y k>0, (16)
Yo = Pr(yr, i) =

e A = |\ + 61 1 8; gocrarouno manas xoncranta (8 — 0 mpu e — 0), (0, y, 1) = 0,
u ¢ynkust Yy (2o, Yg, ) PABHOMEDHO OrpaHudeHHa 100 k BMecTe cO BceMH CBOMMHU TPOU3BOJI-
HBIMH.

Dopmyita (16) mist yo nomydaercs: oobeunerneM dopmyit (7) u (10) uz emm 2 u 3, a st
KOODJIMHATHI Xj, OHA MOJIy9aeTcsi CTaHJIAPTHO, CM., Hapumep, [14], nupsMbiM uTepupoBaHUeM
10 KOOPJMHATE X C YIeTOM TOIO, UTO MOCJIEI0BATEILHOCTD UTeparuit (Yo, - . . , Yi) 1O KOOP/IH-
HATE ¥ y?K€ M3BECTHA.

BAMEYAHUE 2. ®opmysna (16) ecrb He WTO MHOE, KAk IPEJICTaBJIEHHE OTOOPAKEHUSI
TE - Uy — Uf B Tak HasblBaeMOM I[epPeKPecTHOM BUJe WM B (IIeDeKPECTHDIX) KOOPH-
Hatax [umipaukoBa. OTMeTnM, 9TO cTaHAapTHAs 3ajada Ko sl HaXOXKIEHUSI TPaeKTO-
pun (z9,%0), (1,%1), - - - (Tk, &), t1€ (Tit1, Yi+1) = To(zi, yi), N0 TAHHBIM HAYAJBLHON TOUKe
(x0,y0) u k He Bcerma nmeer pertenne B Uy (Hanpumep, npu 60JbInX k TPAGKTOPHUS MTOKH-
naet Up). losromy 371ech pemnaercst Tak HasbiBaeMasi Kpaebasi 3aiada [unsaukosa [15, 16]:
3aJ1aI0TCsI KPAeBble YCJIOBUSI Lo U Y ¥ IUCJI0 UTEPAINil K, II0 KOTOPBIM HAXOISTCS T U 4g. DTa
3aj1a9a BCETa UMeeT pellleHre B cydae celijia. B jieMMe 5 9T0T (hakT yCTaHABINBAETCS TaK-
JKe U B CIydae HerpyOoil TOUKHU TPOM3BOIBLHONO MOPSIIKA BHIPOXKIEHUS JJIsT COOTBETCTBY IOIIAX
peleHnit B OKpeCTHOCTH UJ' .

[To ycaosuro C) J0KaIbHOE MHOTOOOpa3ue I/VIOC :{x = 0,0 < y < e} nponomkaercs
10 riobaasHoro WU, KoTopoe mMeeT TOYKH TpPaHCBEPCAILHOTO Iepecedenus ¢ WSS — 3To
Toukn TpaekTopun ['g. s ,ILI/I(b(beOMOp(bI/ISMa fo, . e. ipu p = 0, BeIOGepem B Uy JiBe TOUKH
Mt (zt,0) e W uM—(0,y7) € W v wpaexropun Ty, rue 21 > 0, y~ > 0. Takxe BoiGepem
nocTarodno Masble okpectnoctu 11T u II7 rogex M™T u M~ COOTBETCTBEHHO TaKue, 4TO
fo(I* NIIF) = @. Taxk xak M+ and M~ npunajyiexkar ojHOl U TOi ke TpaekTopuu Lo, TO
cylecTByer Takoe HarypasbHoe ¢, uro Mt = fJ(M ™). Torga B ciyuae nuddeomopdusma
fu mpu Beex pocrarouno Maubix p > 0 onpexeneno oroGpaxkenue Ti(p) = fi : IIT — Uy,
KOTOpOE ByJIeM Ha3bIBaTh [yI0baabHbIM. B Koopunarax (z,y) na Uy, orobparkenue T7 MoxkeM
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OBITH IIPEICTABICHO B CJELYIOIIEM BHJIE:

)+,

T—at =F(z,y—y ,p)=ax+bly—y~
y=Gy—y ,p)=cx+dly—y )+...,

(17)

rj1e, BOOOIIE TOBOPsi, BCe KO3(DUIMEHTHI 3aBUCAT OT ji, B YacTHOCTH, 1T = o1 (u) my~ =
Y~ (@) — 9TO COOTBETCTBYIOMINE KOOPIUHATHI JABYX FOMOKJ/IMHIYECKAX TOYEK TPAeKTOpHu I,.
Taxexe mveem, ato ad — be # 0, Tak xax 11 — maddeomopdbusm, u d # 0, Tak xax I'y, —
TpaHCBepCabHAsI TOMOKJIMHUYeCKas: TpaeKTopusi. Muororounsivu B (17) 0603HaYEHBI YJI€HbBI
nopsiaka O(x2 + (y —y~)?).

~ ol =TKo.
I G N C T T, (5)
\
M- TN
\.
| i
cs\ /
A X /'/ (<2
» < = o
0 /mr
A
a) b)

Puc. 4. WmocTpaniysi reoMeTpudecKux CBONCTB OTOOParKEHUi 1TepBOr0 BO3BPAIIEHU ST
Tng :IIT = I~ — IIT, 061acThIO ONpe/ie/IeHnsT KOTOPBIX SIBJISIETCS] CUETHOE MHOYKECTBO HOJIOCOK
U?,j =k,k+1,.., 5a I[I", KOTOpbIE IEPEXOIAT B MOJOCKH 0']1~ = Tg (0’?) Ha II™, puc. (a),

a 3arem BosBpamaiorca Ha 11T yixe B Buze momocok Ti (o)), puc. (b).

BameTnM, UTO KaxKJasd TPAeKTOpUs U3 MHOXKecTBa N, 110 OLUPEeJEICHUIO JOJI2KHA UMETh
touku B IIT u II™. Bosee Toro, Touxku us IIT, kpome Tex xoTopble sexkar Ha W, momagaior
B II™ mog neficTBuem ureparuit JokabHOr0 oTobpaxkenus 1y, a Toukn u3 11~ cHOBa nonaamor
B I mmox, neficTBreM riobaabHOro oTobpaskenns 17 u T. 1. Taxum ob6pazom, 1060 He acHMII-
Torudeckoit K O Tpaekropun u3 IV, MOXKeT OBITh IIOCTaB/IeHa B COOTBETCTBHE OECKOHEeIHAsI
B 00€ CTOPOHBI IOCJIEJIOBATEHLHOCTL OTODOparKeHnit

Ty, T, j=0,+1,+2, (18)

ST
rue Tkj = TlTéCj 0§ A | Ry | k; > k s Beex j.

O6mactbio onpesenennst otobpazkenns Ty : IIT — I~ ssasercs nonocka o) C IIT taxas,
qTO 0f) = To_k(H_) NII*, cm. puc. 4(a) (upu 9TOM HOJOCKU 04 ¢ pasHbIMU k He lepeceKa-
I0TCSL M HaKaImBaioTest K orpesky W NIIT npu k — oo0). CooTBeTcTBEHHO, Té“ IIePEBOIUT
02 B BEPTUKAJBHYIO IIOJIOCKY J,i c I, e Té‘“(a,g) = U/i (mostocku J,i HE [EPEeCceKaloTCst
Mexkly coboil n HakammBaloTcest K orpesky WY NI~ upu k — o0). B cBoro ouepen, rio-
6asbHoe oTobpazkenne Ti nepesonut o, B nosocky 14 (o}) na IIT, Koropas sexur B6/1M3H
kycka 11 (W} ,.) neycroiiansoro Maoroobpasus Toukn O U IepeceKaeT Bee IIOJOCKH 02 cIIt,
puc. 4(b). Takast «cemioBasi» reoMeTpusi XapakTepHa Jyisi BCEX OTOOpayKeHUil u3 110ceso-
BaresibHocTH (18). Ilostocku 02 npu i > 0, KaK MOXKHO WM3BJjIeYb M3 OIEHOK JIEMMBI 5, HIPU
UTepaIysX JOKAJbHOIO 0TOOpaXkeHusi Ty CKUMAIOTCS 110 TOPU30HTAJNA U PACTSITUBAIOTCS 110
BEPTUKAJIN: LI Té“ K03 UIMERT CKATUS — 9TO BeamduHa mopsiaka A, a xosddurment
PACTSI?KeHUSI BAPbUPYETCH OT kY™ upn w=0 mo /fl/ ne™k 1rpu g1 > 0. TIpu 3TOM r06ambHOE
orobpazkenne 17, B cuiy Toro, uro ['g — TpaHCBepcajibHAsi TOMOKJIMHUYIECKAs TPACKTOPHUS,
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COXpaHseT TOT TOPSJIOK pacTsizkenuit u cxkaruii, Korga toukn us [IT cHosa Bozspamaiorcs
B [T npu urepanusix. ITo «OJUH B OJMH» HAIIOMUHAET JIMHAMUKY OTOOparKeHHUil BO3BpAIIe-
Hust B cirydae jguddeomopdusmos ¢ mogkosoit Cmeiia. 1o aer BO3MOKHOCTH HPUMEHEHNUS
K 9TOi 1ocseoBarebHocTy jeMMbl [Innsraukosa [14, 15| o ce/1oBoil HENOIBUKHOI TOUKe
B IIPSIMOM I[IPOM3BE/EHHUH IIPOCTPAHCTB JIsl TOTO, 9TOOBI JIOKA3aTh, 9TO KayKJIO 110C/Ie10Ba~
renpHOCTH Bijia (18) orBeuaer posHO omua Tpaekropust A € N, (ceayI0BOTO THIIA), IIETHKOM
nexaiasi B okpecrHoct U(O U T).

[Tycrn Mjo(x?,y?) u Mjl(a:},yjl-), j=0,%1,..., — Toukn TpaekTopun A Takue, 9T0 M]Q €
It u Mj1 e II~. Torna Mj1 = Tégj (MJO) u M]QJrl = Tl(Mjl). 9TU COOTHOIIEHUST B KOODANHATHOM
dopMe MOKHO 3aIucaTh B BUJIE

2l —at = Fzj,yj —y .0, i =Glajy;—y ,p), j=0,+1,..., (19)

I7e B CHILY JIEMMBI O
x; = ijwkj(x?,y},u), y?H = @kj(y}ﬂ,u), j=0,+1,... (20)
[MocaenoBarensrocTsb (19)—(20) MOXKHO Terneph IiepenucaTh B TaK HA3BIBAEMOM MIEPEKPECTHOM
Buze. A umenno, nockonsky Gy(0) = d # 0, 31ech ucmombsyercs yciaosue C) rpamcsep-
CAJIBHOCTU MOMOKJIMHIYIECKON TpaekTopun g, Bropoe ypasaenne u3 (17) MOXKHO paspermurhb
OTHOCHUTEJIbHO KOOP/[MHATHI yjl —y~. B cuy (17) nosyunm y]l —y = %(y? 1 cle. +...).

Ucnonwsyst hopmyiist (20), 970 COOTHOIIEHNE TIEPENUIIeM Kak
1 - — A (0 1 _ 1 1 \Ej o7, 0,1
yi —y =Gj (xj7yj+1=/~‘) =4 <‘I>kj+1 (yj+17ﬂ)(1 ) A (xJ"ijrlvM)) :
Torga nocseroBaTebHOCTE (18) MOXKHO HEpEINCATh B TAKOM BHJIE
~ 1 1 - _ A 1 .
1’?+1—1’+ :Fj(l'?,yj+17,l,£)7 y] -y :Gj(xgayj+17/”')7 J :Oaila"'a (21)
IJle B CHJIy JIEMM 2 1 3, a TaKKe JIeMMBbI o, MbI 711 BceX 0 < p < 41 BCET/Ia MOYKEM HAIIMCATD

TaKHe OIICHKHN

~ ~ —1/n | .
5|+ 1G] < € (k" +Ak) e

<O (k4 A, (22)

rae C' — HeKoTOpas IOJIOXKHUTEJbHAsS KOHCTAHTA, OLEHUBAIOIIAT HOPMbI IIPDOM3BOAHBIX (DYHK-
it F'u G u3 (17).

Onenku (22) nokaswplBaoT, 4T0 GECKOHEUHas B 06€ CTOPOHBI HOC/Ie10BaTeIbHOCTD (18), 3a-
[UCaHHAasl B IEPEKPECTHBLIX KOOPJAMHATAX, ABJIAETCS I0C/Ie/I0BATE/IbHOCTBIO CKUMAIOIIUX 0TO0-
PaskKeHNnil, KazKJ0e U3 KOTOPBIX OIPENEIeHO Ha KOMIaKTe. IIpu 3ToM KoHcTaHTy cxkarns g < 1

1/n

MOKHO BBIOpATh OJHON U TOi »Ke, uMeHHo ¢ ~ k™ /™ rme k — MUHUMAJIBHBI HOMED IIOJIOCOK

O']gI/IO'éBH_ u 11T,

Taxum 06pa3oM, MbI MOy UUINA C/IEIYIONIEE YTBEPXK ICHUE:

Mmnoxecrso neacumnrorudeckux 5 O rpaexropuit uz Ny, npu 0 < p1 < 11 COCTOHT M3 Tpa-
€KTOPHI CeJIOBOro THIIA U HAXOJUTCS BO B3AUMHO-OJHO3HATHOM COOTBETCTBUU C MHOXKECTBOM
neacumrorndeckux K (...,0,...,0,...) Tpaekropuii mogcucreMsl §df, TOIOJOIHIECKOH CXeMbI
Bepuysmm u3z qByx cumBoJioB. 11o mocTpoeHHro, 370 COOTBETCTBHUE SIBJISIETCS TOMEOMODDH3MOM.

Orcroma BRITEKaeT, YTO OrpaHmdenue f,, Ha MHOXKeCTBO N, HeOIyKIAIOMUX TPACKTOPHIt
u3 U TOIOJIOrNYeCcKy COPsZKEHO ¢ cucreMoii o : Qi — Qf, cM. takxe [17].

Opnaxo samernm, 910 N, COIEPKUT TakzKe TOUKy () M aCHMITOTHYECKHE K Heil Tpaek-
topuu. [Ipu g = 0 cama Touka O He siBjisieTcss TUNEPOOJIMIECKON, KaK U BCE w-IIPEIe/IbHbIE
K Heil TpaekTopun u3 IN,. Bo Bcakom ciydae Jjis TaKuX TPaeKTOPuil, Tak Kak GecKOHedHoe
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qrcsio ux Touek Jjexur Ha W {y =0, |z| < €}, koncranTa cxkarus (Jyist 0OpaTHBIX HUTEpa-
it 1o y) He orzesiena or 1. [Tosromy B 1iesiom MHOXKeCTBO N SIBJISIETCS 3/1€CH HEPABHOMEDHO
IUIIEePOOTHYECKUM.

Curyarusi cpa3y pe3Ko MEHSIETCsI, €CJIM Mbl paccMaTpuBaeM ciydait u > 0. Torna koHCTaH-

TY CKATHsl JJisl BCEX TPaeKTOPUii, IPOXOIAIUX oueHb 6ju3ko K O (HaIpuMep, JJisi AaCUMIITO-
tudeckux K O TPaeKTOpuii), MOKHO OpaTh PABHOI ¢ ~ {l/ﬁe“”k < 1 upu 6oabiux k. 910
3aBEPITIALT JOKA3aTETHCTBO OCHOBHON TEOPEMBI.
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Abstract. We consider a one-parameter family f, of two-dimensional diffeomorphisms such that for
@ = 0 the diffeomorphism fy has a transversal homoclinic orbit to a nonhyperbolic fixed point of arbitrary
finite order n > 1 of degeneracy, and for p > 0 the fixed point becomes a hyperbolic saddle. The goal of
the paper is to give a complete description of structure of the set N, of orbits from a sufficiently small fixed
neighborhood of the homoclinic orbit. The main result of the work is a complete description for the set N, of
orbits entirely lying in a neighborhood of the homoclinic structure. It was shown that for ;1 > 0 the set N,
is hyperbolic (for ¢ = 0 it is nonuniformly hyperbolic) and the dynamical system fu{ N, (the restriction of
fu to N,) is topologically conjugate to some nontrivial subsystem of the topological Bernoulli scheme of two
symbols. Thus, we generalize the classical result of Lukyanov and Shilnikov, obtained by them for the case
when the fixed point is a nondegenerate saddle-node (n = 1). In addition, we obtained new effective formulas
for iterations of one-dimensional maps (maps in the restriction to the central manifold of the diffeomorphism
fu)- These formulas are derived using some modification of the well-known methods of qualitative theory, such
as the methods of embedding a map to a flow and the Shilnikov cross-maps method.

Keywords: one-dimensional map, saddle-node, nonhyperbolic saddle, homoclinic orbit, hyperbolic set,
Bernoulli topological scheme.
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1. Introduction

At present there is an extensive literature devoted to the study of the Dirichlet problem

for second-order nonlinear elliptic equations in divergence form with L'-data or measures as
data. Within the investigations on the subject, the notions of weak, entropy, and renormalized
solution of the considered problem were introduced and theorems on the existence, uniqueness,
and summability of such solutions were proved. In this connection, see, e.g., [1-13], where
equations with leading coefficients satisfying the usual coercivity condition were considered.

# PaboTa BBIIONHEHA TP (DHHAHCOBOH HOAAep:KKe MUHICTEepCTBa HayKHUH BBICIIEro obpa3osanus Poccmii-

ckoit Pesieparuy B paMKax peaju3aliii IporpaMMbl pErHOHAJIBHOTO A30B0- HepHOMOPCKOIO MaTeMaTUIECKOTO
enTpa o coryamennio Ne 075-02-2025-1620.
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At the same time, there are many works (see, e.g., [14-25]) concerned with the study of
different types of solutions to the Dirichlet problem for equations of the form

— Zn: D;ai(x,u, Vu) + ap(z,u, Vu) = f (1.1)

i=1
in a bounded open set  in R", n > 2, where f € L™(), m > 1, and the set of functions

a;: A XRxR® =R, i=1,...,n, satisfy a degenerate coercivity condition like

clélP
(1+]s])

n

Z ai(x7 375)5@' =

i=1

(1.2)

for a.e. x €  and every s € R and £ € R". Here, the parameters p € (1,n), 7 >0, and ¢ > 0
are prescribed, and if we formally set 7 = 0, inequality (1.2) becomes the usual coercivity
condition. As for the function ag in (1.1), it can be zero or satisfies certain conditions.

In this paper, we also consider equations with degenerate coercivity. We focus on the
conditions for the limit summability of entropy and weak solutions of the Dirichlet problem
for equations of the form (1.1) with f € L!(Q), the zero lower order term, and the leading
coefficients satisfying the degenerate coercivity condition (1.2). In so doing, we assume that
7 €[0,p—1), and our growth condition on the coefficients a; admits any their growth
with respect to the second variable. However, we exploit such a generality of the growth
condition only when we operate with entropy solutions. On the whole, our conditions on
the coefficients a; are the same as in [17], where the existence of an entropy solution of
the considered problem was proved. Our growth condition on the coefficients a; is also the
same as in [18], where a priori properties of entropy solutions of the Dirichlet problem for
equations with degenerate coercivity and L!-data were studied. In contrast to [17, 18], in
the papers [14-16, 19-25], the leading coefficients of the considered equations have a limited
growth rate with respect to the unknown function itself. As for the limit summability of
solutions, close papers to the present work are [20, 24]. However, our results are stronger than
the corresponding results in these papers. We discuss this in more detail below.

We also note that there are a number of works concerned with the study of solutions of
equations of the form (1.1) with f € L™(Q2), m > 1, in different cases of a more general
degenerate coercivity condition as compared to condition (1.2). In this relation, see, e.g.,
the papers [26-33|. However, these works do not contain results on the limit summability of
solutions similar to ours.

The further content of this paper is organized as follows. In Section 2, we give initial
assumptions, necessary definitions, and basic facts used in the sequel.

In Section 3, we state the definition of entropy solution of the Dirichlet problem under
study and recall the corresponding existence result and the summability properties of an
entropy solution established in [17]|. In particular, Proposition 3.1 says that if u is an entropy
solution of the considered problem, then, for every A € (0,7), we have |du| € L*(Q). Here,
du is the gradient of the solution v and r = n(p — 1 —7)/(n — 1 — 7). We note that this
result coincides with a result obtained in [15] in the case where the leading coefficients of
equation (1.1) have only a limited growth rate with respect to the unknown function itself
and the lower order term is zero. We also note that Propositions 3.1 together with a result
given in Section 2 implies that if » > 1 and u is an entropy solution of the considered problem,
then, for every A € [1,r), we have u € I/VO1 A(€). In the same section, we also give a useful
integral identity for an entropy solution (see Proposition 3.2). A similar result was obtained
in [34] in the case of another class of elliptic equations with L!-data.
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In Section 4, for an entropy solution u of the considered problem, we give estimates of
the measures of the sets {|u| > k} and {|ou| > k} with k& > 1 (see Propositions 4.1 and 4.2).
These estimates involve the function f: [0,+00) — R defined by the right-hand side f of
equation (1.1) as follows: for every s € [0,+00), f(s) is the integral of the function |f| over
the set {|f| > s}. In the case of equations with usual coercivity condition, similar estimates
were established in [10].

In Section 5, using results of the previous section, we prove our main theorems on
the limit summability of entropy solutions of the considered problem (see Theorems 5.1
and 5.2). The statement of each of these theorems includes an integral condition involving the
function f. In particular, by the integral condition of Theorem 5.2, if w is an entropy solution,
then |du| € L™(2). The obtained theorems generalize the main results of the paper [10].
In the same section, we give some corollaries of Theorem 5.2 which provide conditions for the
belonging of entropy solutions to Wol’r(Q) and, in particular, to Wol’l(Q).

In Section 6, we study weak solutions of the considered problem. Here, we already assume
that the leading coefficients of equation (1.1) have a limited growth rate with respect to
the unknown function itself. The main result of the section is Theorem 6.1 which asserts
the existence of a weak solution of the considered problem belonging to VVO1 () under the
integral condition of Theorem 5.2 and an additional requirement on 7. Some corollaties of
Theorem 6.1 are also given. In particular, according to Corollary 6.3, if 2 — 1/n < p < 2,
r(n—1) = n(p—2)+1, A > (n—p)/(n—1), and fin(1-+|f)]@P/ 0D [inIn(e-+|f)]* € L1 (),
then the considered problem has a weak solution. This result is stronger than Theorem 1.2
in [20] given for the case p = 2. Moreover, in the case 2 — 1/n < p < 2, Corollary 6.3 is a
stronger result than Theorem 6 in [24], where it is required, as in [20, Theorem 1.2], that
fIn(1+ [f]) € LY(Q).

Finally, in Section 7, we give two examples. The first one is an example of the functions a;
satisfying the growth, degenerate coercivity, and strict monotonicity conditions stated in
Section 3. In the second example, we consider a function f € L'(Q) which does not belong to
L1*2(Q) for any € > 0 and satisfies the conditions in the statements of the results in Sections 5
and 6.

2. Preliminaries

Let n € N, n > 2, let £ be a nonempty bounded open set in R", and let p € (1,n).
We define p* = np/(n — p). Recall that VVO1 P(Q) ¢ LP"(Q) and there exists a positive

constant ¢, , depending only on n and p such that, for every function v € VVO1 P(Q),
1/p* 1/p

/|v|p*daz S /|Vv|pd:v . (2.1)
Q Q

In this connection, see, e.g., [35, Chapter 7|.
For every k > 0, let T;,: R — R be the function such that

Ty(s) s if |s| <k,
S) =
g ksigns if |s| > k.

As is known, if A > 1, v € WOI’A(Q), and k£ > 0, then Ty(v) € WOI’A(Q) and, for every
ie{l,...,n},
D;iTy(v) = Div - Lyjy)<) a.e. in Q. (2.2)
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We denote by %1,;) (Q) the set of all functions v: @ — R such that, for every k > 0,
Ti(v) € W,P(2). Obviously, Wy ?(2) C F,"*(2). However, the converse inclusion does not
hold, which is easily verified. For every v: 2 — R and every z € Q, we define k(v,z) =
min{j € N: jv(z)| < j}.

DEFINITION 2.1. Let v € ﬂol’p(Q), and let i € {1,...,n}. Then §;v: Q@ — R is the function
such that, for every x € Q, 6;v(z) = DiTjy(yq)(v)(T).

DEFINITION 2.2. If v € %Lp(Q), then dv:  — R™ is the mapping such that, for every
x € Qand every i € {1,...,n}, (dv(x)); = d;v(x).

Proposition 2.1. Let v € %l’p(Q), and leti € {1,...,n}. Then, for every k > 0, we have
DTy (v) = 6;v - 1{jy|<k} a-e. in §2.

This proposition and (2.2) imply that if v € Wol’p(Q), then, for every i € {1,...,n},
0;v = D;v a.e. in €.

Proposition 2.2. Let v € %l’p(Q), and let w € Wol’p(Q) N L>°(Q2). Then the following
assertions hold:

(a) v —w € 5" (Q);

(b) for every k > 0 and every i € {1,...,n}, we have D;T(v — w) = §;v — d;w a.e. in
{lv —w| < k}.

Proposition 2.3. Let v € 9,"*(Q), let X € [1,p], and let [§v] € L(Q). Then v € Wy (Q)
and, for every i € {1,...,n}, we have D;v = §;v a.e. in .

For every v € 9, ""(Q) and every k > 0, we define

1) = [ VT da.
Q

Proposition 2.4. Let v € J,"(Q), and let k > 0. Then
meas{|v| > k} < cf:pk*p* (1 (v)]P" /7.
Proposition 2.5. Let v € %LP(Q), and let k, | > 0. Then
meas{|6v| > k} < 177" [L(0)]P /P + kTPL(v).

As far as the proofs of Propositions 2.1-2.5 are concerned, we refer the reader, for instance,
to Sections 1.1 and 1.5 in [36].

Finally, concluding this section, we state a useful result on the summability of a function
with a prescribed behaviour of its distribution function.

Proposition 2.6. Let v: Q — R be a measurable function. Let a > 0, let : [1,4+00) — R
be a nonnegative nonincreasing measurable function, and let kg > 1. Assume that

+oo

/ #(s) ds < 400,

S

1
(VEk > ko) meas{|v] =k} <k “p(k).

Then v € L*(92).
For the proof of this result, see [10, Lemma 2.1].
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3. Dirichlet Problem and Its Entropy Solutions

For every i € {1,...,n}, let a;: @ x R x R™ — R be a Carathéodory function. We assume
that, for every k > 0, there exist a positive number ¢ and a nonnegative function g, € L'(Q)
such that, for almost every z € Q, every s € R, |s| < k, and every & € R™,

> lai(x, s, PP < o l¢lP + gulw). (3.1)

i=1
In addition, we assume that there exist 7 € [0,p — 1) and ¢ > 0 such that, for almost every
x €, every s € R, and every £ € R",

n

> ailw,s,6)& >

i=1

cl¢f?
TreT (3.2)

Finally, we assume that, for almost every x € 2, every s € R, and every &, & € R, £ # ¢,

n

> [ai(@,5,6) — ailw, 5,6)] (& — &) > 0. (3.3)

i=1

REMARK 3.1. If v € Z,"P(Q), w € WyP(Q) N LX), k > 0, and i € {1,...,n}, then
a;(z,v,00)D; Ty,(v —w) € L*(Q). This is a consequence of (3.1) and Propositions 2.1 and 2.2.

Now, let f € L'(Q). We consider the following Dirichlet problem:

—ZDiai(az,u, Vu)=fin Q, w=0 on 9. (3.4)
1=1

DEFINITION 3.1. An entropy solution of problem (3.4) is a function u € %1,1)(9) such
that, for every v € C§°(Q2) and every k > 0,

/ {Z ai(z,w, 0u)D; Ti(u — v)} dx < /ka(u —v)dz.
Q

Q i=1

The existence of an entropy solution of problem (3.4) follows from Theorem 2 in [17]. We
note that along with inequalities (3.1) and (3.2), inequality (3.3) is also important for the
proof of this theorem.

We define

np—1-1) np—1-1)
g=——, T=—""—"".
n—p n—1—r71

Proposition 3.1. Let u be an entropy solution of problem (3.4). Then the following
assertions hold:

(a) for every A € (0,q), we have u € LNQ);

(b) for every A € (0,7), we have |du| € L ().

This result was established in [17] (see also [18, Proposition 3.2| for a more general case).

REMARK 3.2. The summability properties described in Proposition 3.1 are the same as
those of entropy solutions of the Dirichlet problem for the equations considered in [15]. In the
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case T = 0, these properties coincide with the known ones for equations with usual coercivity
condition (see, e.g., [4]).

REMARK 3.3. From Propositions 3.1 and 2.3, it follows that if » > 1 and u is an entropy
solution of problem (3.4), then, for every A\ € [1,r), we have u € Wol’)‘(Q).

Further, we give an additional information on entropy solutions of problem (3.4). For this
goal, for every function v € %I’p (Q), we define

M (v) = {w € WHP(Q) N L2(Q) : ay(x,v,60)Dyw € LHQ), i =1, ... n} :
By Proposition 2.2 and Remark 3.1, we have
ve ZMPQ), weW PQNLEQ), k>0 = Tilv—w)e.#(©). (3.5)

Therefore, for every function v € ﬂol’p (€2), the set . (v) is nonempty.

Proposition 3.2. Let u be an entropy solution of problem (3.4). Then, for every function

w € A (u), we have
/ {Z ai(x,u,éu)Diw} dx = /fw dx.
i=1 g

Q

< Let v e Wol’p(Q) N L>*(Q), and let k& > 0. We define | = ||v|| () + 1. It is easy to find

that there exists a sequence {v;} C C§°(f2) such that v; — v strongly in Wol’p(Q), vj — v a.e.
in Q, and, for every j € N, |v;| < 1 in Q. Since u is an entropy solution of problem (3.4), for
every j € N, we have

/ {Z ai(x,u, ou)D;Ti(u — vj)} dx < /ka(u —vj)dx. (3.6)

o ‘=l Q
By the properties of the sequence {v;}, we have
Ti(u —vj) = Tp(u —v) ae. in Q, (3.7)

T(u —v;) = Tp(u —v) weakly in Wol’p(Q). (3.8)
Using (3.7), we establish that

/ka(u —vj)dr — /ka(u —v)dz. (3.9)
Q Q

Next, we fix ¢ € {1,...,n} and define w; = a;(z, Ti+1(uw), VIyi(w)). In view of (3.1), we have
w; € LP/P=1(Q). Then (3.8) implies that

/wiDiTk(u —vj)dxr — /wiDiTk(u —v)dz. (3.10)
Q Q

Using Propositions 2.1 and 2.2, we find that w; D; Ty, (u —v) = a;(x, u, 6u)D;Ti(u—wv) a.e. in Q
and, for every j € N, w; D;Ti,(u — v;) = a;(x, u, du)D;Ti(u — v;) a.e. in Q. Therefore, in view
of (3.10), we have

/ai(x, w, 0u)D; T (u — v;) do — /ai(x, u, 0u)D; Ty, (u — v) dx.
Q Q



Conditions for the Limit Summability of Solutions 41

This along with (3.9) and (3.6) implies that, for every v € Wol’p(Q) N L () and every k > 0,

n

/{Zai(x,uﬁu)DiTk(u—v)}daz < /ka(u—v) dx. (3.11)
Q

5 li=1
Now, let w € .# (u). For every m € N, we define wy, = Tp,(u) —w. We fix k > [|w]| o @),
and let m € N. Since w,, € Wol’p(Q) N L>(9), it follows from (3.11) that

/{Zal (x,u, u)D; Ty (u — wm)} dr < /ka (u — wy,) dz. (3.12)

Q =1

Using Propositions 2.1 and 2.2, we find that, for every i € {1,...,n},
DlTk(u — U)m) = (5lu . 1{\u|>m} + D,w) : 1{\u7wm|<k} a.e. in €.

This along with (3.2) and (3.12) implies that

{Zal (x,u,du)D; w}dm /ka U — W) (3.13)

{lu—wm|<k} “=1

It is easy to see that meas(Q \ {|u — wy,| < k}) < meas{|u| > m}. Consequently, we have
meas(2\ {|lu — wp| < k}) — 0. In addition, Tx(u — wy,) — w a.e. in Q. Using these facts,
we pass to the limit in both sides of inequality (3.13) and then, taking into account the
arbitrariness of w € .# (u), we obtain the required result. >

REMARK 3.4. In the case of a class of degenerate anisotropic elliptic equations with
L'-data, a result similar to Proposition 3.2 was proved in [34] using, as here, an idea
of [4, Corollary 4.3].

From Proposition 3.2 and implication (3.5), we deduce the following result.

Corollary 3.1. Let u be an entropy solution of problem (3.4). Then, for every function
v E Wol’p(Q) N L>*(Q) and every k > 0,

/ {Z ai(z,u, 0u)D; Ty (u — v)} dx = /ka(u —v)dz. (3.14)

Q ‘=l Q

REMARK 3.5. In view of Definition 3.1 and Corollary 3.1, u is an entropy solution of
problem (3.4) if and only if u € %I’p(Q) and, for every function v € Wol’p(Q) N L>°(9Q) and
every k > 0, equality (3.14) holds.

4. Estimates of Entropy Solutions

Let f:[0,400) — R be the function such that, for every s € [0, +00),

o= [ iflas
{If[=s}
The function f is nonnegative, nonincreasing, and measurable. Using this function, we obtain

some estimates for an entropy solution of problem (3.4). They are important for the proof of
our main theorems in Section 5.
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In what follows, we denote by ¢;, ¢ = 1,2, ..., positive constants depending only on n, p,
¢, and meas ().
We define 1
p—1—71
p=t_—T.
p— 1

Proposition 4.1. Let u be an entropy solution of problem (3.4), and let k > 1. Then
Ii(u) < a7 [E7F + f(K7)], (4.1)
meas{|u| = k} < k™ [kiﬁ + f(k:ﬁ)]n/(nfp). (4.2)
<1 By Definition 3.1 and Proposition 2.1, we have

/{Zai(:ﬂ,u,VTk(u))DiTk(u)}d:r:</ka(u)d:U.
Q

Q =1

Hence, using (3.2), we obtain the inequality
cli(u) < (2k)7 /ka(u) dx. (4.3)
Q

We estimate from above the integral in the right-hand side of this inequality. It is clear that
/ka(u) dx = / fTk(u)de + / f Ty (u) de.
Q {IfI<kP} {If|>KP}

Then, using the properties of the function Tj and the definition of the function f, we get

/ £ Tiu) dr < K2\ Ti(w) |1 o + KF(EP). (4.4)
Q

Since u € (), we have Ty(u) € W, P(2). Therefore, by (2.1),
1T (@)l ) < engplLi(w)]'7?.
Then, using the Holder and Young inequalities, we obtain
1Tk (W)l 2 ) < eall Te(w)ll o () < eslle()]? < eohPHD/ 0D 4 271107 e (u).
This along with (4.3) and (4.4) implies the inequality
Ii(u) < ¢1 [kp(BJrT)/(pfl) + /<:1+Tf(k5)] _

Hence, taking into account the definition of 8, we get inequality (4.1). In turn, Proposition 2.4
and inequality (4.1) yield inequality (4.2). >
We define
NI (n—p)
B+n—1—71
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Proposition 4.2. Let u be an entropy solution of problem (3.4), and let k > 1. Then
meas{|du| > k} < esk ™[k 4 f(EY — 1))/ 1), (4.5)

< Let h: [1,+00) — R be the function such that, for every s € [1,+00),
s
h(s) = / f(t)dt.
s—1

Obviously, the function A is continuous. In addition, for every s € [1,+00), we have

f(s) <h(s) < f(s—1). (4.6)

This is due to the fact that the function f is nonincreasing.
Now, let ¢: [1,400) — R be the function such that, for every s € [1,+00),

Y(s) = gP(n—=1=7)/(n—p) [575 + h(sﬁ)]—p/(n—p)‘

It is clear that the function v is continuous, ¥ (1) < kP, and 9(s) — 400 as s — +oo.
Therefore, there exists [ € [1,4+00) such that ¢(I) = kP. Hence,

| = k=p) /(1= (=6 18] YT (4.7)
EPIT (178 4 h(1%)] = 179 17 4 m(%)] P, (4.8)

In turn, by (4.7),
kP17 4 m(1%)] = k178 4 h?)] M T (4.9)

Next, by Proposition 2.5, we have
meas{|du| > k} < cf;pl*p* [L(w)]P"/? + k7T (u). (4.10)
In addition, we deduce from (4.1) and (4.6) that
Li(u) < el [P 4+ n(17)].
This along with (4.8)—(4.10) implies that

meas{|6u| > k} < sk [170 + n(1%)) ")

Note that, by (4.7) and the definition of v, we have k7 < 1. Then, using (4.6) and the fact

that the function f is nonincreasing, we obtain
h(17) < FO7=1) <R =1).

This along with the previous two inequalities yields inequality (4.5). >

REMARK 4.1. The function f was introduced in [10], where estimates similar to those in
Propositions 4.1 and 4.2 were established in the case 7 = 0.
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5. Limit Summability Results for Entropy Solutions

In this section, we prove our two main theorems on the limit summability of entropy
solutions of problem (3.4) and then we give some corollaries of the second one on the belonging
of entropy solutions to the limit space WOI’T(Q) and, as a particular case, to the space WOI’I(Q).

Theorem 5.1. Assume that

+oo

P e

1

and let u be an entropy solution of problem (3.4). Then u € L9().
< Let ¢: [1,400) — R be the function such that, for every s € [1,+00),

pls) = a5+ f(s)] 7.
The function ¢ is positive, nonincreasing, and measurable. In addition, by (5.1), we have

+oo
/ @ds < 4o00.
S

1

We also note that, by Proposition 4.1, for every k > 1,
meas{\u]ﬁ >k} < k=B (k).

Therefore, by Proposition 2.6, we get |u|® € LY/#(Q). Hence, u € LI(Q). >
Theorem 5.2. Assume that

+oo

/ %[f(s)]n/(nflq)ds < 400, (5.2)
1

and let u be an entropy solution of problem (3.4). Then |du| € L"(2).
< Let ¢: [1,+00) — R be the function such that, for every s € [1,+00),

o(s) = egls™ 4 F(s)]" .
The function ¢ is positive, nonincreasing, and measurable. In addition, by (5.2), we have

400
/ @ds < +o0.
s

1

We also note that, by Proposition 4.2, for every k > 1,
1 iy
meas iléuﬂ > ko <k"p(k).
Therefore, by Proposition 2.6, we get [du|Y € L/7(Q). Hence, |6u| € L™(Q). >

We note that Theorems 5.1 and 5.2 generalize Theorems 3.1 and 3.2 in [10] related to the
case 7 = 0.
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From Theorem 5.2 and Proposition 2.3, we immediately obtain the following result.

Corollary 5.1. Assume that r > 1 and that inequality (5.2) holds. Let u be an entropy
solution of problem (3.4). Then u € VVO1 "(Q).

It is easy to see that if ¢ > 0 and f € L1*5(£), then inequality (5.2) is satisfied. We now
give a weaker condition guaranteeing that inequality (5.2) is satisfied.

Proposition 5.1. Let A > (n —1—7)/n, and let
FIn(L + DI~ I ln(e + |FD]* € L'(9). (5.3)

Then inequality (5.2) holds.

< We define F = f[In(1 + |f])]™1=7/?[Inln(e + | f])]*. Let s > e. Assume that the set
{|f| = s} is nonempty. Then, fixing an arbitrary x € {|f| > s}, we find that

(@) < ()01 (1 5) A F ().
Therefore, taking into account condition (5.3), we obtain
F(5) < (tn )~ =17/ (ln o )| F 1 -
Obviously, the same inequality holds if the set {|f| > s} is empty. Then, for every s > e,

[J?(S)]n/(n—l—"r) < (1118) (lnlns) An/(n—1—1 HFHZ{ ?2)1 7-)‘

This along with the inequality A > (n — 1 — 7)/n implies that inequality (5.2) holds. >

As a consequence of Corollary 5.1 and Proposition 5.1, we obtain the following result.

Corollary 5.2. Assume that r > 1. Let A > (n — 1 — 7)/n, and let inclusion (5.3) hold.
Let u be an entropy solution of problem (3.4). Then u € T/VO1 "(Q).

REMARK 5.1. Since 1 <p<nand 0 <7 <p-—1, we have n — 1 — 7 > 0. Therefore, by
the definition of r, we get

n(p—2)+1.

r>1 <= 1< ]

This implies that if p < 2 — 1/n, then the inequality r» > 1 does not hold. We also note that
if p>2—1/n, then
< n(p—2)+1

<p-—1.
n—1 p

Corollary 5.3. Assume that p > 2 — 1/n and

B A e (5.4)

In addition, assume that

/ %[f( )| P g < oo, (5.5)
1

Let u be an entropy solution of problem (3.4). Then u € Wol’l(Q).
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< By equality (5.4) and the definition of r, we have r = 1. Moreover, equality (5.4) yields
that n/(n—1—7) = (n—1)/(n—p). This and (5.5) implies that inequality (5.2) holds. Then,
by Corollary 5.1, we get the required conclusion. >

Corollary 5.4. Assume that p > 2 — 1/n. Assume also that equality (5.4) holds. Let
A>(n—p)/(n—1), and let

(L + )P/ D inln(e + [ £ € LH(Q). (5.6)

Let u be an entropy solution of problem (3.4). Then u € WOI’I(Q).

< By equality (5.4), we have (n—1—7)/n = (n—p)/(n—1). Then A > (n—1—7)/n and,
by (5.6), flln(1 + |fP]" =7/ [Inln(e + |f))]* € L*(Q). In addition, equality (5.4) implies
that » = 1. We now deduce from Corollary 5.2 the required conclusion. >

6. Weak Solutions and Their Summability

The main result of this section provides conditions for the existence of a weak solution of
problem (3.4) belonging to the space VVO1 "(Q). We also give some corollaries of this result.

DEFINITION 6.1. A weak solution of problem (3.4) is a function u € Wol’l(Q), such that:
(i) for every i € {1,...,n}, a;j(z,u, Vu) € LY(Q);
(ii) for every function v € C§°(9),

n

/{Za@-(x,u,vu)Div}dx:Q/fvdx,

o Ui=1
Proposition 6.1. Assume that

np—2)+1
—_— 6.1
T<— ] (6.1)
Let u be an entropy solution of problem (3.4), and, for every i € {1,...,n}, let a;(x,u,du) €
LY(Q). Then u is a weak solution of problem (3.4).

< Inequality (6.1) implies that 1 < r. Therefore, by Proposition 3.1, we have |0u| € L'(Q).
Then, using Proposition 2.3, we find that u € Wol’l(Q) and, for every i € {1,...,n}, Dju = d;u
a.e. in . Now, it is clear that, for every i € {1,...,n}, a;(z,u, Vu) € L'(Q). In addition, we
have C3°(€2) C . (u). This and Proposition 3.2 imply that, for every function v € C§°(Q),

n

/{Zai(x,u,Vu)Div} dm:ﬂ/fvd;,;‘

Q i=1
Thus, we conclude that the function u is a weak solution of problem (3.4). >

REMARK 6.1. Since 7 > 0, inequality (6.1) can be satisfied only if p > 2 — 1/n.

We now describe a particular case where any entropy solution of problem (3.4) is its weak
solution.

Let p € (0,pq/(p — 1)), let ¢ > 0, and let g € LY(Q), g > 0 in . We assume that, for
almost every x € (), every s € R, and every & € R”,

D lailz, s, EP/PTD (| + |€F) + g(x). (6.2)

i=1

By this, we make a restriction on the growth of the functions a; with respect to the variable s.
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Proposition 6.2. Assume that

(6.3)

-2 1 -1
T<min{n(p )+ P }7

n—1 "'n—-p+1

and let u be an entropy solution of problem (3.4). Then u is a weak solution of problem (3.4).

< We first note that inequality (6.3) implies that inequality (6.1) holds. Next, we fix an
arbitrary i € {1,...,n}. By (6.2), we have

|a; (@, u, 6u)| < P~ D/P (|u|p(p71)/p + |5u|p71) +g®P VP ae in Q. (6.4)

Since p(p — 1)/p < ¢, by assertion (a) of Proposition 3.1, we have u € LPP~D/P(Q). In
addition, |du| € LP~1(Q). Indeed, by (6.3), we have 7 < (p—1)/(n —p+1). Hence, p—1 < r.
This and assertion (b) of Proposition 3.1 lead to the claimed inclusion for |du|. Now, taking
into account the inclusion g € L!(2), we deduce from (6.4) that a;(z,u,du) € L*(Q). Then,
applying Proposition 6.1, we get the required conclusion. >

We note that Proposition 6.2 is a particular case of Corollary 3.2 in [18|.

The main result of this section is the following theorem.

Theorem 6.1. Assume that

Tgmin{”(p_Q)“ p-1 } (6.5)

n—1 "n-—p+1

In addition, assume that inequality (5.2) holds. Then there exists a weak solution of
problem (3.4) belonging to WOI’T(Q).

<1 As mentioned in Section 3, there exists an entropy solution u of problem (3.4). In view
of inequality (6.5) and Remark 5.1, we have r > 1. Then, taking into account inequality (5.2),
we deduce from Corollary 5.1 that u € Wol’r(Q). By (6.5), we have 7 < (p—1)/(n —p + 1),
which implies that p — 1 < 7. Therefore, |Vu| € LP~1(Q). Moreover, in view of assertion (a)
of Proposition 3.1, u € LP(P~D/P(Q). Fixing an arbitrary i € {1,...,n}, by (6.2), we have

|ag(z,u, Vu)| < P~ D/P (|u|p(p71)/p + |Vu|p71) +gP VP a6 in Q.

This along with the above inclusions for u and |Vu/| implies that a;(z,u, Vu) € L*(Q). We also
note that, by Theorem 5.2 and Proposition 2.3, we have du = Vu a.e. in 2. Then we conclude
that, for every i € {1,...,n}, a;(z,u,d6u) € L(Q). Hence, C§°(Q) C . (u). Therefore, by
Proposition 3.2, for every function v € C§°(2),

n

/{Zai(x,u,Vu)Div} d:r::ﬂ/fvd;,;‘

o li=1
Thus, we conclude that the function u is a weak solution of problem (3.4) belonging to
1,r
Wy (92). >
The following result is a direct consequence of Proposition 5.1 and Theorem 6.1.

Corollary 6.1. Assume that inequality (6.5) holds. Let A > (n — 1 — 7)/n, and let
inclusion (5.3) hold. Then there exists a weak solution of problem (3.4) belonging to Wol’r(Q).

We give two other corollaries of Theorem 6.1.
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Corollary 6.2. Assume that 2—1/n < p < 2 and that equality (5.4) and inequality (5.5)
hold. Then there exists a weak solution of problem (3.4).

< Since p < 2, equality (5.4) implies that inequality (6.5) holds. In addition, by (5.4)
and (5.5), inequality (5.2) holds. Then Theorem 6.1 leads to the required conclusion. >

Corollary 6.3. Assume that 2 — 1/n < p < 2 and that equality (5.4) holds. Let
A>(n—p)/(n—1), and let inclusion (5.6) hold. Then there exists a weak solution of
problem (3.4).

< By (5.4), we have (n—1—7)/n = (n—p)/(n—1). This equality along with the inequality
A > (n—p)/(n—1) and inclusion (5.6) implies that A > (n —1—7)/n and that inclusion (5.3)
holds. Therefore, by Proposition 5.1, inequality (5.5) holds. Then, by Corollary 6.2, we get
the required result. >

REMARK 6.2. The above corollary is a stronger result than Theorem 1.2 in [20] given for
the case p = 2. Moreover, in the case 2 — 1/n < p < 2, this corollary is a stronger result than
Theorem 6 in [24], where it is required, as in [20, Theorem 1.2], that fIn(1 + |f|) € L*(Q).

Finally, we give two corollaries of Theorem 6.1 which provide conditions for the existence
of a weak solution belonging to the space WO1 P _1((2).

Corollary 6.4. Assume that n > 2, p € (2,n), and
p—1

= 6.6

In addition, assume that
+oo

/

1

VI

[f(s)] (=Pt D)/(nP) g o 4o, (6.7)

Then there exists a weak solution of problem (3.4) belonging to Wol’p_l(Q).

< Since p > 2, equality (6.6) implies that inequality (6.5) holds. In addition, by (6.6), we
have n/(n—1—7) = (n—p+1)/(n—p) and r = p— 1. The first of these equalities along with
inequality (6.7) implies inequality (5.2). Now, applying Theorem 6.1 and using the equality
r = p— 1, we obtain the required result. >

Corollary 6.5. Assume that n > 2 and p € (2,n). Assume also that equality (6.6) holds.
Let A\ > (n—p)/(n—p+1), and let flIn(1+ |f))]P/ =P+ (Inln(e + |f|)]* € L' (). Then
there exists a weak solution of problem (3.4) belonging to Wol’pfl(Q).

< By the conditions of the corollary on 7, A, and f, we have A > (n — 1 — 7)/n and
inclusion (5.3) holds. Therefore, by Proposition 5.1, inequality (5.2) holds. This along with
the equality n/(n—1—71) = (n—p+1)/(n—p) implies inequality (6.7). Then, by Corollary 6.4,
we get the required result. >

7. Examples

We first give an example of the functions a; satisfying conditions stated at the beginning
of Section 3.

EXAMPLE 7.1. Assume that p > 2, o € (2,p), 7 € [0,p—1), and ¢ > 0. Let b: R - R
be a bounded continuous function such that, for every s € R, we have b(s) > c¢. In addition,
let bg, b1 : R — R be nonnegative continuous functions. Finally, let g be a nonnegative function
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in LP/(P=2)(Q). Now, for every i € {1,...,n}, let a;: @ x R x R* — R be the function such
that, for every triple (z,s,£) € 2 x R x R™,

()|

ai(z,s,§) = A+ + b1(8)[€1* & + g(2)bo(5)&:.

Then the functions a; satisfy the growth, degenerate coercivity, and strict monotonicity
conditions stated at the beginning of Section 3.

In the next example, we consider a function f € L!(Q) satisfying inequality (5.2) and
inclusion (5.3) for a suitable A.

EXAMPLE 7.2. Assume that Q = {z € R" : |z| < 1/e}, and let o > 1. Let f: Q@ — R be
the function such that f(0) = 0 and, for every x € Q \ {0},

Since a > 1, we have f € LI(Q). However, f ¢ L'*¢(Q) for any € > 0. In addition, it is easy
to verify that if s > e”, then f(s) < Bn.a(Ins)!=%, where 3, 4 is a positive number depending
only on n and «a. Then the following implication holds:
+o00o
Lrz, A
= B [f(s)]" ds < +oo.

1

1
a—1

A >

Therefore, under the conditions p € (1,n) and 7 € [0,p — 1), the inequality o > 2 — (14 7)/n
implies inequality (5.2). Furthermore, under the same conditions on p and 7, the inequality
a > 2 — (14 7)/n implies that, for every A > (n — 1 — 7)/n, inclusion (5.3) holds. However,
the inclusion fIn(1+ |f|) € L'(2) holds if and only if a > 2.
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Annoranus. Vzyyaiorcs sHTponuitable u cyiabble perrenus 3aaa9u Juprxiie st J{HOro KJiacca HeJInHe-
HBIX 3JITUITAYECKUX YPABHEHUN BTOPOI'O MOPSAIKA C BHIPOXKIAIONIEHCS KOIPIUTUBHOCTHIO U [IPABOR 4acThiO f
uz L'(Q), rme Q — orpanudennoe oTKpbiToe MHOXKecTBO B R™ (n > 2). Vesosue pocra Ha KoddbdbummenTns
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estimates characterizing the regularity of the solution and, based on these, proves the existence of a
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Introduction

In R" = {x = (21,x9,...,2,)}, n = 2, we consider the following second-order quasilinear
elliptic equation with variable growth and a locally summable function f:

—diva(x, Vu) + b(x,u, Vu) = f. (1)
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The concept of a renormalized solution is an important tool for studying large classes of
degenerate elliptic equations with data in the form of a measure. The original definition is
given in [1] for the Dirichlet problem

—diva(x,Vu) = pu, xe€,

uw=0, xeoQ, 2)

and it was extended by M. F. Bidaut-Veron [2] to a local form for an equation with the
p-Laplacian, absorption, and a Radon measure pu:

—Apu+ |ufPPu=p, pe(ln), 0<p—1<py. (3)

In particular, M. F. Bidaut-Veron proved the existence of a local renormalized solution in R"
of the equation with p € Lj joc(R™). In the monograph [3|, L. Veron generalized the concept
of a local renormalized solution for an equation with power type nonlinearities of the form

—diva(x, Vu) + b(x, u, Vu) = p.

In the present work, the concept of a local renormalized solution is adapted to the equati-
on (1) with variable growth exponents. We prove the existence of a local renormalized solution
of the equation (1) in R™ and establish its sign-definiteness.

1. Lebesgue and Sobolev Spaces with Variable Exponents

In this section, we provide the necessary information from the theory of spaces with
variable exponents. For () C R", denote

LE(Q)={p€ Ls(Q): 1 <p_ <py < 400},

where p_ = vraiinfycq p(x) and py = vraisup,cqp(x). Taking p(-) € LL(Q), we define the
Lebesgue space L,.)(Q) as the set of measurable real-valued functions v on @) such that

(@) = [ 1oGIPE) dx < o
Q

with the Luxemburg norm |vl|r, @) = llvllp¢).0 = inf {k >0: pyy(v/k) <1}. For v €
Lyy(Q), the following relations are valid:

HUHZ(%Q — 1< pp(y V) < HUH§EL.)7Q +1

Due to convexity, the following inequality holds:
ly+ 2P0 <2 (gl 4+ 5P), sy eR, xeQ. (4)

For p_ > 1, we have the Young inequality

2yl <P+ P, 2y e R, p() = xeQ. (5)

Let us define the Sobolev space with variable exponent

Win(@) = {ve L@+ Vo] € L,(@Q)}
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with the norm ||v||11)(.)7Q = [Jvllpe),0 + IIVVllpe),- The space WI}(.)(Q) is defined as the
completion of C§°(Q) with respect to the norm || - HW1< (@ The spaces L, (Q), Wpl(~)(Q)’
frd

Wp(_)(Q) are separable, Banach, and reflexive for p_ > 1 (see [4, Chapter 3, §3.2, §3.4, §8.1]).
For two bounded_functions q(),_?“() € O(Q) we write q(-) < 7(-), provided inf 5(r(x) —
q(x)) > 0. Let CT(Q) = {p € C(Q): 1< p_ < py < +oo}, where p_ = inf, 5p(x),
P+ = SUPy g p(x).
Lemma 1 [5]. Let Q be bounded, p(-),q(-) € CT(Q), py < n, q(-) < p*(-) = "20) Then

n—p(-)
the embedding Wpl(_)(Q) — Ly (Q) is continuous and compact.

2. Assumptions and Definition of the Renormalized Solution
Assumption P. We assume that the functions
a(x,8) = (a1(x,8), ..., an(x,8)) : R?" = R, b(x, s0,58) : R*"T 5 R,

from the equation (1), are Carathéodory functions. Let there exist a nonnegative function
® € Ly 10c(R™) and positive numbers @, @ such that for a.e. x € R” and all s,t € R" the
following inequalities hold:

a(x,)| <@ (st + @ (x)) (6)
(a(x,8) —a(x,t)) - (s—t) >0, s#t; (7)
a(x,s) s > als|P®. (8)

Here, s-t = > 1 siti, s = (81,...,8p), t = (t1,...,tn).

Moreover, let there exist a nonnegative function ®q € Lj1c(R"), a continuous
nondecreasing function b : Rt — R*, and a positive number b such that for a.e. x € R"
and all sg € R, s € R” the following inequalities hold:

b, 50,5)] < Bllsol) (@o(x) + s ) 5 (9)

b(X7 8078)80 2 E‘So‘pO(X)+17 p() -1< pO() (10)

Here, we assume that p,py € CT(R") and p, < n.

Following [6, 7], we introduce the notation go(-) = ’%i), q3(-) = p%(_’)(;)l ,q1(0) = qug;)rlp(-),
p—

@) = qg(o-ng/(')’ qi(-) = lfl’)(o'z_)p’(-), where p/, = = Let the following additional
assumption be satisfied

p() =1 <qo(") (11)

Then we can define ¢5(-) = %.
Let us define the truncation Tj(r) = max(—k, min(k,r)). By Lipy(R) we denote the

space of all Lipschitz functions on R whose derivative has compact support.

DEFINITION 1. Let the domain €2 be bounded. A measurable and a. e. bounded function
u : ©Q — R is called a renormalized solution of the problem (1), (2) with f € Li(Q) if the
following conditions are satisfied:

a) Ti(u) € W]}(_)(Q) for any k > 0;

b) b(x,u, Vu) € L1(9);
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o) [VulPO7h € Ly (), 1 < a() < a2();

-1 € i <o) % O
for any h € Lipy(R) and ¢ € W (Q), r(-) > ¢4(+), such that @h(u) € Wpl(_)(Q), wh(u) =0 in
R™\ €, the following equality holds

/(b(x,u, Vu) — f)h(u)pdx + /a(x, Vu) - (Vuh'(u)p + Vph(u)) dx = 0. (12)
R R™

Denote by Lo 10c(R™), L1 10c(R™), Wl( ), 1oc(R™) the spaces of functions v defined in R™
such that v € Loo(Q), L1(Q), Wpl(_)(Q) for any bounded @) C R"™, respectively. For brevity of
notation, we write (L) (Q))" = Ly (Q); (Lp()10c(R™)™ = Ly 1oc(R™).

DEFINITION 1-loc. A measurable and a.e. bounded function u : R™ — R is called a local
renormalized solution of the equation (1) with f € L oc(R") if the following conditions are
satisfied:

a—1loc) Ti(u) € Wl( ), loeR™) for any k > 0;

b—1loc) b(x,u, Vu) € L j0c(R™);

)

c—loc) [VulOh € Loy 10e(R™), 1 < () < g2();
d—1loc) [u[P)7" € Ly joc(R?), 1 <) < as();
for any h € Lipy(R) and ¢ € VV1 ( ™), r(-) > ¢5(-), with compact support the equality (12)

holds.

Note that in [7] the definition of a renormalized solution of the Dirichlet problem for an
equation with the p(-)-growth in a bounded domain was formulated for the first time, and its
existence was proven.

Let u be a local renormalized solution of the equation (1). For any k > 0, we have

VT (u) = Xrn: juj<ky Vit € Ly toc(R™). (13)
Using (4), we deduce from (6) that
lax, )P < Al + 0(x) (6)
with a nonnegative ¥ € Lj joc(R™). It follows from (13), (6") that for any k > 0,

X{R": \u|<k}a(x7 vu) = X{Rn: |u\<k}a(xa VTk(u)) € Lp’(~),loc(Rn)' (14)

Evidently, g2(-) < p'(+), and hence ® € Ly 16.(R"), ¢(-) < ga(+). Therefore, in view of c—loc),
(6), we get
a(Xa vu) € Lq(-),loc(Rn)7 1 < Q() < QZ(')' (15)

REMARK 1. Each integral in (12) is well defined. Let supp¢ = K. It is easy to prove

that ¢4 () > n, and hence the embeddings W:(.)(K) C qué(_)(K) C WX(K) ¢ C(K) hold. The
first term in (12) is finite due to the condition b-loc), f € Lj10c(R™), and h(u)p € Loo(K).

Since supp b’ C [—M, M] for some M > 0, the second term can be written as

/a(x, Vu) - (Vuh' (u)e + Vh(u)) dx
K

/a(x, VT (w) - VT (u)h (u)e dx + /a(x, Vu) - Viph(u) dx.
K K
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Thanks to (13), (14), and h'(u)p € Loo(K), the first integral is defined and finite. Since
a(x, Vu) € Ly (K) for any q(-) < g2(-) (see (15)) and h(u)Ve € L,y (K) for any r(-) > g¢5(),
the term a(x, Vu) - Viph(u) is integrable on K.

The main result of the present work is the following

Theorem 1. Let f € Ljjoc(R™) and Assumption P be satisfied. Then there exists
a local renormalized solution u of the equation (1). If f > 0 for a.e. x € R", then u > 0 for
a.e.x € R™

In [8], a nonlinear anisotropic elliptic equation of the form (1) (b(x,sp,s) = b(x, Sp))
with variable exponent nonlinearities and a locally integrable function f is considered in R".
F. Mokhtari proved the existence of a local weak solution in R™.

3. Preliminaries

The Lebesgue measure of a measurable set @) will be denoted by meas(Q). All
constants appearing below are positive. We denote B(R) = {x € R" : |x| < r}. Let
nr(0) = min(1,max(0, R + 1 — p)), o € R™.

Assertion 1. Let u be a local renormalized solution of the equation (1). Then for any
R > 0 the following estimates hold:

/ (Jul + 1)P™dx < Dy, (16)
B(R)
/ (Ju| + D) VuP®dx < Do), a <0, (17)
B(R)
meas ({B(R) : |u| = h}) < D1h™P-, h > 1. (18)

Moreover, ]u\p(')*l € Lq(_),IOC(R"), 1<q(-) < qs3(-), and

/ | PEI=Da6) g < Dy (19)

B(R)

|vu|p(')—1 € Lq(~),loc(Rn)7 1< Q() < Q2(')’ and

/ V| P06 g < D, (20)
B(R)

and also |VulPO)~1 ¢ Lg(y10c(R™), 1 < q() < qu(-), and (20) holds.
Here, the constants Dy — D4 depend on N, where N(R + 1) is the collection a, a, b, n,
R, p, pos 19/l () rs1)s 11 p(rs1), which does not depend on .

< Let p > 0, a < 0 and h(o) = (1 — (Jo| + 1)¥)signo, h,(0) = h(T,(0)), 0 € R.
Then h),(0) = |a|(|T,(0)| + D X{lol<p}- Let h = h, in (12). Using (6), for a nonnegative
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p € WT(.)(R"), r(-) > ¢5(-) with compact support we get

o] /(|Tp(u)| +1)* a(x, Vu) - VT, (u)p dx +/b(x,u, Vu)ph,(u) dx
R™ R

S / a(x, Vu) - Viph,(u) dx + / @fhy(u)dx <a / VT, (w) [P~ V| dx 21)
R™ R™ R™

‘a / VuP O V| ds + @ / B|V| dx + / ol dx.
{R™: |u|>p} R™ R

Then, using (5), we obtain

-~ X)— ala X a—
r=a [ 19T, el s < 52 [1V,PO 7,00 + 17 ds
R7 R7
+C1(0,8,) [ [Vl (T )]+ 14000l 209 i
RTL

Let —a* = infgn ,ﬁigﬂ —1>0. For a € (a*,0) and 7,(x) =
again, we deduce

% > 1, applying (5)

aja -
1< B8 [om, 0P (7, 0] + 1
R’ﬂ

+e [T, + 1P pds + Cales,a,) [ [Vt g
R™ R

(22)

Combining (21), (22) and using (8), (10), we get the inequality

|« a— x
a9 [T, w1+ 07 VTP i+ [ s, Vel ()] s
R™ R™

<e / (Jul + 1P pdx + O / VP07 60 1P G () g -
R Rn

‘a / VulP1 V| dx + @ / B|Vep| dx + / ol dx.

{R": |u|>p} R™ R"

In view of the condition c-loc), [Vu[P()=! € L;1,.(R™), and hence

lim / IVulPP~1 V| dx = 0. (24)
p—00
{R™: [ul>p}

Passing to the limit as p — oo in (23) and noting (24), we establish

a’%‘ /(!u\ +1)“_1!Vu\”(x)<pdx+/‘b(Xﬂu Vu)lplh(u)| dx
Rn R®

Vo] \ POOTE ()
gg/(yu\ +1)p°(x)cpdx+02/ <7> <pdx+a/<1>\w\dx+/<p\f\dx.
R™ R™ R™ R™
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Applying (10), we derive

a’%‘ /(yu\ +1)“‘1\Vu!p(")<pdx+5/!u\”“(")@!h(u)\dx

IVl P(x)74(%) (25)
/(\u!—i—l)po X dx + Cy /( ) cpdx—l—”d/fb\V(p\dx—i—/(p\f\dx.
R"” R” R™
For a € (a*,0], consider the function 6,(x) = p(x)7,(x) = L0(OP(x) :R" —» RT.

N Po(x)+1=p(x)+a(p(x)-1)
Denote 0, = maxyecprn 0,(x). Evidently, 0, is continuous, increasing for a € (a*,0], and

~

bounded form below by 6y. For any a € (a*,0), find 0, and fix some 0 > 0,.
Let ¢ = n%(|x|). Then it follows from (25) that

alol [l + 0 Tl 5 / () < e Jul + D70 ax
Rn

. (26)

+Cz/<nR+99!VnR! ) dX+a9/<I>\VnR\77 1dx+/?7%\f\d><-
Rn Rn

Next, applying the inequality (5) and using the obvious inequality 6’ < p’(x), we establish
e/cpyvangldx < / (egyvnRyM@@’nﬁ%) dx < / (ee\vnR\G +¢P’<X>n%+n%> dx. (27)
R” R” R"”
Combining (26), (27), we get
[+ 0 Vup g [ i) ax

Rn

< eCs /(!u\ + 1)p°(x)n% dx + C4/ <‘V77R‘€ + W%(l +1f1+ cI)pl(X))) dx.

R7 R™

(28)

For |u| > 1, we have |h(u)| = 1— (Ju|4+1)® > 1—2% > 0. Then, taking into account (4),
we have the following chain of inequalities:

/(M + )Pl dx < 2P0+t /(\UV’”(X) + 1)y dx < 200+ / Ju[Po ), dx

Rn Rn (R Ju|>1} (20)
2P0 4
s [ < 2 [ Oagihelas+ 20 [ofax
(R7: u|<1} Rn Rn

Combining (28), (29) and choosing a sufficiently small £ > 0, we obtain

[t 0 T f 1
R" R

<Cs [ (1Vmal’ oy (14171 + 979} ) ax.

Rn
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This yields (16) and (17) for a € (a*,0). For a < a*, the inequality (17) also holds. The
estimate (16) implies (18).

Let « € (1—p_,0) and v = (1 + |u])?, B = (a+p_ —1)/p_ > 0. In view of Bp(x) <
p(x) — 1 < po(x), we use (16) to get

/ P dx < / (1 + [u)*@dx < D;. (30)
B(R) B(R)

Then Vv = B(1 + |u])?~! Vusignu and, according to (17), the following inequalities are
satisfied:

/ V[P dx < gr- / (1 + Ju])B=DP6) [Ty ) g
B(R) B(R) (31)
< / (1 + |u))* 7 VuP™ dx < Ds.

B(R)

Combining (30), (31), we derive H’UH;(_) pry S Ce. Hence, in view of Lemma 1, we

obtain 0
p*(:
< ) 1 < :
1vlls(yp()=1),B(R) < C7 s(+) < p() =1
Therefore, we have for any a € (1 — p_,0) that
/ [u]5ED) gy / (Ju] + 1)5@E-D 4y < Dy, (32)

B(R) B(R)

The estimate (19) follows from (32) under the assumption 1 < ¢(x) < %, which is
satisfied for any sufficiently small .
Next, applying the inequality (5), for 1 < ¢(x) < p/(x) and o < 0 we have:
(1-a)q(x)

/|vu|<P<X>—1>q<X>dx< / (VPO (Ju] + 1) dx + /(|u|+1)x>qx>. (33)
B(R) B(R) B(R)

The first integral in (33) is estimated by (17), and the second one by (19), provided that

% < qo(x), which holds for 1 < ¢(x) < q(gqo (( )) and sufficiently small o < 0. Moreover,
(1-a)q(x)

the second integral can be estimated using (16) under the assumption TIOETICIR po(x),
which holds for 1 < ¢(x) < % and sufficiently small v < 0. Thus, the estimate (20)
is established. >

Notice that in the case of a bounded domain (2, global estimates of the form (19), (20)
for the entropy solution are established in |6, Proposition 3.2, 3.6, Corollary 3.5, 3.7].

Assertion 2. Let u be a local renormalized solution of the equation (1). Then for all
k,R > 0, h > 0 the following estimate holds:

1
b0 u, V)| dbx + ¢ / [VulP™) dx < D, (34)

{B(R): |u|>k+h} {B(R): h<|u|<k+h}

where the constant D5 (N (R + 2)) independent of w.
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<1 Consider the function

0 for |o| < h,
Tpn(o) = 0— hsignp for h <|o| <k + h,
ksign o for |o| = k + h.

Taking h(u) = Ti(u), p(x) = nr([x[) in (12), we get

nra(x, Vu) - Vudx + / b(x, u, Vu) Ty, p(u)ng dx

{R": h<|u|<k+h} {R™: h<|ul}
+ / a(x, VU) . V?]RT]QJL(U) dx = / Tk7h(u)773f dx.
{Rn: h<[ul} {R7: h<ul}

Then, using (6), (10), we derive

/ a(x, Vu) - Vudx + k / |b(x, u, Vu)| dx
{B(R): h<|u|<k+h} (B(R): [u|>k+h}

N

K / | d + Ka / (VP! + 2() dx
{B(R+1): ful>h) {B(R1): ful>h)

<kl fll,Brr1) + ka / <|Vu|1”(x)_1 + <I>(x)> dx.
B(R+1)

(35)

Combining the last inequality with (20) and applying (8), we obtain the estimate (34).
In particular, from (34) with A = 0 we have the estimate

1
|b(x, u, Vu)|dx + % / |VuP® dx < Ds. > (36)
{B(R): [ul>k} {B(R): [ul<k}
Assertion 3. Let u be a local renormalized solution of the equation (1). Then for any
h > 1, R > 0 the following inequality holds:

_ Po_p—
po_+1

meas ({B(R) : |[Vu| = h}) < Dg(N(R+2))h™°, (37)

< We deduce from (36) that
|VuP® dx < Dsk, k> 0. (38)
{B(R): |u|<k}

Let ®(k,h) = meas {B(R) : [u| >k, |[VulP® > h}, k,h > 0. It has been proved above
(see (18)) that
O(k,0) < D1k 7o (39)

Since h — ®(k, h) is nonincreasing, for k,h > 0 we have

®(0,h) <

S

h h
[ e0.00d0 < ak0) + 5 [ (@(0,0) - @00, 0)) de (40)
0 0
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Note that
®(0,0) — ®(k, 0) = meas {B(R) sl <k, [VuP® > g}.

Consequently, it follows from (38) that

7(@(0, 0) ~ ®(k.0)) do < Dsk. (41)
0

Combining (39)—(41), we deduce

(I)(O, h) < le—po, + D5]€/h

1 __Po
Choosing k = h?0-*"we derive ®(0, h) < Dgh *0-*'. Hence, in view of the inclusion { B(R) :
|VulP®) > h} 5 {B(R) : |Vu| > h'/P-}, we obtain the estimate

meas ({B(R) 2 Vu| > hl/p‘}> < Dgh™ /7= h > 1,

which implies (37). >
Lemma 2. Let either V. = L,(Q) or V = Wp(.)(Q), and v/, j € N, v be functions
from V, such that {v7},cn is bounded in V and

v S0 oae inQ, j— oo. (42)

Then
v = v weaklyinV, j— co.

Lemma 3. Let v/, j € N, v € Ly(Q) be such that {v7};en is bounded in Ly (Q) and
the convergence (42) takes place. Then

v Bu o weakly in Loo(Q), j — oo.
If, in addition, h € L,)(Q), then
v/h — vh  strongly in L,y(Q), J — oo.

Below, we will use the Vitali theorem in the following form (see [9, Chapter 3, §6,
Theorem 15]).

Lemma 4. Let v/, j € N, v be measurable function in a domain @, meas (Q) < 0o,
such that the convergence (42) takes place, s =1 or s = p(-), and the integrals

/ Wi dx, jeN,
Q

uniformly absolutely equicontinuous. Then

v/ = v strongly in Ly(Q), j — oo.
Lemma 5 [10, Lemma 4.8]. Let the assumptions (6)—(8) hold in Q, v/ € Wpl(.)(Q),
jEN, |
Vvl = Vv in L,(Q), j— oo,
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jlgglo Px)dx=0, ¢x) = (a(x, Vi) — a(x, Vo)) - V(v —v). (43)

Q

Then, along a subsequence,
Vvl — Vo  strongly in L,)(@), Jj— oo,
a(x, Vol) — a(x, Vv)  strongly in Ly (@), J— oo

DEFINITION 2. Let 2 be bounded. A measurable and a.e. bounded function u : 2 — R
is called a renormalized solution of the problem (1), (2) with f € L;(f2) if the assumptions
a)—d) are satisfied and for any w € Wpl(_)(Q) N Lso(£2), w=0in R™\ Q, such that

there exist k>0, w™™, w > ¢ WT(.)(Rn), r(-) > g5(-),

w=w">®a.e. foru >k,
{ w=w""°a.e. foru < —k, (44)
the following equality holds:
/ (b(x,u, Vu) = flwdx + /a(x, Vu) - Vwdx = 0. (45)

R™ R™

DEFINITION 2-loc. A measurable and a.e. bounded function u : R” — R is called a
local renormalized solution of the equation (1) with f € Lj j,c(R"™) if the assumptions a-loc)-
d-loc) are satisfied and for any w € Wpl(_)(R”) N Lo (R™) with compact support such that the

assumptions (44) are satisfied, the equality (45) holds.

REMARK 2. Each integral in (45) is well defined. Let suppw = K. The first term on
the left-hand side is finite due to the assumption b —loc), f € L1 1oc(R"), and w € Loo(K).
The second term can be written as

a(x, Vu) - Vw dx + / a(x, Vu) - Vw dx + / a(x, Vu) - Vw dx.
(K:iu<—k} (K:u>k) (K [ul<k}

Thanks to (15) and (44), the product a(x,Vu) - Vw is integrable on {K : u < —k} and
{K : u > k}. Finally, in view of (14) and w € W]}(_)(K), the product a(x, Vu) - Vw is
integrable on {K : |u| < k}.

Theorem 2. Definitions 1-loc and 2-loc are equivalent.

The equivalence of Definitions 1 and 2 in the case of data in the form of a general
measure is proven in [7], the equivalence of Definitions 1-loc and 2-loc is established similarly.

4. Proof of Theorem 1. Beginning

For any m € N there exists a renormalized solution to the problem

—diva(x, Vu™) + b(x,u™,Vu™) = f, x € B(m);

46
u™ =0, xe€0dB(m), (46)

where f € Li(B(m)) (see, e.g., [11]).
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™ is a local renormalized solution of the

Let us extend u™ by zero to R™. Obviously, u
equation (1). In this section, we will obtain some a priori estimates and convergence properties
of the sequence {u™}.

Let R > 0 be fixed and ¢ € er( )(R”), r(-) > ¢4(-), be with compact support supp ¢ C

B(R). By Definition of 1-loc, for any h € Lipy(R), the solution u™ satisfies the equality
((b(x,u™, Vu™) — fYh(u™)p + a(x, Vu™) (Vu™h (u™)p + Voh(u™))) =0, R <m. (47)

Moreover, for any w € Wpl(_)(R") N Loo(R™) with compact support suppw C B(R) and such
that (44) holds, the following equality is satisfied in view of Definition 2-loc:

/ (b(x, u™, Vu™) — flwdx + /a(x, Vu™) - Vwdx =0, R<m. (48)

R7 R™

Step 1: a priori estimates.
Using the estimates (16)—(20) from Assertion 1, for any o < 0 and m > R+ 1 we deduce

/ (Ju™| + 1) dx < Dy, (49)
B(R)
/ (™| + 121V P dx < Dy, (50)
B(R)
meas ({ B(R) : [u™| > h}) < Dih77-, h>1, (51)
/ | P40 g < Dy, 1< g(-) < gs(-): (52)
B(R)
/ V™| P00 <Dy, 1<q(0) < qa(v) (or qa(v))- (53)

Using the estimate (36) from Assertion 2, for any k > 0 and m > R + 2 we get

|b(x, u™, Vu™)|dx + % / IVu™|P®dx < Ds. (54)
{B(R): [um|>k} {B(R): [um|<k}

Hence, using (6'), for m > R + 2 we obtain
()8R (| VTe(u™)|) < Dsk, k>0, (55)

pw (.8 (|26 VI(u™)[) < Drk, k> 1. (56)
From the inequality (54), due to the arbitrariness of k£ > 0, we establish the estimate

[|b(x, u™ < Ds. (57)

"Nh.s
Then, according to Assertion 3, for any h > 1 and m > R + 2 the following inequality
holds (see (37)):

Po_p—

meas ({B(R) D V™| > h}) < Dgh™°, ~p = o+ 1

(58)
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Hereinafter, the constants D;, C; independent of m, k.

Step 2: a.e. convergence of subsequences of {u}, {Vu™}.
It follows from (51), (58) that

meas ({ B(R) : || > h}) — 0 uniformly with respect tom, h — oo, (59)

meas ({ B(R) : |[Vu™| > h}) — 0 uniformly with respect to m, h — oco.

Let us establish the following convergence along a subsequence:
u"™ —u a.e inR", m— oo (60)

Let a € (1 — p_,0). Consider a sequence v™ = (1+ [u™)%, 8 = (a +p_ —1)/p_ > 0.
According to (49), (50), we have the estimates (see (30), (31))

/ P dxe < Dy, / Vo™ PO dx < Dy, (61)

B(R) B(R)
Let us also consider the sequences v = (14 (u™) ™), 7™ = (1+(u™) 7). It is clear that
Vo™ < (1+\um])(a*1)/f— (Vu™|, |Vo™| < (1+|u™])@ /P~ |Vu™|. The estimates (61) imply
the boundedness of v, v™ in Wpl(_)(B (R)) and, in view of the compactness of the embedding

into Ly.)(B(R)), we have the strong convergences v™ — v, ™ = v in Lyy(B(R)) and the
a.e. convergence in B(R). Thus, the convergence (60) is proved in B(R). Next, taking R
from N, we select a diagonal subsequence u™ (we denote it by the same indices) converging
a.e. to v in R™.

It follows from (60) that for any k& > 0,

Tip(u™) = Tp(u) a.e.in R", m — oco.

The boundedness of {Tj(u™)} in Wpl(_)(B(R)) for a fixed k& > 0 follows from the
estimate (55). Then one can select a weakly convergent subsequence Tj(u™) — v, m — 00
in Wpl(_)(B(R)), where vy, € Wpl(_)(B(R)). The convergence (60) implies that vy, = T (u) €
Wp(_)(B (R)). Thus, in view of the arbitrariness of R, we obtain the convergence

Ti(u™) = Tk(u) in WI}(_)JOC(R”), m — 00. (62)

Next, the convergence of the subsequence Vu™ (we denote it by the same indices)

Vu™ - Vu a.e.inR", m— o0 (63)

can be proved in much the same way as in [12, Step 4].

Step 3: strong convergences
‘um‘p(x)fl — ‘u’p(X)il in Lq(-),loc(Rn)7 1 < Q() < Q3(')7 m — o0, (64)

‘Vum‘p(x)—l - ’vu‘p(X)_l in Lq(-),loC(Rn)7 1< Q() < QZ(') (01“ Q4('))7 m — o0, ( )
a(x, Vu™) — a(x, Vu) in Ly i0e(R"), 1< q(-) <qa(-) (or ga-)), m — oo. (66)
(53)

)

Applying Fatou’s lemma and the convergences (60), (63), from the estimates (
we derive ‘u’p(.)il S Lq(-),loc(Rn)v 1< Q() < q3(')7 ‘vu’p(.)il € Lq(-),loc(Rn)7 1< Q('
(or qa(-))-

~ Ut
[\
SN—
()]
w
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Applying the inequalities (4), (6) and Young’s inequality, for any measurable set
@ C B(R) and any € > 0 we establish

/ la(x, V™) [109 dx < Ga+oa+1 / (|Wm|<p<x>fl)q<x> 4 a0 (X)> dx
Q Q
<e / |V | PEI=DI) gy 4 Cg(e) meas (Q) + Cy / 1) (x) dx,
B(R) Q
where 1 < ¢(+) < q(+) < q2().
Taking into account the absolute continuity of the second integral on the right-hand

side of (67), applying the estimate (53), for any € > 0 we find §(¢) such that for any @ with
meas (Q) < d(¢) the following inequality holds:

/\a(x, Va1 dx < e (Ym > R+ 1).
Q
This implies that the sequence {|Vu™|(PX)~=1Dax)Y " fla(x, Vu™)[9®)} have uniformly
absolutely equicontinuous integrals over B(R). By Lemma 4, we have the convergen-

ces (65), (66). The convergence (64) is established similarly, by using (52).
The estimate (35) for «™ and k=1, h > 1 is written as

a(x, Vu'™) - Vu™dx + / |b(x, u™, Vu'™)| dx

{B(R): h—1<|um™|<h} {B(R): jum|>h}
< / \f|dx + @ / <|vum|P<X>—1 +<1>(X)) dx, m3>R+2.
{B(R+1): |um|>h—1} {B(R+1): [um|>h—1}

Since |Vu|P®)~1 converges strongly in Li(B(R + 1)) and in view of the absolute
continuity of the integrals on the right-hand side of the last inequality, taking into account (59),
for any € > 0 one can choose a sufficiently large E(e) > 1 such that for h > h the following
estimate holds:

a(x, Vum) Vu™ dx+ / ‘b(x, u™, Vum) | dx < %, m > R+3. (68)
{B(R): h—1<|u™|<h} {B(R): |u™|>h}

The proof of the theorem will be continued in Section 6.

5. Step 4. Strong Convergence of Truncations in Wpl(.)(B(R))

In this step, the following strong convergence will be established:
VTi(u™) = VTi(u) in Lp(,),loc(R"), m — 0o, (69)

a(x, VI, (u™)) — a(x, VIg(u)) strongly in Ly 0c(R™), m — ooc. (70)
It follows from (56) that for any k& > 1 we have

Ha(x, VTk(um)) § Dll(k), m Z R + 2. (71)

P'(-),B(R)
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For positive real numbers m, h, we denote by w(h, m) any value such that

lim sup lim sup |w(h, m)| = 0.
h—4o00 m——+00

Moreover, by wy(m) we denote any value such that, for a fixed &, limsup,,_, | o, |wg(m)| = 0.

b(k)

Let h, k, h — 1>k >0, ¢(0) = oexp(720?), 0 € R, where v = =
Ur(0) = ¢1(0) —vlew(o) = 7/8, o0 €R.

Hence, for 2™ = Ty (u™) — Tk (u) we have

7/8 < hp(2™) < Jmax Yi(p) = Cu(k), meN.

In view of (60), we get
op(z™) =0, Yp(z™)—=1 a.e.in R", m — oo,

and also
6 (") < ¢x(2k), 1< ¢p(2") < ¢(2k), meN.

Applying (73), (74), by Lemma 3 we establish the convergence
(™) =0 in Loo(R™), m — .
According to Lemma 3, for g € L) 1oc(R™) we have
9ok (z™) = 0 in Lp(_),IOC(R"), m — 00.

Taking w = ¢ (2"™)nr(|x|)np—1([u™]), R > 0, as a test function in (48), we obtain

/ . (x, VT (u™) ¥ (nr (%) bx(z™ i1 (™)) dx

Rn

+ / b(x,u™, Vu™) o (2" )nr (%) np—1 (Ju™]) dx

Rn

+/f¢k(2m)77R(\XD77h1(!um!) dx =I{" + I + 15" =0, m>R+1
R’VL

. It is evident that

(73)

(74)

(75)

(76)

Estimates for the integrals I5"* — I3, Thanks to (73), by Lebesgue’s theorem we obtain

It < / |For(=™)| dx = w(m).

B(R+1)
Evidently, z™u™ > 0 for |u"™| > k. Therefore, in view of (10), we have

b(x,u™, Vu"™)pr(z™) = 0 for |[u™| > k.

(78)
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Taking this into account and applying (8), (9), we estimate

s [ e Vum oum ()
{Rn: jum|<k}
< (k) / (IVTk(™) [ + @0(x) ) o (=™ na(Ix]) dx < b(k) / @0(9l¢x(=")] dx (7g)
R” B(R+1)

+20 [al, VIL) - DI o ] e = 1+ I3
.

In view of (75), we have

13 = bk / Do ()| (™) dx = w(m). (80)
B(R+1)

Now, using (78), (79), (80), from (77) we derive the inequalities

I =0 — I = /a(xa VI, (™)) - V2" ¢z nr([x])m—1 (Ju™]) dx
Rn

/ a(x, VT (u™)) - VT (u™)| b4 (2™ I (x]) d
]Rn
< w(m) + / a(x, VT (™)) - Vg (1)) i (=) ds
(R h—1<|um|<h}
s [l VIR 60(") i = o) + I+ T > R4,
(R™: [um|<h}

Estimate of the right-hand side in (81). Using (74), we have

I = / a(x, VT (™)) - V™ nr(lx]) (=) dx
{R7: h—1<|um|<h}
< |6 (2k)] / o, V™) - Vu dx.
{B(R+1): h—1<|u™|<h}

Thanks to (68), we get
It <w(h), m>R+4. (82)

Next, using (71) and (76) with g = 1, we obtain
It = / |a(x, VTL (u™)|[Vnr(x])|¢x(2™)] dx
(R7: [um|<h}
< Du(W)lloe(Z")llpe),B(r1y = wn(m). — (83)
Combining (81)—(83), we establish the inequalities

I < w(h) +wp(m), m>R+4. (84)
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Performing elementary transformations, we derive the equalities

1 = [ 2l VT3 ) - V() o ()
)
= [l I ™) - TT ) e () d
.
M) [ VT - VT (" ) d

a
Rn

= [ A VI - VT nn)
J
— [ Al VI - VT (D (7 ) s

Rn

- / a(x, V(™) - V2" (=" yg(lx]) + / a(x, VT (™) - TTx ()b (=" x])

R™ R7

= [ Al VT - T 1 (™)
R”

Obviously, we have

It = / a(x, VT (™) - V2" (z™yp(lx]) dx

Rn
b(k) m m
- a(x, VI (u™)) - VT (u)|or(z™)nr(|x]) dx (85)
RTL
" / (a(x,0) — mr_ra(x, VI (u™))) - Vi ()65, (2"™ )ng dx = If + Ij + 175"
{R™: |um| >k}
Using (71) we get
1< X2 [ o VI [V T0n )| s < Du (VT w)0e () o e
B(R+1)
In view of (76) with g = |[VTj(u)| € L, (B(R + 1)), we obtain
I = w(m). (86)
Using (74), (71), we establish that
15" < Daa(h, k) )| VTi(u X{Ium|>k}H ),B(R+1)" (87)

By (60), we get
VTk(u)X{|um|>k} — VTk(u)Xﬂu\}k} =0 a.e. in Rn, m — OQ;
VL) PO x sy < VTP € LiBR+1), m>R+1,

Using Lebesgue’s lemma, we deduce that VT (u)X{jum >k} — 0 in Ly (B(R + 1)), m — oo.
Therefore, by (87), we obtain
143 = w(m). (88)
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Since I} does not depend on h, it follows from (84), (85), (86), (88) that I}} < wp(m)+
w(h).

From here, using the notation (43), we have

0< /qm(X)¢k(zm)nR(|X|)dx

J
=11~ [ e V() - T(T") — Tel)) " () d
o (59)
<on(m) +w(h) ~ [ alx VIL@)TTL")  Tilw) (" () d

R?’L
= wp(m) + w(h) — Ij}.

Thanks to (73), by Lemma 3 we establish the convergence
nr([x)vr(z™) a(x, VI (u)) — nr(|x|) a(x, VI (u)) in Lp/(_)(R"), m — 00.

From here, applying (62), we deduce

zﬁ:/ww%@vmmwmmm—nmmmmw:wm. (90)
J

Combining (89), (90), we arrive at [ 9(2")g™ (x) dx < wp(m) + w(h). Using (72),
B(R)
passing to the limit in the last inequality first by m — oo and then by h — oo, we establish

that
lim q"(x)dx = 0.
m—0o0

B(R)

By Lemma 5 (v™ = Tj(u™)), due to the arbitrariness of R > 0, we have the conver-
gences (69) and (70).

6. Proof of Theorem 1. Ending

Step 5: limit function is a renormalized solution.
As in [11, Step 6], we established the convergence

b(x,u™, Vu™) = b(x,u, Vu) in Ljjoc(R"), m — oc. (91)

Let us prove that the limit function u satisfies Definition 2-loc. The assumptions a-
loc)—d-loc) of Definition-loc are satisfied, which is proved in Steps 2, 3. Let us prove the
equality (12). Let h € Lipg(R) and ¢ € WT(_)(R”), r(-) > ¢4(-) be with compact support.
Since h is bounded and continuous, due to the convergence (60), by Lemma 3 we establish

h(u™) = h(u) a.e.in R", m — oo, (92)
h(u™) = h(u) weakly in Loo(R"™), m — oo, (93)
Voh(u™) = Vph(u)  strongly in L,y(R"), 7(-) > ¢5(-), m — oo. (94)

If supph/ C [-M, M| for M > 0, then for a.e. x € R"™ we have
[B(u™) PO 4 [Vhu™)P) = [hu™)PX) + [Vu™ b (™) PX) < Chg + Cra| VT (u™) P
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Then, applying the estimate (55), we obtain the boundedness of the sequence {h(u")}
in WI}(_)(B(R)). From here and (92), by Lemma 2 we establish the convergence h(u™) —

h(u) weakly in WI}(_)’IOC(R"), m — 0o. Then we conclude the convergence

Vh(u™)p = Vh(u)p weakly in L,y(R"), m — oo. (95)

Applying (91), (93), we get

/(b(x,um,Vum) — Hh(u™)pdx = /(b(x,u, Vu) — f)h(u)pdx + w(m). (96)

R™ R7

Taking into account the convergences (70), (95), we have

/a(x, VT (u™)) - Vh(u™)p dx
R?’L

= /a(x, VTr(w)) - Vh(u)pdx +w(m) = /a(x, Vu) - Vuh!(u)p dx + w(m).
R R™

Using the convergences (66), (94), we obtain

/a(x, Vu™) - Veh(u™)dx = /a(x, Vu) - Voh(u) dx + w(m). (97)
Rn 1

Combining (47), (96)—(97), we get (12).

If f>0a.e in R”, then for each m € N the solution v of the problem (46) satisfies
u™ > 0 a.e. in R™. Applying the convergence (60), we establish that u > 0 a.e. in R™.
Theorem 1 is proved.
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CVYIIECTBOBAHUE JIOKAJIBHOI'O PEHOPMAJIN30BAHHOI'O PEHTEHI A
QJIJINIITUYECKOI'O YPABHEHNSA C ITEPEMEHHBIMU ITOKA3ATEJIAMU
B ITPOCTPAHCTBE R"

Kowxesuukosa JI. M.}

! Crepruramakckuit mmman Y GHUMCKOro yHEBEPCATETa HAYKH U TEXHOIOIUH,
Poccus, 453103, Crepauramax, np. Jleauna, 49
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E-mail: kosul@mail.ru

Awnnporauusi. Ctarbs MOCBAINEHA U3YYEHUIO KBA3UIMHEHHBIX JUIUITUYECKUX YPABHEHU BTOPOro M0~
PAIKa C IIEPEMEHHBIMHA IIOKA3aTe/IAMU HeJIMHEHHOCTE! U JIOKAJIbHO CYMMHUPYEMOU IPaBOX 9aCThbIO B IPOCTPAH-
crBe R™. ABTOp ajlanTUpyeT MOHATHUE JIOKAJBHOIO PEHOPMAJIM30BAHHOTO PEIeHus JJisi yPaBHEHUN ¢ epeMeH-
HBIMH TI0Ka3aTesIMU pOcTa, 00obmast pesyabrarsl M. @. Buno-Bepon, JI. Bepon, nosyuennsie s ypaBHeHmit
C TIOCTOSTHHBIMU TTOKA3aTeIaIMu. B paboTe Hali[eHbl YyCJIOBASA HA CTPYKTYPY KBA3UJIMHEHHOTO SJIIUITHIECKO-
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Abstract. It is well known that any function f € C(R"™) (n > 2) which has zero integrals over all balls
and spheres with fixed radius r is identically zero. In this paper, we study a similar phenomenon for ball
and spherical means with respect to the a-convolution of Bessel. Let a € (—1/2,400), let L;:;OC(—R, R)
be the class of even locally summable functions with respect to the measure du(z) = |z|**T*dz on the
interval (—R, R), and let f * g be the Bessel convolution of a function f € Ll’loc(—R7 R) and an even

b,a
distribution g on R with support in (=R, R). The main result of the article provides a solution to the

problem of injectivity of the operator

f—= (f*xr, f%0), fELLY(-R,R), 0<r<R,

bh,a

where x, is the indicator of the segment [—r,7] and d, is an even measure that maps an even continuous
function ¢ on R to the number ¢(r). Based on the technique associated with classical orthogonal
polynomials and recent research by the authors it is shown that for R > 2r, the kernel of the specified
operator is zero. For r < R < 2r, it consist of functions f € L;:laoc(fR, R) that are zero in the interval
(2r — R, R) and have a zero integral (with respect to the measure du.) over the interval (0,2r — R). This
result allowed us to obtain a new criterion of the closure for the system of generalized Bessel shifts of
segment indicators in the space L? i +(—R,R),1 < p < o0, as well as a new uniqueness theorem for solutions
of the Cauchy problem for the generalized Euler—Poisson—Darboux equation.
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1. Introduction

Let r be a fixed positive number. An obvious property of non-zero 2r-periodic functions

on the real axis is that they have no antiperiod equal to 2r. In other words, if a function f

on R satisfies relations

fe+r)—flea—=r)=0, fz+r)+flx—r)=0

for z € R, then f = 0. In terms of integral averages, this means that any continuous function

on

R having zero integrals over all segments [z — r,x + r] and their boundaries {z + r}

# The research was carried out within the framework of the state contract, project Ne 124012400352-6.
(© 2025 Krasnoschekikh, G. V. and Volchkov, Vit. V.
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is identically zero. The above fact admits nontrivial generalizations for various
multidimensional spaces. For example, if a function f € C(R"™), n > 2, has zero integrals
over all balls and spheres of fixed radius, then f = 0 (see [1], the proof of Theorem 4.4).
We can also use close integral conditions to characterize analytic functions on the complex
plane C. Namely, a function f € C(C) is entire only if, for some r > 0 and all z € C, the
equalities

27
1 / i0
— [ f(z+7re?)do = f(2), / f(w)dw =0
2

0 |lw—z|=r

hold (see [2, Corollary 2]). Statements of this type, called one radius theorems, are closely
related to questions of injectivity of the Pompeiu transform and spectral analysis-synthesis
problems for subspaces invariant under shifts [3-6]. For other variants of the one radius
theorem related to the characterization of harmonic functions, the Liouville property and
the so-called “freak”™theorems, see [7], Theorem 4.3.4, and [8-13].

It is more difficult to study such problems on domains other than the whole space.
The main difficulties that arise in this case stem from the violation of the group structure
of translations and, consequently, the inability to apply the Fourier transform. Here is
a formulation of one local result established in [14].

Let n > 2, B = {& € R" : |z| < R}, and Bgp = {v € R" : a < |z| < b}. For
0 <r < R, we put W,.(Br) = U,(Br) NV.(Br), where V,.(Bg) (respectively, U,(Bg)) is the
set of functions f € LY1°¢(Br) having zero integrals over all closed balls (respectively, almost
all spheres) of radius r in Bg. Every function f € L1°(Bg) has a Fourier series

oo dg "
1@~ 3 )V (5).

k=0 =1

where {Yl(k)}, 1 <1 < dg, is a fixed orthonormal basis in the space of spherical harmonics
of degree k, viewed as a subspace of L?(S"~!) (S~ is a unit sphere in R" with center at the
origin).

Theorem A [14, §5]. 1) If R > 2r and f € W,(Bg), then f =0 in Bg.

2) If R < 2r, then in order that a function f € L%'°°(Bg) to belong to the class W,.(Bg),
it is necessary and sufficient that

| t@ar=o (1)
|z|<2r—R

and

k—2

Fr(zl) = empalzP" 2 ey € C

m=0
for all integers k > 0, 1 < I < dj, and almost all x € By,_g r, where the sum is set to be
equal to zero for k =0, 1.

If R = 2r, then the condition f € L'1°°(Bg) enables one to simplify the description
of W, (Bg). In this case, the constants ¢, ;; vanish for 0 < m < %, and (1) holds
for each f € LYM°°(Bg) (see [14, §5]). In [15, Part 2, Chap. 3, §3.4], a generalization of
Theorem A to Riemannian two-point homogeneous spaces is contained. These results have

led, in particular, to a solution of the support problem for some classes of functions with zero
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ball means, and have also found unexpected applications to overdetermined interpolation
problems in the theory of entire functions (see [14] and [15, Part 2, Chap. 3, § 3.4]).
Theorem A solves the problem of describing the kernel of the operator

f_> (f*XBmf*(SSr)? f € Ll’loc(BR)a

where * denotes the usual convolution in R", x g, is the indicator of the ball B, and dg, is the
surface delta function centered on the sphere S, = dB,. In view of possible new applications
in analysis, similar results for other types of convolution are of interest. In this paper, based
on techniques related to classical orthogonal polynomials and recent research of the authors
from [16], we derive an analogue of Theorem A for the Bessel convolution case, and find
its applications to problems in approximation theory and the theory of partial differential
equations.

2. Formulation of the Main Results

Everywhere below, we assume that a € (—1/2,+00) is a given number. Let Lﬁ”a(IR)

and L€ ’é{oc([ Rr), P € [1,+00), be the classes of even complex-valued functions on the interval
Ir = (—R, R) that are p-integrable and p-locally integrable with respect to the measure

dpro () = |2|**H de,

respectively; let Cf([ r) be the set of even k times continuously differentiable functions on Ig
and Z,(Ig) the family of all compactly supported functions of class CHOO(I r)- The set Z,(IR)
is a topological vector space with the usual topology. Denote by .@h’ (Ir) the space of all even
distributions on Ig, that is, linear continuous functionals on the space Z,(I/r). The entry (f, ¢)

will mean the value of a functional f € Z;(Ir) on a function ¢ € Z,(Ir). The space L;;;OC(I R)
is imbedded in Z;(Ir) by identifying of a function f € L; 1OC(I r) with the distribution

R
T =/f 2) dpalz), ¢ € Fy(In). (2)
0

Let (fu’ (R) be the set of all compactly supported distributions of the class ‘@h/ (R). For
g € &/(R), we put
r(g) = inf{r > 0: suppg C I,},
where supp g is the support of the distribution g and I, = [—r,7]. If f € ‘@h,(IR) and R > r(g),

then the Bessel convolution f * g is defined as distribution of .@h’ (Ip—r(g)) acting according
to the rule

(59,00 = (F@) (90). TE0)). @ € ZilInrig): (3)

where

™

To(y) = ca/ap(\/xQ + y% + 2zy cos 0) (sin 0)%*df, ¢, =
0

INa+1)

Vval(a+1) @

and I' is the gamma function. The basic properties of this convolution are contained in [17,
§§2, 3] and [18, Chap. 1].
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For f, g€ L;,’;OC(IR) and 7(g) < R, we have f % g € Lu’ “(Ip—r(g)) and

(g)

f*g Taf )dﬂa(x)a yE IRfr(g)'

o\

In particular, if g = ¥, is the characteristic function (indicator) of the segment I, then

f*Xr / Taf )dpa(z), Yy € Ip—p. (5)
0

Note also that N
(f* 5r)(y) = Traf(y)a y € Ip—r, (6)

where ¢, is the even part of the Dirac measure with a support at point 7.
For 0 < r < R, we define the classes %.o(Ir), Vr,o(Ir) and W, o(Ir) by equalities

Uy o(IR) = {f € LI™(Ip): f%6, =0 on IR_T} ,

‘/7,704(]'}{) = {f S Ll loc( R) : fin =0 on IR_T},
Wr,a(IR) - %r,oz(IR) N ‘/r,oz(IR)-

The following result gives a description of the class W, o(Ig) for any R > 7.
Theorem 1. 1) If R > 2r, then W, o(Ir) = {0}.
2) If r < R < 2r, then f € W, (Ig) if and only if f € L;’;OC(IR), f=0o0n(2r— R,R)

and
2r—R

/ £(2) dpa(z) = 0. (7)

It is not difficult to establish a connection between this result and Theorem A. Indeed,
let f(z) = fo(|z|) be a radial locally summable function on Bg and r € (0, R). Using the
formulas for the transition to spherical coordinates and (6), we find

n

/ fla+ro)do = =2 <f0 31&) (Iz]), € Bp_y. (8)

Hence by equality

/f(33+y)dy:/rpn1 / f(z + po)dodp
B, 0

S§n—1

we obtain

/f z+y)d (; <f0 %;1xr> (lz[). = € Bp-s. (9)

Relations (8) and (9 ) show that Theorem A for radial functions is a special case of Theorem 1
whena =3 —1,ne{2,3,...}.

In the sequel, we will denote by the symbol clx M the closure of a set M in a topological
vector space X. Let also .ZinE be a linear span of a given set £ C X.
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One of the applications of Theorem 1 is the following result on approximation
by generalized shifts in the space LY (Ir).

Theorem 2. Let 1 < p<o0,0<r <R and
M =Lin{T(xr), TX(x¢t): 0<t< R—r}.

Then in order that
ClLé)’a(IR) M - LI;,CV(IR)7 (10)

it is necessary and sufficient that R > 2r.

Note that if p = oo, then equality (10) is not satisfied for any R > r. Indeed, an arbitrary
function in M has a compact support on Ig, so a non-zero constant cannot be approximated
with any precision in the space LE),OQ(I r) by functions of M. For other results on approximation
by shifts, see [6, Part 5, Chap. 2|, [19, Chap. 2|, and the references therein.

Theorem 1 also allow us to establish a new uniqueness theorem for solutions of the
Cauchy problem related to the generalized Euler—Poisson—Darboux equation.

Theorem 3. Let f € CHZ(R), a > —1/2, and U be a classical solution of the Cauchy

problem
?U  (2a+1) 8_U _ 9?U  (2a+3)0U

- — t
02 T 2 or o ¢ o 70 1t>0
U(z,0) = f(x), %—(Z(x,()) —0, 23>0,

For R > r > 0, the following statements hold.
1) If R > 2r, then U = 0 on the triangle T} = {0 < 2 < R, 0 <t < R — x} if and only
if
U(z,r)=0 for x € (0,R—7r) and U(r,t)=0 for t€ (0,R—r). (11)
2) If R < 2r, then in order for condition (11) to be fulfilled, it is necessary and sufficient
that U = 0 on the triangle To = {2r — R <z < R, 0 <t < min{R — z,z + R — 2r}} and

2r—R

/ U(z,0)dpe(x) = 0.
0

For various applications of the usual spherical means in R™ to partial differential
equations, see [6, Part 5, Chap. 6], [15, Part 2, Chap. 7, §7.5 B|, [20, Chap. 4-7] and |21,
Chap. 6, § 13]. The validity of Theorems 1-3 will be established in §4 below. In § 3 the auxiliary
statements necessary to prove the main results are given.

3. Auxiliary Statements

As usual, the symbols N and Z denote the sets of all positive integers and nonnegative
integers, respectively.

For A\ e C,m € Z4, we put (A)yy = AA+1)...(A+m—1)if m € N, and (A\)p = 1.
The classical Gegenbauer polynomials C%(z) can be defined on the segment [—1,1] by the
equalities

Co(x) = Z_O%cos ((n—2m)arccosz), if a>—1/2, a #0,
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2
Cox) = ETn(m), if neN, Cz)="Ty(z)=1,

where T, (z) = cos(narccosx) is the Chebyshev polynomial of the first kind of degree n
(see [22, Chap. 10, §§ 10.9 and 10.11]).

The following two statements are well-known theorems on the expansion of a function
into a Fourier series of Gegenbauer and Chebyshev polynomials (see, for example, [23, Chap. 3
and 7]).

Lemma 1. Let « > —1/2, a # 0, f € C*[-1,1] and

1

i+ o)) .
an,a(f) - ﬁ(?a)nr(a i %) _/ f(.%')Cn (1')(1 — 1-2) dx, n€ Z+- (12)
Then -
1') = Zan,a(f)cg(x)7 _2042@7104 CCH_l )7
n=0

where the series converge absolutely and uniformly on [—1, 1].
Lemma 2. Let f € C*°[-1,1] and

n —d Zy. 1
ano(f) = 2—Slgnn /f 1—:52 T, nely (13)

Then

Zano Znano ( )

where the series converge absolutely and uniformly on [—1, 1].

Let us now establish additional information about the coefficients of such expansions
for functions of a special kind depending on a parameter.

Lemma 3. Let 1 < R<2,t € Ip_1, f € C*®(2—- R,R) and

fn(t) = an,a(F('at)), n e Ly, (14)
where
F(z,t) = f(V1+4 2zt +12), ze[-11].
Then:

1) ifa>—1/2, a # 0, then

" Jlr = (E0) = nfu(t)) = 2t fuia (2)
= ﬁ(tﬂﬁz(t)+(n+2a+2)fn+2(t))7 nez.; (15)

2) if « =0, then

(2 —signn)t f(t) = nfa(t) = 2(n + 1)t fara(t)
= thhgo(t) + (0 +2) far2(t), ne€Zy;  (16)

3)ifa>—1/2 and fo= fi =0 on Ig_1, then f =0 on (2 — R, R).
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< 1) It follows from the definition of the function F' that

OF OF
- = - 1
t T (t+x) D (17)
On the other hand, by virtue of Lemma 1 we have
OF N o o OF = ot
E = nzz;)fn(t)cn (:C)’ % = 20‘; fn(t)cnfl (x)’ x € [_1’ 1] (18)
Substituting (18) into (17), we arrive at the equality
Do thOCR (@) =22y (t+2) fu(t)C (), @€ [-1,1]. (19)
n=0 n=1
We transform the left-hand side of (19) using the formula
A—1 1
A—1 _ A A > -
O M) = (Cn(x) cn_g(x)), n>2 A> 2 A#L (20)
(see [22, Chap. 10, §10.9, formula (3.6)]), and the right-hand side using the relation
1H)Cy 20— 1)Cpy
2CM) = (n+1)Ch,(x) + (n+ ) n—1(33)7 nEN, A\£0 (21)

2(n+ )

(see [22, Chap. 10, § 10.9, formula (13)]). Then changing the summation indices in the sums
and collecting the coefficients for the polynomials C2+1(x), we get (15).

2) This case is treated similarly to the previous one (see Lemma 2). In this case, instead
of (20) and (21) we should use the formulas

Tu(x) = 5 (Ch(x) ~ Cla(w)), n>2

| —

2Cp(7) = 5 (Chya(z) + Cpy (@), neEN

(see [22, Chap. 10, §10.11, formula (3), (6)], and equality (21) for A = 1).
3) It is easy to see that if f, = f,41 = 0 on Ir_; for some n € Z,, then f,12 =0
on Ip_1. Indeed, under the above condition relations (15) and (16) imply the equalities

—~ DN

d
fn+2(0) =0 and @ <’t’n+2a+2fn+2(t)) = O, t e IR—17 t 7é 0.

Hence, taking into account the fact that f,42(t) is bounded as ¢ — 0 (see (14), (12)
and (13)), we obtain f,12(t) = 0. Thus, all coefficients fo, f1, f2,... vanish on Ip_; and
f=0on (2—R,R). >
Let 5 € (—1,400),
Js(z
Is(z) = i; )

where Jg is the Bessel function of the first kind of order §. It is well known (see [22, Chap. 7,
§7.9]) that the function Ig has infinitely many zeros, all its zeros are real, simple and

1
15(0) = 2T (B+1)

Denote by 43 the set of all positive zeroes of Ig numbered in ascending order.
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The following statement is a special case of the Theorem 1 established by the authors
in [16].
Lemma 4. Let R > 1, f € V1 o(Ig) NC*(Ig) and

21704
Do+ 1AT2, ,(N)

1
er(f) = /f o(A2) dpa(z), A€ Hasr.
0

Then
f(z) = Z ex(H)In(A\x), =€ Ig,

AENG41

where cy(f) = O(A™) as A — +oo for any fixed N > 0 and the series converges in the
space C*°(R).
Corollary 1. Let R > 1,t € Igr_q and f € Vi o(Ir) N C*°(Ig). Then
1
/f(Jm)m(l—ﬁ)a_? dz = 0.

-1

Jun

< For A > 0, we have (see [22, Chap. 7, § 7.6, formula (14)])

1
/ (A\/1+2xt+t2) (1-22)"2 d f2ar<a+ ))\ t Lot (V) Lnsr (ML),
-1

Hence by Lemma 4 we obtain the required statement. >

Let f € Z,(Ir), A € R\ {0}. We define the distribution e Z,(Iry) by equality

(0 = { F006(5) ) 9 € Bl (22)

For f € L; 1OC(IR) the distribution f* belongs to L ! o (Iry5) and ) = fOx) (see (2)).
In addition,

T2 (FY) = (T8f)™ (23)
Lemma 5. Let f € Z,(Ir), g € &/(R) and A € R\ {0}. If R|A| > r(g), then

>

a 1 1 «
(fxg)? = pparel M9 o Inpirg) (24)

< For any functions ¢ € Z(Igja|—r(g)), ¥ € D4(Ir—r(g);17))> from (3) and (22) we have
1 « o
(F3 % g,0) = N2 f(2), (90), TEoo()) ). (25)

(%0 0) = e (@) (o). T/ ) (26)
Using (22), (23) and (26), we find
(PN 0) = NP2 (15 e) = (F(0), (9w), TEow) ).

Comparing this relation with (25), we arrive at equality (24). >
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Corollary 2. In order that f € W, ,(IRr), it is necessary and sufficient that f" €
Wia(Ir/r)-

< Formula (24) shows that (fiér)r = fT%61, (fixr)r = 12042 f7 % x1. These relations
yield the required statement. >

4. Proof of Theorems 1-3

<1 PROOF OF THEOREM 1. In view of Corollary 2, we can assume that r = 1.
Let us prove assertion 2). Let 1 < R < 2 and f € Wj o(Ir). We fix ¢ € (0, R — 1) and
consider a function w, € Z;(R) with the following properties: suppw. C I., w.>0and

£

[ @) o) = 1.

0

Since f *w. € Wi a(Ip—c) N C®(Ig—.), from (6), (4) and Corollary 1 we find

1
/ (f%w) (VIi+ 20t +0) (1 a?)°hdo =0, telp .,
el

1
/ (fiwg) <\/ 1+ 2zt + t2) z(1— xQ)O‘_% dr =0, telp_i_..
1

These equations and the third statement in Lemma 3 show that f iwa = 0 on the interval
(2— R+¢,R—¢). Letting € — 0, we conclude that f =0 on (2— R, R) (see, for instance, |16,
Lemma 1]). Therefore (see (5)),

2—R 1
[ 1@ () = [ 1) date) = (7% 22)(0) =0
0 0

Conversely, let 1 < R < 2, f € L;’;OC(IR), f=0o0n (2— R,R) and equality (7) holds
for » = 1. First we show that f € Vj o(Ir). Let us transform f%x1 using (5) and the formula

T+y
Tlep T ) = [ uf (k) du e

lz—y|

where 7, = 22971 /c,,

1 ol
i) = 47 — (= 2) (b 2 =)
(see (4)). For 0 < z < R — 1, we have

1 z+y

Yo (f / / yuf (ko (u, z,y) dudy.

0 |z—yl
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Changing the order of integration and considering that f = 0 on the interval (1 — x,1 + z),
we obtain

14z min{l,z+u} 1—x z+u
()@ = [us@ [ ke dde= [ us@) [ ko) dyd.

The internal integral is calculated using the formulas

—

b
a—3 a—1 F2 o+ : 2c
/y(y2 )T )Ty = QF((Qa +21)) =)™

22T (a+1)T (a + %) = /7l(2a +1)

(see [22, Chap. 1, §1.5.1, formula (13), and § 1.2, formula (15)]). Then

11—z 2—R
(fi)ﬁ)(x) = / f(u) dpg(u) = / fu)dpa(u) = 0.
0 0

Thereby, f € Vi o(IR).

Next,
1

/f(\/1+23:y—|—3:2> (1—y2)0‘_%dy:0 for z € Ir_,
~1

since the argument of the function f in the integral lies on the segment [1 — |z|,1 + |z|] C
(2—R,R),and f =0on (2— R, R). Hence from (4) and (6) we see that f € % o(Ir). Thus,
[ € Wi4(Ig) and the second assertion of Theorem 1 is proved.

The first assertion follows immediately from assertion 2) and Lemma 4. >

< PROOF OF THEOREM 2. Let R > 2r and assume that A is a linear continuous
functional on Lﬁa(l r) equal to zero on M. Owing to the Hanh-Banach theorem, to prove (10),
it must be established that A = 0. By the theorem on the general form of linear continuous
functionals on spaces LP we have

Alg) = [ 9@)f (@) duao). 9 € L, (1)

Ir

where f is a function of the class L; oIRr), ¢ = 325. Then the condition A(THxr) =
0, 0 <t < R—r, formula (5) and commutativity of the Bessel convolution entail the relation
(fixr)(x) =0, z € Ig_,. Similarly, it follows from condition A(Tra(xt)) =0,0<t<R-—r
and (6) that f %6, =0 on Ip_,. Using the first assertion of Theorem 1 we obtain f = 0,
whence A = 0.

If R < 2r, then there exists a non-zero function f € W,.o(Ir) NC®(IR) (see the second
assertion of Theorem 1). Therefore, reasoning as above we conclude that equality (10) is not
satisfied. >
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< PROOF OF THEOREM 3. It is well known (see |24, Chap. 4, §§4.4 and 4.5]) that

/ 2o +1)

1
Uz, t) =2(a+1) /Tf‘f(ty) dpaly) = tfﬂi& / (T3 f) () dualy) = W(fixt)(x)'
0

0

This representation and formulas (5) and (6) show that condition (11) is satisfied if and only
if f € W, o(Ir). Hence, using Theorem 1 and (27) we obtain the required statement. >

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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BragukaBka3zckuii MareMaTHIeCKUH Ky DHAJT
2025, Tom 27, Beiryck 2, C. 72-83

TEOPEMA OB OJJHOM PAJZINYCE JIJIA OIIEPATOPA
CBEPTKH BECCEJIA U EE IITPUMEHEHU A

Kpacuomeknx I. B.', Bosrukos Bur. B.!
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E-mail: wolverimred@mail.ru, volna936@gmail.com

AnnzoTanus. Xoporo u3BecTHo, 9to Beakaa dyuknua f € C(R™), n > 2, nmeromas HyJIeBble HHTErPa-

JIBI IO BCeM IapaM u cepaMm (bUKCHPOBAHHOTO PAJINyca T, IBJISETCS TOXKJECTBEHHBIM HyJseM. B gannoil pa-

6oTe u3ydaercst OO00HOe SIBJIEHUE JIJIsl IAPOBBIX U C(hePUIECKUX CPEJIHUX OTHOCUTEIBHO (-CBepTKU Becceis.
1,1

Hycrs o € (—1/2,400), L’y (—R, R) — K/Tacc 9eTHBIX JIOKATBHO CyMMHUDYEMBIX 110 Mepe djiq (T) = |z|?>* T dx

1,loc

dyuxnmit na uarepsase (—R, R), f * g — ceeprKa Beccens dynxuun f € L, (=R, R) u 4yerHOro pacupee-
sernd g Ha R ¢ Hocurenem na (—R, R). OCHOBHOI pe3ysIbTaT CTATHY JA€T PElleHue 3a/1a49u 06 NHbEKTUBHOCTH
orepaTopa

f= (f*xn f%8), feLy“(-RR), 0<r<R,

rje Xr — UHIUKATOP OTpe3Ka [—r,r|, §, — YeTHasi Mepa, CONOCTABJIAIIAs YeTHOH HelnpepblBHON (yHKIMK
¢ Ha R uncio ¢(r). Ha ocHOBe TeXHHMKH, CBA3AHHONU C KJIACCHUYECKHMHU OPTOrOHAJILHBIMU MHOIOWICHAMU H
HEJIAaBHUMH HCCJIEJOBAHUSIMHU ABTOPOB, MOKA3aHO, YTO mpu R > 2r sSapo yKa3aHHOIO OMEPATOpa SIBJISETCH
HyJIeBbIM, a npu r < R < 2r cocrour u3 dbyHkimii f € L;:;OC(—R7 R), paBubix Hymo Ha (2r — R,R) u
UMEIOIUX HyJ1eBOi MHTErpaJl (OTHOCUTENHLHO Mepbl dfia ) 1o ipoMexxyTKy (0, 2r— R). DToT pe3ysbrar 03B0JIHI
[IOJIyYUTh HOBBI KPUTEPUil 3aMKHYTOCTU CUCTEMbI ODOOIIEHHBIX CABUTIOB Beccesss MHIUKATOPOB OTPE3KOB
B IIPOCTPAHCTBE Lg’ +(=R,R), 1 < p < 00, a TakyKe HOBYIO T€OPEMY €JIMHCTBEHHOCTH [Isl PEIleHHH 33adu

Ko obobmennoro ypasuenus: ditnepa — Ilyaccona — lap6by.

KuroueBrbie ciioBa: 0000IEHHBIN CABUT, TEPUOUIHOCTh B CPEHEM, MHOTOYJIeHbI |erenbayspa, am-
[IPOKCUMAIINS CIABATAMU, ypaBHenue ditjgepa — [lyaccona — lap0Oy.

AMS Subject Classification: 42A85, 41A30, 33C10, 35Q05.

O6pazern; nurtupoBanus: Krasnoschekikh G. V. and Volchkov Vit. V. The one Radius Theorem

for the Bessel Convolution Operator and its Applications // Baagukask. mar. xxypu.—2025.—T. 27, Ne 2.—
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Abstract. In the study of order properties of homogeneous polynomials in vector lattices two constructions
are of fundamental importance: the symmetric positive tensor product and the vector lattice power. Both
associate a canonical n-homogeneous polynomial with each Archimedean vector lattice, such that any other
homogeneous polynomial of an appropriate class defined on the same vector lattice is the composition of
the canonical polynomial with a linear operator. With this so called “linearization” in hand, various tools of
the theory of positive linear operators can be used to study homogeneous polynomials. Thus, the problem
of description of the Fremlin symmetric tensor products and the vector lattice powers for special vector
lattices arises. The former enables one to study a large class of order bounded homogeneous polynomials,
but has a very complicated structure; the latter has a much more transparent structure, but handles a
narrower class of homogeneous polynomials, namely orthogonally additive ones. The purpose of this note
is to describe the power of the vector lattice of continuous or Bochner measurable vector functions with
values in a Banach lattice and to apply this result to the representation of homogeneous orthogonally
additive polynomials.

Keywords: Banach lattice power, homogeneous polynomial, orthogonal additivity, Banach lattice,
Bochner measurable function, continuous vector function.

AMS Subject Classification: 46A16, 46B42, 46G25, 4TH60, 471.22.

For citation: Kusraeva, Z. A. Vector Lattice Powers: Continuous and Measurable Vector Functions,
Viadikavkaz Math. J., 2025, vol. 27, no. 2, pp. 84-92. DOI: 10.46698/23076-9333-9133-1.

1. Introduction

Of fundamental importance in the study of order properties of homogeneous polynomials

in vector lattices are two constructions: the symmetric positive tensor product, coming from
Fremlin [1]|, and the vector lattice power, introduced by Boulabiar and Buskes [2]; see also the
survey paper by Bu and Buskes [3]. Both associate a canonical n-homogeneous polynomial
with each Archimedean vector lattice, such that any other homogeneous polynomial of an
appropriate class defined on the same vector lattice is the composition of the canonical
polynomial with a linear operator. Thanks to this “linearization” various tools of the theory
of positive linear operators can be used to study homogeneous polynomials. Thus, the
problem of describing the Fremlin symmetric tensor products and the vector lattice powers for

# The research was supported by Russian Science Foundation, project Ne 24-71-10094, https: //rscf.ru/en/

project/24-71-10094/ .

© 2025 Kusraeva, Z. A.



Vector Lattice Powers 85

special vector lattices arises. The former enables one to study a large class of order bounded
homogeneous polynomials, but has a very complicated structure; the latter has a much more
transparent structure, but handles a narrower class of orthogonally additive homogeneous
polynomials, see [4-6].

The purpose of this note is to describe the power of the vector lattice of continuous or
Bochner measurable vector functions with values in a Banach lattice and to apply this result to
the representation of homogeneous orthogonally additive polynomials. We use the standard
notation and terminology of Aliprantis and Burkinshaw [7] for the Banach lattice theory,
Fremlin [8] for measure theory, Pei-Kee Lin [9] for spaces of measurable vector functions, and
the survey paper by Bu and Buskes [3] for order properties of homogeneous polynomials. In
the sequel all vector spaces are defined over the field of reals and all vector lattices are assumed
to be Archimedean.

2. Vector Lattice Powers

Let X be a relatively uniformly complete vector lattice. Then for every positive
homogeneous continuous function ¢ : RN — R and any finite sequence z1,...,xy € X
the member ¢(x1,...,zy) € X can be correctly defined by using homogeneous functional
calculus, see Definition 3.1 and Theorem 3.7 in [10]. In view of this, we can introduce new
vector operations in X by putting x by = (xp+yp)1/p and A@z = \/Pz with fixed 0 < p € R,
where z,y € X and A € R. In more details, + ® y = pp(z,y), where ¢, : R? — R is defined
by ©p(r,t) = |u|'/P signu and u = |r[P signr + |t|P sign t. Endowed with these new operations,
the original order and lattice structure, X becomes a new vector lattice (X, @, ®, <) denoted
by X(,). For a positive integer p = n € N the vector lattice X, is known as an n-power of
X [2].

Assume now that (X, | -||) is a quasi-Banach lattice (see |5, Definition 2.2]) and define

the function || - ||,y : Xp) = R by [l5p(2)[lp) = [[2]|P (z € X). If C is the quasi-triangle
constant of the quasi-norm || - [, then ||z @ yl| < 2‘1*1/p‘Cp(HxH(p) + llyllp)) and hence
|| - l(p) is also a quasi-norm; moreover (X, |l - [l()) is a quasi-Banach lattice. More details

on quasi-Banach space see in [11].

DEFINITION 1. The pair (X(,), || - [|(»)) is called the p-concavification of X, see [12]
and [4]. Define the canonical order isomorphism ¢, : X — X(p) as the identity mapping
of the ordered set (X,<). If p := n € N, then the mapping j, : X — X, defined as
In(®):=1,(x") + (—=1)"1,(27) (x € X) is called the canonical polynomial of X.

Lemma 1. (1) The mapping ¢, is an odd order isomorphism of X onto X (p) Such that
for all z,y € X and \ € R the relations hold:

1 1
(@ +yP)7) = 1p(@) D p(y),  p(APz) = A® 1p(2).
(2) If X is a (quasi-)Banach lattice then X,y is a quasi-Banach lattice and v, is a
homeomorphism from X onto X .
(3) If n € N then the mapping 3, : X — X (n) 1s an orthogonally additive n-homogeneous
polynomial.
< See [5, Proposition 3.6]. >

Lemma 2. Let X and Y be uniformly complete vector lattices with respective canonical
order isomorphism vx : X — X and 1y Y — Y(,. Given a lattice homomorphism

S : X — Y, the mapping S:=10So0 L;(l is a lattice homomorphism from X, to Y(,).
<1 Functional calculus in uniformly complete vector lattices commutes with any lattice
homomorphism, see |5, Propositions 3.4 and 3.8|. >
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It may happen that X, is not a Banach lattice, even if X is. To avoid this pathology,
the additional requirement of p-convexity of X is needed.

DEFINITION 2. A quasi-Banach lattice X is said to be p-convex with 0 < p < oo if there
exists a constant C' such that

m 1/1’7
(z mv’)
k=1

for every finite collection {z1,..., 2y} in X.

m 1/1’7
< c(znxknp) |
k=1

Lemma 3. Let X be a (quasi-) Banach lattice and 0 < p, q < oo. If X is p-convex and
p = q then X, is a Banach lattice with respect to some equivalent norm.

<1 According to |5, Corollary 3.12], X is p-convex if and only if X(,) is p/g-convex and
if a:=p/q > 1 then a-convexity implies 1-convexity. By [5, Proposition 2.12] there exists a
equivalent Banach lattice norm. >

DEFINITION 3. A mapping P : X — Y between vector spaces is called a homogeneous
polynomial of degree n (or n-homogeneous polynomial) if there exists a symmetric n-linear
operator P : X" — Y such that P(x) = P(xz,...,z) for all € X. (An n-linear operator
@ X" = Y is symmetric if p(21,...,%) = @(To(1),- -+, To(n)) for any permutation o of
{1,...,n}.)

DEFINITION 4. Assume that X is a vector lattice. An m-homogeneous polynomial
P: X —Y is called orthogonally additive whenever P(x + y) = P(z) + P(y) for any pair
of disjoint (i.e. |z| A |y| = 0) members z,y of X.

DEFINITION 5. Recall that a bornology on a set is a cover of the set that is closed under
finite unions and taking subsets. Members of a bornology are called bounded sets. A mapping
between bornological spaces is labeled as bounded if it sends bounded sets into bounded sets.
A bornology on a vector space is convex if it is stable under the formation of convex hulls.
A convex bornological vector space is a vector space equipped with a convex bornology such
that addition and scalar multiplication are both bounded.

Denote by Z°("X,Y) the space of bounded n-homogeneous orthogonally additive
polynomials from X to Y and put Z°(X,Y) = P°(1X,Y). A vector lattice X is always
considered with a bornology containing the totality {[a,b] : a,b € X} of order bounded sets.

Theorem 1. Let X be a uniformly complete vector lattice and Y be a separated borno-
logical vector space. Then for any bounded orthogonally additive n-homogeneous polynomial
P:E —Y there exists a unique bounded linear operator S : X(,) — Y such that P =T o y,.
Moreover, Z°("X,Y) and Lb(X(n), Y') are linearly isomorphic under the mapping T + T oy,,.

REMARK 1. The result was proved in the author’s paper [13, Theorem 7| for the
case of convex bornology; Ben Amor [14, Theorem 26| improved this result showing that

the convexity assumption may be omitted. Some special cases of this result were obtained
in [3, Theorems 4.3 and 5.4], [15, Theorem 2.4], [16, Theorem 3.3].

3. Spaces of Vector Functions

In this section we present the necessary information about spaces of strongly measurable
and continuous vector functions.

In what follows, @ is an extremally disconnected compactum (i.e. compact Hausdorff
topological space) and (€2, X, i) is a measure space that is assumed to be complete and strictly
localizable [8, Definition 211E|, or, what is the same, to have the direct sum property [17, Sec-
tion 0.6.4].
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Denote by C(Q, X) the set of equivalence classes of continuous functions u that act
from comeager subsets dom(u) C @ into X. Recall that a subset of ) is called meager if it is a
countable union of nowhere dense subsets of () and comeager if its complement is meager. Two
vector-valued functions u and v are equivalent if u(q) = v(q) whenever ¢ € dom(u) Ndom(v).
The set Co (Q, X) is naturally endowed with the structure of a lattice ordered module over the
f-algebra C(Q). Observe that C(Q, X) can be represented also as the set of all extended
continuous X-valued functions, see [18, 2.5.1].

Lemma 4. Let (Q be an extremally disconnected compact space and let X be a Banach
lattice. For every finite collection iy, ...,un € Cx(Q, X) we have

~ ~

(P(ﬁlv oo 7uN) = (P(ul(')r .. 7uN(')) )

i.e. there exists a comeager subset Qo C @ such that Qo C dom(uw;) for all i:= 1,...,N,
and p(ty,...,Uy) Is the equivalence class of the continuous function q — ¢(u1(q), ..., un(q)
(¢ € Qo).

< See [19, Proposition 4.3|. >

Let X be a Banach lattice and let .£°(Q, X):= .Z°%(Q, 3, u, X) stand for the set of all
Bochner measurable functions defined almost everywhere on 2 with values in X. Denote by
LY, X) := £°%(, X)/ ~ the space of all equivalence classes (of almost everywhere equal)
functions from .#° (€2, X). The equivalence class of a measurable vector function u € £%(Q, X)
will be denoted by . Define in addition, a scalar multiplication and ordering in £°(£, X)
pointwise, thereby making L°(£2, X) into a vector lattice. A cone of positive vector functions
LO(2, X)) consists of & € L%, X) such that u(w) € X, for almost all w € .

If u € L%, X), then w — |lu(w)| (w € Q) is a scalar measurable function whose
equivalence class is denoted by |u] € L°(£2).

DEFINITION 6. For an order ideal E in Cuo(Q) (resp., in L°(2)), assign by definition
E(X):={u € Cu(Q,X) (resp., u € L°(Q, X)) : |u] € E}.

If, in addition, (E,|| - ||g) is a Banach lattice, then E(X) is endowed with the mized norm
defined as ||uf]:= ||[ul|| -
If E = LP(Q), then we write LP(Q, X) instead of E(X).

Lemma 5. The vector lattice of continuous or measurable vector functions E(X) is re-
latively uniformly complete. If, in addition, E is a Banach lattice, then E(X) is also a Banach
lattices.

< Clearly, if @& € L%, E) then the modulus |@| of @ coincides with the equivalence
class of the vector function w — |u(w)| (w € Q). >

A complete measure space (2,3, u) is strictly localizable if and only if there exists
a linear lifting of L™ (u), see [8, Sections 341K and 363X(e)|. In this event the quotient
algebra B(Q2):= ¥/u~! is complete and its Stone space @ (whose clopen algebra Clop(Q) is
isomorphic to B(£2)) is extremally disconnected. For a fixed lifting p of L>°(u) there exists a
Borel measurable mapping 7 : Q — @, called the canonical embedding, such that p = 771 oo,
where o : B(2) — Clop(Q) is the Stone representation, see [17, § 0.6.6 and 0.7.5].

The preimage 7~ 1(V) of any meager set V' C @ is measurable and p-negligible. Denote
by 7* the mapping which sends each function v € C(Q, X) to the equivalence class of the
measurable function v o 7. The mapping 7* is a linear and order isomorphism of Cu (@, X)
onto L°(, %, u, X).
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Lemma 6. There exists a linear and order isomorphism S from L°(Q, X) onto
(@, X), the Stonian transform of L°(Q, X). Moreover, || = (|S(@)| o 7)™~ for every
@€ L°%(Q, X).
<1 Denote by 7 the mapping which sends each v € Co (@, X) to the equivalence class
(vor)~ € LYQ, X). Then S =71 and @ = (S(@) o 7)~ for all @ € L%(Q, X). Details can be
found in [17, Theorem 4.2.2|. >

4. Main Results

Since both the continuous and measurable versions of the vector lattice E(X) are
uniformly complete, the expression ¢(u1,...,uy) is well defined for any finite sequence
@1,...,10y € E(X) and every positively homogeneous continuous function ¢ : RV — R. If E
is a Banach lattice then F(X) and E,)(X,)) are equipped with respective mixed norms ||-||
and ||-]|" (Definition 6), while E(X),,) is considered with the power norm Iy (Definition 1).

Theorem 2. Let E be an order dense ideal of C»(Q) and let X be a p-convex Banach
lattice with p > n. Denote by 1g, 1x, and %, the canonical order isomorphisms of E, X and
E(X) onto their respective n-powers. Then there exists a |-|-preserving lattice isomorphism s
from E(X) ) onto B, (X)) such that s(in()) = (1xou)™ for allt € E(X). If, in addition,
FE is a g-convex Banach lattice with ¢ > n, then s is an isometric lattice isomorphism of
Banach lattices E(X),) onto Eg,) (X))

< Assume first that E is an order dense ideal of C(Q). Define a mapping s from
E(X) () onto E(n) (X(n)) by letting s(v) be the equivalence class of the vector-function 1x ou
whenever v = i,(a) and @ € E(X). Observe that the vector-function u : dom(u) — X
is continuous if and only if so is the vector-function 2x o u : dom(u) — X,y as 1x is a
homeomorphism from X onto X(,), see Lemma 1. For the same reason, u1(q) < uz(q) for all
q € Qo:= dom(uy) Ndom(usg) if and only if 1x ou(q) < 1x ouz(q) for all ¢ € Qp and hence uy
and uo are equivalent if and only if so are 1x o uy and 1x o uo. It follows that s¢ is a correctly
defined order preserving bijection from Ci(Q, X )(n) into Coo(Q, X(n))- In fact, s is surjective,
since if § € Coo(Q, X(p)) for some continuous v : dom(v) — X,y and u:= 15! o v, then by
definition @ € Coo(Q, X)) coincides with the equivalence class of tx ou = v, i.e. #(ipa) =

Prove that s is linear. Let v; = 4, (@) and vy = i,,(t2) for some 41, %; € Coo(Q, X). B
definition, »¢(v;®wv2) is the equivalence class of the vector-function 1x ou with @ = i, (v1 @vg)
so that

(@) = v1 ® vy =i (W) B iy (G2) = iy (a5 + a5) /p).

The last equality is ensured by Lemma 1. It follows that @ = (a}" + ﬂg)l/ "™ and hence, by

Lemma 4, @ is the equivalence class of the vector-function ¢ — (1x o u1)(q) ® (1x ° u2)(q).
The latter coincides with s(v1) @ s(v2), since the sum in Coo(Q, X(y,)) is defined pointwise,
i.e. s(v1) @ (ve) is the equivalence class of the vector-function ¢ — 1x(u1(q)) ® 1x(vi(q))
(g € Q); s0 »2(v1 B v2) = s(vy) B s(v2).

Now, if A € R and v = i,(a) for some @& € Coo(Q,X) and denote by ® the scalar
multiplication in X(,), Coo(@, X)(n), and Co(Q, X(y)). Using again Lemma 1, we see that
A ® 2(v) is the equivalence class of the vector function ¢ — A ® 1x (u(q)) = 1x (A\Y™u(q)). At
the same time, A ® v = X\ ® i, (@) = i, (A1) and (A ® v) is the equivalence class of the
same vector-function by definition, so that (A ® v) = A ® »(v).

It remains to verify that s sends E(X),) onto E,)(X(y,)). Taking the definition of the
E-valued norm into account, we see that for u € E(X) the following relations hold for all ¢
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in some comeager subset of ():

|5¢(n (@)l (n) (9) = llexu(@) |y = [[w(D)]"™ = 1a]"(q)-

Hence |u| € E if and only if |@]|" € E(,) which amounts to saying that @ € E(X) if and only
if 4" € E(,)(X(n)). Therefore, s is a norm preserving lattice isomorphism from E(X),) onto
E) (X)) as claimed. If E is a g-convex Banach lattice and ¢ > n, then for 4 € E(X) and
v = Ip (@) we have

ey = 152N, = N, = el = Wl = inll = el

Thus, we have proved that s is an isometric lattice isomorphism of Banach lattices F(X )(n)

Theorem 3. Let E be an order dense ideal of LY(2) and in the canonical order iso-
morphisms of E(X) onto E(X),), whilst X and 1x be the same as in Theorem 2. Then

there exists a |-|-preserving lattice isomorphism 3 from E(X )(n) onto E(n) (X(n)) such that
5t(in () = (1x ow)™ for all & € E(X). If, in addition, E is a g-convex Banach lattice with
q = n, then 3 is an isometric lattice isomorphism of E(X) ) onto Eny (X))

< Suppose that F is an order dense ideal of the vector lattice of measurable functions
LY(€). Observe first that the vector-function u : @ — X is measurable if and only if so is
the vector-function 1x ou : Q — X(n) and two measurable functions uy,us : Q — % are
equivalent if and only if so are 1x o w1 and 1x o ug, as 1x is a homeomorphism from X onto
X(n), see Lemma 1. It follows that we can define correctly an order preserving bijection 3
from L°(Q, X)) onto L(, X(,,)) by setting 32(v) equal to the equivalence class of the vector-
function vx o u whenever v = i, (@) with @ € L°(Q, X).

To verify that ¢ has the required properties, we use Lemma 6, according to which
there are lattice isomorphisms S : LY(Q) — Co(Q), S : LY, X) — Cx(Q,X) and
Sn:LO(Q,X(n)) — Cx(Q, X(y) such that [Sa| = S(|a]) and [S,0] = S(|7]) for all @ €
Lo(Q,X) and © € L°(, X(y)). Clearly, E := S(E) is an order dense ideal in Cs(Q) and
S(E(n)) = E(). Moreover, [i] € E if and only if [S(a)] € E and |u| € E(n) if and only
if |S(a)] € E,). It follows that S is a lattice isomorphism from E(X) onto E(X) and
S, is a lattice isomorphism from E(n) (X(n)) onto E,)(X(n). By Lemma 2, S is a lattice
homomorphism from E’(X)(n) onto E(X) (-

Let » be a lattice isomorphism from F(X)q,) onto E,)(X(,)), whose existence is
guaranteed by Theorem 2. To complete the proof, it suffices to show that the following diagram
is commutative:

3 —— E) (X))
The left square is commutative due to Lemma 2. To prove the commutativity of the
right square, take & € E(X) and ¢ € E(X) with 0 = S(a) or, what is the same, 4 = (voT)™.
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By sequence using of Lemma 2, Definition of S, s, S;'!, and 5 we deduce

St O%OS(fn(ﬂ)) =S toxoi,oS(@) =S, 0 x0i,(D)

= S;l((LX ov)Y)=(txovoT)” =(xou) = ﬁ:(fn(ﬁ))

It follows that 3z =S, o so0 S, whence the required properties of . >

DEFINITION 7. Let X be a Banach lattice with the canonical polynomial g, : X — X(;,).
Given a vector-function @ € L%(Q, X) or @ € Co(Q, X), define " € L(Q, X(,,)) or @" €
Coo(Q; X)) as 4" := (u")~ with u":= g 0u: Q — X(,). The definition is correct, as j, o u
is Bochner measurable or continuous whenever so is u, see Lemma 1 and Definition 1.

Theorem 4. Assume that E is an order dense ideal of LY(Q) or Coo(Q). Let X
be a uniformly complete vector lattice and let Y be a separated bornological space. Then
for any bounded orthogonally additive n-homogeneous polynomial P : E(X) — Y there
exists a unique bounded linear operator T' : Ey) (X(n)) — Y such that the representation
P(i) = T(a") for all & € E(X). Moreover, Z2("E(X),Y) and £*(E(,)(X(,),Y ) are linearly
isomorphic under the mapping T + T((-)").

<1 We restrict ourselves to the continuous case F C C(Q), since the measurable case
E C LY%(Q) is considered in quite a similar way. Assume that s and i, are the same as in
Theorem 2. By Theorem 1, there exist a bounded linear operator S : E(X)(,) — Y such
that P(a) = S o j,(a) for all @ € E(X),, where j, is a canonical polynomial of the vector
lattice E(X), i.e. jn(f) = in(fT) + (=1)"in(f7). If Jn : X = X,y stand for the canonical
polynomial of X, then for every @ € F(X) we have

5(jn(@)) = 52(in (@) + (=1)"s¢(in(@7)) = (ex 0u™ ()™ + (=1)"(ex 0w (-))”
= (n (@™ ()™ +aa((=D)"u” ()™ = (now)™ = a"

It remains to put 7:= S o 7! and observe that P(@) = S 0 j,(@) = T o sj, (i) = T(a"), as
required. >
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CTEIIEHb BEKTOPHOI PEIIETKMU:
HEITPEPBIBHBIE 1 USMEPUMBIE BEKTOP-OYHKIINN

Kycpaesa 3. A. !

! Biajmkaskasckuii nayuansii nentp PAH,
Poccus, 363110, c. MuxaitioBckoe, yiu. Buibamca, 1

E-mail: zali1l3@mail.ru

AnHoranus. B uccienoBanny mOpsiIKOBBIX CBOWCTB OIHOPOIHBIX ITOJUHOMOB, NEHCTBYIONINX B BEK-

TOPHBIX peIleTKaX, JBe KOHCTPYKIIUH MMEIOT OCHOBOIIOJIararoliee 3HaUYeHNe: CHMMEeTPUYHOE IOJI0XKUTEIBHOe
TEH30pPHOE MPOU3BEIEHNE U CTEleHb BEKTOPHOI pererku. O6e 3T KOHCTPYKIINU CBS3BIBAIOT C apXUMeEI0BOIM
BEKTOPHON PEITIEeTKON KAHOHUIECKUI N-OJHOPOIHBIN ITOJIMHOM, TaK UTO 000 APYTroi OJHOPOIHBIN MOJIIMHOM

COOTBETCTBYIOIIEIO KJIaCCa, OIPEICJICHHBIA Ha TOHU K€ BEKTOPHOI pEeIIeTKe, ABJIAeTCA KOMIIO3UIINEH 3TOro Ka-

HOHUYECKOI'O MOJHUHOMA C JIMHEUHBIM OIIepaTOPOM. Bnaro;(apﬂ STOM «JIMHeapusalun» MO2KHO HCIIOJIb30BaThb

paz3/InYHble UHCTPYMEHTHI TEOPUY ITOJIOXKUTEIbHBIX JTUHENHBIX OIEPATOPOB JJIs N3YyUEeHUs] OJIHOPOIHBIX IIOJIN-
HOMOB. TakuM 06pa3oM, BO3HUKAET 3a7[a1da ONMUCAHNSA CHMMETPUYIHBIX TEH30PHBIX ITpou3Beiennit Ppemiinaa u
cTeneHell BEKTOPHOM peneTKuy Jijisl CIeMaJIbHBIX BEKTOPHBIX perreToK. [lepBoe 1mo3BoJisieT nccie1oBaTh Mupo-
KHI KJ1aCC IOPAJIKOBO OIPAHUYEHHBIX OJHOPOJIHBIX IIOJIMHOMOB, HO UMEET OYE€Hb CJIOXKHYIO CTPYKTYDPY; BTOPOe
obstazaeT ropasao 6oJtee MPO3PATHON CTPYKTYPOi, HO OXBATBIBAET IIPU ITOM 0oJiee Y3KHUI KJIaCC OTHOPOTHBIX
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IIOJIMHOMOB, & MMEHHO: OPTOTOHAJIBHO &JIIUTUBHBIX OJHOPOIHBIX HOJNHOMOB. llespio HacTOsIIIEN 3aMeTKH sB-
JISIeTCsI ONMCAHME CTEIIeHN BEKTOPHOI PEelIeTKH HEIPEPBIBHBIX MJIM U3MEPHUMbIX 110 Boxuepy BekTOp-byHKIHIT
CO 3HAYeHHUSMU B OHAHAXOBOU peIIeTKe U IIPUMEHEHHE 3TOIO Pe3yJIbTaTa K IIPEJICTABJIEHUIO OJHOPOIHBIX OPTO-
FOHAJIBHO aJJUTHUBHBIX IIOJIMHOMOB.

KiroueBrbie ciioBa: crerneHb 6aHAXOBOH DENIETKH, OJIHOPOHBINA ITOJIMHOM, OPTONOHAJIbLHAS aJUTHAB-
HOCTB, OaHaXOBa pelleTKa, M3MEPUMOCTh 110 BoxHepy, HenpepbIiBHAs BEKTOP-(DYHKIINS.
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Functions // Bragukask. mat. x)xypu.—2025.—T. 27, Ne 2.—C. 84-92 (in English). DOI: 10.46698/23076-9333-
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Annoramms. Ilycrs T = {to,t1,...,tn} u In = {z1,22,...,xNn-1}, e x; = (t; + tj41)/2, j =
0,1,..., N — 1 — npou3BOJIbHbIE CUCTEMBI PA3IMIHBLIX TOYeK orpe3ka [—1,1]. B namnoit pabore misa npo-
M3BOJIBHON HenpepbiBHON Ha orpeske [—1,1] dyuxnuum f(x) mocrpoensl cpemume Tuma Base-ITyccena
Vim, N (f, @) post juekperabix cymm Pypee Sy v (f, ) 10 cucreMe MHOrOUYIEHOB, 06Pa3yOIX OPTOHOD-
MHPOBaHHYIO CHCTEMY Ha HEPABHOMEDHBIX ceTKax In ¢ Becom At; = tjy1 — tj. VccemyroTcs ammpok-
CHMATHBHBIE CBOMCTBA MOCTPOEHHBIX Vi m, N (f,2) nopsaka n +m < N — 1 B npoCTpaHCTBE HENpPEPbIB-
meix dyskmuit C[—1,1]. A umenro jgokasaHo, uro cpennue Bame-Ilyccena Vi m,n(f,x) mpn & =< 1,

n < )\5;,%()\ > 0), v = maxogjgn—1 Atj, pABHOMEDHO OIDaHUYEHBI, KAK CEMEHCTBO JIMHEHHBIX Olle-
paropos, aeiicrByiomux B npocrpanctse C[—1,1]. Kpome Toro, Kak CaeIcTBHE Oy I€HHOTO PE3YJILTATA
YCTAQHOBJIEH IIOPSJIOK NIPpUO/IMKeHnst HenlpepbiBHON dyHkun f(z) cpeaanmu Basute-ITyccena Vi, m N (f, x)
B npocrpancree C[—1,1].

KiroyeBble cjI0Ba: MHOIOYJIEH, OPTOINOHAIbHAS CHCTEMA, CETKa, BECOBAs OIEHKA, aCHMIITOTHIeCKas (Hpop-
MyJa, quckperHbsle cyMMbl Pypoe, cpenane Basute-Ilyccena.

AMS Subject Classification: 33C45, 42C05.

O6pasern, nyutupoBauusi: Hypmaromenos A. A., IlMuxmmmaaroBa M. M. AnnpokcuMaTuBHBIE CBOWCTBA
cpenaux Basure-Ilyccena nos quckpernsix cymm @ypbe 110 MHOrO4JIeHAM, OPTOIOHAJILHBIM Ha TPOU3BOJIb-
HBIX ceTKax // Buammkabk. mat. »KypH.—2025.—T. 27, Bem. 2.—C. 93-111. DOI: 10.46698/q4030-9541-
4914-r.

1. BeeneHue

— {t N
IIycrs T' = {t;} j=0 — /UACKPETHOE MHOXKECTBO (ceTka), cocrosiree U3 KOHETHOIO THCIIA

pasIMYIHbIX TOUYeK oTpe3ka [—1,1]: —1 =ty <t < ... <tny_1 < ty = 1. Paccmorpum Takxke
emme onny cetky In = {xo,21,...,2N—1}, cocrosinyto u3 N Touek x;, rje xj = (t; +tj41)/2,
j=0,1,....,N —1.
Yepes
ﬁk,N(x) :ﬁk(x;TN) (k‘:O,l,...,N—l) (1'1)

0003HAYUM ITOCJIEI0BATEIbHOCTE MHOI'OYIEHOB, 00Pa3yIonX OPTOHOPMHUPOBAHHYIO CHCTEMY
Ha cerke Ty B caenytomeM cmbicie (0 < n,m < N —1):
N—1
(B> BmN) = DN (@), () Aty = Spm, (1.2)
j=0
rjae Atj :tj+1 —tj,j :0,1,...,N—1.

© 2025 Hypmaromenos A. A., uxmmuarosa M. M.
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Hasee, mycTb

5N: max Atj, (1.3)
0<j<N-1

%o — HaMMEHbINIasd KOHCTAHTa B HepaBeHcTBe Tuia B. A. MapkoBa s OIEHKN TPOU3BOIHBIX
anrebpanyecKiux MHOTOWIEHOB B MeTpuke mpocrpancTsa Li[—1, 1] (em. [1-3]):

1 1
/ ¢ (2)) de < won’ / 4n(2)] de,
—1 —1

PP i Axobu, P i
" (x) — opToHOpMUpPOBaHHBINH MHOrOWIEH kobu, P,(r) — OpTOHOPMHUPOBAHHBIH MHOTO-

wien Jlexxanjpa, C[—1, 1] — npocrpancTBO HenpepbIBHbIX Ha orpeske [—1, 1] dyukmuit f(z)
c mopmoit || f ||= max_i1<z<1|f(x)|, & — mpocrpancrBo anrebpanvecKux MHOIOUICHOB
crenenu He Boie n, E,(f) — vamwrydmee npubsmkenne dyHKImn f aarebpandecKiuMu MHO-
ro4IeHaAMH CTEIIeHU He BBIIIE 7.

Hamnee, gepe3 Sy n(f) = Spn(f,x) 0603Ha4UNM HACTHYIO CyMMy M-Or0 HOPSIIKA Psilia
Dypre dbynxnun f(z) no cucreme {Hx N (7)}h g, T €.

Sun(f) =3 Fobrn (@), (1.4)
k=0

rae fr = 00" F@s)ben () At

B pabore [4] namu Haiigen nops ok pocra dyHKImnu Jlebera paccMaTpuBaeMbIX JUCKPeT-
HbIx cymMm Pypee Sy, v (f) npu n = 0(5]}2/ 7). Otciofa, Kak CJIeJCTBHE IIOJIYIeHHOIO Pe3yilb-
TaTa, MOXKHO TOBOPUTH 00 OIEHKe OTKJIOHEHUsI 4acTHOi cyMmMbl Sy n(f) mopsaka n < N — 1
or dyukimu f € C[—1,1]. Anajoruusble nuccsegoBanusi ObLIM IPOBEIEHBI Tak¥Ke U B Pabo-
Tax |5, 6].

Crpemitierne 06eCe nTh KaK MOXKHO JIyUIIee TPUOINKEHNEe 33 TAHHOM (DYHKITNN BICIET
BBIOOD TOT'O UJIU MHOT'O allllapara MPUOJINKEHUsI. 3a9acTy0, BMeCTO YacTHON cyMmMbl Dypbe 110
BBIOPAHHO OPTOHOPMUPOBAHHON CHCTEME B KAUECTBE AIapaTa MPUOINKEHUS UCTIOTB3YIOTCS
cpennne Basuie-Ilyccena mo 9roii ke OpTOHOPMHUPOBaHHOl cucreme (cM., Hanpumep, [7—10]).
U mo amamornu ¢ 9TUMH pPabOTaAMU MBI TAKKE WCCJIETOBATHN AIMMPOKCUMATUBHBIE CBOWCTBA
cpennux Bamne-Ilyccena mira cymm @ypbe 110 MHOrOU/IEHAM, OPTOTOHAJIBHBIM HA ITPOU3BOJIb-
HBIX ceTKax orpeska [—1,1].

Cocrasum cpennne Bamre-Ilyccena nst cymm Sy, n(f) dbynkmuu f(x) € C[—1,1] :

1

Vn,m,N(f) = Vn,m,N(fa CC) = m—‘H

[Sn,N(f, x) + SnJrl,N(fa :C) +...+ Sner,N(f, x)] ’ (1'5)

rae n+m < N — 1. Bygem pacemarpusats Vi, o, v (f) Kak sinHeiiHbIi omiepaTop, geficTByommii
B C[—1, 1], Hopmy KoTOporo Mer obo3uadum depe3 ||V, m v

Vamnll = max sup Vo (f, 2)] -

1
B mamnoii pabore mokazano, aro eciim 0 < b < 1, 0 < a < {%}4, 0<p< <y,
_1
n < Ay, A >0, To Haiijercss Takas KonctanTta c(a,b, A, pi, V), IS KOTOPOi
HVn,m,NH g C(a7 b7 )‘7 22 V)'
Baech u nagnee uepes ¢, c(a,b), c(a,b, ..., ) 0603HAIAIOTCS OJIOKUTETBHbBIE OCTOSIH-

Hbl€, 3aBUCAIIUE JIMITDb OT YKa3aHHbIX IIapaMeETpPOB, BOO6HI€‘ I'OBODs#I, pa3HbIE€ B Pa3HbIX MeECTaX.
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2. HekoTopble BcrioMoraTeJIbHbIE yTBEP2KI€HUSI

3/ech Mbl, B IIEPBYIO OYepe/ib, PUBEJIEM DaHee IOJIydeHHble HaMu pe3ysabrarsbl [11],
KOTOpbIe HEOOXOMMMBI HaM JIJIsI JaIbHEHIIEero MCC/IeJOBAHMSA.

1
2

1
Teopema 2.1. IIyctr 0 < b< 1,0 < a < {%i’}‘* n 1< n<ady?. Torga nmeer mecto
acUMIITOTHIECKasT (bopMyia

PnN(x) = ﬁn(x) + v N (), (2.1)

JIIST OCTATOYIHOI'O 4JIeHa Uy, N (&) KOTODPOI CIIpaBe//IiBa OljeHKa

1
11-3
‘UmN(w)’ < ¢(a, b)(an% |: 1— 22+ E] ’ . (2.2)

1 _1
Teopema 2.2. I[Iyctb 0 < b < 1,0 < a < {1_b}4 , 1 <n < ady®. Torna cymecrsyer

222
nocrostarast ¢(a,b) > 0 Takas, 910

o, (2)| < c(a,b) (5Nn% + 1) [ 1—a22+ H (-1<z<1). (2.3)

NI

,Z[aﬂee, B Ka4deCTBe CJIeACTBUA TEOPEMbI 2.2 oTmeTuM clleJyro1iee yTBep2KaeHue.
1

1 _2
CaencrBue 2.1. [Iyctrb 0 < b < 1,0 < a < {%}4 ,n = 0(6y"). Torza nmeror mecto
CJIeJYIOIIIe OICHKH:

|pn,n ()] < c(a, b)n%, —1<z<-1+en? l1-em?<z<l, (2.4)
|pn,n ()] < c(a,b)(1 — x)*%, 0<z<1—cn?, (2.5)
Ban (@) < cla,b)(1+2)"7, —14+en2<z<0, (2.6)

B nasbHeiinem HaM Takzke MOHAI00UTCst U cieytomiee yreepxaenue [10, § 2, semma 1].

Jlemma 2.1. Ilycrp yskmus f(x) HenpepblBHA U HeOTpHUIATEJIbHA HA HPOMEXKYTKE
[a1,b1] u {tj};'nzo — ceTKa TaKas, 410 a1 < tg <ty < ... <ty <bi. Ilycte Atj =tj 11 —tj u
[ag, ba] C [a1,b1]. Toraa, ecin:

1) f(x) monoTOHHO BO3pacraer Ha [az,bs], TO

ba
S At < / flx)dz + f(bo) A", (2.7)

a2<tj<bs

2) f(z) monoronno ybsiBaer Ha [ag, ba], TO

az<t;<ba

ba
S f)at < [ fayde+ faa” (2.8)

rae A* = max; At;.

3. HekoTopble cBoiicTBa MHOTO4YJIEHOB A K0oOu

MpbrI 3/1eCh IpHUBEJIEM HEKOTODPBIE CBeJIeHNs 0 MHOroOwIeHax Skoou u Jlexxkannpa [12-14].

Ompenenum MHOrOUIeHb! SIK061M Py B () (n=0,1,2,...) c nomomuisio dpopmysbl Ponpura:
—1)n 1 d
P(l’,ﬁ — ( { 1 _ e} 1 B 1 _ 2 n}
s s il LS A
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rae «, 3 — mpousBoJbHBIE JeiicTBHTesbHbIE dncta. Ecmm o, 8 > —1, To MHOrouIeHsl SK06H
obpazyior oproronabiyio cucremy ¢ secom (1 —z)®(1 + )%, 1. e.

1
/ (1 —2)*(1 4 2)? P2B (1) PP () dr = hP8pm,
—1

o, 20+B+1D (n4a41)'(n+4+1 af 1
hp” = n!(2n+a—|(—6+1)f‘()n—l§oz+ﬁ+1))’ u, ciaeposarenbHo, hy” < n~' (n = 1,2,...). Kak us-

BECTHO, B YaCTHOCTH, IPU v = (3 MbI 1I0JIy4aeM TaK Has3blBaeMble yibTpacdepuiecKue MHOIO-
(eNe}
wieHbl, obozHadaeMbre P " ().

rie

Huxe nam 1mmoHamobsTest psiji cBOCTB MHOTOUJIeHOB ZlK0Ou. [ljist yiobcTBa CCBIIOK MBI
IIPUBEJEM UX B 3TOM IIYHKTE:
a) BecoBasl OIEHKA:

,a,, —B-—1
1 2
V| P3P ()] < e(a, B) <\/1 -+ E) <\/1 + 1+ ) ; (3.1)
6) pasencrBo —1 < z,t < 1, z # ¢ |9, nemma 3.2]:
k -1
Ko t) = > {h7 PO @) PO ()
1=0
(k:—i—a—i—l)(l—x)(l—i—t) a+1,a a,a+1
P, P>
2204-‘,—1(.%. _ t) ( ) k (t)
PCV,O[ T Pa Ne3 t PCV,O[ T PCV,O[ t Pa7o¢ Pa7o¢ t
L H k+1()_7i; (t) 2k (;c)—];+1()+H]§ 3 (90)_71; (t) (3.2)
Y P ()P (t) (k+2+ )P (2) P15 () — (B + 1+ )P (x) P (t)
k x—t 22041 (7 — t)

+5k (1 - CU)(l + t)Pa+1 a( )Pkoc,a—i—l(t)

x—t ’

re HL = O(1) (I =1,2,3,4), 6, = O(1), k — o0;
B) |9, semma 3.4]

n-+m 5
- 22a(+11(;$_) % (;tjr 2k +a DR @R = S0, (3

=n i=1

rie
—r)?
Si(z,t) = 22a4(r11( ) ();(_;?_ 1) [(n +m+2a+ 2)}37?4«_#”21,04(33)]37?4_%&@)
— (n+ 20+ DR @) PG 1),
Sa(x,t) = — 2(21;1:?;(1_;)?(;11 jrr tl)) [(n +m 20+ 2) Pt ot () PO ()

n—1

(n + 20[ + 1)P0£+1 Cv+1(t)P0£+1,CV($):| ,
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(1—2)(1+1) n+m+2a+2 atla ay0t1
Ss(z,t) = — ()Pt (¢
3(@,?) 220t (g —1)2(m + 1) [2(n +m+ 1) +2a + 1" "™ @) Pt ()
n+2a+1 a+1,a Qo
“ e bl f@PT),
I-2)(1+t) N Ro+Dk+a+1)  aiia el
S t) = P P t
1@ = S p2m + 1) D Oh+2018) @kt 20+ k@B,
n+m
(1 - .%')(1 + t) a(a + 1) a+1,a a,a+1
t — 9 9
55(:6’ ) 22a+1(x_t)2(m+1) kz 2k + 20 + 1 Pk—l (x)Pk (t)
- P @) e o).

Kpowme ynbrpacdeprnuecknx MHOIOYIEHOB, KAK U3BECTHO, OJHUM U3 YACTHBIX CJIyYaeB
0,0
MHOrO4IeHOB flkobu npn o = = 0 sBisrorcss Muorowiensl Jlexxaunpa P, (z) = Py (x),
obpasyrolue OpTOroHabHyo cucreMy ¢ BecoM k(x) = 1 Ha orpeske [—1,1] :

1
+1
/Pn dx—(;nma
1

JJIsl KOTOPBIX, B 9aCTHOCTH, HepaBeHCTBO (3.1) umeer B

N

V| Pa(2)] <c< 1—x2+%> . (3.4)

4. Onenka cpenunx Bamte-Ilyccena guisi cymm @ypbe no MHOro4djaeHaMm p, y(x)

CrpaBeJINBO CJIEIYIONIee YTBEPXKICHNUE.

1
Teopema 4.1. Ilyctb 0 < b < 1,0 < a < {%}4, W, V — IMOJIO>KHTEeJIbHbIE YHCJIa

(n < v). Torpa cpepume Basne-Ilyccena Vi, m N (f) paBnomepno ornocurennno pi < 4= < v,
1

<v
n < )\5 1. X > 0, orpaHUYEHBI, KaK JIMHEHHBIE OIEpATOPHBI, JEHCTBYIOIIHE B IIPOCTPAHCTBE
Cl-1 ]

< Ob6oznauns
FkN x x] ZPZN pzN CC]) (41)

B cuity (1.4)—(1.5) moyaaem

n+m

N-1
1
VnmN f.%' = Jzof m+1 ;Fk,N(x7xj)Atj'

Orcrona,
N-1 n+m
Vam v @)l = sup Vo (fi2)l =3~ 1> Finlw,z))| Aty (4.2)
I711<1 =0 Pt

Onennm V;, p v(2) miast 0 < o < 1. st sToro, mo anamorun ¢ paboramu |[7-10], mbr
paccmorpuM jiBa caydasi: 1) 0 <z < 1 — 4n_2; 2)1— In~2<x <.
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Yr06n1 orteHuTh Vi m v () ipu 0 < # < 1 — 4n~2, nipeobpasyem cymMy B IIPaBOi qacTi
paBeHcTBa (4.2) U, COOTBETCTBEHHO, OOO3HAYNM CJIaraeMble:

1 n+m
Vn,m,N(x) < FkJV(%’,%’j) At
m+1
—1<xj<—— k=n
1 n+m n+m
Y S|t ¥ S naen]a s

—%<xj<y1 k=n Y1<Z;<y2 | k=n

1 n+m
+—m+1 Z Z Fin(x,x5)| Aty = 01 + 02 + 03 + 04,

y2<z;<1 | k=n

\/1 ’y_x_i_\/lx

e Yy = x —
HepeI/meM K olieHke o1. B cuny (2.1) Mbl mosryuaem
n+m
ne ¥ A A
—1<xj\—%
1 n+m k
SELE SN ) 35 3T 18% I0
71<:1:J<77 k=n =0
n+m k

+%—|—1 Z Z Z ‘ )i N ( x])‘ At; (4.4)

71<m]<7% k=n =0

1 n+m k
+m—+1 mj UzN )‘ Atj
,1<m]<,% k=n =0
1 n+m k
o Z ZZ’UHV z)vi, N ()] Aty = 011 + 012 + 013 + 014

m—+1

—1<xj<—— k=n =0

Ouennm o11. B cuity (3.2) npu o = 0 MbI nostyvaem

1
< -
011\2(m+1) Z

71<33]<7’

At;

Tin (k+1)(1 —2)(1 + xj)PkLo(x)PISJ(%)

x—xj

k=n

n+m

1
torn 2 2

—1<xj<—— k=n

Pii1(z) P ()

At;
T — T 3

1 o | Pe(@) Pera(a)
H? —3 At;
—1<:L‘j\—— k=n
n+m Pk Pk(CC]) A

1
o > 1 > Hj
—1<z;<—3 k=n
1 n+m .
+m+1 Z Z Hy

71<1-].\7l k=n

Ppy1(2) Pry1(z5)
Xr — ﬂjj

At;
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1 ndm 1 — X 1 + x; ) 0.1
- O —Jp PY e At
e >y ‘ pp— (@) P () i+ T
71<:1:J<7— k=n
( 2) Pt 1 (2) P () = (0 + 1) P (2) Po() .y
n+m-+ n+m+1(T) Fprmr1(T5) — (0 + n\T ) \Tj 1)
At; =
x D 1 v -z, i=D_ o
71<:Bj<*§ =0
Onennm 051) amerun, uro ecm —1 < x; < —% n0<zr<<1l-— 4n_2, TO T — Tj = %
Hanee, B cuiy (3.1) Mbl nosydaem
c n+m
ol <

1 -1 1
premCEEILID DN LI SR E D DR G LYY
k=n —1<z;<—144k—2

—1+4k—2<z;<— 12

2

(4.6)
n+m
C

5
< FE 4] <
m—i—lkz[ S ¢
=n

Tenepn paccMoTpum 051)

B cuiy (3.4), yaursisag, uro HY = O(1), n < k < n+m,
MBI II0JTy9aeM
¢ n+m
1
g §1) <

_1
,1 5 1) 2 '
1 X Yot (itgeg) Tay
71<:1:J<** k=n
c(1— x)_% = 1 1
< mi-i-l Z k™2 Z At]’ + Z (1 —|—a:j)_ZAtj (4.7)
k=n 71<:Bj<*1+4k72

n+m

1

c _s 1 1 c(l—z)"1

S 77— k72 + k72 | Aty < —————
vm+1 ;;1 [ T3 ] J

HOCpe,HCTBOM aHaJIOTTYIHBIX paCCy}K,ILeHI/IfI MO2KHO TaKzKe IIOKa3aTb, 9TO

o) <e, 1=2,3,4,5. (4.8)
Temeps paccMoTpum aﬁ). B cuy (3.1) maxomaum

(6) ¢

1
1 1\ "2

—1<:L‘j\—%

, (19)
STLET it X (m)iy

Conocrasisist (4.5)—(4.9), Mbl nMeeM

o1 < c(p,v). (4.10)
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Hepeiinem x ouenke 1. C yuerom (2.2), (2.8) u (3.4) upu n < Ay
0<i<k,n<k<n+m)

=

MbI IIOJIyYa€eM

1 n+m k

012:m—+1 Z ZZ‘ )i N xj)‘Atj

_1<mj<_, k=n 1=0

c(a b) n+m k —

<mJ’rl(1—x)*i5NZZ > ¢3<,/1—x§+%> At;

k=n i=0 _1<z;<~

. c(a,b)

N

1
2

< (1— ) 16y
m—+1
n+m k
4.11
LYY anpsil Y ) iag (4.1)
k=n i=0 —l<wj<—14+4i— _1+4r2<xjg_%
1
_l n+m k T2
c(a,b)(1 1 5 -1 \/_ 3
m+1 5N]€Z§ i+i2 (1+4¢) 4d§+ on
n

—144i—2
1
c(a,b)(1 —x)"3 2 z 4
T 5N[(m+n) + (m+n)2 4+ (m+n) 5N](m+1)
< cla, b, p,v)ntén < c(a, b\, p,v).

AmnayornvHoe HEPABEHCTBO JOMYCKAET U 013

013 < (ab)‘,ua )

(4.12)
_1
Ornennm o14. B cuy (2.2) npu n < Ay * BeIBOIMM
b n+m k 1 7%
<SR- 0 Y (imader) Tay
m+1 k=n =0 71<:1:J\7% L

1

+m k T2

c(a,b) L1 A _1 \/_ (4.13)
<S8 iR Y Y | [ arghdes ity
k=n =0 —14di—2
<C(“b)(1 )"16% (m +n)2 (m+1) < c(a,b, A, p,v)n
1 x yv(m+n)2(m < cla,by\, pu,v)n=".
Conocrasisist (4.4) u (4.10)—(4.13), MBI oIy 9aem
o1 < c(a,b, A\ p,v). (4.14)
Pacemorpum ciaraemoe o9, B cuity (2.1) Mbl 3ak/0uaem
1 n—+m
—5SZT;<Y1 k=n
1 n+m k
Ly Yy hwne|a
,%nggyl k=n =0
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n+m k

—i—L Z ZZ‘ )i N x])‘Atj

m+177<m]<y1 P
1 n+m k
+m—+1 xj UzN )‘Atj (4.15)
—1<a;<y; k=n =0
1 n+m k
+— Z ZZ\%N x)vi N(5)] Atj = 021 + 022 + 023 + 024.

m+1 <JJJ yp k=n =0
_1
Brauase orenuM o92. B ety (2.2) u (3.4) npu 0 < i <k, n <k <n+m, n < Ay*

MBI HaXOJIUM

1 n+m k
09292 — m——{—l UZN ,I])‘ Atj
2<:1:J<y1k n =0
c(a,b) i E lA
e LUEERD I SN DIEEIRRY
(]
" —2<ey (4.16)
c(a b) e/ LA B 1 4
<hrva-oTt L 3 /1_)4d5+5m
n 1

M\»—A

b, \)o
< % 5+ m)E (m + 1) < c(a, b, A, v)ndy < ela,b,\, 1, v).

AnanormanbivM 06pa30M MO2KHO ITOKa3aTb, 9YTO

093 < c(a,b, A\, p,v), (4.17)

3

b n+m k
c(a, yv(l—x) Z Zz Z (1- mj)*%Atj <cla,by A\, pyv)n~2.  (4.18)

m+1 )
=n =0 —3<z;<y

~—

094 <

Teneps paccmorpum oa1. B cuty pasencrsa (3.2) npu o = 0 MbI oIy 9aeM

1
<—
71N 5m 1 1) 2

—%<xj<y1

At;

SN A0 pro i,

k=n

n+m

Y Y

m—+1 )
—5<xj<y1k‘ n

Pry1(2) Pr(z))

T —Tj

At;

n+m

P > > H

m—+1
—7<xj<y1 k=n

Py(x) Py ()
# Atj

X

n+m

e o> H

m+1
—5<T; <Y1 k=n

Py.(z) Py (z;)

CE—.’EJ

At;
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1 g | st (2) Pega ()
o H} LA
+m+1 12 Z K T — T J
s<z;<y1 k=n
1 Al (1 — T 1+1’ ) 0.1 1
— o —jP PO ()| At + ————
ptn B Y a2 g e [ay gl )
——<xj y1 k=n
6
2)P, P ) — 1)P, P, (xz;
X Z (n +m + 2) By ymi (2) n;ﬂ_%;l(x]) (n +1)Py(z) Py(25) At _Zaé?
—3<z;<y1 J 1=0
Tak kak ,HJIH —% <zj<x— Vlng, B euny (2.7) m (3.4) mpu p < - < v, n < k<

n+m,n< 54H1 O(1)

> Py () Py (z5)

At: <ck Y1 —2)”
T — 1, j<ckm (1—x)

1
—1<a;<y —i<a;<y

PN
—
8]
<
N—
>
Q@F

gckﬁil(l—ﬁﬂ)ii Z L gckfl(l—x)’i /L—F(SNTL
- x

TO TIOJIyIaeM

o)) < e(h ), (4.20)

©) c 1 (1 — )
091 < p— 1(1 —z)" 1 IZ TJDU]‘Atj < e\ p,v). (4.21)
—§<xj<y1

HOCpe,HCTBOM aHaJIOTUYIHBbIX paccymﬂ,eHI/H?I TaK2K€ MO2KHO ITOKa3aTb, YTO
l
of) <elhmv), 1=234,5. (4.22)

" (0)
ITepeiiem Kk oneHke 04, . Bocnosb3osasmmces pasencrsoM (3.3) npu o = 0, MbI BMeeM

4
ol <37 [filw )], (4.23)
=1
rie
C 221 4 2
— (n+ )P ()P ()] (424)
(o) = == U (ot 2l () PR )

— (n+ )P () P2y ()], (4.25)
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falz,z;) = — (1 —=z)(1+ay) [2( n4m+2 o

PO,I
2(x —xj)?(m+1)

n+m+1)+1 n+m($) n+m(xj)_

n+1 10 0,1
—mpnfl(ﬁﬂ)an(ﬁﬂj) . (4.26)

1—2)(1+2) &2 k+1
falw, ) = 2(; — mj))g(;r: +)1) ; (2k J£ 3)422/3 1) AOL (4.27)

B cuny (2.7), (3.1) u (4.24) mpu n < Ay

=

; £j < T MBI HaXOIUM

¢ 3 (1—=j)
Y haan < ms-at 3 oAy
—5ST;<Y1 —5<T;<Y1
At [ (4.28)
C 1 C 1 4.28
< 1— )2 ; 1—x)2 +dnn’
m—|—1( ) 12 (x — ;)2 m+1( ) (x —&)2 N
—5<T;<Y1 i
< ) (1— x)%(l — x)_%n < (A, pyv).
m—+1

TaK>Ke HaXOIHNM:

D ’fQ(x7xj)!Atj<mi1(1—x)% > (UL LN

—%<xj<y1

—%<$j<yl
<€ Z (1 _xj)%AtA
S mal L T — xj)Q ’
—§<$j<yl
C 1 At; c At;
< (1-2)2 Y L+ > — 3 (4.29)
m+1 lemen (x—CU]) m+17%<$j<y1 (1'—1'j)2
v d§ Y1 dé’
C 1 ¢
< 1—2x)2 +onnt| + +onn’
w1 /<x—£>2 AN IRTES N AP
_1 -3
5 2
A A
< T;(_i_)l(l o x)%(l _ 1’)_%“ + 770@(4-)1(1 — x)_%n% < C(}\,,U,,V)-

Kpowme Toro, ¢ yuerom pasercts (4.26) u (4.27), COOTBETCTBEHHO, TAK¥XKe MOJIYIaeM

PN

Yo Ifslzzy)lat <

1
c (1—x;)"1
1—=z I At
e (m—i—l)(m—i—n)( ) 1;< (z—x;)2
—5STjRY1 —53T;Y1 (4.30)
C

1 Atj
— [ — <
- 1(1 56)2 E (m ])2 S C()\,M, V)a

N
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Do falw,zy)| Aty

< 1— )i -z ')%A bS! !
Soyid o 2. (- xy)? Z (2k + 3)(2k + 1) (4.31)
g% Z LgC(AaM7V)-

Conocrasisis (4.23), (4.28)—(4.31), maxomum O'SP < (A p,v). Orciona u n3 (4.19)—
(4.22) BBIBOIIM

021 < (A, p, V). (4.32)

_1
Hanee, conocrapnss (4.15)(4.18) u (4.32), naxoaum (n < Ady*)
oo < c(a,b, A\, p,v). (4.33)
_1
Teneps onennm o3. B cuny (2.3) u (4.1) upu n < Ay * nomydaem

n+m

g3 — E E FkN T .%']
m
y1<:v3<y2 k=n
n+m k
(a,b,\)

gicm,_k’l _1-77 ZZ Z 1—1'j ﬁllAtj

k=n =0 y1<z;<y2
c(a,b,)\) Y2 — Y1
mAL (1 —yy)

(4.34)

PN

(m+n)(m+1)(1 —xz) 2

1

m>‘4 V=22

< e(a, b, A\, p,v)n(l — :c)fi (1 —r—

n

IS
N[

C(aabﬂ\a/h’/)(l_x)i (1—1') (1_'%')7i éc(a,b,)\,,u,u).

Paccmorpum ciraraemoe o4. B cuty (2.1) u (4.1) umeem

o4 = Z

yg <z<l

m+1 Z

y2<z;i<1

n+m
ZFkNmmj
k=n

n+m k
ZZP ﬁxj
k=n =0

n+m k

N

r)vi N (T ‘ At (4.35)
yg<a:]<1 k=n =0
n+m k

xj vi N (2 ‘ )| At;
yzém]<1 k=n =0
m+n k

Z ZZ’%N (x)vi, N ()| Atj = 041 + 0ug + 043 + Oua.

y2<13<1 k=m =0
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B cuy (2.2), (2.7) u (3.4) MBI BBIBOZUM

2.

ya2<z;<1

Py (a))| Aty

< c(a, b)&w’g(l — x)_% Z (1-— xj)_%Atj +i2 Z At;
ya<z;<1—i2 1—i72<x;<1
1—i2
1 ISR |
/ (1—=&) 2dE+oni2 +i 2
Y2

< cla,b)on(1 — )~ [23 + o+ z} .

N[

< c(a, b)&w’g(l —x)”

1
Orcrona mpu n < 6%, 0 <7 < k, n < k < n+ m, nomyyaem

n+m k
c(a, b) -1 = 2 3 )
ou < m+15N(1_g;) 1 Z Z [12 + Nt +z]
k=n =0 (4'36)
b
< C(a;- i”é O (m +n)2 + 6% (m +n)* + o (n + m)Q] (m +1) <ela, b, A p,v).
m

OueBHIHO, UTO TAKYIO OIEHKY JOITYCKAeT U

o43 < c(a, b, A\, p,v). (4.37)

_1
Pacemorpum ciaraemoe o44. B cuiy (2.2) npu n < 0, nomyugaem

n+m k
c(a,b) 1 . o7
o44 < m+15]2\[(1—x) 1 Z Z [25+5N22 —1—12}
k=n i=0 (4.38)
c(a,b)
m+1

< S50 [+ m)0+ Se(m ) F + e (n+m)F| (m+1) < ela,b, A pv).

Teneps onerum o41. C yuerom pasencrsa (3.2) npu o = 0 BbIBOIUM

L SRR = 2) (L4 25) pio, ) po
o< D DT R @R )| Ay
y2<z;<1 | k=n J
1 | P (@) Pe(a;)
+m+1 Z ZHk T — T =B
yo<a;<1 k=n J
1 o | Pe(@) Py ()
ol 2 X HH T A
y2<z; <1 k=n J
1 g | Pu(@) P(z)
H3 J At
+m+1 Z Z k T —x; i

y2<z; <l k=n
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1 4 | Pes1(2) Py (z;)
g > D HE T S Ay
Y2 $]<1k§ n
n+m +x ) o1 1
J ) . . —
Y Y|t e e A gt )
y2<13<1k n
6
2)P, P, N — P P, (x;
% Z (n+m+2)Pymi1() n;rrfr;(x]) (n+ 1) Py (z) Py (z5) Atjzzaz(;ll)
J =0

y2<z;<1

Paccmorpum oyy’.

W B cuity (2.7), (2.8), (3.4) u, BOCIOIB30BABIIACH TeM, 9T0 N < k <
1
n+m,m=0n),0<r<1—-4n"2 n< Adn*, HAXOIUM

P, P,
S|P ar < oyt
. J
y2<x;<1
(1—a) "1 (1—a) i At
X 4 4 .
x A DD Ak Y
yo<a;< itz Y g i<lok-2 Y 1-k—2<z;<1 )
c At At
<=2 3 Lt Itk
meetpe (70T pg g e (L—2y)s
1«52»1 lfk_Q
A d d
<Baon | [ oy [ gt i
o (T—a) e (1-¢)1
A
< %(1 — ﬂ:)fi {n% + (SNng + k%} < c(p, v, N)
Orciona, ¢ yaerom toro, uro H} = O(1), nomy4aem
n+m
P )P
A=y Y [P A <y, a0
k=n yo<x,; <1
ITo aHaJIOTUM TaK2>Ke€ MOXKHO ITOKa3aTb, YTO
o) <e(uv,N), 1=2,3,4,5,6. (4.41)

. . 0
Temnepnb 3aiiMeMcst OIEHKOI ail). Bocnosbzosasiucs (3.3) npu o = 0 u paBeHCTBaMU

(4.24)—(4.27), mokazkeM, 4TO
afg) < e\ p,v). (4.42)
Buauasie, no anasoruun ¢ paboramu [7-9|, BBegem obosnauenusi. [lycts 6 = arccos T,
(p = arccosx, Yy = arccos (1 — %), x* = xcos% + V1 — 22 sin% = cosS (Lp — %) . Haiee,

zamernM, uto it 0 < o < 1 —4n~2, 2* <y u 2 < nwo < Ne.
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IS

Torma, yanreBas (2.8), (4.24) u (3.1), npu n < Ay, nomydaem

—~
[a—
8
SN—
|
—
—_
8
<
SN—
[
N
~
<

Y flzzy) At <

y2<z;<1 m+1 yo2<z;<1
[a-n &y [a-r)
c 3 -7 c 3 -7
< 1—x)4 5 d ) < 1—a®)1 [ ———d
m+1( z)* / (1 —x)? ™+ oy m—|—1( x)4/ (1 —x)? ’
Y2 Y2
1 o 1 lp*% ) 1 (4.43)
<X (1—552)3/7(1_7) L ar < <Y (Gin )t / (sinf)z o
m+1 (t—x)? m+1 (cos @ — cos p)?
T* 0
So_l

) s 1) df N o
i (o) 0/((9—s0)(9+<ﬁ))2<m+1 s )

=

Bocnonbszosasmucs (4.25), (3.1), npu n < Ady*, Takxe BbIBOAUM

C 1
> [z, 25)| Aty < ——— (1 —2)s (;c»—:c)2
yo<a; <1 yo<a; <1 J
1
c(p,v) 1 (1—z)% 3 11—z
< 1— )i S Ay RIS . Y
m—l—l( 7) (zj —x)? gt Z (zj —x)? J
ya<z;<1—4n—2 1-4n—2<x;<1

< c(p, ) 2\1 (1—5'3?)i 3 n ?
< (1—2%)1 > WAthrm ot > (1—z)Ay

m+1 T — 2
ya<z;<1 4n—2( J %) 1—4n—2<z;<1
( ) 1-4n— 1
c(p, v 1 )4
< H (1— 2 )1 2 S dr + dynt
m + 1
Y2

m+1
1—4n—2
N 1—4n—2 ) 1
< 7c(m’fi’1”)(1 — 2?)i / 7((7__;))4 dr + O\ pyv)n= 3 (1 — 22)~%
O ) TPA )y T sinde
e\, p, v o 1 —712)1 e\ p,v) |1 sin2
< ——(1 - —5dr < ——— de
m-+1 (1—a%)s / (1 —x)? T m-+1 sm2go/ (cos 6 — cos p)?

x* ©o
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o= o 0
e\ p,v) 1 03 e\ pv) 4 (1(5>
S—— 779 | e S ———¢ 2
m—+1 (4,0 —6?) m+1 <1_Q)
©0 %0 ¢
L (4.44)
ne
e\ p,v) 4 / dz cA ) 4
< —- < < .
m+ 1 T—22 > m+1 7 ne S e )

2
ne

AHAIIOTHTIHO MOKHO NOKa3aTh, 4To > 1 | fi(®, ;)| Atj < c(A, p,v), i = 3,4.
Orciona n u3 (4.43)—(4.44) cienyer onenka (4.42). Teneps, comocrasisis (4.3), (4.14)

(4.33), (4.34) u (4.42), nosy4yaem
(4.45)

2110y

VnmN(I') (ab)‘,u'a )7
1
1

0<z<l—4n? p< 2 <y ,ngA(SN
[Iycts Temeps 1 — 4n~2 < < 1. B arom ciayuae cymmy (4.2) MbI pasobbem 10 ciiety-

IoIIeit cxeMe:

N-1 n+m
nmN m Z FkN x .%']
7=0 k=n
1 n+m
= Z - Z Fk,N(x,xj) At]’
*1<33j 7% k=n
e (4.46)
+ Z FkN T .%']
—3<z;<1— g2
1 n—+m
+ Z mal Z Fin (@, 25)| Aty =71+ 72 + 3.
k=n

1-8n—2<z;<1

CyMMBI Y1 U 7y OIEHUBAIOTCS COBEPIIEHHO AHAJOTUYHO TOMY, KAK 3TO OBLIO CJIEJAHO
_1

< Aoyt n <k < n+m MBI TAKXKe TIOJTY IHM:

JUIst 01, 02, U 03. A uMmenHo, ipu u < =
(4.47)

’yléc(a,b,)\,,u,y), ’Y2<C(aab7)\a/h’/)-

IS

Yro KacaeTcs 73, TO BOCHOJIB30BABIINCH OIEHKOH (2.4) mpu n < Ady*, MBI oIy yaeMm

n+m k

m<—— S S S @i (ey) Aty

m—+1 .
1-8n—2<z;<1 k=n i=0

c(a b) n+m k
<= S DD i+ 1A (4.48)

m+1 -
1-8n—2<z;<1 k=n =0

< c(a,b) (n+m)*(m+1) Z At; < cla, b, p,v).

m+1
1-8n—2<z;<1

U3 (4.46)—(4.48) moyvaem
(4.49)

Vamn(z) < c(a, b, p,v),

1—4n_2<x<1,u<%<mn<)\5]§1.
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0 <

Conocrasisist (4.45) u (4.49), ybexkmaeMcsi B CIpaBe/yINBOCTH TEOPEMBI B CJIydae, KOIJia
xr < 1. Janee, mocpeacTBOM aHAJOIMYHBIX PACCYKIEHHII, TaKyl0 K€ OLEHKY MOXKHO

IOTyIuTh U 11 ciaydas, korma —1 < z < 0. Tem cambiM TeopeMa foKazaHa MOJHOCTLIO. >

B kadectBe ciencTBust Teopembr 4.1 npuBesieM CIeLyIONiee yTBEPXK ACHUE.

Caencrsue 4.1. Ilycrs f € C[-1,1], E,(f) — Haniydiee npubiuxkenne [ aiarebpan-

4eCKHMH HOJIHHOMaMu crereHu He Beiie n B npocrpancrse C[—1,1]. Torga npu cobmosenun
ycrosmii Teopembr 4.1 umeer mecro onetka ||f — Vi m N(f)]] < c(a, b, A, 1, v) En(f).

10.
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12.
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APPROXIMATION PROPERTIES OF VALLE-POUSSIN AVERAGES
FOR DISCRETE FOURIER SUMS BYPOLYNOMIALS
ORTHOGONAL ON ARBITRARY NETS
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Abstract. Let T = {to,t1,...,tn} and Tn = {zo,z1,...,ZN-1}, where z; = (¢t; + tj41)/2, j =
0,1,...,N — 1, are any system of different points from [—1,1]. For arbitrary continuous function f(x) on the
segment [—1,1] we construct Valle-Poussin type averages Vi .. n(f,z) for discrete Fourier sums S, n(f, )
on system of polynomials {py, 1\;(:117)}2\[:_01 forming an orthonormals system on any finite non-uniform grids
Tn = {z; }j.\[:_ol with weight At; = t;41 —t;. Approximation properties of the constructed averages Vi, m, v (f, x)
of order n+m < N — 1 in the space of continuous functions C[—1, 1] are investigated. Namely, it is proved that

1
the Vallee-Poussin averages Vi, ~(f,x) for 2= < 1,n < Ady* (A > 0),dn = maxogjcn—1 Atj, are uniformly

bounded as a family of linear operators acting in the space C[—1,1]. In addition, as a consequence of the
obtained result the order of approximation of the continuous function f(x) by the Vallee-Poussin V;, m v (f, x)
averages in space C[—1,1] is established.

Keywords: polynomial, orthogonal system, grid, asymptotic formula, Fourier sums, Vallee-Poussin
averages.
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Abstract. We study self-similar solutions of a multi-phase Stefan problem for a heat equation on the
moving ray x > av/t with Dirichlet or Neumann boundary conditions at the boundary = = av/%. In the
case of Dirichlet condition we prove that an algebraic system for determination of the free boundaries is
gradient one and the corresponding potential is an explicitly written strictly convex and coercive function.
Therefore, there exists a unique minimum point of the potential, which determines free boundaries and
provides the solution. In the case of Neumann condition solutions with different numbers (called types)
of phase transitions appear. For each fixed type the system for determination of the free boundaries is
again gradient with a strictly convex potential. This allows to find precise conditions for existence and
uniqueness of a solution. In the last section we study Stefan—Dirichlet problem on the half-line z > 0
with infinitely many phase transitions. Using again a variational approach, we find sufficient conditions of
existence and uniqueness of a solution to the problem under consideration.

Keywords: heat equation, Stefan problem, free boundaries, Dirichlet and Neumann boundary conditions,
self-similar solutions, variational formulation.
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1. Stefan Problem with Dirichlet Boundary Condition

In a domain II, = {(t,z) € R?: ¢t >0, 2 > a\/t } we consider the multi-phase Stefan

problem for the heat equation

2 .
Ut = A Ugg, Ui < U< Uiy1, 1=0,...,m, (1.1)

#Supported by the Ministry of Science and Higher Education of the Russian Federation in the framework

of the State task.

© 2025 Panov, E. Yu.
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where ug < u; < -+ < Uy < Upt1 = UD, Ui, ¢ = 1,...,m, being the temperatures of
phase transitions, a; > 0,7 =0, ..., m, are the diffusivity constants. We will study continuous
piecewise smooth solutions v = wu(t,z) in II, satisfying (1.1) in the classical sense in the
domains u; < wu(t,z) < wjt1, ¢ = 0,...,m, filled with the phases. On the unknown lines
x = x;(t) of phase transitions where u = u; the following Stefan condition

dlx;(t) + k:l-ux(t, xl(t)—{—) — k‘i,lum(t, xi(t)—) =0 (12)

is postulated, where k; > 0 is the thermal conductivity of the i-th phase, while d; > 0
is the Stefan number (the latent specific heat) for the i-th phase transition. In (1.2)
the unilateral limits u, (¢, z;(t)+), uy (¢, z;(t)—) on the line z = x;(t) are taken from the domain
corresponding to the warmer/colder phase, respectively. For physical reasons, the Stefan
numbers d; should be positive. We will study an even more general case d; > 0.

In this case the problem (1.1), (1.2) is well-posed for vy < u < up and reduces to
a degenerate nonlinear diffusion equation (see [1], [2, Chapter 5|)

g(u)t - K(u)mm = 0, (13)

where g(u), K (u) are strictly increasing functions on [ug, up] linear on each interval (u;, u;t+1),
i=0,...,m, with slopes K'(u) = k;, ¢’(u) = k;/a?, and such that

K(ui+) — K(ui—) =0, g(ui+) —g(ui—) =d;, i=1,...,m.

We will study the initial-boundary value problem with constant initial and Dirichlet boundary
data
u(0,z) = ug, = > 0; u(t,a\/%) =up, t > 0. (1.4)

5 (A%, Az), A € R,

By the invariance of our problem under the transformation group (¢, z)
1.2), (1.4), which has

A > 0, it is natural to seek a self-similar solution of problem (1.1), (1.
the form u(t,r) = u(€), £ = z/v/t. In view of (1.4),

w(@) =up, u(+oo)= lim u(f) =wuy < up.
E—+o0

Thus, it is natural to suppose that the function u(§) decreases. The case when up < ug can
be treated similarly. Certainly, in this case the function u(§) should be increasing.

For the heat equation u; = a®ug, a self-similar solution must satisfy the linear ODE
a’u" = —¢&u' /2, the general solution of which is

3
52
U = ClF<§> + Cy, C1,Cy = const, where F(§) = % / e 4 ds.

This allows to write our solution in the form

= U; il 7 F<£>—F<§>> i i 1=10,... ,
u(§) u+F(%)—F(§—i)< o o)) Civ1<€<&,i=0,...,m, (1.5)

where +00 =&y > &1 > - > & > Eny1 = a and we agree that

“+oo
1 52
F(—{—OO):m/B‘ldS:l
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The parabolas £ = &;,7=1,...,m, where u = u;, are free boundaries, which must be determi-
ned by conditions (1.2). In the variable £ these conditions have the form (cf. [3, Chapter XI])

C. kl i — ’iF/ é kif Uy — Us— F, fz
d;& + (u? - ) (g?') _ Al o 2 (5, 1) =0, i=1,...,m.  (L6)

In the case m = 1 system (2.1) reduces to a single equation, which can be easily analysed.
As a result, we obtain the classical Neumann solution of the Stefan problem. To investigate
the nonlinear system (2.1) in general case of arbitrary number m of phase transitions, we

notice that this system is a gradient one and coincides with the equality VE(£) = 0, where
the function

B(€) == kiua—un (#(£) _F<§_+>>+fj (G €2 (17

a
i=0 !

the open convex domain €2 C R™ is given by the inequalities & > -+ > &, > a. Observe

that E() € C*°(£2). Since the function F'(£) takes values in the interval (0, 1), all the terms

in the first sum of expression (1.7) are positive. Therefore, E(§) > 0.

1.1. Coercivity of the function F and existence of a solution. We will call
a function (or a functional) ¢ coercive if it tends to +o0o when the argument approaches the
extremes of the domain on which it is defined. This may be exactly formulated as compactness

of the sub-level sets {¢ < c¢}. Let us introduce the sub-level sets of the function E(&)

Qe)={£€Q: E(§)<c}, c>0.

Proposition 1 (coercivity). The sets Q(c) are compact for each ¢ > 0. In particular,

the function E(§) reaches its minimal value.
QI €= (&,...,6m) € Q(c) then

—ki(uir1 — u;)In <F<§—> - F(ﬂ» <E()<e, i=0,...,m. (1.8)

473 473
It follows from (1.8) with i = m that F(&mn/am) — F(a/ay) > e~/ knumii—um)) which
implies the low bound

« N «
am

Similarly, we derive from (1.8) with ¢ = 0 that

1-— F<§—1> > e_kO(ulc_“O)

ao

(notice that F(€y/ag) = F(4+00) = 1). Therefore, F(£1/ag) < 1 —e~¢/(ko(t1=w0)) This implies
the upper bound & < ry = agF (1 — e~ ¢/ (ko(ur—u0))y,
Further, it follows from (1.8) that for alli =1,...,m —1

F<§> _F<§i+1> S5 = e Rl > (), (1.9)

a; a;
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Since F'(€) = 1/(2y/7)e€*/* < 1, the function F(¢) is Lipschitz with constant 1, and it
follows from (1.9) that

M>F<§>—F<&“> >0, i=1,...,m~—1,

Q; a; a;

and we obtain the estimates & — &;+1 > a;0;. Thus, the set Q(c) is contained in a compact

K:{g:(gl,...,fm)ERm: 7"22512---2§m>r1,§i—§i+1>ai5i (Vi:1,...,m—1)}.

Obviously, K C €. Since E(£) is continuous on K, the set ©(c) is a closed subset of K and
therefore is compact. For ¢ > N = inf F(£), this set is not empty and the function E(£)
reaches on it a minimal value, which is evidently equal to N. >

We have established the existence of minimal value F(£y) = min E(£). At the point &
the required condition VE(£)) = 0 is satisfied, and & is a solution of the system (2.1).
The coordinates of & determine the solution (1.5) of our Stefan problem. Thus, we have

established the following existence result.
Theorem 1. There exists a self-similar solution (1.5) of the problem (1.1), (1.2), (1.4).

1.2. Convexity of the function F and uniqueness of a solution. In this section
we prove that the function E(£) is strictly convex. Since a strictly convex function can have
at most one critical point (and it is necessarily a global minimum), the system (2.1) has at
most one solution, that is, a self-similar solution (1.5) of the problem (1.1), (1.2), (1.4) is
unique. We will need the following simple lemma proven in [4] (see also [5, 6]). For the sake

of completeness we provide it with the proof.

Lemma 1. The function P(z,y) = —In(F(x)— F(y)) is strictly convex in the half-plane
x>

< The function P(z,y) is infinitely differentiable in the domain = > y. To prove
the lemma, we need to establish that the Hessian D?P is positive definite at every point.
By the direct computation we find

5 (F@)? - F'(@)(F) - F(y))

R (0 T
P ey~ FWP - F"y)(Fly) —Fx) o,  F@F(y
g T @) = (F(@) - F(y))? ' Twoy LY T T )

We have to prove positive definiteness of the matrix Q = (F(z) — F(y))?D?P(x,y) with
the components
Qu = (F'(x))” = F"(2)(F(z) - F(y)),
Qu = (F'(y))* - F'(y)(F(y) — F(z)), Q2 =Qu =—F(2)F(y).
Since F'(z) = 1/(2y/7 )e~*"/4, then F”(z) = —(z/2)F'(z) and the diagonal elements of this
matrix can be written in the form
x x

Qu="F'(2)(5 (F@)=F(y)+F'(2)) = F'(2)(5 (F@)=Fu)+(F (@)= F 1))+ F (@) F (),

Quz = F'(y) (5 (F(y) = F(@) + (F'(y) = F'@))) + F'(2)F'(y).

By Cauchy mean value theorem there exists such a value z € (y, ) that

Flla) - F'ly) _F'(z) _ =

Flo) - Fly)  Fz) 2
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Therefore,
(F(z) — F(y))(z — 2)
2

Qu = F'(x) + F(2)F'(y),

@ = P PO TFDIC=0) gy

and it follows that Q = Ry + F'(z)F’(y) Rz, where R; is a diagonal matrix with the positive
diagonal elements

Fl(z)(F(z) — F(y)(z —2)  F'(y)(F(z) - Fy)(z —y) : -1
2 i , Y 5 4 4 while R2:<_1 1>.

Since R; > 0, Ry > 0, then the matrix () > 0, as was to be proved. >

REMARK 1. In addition to Lemma 1 we observe that the functions P(z,—o00) =
—In F(z), P(+oo,z) = —1In(l — F(z)) of single variable x are strictly convex on R. In
fact, it follows from Lemma 1 in the limit as > y — —oo that the function P(z,—o00) =
limy, o P(z,y) is convex on R. This implies that
) d° . ' z ' ' / /
(F(2))? — P(z,~00) = lm_|F'(x)(5 (F@@) = F(y)) + (F'(@) = F'(y)) + F'@)F (y)]

Y——00 2

= F'(z) (%F(m) + F’(x)) > 0.

If (d?/dx?)P(z,—00) = 0 at some point z = 29 € R then (z0/2)F(x¢) + F'(z0) = 0 and
therefore, xg is a minimum point of the nonnegative function (x/2)F(z) + F’'(x). Hence,

F(;o) () + F'(zo)ro _ F(xo) -0,

/
0= (5F@) +F()) (20) = . 5
which is impossible. Hence, (d?/dz?)P(z,—00) > 0 for all z € R and the function P(x,—0c0)
is strictly convex. The proof of the strict convexity of P(+oo,z) is similar. In the limit as
r <y — 4oo we derive from Lemma 1 that the function P(+oo,z) = limy 1 P(y, ) is
convex on R and in particular

2

(1= F(@))? 5 Ploo,) = Tim_[F/(@)(5 (F()~ F) +(F (2) F'(5))) +F'(0) ()
— F'(z) (g (F(z) — 1) + F/(x)> > 0.
Assuming that (d?/dx?)P(4+o00,7) = 0 at some point z = zp € R, we find that

(0/2)(F(x0) — 1) + F'(x0) = 0, which implies that x( is a minimum point of the nonnegative
function (x/2)(F(z) — 1) + F'(z). Therefore,
T ! F(zg) -1
0= (2(F@) - 1)+ @) (wg) = !
This contradiction implies that (d2/dx?)P(+o00,z) > 0 for all # € R and, therefore, the func-
tion P (400, x) is strictly convex. )
Now we are ready to prove the expected convexity of E(§).

Fl(wg)rg  F(xo) — 1
2 2

+F//(CC()) + < 0.

Proposition 2. The function E(¢) is strictly convex on Q.

<1 We introduce the functions

Ei(&) = —ki(uig1 — u;) In <F<§—Z> —F<§Z1>>, i=0,...,m.
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By Lemma 1 and Remark 1 all these functions are convex. Since

_ " _ de
E(g):§ Ei(§) + Eo(€ +§
i=1

and all functions in this sum are convex, it is sufficient to prove strong convexity of the sum
" m
E(€) = >_Fil€):
i=1

By Lemma 1 and Remark 1 all terms in this sum are convex functions. Therefore, the func-
tion E is convex as well. To prove the strict convexity, we assume that for some vector

¢C=(¢1,---,Gn) €R™
cc-Z

i,j=1

0=D*E(£)¢-¢=)Y D*Ei(€
=1

while all the terms are nonnegative, we conclude that

’Ei(€)¢-¢=0, i=1,...,m. (1.11)

By Lemma 1 for i = 1,...,m — 1 the function E;(¢) is strictly convex as a function of two
variables &, &1 and it follows from (1.11) that ¢; = (;4+1 =0,4=1,...,m — 1. Observe that
in the case m = 1 there are no such 4. In this case we apply (1.11) for i = m. Taking into
account Remark 1, we find that F,, () is a strictly convex function of the single variable &,,,
and it follows from (1.11) that (;, = 0. In any case we obtain that the vector ( = 0. Thus,
relation (1.10) can hold only for zero ¢, that is, the matrix D?FE(£) is (strictly) positive
definite, and the function E (€) is strictly convex. This completes the proof. >
Propositions 1, 2 imply the main result of this section.

351353 ) (e, =0, (1.10)

Since

Theorem 2. There exists a unique self-similar solution (1.5) of problem (1.1), (1.2),
(1.4), and it corresponds to the minimum of strictly convex and coercive function (1.7).

Corollary 1. The phase transition parameters &;, © = 1,...,m, corresponding to a
solution (1.5) of problem (1.1), (1.2), (1.4) depend continuously on the Dirichlet data up.

< Since the function F(£) is strictly convex and continuous with respect to the
parameter u,,+1 = up, its minimum point § = §(uD) is a continuous function of this
parameter. >

As follows from Corollary 1, the unique solution (1.5) depends continuously (in the
uniform norm) on the Dirichlet data. Let us demonstrate that this dependence is also
monotone.

Corollary 2. Let u, = u,(§) be solutions (1.5) of problem (1.1), (1.2), (1.4) with
Dirichlet data up,, r = 1,2. If upy > upsy then uy(§) > ug(§) for all £ > a.

< Assuming the contrary, we find a point 8 > «, where u1(8) < ua(f). Since u;(a) =
up1 = upe = uz(«) and the functions uy, ug are continuous on the segment [« 5], there exists
such o € [a, B) that uq (/) = ua(a’). Then u, (), & > o/, r = 1,2, are different solutions (1.5)
of the same problem (1.1), (1.2), (1.4) in the domain II,/, which contradicts to the uniqueness
statement of Theorem 2. >
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REMARK 2. In paper [5] Stefan problem (1.1), (1.2) was studied in the half-plane ¢ > 0,
x € R with Riemann initial condition

Uy, CC>0,
u(0,z) = 1.12
(0,2) {u_, z < 0. ( )

Actually, this problem coincides with the problem (1.1), (1.2), (1.4), if we take @ = —o0.
Solutions of problem (1.1), (1.2), (1.12) have the same structure as in (1.5) and correspond
to a unique minimum point of the function similar to (1.7) with only the difference that the
parameters & can take arbitrary real values. In this section we mainly follow the scheme of
paper [5], see also the paper [6], devoted to the case a = 0 of the fixed ray.

In paper [4] the Stefan-Riemann problem (1.1), (1.2), (1.12) was studied in the case
of arbitrary (possibly negative) latent specific heats d;. We found a necessary and sufficient
condition for coercivity of F(£), as well as a stronger sufficient condition of its strict convexity.
The similar results can be obtained for the Stefan-Dirichlet problem (1.1), (1.2), (1.4).

Also remark that in recent paper [7]| a variational description was given for self-similar
entropy solutions of nonlinear convection-diffusion equations (with the Dafermos diffusion).
It is shown that the corresponding variational functional (i. e., the potential) can now take its
minimal value at boundary points, that leads to inequalities in the criterion of minimality. We
demonstrate in [7] that these inequalities coincide with the known Oleinik—Carrillo entropy
conditions.

2. Stefan Problem with Neumann Boundary Condition

Now we consider the Stefan problem (1.1), (1.2) in II,, where we suppose now that
a 2 0, with the constant initial data vy and with Neumann boundary condition:

u(0,x) = ug, > 0; K(u)m(t,a\/g) =2 by, t >0, (2.1)

where K(u) is the diffusion function in equation (1.3), now defined on infinite interval
[ug, +00) (we take w1 = +00), and by < 0 is a constant. The specific form of Neumann
boundary data is connected with the requirement of invariance of our problem under the
scaling transformations (¢,z) — (A\%t,Az), A > 0. This allows to concentrate on the study
of self-similar solutions u = u(z/v/t) of the problem (1.1), (1.2), (2.1). For such solutions
conditions (2.1) reduce to the requirements

K(u)'(a) =bn, u(+00) = uy. (2.2)

Since K (u) is a strictly increasing function and by < 0, we will assume that the function u(¢)
decreases. The case by > 0 corresponds to an increasing u(£) and can be treated similarly.
For homogeneous Neumann problem by = 0 there is only the constant solution u = wyg.
Let u;, © = 1,...,m, be all phase transition temperatures in the interval (ug,+o00) so that
up < up < o0 < Uy < Upg1 = +00. Assume that u = wu(§) is a decreasing self-similar
solution of (1.1), (1.2), (2.1). Then u(a) > wug and there is an integer n, 0 < n < m, such
that u, < u(a) < upy1. We call this number n (i. e., the number of phase transitions) a type
of solution u. The Neumann condition for a solution of type n reads k,u'(«) = by (notice
that k,u, is exactly the heat flow through the boundary point). A solution of type 0 does not
contain free boundaries and can be found from the formula

- o (5(£) ). ”

e
ao
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As is easy to verify, kou'(«) = by, u(4+00) = up and requirement (2.2) is satisfied. By easy

computation we find
apby «
=uw+—Fr—<(F|—|—-1]),
u(Oé) %] koF/(%) < <a0> >

therefore, the necessary and sufficient condition for existence of a solution (2.3) is the inequa-

aobN «
wt e (P () 1) <
0 koF’(%) ( ago !

which can be written in the form

lity

. ko(ur —uo) F' (&)
—by <1 = ao(l - F(%))

A solution of type n > 0 has structure similar to (1.5) (with m = n)

i1 — U § §i .
u(g):uz‘i‘F(g:_tl—’—)l_;(%) <F<a_l>_F<a_,>>’ Civ1 <E<&,i1=0,...,n—1, (2.5)

u(f):un—l—%(F(j—n)—F(i—:)), a<E<én. (2.6)

a

an
The necessary (but not sufficient, as we will soon realize) condition u(a) < wuy41 of existence
of such a solution has the form

w(@) = BNP(—by) = uy, LN) <F<’5—"> - F(ﬁ» < Unpt (2.7)

- (6%
knF’(E Ay, Qp,

(if n = m then it is always fulfilled since u,+1 = +00). In (2.7) we introduce the Neumann-to-
Dirichlet mapping, which maps a Neumann data —by to the Dirichlet data u(«). We underline
that the value &, depends on —by.

Assume that u(&) is a solution (2.5), (2.6) of type n. On a phase transition lines £ = &;,
the Stefan condition reads

(i1 — UZ)F/<§_Z> (ui — ui_l)F/<afj1>

i e —0, i=1...n—1
T C R ) R e R =)

(2.8)

a6, . bNF/<§—Z) e (tp, — un71)F'<afn1> —0, i=n (2.9)

OISR )

Like in the case of Dirichlet boundary condition, this system turns out to be gradient one, it
coincides with the equality VE,, = 0, where the function

En(¢) = _nilki(ui—i—l —u;)In (F(%) _ F<§;_J:1>>

=0 (2.10)

by AR
F/(i)F<a>+Z;dz§m 6_(617---a§n)69n7
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), is an open convex set in R™ consisting of vectors with strictly decreasing coordinates lying
in the interval (o, 400). Remark that F”(s) = —s/2F’(s) < 0 for all s > 0. Since by < 0, this

implies that the term %F (&n/an) is a strictly convex function of the single variable &, on

the interval [a, +00). In the same way as in the proof of Proposition 2 we find that the function

n—1 § § 1 n
= iz ' i+1
E,(¢) = _Zki(uiJrl —u;)In <F<a_z> - F(%)) +7 Zdzfzz
1=0 i=1
is strictly convex on a domain ,, = {5: &1y &) ERM G > > 8, > a} D ). Since
F\ _ B (F nb en - 20 5
E, (f) =F, (f) + F(f(i%) F(E)’ the function E, (&) is strictly convex on €2, as well. Let us
demonstrate that this function is coercive on €2,,.
Proposition 3. For all c € R the set Q,(c) = {£ € Q, : E,(£) < ¢} is compact.
<1 Suppose that £ € Q,, E,(¢) < c. Then

n—1

Eq(€) = —gki(uiﬂ —u;)In <F<§—z> —F<§Z1>>
1 — 2 2 anbn £_n . anbn
+Z ;dlgz_E(é.) F,(%) F<an><cl_c F/(%)

Since all the terms of the left-hand side of this inequality are positive, we obtain the relations

—ki(uig1 — u;) In <F<§> - F<£i+1>> <e, i=0,...,n—1, (2.11)

a; a;

the same as inequalities (1.8). As follows from (2.11), the set Q,(c) = @ if ¢; < 0. Therefore,
we may (and will) suppose that ¢; > 0. Arguing as in the proof of Proposition 1, we derive
from (2.11) the bounds

§i — &iv1

a;

_ €1 .
1<y = aoF_l(l —e ’“0(“1*“0)), >0, =e Filuiriw) >0, ¢=1,...,n—1.

Thus, the set Q,(c) is contained in a compact
K:{g:(gl,...,gn)ERnl 7“22512"'25,120[, £Z-—£i+1>ai5i (Vizl,...,n—l)}

(notice that this set is empty if ro < a). Since E,(£) is continuous on K C €2,,, the set Q,(c)
is a closed subset of K and therefore is compact. This completes the proof. >

It follows from Proposition 3 and the strict convexity of function E, that there exists
a point " = (&7,...,€") € Q, of global minimum of E,, and it is a unique local minimum
of this function. There are two possible cases:

A) Em € Qi e & > a. If, in addition, condition (2.7) is satisfied then there exists
a unique solution (2.5), (2.6) of type n with §&; =&, i=1,...,n;

B) €™ ¢ Q,, i. e. £€* = a. Then E, has no critical points in ,, and a solution of
type n does not exist. Let us investigate this case more precisely. The necessary and sufficient

conditions for the point " = (£7,...,£" ;,a) to be a minimum point of E,(¢) are the
following
%En(én)zo, i=1,...,n—1, (2.12)
9 N
— E,(£") >0, (2.13)
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where condition (2.12) appears only if n > 1. Notice that for such n

En(&la---,gnfla Zk‘ Ujr] — 1Il< <§_ZZ> _F<§2+1>> deQ

anb «o dpo
N ( > + gn:a7 (517"'7§n—1) GQn—l'

+F’(%) a 4 )

We see that E(&1,...,&—1) = En(&1,...,&n—1, ) coincides (up to an additive constant) with
function (1.7) corresponding to Stefan—Dirichlet problem (1.1), (1.2), (1.4), where m =n —1
and up = uy,. Relation (2.12) means that VE (&7, ..., &) = 0, thatis, (£7,...,&7_1) € Qp_1
is a unique minimal point of E(&1,...,&,—1). According to Theorem 2, the coordinates £,
i=1,...,n—1, coincide with the phase transition parameters &; of the unique solution (1.5)
of problem (1.1), (1.2), (1.4) with up = u,, (in particular, they do not depend on the Neumann
data by and on parameters a;, k;, d; with ¢ > n). As is easy to calculate, condition (2.13)
reads

d k ,1(u — U ,1)F/ a
—bn < ’Yn-l-nTa, where v, = - i (a’“l) . (2.14)

an—l(F(ii—:i) B F(anoi1))

In the case n = 1, we find that 7 ; = &} = +oo, so that F(£"_ | /an—1) = F(+00) = 1,
and the constant v; coincides with the value introduced in (2.4). Under requirement (2.14)
the case B) is realised so that a solution of type n does not exist.

We introduce the Dirichlet-to-Neumann mapping ®2V  which maps a value
7 € (Un,Uunt1] to a value —k,u'(c), where u = u"(£) is a solution of the Stefan-Dirichlet
problem (1.1), (1.2), (1.4) with m = n and up = r. This mapping is inverse to the Neumann-
to-Dirichlet mapping ®N? introduced in (2.7) above. Notice that .1 = +o0o and in the
case n = m the interval (uy,, u,1] is replaced by the unbounded interval (u,,, +00). It follows
from (1.5) that

knF' () (r — un)
wn(F(2) ~ F(2))
where &, = &,(r) depends on the Dirichlet data r = u(«a). Notice that F(§y/ag) = F(+o00) =1
and
ki()F/( )(’I“ — uo)
ao(1 - F(55))
is a linear function. By the construction u”(§) is a solution of type n to the Stefan-Neumann

problem (1.1), (1.2), (2.1) with Neumann data by = —®2V(r). Therefore, condition (2.14)
cannot hold, and we claim that ®2N(r) > ~,, + d,a/2 for all 7 € (up, Up11].

OON () = (2.15)

®p (r) =

ug <1 < uy, (2.16)

Lemma 2. The function ®2% (r) is strictly increasing continuous function on (u,, un+1],

such that p
«
CI)EN(un"‘) lim (I)DN( ) =Y+ ——, (I)r?N(un-i-l) = Tn+1- (2.17)

r—Un+ 2

In particular, v, 11 > Yp+dpa/2 for allm =0, ..., m. Here we agree that vo = 0, Y41 = +00,
dp = 0.

< By Corollary 1 the function &, = &,(r) is continuous. In view of (2.15) we see that
®PN(r) is a continuous function on (uy, u,41]. If this function is not strictly monotone then
we can find values 71, ro such that u, < r1 < ry < up41 and that PV (r1) = @DV (ry). Then
the functions u" (&), u" (&) are different self-similar solutions of type n to Stefan-Neumann
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problem (1.1), (1.2), (2.1) with the same Neumann data by = —®2PN (r;) = —®PN (), which
contradicts to the uniqueness of this solution. Thus, ®2V(r) is a strictly monotone function.

If n < m, then
knF'(%)(unH — Up)

q)r?N(un‘i’l) = n+1 = Yn+1-
an(F(%5-) = F(2))
In the case n =m
ko F' (-2 - ko, F' (-2
82V (p) = A )0 ) P G) () e

am (F(52) = () tm roe

and we claim that
SN (1) = Tim  EV(r) = gy = +oo.

T—>Upm+1=+00

We notice that by the strict convexity of function (2.10) its minimum point £™ depends
continuously on the parameter s = —by. In particular, the last coordinate £ = £'(s) is
a continuous function of s, and the introduced in (2.7) Neumann-to-Dirichlet map ®NP is
a continuous function. As follows from (2.14), £ (v, + dpa/2) = « while £'(s) > « for
s > v, + dpa/2. Therefore, for sufficiently small A > 0 the value

dpo
Tn = q)nND (r)/n + % + h) € (unaunJrl]

and 75 — Uy, as h — 0. Since @2V (r),) = 4, +d,a/2+h and the function @2V (r) is monotone,
we conclude that @2V (u,,+) = 7, +d,a/2. In the case n = 0 the equality ®FV (ug+) = 70 =0
directly follows from expression (2.16). Remind that ®PN(r) > ~, + d,a/2 for r > wu,.

In particular,
DN dpo
Y1 = Dy (Uny1) > Yo + 5

Therefore, the function ®2V (r) strictly increases. >
It follows from Lemma 2 that the Dirichlet-to-Neumann map

PNy = dPN(r) i w, <r <upyr, n=0,...,m

is a strictly increasing function on (ug, +00) with the image

" dyo
Img, = U (’Yn + %7 7n+1]'
n=0
This function is continuous, except the points u;, ¢ = 1,...,m, where it has the jumps

OON (u;+) — PN (u;—) = d;a/2. In particular, Im, = (0,+00) and &PV (r) is a homeomor-
phism of (ug,+00) onto (0,+00) if either & = 0 or all d; = 0. In general case, Theorem 2
implies the following results on correctness of problem (1.1), (1.2), (2.1).

Theorem 3. A solution of the Stefan-Neumann problem (1.1), (1.2), (2.1) is unique
and exists if and only if —by € I'm,. The type n of this solution is determined by the condition
Yo+ dpa/2 < —bn < Yny1-

In the case m = 1 the parameter v; = kogzgf‘;)(g/f;/)?o). Hence, for 0 < —by < 71 a
unique solution u = u(&) of (1.1), (1.2), (2.1) has type 0 while for —by > v1 + d1/2 it has
type 1. In the remaining case v; < —by < 71 + d1a/2 solutions are absent.
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REMARK 3. In the case @ = 0 we obtain the standard Stefan-Neumann problem (1.1),
(1.2), (2.1) in a half-line x > 0. As follows from Theorem 3, this problem has a unique
solution (2.5), (2.6), where the type n is determined from the relation v, < —by < Yp41.

3. The Case of Infinitely Many Phase Transitions

In this section we consider the exotic case when the number m of phase transitions is
infinite. More precisely, we suppose that the phase transitions temperatures u; > wug form
a strictly increasing sequence, u;11 > wu;, ¢ € N. In (1.1) there are infinitely many phases,
the i-th phase corresponds to the temperature u € (u;,u;+1), ¢ = {0} UN. The parameters
a;, k; > 0 are, respectively, the diffusivity constant and the thermal conductivity of the ¢-th
phase, i = 0,1,...; d; > 0 is the latent specific heat of the i-th phase transition, ¢ = 1,2,...
We will study the problem (1.1), (1.2), (1.4) in the quarter-plane Ily with possibly infinite
Dirichlet data up = lim; oo u; < +00. A self-similar solution u = u(€), £ = x/+/t, of this
problem is given by expression (1.5), where now i runs over all nonnegative integers. The Stefan
conditions (1.2) reduce again to (now infinite) system (2.1), which can be written in the form
(0/0&)E(€) = 0, where the functional

i i — di?
Zk w1 — u; 1n< <£>_F<f;>>+;%, o

5 (gz)leN €N = {5 (&)ieNn €loo : & > &1 >0 (Vi€ N)}

Here, as usual, [, is the space of bounded sequences equipped with the norm ||€ ||o = sup |&].
As is well-known, this space is dual to the space of summable sequences l1. Observe also that
there is only finite number of terms in (3.1) depending on a fixed variable ;. Therefore, the
partial derivatives (0/0&;)E(£) are well defined whenever the value E(£) is finite.

We do not include the natural requirement lim; .o, & = 0 in the definition of €2 because
this requirement spoils coercivity of the functional E in the weak-* topology. Observe that
the functional E' may take the value 400, moreover, it can happen that £ = +o0o. Assuming
that the latter does not however happen, i. e. the functional F is proper, E # 400, we will
show that this functional admits a unique global minimum point. For that we need some nice
properties of E collected below.

Proposition 4. (i) The functional E(£) is low semi-continuous in weak-* topology;

(ii) It is coercive, that is, the sets Q(c) = {£ € Q| E(£) < ¢} are weakly-+ compact;

(iii) The functional E(£) is strictly convex on Q.

< It is known that weak-* convergence &, — & of a sequence &, = (&)ieN € lo, n €N,
is equivalent to uniform boundedness |{'| < const and elementwise convergence & e & of

this sequence. Assume that &, € Q, £ € Q, and &, — £ weakly-* in ly. Then £ — & as
n — oo for each ¢ € N. Since all terms in formula (3.1) are nonnegative, we can apply Fatou’s
lemma for sums and conclude that

i i — di&?
Z —ki(uir1 — u;) ln< (5 > —F(if)) +;%
pr i i n—00

)

Hence, the functional E is weakly-* low semi-continuous, and (i) is proven.
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To prove (ii) we first notice that Q(c) = @ if ¢ < 0 and we can suppose that ¢ > 0. If £ =
(&)ien € Q(c) then relations (1.8) hold for all 7 € {0} UN. As in the proof of Proposition 1,
we derive from these relations that

& <ry=apF (1 —¢ Fotm=r)).

Further, it follows from (1.8) that for every i € N

&i it1 N ¢
F(‘) - F(—> > 0 = exp ( " T — >>

Since F'(§) is Lipschitz with constant 1, this implies the inequalities
& —&v1 200, >0, 1eN.
Hence, Q(c) is contained in the set
K={¢€lw: 0<& <12, & —&iy1 2 ai6; (VieN)}.

Obviously, this set is bounded and weakly-* closed in /.. By the Banach—Alaoglu theorem
the set K is weakly-* compact. We notice that sequences £ € K strictly decrease, & > &1 = 0
for all i € N, and K C . Since E is weakly-* semi-continuous, the set Q(c) is a closed subset
of K and, therefore, is compact. Coercivity of E is proved.

To prove (iii), we observe that the functional E(£) is convex as a sum of the convex
functionals —k;(ui+1 — w;) In(F(&;/a;) — F(&i41/a;)) and d;€2/4. By the same reason for each
m € N the functional

_ > i i i
) = b o (+() (1)) 1§ 48

is convex while the function

B m—1 S S m sz ~
En(&m) = — ; Ki(uiy1 — ui)In <F<§—Z> - F<§a—t1>> + 2 452 o Em =1, &m)

is strictly convex on R, this can be established on the base of Lemma 1 in the same way
as in the proof of Proposition 2. It is clear that E(§) = E,,(€) + Rn(&n). Now we take
different points £€1,£2 € Q and « € (0,1). Since £! # €2 then we can find such m € N that
gL # €2 where £, n = 1,2, are the vectors in R™ formed by the first m elements of ™.
Since the function E,, is strictly convex then

En((1 =)&) +062) < (1= a)En (&) + aBn (E2)

while

Rm((l — a)gl + aéz) < (1=a)Ry, (51) + aRyy, (52)
by the convexity of R,,. Therefore,

E((l—oz)g1 +a?) < (1—0[)E(51) +aB(E?).

This proves the strict convexity of E(¢). >
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In the case E(£) # +oo Proposition 4 allows to establish existence of a solution to
the problem (1.1), (1.2), (1.4) with infinite number of phase transitions. More precisely,
the following statement holds.

Theorem 4. Assume that the potential FE(£) is a proper functional, i.e. N =
inf E(§) < +oo. Then there exists a unique minimum point £° = (£))ien € Q of E(E),
i.e., E(€%) = N. Moreover, lim;_,o £ = 0, and function (1.5)

i+1— Ui 3 &) .
u(€) = uy + ——m T <F<—>—F<—>> ga<e<e i=0,1,... (3.2
FER) - N N/ e

ajg

is a solution of (1.1), (1.2), (1.4).

< We define for n € N the sub-level sets K,, = Q(N + 1/n), where E < N 4+ 1/n. Then
these sets are nonempty. By Proposition 4 they are weakly-* compact. Obviously, K,,+1 C K,
for all n € N. By Cantor’s intersection theorem there exists a point £° € Mpen Kn- Then,
N < E(Y%) < N +1/n for all n € N, which implies that E(£%) = N, and £° is a point of
global minimum of . Uniqueness of this point directly follows from the strict convexity of £
stated in Proposition 4 (iii). It only remains to prove that the sequence £° = (fo)zeN vanishes.
Assuming the contrary, we will have lim; s 52 = inf;en 5? = r > 0. Then the sequence
£r = €% — r with components &Y — r lies in Q. Since 1 — F((£) —7)/ag) > 1 — F(&))/ao and
for all i € N (&9 —7)2 < (¢9)2,

9—r)/a; €9 /a;
0_ 0 52 0
F(—gz T>—F<£Z+1 T> / ds>— e4d5:F<£—l> (g’“),
a; a; 2\/_ \/_ a; a;
1)/ a €)1 /ai

all the terms in expression (3.1) became smaller if we replace £Y by £". Therefore, E(£7) <
E(€%) = N, which is impossible. Hence, hmlﬁoof = 0. Since €Y is a minimum point of E
then (0/0&)E(€%) = 0 for all i € N and Stefan conditions (1.2) are satisfied. We conclude
that (3.2) is a solution of our problem (1.1), (1.2), (1.4). >

EXAMPLE. Assume that k; = a? = 1,4 > 0; d; = 0, i > 0. Then Stefan conditions (1.2)
simply means that u(§) is a self—snmlar solution of the heat equation u; = u,,. Therefore,
u(§) = C1F (&) + Cq, C1,Cy = const, and u(§) is a bounded function. In particular, a solution
of (1.1), (1.2), (1.4) with up = lim;_,~ u; = +00 does not exist. As is easy to verify, in this case
E(£) = 400, so that the assumption of Theorem 4 is violated. On the other hand, if up < +o0
then a unique solution of (1.1), (1.2), (1.4) has the form u(§) = 2up — up — 2(up — ug)F(&).
Solving the equations u(¢) = u;, we find & = F~1((2up — up — u;)/(2up — 2up)). Hence,

E(&) == (uip1 —u) n(F(&) = F(&ir1)) =Y (i1 — i) (In(2(up — o)) —In(uip1 — us))
=0 7

= (uD - uo) IH(Q(U,D — uo)) - (ui+1 - uz) ln(uH_l — ul)

™Ms L

~
Il
o

As follows from Theorem 4 and the uniqueness of our solution, this value is the minimum
value of F whenever the functional E(¢) is proper. In particular, F(§ ) = 400 if (and only if)
the series > o7 (wit1 — w;) In(u;11 — w;) is divergent. Choosing w; in such a way that

oo o0

Z(ul_,_l ) =up — Uy < +00, — Z(uiﬂ — uz) ln(uH_l — ul) = 400,
=0 =0
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we find that the condition E(£) # +o0 is not necessary for existence of a solution to the prob-
lem (1.1), (1.2), (1.4).
Concerning the uniqueness, the following result holds.

Theorem 5. Suppose that

oo
> kiluign — u;) < oo, (3.3)
1=0

Then a solution (3.2) of problem (1.1), (1.2), (1.4) is unique.

< Let u!(€), u?(¢) be two solutions (3.2) of problem (1.1), (1.2), (1.4). Suppose that
ul (€,) # u?(&,) at some point &, > 0. Changing the places u', u? if necessary, we may assume
that u! (&) > u?(&x). We notice that K (u”(€)), r = 1,2, are absolutely continuous decreasing
functions,

K(u")(0+)—K(u")(+00)=K(up—) — K(ug) :Z(K(Ui+1) — K(u;)) :Zki(ul'_l,_l —u;) < 400.
=0

i =0
Since
&x
/ (K (u!)'(6) = K (u*)'(§)) dé = K (u') (&) = K (u?) (&) > 0,
0

K(ul) (&) — K(u?)(¢) > 0 on aset A C (0,&) of positive Lebesgue measure. Let o € A
be a common Lebesgue point of the functions K (u')(€), K (u?)(¢) € L'((0,+0o0)). Then
the functions K (u"), » = 1,2, have classic derivatives K (u") (a) and K (u') (o) > K (u?) ().
By the construction the functions u"(§) are solutions of Stefan-Neumann problem (1.1),
(1.2), (2.2) in the domain II, with Neumann data by = K(u")'(«) and with finite
number of phase transitions. The latter follows from the fact that the number of w; that
less than max(u!(a),u?(a)) < up is finite. By Lemma 2 the Dirichlet-to-Neumann map
—K(u)'(a) — u(a) is strictly increasing. Since —K (u') (o) < —K(u?)(a), we find that
ul(a) < u?(a). By Corollary 2 this implies that u!(&,) < u?(€,), which contradicts to our
assumption. We conclude that u! = u? and a solution of problem (1.1), (1.2), (1.4) is unique. >

Remark that F(&/a;) — F(&i41/ai)) < F(4+o00) — F(0) = 1/2 and therefore
—In(F(&/a;) — F(&+1/ai)) > In2. This implies that

IHQZki(uH—l — ul) < 1nfE(§),
1=0

and, in particular, condition (3.3) is always satisfied whenever E(£) is a proper functional.
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Abstract. In this manuscript we consider a mixed problem for even-order differential equations with an
involution. In order to study this problem we use the corresponding differential operator with an involution,
acting in the space of square integrable on a finite interval functions. Applying the method of similar
operators, we transform this operator to the operator representable as orthogonal direct sum of a finite rank
operator and an operators of rank 1. Moreover, it has exactly the same spectral properties as the original
operator. Theorem on similarity is a basis for the construction of a group of operators, whose generator is
the even-order differential operator with an involution. Using the previously obtained asymptotic formulas
for the eigenvalues, we establish the main result dealing with the asymptotic representation for this group of
operators. The group of operators allows us to introduce the notion of a weak solution for the corresponding
mixed problem for the even-order differential operator with an involution and also to justify the Fourier
method. In addition, using the representation of a group of operators, we obtain a explicit formula for a
weak solution of the mixed problem and estimates for this group.
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1. Introduction

We consider a homogeneous mixed problem for a parabolic equation

u(t, s Fu(t, —s
20 D e i

u(0,s) =¢(s), te ¢, se[-1,1],
with k£ > 1 and one of the following boundary conditions
(@) w9, 1) =uP(t,1), j=0,1,....2k—1, te 7, (1.2)
) uW(t,—1) = —uD(t,1), j=0,1,...,2k—1, te 7, (1.3)

# The research is supported by the Russian Science Foundation, grant no. 23-11-00009, https://rscf.ru/
project/23-11-00009/ .
© 2025 Polyakov, D. M.
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where by the symbol ¢ we denote the intervals (—oo,00), (=00, ], (a, 3), [o, 00). Assume
that these intervals contain zero. All derivative in conditions (a) and (b) are taken with respect
to the variable s. Moreover, the functions p and ¢ belong to space L?(—1,1).

The differential equation (1.1) contains a transformation of an involution. We recall
that an involution on a set X is a function v such that ¥ (¢(z)) = = on X. Usually the
simplest version of involution ¢ (x) = —xz is used. This type is called a reflection. But in the
last time the case of differential equations with involution of general type is also studied (see,
for example, [1]). In this paper we consider only the involution of the reflection. The terms
with a reflection in (1.1) have the following sense. We first differentiate the function w and
then we apply to it the operator of a reflection.

The mixed problems for the differential equations with an involution are studied
in [2-5] (see also the references therein). Note that these papers are devoted to the
differential equations and the corresponding operators of the first and second order. However,
recently there are manuscripts concerning higher order equations. The solvability of direct
and inverse problems for the higher-order differential equations with an involution is
investigated in [6-9]. The spectral properties for the higher-order operators with an involution
are considered in [10-16].

The main goal of this manuscript is to describe the solutions of the mixed problems
(1.1), (1.2) and (1.1), (1.3) with the corresponding group of operators. We obtain explicit form
of mild solutions and classical solutions for these mixed problems for the even-order differential
operator with an involution. We develop the ideas and methods from the manuscript [4], where
mixed problems for the first-order differential operators were studied.

We denote a linear space of functions u : ¢ x [~1,1] — L?(—1,1) by C(_#, L*(—1,1)).
These functions s — wu(t, s) belong to L?(—1,1) for any fixed ¢t € _#. Moreover, a function
u: ¢ — L*-1,1), a(t)(s) = u(t,s), t € #, s € [-1,1], is a continuous function. The
function w is called associated with the function v and they will be identified.

Now we rewrite the problems (1.1), (1.2) and (1.1), (1.3) in the following form

@, = iLet, (0) = . (1.4)

The non-self-adjoint even-order differential operator with involution Ly acting on the Hilbert
space L?(—1,1) given by

(Loy)(s) = (—1)Fy ) (—s) — p(s)y(s) — a(s)y(—s), 0 €{0,1},

where p and ¢ are complex-valued coefficients and p, ¢ € L?(—1,1). The operator Ly is
determined on the domain

D(Ly) = {y e W2F(—1,1) : y satisfies conditions (a) or (b)}7
where

(a) periodic §=0: y¥(=1)=4yPQ), j=01,...,2k—1,
(b) antiperiodic §=1: gy (=1)=—y(1), j=0,1,...,2k—1.

Obviously, the operators Ly, 6 € {0, 1}, correspond to one of the mixed problems (1.1), (1.2)
r (1.1), (1.3). Therefore, the study of these mixed problems is reduced to the investigations
of the operator equation (1.4).
Now we formulate definitions related to the notion of a solution to the Cauchy
problem (1.4). Note that the following two definitions are equivalent.
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DEFINITION 1. A classical solution to problem (1.4) is a function v : ¢ x [-1,1] —
L*(—1,1) belonging to the space C(_#,L*(—1,1)) such that the associated function @ :
¥ — L*(—1,1) is continuously differentiable and satisfies the problem (1.4). Moreover,
¢ € Wi(—1,1) and u(0) = ¢.

DEFINITION 2. A function u : _# — L%*(—1,1) is called a mild solution of the
problem (1.4) if the function u is uniform limit on each bounded interval in ¢ of classical
solutions (u,), n > 1, with %, (0) = ¢, € W (—1,1), n > 1, where lim,, o @5, = .

Our first main result is devoted to the representation of a solution for mixed problems
(1.1), (1.2) and (1.1), (1.3). In this case the theory of semigroups of operators plays a key
role in justification of the Fourier method. Note that the notions of the theory of semigroups
of operators can be found in [17]. The symbol B(L?(—1,1)) stands for the space of bounded
linear operators acting in L?(—1,1).

Theorem 1. The differential operator iLg is a generator of some strongly continuous
group of operators Ty : R — B(L*(—1,1)). Each classical solution u € C(_#,L*(—1,1))
of the problem (1.4) is defined by

u(t,s) = (Tp(t)p)(s), se[-1,1], te 7, (1.5)
where ¢ € W4(—1,1). Moreover, the mild solution has the form (1.5) for any function ¢ €
L2(—1,1).

The second main result is devoted to the asymptotic representation of the group of

operators described in Theorem 1. It will be formulated in the next section after introducing
the necessary notations.

2. Proof of the Main Results

In order to obtain the form of mild solution of the problem (1.4) and the asymptotic
representation of the corresponding group of operators, we study the spectral properties of
the operator Ly. This operator is represented as Ly = Lg — B, where

(Loy)(s) = (=1)Fy@) (—s),  (By)(s) = p(s)y(s) + a(s)y(—s).

The operator L) with boundary conditions (a) and (b) and the domain D(L)) = D(Lg) is the
self-adjoint operator with compact resolvent. The eigenvalues pi, g, n € Z, of the operator Lg
are simple and have the form

—(gé?—i-wn)zk, n <0,
= 0 <{0,1}.
im0 {(g@ + 7T7”L)2k, n >0, (0.1}

We enumerate these eigenvalues in the following way:
< =1, < g < <10 < oo < P10 < vt < g < P10 < -

We associate the eigenfunctions e, o(s) = sin (g@ + ﬂn)s, n < 0, with the eigenvalues py, g,
n < 0, and the eigenfunctions e, g(s) = cos (%9 + 7T’I’L)S, n > 0, with the eigenvalues p,, g,
n > 0. These eigenfunctions form an orthonormal basis for the space L?(—1,1). The Riesz
projections P, g, n € Z, constructed from the set {y, ¢} are given by

Pn,ex = (x, enﬂ)enﬂ, n e Z,
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for z € L?(—1,1). The symbol Pm),6 stands for the following projection P, ¢ = Z;“:_m
for every m € Z4 = N U {0}.

Now we formulate auxiliary results about orthogonal direct sum of operators. Let S be
an abstract complex Hilbert space. Recall that B(J¢) is the space of bounded linear operators
acting in 7. Introduce a two-sided ideal of the Hilbert-Schmidt operators Go(.#) in B(.7)
with the norm || X||2 for X € Go(.#). Assume that the space 7 can be represent as a direct
sum of nontrivial closed subspaces 47, n € Z. Then

Pjo

H =P s, (2.1)

ne”

where 7 and ¢ are orthogonal as i # j, i, j € Z, and x = ), ¥y, T € I, lz||? =
> nez llzal?, for any vector z € 2. Therefore, there exists a resolution of identity by a system
of orthogonal projections P, g, n € Z. Moreover, these projections P, g with Im P, g = 777,
n € Z, have the following properties

1) Pyp= Pnp, n€Z;

2) PigPjp=0and P7y= Py, asi# 7,4, j€Z;

3) the series ..z P,ox unconditionally converges to z € J# and |z]* =
> nez 1 Pozl? = 3, cz [|2n]?, where 2, = P, gz, n € Z.

DEFINITION 3. A linear closed operator &7 : D(&/) C S — A is called the orthogonal
direct sum of bounded operators <7, € B(4,), n € Z, with respect to the decomposition
(2.1) and & = @,,cz, Fn, if the following conditions hold:

1) A, CD(A)={x €AY, cp x| < 00, T = Pooz, n € Z};

2) Fx =3 cp Ty, r € D),

3) each subspace 7, n € 7Z, is invariant with respect to operators &7 and %, n € 7Z.
Moreover, 47, is the restriction of operator < to 7%, n € Z.

Now we formulate some preliminary results. The first theorem is devoted to similarity
of the operator Ly. We denote the image of projections Im P, 9 and Tm P; g, |7l = m+1, by
Hy and A, || = m + 1, respectively.

Theorem 2. There exists m € Z such that Ly is similar to the operator Lg — B, where
B € &5(L?(—1,1)). Moreover, the subspaces Hyy and HG, |j| = m + 1, are invariant with
respect to the operator Lg — B and

=0 ([ @ (), -5) ) B (19, - 5) B | D (19,5 |0

where (L§)(m) — Bgny and (Ly); — B; are the restrictions of the operator Ly — B to the
subspaces H{,,) and H;, |7] = m + 1, respectively. This formula is considered with respect
to the orthogonal decomposition of space L?(—1,1) in the following form

P-1,1)=H,P| B 4| - (2.2)

l7|>m+1

The operator U € B(L?*(—1,1)) is invertible and U = I + W, where W € Gy(L?(—1,1)).
The proof of this theorem can be found in [14, Theorem 2.1] and [15, Theorem 3.1].



132 Polyakov, D. M.

It follows from Theorem 2 that the spectrum o(Lg) of the operator Ly coincides with
the union of its parts. The second preliminary result is devoted to eigenvalue asymptotics of
the operator Ly. Using it, we describe the parts of spectrum o(Lg). In order to formulate this
result we introduce the Fourier coefficients of a function f € L?(—1,1) in the following form

1

1
ﬁl:/f(m)e_ﬂ”mdx, fcn,n:/f(x)coswnxdx, n € 7.
-1

-1

Theorem 3. There exists m € Zy such that the spectrum of the operators Ly, 6 €
{0,1}, can be represented as

oLe)=omJ| U on].

In|=m+1

where 0., Is finite set with number of points not exceeding 2m+1 and o, = {An,0}. Moreover,
the eigenvalues )\, g satisfy the asymptotics

™ oo ~
)‘n,e = 59 +7mn - 5 (pO +qo+ Pen,2n4-6 + QCn72n+9> + bna n — +00,
(2.3)

T 2k 1/ R R R
)‘n,G = - 56 +7mn - 5 <p0 — 4o — Pen,2n+6 T QCn,2n+€) +bp, n— —o0,

where b, = 0(n~2k*1),

The proof of this theorem can be found in [14, Theorem 1.1].

Based on Theorems 2 and 3, we construct a group of operators Ty : R — B(L?(—1,1)).
These theorems imply that the operator Ly is similar to the operator Lg — B, where B €
G&y(L?(—1,1)), and the eigenvalues of this operator has the asymptotics (2.3). The Stone
theorem [18] shows that the operator iLy is a generator of group of operators Ty : R —
B(L*(—1,1)) and the operator (L) — B) is a generator of group of operators Ty : R —
B(L%(—1,1)). Moreover, Ty(t) = UTy(t)U~!, t € R, where U is defined by Theorem 2.

Let m € Z4 be large enough. Using again Theorem 2, we obtain the following represen-
tation

—m—1 o0
Tg(t) _ Urfe(t)U—l —U @ PRV @g((lzg)(m)*B(m))t @ eiNiot U_l, t € R,
j=—00 Jj=m+1
(2.4)
with respect to the U-orthogonal decomposition (2.2). The restriction (Lg)(m) — B(,,) and the
asymptotics of eigenvalues A, g are given by Theorem 2 and 3, respectively.
Therefore, we get the following result.

Theorem 4. The operator ilLg is a generator of a strongly continuous group of
operators Ty : R — B(L?*(—1,1)). There exists m € Zy such that the group Ty : R —
B(L?*(—1,1)) is similar to the group Ty : R — B(L?*(—1,1)). Moreover, this group satisfies
the representation (2.4), where the operator of transformation U € B(L?*(—1,1)) is defined
by in Theorem 2.

<1 PROOF OF THEOREM 1. The statement of this theorem on representation of classical
and mild solutions to problem (1.4) follows from the general theory of semigroups of operators
and Theorems 2 and 4. >
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REMARK 1. The formula (2.4) gives immediately the following representation

; 0 _ .
Tg(t)x _ 62((L0)(m) B(m))tP(m)ﬂx + Z GZAj’etPjﬂ,I, = LQ(—l, 1) (25)
|7|=m+1

Finally, we prove the second main result about the estimates for corresponding group of
operators Typ. We introduce sequences ¢; = |[UPgll2, [ € Z, and ay, = supjjj>pm, [bj], m € Zy.
Note that the sequence (b,,) is square summable and lim,, o @, = 0.

Theorem 5. Let a number m € Zy and the operator U be defined as in Theorem 2
and 1) = U~ Yp. Then the following estimate holds:

1/2

Ty(t)p — U e (L) m)=Bwm))t p W — Ueiot P, pip|| < eon+1lt] Clly|?
¥ (m),0 Js J
mA+1<[j|<N 5 G1=N+1

for N > m, t € R, and any function ¢ € L?(—1,1).
< Let N > 0 be large enough and ¢ € L?(—1,1). The formula (2.5) gives

Ty(t)p = U LD =Bt p s gp + U N et Pigyp, m€ Zy..
j>m+1

Using the formulas (2.3) and the Holder inequality, we obtain

Tp(t)p — U EDm=Be)tp gy — 3" Uetiotpy gy

m+1<|j|<N )
1/2 1/2 1/2
id: pt—2b: 2 2 2
< DD [Pt > Gl <ervellh [N 2y
|7[=N+1 |7[=N+1 l71=N+1
for N > m, t € R. The proof is complete. >
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CMEIIAHHAS 3AJAYA 115 JUOOEPEHIINAIBHBIX YPABHEHNII
YETHOT'O HOPSIJIKA C MHBOJIIOIMEN
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Awnnoranusi. B Hacrosimeir pabore usydaercs CMeIaHHas 3a/1a9a J1Jist JuddepeHInalbHOro ypaBHe-

HUsI 9Y€THOTO TMOPsifKa C WHBOJOIMEl. /aHHas 3aada 3amMChIBAETCS C IMOMOIIBIO COOTBETCTBYIOIIETO Iud-
depeHImaIbHOr0 OIepaTopa ¢ WHBOJIIOINNEH, JEHCTBYIONIEr0 B MPOCTPAHCTBE MHTEIPUPYEMBIX C KBAJIPATOM
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MOy st DYHKIUI Ha oTpe3Ke. Vcmomb3yst MeTo 1, OCHOBAHHBIHM Ha MOJ00UU OIEPATOPOB, MBI Ipeodpa3yemM pac-
CMaTPUBAEMBIl OTIEPATOP B OIEPATOP, KOTOPBIH SIBJISIETCS] OPTOrOHAJBHOMN IMPSIMOi CyMMO# OmepaTopa KOHed-
HOT'O paHra u oneparopos panra 1. [Ipu 3ToMm oH 006/18/1a€T TOYHO TAKUMHY XK€ CIIEKTPATbHBIMU CBOMCTBAMU, 4TO
U UCXOMHBIHN omiepaTop. Teopema o MOA00OUH CIIy2KUT OCHOBAHHEM JIJIsi IIOCTPOEHNUSI I'PYIIIIBI OIEPATOPOB, TeHepa-
TOPOM KOTOPOI#i sIBJISIETCSI UCXOJIHBIIA orepaTop. Kpome Toro, ucnosib3ysi paHee MmoJIyYeHHbIE aCUMIITOTHIECKIE
dopMyIIbI JIJIs COOCTBEHHBIX 3HAYEHU, Mbl YCTAHOBUM OCHOBHOM DE3yJIbTAT, CBA3AHHBIN C aCUMITOTHYECKUMU
dopmysiamMu JIJIst TOCTPOEHHOM rpyibl oiepaTopoB. COOTBETCTBYIOINIAs I'PYIINa OIIePATOPOB MO3BOJISET BBECTH
MOHsITHE CJIAOOr0 pellleHus JJjisi CMEIIaHHON 3aja4un ¢ audpepeHnnaabHbIM OlEPATOPOM YETHOIO TOPSIIKA C
VHBOJIIOIUEH, a TakKe 000CcHOBATHL MeTosr Pypbe. Kpome TOro, ¢ moMoIb0 mpe/icTaB/ieHrs: IPYIITbI OlepaTo-
poB OyzieT BbIUCaHA KOHKpeTHasi popMyJia JJis Caaboro pelneHus pacCMaTpPUBAeMOR CMEeNIaHHOW 3ajadu U
[TOJTy YEHBI COOTBETCTBYIOIIUE OIEHKM Ha Ty I'PYIIIY.

KuroueBsbie cioBa: criekTp, quddepeHnnaabHblil OepaTop YETHOTO MOPsiJIKa, NHBOJIIOIHsI, CMeIllaH-
Hasl 3a7[a4a, IPYIIa OlEPATOPOB.

AMS Subject Classification: 34B09, 341,15, 47E05.
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an Involution // Bragukask. mar. »)KypuH.—2025.—T. 27, Ne 2.—C. 128-135 (in English). DOI: 10.46698 /r2424-
9096-4930-w.
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Amnnoranus. B cBsa3u ¢ pazBuBaonuMucs moTpebHOCTSIMIA OKEaHOJIOTUH U ITPUKJIAIHOM reopru3uKu BO3-
pacraer MHTEpeC K 3aJadaM O PaclpOCTPAHEHUH BOJIH B CTPATHMOUIMPOBAHHBIX KUIAKOCTAX. O1HAKO 6OIH-
MINHCTBO HCCJIEIOBAHUN 110 JUHAMWKE BOJIH B JIAHHOM KJIacCe »KMJKOCTeH, KaK IIPaBUJIO, OMUPAIOTCS Ha
MOJIeJIb UJeaIbHOM HECXKMMAeMOi CTPaTU(MHUIMPOBAHHON »KUJIKOCTH. DPDEKTHl CXKUMAEMOCTH ODBIMHO
HCKJIIOYAIOTCS U3 pacCMOTpeHusi. Panee aBropoM m3ydasiach HadaJlbHO-KpaeBasl 3aJada O MaJIbIX JIBHKe-
HUSIX CXKUMAEMOW MIACAJHbHOU CTPATU(MUIMPOBAHHON »KUJIKOCTH, HEJIUKOM 3aIlOJHSIONEH HEeITOIBUKHBIN
koHreitnep. Jlannas 3ajiada cBoamiiach K 3agade Kommwm juis puddepeHuaabHO-01epaTopHOro ypaBHe-
HUsI BTOPOIO IOPsiJIKa B OPTOIOHAJIBHON CyMMe HEKOTOPBIX I'MIb0EePTOBBIX mpocTpaHcTB. C Oy YeHHBIM
YPaBHEHHEM ACCOIMMPOBAJIOCH yPaBHEHNE C 3aMKHYTHIM OreparopoM. IIprMeHeHre MeTOja OIIePATOPHBIX
GJIOK-MaTpHIL, a Tak»Ke Teopur abCTPAKTHBIX AUM@EPEHIMAIbBHBIX YPABHEHHUI I03BOJIMJIO HANTH JI0CTa-
TOYHBIE yCJIOBUS CyIIIeCTBOBAHMS PEIIEHNsI COOTBETCTBYIOIIEH 3a1a4uu. B npencrasientoit pabore ncciemy-
€TCs COOTBETCTBYIOIIAst 33/1a49a O COOCTBEHHBIX KOJIeDaHUSAX JaHHO# runpocucreMsl. [Ipenmnonaraercs, wro
KBa/[paT YaCTOTHI KOJIEOAHMI JAHHOM I'MIPOCUCTEMbI IIPEBOCXOAUT KBaIpaT 4acToThl Beiicsains — Bpenra.
Jannbiii ciayvait B kiaccndukanust u3 monorpacdun C. A. 'abosa, A. I. CemHnkoBa HOCHT Ha3BaHUE
«CJIydail aKyCTHIeCKUX BOJIH». 3a/iada UCCIeLyeTCs Ha OCHOBE HOXO/a, CBI3aHHOIO C IPUMEHEHHEM TaK
Ha3bIBAEMOM CIIEKTPAJILHON TEOPHH OlLlepaTOPHBIX I1y4KoB (oneparop-dyHkuuii). Mcnonssys dakropusa-
(MO OLIEPATOPHOrO IydKa (K KOTOPOMY CBOAUTCS MCXOJHAsl 33/[a9a) OTHOCUTENBHO OKPY?KHOCTH, C IIOMO-
mipio Teopembr M. B. Kesapiia nosyuero yTep2KaeHne o MOJIHOTE U MUHUMAJIBHOCTH CUCTEMBI KOPHEBBIX
aseMeHTOB. /lasiee JJoKa3aHO, YTO COOTBETCTBYIOIIAsl CHCTeMa OoOpa3yeT Tak Ha3blBaeMblil H6asnc Pucca B
ruiIb6epTOBOM IIpOCTpaHCcTBe. V3ydalorcst CBOMCTBA MOy YeHHBIX aKyCTUIeCKUX BOIH. [1y1s1 Mot Kostebanmit
9TUX BOJIH COCTABJSAIONIAA T PemenHus (T, z) NPUHAJJIEKUT BUXPEBOMY MOJIIPOCTPAHCTBY (2CHMIITOTHIE-
CKHU CTPEMUTCS K HYJIIO), & COCTABJISIIONIAs] 2 ACUMIITOTHYECKH YAOBJIETBOPSIET OLIPE/IeJIEHHOMY YDABHEHHIO
aKyCTHUYIECKNX BOJIH.

KuroueBbie ciioBa: 3OdeKT cTpaTuduKaimym B UACATbHBIX KUJTKOCTIX, C2KUMAaeMasi KUJIKOCTh, CIIeK-
TpaJIbHAs 33/1a9a.
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10.46698 /10037-3667-8880-p.

1. BBeaenue

MCCHG,ILOB&HI/IG MHOT'UX 3a/Ja4d THIAPOJAMHAMHKHA I/I,ZLeaJIbHOfl HeC2KNMaeMOit KN JIKOCTHN

[IPOBOJIUTCST MeTojaMu (PYHKIIMOHAJBHOrO aHam3a. OOIIue nien NpPUMEHsIEMBIX MeTOJOB

MOXKHO HaiiTu, Hanpumep, B [1]. He obomuiics 6e3 BHUMaHWs U JiMHEHbIE 332491 0 Kojieba-
HUSIX WJeaJIbHOMN cokuMaeMoii xkujikoct. B monorpadun C. A. T'abosa, A. I'. Ceemnukosa [2]
IPUBOJUTCs CUCTEMa ypaBHeHuii |2, c. 271, koropasi onuchsBaeT MaJible JIBUXKEHUS UJIeaTbHOM
cxKuMaeMoii crparudunupoBanHoii Kugkoctu (cM. mogpobuee (2), (3)).

© 2025 Iperkos /. O.
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[Tostyuennast cucrema ypaBHEHUIT M3ydaeTcs IIpU psijie mpejmosoxkenunit. Kpagpar va-
ctoThl TaBydectn N2(x3) ya0BIeTBOPAET YCIOBHSIM

0< N2, < N?%(z3) < N2, < oo,
N?%(z3) := Ng — (g>2 NG = —L/(m). M)
¢/’ po(x3)

D10 ycsioBUe 03HAYAET yCTOHYMBOCTH PACCMATPUBAEMOIO pACIpe/leieHusl IIOTHOCTH po(T3)
B JKUJIKOCTH U OTCYTCTBUE KOHBEKTHBHBIX JBIzKeHuil [3, ¢. 94|. Beauuuna ¢, paaas 1o cBo-
eMy CMBICJIy CKOPOCTH 3BYKa, sIBJISI€TCsI [IOCTOsIHHON BesimanHoil. B (3, ¢. 277, npumep 12.10)
OTMEYAEeTCsI, UTO TAKOE IIPEIIOJIOKEHNE IOIYCTUMO JIjI HEKOTOPBIX BUIOB CTPATU(DUIIUPO-
BaHHBIX cpell. OTmerum paboTel [4-6], a Takzke JuccepTanuio Ha COUCKAHHUE CTEIEeHU JOKTOPa
dbusuko-maremarnyeckux Hayk C. E. Xosozopoii |7, 1. 6], rje paccmarpuBasiach aHAJIOITY-
Has MOJIETD.

CdopmysupoBanHasi cucreMa ypaBHEHHN ¢ KDAEBBIME U HAYAJBHBIMU YCJIOBUSME B |2]
ObLIa cBefeHa K oaHoMy nuddepeHnajLHOMY YPABHEHIIO 9eTBEPTOrO MOPSIKA U TOCIEIyI0-
meMy ero uzydenuio. Ha ocHoBe oIy 9YeHHBIX Pe3y/IbTaToOB OBbLIM YCTAHOBJIEHBI XapaKTepHbLIE
CBOMCTBA IIPOIECCa PACIPOCTPAHEHHUSI BOJIH B CKUMAEMOH CTPATU(PUITIPOBAHHON YKUJIKOCTH.
B gacrrocTH, ObLIa IPOBEIeHa KJIacCU(pPUKAIUS THIIOB YCTAHOBUBIINXCS BOJHOBBIX JIBUKEHUIA.
Ora KiraccuuKalys OCHOBaHA Ha CPABHEHUH THUIIOB YPaBHEHUI JUIsT aMIINTYIHBIX (DyHKITHI
YCTAHOBUBIINXCS BOJIH M XapakTepa (PyHIaMeHTAJIbHBIX PEIIeHH, OTBEYAOIMNX STUM ypaB-
HeHusM [2, ¢. 279-284]. B nanHoii pabore nzyuaercs 3aj1a4a 0 COGCTBEHHBIX KOJIEOAHUAX K-
MaeMOi n1eaIbHOI CTPaTUMUIMPOBAHHON YKIUIKOCTH, IMEJTUKOM 3aIT0IHSIONIEeN HEIOABUKHBII
kouTeitrep. [Ipe/monaraeTcs, 9To BeJMYNHA YACTOThI W2 yCTAHOBUBIIHXCS KOJIEOAHMIT IIPEBOC-
xomur N2 (z3), mannsii coydaii B kaaccudukamuy [2] moayumi HazBaHme «Caydail aKyCTHde-
ckuX BOJIH». Kpome Toro, cauraeM, 4TO IJIOTHOCTh B HEBO3MYIIEHHOM CTAIIMOHAPHOM COCTO-
SIHUM siBJIsieTCsl (DyHKImed s 3 (B owmyane or [2|, rae DyHKIMs UIOTHOCTU sIBJISIETCST
9KCIIOHEHIMAJIBHOI ).

Jlaxxke B paMKax TakKoil MTOCTAHOBKY BO3HUKAET HEIIPOCTasi MATEeMATHYIECKas 3a/1a9a, ITO
OIpeesIsieT CaMOCTOATEIbHBIM HHTEpeC K ee n3ydeHnio. OTMeTHM Tak»Ke, YTO IPeICTaBJIeH-
Hasi paboTa sBJgeTCs MPoJoJKeHneM paboThl [8], B KOTopoii uccieqoBatach 3a1adqa 0 Majblx
JIBU2KEHUSIX COOTBETCTBYIOINIE rujapocucrembl. MccienoBanue mMpoBOJMIUCH HA OCHOBE ITOJI-
X0/[a, OTJIMYHOTO OT YIOMSIHYTOrO B |2]. A MMeHHO, ncxo/Hasi HaYaIbHO-KpaeBasl 3aja4a CBO-
muiach K 3amade Komm s nuddepennnaaibHO-0epaTOpHOrO YPABHEHUST BTOPOTO HOPSIIKA
B OPTOrOHAJILHOI CyMMe HEKOTOPBIX M'MJILOEPTOBBIX HpocTpaHcTB. C MOy YeHHBIM ypaBHEHN-
€M aCCOIMUPOBAJIOCH YPaBHEHHUE C 3aMKHYTBIM OIlepaTopoM. VCrosib3yst TeOpUIo MOy TPYIILL,
OBbLIN HaliIeHBI JTOCTATOYHBIE YCIOBUs CYIECTBOBAHUS PEIIEHUsI COOTBETCTBYIOIIEH 3a1adm.

Wsznoxenune B pabore mpoBeaeHO IO ciemyiomieit cxeme. [lociie BBemeHuss BO BTOPOM
naparpade GpOpMyJIUpyeTcsa IMOCTAHOBKA KaK MCXOJIHON HAaYaJIbHO-KPAeBOH 3a/1a9M, TaK U ee
omneparopHasi (popMyJIMpoBKa. B TpeTbeM maparpade HemoCpeACTBEHHO HU3yYaeTcsd 3a1a4a O
COOCTBEHHBIX KOJIEOAHUSAX MCXOTHONW TUIPOCUCTEMBI.

2. ITocTanoBKa HavYaJIbHO-KPAaeBoOil 3a/1a4W,
oriepaTopHasi pOopMYyJIMPOBKA 3aJda4u

IlycTh HemoOmBMKHBIN KOHTEHHED IEJMKOM 3aIloJTHEH UIeAJTbHON C2KUMaeMOM YKUIKO-
crhio. ZKuaKocTs mpesnoaraeTcss CTpaTuUIMPOBAHHON, T. €. ee IJIOTHOCTb B COCTOSHUU
HOKOsI M3MEHsIeTCs BJIOJIb BepTUKAIbHOI ocu Ox3 110 3aKoHy po = po(z3). ObacTsb, 3aHATYIO
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JKHUJIKOCTBIO, 0003HaunM 4epes ), a ee rpanully (TBepiyio creHky) — depe3 O0f). Cuuraem,
ITO CHCTEMa HAXOIUTCS TIOJ, JEWCTBUEM CUJIBI TSXKECTH € YCKOPEHUeM § = —(g€s, TIe €3 — OpT
ocu Oxg.

Bynem paccmarpuBaTh OCHOBHO# ciiydail ycroitumBoil crparnduKaiuu KUJIKOCTA 110
wiorHocTH (1), a Tak:Ke MPEOIAraTh, YTO BeJIMIMHA C SIBJISIETCS] MOCTOSHHON BEJIMIUHOIA.

Pacemorpum Masibie IBUYKEHUS 2KUIKOCTH, OJTM3KHE K COCTOSAHMIO TIOKOs. O603HATNM te-
pe3 U = U(t,x) 10JIe CKOPOCTH B YKUJIKOCTH, p = p(t, T) — OTKJIOHEHHE [0S JaBJIeHuUli OT paB-
HOBECHOTO JaBjienusi, p = p(t,x) — OTKJIOHEHUsI T0JIsl ITIOTHOCTU OT UCXOJHOrO 1oJist po(Ts3),
a Jepes f (t,z) — MaJioe 10Jie BHENTHUX MACCOBBIX CuJl. Torja MaJible JBUKEHUSI MCXO/HOM
CHCTEMBI OIMCHIBAIOTCS B CJIEJYIONIEH HaYaIbHO-KpaeBoil 3asaqeii |2, c. 271]:

o7 L 9 L
EZPol(ﬂc?’)(—Vp—gPe?))Jr (t,z), 3—5+P6(903)u3+/)0($3)d1vu:0 (3Q), (2
Lo 0 50 N2(z
wimitoty, L=t Ly Dy o) 3)

-7 =u, =0 (madQ), @0,z)=1u"%), p0,z)=7p"=x), p0,z)=7p"x).

s mepexosa K oneparopHoii (hopMyTMPOBKE 3818491 BBEJIEM OCHOBHBIE TIPOCTPAHCTBA.
CesizkeM ¢ dyukuueirt pg = po(xs) npocrpanctso Lao(€2, pg) ¢ HOPMOIi CJie/lyoIIero Buja:

17 = [ o050
Q

B cuny cBoiicrs dyukuuu pg = po(x3), HopMmbl B npocrpancTBax Lo(§2, po) u La(€) 9x-
BUBaJIeHTHBI, a 3HaduT Lo(€), pg) — rusbbeproBo. MOXKHO [IPOBEPUTH, Y4TO UMEET MECTO pas-
joxkenue (axasior passoxenus 1. Beisist npocrpancrsa BekTopHBIX 110J1el Lo(€2) [1, c. 118]):

Ea(@, p0) = Jo(@ po) & G, po), G, po) = { € L) : 7= V0, [ Bd0 = o},

Jo(€, po) = {ve Lo(Q,p0) : divi =0 (8 Q), v, =0 (na o)}
Orkyna caemnyer, uro U(t,x) € I_;g(Q, £0) MOXKHO TIPEJICTABUTH B BUJIE
T=1+py VO, @€ Jo(2po), py'® € G po).

OrMernM BaxKHOE OOCTOSITEILCTBO, YTO B TOJYUYEHHON HAYaIbHO-KPaeBOll 3a/ia9e MOXK-

HO UCKJIOUUTH J[Be UCKOMbIe (DYHKIMU — 110J1e II0THOCTH p(t, ) u noste nasienus p(t, x), ecin

BBECTU B3aMEH I10Jisi CKOPOCTH U(t, ) MOJie MaJIbIX CMeINeHuil YacTull Kujkoctu U(t, ), cBsi-

3aHHBIX ¢ U(t,x) coorHOIeHusIMu OU /Ot = 4. [Jasee, myreM IPpOEKTUPOBAHUsI YPABHEHUIT T10-

JIy9eHHOI HavYa IbHOM-KpaeBoii 3a/1aun Ha BBeIeHHbIe (DyHKIMOHAIbHBIE TPOCTPAHCTBA MOYKHO

nepeiitu K 3aaue Komn st iuddepenimaibHOro ypaBHeHns BTOporo mopsiKa (CM. moapoo-
uee [8]):

2" )+ By X () =F(1), 2(0)=2° 20 =2" (4)

Buech 2 = Z () = (W;py 'V®)" — nckomas yHKIus MepeMenHoii ¢ €O 3HAMEHHIMH

B rubGepToBoM mpoctpancTse = Jo($, po) & G(S2, po) (mmzmexc (...)T o3HAUAET ONEpAIIMIO
TPAHCHOHUPOBAHMsI MaTpHIlbl), % () BbIpaxkaercst yepes f(t,x), oneparop A, npencraBum

B BHJIE:
g (10 By O I 0
<= \0 Az QF M+1I) \o A3)°
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NBr) = { (0,057 V8)" - A73Q T + 95 'VE € 2(A)},
Q € g(é(QapO)a %(Q,p(])), M e 6OO (é(Q,pO))) Bll € g('ﬁ)(gapO))a

orepaTop A sIBISIETCS CAMOCOIPSIZKEHHBIM U TIOJIOKUTENBHO onpenenenabiv B G (£, pg), npn
stom A7 € &,(G(Q, po)), p > 3/2; uepes £ 1 & 0603HAMEHBI TPOCTPAHCTBA OTPAHTICHHBIX
U KOMIIAKTHBIX OIEpaTOPOB COOTBETCTBEHHO.

3AMEYAHUE 1. B pabore [8] ycraHOBI€HO, UTO €€/ BBIOJIHEHBI CJIE/IYIOIIUE YCIOBUST
20 e NBy), X' e (B, F()eC (Ry2),

rorja 3agada Komm (4) nveer cuiabHoe pemenne. nade, takyio dyukimio 2 (t), aus ko-
Topoit BemosHenbt yeaosusa 2 (t) € C?(Ry; ) N C(Ry; 2(%B.y)); BuITOMHEHO ypaBHEHHe U
HavasbHble yCJIoBUs U3 (4).

3. O cBoiicTBax aKyCTUYE€CKUX BOJIH

Paccmorpum  11pobiiemy  cOOCTBEHHBIX KOJIEOAHUN WJI€aIbHON CTPATU(MUIIMPOBAHHON
CKUMAEMO YKUJIKOCTHU, IIOJTHOCTHIO 3aIOJIHSIONEH KOHTEHHED MPOU3BOJIbHON dpopMbl. Takn-
MU KOJIEOAHUSIMU HA3BIBAIOT PEIIEHUsI OJHOPOJIHOIO ypaBHeHust (4), 3aBucsiiiiee OT BpeMeHu ¢
10 3aKOHY

D)=ty X e =To(Qp0)® G, po),

rJle W — HeM3BECTHasl 4acToTa KojebaHuil rujpocucreMpl, a 2 # 0 — aMIUIATYIHDIH 3/1eMeHT
I MOJI KOJieOaHmil.
Jist aMIumTyiHbIX 37eMeHToB 2 u3 (4) nosydaeM ClIeKTPasIbHYIO 3aJady

N =By 2, Ni=w?, X = ((D’;palV@)T. (5)

OrmMeTnM, 9TO OCKOJIBKY CAMOCOIPSIXKEHHBII onieparop A,y > 0, TO CIEKTp 5TOro oleparopa
BEIIECTBEHHBIIl U HEOTPUIIATEIbHBII.
2
Bynem cunrars, uro B (5) Boinosteno yciaosue A > Ny. Torga, 3anucas (5) B KOMIIOHEH-
Tax, cJejlaB 3aMeHy A2, = Po 'V® u upumenus ko BTOPOMY YPaBHEHHIO OIEPATOP A71/2,
[pUJIEM K CHCTEME ypPaBHEHUM

(I-X"'Bn)w=X"'Qz, QW+ (M+1I)z=IA""z (6)

B cuity npesnonozkenust A > NE u onenn ||By1| < N (em. [8]), moxkno B (6) uckmounts 1w,
tax xak I — A"1By; ofparuM, u MOJTyuuTh ypaBHEHHe JJid 2:

LNz=(I+M-XA""+ X F(\)z=0, A>Ng,

FO()\) = Q*R()\)Q, R(}\) = (I — )\71B11)71. (7)

1

Ocymecreum B (7) 3aMeHy A = ™+ ¥ yMHOXKUM 06e 9acTH Ha [

M(p)z = pL(p )z = (pI — A" = B(n)z =0, B(u) =—pM —p*Fo(u~").  (8)
3AMEYAHUE 2. PaccmoTpuMm omneparop-pyHKIUIO BUIA
L(A) =AM —A-B(\), B\ :=>» B\ |N<r,
k=1

A=A* € #(E), By=DB e Z([E), k=12,...
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ITpusenem ycaoBust bakTOpU3anUN OnepaTop-PyHKINE YKA3aAHHOIO BUIA OTHOCHTEILHO
okpyzuoctu (cM. [1, c. 70]). ITycrs quist mexoroporo ¢ € (0, 7) BBIIOJIHEHO yCJIOBHE

oo
A+ Bl < 1.
k=1
Torma omneparop-byukiwst L(A) Jgomyckaer CreKTpaabHyo (aKTOpU3aIuo (d4acTud-
uyto Juaeapuszanuio) Buga L(A) = AL (A)(A — Z), tue cuekrp o(Z) C{\ € C: |\ <t},
a Ay (\) — roslomopduasi u rosjoMopdHO obpaTHMasi orneparop-GyHKIHs B 3aMKHYTOM KpPyTe
{Ae C: |\ <t}

C y4eroM CKa3aHHOTO, JjIs OIEpaTOpPHOro mydka (8) Bo3HUK/IA 3ajada Buaa (9), Tak
kax Fy(p~t) ssasercs romomopdroit byHKIHEil OTHOCHTENTBHO [i:

(o]
Fo(u™) =Y pFF, F.=Q"BjQ=F;.
k=0

Jlemma 1. Ilpu |p| =t < Ny 2 s M(u) mmeer mecto onenka

o0
[ATY e 3Bl < AT e + TN 2 (1 - tNg)
k=1

o= (laE g+ L k)
C

e By, — oneparophbie koagguimentsl rosomopguoii ¢pyuaknqun B(u), K — koHcranta u3
OIleHKH HOpMbI oneparopa M.

< st nokasaresibCTBa JaAHHOTO YTBEPK/IEHNs] BOCIIOIB3YEMCsl CJIELYIOIIIMU Pe3yJIbTa-
ramn (coremyomumu u3 (8], M. HoapobHee JTOKA3aTeIbCTBO JIEMMBI 4):

M = A"3(Byp + As)A™%, ||Ba| < NE,
Jaza=t| < EK A5 Qi< A7 )F g+ L
C yuerom npejcrasienust (8) mmeem
1 1 1 1 ad
B(p) = —uM — P Fo(u™') = —p(A7 2By A™2 + A2 A A72) — 2y i Fy.
k=0

= —M(A_%BQQA_% + A_%AQQA_%) — Mz (F(] + pkFy + ,U,QFQ + .. )
=: —uB) — u?By — i®*Bg — . ..

st onepaTopHbix K03 durmenToB dyHKImU B([1) BBIIOJHEHbBI CJIELyOIINe OIEeHKH:

IBull < A= B A~ + [ A~ A~ < NG 4~ + 22 ke 4 < g

= 2 —_
Jim (A NE+ 2 6) B = @Bl < (V)P0 k=23,



O cBoifcTBax aKyCTHICCKHUX BOJIH B CKHMAEMOI KUJTKOCTH 141

Taxum obpaszom,

o0
AT+ 3Bl < AT+ ING 2 (1 NG+ (NF) 2 )
k=1
2 A
ot N21—-NZ-t

>

CJIG,HCTBI/IGM 3TOIl JIeMMBI U 3aMeYaHUsI 2 SIBJISIETCSI TaKOM (baKT.

JlemMma 2. IlycTb BBIITOJIHEHO ycCJI0BHE

D:4(<%>2K—Ng> HA—lH+4%KHA—1H%m+m2>O7 m::N(;2 (€>2_17

JIJIST BBITIOJTHEHHST KOTOPOI'O JOCTATOYHO MOTPebOBATH

_ (Ng — £ K)? 4Ng
Y R A > —0 1
Torya oneparopuslii mydok L(\) u3 (7) gomyckaer crieKTpasbHyI0 GakTOPU3AIIUIO
L) = Ly V(I - AZ); (1)

npu stom Ly (\) rosomopena i romomopgna obparuma mpu |\ >t~ prs moboro t € (0,t,),

o 1-22K AP - NG (9)°K2+ VD
+ = )

12
2N (12)

a criextp myuka I — \Z obramaer cpoiictsom o C (t71 +00).

< Iycrs pst myuka M (1) u3 (8) BBIIOIHEHO yCJI0BHE

o0
JAT 3 D IBl < AT+ TN (1 - NG )<,
k=1

KOTOpoe paBHOCI/I.HbHO HepaBeHCTBy
NG t*+ (N 2J = NG [|[A7Y| = 1) t+ |47 <o.

HemnocpesicrBenno mnposepsiercsi, 9To 1pu BbinoaHeHnn ycjosusi (10), mosiBisieTcst BO3-
MOXKHOCTD JIJIsI CIIEKTPAJIBLHON (paKTOpU3aIUN:

M(M) = M+(M)(MI —2Z), ‘:U" Sste (Ovt-i-)v (13)

rie t, onpenensiercs u3 (12). Tlocie nenenust ua g m o6paTHOi 3aMeHbI 4 = A\~ ! mpuxomum
K pasznoxkernmio (11), tne Ly ()\) := M, (A\~!). Cormacro 3ameuanuio 2 onepaTop-byHKIIHsT
M, (@) rosmomopdua u rosomopdna obparuma npu |u| < ¢, orkyma noaydaem, 9ro L (\)
rosiomopdua 1 rosomopdua obparuma 1pu |A| >t~ > NZ. U3 Toro ke 1pejyioxenus u Jo-
Kas3aHHoro (hakTa, 4To CIEKTD 33JIa9K BeIeCTBEHHBIH U HEOTPUIATE/ILHBINA, UMeeM MOC/Ie/IHee
yTBEpPKJAEHUE JIEMMBI. [>

JIlemma 3. Omneparop Z u3z (11) umeer crpykrypy

Z=(I+S)A™", S€6,(G(Q ), (I+8) e L(GQp)). (14)
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< Ilycrs rosomopduasi oneparop-dyukiust My (1), orBedaromias pasioxenuio (13),
uMeeT BUJL

M+()‘) = ZM]—’—M]7 MJJ’_ € g(é(QaPO))a J=0,1,...
j=0

Torma roxkmecro (13) ¢ yuerom (8) GyeT BBINVISIZIETD CJIELYIONM 0Opa30M:

o (o]
pl — A7V 4 pM o+ p? > bRy = (ZM;MJ) (ul — 7).
k=0 j=0

IIpupasuusanue koddduimentos npn 0 1 ' IPUBOAUT K COOTHONICHHSIM
-1 _ A+ _ vt +
A" =MyZ, I+M=DMy—-DM"Z (15)

Tak xak dynkuusa My (u) rosomopdno obparnMa upu |u| <t, TO omeparop
Mg = M (0) nmeer orpanuvennsiii obparnbiit: (Mg ):1 [Tosromy U3 mEpBOro COOTHOIIE-
mns (15) yeranapmmsaem, uaro Z = (M )71A™1 € &(G(Q, po)). damee, Bropoe cooTHomIe-
aue (15) mokasbiBaer, 4To

My =T+ (M+MZ)=1+Ty, Tp€ Su(G(p0)).
Orcrona 110 Teopeme PpeparosbMa MOy IaeM, ITO

(M) ' =1+5, Se6.(G(Q ). >

3AMEYAHUE 3 (Teopema M. B. Kemgpima |9, c. 314; 10, c. 20]). Ilycrs BbiosHeHbI
YCIIOBUST

Z=AI+S), A=A"€G,(E), 0<p<+4oo, Seb6(E).

Torna cupaseymso cieyioniee yreepxkaenne. Eciu Ker Z = {0}, To cucrema KopHeBbIX 2Jie-
MEHTOB OIlepaTopa Z IOJIHA B I'MJIBOEPTOBOM IIPOCTPAHCTBE F .

HokazarensctBo Teopembl M. B. Kespirna, a takxke 6ojiee o0IIUX T€OpeM O KPATHON
[IOJTHOTE CUCTEMBI KOPHEBBIX 3JIEMEHTOB IIOJMHOMHUAJIBHBIX OIEPATOPHBIX IIyIKOB MOXKHO Haii-
tu B MoHorpadusix . II. Tox6epra u M. I'. Kpeiina [9], A. C. Mapkyca [10].

Ormernm, aro yeaosue Ker Z = {0} paBaocwibHO TOMYy, uro oneparop I + .S obparum
(u Torga obpaTHbIl orpanuyeH), a takzke Tomy, uro Ker A = {0}. Bouiee Toro, npu BbimoJte-
Huu ycsoBuit Teopembl M. B. Kesbiia MO2KHO TakzKe yTBEPKIAThH, YTO CUCTEMA KOPHEBBIX
9JIEMEHTOB CONPsIZKeHHOro oneparopa Z* = (I + S*)A rtoxe nosnna B E.

Jlemma 3 u 3amedaHue 3 MO3BOJISIOT JIOKA3ATh CJIEIYIOIIYIO TEOPEMY.

Teopema 1. Ecun soiiosneno yciaosue (10), torma zagada (7) mmeer JUCKpETHBIH
crextp {\p}52, C Ry, Mg = (Me(Z))7!, cocrosmmii u3 KoHeuHOKpATHBIX COGCTBEHHDIX 3Ha-
deHHil ¢ 1pejesibHo Toukoi A = +00. CobcTBeHHbIe S/1eMeHThI { 21, } 72 1, 2k = 2i(Z), oTBeda-
tomue coberbennbM 3HavenusM {152, C [(t4) ™!, 4+00) (em. (12)), obpasytor cucremy Bek-
TOPOB, M0HYI0 1 MEHEMATBHYIO B pocrpanctse G($, po).

< Ipu Bemosnennn yesosus (10), cornacHo jiemMMe 2, IMeeT MeCTO ClleKTpaJsibHast (hak-
ropusaiys (11), npudem 110 iemme 3 daxrop Z umeer crpykrypy (14). Tak kax B (11) nepsbiii
comuozkuresb L (A) mpu A > ¢! > (¢, ) ! obparum, To B 3TO# 06IACTH CIEKTPHI ONIEPATOPOB
L(A) u I — \Z cosnanator. Takum 06pa3oM, MPUXOIUM K CIIEKTPAILHOl 3a/1ade

Zz=ypz, Z=I+8)A"' o<pu=1x'<t (16)
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Bagaua (16) ecrb 3a1a4ua Ha COOCTBEHHBIE 3HAYEHUST JIJIsT CJIADOBO3MYIIIEHHOTO CAMOCOIIPSIYKEH-
HOTO orepaTopa Z (cM. jeMMmy 3), K KoTopoii npuMennma Teopema M. B. Kesjpina (3ameda-
Hye 3).

JeitcTBuTensho, oneparop A~! € 61,(@ (Q, p0)), a oueparop I + S, Kak JI0OKA3aHO BBIIIIE,
obparum 1 S € S0 (G(S2, po)). Tosromy n3 Teopemsr M. B. Kenpima ciieayer, 910 cucrema
KOPHEBBIX 3JjieMeHTOB 3aja4un (16), a moromy u 3aza4n (13), orBedatomasi cOGCTBEHHBIM 3HA~
YeHUsIM U3 OTKPBITOrO Kpyra |u| < ¢, mosiHa B C_j(Q, po)- Kpome toro, sra cucrema obisiagaer
cBoiicTBoM MuEMMasbHOCTH B G(£, po), mockonbky (16) — 3amaua Ha COGCTBEHHBIE 3HAME-
HUsI JIJIsl JIMHEHHOTO IIyYKa, KOIJa CBOWCTBO II€PEeIoJHeHusl (He MUHMMAJIBbHOCTH) KOPHEBBIX
9JIEMEHTOB HE UMEET MECTA.

Tak kax 3aga4au (7), (16) He UMEIOT IPHUCOEIMHEHHBIX BEKTOPOB ([IPOBEPSIETCsI HEIIOCPe I-
CTBEHHO), TO OTCIOZIa CJICJ[yeT, YTO CHCTeMa COOCTBEHHBIX BEKTOPOB {zj}7C | OIEPATOPHOIO
nyuka L(A), orBevaroiasi JMCKPETHOMY CIEKTDY

Me}izy C [(t)400), M= (W(2) = 400 (B — 00),

1no/IHA 1 MEHEMATIbHA B npocrpanctse G($, po). >

Tak kak oneparophbie myuku (7) u (8) 06JaJar0T CBOWCTBOM CaAMOCOIPSIZKEHHOCTH, T. €.
nanpumep, (M())* = M(p), |p| < t, ToO MOXKHO HCHIOJIB30BATH IOCTPOEHYsI, KOTOPBIE CBSI3aHbI
C HAJIMYKMEM y TaKWUX IIy4KOB cuMMerpusaropa F' s dakropa Z uz (11), (14).

Beejsiem oneparop (MHTErpHpOBaHUE BEJETCs IPOTHB YaCOBO CTPEJIKN)

1

Fi= o MY () dp. (17)

=t

JIemma 4. Oneparop F u3z (17) siBisiercst 10JI0}KHTEIBHO OIPEJEJICHHBIM U OIDAHUIeH-
HBIM B é(Q,po), cummerpusyer cupasa gakrop Z u3 (11), (14), ©. e. (ZF)* = ZF.

< JlokazareabcTBa MPOBOJATCS 110 AHAJOTUU ¢ COOTBETCTBYIONIUME Y TBEPIKICHUSIME
JIJIsi OIIEPATOPHOTO Iy 4Ka obmero Buja (9) (em., manpumep, [11, ¢. 87-89]). s nenocrHocTn
paccy KJIeHUi TIPUBEIEM ee.

I sran. Bamernm cragaga, uyro ' € £ (C_j (2, po)) KaK MHTErpaJs OT HEIPEPBIBHON (ByHK-
i M~ (p1), 3amannoit na kpusoit {y € C : |u| = t} KoHeuHoit JTHHBL.

[Tposepum cpoiicteo F* = F. leiicrBuresnbho, u3 (17) umeem

e L)) u———f

211
|al=t ||=t
Ocy1mecTBiisist 371eCh 3aMeHY I — (4, T. €. IIePeX0/sd OT WHTErPUPOBAHUS 110 IACOBOI CTPeJI-
K€ K WHTErPUPOBAHUIO MPOTUB YACOBON CTPEJIKU, TOJIYYUM I10 CBOMCTBAM KPUBOJIMHEWHBIX
UHTEIrpaJioB

F*:=— M~ (u)dp = F.

2m
|ul=t
Yoemumesi, aro F' cummerpusyer orneparop Z crpasa. Vmeem

1 1
JF =7 | — MY (u)d — 7 —ul Ydp + —
5 ]é () dp =5 (Z — pI)M " () pt g ]é du
lul=t lul=t \u\ t
1 1
M) dp + — MY dy = — MY dy = Fy.
=90 ]é M+2 — 1 (1) dp 57 1 (w) dp 0

|ul=t |ul=t lul=t
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Tax kax M;l(,u) rosiomopdua B kpyre {u € C: |u| < t}, 1o uHTErpas OoT Hee MO TEOpeme
Ko paBen HyJII0, & OCTABIIANACS HHTEIPAJT SIBJISIETCST CAMOCOIIPSI)KEHHBIM OIIEPATOPOM. DTOT
rocJie IHUi (PaKT JTOKA3BIBAETCH TaK K€, KAK BBIIEe IPUBEJIEHHOE paccyxkaenue jisi F. OKoH-
JaresbHO noiaydaem ZF = Fy = Ff = (ZF)*.

I sran. Jokaxkem, aro oneparop F' moIo2KUTEILHO OlpejiesieH. BBejieM obo3HaUeHME:

Mo(p) i=p ' M(p) =T —p A7 =3 " pF 1By, k=1,2,...

Eciu Beinosineno ycsosue |p| =t € (0,¢4 ), Torga crpaBejinBa OlEHKa

(M) = D)z, )| = (=17t a™ =S 1By ) 2,2

(18)
< (At + aNGg2 (1= eN) ™) 2l 1= 60) l12) < |12
Hamee, ipu Jmiobom z € é(Q,po) upclp| =t Beuny F* = F, umeem
27
(Fz,z) =Re(Fz,z) =Re 2%” jé <M_1(u)z,z> du | =Re %/ (Mo_l(teie)z,z> ae |,
=t 0

B IOC/Ie/[HEM IIpoBejena 3amena j = tel| dy = ite?dd.
Bresem eme dbynximo 1(0) := My H(te?)z, ¢ yaerom (18) momyuanm

2m 21
(Fz,z) =Re %/(Mo_l(tew)z,z) df | =Re %/(¢(9),Mg(f6i€)¢(9)> do
0 1 . 0
—Re (5= [ [(6). (Ma(te”) ~ 1)u(6) + [0(60)|] s
0
—/ (1= 3)) [0 (0)I2d0 > (1= 6(2)) p* (1) ||2II* = cll=]?,

e ¢ = c(t) := (1 — §(t))p?(t) > 0. B mocie/em miepexojie NCHOMB30BAHO HEPABEHCTBO

-1
WO > ot) 2], pt) = (ﬁaguMo(u)D >

Bocnosbayemest Teneph HagmumeM cuMMeTpusaTopa Fy omepartopa CleKTpasbHON 3a-
naqan (16), a rakxe seMMoii 4.

Teopema 2. B yciioBusx Teopembl 1 cobcrBeHHbBIE 91€MEHTHI {21 }7° | 3aga4n (7), o1-
Bevarone coOCTBEHHbIM 3HadeHHsAM { A }5° | n3 unreppasa [(t4)~ 1, +00), obpasyor 6asuc
Pucca B npocrpancrse é(Q,po): 2o = FY2%y, k=1,2,..., e {r}32, — oproropmmpo-
BaHHDIA 6a31C, COCTABJICHHDIH M3 COOCTBEHHBIX 3JIEMEHTOB CaAMOCOIPSIXKEHHOIO KOMIIAKTHOI'O
omeparopa F*1/2(ZF)F*1/2.

< Ilpu Bbimonsennu ycsiosusi (10), kKak u B Teopeme 1, IPUXOJUM K CIEKTPAILHOI
samgade (16). Ocymecrsum B (16) sameny z = F1/24), ¢ = F~Y2% rne F — cummerpusarop
dakropa Z. IozeiictByem Ha 06e yactu (16) oneparopom F~1Y2. Bosuukuer 3anaua

K= F 2 (ZF)F 29 = . (19)
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[ToCKOIBKY 371€eCh omepaTop ZF CaMOCOIpSiKeH U BIOJHE HelmpepbiBeH, Tak Kak F /2

F12 € L(G(Q,p0)) u Z € Sso(G(Q, po)), a ero siapo mynesoe, To (19) ects 3a1aua Ha co6-
CTBEHHBIE 3HAYEHHs I [TOJTHOTO CaMOCOIIpsizKeHHoro oneparopa K. ITosroMy, coracHo Teo-
peme 'minbepra — IlIMmuara, oHa MMeeT B KadeCTBE PEIIEHUII MHOXKECTBO COOCTBEHHBIX 3JIe-
MenToB {1 }72; oneparopa K, obpasyroliee OpTOHOPMUPOBAHHEIT Oasuc B é(Q, 00). A 3Ha-
aur, sementl {21,150 1, 2p = F/24y,, smasonmecs pemenusivu sagaan (16), o6pasyior 6asuc
Pucca B G(Q, po). >

Jlemma 5. Ha unrepsane (NZ,~+00) cobersennbie suavenus \ = N, zagaun (7) mpu
k — 00 HMEOT aCHMIITOTHYECKOE MOBEJICHUE

Me = Me(A)[1L+o(1)] = P X1+ 0(1)], & — oo (20)

<1 B oneparopuom tyuxe (7) oneparop-bynkims A~ Fy()\) rosomopdna npu [A| > N§
¥ aHHyIMpyeTcs Ha GeckoneunocTn, cobersennbie uncia A\, (A1) oneparopa A~! mmeror cre-
[IEHHYO aCUMIITOTHKY (CM. HOapobHee jtemmMy 3 u3 pabotrsl [4]). Takum obpazom, cobcTBeHHBIE
unciaa A 3agauan (7) u ykopouennoii 3agaan (I — AA™1)z = 0 umeror omuHaKOBOE aCHMIITO-
THYeckoe ToBejerne npu k — oo (no reopeme Mapkyca — Maraesa, cm. [1, ¢.71]). Orcroga
CJIeJIyeT YTBEPIKJICHHUE JIEMMBbI. [>

4. 3akJjrodyeHue

B pabore uccnenyercs 3aj1a4a 0 COOCTBEHHBIX KOJIEOAHUSAX C2KUMAEMO#l 1J1eaIbHOI CTpa-
TUPUINPOBAHHON >KUIKOCTH, IEJINKOM 3aIlOTHSIONIEH HeIOABIKHBIN KoHTeitHep. [Ipemamomna-
raeTcsi, YTO KBaJIpAT YACTOTHI KOJIeOaHUil JAHHONW I'MJIPOCUCTEMBI IIPEBOCXOJIUT KBAJIPAT Ua-
crorbl Beiicsnsg — Bpenra. lanublii ciyuail B kiaccudbukaiyn u3 moHorpadun [2] Hocut
HA3BAHUS «CIydail aKyCTHIeCKUX BOJH». 3a/1ada UCCISAYETCs Ha, OCHOBE TIO/IXOMA, CBABAHHO-
ro ¢ IPUMEHEHHEM TaK HA3bIBAEMOIl CIIEKTPAJILHOIl TEOPUU ONEPATOPHBIX IIyYKOB (OIeparop-
dbyuxiwmit). Vsygatorcst cBoiicTBa MOy YeHHBIX aKyCTHYECKUX BOJIH. [yt Moj| KostebaHuii sTux
BOJIH COCTaBJISIONIAst Wy, pernenust (Wy; zx )", IpUHAJIEKAIAsS BUXPEBOMY MOIIPOCTPAHCTBY
Jo(€, po), acumurormueckn crpevures x mymo (||wyllo — 0, k — 00), a cocrapmsmomas 2
acuMnroruieckn (npu k — 00) yuossersopsier ypasaeruio (20). okazano cBoiicTBO 1OJIHO-
ThI U 0A3UCHOCTH COBOKYIIHOCTH MOJ| aKyCTHYECKUX BOJIH.

B zaxmodenne ormerum, ecin A € [0, NZ] C Ry, To st cylecTBOBanus BHYTPEHHUX
BOJIH (0OYCJIOBJIEHHBIX HUJIMYMEM CHJI ILUIABYYECTH) JOCTATOYHO JIOKa3aTh, 4TO B 3ajade (5)
orpesok [0, N§| npuna/ijIeskKuT mpeie/IbHoMY CrieKTpy 3Toil ajadn. OJIHaKo, 3/1eCh BO3HUKA-
eT 3ajlaya Ha COOCTBEHHbIE 3HAYEHUS JIJIs CAMOCOIPSKEHHOI'O OIIEPATOPA BO3MYIIEHHBIM He
KOMIIAKTHBIM (KaK B CJIydae HeCXKMMaeMOi KHUJKOCTH), & TOJIbKO OIPDAHMYEHHBIM OII€PaTO-
pou. Ilociiesiriee He 103BOJIsIET IPUMEHUTE TeopeMy Beisist 06 yCTONYMBOCTH CYIIECTBEHHOTO
cuekTpa. Takum o0pa30oM, IT0Ka OCTAETCH OTKPBITHIM BOIIPOC O TOM, YTO KBa/[PAT YaCTOT BHYT-
peHHEUX BOJIH obpasyer muozkecTso [0, NZ).
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Abstract. The problem of small motions of a compressible ideal stratified fluid was previously studied
by the author. This problem was reduced to the Cauchy problem for a differential-operator equation of the
second order in the orthogonal sum of some Hilbert spaces. An equation with a closed operator was associated
with the resulting equation. The application of the operator block matrix method, as well as the theory
of abstract differential equations enables us to find sufficient conditions for the existence of a solution to the
corresponding problem. In the present work, the corresponding problem of normal oscillations of this hydraulic
system is investigated. It is assumed that the square of the oscillation frequency of this hydraulic system exceeds
the square of the Weisala—Brent frequency. This case in the classification from the monograph [2] is called
the “case of acoustic waves”. The problem is investigated on the base of an approach associated with the
application of the so-called spectral theory of operator bundles (operator functions). Using the factorization
of the operator bundle (to which the original problem is reduced) with respect to a circle of some radius, using
M. V. Keldysh’s theorem, a statement is obtained about the completeness and minimality of the system of
root elements. It is further proved that the corresponding system forms the so-called Riesz basis in the Hilbert
space. Also, the nature of the asymptotic behavior of the branches of the eigenvalues of the operator pencil
under study is clarified.
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