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I[TAMATNU C. C. KYTATEJIA/ISE
(02.10.1945 — 15.01.2025)

DTOT cHeruaIbHbIA BBIIYCK BjaJInKaBKa3CKOr0 MaTeMaTHIECKOTO YKYPHAJIA [TOCBSIIAETCs
namsitu Ceména Camconosnya Kyrareranze. Cemén CaMCOHOBHY ObLIT 9IEHOM PeIaKIIMOHHON
KoJuTeruu BiraiukaBKa3cKoro MareMaTuiecKoro XKy pHaJia ¢ MOMEHTa BbIXOJ1a [IEPBOIr0 HOMEpPa
B 1999 1.; oKazaJ peraroree BidsiHue Ha (GOPMUPOBAHUN PEIAKIIMOHHON IMOJIUTUKY YKYPHAJIA
U ero peryTalii KakK Cephe3HOr0 U MHTEPECHOI'O0 MATEMATHIECKOTO U3IaHUS.

Ocuosuble Harpasiienust uccienopanuii C. C. Kyrareraaze oTHocATCs K ipobsieMam Dy HK-
[IMOHAJILHOTO aHAJIN3, HECTAHIAPTHBIM METOJAM aHAJIM3a, IPUJIOKEHUSIM K T€OMETPUN U OIl-
TUMU3AIIHT, TIOMPAHIIHBIM pasjiesaM (pyHKIIMOHAIHHOTO AHAIN3a U MATEMATHIECKON JIOTHKH.
Emy npunajiexkar spkue HOCTIKEeHHs B 3TuX objactax. s Gosee moapobHOro ormcanust
aKaIeMruIeckoil Kapbepbl 1 BKata Ceména CaMCOHOBIYA MBI OTCHIIAEM K HUOrpaduaecKM
crarbsaM |1, 2] u k crarse [3]. [Tamarn Ceména Camconosnua Kyrarenaze HOCBSIIEHB! B2
nHomepa Cubupckoro maremarudeckoro xypaada (2025, T. 66, Ne 5, 6)# | a rakzke Bopkimon
110 (pyHKIMOHAJBHOMY aHAJIU3Y, COCTOsABIIMIiCS B mepuoj ¢ 14 no 16 oxkrsabpst 2025 1. B mqu-
cranonnoM dopmare (https://smath.ru/activities/workshops/news/17149/).

1. Kyraremagze C. C. Marcendu. Becruuk Biagukaskasckoro naywroro mentpa PAH.
2015. T. 15, Bemr. 3. C. 68-72.

2. Kyrarenanze C. C. Moit Kanroposuu. B xu.: Jleonun Buraiasesna Kanroposua 1912
1986. Marepuasbl Kk 6ubsmorpadun yuensix PAH: Maremarnueckue nayku (Bbim. 23). M.:
WHNMOH PAH, 2022. C. 100-118.

3. Anekcangpos B. A., Topmorn E. U., I'yrman A. E., Harmos B. H., Kycpaes A. T,
Marapun-Unbsies . T, Tuxomupos B. M. Cemén Camconosnu Kyrarenanze (02.10.1945-
15.01.2025). Cubupckuii maremarndeckuii xkypuas. 2025. T. 66, Ne 5. C. 970-976.

# 5-it Beiyck 2025 r. CM2K Ha pycckom sizpike: https://math-smz.ru/content/66-5; na anrauiickom s3bi-
ke: https://link.springer.com/journal /11202 /volumes-and-issues/66-5; 6-it Bomyck 2025 r. CM2K Ha pycckom
si3bike: https://math-smz.ru/content/66-6; na anrsmiickom siabike: https://link.springer.com/journal/11202/
volumes-and-issues/66-6.
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ON BAND PRESERVING OPERATORS ON COMPLEX VECTOR LATTICES#

N. Abasov! and A. Gutnova?

'Bauman Moscow State Technical University,
5, Bldg. 4 2-nd Baumanskaya St., Moscow 105005, Russia;
2North-Ossetian State University after K. L. Khetagurov,
44-46 Vatutin St., Vladikavkaz 362025, Russia

E-mail: abasovn@mail.ru, gutnovaalina@gmail.com

Dedicated to the memory of S. S. Kutateladze

Abstract. In this article we continue an investigation of orthogonally additive operators on complex
vector lattices started in [1]. We study the special class of so called band preserving orthogonally additive
operators defined on the complexification F¢ of a uniformly complete vector lattice £ and taking values
in E. We say that an orthogonally additive operator .7 : Ez — F is band preserving if .7 (w) € {|w|}*~*
for every element w of Ec¢. The authors introduce and study the class of elementary band preserving
operators, which are complex extensions J7 s constructed from pairs of real operators T, S: E — E that
commute with all band projections. It is demonstrated that such operators are not only band preserving,
but also regular. A central result of the work is that the set .4 (Eg, F) of all elementary band preserving
operators constitutes a vector sublattice within the Dedekind complete vector lattice 0.2/, (Ec, E) of all
regular orthogonally additive operators. The lattice operations in this sublattice are shown to be calculated
pointwise, mirroring the structure of the target space E, with explicit formulas provided for the supremum,
infimum, positive part, negative part, and modulus. Furthermore, it is established that 4 (Ec, E) is
contained within the band generated by the complex extension of the identity operator {97, 1}ll.

Keywords: orthogonally additive operator, band preserving operator, regular operator, order projection,
vector lattice, complexification.

AMS Subject Classification: 47H30, 47H99.

For citation: Abasov, N. and Gutnova, A. On Band Preserving Operators on Complex Vector Lattices,
Vladikavkaz Math. J., 2026, vol. 28, no. 1, pp. 7-15. DOI: 10.46698 /h7168-4322-6544-h.

1. Introduction

Linear disjointness preserving operators on vector and Banach lattices had been studied

during the early part of the twentieth century (see the survey article [2] and references
therein). Orthogonally additive (in general nonlinear) operators (OAOs) on vector lattices
were introduced in [3]. Some deep results on different classes of orthogonally additive operators
on vector and Banach lattices were obtained in [4-9]. Disjointness preserving OAOs on vector
lattices were studied in [10-14].

#The research was supported by the Ministry of Science and High Education, agreement no. 075-02-2026-

1324.

(© 2026 Abasov, N. and Gutnova, A.



8 Abasov, N. and Gutnova, A.

In [1] the concept of an orthogonally additive operator was extended to the setting of
maps defined on the complexification E¢ of a uniformly complete vector lattice £ and taking
values in a Dedekind complete vector lattice F'. It was proved in [1] that the vector space
04, (Ec, F) of all regular orthogonally additive operators from E¢ to a Dedekind complete
vector lattice F' is a Dedekind complete vector lattice with respect to the natural partial order
on 04, (Ec, F).

In this paper we continue this line of thought. We study band preserving OAQOs defined
on E¢ and taking values in E. The article is organized as follows. In the next section,
we present the necessary information on complex vector lattices and orthogonally additive
operators. Then we introduce band preserving orthogonally additive operators from E¢
to E and present some basic examples of such operators. We show that with a pair of
orthogonally additive operators T, S: E — F is associated the orthogonally additive operator
Irs: Ec — E which called the complex extension of T" and S. We prove that a complex
extension I g: Ec — E of commuting with projections operators T',S: EE — E is a band
preserving operator (Proposition 3.2). We consider a special class of a band preserving
operators 7 : Ec — E, which have the form .7 = J7 5, where T',S: E — E are commuting
with projections operators. We call these operators elementary band preserving operators.
We prove that the set A4 (Ec, E) of all elementary band preserving operators is a vector
sublattice of @.«7,(Ec, E) and there is the inclusion A (Ec, E) C {Ic}** (Theorem 3.1).
Finally, two open problems are stated.

2. Preliminaries

In this section we present some necessary facts and notations that we need in the sequel. For
the standard information on the theory of vector lattices and regular linear operators between
them we refer the reader to [15-17|. All vector lattices we consider below are supposed to
be Archimedean. The identity operator on a vector space W we denote by Iy. The term
«operator from vector spaces F and F'» means an arbitrary map 9 : E — F.

Two elements e, f of a vector lattice E are called disjoint (notation e L f), if [e| A|f| = 0.
The sum e + f of disjoint elements e and f we denote by e U f.

Given a net (eq)aca in a vector lattice E order converges to e € E, if there exists a net
(fe)eez in By, such that fe | 0 and for every £ € Z there is an index () € A, such that
le — eq] < fe for all @ > a(&). We note that for a Dedekind complete vector lattice E a net
(éa)aca in E order converges to e if and only if there exists a net (fq)aca in Ey, such that
fa 4 0 and |e — eq| < fo for all & > ap, with some ag € A. A linear subspace I of a vector
lattice E' is called an order ideal of E, if for every z € I and y € E the relation |y| < |z]
implies that y € I. We note that every order ideal I of F is a vector sublattice of . An order
ideal I of E is said to be order closed if for every net (e, )aca in I, which order converges to
an element e € F it follows that e € I. An order closed order ideal I of a vector lattice E is
called a band. Consider a subset A of a vector lattice E. By A% is denoted the set

Ad::{eEE:eJ_x,V:cGA}.

As usual A% = (A9)?. Tt is well known that A? is a band of E [8, p. 34]. A band £ of vector
lattice F is said to be a projection band, if

E=%ao %"

Suppose that A is a projection band in FE. Then every element e € FE has a unique
decomposition e = e Ll e, where e; € % and ey € %% and there exists a positive projection
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mg: E — E defined by the formula mge = e1. A projection of the form 74 is called an order
projection (or a band projection onto the band #). We say that F is a vector lattice with
the principal projection property if {e}® is a projection band for all e € E. The order
projection in E onto the band {e}% is denoted by ..

The set of all order projections on E is denoted by B(E). There is a natural partial order
on B(F), namely m < p < wop = m. We note that the partially ordered set B(F) is actually
a Boolean algebra with respect to the Boolean operations:

TAp:=mop;, wVp=m+p—mop;, w=1-—m.

We say that an element f of a vector lattice F is a fragment of e € E, and use the notation
fCeif f L (e— f) The set of all fragments of an element e € E is denoted by Fe.
The relation C is turned out to be a partial order on F which is called the lateral order
(see [18]).

DEFINITION 2.1. A sequence (e, )nen in a vector lattice E is said to be uniformly Cauchy
whenever there exists some e € E, such that for every £ > 0 the inequality |e, — e,,| < ce
holds for all sufficiently large n and m. We say that a vector lattice E is uniformly complete
whenever every uniformly Cauchy sequence is relatively uniformly convergent.

We observe that every Dedekind o-complete vector lattice is uniformly complete
[8, p. 111].

DEFINITION 2.2. Let X be a real vector space. We say that a complex vector space X¢
defined by

Xe=X+iX = {x+z’y: T,y GX}

is a complexification of X. The vector space operations on X¢ defined by

(x4+iy)+ (v+iv) =z+v+i(y+u) and (a+if)(z+iy) =ax — Py +i(ay + fx)
for all a,8 € R and z,y,v,u € X.

Proposition 2.1 [19, Proposition 2.2.1|. Suppose E is a uniformly complete vector lattice.
Then for every z = x + iy € E¢ the following supremum

|z| = |x 4+ dy| ;== sup {(cos )z + (sin cp)y}
0<p<2m

exists in £y which is called the modulus of z. Moreover the modulus possesses the following
properties:

1) |2 =0 2= 0;

2) |Az| = |A||z| for all A € C and z € Eg;

3) |z +w| < |z| + |w]| for all z,w € Ec.

REMARK 2.1. It is worth noting that

2 V [y] < |2] < || +[y] for every @+ iy = = € Ec.

DEFINITION 2.3 [20, Definition 3.1]. Suppose that F is a uniformly complete vector lattice.
Two elements z,w € E¢ are said to be disjoint (notation z L¢ w) if |z] A |w| = 0. An element
w € Eg is called a fragment of z if (z — w) L¢ w. The set of all fragments of z is denoted
by §.. We shall write w C¢ z, if w € §,. We write z = | | 2z, if 2 =Y ;" | 2z and 2z Lc %
for all ¢ # j. In particular, if n = 2, as in the case of vector lattices, we use the notation
z = z1 U 29.
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Proposition 2.2 [20, Proposition 3.1|. Let E be a uniformly complete vector lattice,
w,v € Fe, w=x+ iy and v = f +ig. Then the following statements are equivalent:

1) wLlc v

2) (|2l + Iyl) L (1] + lg)).

Proposition 2.3 [20, Proposition 3.2]. Let E be a uniformly complete vector lattice.
Then C¢ is a partial order on E¢. As in the case of real vector lattices the relation Cc¢ is
called the lateral order. It was introduced and studied in [20].

Proposition 2.4 [20, Theorem 3.5|. Let E be a uniformly complete vector lattice and
z=x+1y € Ec. Then §,, the set of all fragments of an element z € E¢, is a Boolean algebra
with respect to the partial order C¢. Moreover §, is isomorphic to the Boolean subalgebra
A, of §z X §y defined by

gy ={(f,9) €FaxTy: fLy—g)andg L (z— f)}.

DEFINITION 2.4 [1, Definition 3.9]. Let E be a uniformly complete vector lattice and X
be a vector space. A map 7 : E¢ — X (not necessarily linear, not homogeneous) is said to
be orthogonally additive operator, if

T (uldv) = Tu+ Jo for all disjoint u,v € Eg.

DEFINITION 2.5 [1, Definition 3.15]. Let E be a uniformly complete vector lattice and F'
be a vector lattice. An orthogonally additive operator 7 : E¢c — F is called:

1) positive, if 7z > 0 holds in F for all z € E¢;

2) regular, if 7 = . — S, where .#1,.% are positive orthogonally additive operators
from E¢ to F}

3) C-bounded, if the set T'(.#,) is order bounded in F' for every z € Ec.

The sets of all positive, regular, and C-bounded orthogonally additive operators from E¢
to F' are denoted by 0.« , (Ec, F), O<f . (Ec, F), and 0 c,(Ec, F) respectively.

Proposition 2.5 [1, Theorem 3.16|. Let E be a uniformly complete vector lattice
with the principal projection property and F be a Dedekind complete vector lattice. Then
Od cy(Ec,F) = 0 (Ec,F) and O cp(Ec, F) is a Dedekind complete vector lattice.
Moreover, the lattice operations on 0.<f oy(Ec, F') can be calculated by the following formulas:

N (TVS)z=sup{Tu+ Sv:z=ulv};
) (T NS )z =inf{Tu+ Sv:z=ulv}
3) Ttz —sup{fu uCc 2};
4) T z:=—inf{Tu: ulc z};
5) ]9]2 —sup{ﬂu—ﬂv z=ulv};
6) |72 < |7z
for every ., T € O cp(Ec, F) and every z € Eg.

Let (A,%,u) be a o-finite measure space. The vector lattice of all equivalence classes
of measurable real-valued functions on A is denoted by Lo(u). Given f € Lo(u)c by supp f,
we denote the measurable set

2

suppf—{tEA f 750}

The characteristic function of a set D is denoted by 1p. We recall that H, D € ¥ are called
disjoint, if p{t € H N D} = 0. The union H U D of two disjoint sets H, D € ¥ we denote by
HUD.
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3. Band Preserving Operators

In this section we introduce band preserving operators on complex vector lattices and
explore some of their properties. In particular, we consider real band preserving OAOQOs
and prove the main result of these notes, concerning order properties of these operators
(Theorem 3.1).

DEFINITION 3.1. Let E be a uniformly complete vector lattice and 7 : Ec — FE be an
operator from E¢ to E. We say that 7 is:

1) a band preserving operator, if 7 (w) € {|Jw|}*+ for every w € Eg;

2) disjointness preserving, if 7 (w) L 7 (v) for every w,v € Eg, such that w L¢ v.

It is clear that a band preserving operator .7 : Ec — FE preserves disjointness.

Consider some examples of band preserving orthogonally additive operators.

EXAMPLE 3.1 [1, Proposition 3.11|. Let E be a uniformly complete vector lattice. Then
the modulus | - | : Ec — E' is a band preserving orthogonally additive operator.

DEFINITION 3.2. Let (A,X, ) be a finite measure space. We say that a function N :
AxC—=Ris:

1) superpositionally measurable (or super-measurable for brevity), if N(-, f(-)) € Lo(u) for
every measurable function f: A — C;

2) normalized, if N(t,0) = 0 for almost all ¢t € A.

Proposition 3.1 |1, Proposition 3.14]. Let N: Ax C — R be super-measurable, normali-
zed function. Then there is the orthogonally additive operator Ty : Lo(u)c — Lo(p) defined by
In(f)() = N( f(), [ € Lo(pe.

Actually, it was shown in the proof of [1, Proposition 3.14] that Tx(f) € {|f|}% and
therefore Ty is a band preserving operator. The operator Ty is known in a literature as a
nonlinear superposition operator or Nemytskij operator [21].

Suppose that F is a uniformly complete vector lattice and X is a real vector space. To a

pair of orthogonally additive operators T, S: E — X there is associated a map I7 ¢: Ec — X
defined by

<7.7’,5(x_{_iy) :T$+Sy, x,yEE. (1)

EXAMPLE 3.2 [1, Proposition 3.12|. J7 g is an orthogonally additive operator from E¢
to X.

We say that 97 g: Ec — X is the complex extension of operators T,S: E — X.

DEFINITION 3.3 [11, Definition 2|. Let E be a vector lattice with the principal projection
property. We say that an operator 1T': E — E commutes with projections, if Tm = «'T for
every m € B(E).

We note that a commuting with projections operator T: E — FE is automatically
orthogonally additive [11, Proposition 1].

Proposition 3.2. Let E be a vector lattice with the principal projection property and
T,S: E — E be commuting with projections operators. Then Irg: Ec — X is a band
preserving operator.

< Fix w = x + iy with 2,y € E. Then by Proposition 2.2 we have that {|w|}% =
{|z| + |y|}%. Now we may write

Trsw = Trs(@+iy) =T+ 8y = Tr(al ) + ST(al+y)Y
= (ol +y) T + (0| +1y)SY = T(jaf+y) (T2 + SY) = T(|a|+1y) TT,5W
and therefore 7 sw € {|Jw|}9. >
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Proposition 3.3. Let E be a Dedekind complete vector lattice and T,S: E — E be
operators commuting with projections. Then 91 s € 0./, (Ec, E).

< By Proposition 2.5 it is enough to prove that 7 g is a C-bounded operator. Fixing
w = (x +1iy) € Ec, we will show that 77 s(Fy) is an order bounded subset of E. Take an
element v € §,,. By Proposition 2.4 v = ¢+ id, where ¢ € §, and d € §y, ¢ L (y — d) and
d 1l (x—c). Since T,S: E — E are disjointness preserving operators we have that

|Tx| = |T(cU(z—c¢))|=|TcUT(x—c)| =|Te|U|T(x—c)| = |T¢|
and analogously |Sy| > |Sd|.

Thus, it follows that |T'c| < |Tz| and |Sd| < [Sy| for every ¢ € §, and d € §, and therefore
Ir.sv = Irs(c+id) =Tc+ Sd < |Te| + |Sd| < |Tz| + |Sy|.

Hence, J7 5 is a C-bounded and consequently a regular orthogonally additive operator. >

An operator .7 : Ec — E which has the form 77 g for some commuting with projections
operators T,S5: E — FE is called an elementary band preserving operator. The set of all
elementary band preserving operators from E¢ to E is denoted by A (Ec, F). It is not hard
to verify that A4 (Ec, E) is a real vector space. We recall that Ig: E — E is the identity
operator on E. By 77 1: Ec — E we denote its complex extension, that is

%,I($+Z?J):IE$+IE?J:$+?/, xayEE'

Clearly, 7 1 is an elementary band preserving operator from E¢ to E. Now we ready to state
the main result of these notes.

Theorem 3.1. Let E be a Dedekind complete vector lattice. Then 4 (Ec, E) is a vector
sublattice of the Dedekind complete vector lattice 0o/, (Ec, E) of all regular OAOs from E¢
to E and for every Ir.5, Tp.c € N (Ec, E), w € Ec the following equalities hold:

1) (yT7S V ng)w = yT7S’LU V §R7Gw;

2) (I7r.s N Ipc)w = Irsw N Tpcw;

3) (Ir.5) w = (Irsw)™;

4) (Ir,s)"w = (Irsw)”;

5) | Tr.s|lw = |Tr sw|.

Moreover A (Ec, E) C {71},

< Taking into account Proposition 3.3 we deduce that A4 (Ec, F) is a linear subspace
of a Dedekind complete vector lattice 0./, (Ec,E). Let Irs, Irc € A (Ec,E) and
v = (x 4+ iy) € Ec. Then by Proposition 2.5 we have

(Ir.sV TrG)v = sup {ﬂrﬂsw + Tpaz:v=wl z} > IrsvV Tgav.

Let us prove the converse inequality. Fix w = a + ¢b and z = ¢ + ¢d, such that v = w U 2. By
Proposition 2.2 we have that (|a[+|b[) L (|c|+]|d|). It follows that 7|4+ T = @, T(jal+p)¥ = b
7T(|C‘+|d|)x =C, and 7T(‘C|_Hd‘)y = d. Now we may write

Irsw+ Ipaz = Irs(a+ib) + Ipc(c+id) =Ta+ Sb+ Re+ Gd
= T (a4 o) + ST(al+(6)Y + BT (e +1d)T + GT (el +1a)¥ = T(jal+1p) LT + T(ja|+|6))SY
+ (el +d) B + T (el 1) GY = T(Jal+1o]) (TT + SY) + T(jc|+(a) (B + GY) = T(jaj+[s)) TT.5v
+ (o] +ld) TR.GV < T(|al+p)) (TT,50 V TRGV) + T(le|+1a) (1,50 V TRGV) = T1,.5v NV TR GV-
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Passing to the supremum in left-hand side of the above inequality over all disjoint
decompositions v = w LI z we have that

(yT,S vV 9R,G)v < 91“,52} vV yR,Gv

and consequently (Ir.sV Tra)v < TrsvV Trao for every v € Ec. Now, we get all lattice
operations for elements of 4 (Ec, E) as follows:

(Frs A Trc)v=—((—=Zrs)V (= Tra))v = —((—Tr.s0) V (= Trav)) = Tr,sv A Tr.av;
(yT—,Fs)U =(IrsVO0)v=IrsvV0= (yT,SU)+;
(Frs) v=—(TrsVOWw=—TrsvV0=(Trsv)";

‘97175’1) = (yT,S V (—97175))?} = yT,SU V (—971751)) = ‘97175?}‘.

Finally we show that .4 (Ec, E) C {7 1} By [17, Theorem 4.3.4] it is enough to prove that
Tr.s = sup,{n|Jr1,1|\Ir s} for every positive 71 g € N (Ec, E). Take 0 < I € N (Ec, E)
and w € Ec. By above we have that

sup{(n\%,f\ A ﬂT,S)w} = sup {n!ﬂLﬂw A ﬂT,Sw} = sup {n\w\ A ﬂT,Sw}.

Since Zrgv € {|v|}% for every v € Ec by [17, Theorem 4.3.4] it follows that Jrsw =
sup, {n| 71 rlw A I sw} and the proof is finished. >

4. Open Problems

In this section we point two questions concerning band preserving operator from E¢ to E.
PROBLEM 4.1: Does every band preserving operator .7 : Ec — E has the form .7 = 97 ¢
for some commuting with projections operators T,.5: £ — E?

We remark that in the real-case situation the vector space of all band preserving OAOs
on E is the projection band of ¢.<7,.(E) which coincides with {Iz}%. Hence, the following
natural problem arises.

PROBLEM 4.2: Is the inclusion A (Ec, E) C {71} in Theorem 3.1 strict?

Acknowledgments. We are thankful to Professor M. Pliev for the fruitful and valuable discussion.
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Annoraums. /lannas 3aMeTKa IPOJIOIZKAET IUKJI NCCIIEIOBAHUI, MHUIMMPOBAHHBIX paboToii [1]. B crarne
pacCMaTPUBAETCS IIOJKJIACC TAK HA3bIBAEMBIX «HEPACIINUPSIOIIMX» OPTOrOHAJIBHO A/IUTUBHBIX OIIEPATOPOB,
3a/IaHHBIX Ha KOMIUIeKcndukanuy Fc paBHOMEPHO IIOJIHOM BEKTOPHOM PEIIeTKH W IPUHUMAIONINX 3HATEHUS
B E. Byjnem roBopurbh, 94TO OPTOrOHAJIBHO &JUTUBHBIN oneparop 7 : Ec — E aBisercs HepaCIIUPSAIONIAM,
ecn T (w) € {Jw|}+* mna xaxmoro snementa w u3 Ec. BBoauTcs u H3ydaerca KJace 3JIeMEHTAPHBIX Hepac-
[IUPSIOIIUX ONEPATOPOB, KOTOPBIE IPEJCTABISIOT CO00M KOMIIEKCHBIE paciliupenusi Jr,s, IMOCTPOEHHbIE U3
nap BellecTBEeHHBIX orneparopoB 1,S: E — E, KOMMyTUPYIOMIMX CO BCEMHM HEPACHIUPAIONIAMU TPOEKTOPAMHU.
ITokazaHo, ¥TO Takue OIepaTOpbl HE TOJILKO SIBJIAIOTCS HEPACIIUPSIIONIMMU, HO M peryispHbl. [Ipencrasie-
HO HECKOJIBKO IIPUMEPOB TAaKHUX OIIEPATOPOB M YCTAHOBJIEHO, UTO JEHCTBUTEIHLHOE BEKTOPHOE IIPOCTPAHCTBO
N (Ec, E) Bcex 3/eMEHTAPHBIX HEPACIIUPSIONMX OPTOrOHAJBHO AJINTUBHBIX OIEPATOPOB SABJSETCH MOIPE-
werkoit 0«7, (Ec, E) — HOpSIKOBO IIOJHON BEKTOPHO pelIeTKH BCEX PEryJsipHbIX OPTONOHAJIBHO aJJINTHB-
HbIX oniepaTopoB n3 Ec B E. [loka3aHo, 4TO Olepanuy pemerky B 3TOM [0/[PEIIeTKe BEIYNCIAIOTCS T0OTOYETHO,
oTpakas CTPYKTypy HpocrpaHcTBa F, ¢ aBHbIMU (DOpMyJIaMu JJis CylnpeMyMa, HHPUMYyMa, MOJIOXKUATETHHON
JacCTH, OTPHLATEILHON dacTH U Moxyssa. Kpome rToro, ycranosieHo, uro 4 (Ec, F) comep:KuTcs B II0JIOCE,
ITOPOYKIEHHO# KOMILTEKCHBIM DACIINPEHIEM eMHITHOrO ormepaTopa {77,1} =+,

Kuaro4deBble cJI0Ba: OPTOrOHAJIBHO &JJIATUBHBIN OIIEPATOD, HEPACIIMPAIOIIHI OIIEPATOD, PEryYIIsPHBII Ore-
PATOD, HOPSIKOBBI IIPOEKTOD, BEKTOPHAS PEIIeTKa, KOMIIEKCH(MDUKAIHSI.
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Ceemanoti namamu Ceména Camconosuua Kymamenadse

Awnnoranus. B reopun onTuMabHOIO yIIPABJIEHUS BOIIPOCHI, CBA3AHHBIE C HEOOXOUMBIMU YCJIOBUSIMU OII-
TUMAaJIbHOCTH W YIIPABJISIEMOCTUA CUCTEMBI, SIBJISTFOTCS OJJHUMY U3 OCHOBHBIX. B jaHHOM paboTe Jis yrpas-
JISIEMOI CHCTEMBI OOBIKHOBEHHBIX UMD PEPEHITUATBHBIX YPABHEHUN OIPEIEISIOTCS IOHSITHE €€ JIOKAJIBHOM
YIPABJISAEMOCTH OTHOCUTEIHLHO IIPOU3BOJILHON HEIpPEepBIBHOM (DYHKIMU U TIOHATHE TPAEKTOPUU [EOMET-
PUYECKOrO JIOKAJIBHOTO MHMpUMyMa. OTMETHM, YTO OHU JIBOWCTBEHHBI JAPYT K JPYTY B TOM CMBICJIE, 9TO
b0 yIpaBJisieMasi CACTEMa, JIOKAJILHO YIIPaBJisieMa OTHOCUTEIBHO JAHHON (DYHKIMH, MO0 3Ta (PYHKITHS
SIBJISIETCS] TPACKTOPUEH T€OMETPUIECKOr0 JIOKAJIBHOrO nHpuMyMa. [ToHsaTHEe TPAEKTOPUU T€OMETPUIECKO-
ro JIOKaJbHOro mHMuMyMa 0600IaeT IOHSTHE TPACKTOPUH JIOKAJIbHOrO nHbuMyMa (paHee BBEIEHHOIO
ABTOPaMH), KOTOPOE, B CBOIO 04epe/ib, 0600IaeT KJIacCHIeCKoe IOHsITHe OITUMAJIBHON TpaekTopun. Tpa-
€KTOPHS JIOKAJIBHOro nHuUMyMa — 3T0 (DYHKIUs, HA KOTOPOH 1eeBol (DyHKIIMOHAJ JIOCTUTAET CBOErO
mMuHUMYMa. [Ipu 3TOM OHA, BOOOIIE TOBOPSI, HE SIBJISIETCSI JOILYCTUMON TPAeKTOPHEli, HO €CTh pABHOMEDHBIN
pejiest TakoBbiX. ONTUMAIBHAS TPAEKTOPUST MOXKET HE CYIIECTBOBATH, HO CYIIIECTBOBAHUE TPAEKTOPUU JIO-
KaJIbHOrO MH(pUMYyMa, O4€BUJIHO, BIIOJITHE JOCTATOYHO JJIsl IpUiIoxKeHui. Panee ykaszanHas JBOACTBEHHOCTD
MOHSITHH JIOKAJIBHON yIPaB/IsIEMOCTH OTHOCUTEIBHO TTPOU3BOJIBHON HETPEPBIBHON (DYHKIIUU U TPAEKTOPUN
PeOMETPUYECKOI'0 JIOKAJIbHOI0 MH(MUMYyMa MCCIeI0BAIACh aBTOPAMU B CJIydae, KOrJa HeoOXOAUMbIe YCIIOo-
BHUsI TPAEKTOPHH JIOKAJIHHOTO MHMUMYyMa OBLIN MEPBOTO HOpsiaka. B mamHoit paboTe pedb HIAET O HEOO-
XOJIMMBIX YCJIOBUSIX BTOPOro mopsijka. Ciemyer cKa3aTh, 9TO HEOOXOIUMBIE YCJIOBHUs IIEPBOIO W BTOPOIO
MOPSIZIKOB TPAEKTOPUU JIOKAJIBHOIO WH(PUMYMa YCUJIUBAIOT COOTBETCTBYIOININE BCE KJIACCUYECKUE YCJIOBUS
(B wacTaOCTH, TpHIMN MakcuMyMa [loarpsaruna). Hama ocHoBHAS 11€1B — ITOKA3aTh, 9TO BBEAEHHE Gosee
o0LMX MOHSATHI (JIOKAJIbHAS YIPABJIAEMOCTb OTHOCUTEIBHO IPOU3BOJILHOM (DYHKIMU, TPAEGKTODPUsSI Ieo-
METPHYECKOI0 JIOKAJIBHOIO HH(MUMyMa) HO3BOJISET eJINHOOOPA3HO CMOTPETH Ha BOIIPOCHI YIIPABJISIEMOCTH
¥ ONTHUMAJBHOCTH B OINTHUMAJIHHOM YIIPAaBIEHUU. BaXKHYI0 POJIb UTPAIOT MPUMEPHI B KOHIE CTATHH.
KuroueBbie cjioBa: TPAEKTOPUSI TEOMETPUIECKOrO JIOKAJIBHOIO MH(MUMYMa, JJOKAJIbHAsI YIIPaBJISEMOCTD,
ONTUMAJIBHOE yIIPABJIEHUE, YCIOBUSI BTOPOTO MOPSIIKA.
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(© 2026 ABakos E. P., Marapusi-Uibsies I T
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PaccMOTpUM yIpaB/IsieMyl0 CHCTEMY
=, z,u), u(t)eU miam B tE [ty,t1], (1)

f@(to), z(t1)) <0,  g(x(to), z(t1)) = 0, (2)

IJle HEPABEeHCTBO [OHUMAETCsI HOKOOD[MHATHO.

Bcrony jiastee Mbl Ipe/iiosiaraeM, ITo 0mobpasicenue © Henpepuieto 8MeCme co C80etl 6Mmo-
poti wacmmot npouseodnots no (x,u) na R x R™ x R", a omobpasicerun f u g dsasrcov, nenpe-
pwero dupdepernvyupyemor Ha R™ x R™,

[TpocTpancTBa HENPEPBIBHBIX BeKTOP-DYHKIWI Ha [to, t1] co 3HaveHusiMu B R™, abcosroTHO
HEIPEPBIBHBIX BeKTOP-MyHKIMiT co 3HadeHnsMu B R™ 1 CyIIeCTBEHHO OrpaHUYIEHHBIX BEKTOD-
dbyukuuii co snagenusimu B R™ obosnaugatorcst coorsercrsento C([to, 1], R™), AC([to, t1], R™)
u Loo([to, t1], R") (ecam r = 1, To numem Lo ([to, t1]))-

[Mapa (z(-),u(:)) € C([to, t1], R™) X Loo([to, t1], R") donycmuma nist yupasiisiemoii cucrembl
(cioBo «ymupasisiemasi» jasee omyckaeM) (1), (2), eciam Boimossitorcest yeiosust (1) u (2).
Oynknuo z(+) B 9TOM cirydae HasblBaeM donycmumot mpaexmopuet; 1ist cucremsl (1), (2).

O6osnaunm Z = C([to,t1],R™) X Loo([to,t1],R") u oupemenum cieyomniee mroorce-
cmeo docmuoicumocmu it cucteMbl (1), (2) orHOCHTENBHO OTKPBITOrO MHOXKecTBa, V. C

C([to, t1],R™):

R(V)={y=(y1,y2) € R™ x R™: F(x(:),u(-)) € Z, ynosierBopsiorasi :
f(@(to), (t1)) < w1, g(x(to), x(t1)) = y2, x(-) € V.

OnPEJAENEHUE 1. Ckaxem, uro cucrema (1), (2) JOKaIbHO yIpaBiisieMa OTHOCHTEILHO
) ) yap

dbyukuun z(-) € C([to, t1], R™), ecom jyist siro6oit okpectaocTn V' 910ii (DyHKINN BBIIOIHSETCSA

BKJIIOUEHHE

0 € int R(V).

O6oznaunM vepe3 D MHOXKECTBO BCEX JIOIYCTUMBIX TpaeKTopuil s cucrembl (1), (2),
paccmarpuBaemoe kak nogmuoxkectso C([to,t1],R™), a uepes cl D — ero 3ambikanue.

Baxmno ormMeTuTh, 94To B onpejesnennn 1 dynknus Z(-) e obsizana npunajekarsb D, HO u3
9TOro olpejesenus ciaenyer, 9ro Z(-) € cl D u yuosiersopsier yciaosuio (2). eficTBuresbHo,
Jobast OKpecTHOCTH T(+) comepxkut dyukmuu z(-) takue, uro mapa (z(-),u(-)) € Z ynosie-
tBopsier ycsosuto (1), f(x(tg),z(t1)) < y1 u g(x(to), z(t1)) = Yo JUist BCeX JOCTATOUHO MAJIbIX
1o HOpME Y1 ¥ Y. B wacrnocru, npu y; = 0, yo = 0, mosydaem, 4To B J1I060i OKpeCTHOCTH
Z(-) ecrb gomycrumMast Tpaekropust Jist cucreMsl (1), (2), . e. Z(-) € ¢l D u, oueBunno, Z(-)
YJOBJIETBOPSIET yCa0Buio (2).

[Tpu cTaHgapTHOM OIpEJIeJIeHUN JIOKAJILHON yIIPABJISIEMOCTH MIPEIIOJIAraeTcst, 9ro () —
JIOIyCTHMAasl TpaeKTopus (M., Haupumep, |1, 2]).

Yepes JA 6ynem obo3HaYATH IPAHUILY MHOYKeCTBa A.

ONPEAEJEHUE 2. Qyuknus Z(-) € clD Ha3blBaeTCs TpaeKTOPHEH IeOMeTPHIECKOro JIo-
KaJIbHOrOo uHbuMyMa 1yist cucreMsl (1), (2), econ cymecrsyer okpecraocts V- C C([to, t1], R™)
5T0il (YHKIUM Takasi, 4TO

0 € 9R(V).

Tak kak dyHkims T(-) MOXKET He NPUHAJJIE)KATb [, TO JIErKO 3aMEeTHTh, YTO JAHHOE
onpejiesieHne 0600IIAET OIPEJIEJIEHIE 2C0MEMPUNECKU ONMUMAAbHoT mpaekmopuu (cM. [3]),
KOTOPOE JIOCJIOBHO COBIAJIAET C OIpejiesieHneM 2, ecym 3amenutsb cl D wa D.
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ITosr ABONCTBEHHOCTHIO HMOHATHIL, BBEJEHHBIX B OIpe/eieHusX 1 u 2, noHnmaercs (orme-
JeHHBI panee B [4]) caemyromuii dakr: ecau T(+) € cl D, mo aubo cucmema (1), (2) aokarvro
YNPABAAEMA OMHOCUMENLHO Pynkyuy T(-), aubo T(-) — MpaeKmopus 2e0MEMPUECKO20 N0~
KAAOHO20 UHPUMYMEG OAS 3MOT CUCTEMbL. DTO HEIOCPEJICTBEHHO CJIEIYeT U3 IPUBEIEHHBIX
olpeeJIeHU.

Orcrofia, B 9aCTHOCTH, CJIEJyeT, Y4TO OTPUIIAHKE JIFOOBIX JIOCTATOYHBIX YCJIOBUIl JIOKAJIb-
HOIi yrpasisieMocTu cucteMsbl (1), (2) orrocuTenbHO QYHKIWK T(+) sBIISIETCST HEOOXOMMbIMU
YCJIOBUSIME TOT'O, YTO Z(+) — TPAEKTOPHs N€OMETPHYECKOIO JIOKAJIBHOIO MHMUMYMa, JJisl STON
CHCTEMBI.

[Tepeblii pe3yJbTaT, KOTOPBIl Mbl XOTHM 371€Ch cOPMYJIMPOBATE — 9TO JOCTATOUYHBIE YCIIO-
BUs JIOKAJIBHON ympasisiemoctu cucreMbl (1), (2) ornocurensro dyuximu Z(-). das sroro
HOHAI00SITCSI HEKOTOPBIE JIOTIOJHUTEbHbIe O003HAUEHNUS] U OIIPe/IeJIeHHsI.

Hnsa xkaxyoro k € N noJyioxxum

g ={a() = (a1(-),..., (")) € (Lm([to,tl]))k ca(t) € YF s . Bt € [to, t1]},
rie
k
vk = 52((11,...,(1]?)61@{?:20@:1 ,
i=1
U OIIpeJIe/ UM MHOXKECTBO
U = {u() S Lm([to,tl],Rr) : u(t) ceUmnam. B.t € [to,tl]}.

Conocrasum cucreme (1), (2) cieyolnyo yIpaBIsieMyo CHCTEMY:

k
&= ait)e(t,z,u), al) € dh, ul()e U, (3)
i=1
fa(to), z(t1)) <0, g(x(to),z(t1)) = 0, (4)
e a(-) = (a1(+), ..., op(")) ma() = (u1(-), ..., ur(-)), KoTopyio GyjeM HA3bIBATH 08LINYK.AE-

nuem cucrembl (1), (2) wim npocro ewnyxaot cucremoit. flchno, uro npu k = 1 sra cucrema
coBIaaeT ¢ ucxoauoil cucremoii (1), (2).

Kax u Boime, tpoiky (z(-),a(-), () € C([to, t1], R?) x o), x % * naspisaem donycmumot
JIsi BBIILYKJI07i cucremsl (3), (4), ecsin Bbinosasirorest yeaosust (3), (4), u dbysxmo () B aTOM
cilydae HasblBaeM donycmumoti mpaexmopueti JJist BBITYKJIOH cucreMbl (3), (4).

Ham nonaobsitcst HekoTopble obosHadenusi. EpkimaoBy Hopmy B R™ o6osnasaem |(-)|.
Buavenue ymHeiiHOro dyHKImoHana A = (A1,...,A,) € (R™)* (Bekrops u3 R™ MbI paccMar-
pUBaeM KaK BEKTOD-CTOJIOIBI, TOTJA, KAK MU3BECTHO, COIpsiKeHHOe K R"™ OTOXKIECTBIISIETCS
¢ R™, rae BEeKTOPBI CyTh BEKTODP-CTPOKH) Ha djeMente T = (r1,...,x,). € R™ (T — cum-
BOJI TPAHCIIOHUPOBaHNst) 0603HaYaeM (X, x) = > \;x;. Sepes (R™)% 0603HAUNM MHOXKECTBO
dyukmonaos Ha R™, NpuHUMAIONIMX HEOTPUIIATE/IbHbIE 3HAYEHUsI HA HEOTPUIATEIHHBIX BEK-
TOpax.

Ecin dukcuposana dyskims Z(+), T0O jJisi COKpAIEHUsT 3allUCU, JYACTHbIE IPOU3BOJHbIE
orobpazkernit f, g mo (o u (1, UX IEepBBIE IIPOU3BOJHbIE U BTOPbIE HPOU3BOAHbLIE B TOYKE
(Z(to), z(t1)) 3ammcbiBaeM COOTBETCTBEHHO Kak fc,, g¢,, ¢ = 0,1, f', ¢ u f”, g’ (upuuem
BTODBIE TIPOU3BO/IHBIE CTAHJIAPTHBIM OOPA30M OTOXKJIECTB/ISIOTCS C COOTBETCTBYIOIIUMU CUM-
METPUYHBIMU OMJIMHEHHBIMU (hOPMaMH ).
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Ecim B: X x X — Y — 6uiuneiinoe orobpazkenue, To jgeiicrsue B Ha sj1emente (X1, x2)
3anuceiBaeM Tak: B[y, xa).

Ecmm A: X — Y — smneiinelii omneparop, TO ero JeilcTBue Ha 3JIeMEHTe T MHOraa Oyumer
yZI00HO 3anuchBaTh Kak A[r], 9ro HE NpUBEJET K Iy TAHUIIE.

Hanee, nisi cokpamenus samucy, smecro Z(-), a(-), a(-), h(-), v(-) u ©. 1. gacro Gymem
[IHCATD 1IPOCTO T, &, U, h, v U T. IL.

[Tycrs k € N u Tpoiika (Z, a, ﬁ), re a = (Q1,...,0) u U= (Uy,...,Up), JoIyCcTUMA JJIsT
BBINYKJIOH cucrembl (3), (4). Bemem ciiesyroniee MHOXKECTBO KPUTHYECKUX BapHaluii st
9TOii cucTeMbl B ToUKe (T, a ﬁ)

K(3,3,3) = { g = (h.7,) € AC(lto, 1], B") x (o — @) X (Loo([to, 1), R)*

k k
h(t) = @i(t)pa (8, 2(t), (0)h(E) + Y Bit)e(t, B(t), Wi(t))
; =1

i=1

e 8 = (B1,..»Bk), © = (vi,...,uk), a f, — BEKTOP, KOTODBIA IIOJYyHaeTCH W3
f = (fi,--, fmy) ymanemmem tex dbymxmmit f;, mia xoroperx fi(Z(to),z(t1)) < 0. Ecim
f(@(to),Z(t1)) < 0, To mepasencrso fi[h(ty),h(t1)] < 0 B oupenenennu K(Z,®,u) orcyr-
CTBYeT.

Ilycrs Tpoiika (F, @, W) AOMyCTHMA Ist BBILYKJION cucremsl (3), (4), T e int %* u
q = (h,B,v) € K(z,a,u). O6oznaunm 4epes A(Z, @, U, q) MHOMkeCTBO HAGOPOB (A F1Ag,P) €
(R™)% x (R™2)* x AC([to, t1], (R™)*), yJIOBIE€TBOPSIONINX COOTHOIMICHHSIM:

k
t) Z ai(t)()@x(ta f(t% al (t))7
=1

plto) = Apfey + My p(h) = =Apfey = M
(Ar. F(@(to),3(t2))) = 0,

max(p(t), 9t T (), u)) = (p(t), Z(t)) s B, t € [to, t1],

ot

=3 [@O(pl0) o FO D) + 20mt 3O GO l) O

=17

(b, 2(0), (1) [os, vl (1)) di

Ly / 5i(t) (p0), 22 (1, B(0), T B() + o0, 7(0), Talt))i (1) )

1= lto

+ <Af7f7/[v7,77]> + <Ag,a'[n,n]> >0,

rae 1 = (h(to), h(t1)).

$lcHo, 9TO HyJIEBON HAGOP STUM COOTHOIIEHHUSM YIOBJIETBOPSIET.

Samerum, uro ecot kK = 1, @3 = 1, U4 = @ u f; = 0, TO JaHHbIE COOTHOIICHUS
HPEJCTABIAIOT COOON YCJIOBHS ONTUMAJILHOCTH BTOPOTO mopsaka ¢ dynkimeil ITonTpsruna

H(t) = (p(t), p(t, z(t), u(t)))-
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int % k, JOIycTUMa JJIs BBILYKJIOH
,q) = {0}. Torza cucrema (1), (2)

Teopema 1. Ilycrs k € N, rpoiika (7, a, ﬁ), e e
cucrembr (3), (4) m q € K(Z,@,1) raxue, aro A(ZT,Q, T
JIOKAJIBHO YIPAaBJISieMa OTHOCUTEILHO (DYHKIIUH T.

Ora Teopema jokazata B pabore aBropos [5].

N3 ormedenHoll BBIIIE JIBOMCTBEHHOCTH U TEOPEMBI 1 HEIIOCPEICTBEHHO CJIEIyeT

Teopema 2. Ecimn ynxnus T Apisercs TpaeKTOpueli IeOMETPHIeCKOro JIOKaIbHOIO HH-
buntyma, st cucrems (1), (2), o A(Z, @, @, q) # {0} ast moboii gomycrumoii rpoiikn (Z, @, )
u Jioboro q € K (Z, a, ﬁ)

I[TousiTHE TPAEKTOPUH NEOMETPHIECKOIO JIOKAILHOTO NHMUMYyMa 060011aeT HOHSITHE TPACK-
TOPUH JIOKAJIBHOIO MH(bUMYyMa, BBejieHHoe B paboTe aBTopos [6]. deiicrBuresbho, paccMoTpumM
CJIEJYIOIILYIO 3a/1ady ONTHMAJ/ILHOIO yIIPABJICHHSL:

fo(z(tg),z(t1)) — min, upwu orpanmyenusx (1), (2), (6)

e dyakmus fo: R™ X R” — R nepemennsix ¢; € R™, ¢ = 0,1, obaaaer TeMu ke CBOCTBaMU,
qro u orobpazkenust f u g. O6 s10it 3amaue OymeMm roBoputh Kak o 3azmade (1), (2), (6).

Bagaua (1), (2), (6) — crammaprHas 3a/@a4a OUTHMAILHOIO YIPABJICHN, 3alllCaHHAsT, KaK
MHOT /I3 TOBOPAT, B KAHOHIMYIECKON dhopme, min Kak 3aa4da B popme Maitepa. Eciin B ucxoanoit
3a/1aue MUHIMU3UPYEMBbIit (QyHKIMOHAT ¥/ NI IPAHIIHbIE YCJIOBUS COJIEPXKAT MHTErPAJIbHBIE
(byHKIMOHAIBI, TO BBEJEHUEM JIOIIOJHUTEJbHBIX [IEPEMEHHBIX TaKasl 33/ada JIEIKO CBOJMUTCSI
K 3ajade Buyga (1), (2), (6).

HamomunM crangapTHOe onpe/ie/ieHIe CHIBHOIO MUHUMYMa JIJIs 9TON 3a/1a¢u.

OnPEAEJNEHUE 3. Honycrumast napa (Z(-),u(-)) gocraBisier CHJIBHBIH MUHEMYM (Hjin
SIBJISIETCs OLTHMAJIbHBIM 11porieccoM) B 3azade (1), (2), (6), ecau cyliecTByer OKpeCcTHOCTb
V C C([to, t1],R™) dynkun Z(-) Takas, 9ro Jyist joboii gomycrumoii napst (x(-), u(-)), aus
koropoii z(+) € V', cupaseyiuso HepaseHncTBo fo(z(to), x(t1)) = fo(Z(to), Z(t1)).

B srom cirydae Mbl roBopuM, 9TO Z(-) — onrTnMalbHas TpackTopus B 3agade (1), (2), (6).

fcno, gro, ecom T(+) — onrTmMmasbHas TpaekTopus B 3amade (1), (2), (6), To sT0 paBHO-
CUJIBHO TOMY, 9TO Z(+) JocTaBiisieT JOKaJIbHBI MUHUMYM (DyHKIMOHALY fo Ha MHOXKecTBe D
JIOIyCTUMBIX TpaekTopuii mjis cucremst (1), (2).

Cuenyromee onpe/iesieHne, BBeJieHHoe B pabore [6], 06obIaer moHsTHE ONTUMAIBHON Tpa-
eKTOPUH.

OnpEAENEHUE 4. Oynkius Z(-) € C([to, t1], R™) naspiBaercst TpaeKTOpHEil JOKAJIBHOIO
nadumyma B 3aja4e (1), (2), (6), eciiu oHa oCTABIISIET JIOKAJIBHBI MUHUMYM (DYHKIIHOHATY fo
Ha 3aMBbIKAHUM MHOXKECTBa JIOIlyCTUMBIX TpaekTopuii mist cucremsl (1), (2).

[MonsiTHO, YTO 3HAUYEHUE fy HA TPAEKTOPHU JIOKAJIBHOIO MH(MUMyMa COBIAJAET C TOYHOM
HUKHEH IPaHbio fi [0 BCEM JIONYCTUMBIM TPAEKTOPHIM M3 JIAHHON OKpecTHOCTH (OTCIONA U
Ha3BaHUE: TPACKTOPUS JIOKATBHOTO HHMUMYMA).

Jlerko BuseTs, uTO ecam T(-) — onruMmasbHas Tpaekropus B 3aaade (1), (2), (6), o T(-) —
TpaeKTopus JIOKaJIbHOro nadumyma B 910l 3a1ade. C apyroii croponst, ecan GyHKus T(-) —
TPaeKTOPHs JIOKAJILHOro nHbuMyM B 3a1ate (1), (2), (6) u momycruma, 1o Z(+) — onTHMAIbHAS
TPaeKTOpud B JIAHHOU 3a1a4e.

ycrs Z(-) € C([tg, t1], R™) u orobpazkenne f: R™ x R™ — R™1 pyveer sun f = (fo —
fo(Z(to),Z(t1)), f). CupaBemuBo ciemyoriee

IIpennoxxkenune 1. Ecin yHKims () — TPAEKTOPHS JIOKAJIBHOIO HH(MUMYMa B 3aja4e
(1), (2), (6), To oHa siBJIsIETCSI TpAEKTOPHEl I€OMETPHYECKOIO JIOKAJIBHOI'O HH(UMYMa JIJIs
cucremsr (1), (2), rae orobpaskenme f 3ameneno Ha orobpaskenue f.
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< Ecimm Z(-) — Tpaekropus jokanbaoro nadumyma B 3a1ade (1), (2), (6), To cymecrByer
okpecrnocts V' dyukunn Z(-) rakast, aro fo(x(to), z(t1)) = fo(Z(to), Z(t1)) ans Bcex morry-
crumbIxX st cucreMsl (1), (2) dyuximit z(-) € V.

O6osnaunm wepes R(V) mMHOMecTBO jocTmxmuMocTn jajtst cuctembl (1), (2) otHocuTesn-
o V, rae f sameneno ma f. Torma, B cuiy omnpemenenus 4, jas jo6oro € > 0 Touxa
y = (y1,42) = (—¢,0) € Rx R™*™2 ye npunagyexxur R(V). Orciona, tak kax (0,0) € R(V),
crenyer, aro (0,0) € OR(V), u snaunt, Z(-) ABIsAETCA TPAGKTOPHEH TeOMeTPUIECKOTO JIOKATh-
noro uudumyMma mis cucremsr (1), (2), tne f 3ameneno na f. >

U3 Teopembl 2 u peyioxKenusi 1 BbITEKAET CIIe/yIolias TeopeMa 0 HeOOXOIUMBIX YCIOBHSIX
JIsl TPAEKTOPHHI JIOKAJIbHOIO nHMuMyMa, JOKa3aHHas B pabore 7], rie B cmity Toro, 9ro f
3aMeHsieTcst Ha f, B cooTHOMmenusx (5) BeKTOp A § 3aMeHsieTcsl Ha BEKTOD (Ao, Af), IpH STOM
B (5) M3MEHSIIOTCS TOJIBKO BTOPOE, TPETHE U IECTOE YCIOBHSL.

Teopema 3. Ecimn ¢ynkunsa € C([to, 1], R") apstercss Tpaexropueii JokanbHoro mm-
uvyma B sanaie (1), (2), (6), o gt mobbix k € N, a=(a,...,a ) 1T = (Uy,...,0%),
raew € int %%, g koropbix TpoliKa (z, a u) JIOILyCTHMa JIJIsI BBIILYKJIOH cucreMsbr (3), (4), "
Jmoboro gy = (h,ﬁ, 7) € Ko(Z, @, ) naiigyrcs Hemyesoii Hatop (Ao, Af,Ag) € Ry x (R™)% x
(R™2)* u Bekrop-pyukuust p € AC([to, t1], (R™)*) rakue, 410 BBIIOJIHEHBI

1) ycoBue cTaiMOHAPHOCTH 1O X:

k
p=—pY @) (t, T, 8(1));
=1
2) ycsioBHsI TPAHCBEPCAJIBHOCTH:
p(to) = Xofoc, + Apfer + AgGci,  p(t1) = —Xofoca — Apfea — AgGcas
3) yc/ioBHE JIONOJIHSIIONIEl HEXKECTKOCTH:

4) ycsoBre MaKCUMyMa:

max(p(t), @ (t, 7(t), u) = (p(t), 2(t)) wwr . v t € [to, 11];

5) yc/ioBHE HEOTPHLATEIHLHOCTH KBaJPATHIHOH (POPMBI:

E ot
WA / 856 (plt), @as (1, 2(t), T (6)) [, B (2)

=1 to

20 (b B(E), T (8)) [y 0i)(8) + (1, 5(), @ (D) o3, 0] (1)) dt
—2)° / Bi(1) (p(8), 20 (1 F (), WD) + pult, B, T(0))uilt) ) dt

+ O Py + (g, 3" nm)) =0,

e 1) = (h(to), h(t1)).
Ecsn muoxkecrBo U KOMIAKTHO, TO TPAEKTOPHsI JIOKaJIbHOTO nHpHMyMa B 3a1a4qe (1), (2),
(6) siBssteTcst gorycTumoit st BbirykJoi cucremsl (3), (4) npu k =n + 1.
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Kak MOXKHO BHJIETH, HEOOXOIMMBIE YCJIOBHS HPEJICTABISIOT CO00 CeMeficTBO COOTHOIIIE-
HUH, TIapaMeTpu30oBanHoe Tpolikamu (T, @, W). IIpu 9TOM, eciu, B YACTHOCTH, & — ONTHMAJIb-
Has Tpaekropus B 3agade (1), (2), (6), To sru coorHomenust upu k = 1, oy = 1, Uy = u
u 1 = 0 comepKar WM3BECTHBIE YCJIOBUS ONTUMAJBLHOCTH BTOPOTO HOpsijiKa (CM., HAIIpH-
Mep, [8, 9]), a TakKe W Jpyrue COOTHOIIEHUSI, KOTODBIE, BOOOIE I'OBODs, JAIOT JIOHOJIHI-
TeJIbHYI0 HHMOPMAIIO 00 ONTHMAJIBHOI TpaekTopun (cM. npumMep 2 mike). Takum obpaszom,
chopMyIupOBaHHAST TEOpEMa YCUJIUBAET U 0000IIaeT HMpUHIMI MakcuMyma lloHTpsruna u
M3BECTHBIE YCJIOBHsI OHTHMAJILHOCTH BTOPOTO HOPSIIKA.

U3 nocseiHero yTBepKIeHNsT TeOPEMbI CJIEJYeT, YTO eCJid MHOXKeCTBO U KOMIIAKTHO, TO
JUIsl TPAeKTOPHH JIOKaJIbHOro nHbuMyMa B 3a1ade (1), (2), (6) Bcera MOKHO BBIIIECATH Ce-
MeCTBO HEOOXOMMBIX YCJIOBUI ONTUMAJILHOCTH BTOPOTO TOpsijika Buja 1)-5).

2. Ilpumepsl

ITpumep 1. D10 npumMep yupapJisieMOil CUCTEMBI, JIJIsT KOTOPOH MOXKHO JIaTh KPUTEpUii ee
JIOKAJIBHOM YIIPABJISIEMOCTH OTHOCUTEIHLHO (PYHKIMHU, BOOOIIE I'OBOPsI, HE SIBJISIOIIEHCS JIOITy-
CTUMOI JJid 3TON CUCTEMBI.

OTMeTHM, YTO €CId B OIPEIeJIEHHOM BBIIIE MHOXKECTBE %/ MHOXKeCTBO U OTKPBLITO, TO
HECJIOXKHO IPOBEPHUTDH, UTO B 3TOM CJIydae CaMO MHOXKECTBO %/ TaKXKe OTKPLITO.

[Iycts Uy — oTKpbBITOE MOAMHOXKECTBO R, comepKkaliee 3/7eMEHThI Pa3HbIX 3HAKOB, u U
takoBo, uro Uy C U C clUj.

PaccmorpuMm cite iy oy yrpaBisgeMyo CUCTEMY:

i1 =u, @9 =ax1f1(u) +22fo(u), u(t) €U masm . t € 0,1],

(7)
1‘2(1) — 1‘2(0) § O, 1‘1(0) = 0, .%'1(1) = O,

rie dyukuuu fi u fo nBaxkapl HenpepbiBHO juddepeniupyemsl Ha R, f1(0) =0 u fo(0) > 0.
Bamernm, uyro dyuknusa T = (Z1,72) = (0,0) moxker ObITH HEHOIYCTUMA IS JIAHHOMN
CHCTEMBI.

IIpennoxenune 2. Cucrema (7) JIOKaJbHO yHpaBisieMa OTHOCHTEJBLHO (DYHKIHH T =
(0,0) rorma u TosibKO ToOrya, Korya coorHomenus fi(u) = yiu u fa(u) = you, u € U, He
BBITOJTHSIIOTCST OJHOBPEMEHHO HH JIs Kakux v; € R, 1 =1, 2.

< Heobxomumocts. Ilycrs cucrema (7) JIOKQIBHO yrpaBiisieMa OTHOCUTEJNLHO (DyHKIUK
z = (0,0). TTokaxkem, 4TO yKa3aHHBIE COOTHOIIEHWsI HE BBINOJIHSIOTCs. JlomycTum, 9To oHu
BBITIOJTHATOTCS 1T HEKOTOPBIX ¥; € R, ¢ = 1,2. Torma myist 1000 JOMyCTUMOM /It CUCTe-
Mol (7) Tpaekropun z(-) = (x1(-),z2(+)), nHTErpUpYys L0 YacTsAM, OyIeM UMETh

1
z2(1) — 22(0) = / (21 () fr(u(t) + 25 (t) fo(u(t)) dt
0

1
> [ (una@in (0 + st @) de =0, (8)
0

T. e. ynxius () — x2(1) —22(0) HE MOXKeT IPUHUMATH HUKAKUX OTPHUIATEJILHBIX 3HAUCHUIT

u 3Ha4uT, cucreMa (7) He SIBJISIETCS JIOKAJIBHO YIPABJISEMOll OTHOCUTEIBHO .
Jlocrarounocth. 1lycTh cooTHOIIeHNSI, yKa3aHHBIE B MIPEIIOKEHUN, He BLITOJHSIIOTCA Off-

HoBpeMeHHO. [Tokazkem, 4ro B 9T10M ciryuae cucrema (7) JIOKAJIbHO yIpPaBJisieMa OTHOCUTEbHO
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dyukuun T = (0,0). CHoBa j1oka3biBaeM OT npoTuBHOrO. IIpennosoxkum, aro cucrema (7) He
JIOKAJIBHO YIPaBJISeMa OTHOCUTEILHO . Torma He BBITOJHEHbI JOCTATOYHBIE YCJIOBHS YIIPAB-
JISEMOCTH M TEeM CaMbIM, COIJIACHO TeopeMe 1, mjst jobbix u; € Uy u o € [0,1], i = 1,2,
a1 + ag = 1, 11 KOTOPBIX CIIPABE/IMBBI PABEHCTBA

0 = aquy + agug, 0 = a1 (0f1(u1) + 0f2(u1)) + a2(0f1(u2) + 0f2(uz)), (9)
21(0) = 0, z1(1) = 0 u moboro uadopa (h,3,7) € AC([0,1],R?) x (@h — @) x (Lu([0,1]))?

(B = (B1,B2), T = (v1,v2), @ = (v, ) U3 MHOKECTBA KpUTHUeCKnX Bapuaimii K (T, a, 1)
Haiiyrcst Habop Mmuoxwureseit Jlarpanxka (Ao, A1, A2), Ag = 0, u Bekrop-byukuus p(-) =
(p1(+),p2(+)), He paBHBIE OJTHOBPEMEHHO HYJIIO, TAKHE, YTO BBIIOJHEHBI COOTHOIICHNSI:
Pl(t) = —Pz( J(ar(fi(u1) +0f2(u1)) + az(f1(uz) + 0fa(u2))), (10)
p2(t) =0, pi(0) = A1, pa(1) = =Ag, p2(0) = pa(1) = = Ao,
BBIIIOJIHEHO yCJIOBUE MakcuMmyMma Jyist 1. B. ¢ € [0, 1]:
max py(t)u =0 (11)

ueR

1 CIIpaBE€/JINBO YCJIOBHME HECOTPUIIATCJIbHOCTUA KBa,Z[paTH‘IHOfI Cl)OprIZ

9 1
S / 01 (p(E), P (0,12 [y B () + 26000 (0, 13 [y 03] (8) + Pun (0, ) o, w3 (2) dt
i=1 0

(12)
9 1
=5 / Bi()(p(E), 02 (0, 1) h(E) + 0u(0, us)vs(8)) dt > .

0

i=1

U3 (10) u (11) caeayer, aro p(-) = (0, p2) u p2 < 0.
u2

_ _ _w
fcno, aro mobbie u; < 0 m ug > 0, npunamiexamue Uy, oy = —um M2 =

YJIOBJIETBOPSIIOT T1IepBoMy ypasHeHuio B (9). Bropoe sbimosnsiercst Beerja. Iloacrasisis st o
u a9 B niepBoe ypasuenue B (10), mosydaem, 4To ClpaBe/jInBO COOTHOIIEHUE

ug f1(u1) = vy fi(uz) (13)
fr(w)

IUIST BCEX YKa3aHHBIX U1 1 Ug. OTCIOma clleayer, 9To 9acTHOe ectb KoHcTanTa Ha Up\ {0},

- fr(u) = 7

st Becex u € Uy, OTIUYIHBIX OT HyJid U HEKOTOporo 1. Ecau 0 € Uy, To paBeHCTBO COXPaHSsI-

ercs, Tak Kak f1(0) = 0, a Torja, 1o HENPEPLIBHOCTH, OHO BEPHO U Jyisi Bcex u € U.
JlokazkeM Telepb, ITO CYIIECTBYET TaKas KOHCTAHTA 7Yz, UTO fa(u) = vou nst Beex u € U.
B paccmarpusaemom ciydae K (7, @ u) — 3TO COBOKYIHOCTD Takux nabopos (h, 3,7), 4ro

h = (algpx(o, ul) + a290:v(0’ u2))h + b1 (t)SD(O’ ul) + 52(t)¢(0’ u2)
+ a1 (0, ur)or(t) + a2 (0, ug)a(t),  ha(1) —h2(0) <0,  hi(0) = k(1) = 0},
riie h = (hy, h2)T n nanomuum, o(z,u) = (u, z1f1(u) + 22 f2(u))T.

Tak kax ¢ (0,u;) = (0, f1(u;))T, i = 1,2, To B eIy TOKA3AHHOM IMHEHHOCTH f1 U TOTO,
910 U] + asue = 0, uMeeM

(14)

a12(0,u1) + s, (0,u2) = (0, v1(auy + azug))” = (0,0)7.
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Hanee, ©,(0,u;) = (1,0)7, i = 1,2, u nosromy srmouenue (h,3,7) € K(Z,a,T) osuauaer,
91O

hi = Bi(t)ur + Bo(t)uz + arvi(t) + ava(t),
hy =0, hy(1) = ha(0) <0, hy(0) =hy(1) =

Hecnoxknble  BBIYHCIEHHS OKA3BIBAIOT, 4YTO Qg4 (0, ul)[h h] = (0, 2fa2(u;)h3)T,
(0, ) [y v;] = (0, fl(ui)h1v)T 1 ©uu(0,u)[vi,v;] = (0,0)7, i = 1,2. Tlopcrapass 910
B KBaJparuunyo ¢opmy (12), Gyuem umers

1
- 2292/ (a1fo(ur) + asfo(uz))hi(t) + (alf{(ul)vl(f) +a2f{(u2)v2(f)>h1(t)
0

+ (B (t) 1) + Ba(t) (w2 )Ia ()t > 0.
Vuurssas 10, 4ro f1(1) = YU U BbIPasKeHHe JJis iy, HOIY <M
(a1 fi(ur)vi(t) + oo fi(ug)va(t))ha (t) + (Br(t) fr(ur) + Ba(t) fr(uz))ha(t)

=M (041’01 (t) + 042’02(t) + ﬁl (t)u1 + Bg(t)UQ)hl (t) = ’ylhl (t)hl (t)

Tax xak hi(0) = hy1(1) = 0, To uHTErpas OT STOro BhIpaykeHusi papeH HyJ1t0. ClieJ0BaTeIbHO,
HEOTPUIATEILHOCTD KBAAPATUIHON (POPMBI O3HATAET, UITO

1
(a1 fo(ur) + aafolus)) [ hi(
[

u nosromy aq fao(uq)+agfo(uz) = 0. Hopcrasmsis ciona aq = —ul”qu n oy = ulu 5 » IPHXOIUM

K HepaBeHCTBy
ug fa(ur) = uy fa(ug),

crpaBeIMBOMY it JI00BIX U] < 0 m ug > 0, npunagexamux U. ajee, paccyxKgas aHa-
JIOTUYIHO 1peblayineMy (em. paBeHcTBO (13)), mosyunm, uaro fo(u) > o u mist Beex u € U n
HEKOTOPOTO 3.

TakuM 06pa3oM, JOKa3aHO, 4To ecju cucreMa (7) He JIOKAJIBHO ylpaBiisieMa OTHOCHTEIbHO
Z = (0,0), TO BBIIOJHAIOTCS OJHOBPEMEHHO cooTHomenus f1(u) = yiuu fo(u) > you Jyis Becex
u € U 1 HEKOTOPBIX Y1 U Ya. DTUM JIOKA3aHA JTOCTATOYHOCTH. [>

Tenepb npuBesieM NpuMep, Korja TeopeMa 3 jaer 6oJiblie HHMOPMAIMHA 110 CPABHEHUIO
¢ NPUHIUIOM MakcuMyMa [TOHTpsIrMHa M M3BECTHBIMU HEOOXOIMMBIMU YCJIOBUSIMU BTOPOTO
HOPSITKA.

IIpumep 2. PaccMoTpum caenyroniyio 3a/1ady BApUAIMOHHOTO UCYUCJIEHUS:

1

J(a() = / (@O 1) + 22O fa(@@)dt — min, 2(0) = 0, z(1) = 0, (15)

0

rie dyukuuu fi u fo naxkapl HenpepbiBHO juddepeniupyemsl Ha R, f1(0) =0 u f5(0) >0

Basady OyzeMm paccmarpuBarb Ha npocrpascTse dyukmumit z(-) € AC([0,1]), mis koro-
poix &(-) € Loo([0,1]). Hamomunm, uro dyukims Z(-) gocraBisieT CHAbHbBIA MUHIMYM B 3a-
nade (15), ecam cymecrByer takasi ee okpecrnocts ¢ B C([0,1]), uro J(z(+)) = J(Z(+)) mua
Beex jionycrumbix dbyukuuii (-) € 0.
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Hynepast dbynkuus, ouesuHo, jgonycruma B 3agade (15). Herpyano nokasarh, 4ro jyist
ITOHU beHKHHH BBIIIOJIHAETCA HpI/IHHI/IH MaKCI/IMyMa HOHTpHFI/IHa 1 U3BECTHbBIE HeO6XO,ZLI/IMbIe
YCJIOBUSI MUHHMYMa BTOPOTO INOPs/IKA U TeM CAMBIM OHA IMOJO3PUTEIbHA Ha CHJILHBII MU-
HUMyM (HE3aBHCHMO OT TOIO Kakoil Buj umeror dbyskuuu fi u fi). Ho paccmarpusas sty
3a/lady KakK 33J]ady ONTHMAJBLHOTO YIPABJICHUA W IIPUMEHSA TeopeMy 3, MOXKHO IOJIYUHTh
JIOTIOJTHATE/TLHBIE COePKATeILHBIE YCIOBHU.

HeiicTBuresibHo, 3anumeM 3aady (15) Kak 3aady ONTHMAJILHOIO ylpaBjeHus B (hopme
Maiiepa.:

29(1) — 29(0) = min, & =wu, @9 = x1fi(u)+ 23 fo(u),

u(t) e R g m. 8. t €[0,1], x1(0) =0, =z1(1)=0. (16)

OueBnjHo, 4TO Ty — CHIBHBIH MHUHEMYM B 3aJade (15) Torga u TOJILKO TOTJA, KOT/a mapa
(Z,u), tne T = (Z1,T2) u U = Ty, JAOCTABJSIET CHILHBLH MUHUMYM B 331a4e (16).

CupaBeyIIBO CrIeytornee

IIpennoxxkenue 3. /st Toro uro6bl HyseBast (hyHKIISI JJOCTABJIsIA CUIbHBI MIHAMYM B
sazade (15) HeoOXOAUMO H JJOCTATOYHO, YTOOBI CYIeCTBOBAJIN TaKHe KOHCTAHTBI Y1 U Y2, UTO
filu) = mu, a fo(u) = you mrsa Beex u € R.

< VI3 upeyiozkenus 1 cieyer, 4to ecsu HysieBast OyHKIHsE JTOCTABIISIET CHIbHBI MUHUMYM
B 3a7a4e (16), T. e. sIBAsieTCsl ONTHMAJILHONH TPAaeKTOpUel i STOH 3ajadu, TO OHA eCTb
PeOMETPUYECKH ONTUMAJbHAS TPAEKTOPHS sl YIPABJISIEMON CHCTEMBI

i1 =u, do=a1fi(u) +xifa(u), wu(t)€ER mrmm s t€0,1]

22(1) —22(0) <0, 21(0) =0, z1(1)=0. (17)

HeobxoauMbIMK yCIOBUSIME JIJIs HEe sIBISIOTCS, KaK ObLIO OTMEYEHO paHee, OTPUIAHUE JIIO-
OBIX JIOCTATOYHBIX yCJIOBUIl JIOKAJILHOMN ylIpaBisieMocTu cucTeMbl (17) OTHOCHTENHHO HYJIeBOIt
dyukuun. B npemioxkennu 2 (rae wajo B3ath Uy = U = R) copmysmpoBanbl 10cTaTOIHbIE
YCJIOBUSI, 3aKJIIOYAIONINECs] B TOM, 4TO cooTHomenust fi(u) = yiu u fo(u) = yu, u € R, He
BBITIOJIHSIIOTCSL OJJHOBPEMEHHO HU Jjist KakuxX v; € R, ¢ = 1,2. CienoBaresibHO, €Cjii HyJeBast
dbyHKIWs gocTaBiIsIeT CHIBHBI MUHUMYM B 331ade (15), TO CyIIecTByIOT TaKue KOHCTAHTHI
Y1 1 ¥2, uro fi(u) = 1u, a fo(u) = you misg Beex u € R. HeobxoaumocTsb J0Ka3aHa.

JoCcTaTOYHOCTD CJIe/lyeT U3 TOrO, YTO €CJIM BBIIOJHSIIOTCA YKA3aHHbIE COOTHOIIEHHUSI, TO,
coruiacHo (8), HyJieBasi (DYHKIMsI JIOCTABIISIET TI00AJIBHBII (1 TeM CaMbIM CUJIbHBII) MUHUMYM
unrerpaiay B (15). >
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Abstract. In optimal control theory, questions related to necessary optimality conditions and the
controllability of a control system are among the fundamental ones. In this paper, for a control system of
ordinary differential equations, the concept of its local controllability with respect to an arbitrary continuous
function and the concept of a trajectory of a geometric local infimum are defined. These concepts are dual to
each other in the sense that either the control system is locally controllable with respect to a given function
or this function is a trajectory of a geometric local infimum. The concept of a trajectory of a geometric local
infimum generalizes the concept of a trajectory of a local infimum (previously introduced by the authors), and
generalizes the classical concept of an optimal trajectory. A trajectory of a local infimum is a function such
that the objective functional attains its minimum, but, generally speaking, it is not a feasible trajectory and
it is a uniform limit of such trajectories. An optimal trajectory may not exist, but the existence of a local
infimum trajectory is clearly sufficient for applications. The previously mentioned duality between the concepts
of local controllability with respect to an arbitrary continuous function and the trajectory of a geometric local
infimum was investigated by the authors in the case, where the necessary conditions for the trajectory of a local
infimum were first-order. In this paper we focus on second-order necessary conditions. Note that first-order and
second-order necessary conditions for the trajectory of a local infimum are improved the corresponding classical
conditions (in partuicular, the Pontryagin maximum principle). Our goal is to show that the introduction of
more general concepts (local controllability with respect to an arbitrary function, the trajectory of a geometric
local infimum) allows to a unified approach of controllability and optimality in optimal control. Our examples
also play an important role.



VupapiseMocTs H ONTHMAJIBHOCTH 27

Keywords: trajectory of geometric local infimum, local controllability, optimal control, second-order
conditions.

AMS Subject Classification: 49K15.

For citation: Avakov, E. R. and Magaril-II’vaev, G. G. Local Controlability, Trajectory Geometric Local
Infimuma, and Second-Order Conditions in Optimal Control, Viadikavkaz Math. J., 2026, vol. 28, no. 1,
pp. 16-27 (in Russian). DOI: 10.46698/a7281-6269-9782-p.

References

1. Lee, E. B. and Markus, L. Foundations of Optimal Control Theory, New York, London, Sydney, John
Wiley & Sons, 1967.

2. Avakov, E. R. and Magaril-II’'vaev, G. G. Relaxation and Controllability in Optimal Control Problems,
Sbornik: Mathematics, 2017, vol. 208, no. 5, pp. 585-619. DOI: 10.1070/SM8721.

3. Agrachev, A. A. and Sarychev, Yu. L. Geometric Conirol Theory [Geometricheskaya teoriya
upravleniya], Moscow, Fizmatlit, 2005, 392 p.

4. Avakov, E. R. and Magaril-II’vaev, G. G. Local Controllability and Trajectories of Geometric Local
Infimum in Optimal Control Priblems, Journal of Mathematical Sciences, 2023, vol. 269, no. 2, pp. 129—
142. DOI: 10.1007/s10958-023-06265-9.

5. Avakov, E. R. and Magaril-II’vaev, G. G. Controllability and Second-Order Necessary Conditions
for Local Infimum Trajectories in Optimal Control, Proceedings of the Steklov Institute of
Mathematics, Optimal Control and Dynamical Systems. Collected papers. On the occasion of the
95th birthday of Academician Revaz Valerianovich Gamkrelidze, 2023, vol. 321, pp. 1-23. DOI:
10.1134/S0081543823020013.

6. Avakov, E. R. and Magaril-I’vaev, G. G. Local Infimum and a Family of Maximum Principles in
Optimal Control, Sbornik: Mathematics, 2020, vol. 211, no. 6, pp. 750-785. DOI: 10.1070/SM9234.

7. Avakov, E. and Magaril-II'yaev, G. G Necessary Second-Order Conditions for a Local Infimum in
Optimal Control, STAM Journal of Control and Optimization, 2022, vol. 60, no. 2, pp. 1018-1038. DOI:
10.1137/21M1389973.

8. Levitin, E. S., Milyutin, A. A. and Osmolovskii, N. P. Conditions of High Order for a Local Minimum
in Problems with Constraints, Russian Mathematical Surveys, 1978, vol. 33, no. 6, pp. 97-168. DOI:
10.1070/RM1978v033n06 ABEH003885.

9. Avakov, E. R. and Magaril-II’yaev, G. G. Controllability and Second-Order Necessary Conditions for
Optimality, Sbornik: Mathematics, 2019, vol. 210, no. 1, pp. 1-23. DOI: 10.1070/SM9013.

Received December 19, 2025

EvGENY. R. Avakov

V. A. Trapeznikov Institute of Control Sciences
of Russian Academy of Sciences,

65 Profsoyuznaya St., Moscow 117997, Russia,
Leading Researcher

E-mail: eramag@mail.ru

https: //orcid.org/0000-0002-6951-2106

GEORGY G. MAGARIL-IL'YAEV
Lomonosov Moscow State University,

1 Leninskie Gory, Moscow 119991, Russia,
Professor

E-mail: georgii.magaril@math.msu.ru
https: //orcid.org/0000-0003-4960-8255



Vladikavkaz Mathematical Journal
2026, Volume 28, Issue 1, P. 28-36

YAK 519.146 + 514.11
DOT 10.46698,/q7071-3025-8385-h
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Abstract. A planar integral point set (PIPS) is a finite set of non-collinear points in the Euclidean plane
such that the Euclidean distance between any pair of points is an integer. These sets are characterized
by their cardinality (the finite number of points), diameter (the maximum pairwise distance), and
characteristic (the smallest positive integer ¢ such that all triangular areas are commensurable with ,/g).
The characteristic remains invariant under translations, dilations, reflections, and even the addition or
removal of points. Existing classifications include sets in semi-general position (no three points collinear)
and general position (no three collinear and no four concyclic). Circular sets and facher sets (all but one
point on a line) are prominent examples, but finding sets of general position is difficult problem. For
instance, the largest known set has seven points, and no eight-point example is currently known. This
work introduces new examples to advance the classification, including rails sets (points on two parallel
lines) and sets with multiple symmetries. We also present sets with many shared points that cannot be
merged. These constructions highlight the potential of sequential extensions and limitations of merging
sets, offering insights into the structure and properties of planar integral point sets.
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1. Introduction

DEFINITION 1. A planar integral point set (PIPS) is a set & of non-collinear points in

the plane R? such that for any pair of points P;, P, € & the Euclidean distance |P;P;|
between points P; and P, is an integer.

How do we describe a planar integral point set? For example, by the number of points in

it, which is always finite [1, 2| and is said to be the cardinality of the PIPS. Furthermore, we
can naturally define the diameter of a finite point set.
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DEFINITION 2. The diameter of a planar integral point set & is defined as diam(Z?) =
maxp) pe ’P1P2‘

DEFINITION 3 3, 4]. The characteristic of a planar integral point set & is the least positive
integer p such that the area of any triangle with vertices P, P», P3 € &2 is commensurable
with |/p.

The characteristic of a PIPS does not change if the set is moved, dilated or flipped;
moreover, even addition or deletion of a point does not change the characteristic of a PIPS.

While the minimal possible diameter for planar integral point sets of a given cardinality
was being computed, it was noticed [5] that such a diameter is attained at sets with many
points on a straight line; for some estimations on this tendency, we also refer the reader to [6].
(For the recently established connection between the characteristic and the minimal possible
diameter, see |7].) Thus, the following classification was introduced.

DEFINITION 4. A PIPS &7 is said to be in semi-general position if no three points of &
are located in a straight line.

The most dominating examples of PIPSs in semi-general position are circular sets.

DEFINITION 5. A planar integral point set that is situated on a circle is said to be a circular
point set.

So, the following constraint appeared.

DEFINITION 6. A planar integral point set & is said to be in general position if no three
points of & are located on a straight line and no four points of &2 are located on a circle.

Planar integral point sets in general position are very difficult to find; the first known
examples of such sets with cardinality 7 were presented in [8]. Currently, there is no known
example of a PIPS of cardinality 8 in general position.

The main purpose of this work is to demonstrate examples of planar integral point sets
that may provide clues for the development of further classification.

It is rather common for points of a PIPS to have non-integer coordinates; for convenience,
in such cases we use the notation [9-11]: \/p/q * {(z1;91);...;(Zn:Yn)}, which means that
each abscissa is multiplied by 1/¢ and each ordinate is multiplied by \/p/q, i.e.,

Volax {(@s ) (@nsyn) } = {<E M) O <x—"; M)} (1)

q q q q

Here p is the characteristic of the PIPS; any PIPS can be written in this form [11, Theorem 4].

Note that all examples that are discussed below are located on a union of at most three
straight lines. For a classification of PIPSs located on the union of two straight lines, see [12].

There are some examples of PIPSs that are not contained in the union of any three straight
lines: for example, these include the heptagons presented in [8] and 7-clusters from [13].
However, we have to keep in mind that circular inversion under certain conditions translates
a planar integral point set into a planar integral point set (although sometimes additional
dilation is necessary). On the other hand, circular inversion may translate a straight line into
a circle and vice versa. Thus, we can consider the concept of generalized circles, which are
circles or straight lines; obviously, from that point of view all the examples from [8] and [13]
are located on a union of three generalized circles, because any seven points are located on
a union of a circle and two straight lines.
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2. Rails Sets

DEFINITION 7. A planar integral point set of n points with n — 1 points on a straight line
is called a facher set.

Facher sets are predominant examples of planar integral point sets [14]. In [15], facher sets
of characteristic 1 are called semi-crabs.

DEFINITION 8 [12]. A non-facher planar integral point set situated on two parallel straight
lines is called a rails set.

Among rails sets, sets with 2 points on one line and all the others on another line dominate.

The two PIPSs below have been obtained by dilating [12, Fig. 34| by 23 and 29 respectively;
the third one has been constructed by dilation and merging.
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Fig. 1. A PIPS of cardinality 42 and diameter 2473117504.

| 2100 | < b < | L9 |

Fig. 2. A PIPS of cardinality 46 and diameter 3118278592.
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Fig. 3. A PIPS of cardinality 48 and diameter 71720407616.

e Fig. 1:

Pus = V1541 x { (£219513840; —15069600); (+£345596160; 0); (+:260201760; 0);
(£225792840; 0); (£213234840; 0); (+153961080; 0); (+144668160; 0); (£25116000; 0);
(£694026840; 0); (£514710560; 0); (+359116940; 0); (+£13423904; 0); (+75682880; 0);
(+£464143680; 0); (£827069880; 0); (+92144325; 0); (+£1195180740; 0); (+1236558752; 0);
(+44590560; 0); (+339925740; 0); (£117312468;0) }.

e Fig. 2:

P = V154/1 % {(£276778320; —19000800); (+£435751680; 0); (+:328080480; 0);
(£268861320; 0); (£194124840; 0); (+182407680; 0); (£1559139296; 0); (+284695320; 0);
(£1506967020; 0); (£1042827240; 0); (£875077320; 0); (+648982880; 0); (£585224640; 0):
(£452799620; 0); (£95426240; 0); (£16925792; 0); (£116181975; 0); (£428602020; 0);
(56222880; 0); (£769560480; 0); (+626458560; 0); (+31668000; 0); (£130761918;0)}.
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e Fig. 3:

Pug = V154/1 % {(£6365901360; —437018400); (£10022288640; 0);
(£23985026520; 0); (389293216; 0); (+£6183810360; 0); (+4464871320; 0);
(£4195376640; 0); (£728364000; 0); (+£35860203808; 0); (+34660241460; 0);
(£7545851040; 0); (£20126778360; 0); (£14926606240; 0); (+13460166720; 0);

(+£10414391260; 0
(£1293126240; 0);

points, respectively, of S are on the line or on the circle.

); (£2194803520; 0); (£2672185425; 0); (+9857846460; 0);
(£17699891040; 0); (£14408546880; 0); (£3007524114; 0);
(£6547992360; 0); (£3402061572; 0)} .

Taking these examples into consideration, we can conjecture that there is an infinite point

set with rational distances that contains 22,3. However, it is known [16] that if a point set S
with rational distances has infinitely many points on a line or on a circle, then all but 4 and 3

3. Example of Sets with Many Common Points That Cannot Be Merged

points but cannot be combined into another PIPS.
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Fig. 4 shows an example of three PIPSs of cardinality 8, each pair of which shares 6 or 7
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c)

Fig. 4. PIPSs with cardinality 8 and diameter 2520 with many common points.

o P =/143/2 x {(£1620;0);
o P =/143/2 % {(£1620;0);
o P =/143/2 % {(£1620;0);

24/320401. Notably, 320401 is a prime.

(£1920; 300); (£735; 75); (£340;0)};
(£1920; 300); (£735; 75); (£1767; 147)};
(£1920; 300); (£735; 75); (—340; 0); (1767; 147)}.

The distance between the non-adoptable points is \/(L267 — 3;;0)2 + (%7)2 - 143

4. Integral Point Sets with Two Axes of Symmetry

and looking for points on the z-axis.

Py = {(0;0); (£1445; 0); (+£1085; 0); (—455; £528); (455; £528) },

The set 19 shown in Fig. 6 was obtained from the set &y shown in Fig. 5 by dilation

(2)
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Fig. 5. A PIPS of cardinality 9 and diameter 2890.
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Fig. 6. A PIPS of cardinality 19 and diameter 20663808074.

P9 = {(0; 0); (—987843675; +£1146332880); (987843675; +1146332880);
(£729918777;0); (£972103809; 0); (£1113030324;0); (£1400170149;0);
(£3137217825;0); (£2355627225; 0); (£10331904037; 0)}

5. Arrow-Like Planar Integral Point Sets with One Axis of Symmetry
In Fig. 7, the following PIPS is shown:

P = {(—2847; +72072); (47073; £124488); (47073;0); (£98943; 0);
(—694668; 0); (15457;0); (—71487;0); (—50367;0); (—14943;0);
(23582;0); (63073;0); (125307; 0); (172207; 0); (329628; 0) } .
Note that the axis of symmetry for &7 is the x axis; all such sets are of characteristic 1.
Moreover, note that the set contains three points with the same first coordinates.
In Fig. 8 and 9, other examples of arrow-like PIPSs are shown. The one in Fig. 9 is obtained
from the one in Fig. 8 by dilation and looking for points on the z-axis.
Fig. 8:
Py = {(0; 0); (0; £252); (960; +£468); (—1120; 0); (—405;0); (336;0); (561; 0); (1311; 0)}
Fig. 9:
P15 = {(0; 0); (0; £1413720); (5385600; +2625480);
(—6283200; 0); (—2272050; 0); (—1971915;0); (—635040; 0); (1884960; 0);
(31472105 0); (45581765 0); (5976333; 0); (7354710; 0); (12920544; 0)}
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Fig. 7. A PIPS of cardinality 17 and diameter 1024296.
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Fig. 9. A PIPS of cardinality 15 and diameter 19203744.

6. Other Examples

Fig. 10 displays a PIPS with no axis of symmetry; although the set is of characteristic 1, it
cannot be extended by the reflection in the z-axis. Moreover, we failed to extend it by dilation
and looking for extra points on the z-axis.

Py =V1/13 % {(0;0); (8450; 0); (12844; 0); (21294; 0); (29575; 0);

(—2366; —8112); (10647; —14196); (15022; —3696) } .
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Fig. 10. A PIPS of cardinality 8 and diameter 2535.
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Fig. 11. A PIPS of cardinality 8 and diameter 2400.

The set shown in Fig. 11 has an axis of symmetry, but it is the y-axis, not the xz-axis. Due
to the fact that its characteristic is not 1, the set cannot be rotated by 90° but still be on the
lattice (1):

Py, = V42/1 % {(£1200;0); (£529; 182); (£814; 152); (£440;80) }.

7. Final Remarks

All given planar integral point sets were obtained through a combination of computer
search and the authors’ intuition.

The source code can be obtained at https://gitlab.com/Nickkolok/ips-algo.
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recommended the journal for my first significant scholarly article [17] and facilitated its submission,
marking the start of a pioneering series of works on this topic at our university. This contribution is
dedicated to his memory.
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HEKOTOPHBIE ITPUMEPHI I[IJIOCKNX HEJIOVIAJIEHHBIX MHOZKECTB
N NX KJACCUOUKAIINA

Agnees H. H.', 3posmnckuit A. E.1, Momor E. A.!
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Awnnoranus. [liockoe nenoy1ajieHHOe MHOYXKECTBO €CTh KOHEYHOE MHOYKECTBO TOYEK HA €BKJIUIOBOI T1J10C-
KOCTH, HE COJIEpKAIlleecss HU Ha KaKOW MPSIMOIi, TAKOe, YTO €BKJINJIOBO PACCTOSTHUE MEXK Ty JIF0H6O0# mapoil Touek
SIBJISIETCS TIEJIBIM IUCJIOM. DTH MHOXKECTBA XaPAKTEPU3YIOTCSA CBOEH MONIHOCTBHIO (KOHEYHBIM YHCJIOM TOYEK ),
nnamerpoM (MaKCHMAJIBHBIM TIOIIAPHBIM PACCTOSHUEM) M XaPAKTEPUCTUKON (HAMMEHBIIUM IIOJIOKHUTETHHBIM
[EJIBIM YHCJIOM ¢ TAKKUM, 9TO ILJIOIIAINA BCEX TPEYTOJBHUKOB, 0Opa30BaHHBIX TOYKAMHU MHOYXKECTBA, CON3MEPUMBI
¢ 1/q). XapaKTepuCTHKa HHBAPHAHTHA OTHOCHTEIBHO CABUIA, DACTSKEHNHA, OTPAXKEHUs, 8 TAKXKE [00ABICHIU
i yjanenus todek. CymmecTsyonme KaacCuduKaIMy BKIIOYAIOT MHOYKECTBA B TIOJLyOOIIEM MTOJIOXKEHNH (HU-
KaKue TPH TOYKH He JIesKaT Ha OJHON NpsiMOi) M B 0OIIeM IOJIOXKeHUM (HUKaKue TPU TOYKU He JiexkaT Ha
OJIHO¥ TIPAMON M HUKAKWE YeThIPE He JIeXKAT HA OMHOI okpyzkHOCTH). Knaccuaeckumu npumepamMu siBIIstiOTCst
KPYTOBBIE MHOYKECTBA W BEEPHBIE MHOXKECTBA (BCE TOUKH, KPOME OJIHOH, JIEXKAT HA OHOM npsamoii). OxHako
HaXOXKJIeHUE MHOYKECTB OOIIEro MOJIOXKEHUS IPeICTABIISIET 3HAYUTEIbHBIE TPy AHOCTH. Hanpumep, HanboJibInee
U3BECTHOE MHOXKECTBO MMeEET CeMb TOYEK, W IIOKa He HaiJIeHO MHOXKECTBO U3 BOCBMU TOYEK ODIIEro IOJIOKe-
Husi. B nmannoit pabore mpejicTaBiIeHbl HOBbIE IPUMEPDI JIJIsi PA3BUTHS KJIACCU(DUKAIINN, BKJIIOUAs PEIHLCOBBIE
MHOXKeCTBa (TOYKH Ha JBYX HapaJlIeJbHBIX IIPSIMBIX), MHOXKECTBA C HECKOJIBKMUMU CHMMETDUSIMU M CTDPEJIO-
BUAHBbIE KOHMUTrypanuu. Mbl Takyke pacCMaTPpUBAEM MHOYKECTBA € OOIBITUM KOJUIECTBOM OOIIMX TOYEK, KO-
TOpBIE HEJIb3sl O0bEIUHUTh. DTU KOHCTPYKIUHU [TOIY€PKUBAIOT TIOTEHIIUAJ [TOCJIE0BATEIbHBIX PACTIAXKEHUN 1
orpaHuYeHust Ha OObeIUHEHNE MHOYXKECTB, JEMOHCTPUPYsI HOBbIE OCOOEHHOCTH CTPYKTYPhI M CBOWCTB ILJIOCKUX
LIEJI0Y/IaJIeHHBIX MHOYKECTB.

KiroueBble ciioBa: Ie/I0Y/IaJIEHHOE MHOXKECTBO, KJIACCU(DUKAINS [JIOCKUX II€JIOYAAJIEHHBIX MHOXKECTB,
JIMCKPETHAsS TeOMeTPUsl, KOMOMHATOPHAST T€OMETPHUSI.
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Awnnoranusi. Vccnenyercs MHOroMepHOE ypaBHEHHE TEILIONPOBOIHOCTH APOOHOrO MOPS/IKA C I'DAHUY-
HBIMH YCJIOBUSIMU TPETHErO poja B 00JIaCTH CJI0XKHOI (popmbl. BmecTo mcxomauoro auddepeHnuaibHOro
YPABHEHHs] PACCMATPUBAETCA MOAMMDUIIMPOBAHHOE YPABHEHUE TEILIONPOBOJIHOCTH APOOHOTO MOPSAJIKA C Ta-
pamerpoM peryispusaruu € > 0. s npubimkerroro pemierus MOAuMUIMPOBAHHON 33,1491 UCIIOJIb3Y-
eTCsl MeTOJ, KOHEUHBIX pasHocTeil. [locTpoena jiokaibHO-0HOMEpHAs pasdHocTHas cxema A. A. Camapckoro
¢ nopsiaxom ammpokcumarma O(|h|? 4+ 7), cyTh KOTOpOii COCTOMT B CBEAEHHH TEPexoia CO CJIOH Ha CJIOH
K TIOCJIEIOBATEILHOMY PEIEHUIO Psifia OJHOMEPHBIX 3aJ[a4 110 KaXKJI0MY U3 KOOPJAMHATHBIX HAIIPABJICHU.
C OMOIIBIO NPUHIMIIE, MAKCUMYyMa, [TOJIydeHa allpuopHas OlleHKa B paBHOMEpHOil merpuke B Hopme C.
JlokazaHbl yCTOWYMBOCTD JIOKAJILHO-OJHOMEPHON PA3HOCTHOW CXEMbl U PABHOMEDHAs CXOJUMOCTH PeIe-
HUS TPEJJIOXKEHHONW PA3HOCTHONM CXEeMbI K PEIIeHUI0 UCXOIHON 3aJa9u npH JII0ObIX 3Hadennsx 0 < a < 1.
Bri6op napamMerpa peryssipusaiiuu € MOXKeT CYIECTBEHHO MOBJIUSITh HA CKOPOCTb CXOIUMOCTH JIOKAJIBHO-
PaBHOMEDHOI PA3HOCTHON CXeMbl M KadeCTBO ee pelleHus. B maHHOil pabore IpeiacTaBiieH ITOAPOOHbIM
aHaJIM3 BBIOOPA ONTUMAJIBHBIX 3HAYEHWI €, MO3BOJIAIONIMX HAUJIYYIIMM OOpPA30M OIPEJIEJIUTh CKOPOCTD
PaBHOMEDHON CXOJMMOCTHU PEIIEHUsI MIPeJIIaraeéMoil PA3HOCTHOM CXeMbl K PEIIEHUI0 UCXOHON 3a1a4u.
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BBenenue

Pabora mocesiiena mcciaeqoBaHU0 MHOTOMEPHOTO YPABHEHUs TEIJIOIMPOBOIHOCTH JIpO0-

HOT'O TIOPSIJIKA C YCJIOBUSIMH TPETHEr0 pojia B OOJIACTH CJIOXKHON (POPMBI, HAIpUMED, KOTIA
3aMKHyTas 00JIaCTh MMEeT KPUBOJINHENHYIO rpanuity. llocTpoena JOKaIbHO-OMHOMEPHAS pa3-
HocTHas cxema A. A. Camapckoro. C MOMOIIBIO IPUHITATIA MAKCUMYMa, JIJIsT PEIEHIsT PA3HOCT-
HOIT 3a/1a4U TI0JIyUeHA allPUOPHAst OIEHKA B ceTOouHO# HOpMe (') BhIparKaroliasi yCTONInBOCTh

JIOKAJIbHO-OJTHOMEPHOI Pa3HOCTHO# cxembl. KpoMe TOro, MOKa3bIBaeTCsl ee PaBHOMEpPHAsT CXO-

JUMOCTD.

© 2026 Bemrrokosa 3. B., Bemrokos M. X., IIIxanykos-Jladumes M. X.
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JIokaIbHO-OTHOMEPHBIE CXeMbI Jijist quddepeHnaibHbIX ypaBaeHuit nuddy3un 1pobHO-
IO TMOPSIIKA C CAMOCOIIPSIPKEHHBIM OIEPATOPOM M KPAEBBIMU yCJIOBUSAMU | poga paccMOTPEHbI
B [1], B obsiacTu npoussosibHO dhopmbl — B [2], a ¢ KpaesbiMu ycsioBusivu 111 poga — B (3, 4].
B [1-4] anpuophbie oneHKE GbLIM [OJIyY€HbI JHIIb IpU ycaoBun, korja 1/2 < o < 1. B na-
crosiieil pabore IpeiaraeTcsi MPUOJUKEHHBI METOJ| PEIeHUsT MHOTOMEDHOTO ypABHEHUS
TeIJIONPOBOIHOCTHU JAPOOHOTO MOPSIIKA C YCAOBUSIME TPETHEro POJa B 00JIACTU CJIOXKHOM op-
MbI, OCHOBHBIM PE3YJILTATOM KOTOPOI SIBJISIETCS JI0KA3aTE/ILCTBO YCTONIMBOCTU U PaBHOMED-
HOIl CXOJIMMOCTH JIOKAJIBHO-OJIHOMEPHOIT cxembl 11pu Jii06bix « € (0,1) ¢ mOMOIIBIO BBEIeHNUSs
mapameTrpa peryiaspusaruu £ > 0.

B nocsieiaee BpeMsi HAOIOMAETCS HHTEHCUBHOE PA3BUTHUE JIPOOHOIO AHAJIM3A U €0 MPUJIO-
JKEHUN B PA3/JINIHBIX 00JIaCTIX 3HAHUI, MHOTHE SIBJICHUS B MEXAHUKE YKUJKOCTHU, BA3KOYIIPY-
rOCTH, XUMUU, (PU3UKE, IPOIECCHI TEILJIO-MACCOIIEPEHOCA B CPelax ¢ PPAKTAJIBHON CTPYKTYPOii
U TAMSTBIO MPUBOAAT K HEOOXOIMMOCTH M3YyUIeHUs KPAEBBIX 3a1ad /i auddepeHnabHbIX
YPaBHEHUIl B YaCTHBIX IMPOU3BOJHBIX JAPOOHOrO mopsijika. OHU siBJISIOTCH ODOOIEHNEM ypaB-
HEHUIl C 9aCTHBIMEU ITPOU3BOIHBIMU IETOYUCICHHOTO MOPSIKA U BBI3BIBAIOT OOJIBIION Teope-
TUYEeCKUl 1 npakTudeckuit narepec. CyiecTByer OOJIbITOE KOJIUIECTBO KHUT, HOCBAMECHHBIX
MaTeMaTHIECKOMY aHaJI3Yy, APOOHBIM uddepeHInalbHbIM yPABHEHUSIM U UX [TPUMEHEHUSIM,
Hanpumep, [5-11|, B KOTOPBIX JIaH JOCTATOYHO IMOJIHBIA 0630p pabor, MoCBsiIeHHbIX Tudde-
PEHIMAJILHBIM ypPaBHEHUsIM JIpOoOHOr0 nopsijika. Monorpadust |7| nocssiena ocHoBoIOIaraK0-
[IIAM DJIEMEHTAM JIPOOHOr0 UCUUC/ICHNSI, KAIeCTBEHHO HOBBIM CBOMCTBAM OIIEpATOPOB APOOHOIO
UHTErpupoBanusi u JuddEePeHIMPOBAHNS U UX TPUMEHEHHUIO K PEIICHUIO IPOOJIEM MaTeMaTH-
9eCKOI'0 MOJIEJIUPOBAHUST PA3JIMIHBIX ITPOIECCOB U SIBJICHUI B KUBBIX M HEXKUBBIX CHCTEMAX
¢ dpakTanbHOil cTPyKTYpOil U maMsThio. B [11] uccienoBanbl MareMaTHUeCKue MOJIEN Pas3-
JIMIHBIX IIPOIECCOB IT€PEHOCa CyOCTAHIMI B MOPHUCTLIX CPelaxX, 00aamamux GpakTaabHOR
cTpyKTypoii. VI3yueHbl OCHOBHBIE HeJIOKAJIbHBIE nudbepeHIuaibible yPDABHEHUS] MATEMATH-
9eCKUX MOJIEJIel: JBUKEHHE T'PYHTOBBIX BOJ, IMOYBEHHOW BJIATM W COJIH; BOJIIOIUU MAJIBIX
BO3MYIIEHNN B KaHAJAaX C (PPAKTAJIHHBIMU CTEHKAMU; JIMHAMUKUA MUKPOMETEOPOJIOTHIECCKOTO
peKuMa P OPOIIEHNH OOJIBINTNX TEPPUTOPHIA.

PasnoctabIM MeTOmaM pelieHusT KPAaeBbIX 3aiad it auddepeHIma bHbIX yPaBHeHTH
JIPOOHOTO MOPsijIKa MOCBSIIEHbl MHOrHE paboTbl. B crarbe [12]| mpemioxkenbl HepaBeHCTBa,
[TO3BOJISIONINE IPUMEHSITh METOJI, SHEPIeTUIeCKNX HEPABEHCTB I HAXOXKIEHUST AIIPHOPHBIX
OIEHOK periennii JuddepeHnnaabHbIX ypaBHenuii 1poduoro nopsiaka. B [13, 14| uccienyrores
JIOKQJIbHBIE U HEJOKAJIbHBbIE KPAeBble 3aJla4n I YPaBHEHUSI BJIArOlEpeHoca ¢ JIpOOHOM mpo-
u3Bo/HOM B cMbicie ['epacumosa — Kamyro u Pumana — JInysusuist. B [15] npezcrasien asro-
PUTM SKCTPAIIOJIAIIMOHHOIO THUIIA I YUCJIEHHOrO perrenns auddepeHiuajibHbIX yPABHEHUT
npobuoro mopsika. B [16] ucciepyercss KoHEUHO-pA3HOCTHAS AIIIPOKCUMAIIUS TPOU3BOJIHOI
T'epacumoBa — KaryTo Ha HEOTHOPOIHBIX CeTKaX Jijid PEIleHus] ypaBHeHus Apo0HoH nuddy-
sun. Jlokazana 6e3ycoBHasl yCTORIMBOCTb M CXOAUMOCTb. B pabore [17| paccmarpuBarorcst
muddepennuababie ypaBHeHus! JpoOoHOro mnopsizka 1/2. KoHeqHo-pasHOCTHBIM METOIOM II0-
JIY9€HBI YCJIOBUSI YCTOWIMBOCTU U CXOJUMOCTH PACCMATPUBAEMBIX 33/1a4.

Hacrositiiast pabora siBsieTCsi IIPOJOJIXKEHUEM CepUM pabOT aBTOPOB B 9TOM HAaIpaBJie-
aun [18, 19].

1. ITocranoBKa 3ama4u

B mummape Qp = G x [0,7] paccMOTPUM TPEThIO KpaeBylo 3aJady Jyls ypaBHEHHs Tell-
JIOIIPOBOJTHOCTHU JIPOOHOTO ITOPSiJIKA:

8w =Lu+ f(z,t), (z.t) € Qr, (1)
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ou

Ok (z,1t) o Bp(z, t)u — p_p(z,t), xp =2, t=>0, (2)
ou +
—Gk(ﬂﬁat)a—xk = Bii(@, hu — pyw(z,t), =z, t=0, (3)
u(z,0) = ug(z), =€G, (4)
rae 0g,u = F(ll_a) fot a“((;?’n) 0 tflz)a ,0 < a < 1, — apobnas npoussoaHas ['epacumona — KarryTo
HOPSIKA, (v,
2 d du
L= ZLk, Liyu = oar O(z,t) ozr) qr(x, t)u, k=1,2,...,p,
k=1

0<co<Op(x,t), qu(w,t)<cr, Pir=co >0, co,c1 = const >0,
— + — — ./ — —
,LLH.;;—ILL(.%']C,I',t), ,u*k_u(xk7x7t)7 QT_GX(07T)7 k_17"'7p7
/

L= (xlny) s 7xp)’ r = ('rlax2a sy -1, Th41y - -+ ,xp)a
T}, T} — JleBasl U IpaBas 'PAHUYHbIE 3HAUeHUs Ty coorBercrsento, Iy = {z, 2} } € T, T —
rpanuta obnactu G, © = (21,2, ...,Tp) — TOUKA P-MEPHOIO €BKJIMIOBOIO mpocTpaHcTsa RP.
B nasbreiinem Oyzem npejanosiarath, 9to perrenue u(x,t) 3agaun (1)—(4) cymecrByer u

€IMHCTBEHHO, KOSCbeI/H_LI/IeHTbI YpaBHEHNA U I'DAHUYIHBIX yCHOBI/IfI YAOBJIETBOPAIOT YCJIOBUAM
TVIaIKOCTH, H606XO,HHMBIM JJIsl IIOCTPOEHU A JIOKaJIbHO—O,Z[HOMepHOfI pa3HOCTHOI'71 CXEMDbI:

Pu P Mus Pt Prru Prows PPf
o2’ Ot? 7 Qaidxl’ Oxidxl’ Oxidt’ dxidt*’ dxidte’ Oxi’

Ok(z,t) € C*'(Qr), ar(z,t) € C*'(Qr), 1<k, v<p, k#v, 0<a<l

B roii e obmactu Q7 BMecto 3agaqu (1)-(4) paccMOTPHM CIIEAyIONIYIO 3a1ady C MAJIbIM
apaMeTpoM £:

euj + Opu® = Lu® + f(x,t), (z,t) € Qr, (5)

Ok(x,t) g—gz = fp(x, t)u® — p_p(z,t), xp=2x,, t=0, (6)
—Our) G = Bl 0 — (e 0). =l t20, (7)
u®(z,0) = up(z), z€G, (8)

rime € = const > 0.

Tak kak npu t = 0 HaYaIbHbIE yCa0BUs st ypasHenuii (1) u (5) coBnajsator, T0 B OKpecT-
Hoctn t = 0 mpousBomHas ui He 06JasaeT O0COOEHHOCTHIO THUIIA IIOIPAHUYHOrO cjost [20]
(em. Takke 21, c. 10]).

B nmanmbrefineM mokaxkeM, UTO PeryaspU3alust NCXOIHON 389 BBEJICHUEM TJIeHA C TIep-
BO#l TIPOM3BOJIHON IO BPEMEHU € MAJBLIM TapaMeTPOM B KadecTBe KOIMDQUIMEHTa TO3BO-
JISIeT TOJYYUTh [Tl TaHHON 3a/1a91 YCTOWYUBOCTH M PABHOMEPHYIO CXOIMMOCTE JIOKAJHLHO-
osHOMEpHOIT cxembl npu 00X « € (0,1). B paborax [1-4| mosydeHbl ONEHKEH TOJBKO MIPH
a € (1/2,1).

[Tokaxxkem, uro u® — u B HeKoTOpOIt HOpMe 1pu € — 0. O6o3HaUUM Yepe3 Z = u® —u u
nojcrasuM u® = Z + u B 3azgaay (5)—(8). Torma

e+ 062 =Li+ f(z,1), (x,t) € Qr, 9)



40 BemrrorkoBa 3. B., Bemroko M. X., IlIxanykos-Jlagpumes M. X.

Ok(z,1t) ;Ck Bp(z,t)Z, mp=x,, t=>0, (10)

o) D B )E me—af, 30 (11)
Oxy, T ko -

#z2,00=0, z€G, G=G+T, (12)

¢ ou
e f(x,t) = —¢ G-
JI1s1 1HoJty YeHnst anpuoOpPHOi OIEHKHU BOCIOJIb3YeMCsl METOJIOM SHEPIeTUUECKUX HEPABEHCTB.
YMHOXKUM ypaBHeHue (9) CKaJISIPHO Ha Z U [OJLyYUM SHEPreTHYECKOe TOXKECTBO:

<5%,2> 88,2, 7) :<Za (@kxt) ) ) <qumt >+(f(m,t),§). (13)

By,ZLQM IIOJIb30BAaTbCA CKaJIAPHBIM IIPOU3BEJICHUEM U HOpMOI7I

+
L

P
(u,v) = /uvdm, (u,u) = = Zuik, HuHiQ(x;x:) = /UQ(x7t) dxy.

k=1 _
G zy,

Hamee aepes M;, i = 1,2,..., 0003HAYAIOTCS TOJOKUTEIbHBIE TOCTOSHHBIE, 3aBUCSIIINAE
TOJIbKO OT BXOJHBIX JAHHBIX PACCMATPUBAEMON 3a/1a4u.
Ucnonbsyst gemmy 1 us [12] U IpuMeHsist e-HepaseHcTBo Kormn, u3 (13) noayvaem

A ls+5 amH Iy + collzllg + coll [l

2 875
k 1 ~ (14)
<3 [ou 0z 2|t el + o 1512
k=12 Ty !
riue
GI = {xl = (1’1,1’2,. s L1y Tht15 - - - 7xp) : x]; < 2k < .%'2;},

dr’ = dxidxs ... drg_1dxgy ... dz,.

[Tpeo6pasyem mepBoe ciaraemoe B npasoii dacru (14) cieyromum o6pa3oMm:

Z/@kxt

k= Lo

da: —Z/ — B_kZ (mk,x t) — Bynz? (zf,a',t)) do’. (15)

Ty k=15

Beibupas €1 = ¢g/2, u3 nepasencrsa (14) ¢ yduerom (15) naxomum
e 1+ 3 [ (o et 0) i < 2 10
k=1

[Tpounrerpupyem (16) o 7 or 0 mo t. Torga

el + D6 el + 12 g, + 1l g < M1 [ Wl dr = 20 [ furlfydr = 0(=2), 17)
0 0

e Z = uf —u, M 3aBucHT TOIbKO OT BXOAHBIX Janubix 3asad (9)-(12), [12]3 o, = fot 2|2 dr,

D§, Ly = F(l ) fo tWiT)a — Jjpobubrit muaterpan Pumana — JluyBwina mopsagka 1 — a,
O0<a<l
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U3 anpuopnoit onenku (17) creayer cxomumocts u® kK u npu € — 0 B Hopme ||Z[|? =
el|Z)12+ D512 + HEH%Qt + \\EJCH%Qt [Mosromy npu masioM € pererne 3aia4u (5)—(8) Gyuem
[IPUHAMATDH 3a IIPUOJIZKEHHOE pelenne Kpaesoit 3atadn (1)—(4).

2. ITocTrpoenue JsiokanbHO-ogHOMEpPHOIT cxembl (JIOC)

[IpocTpaHCTBEHHYIO CETKY BBIOEpEM PABHOMEDHOM 110 KaxKjioMy HarpasjeHuto Oy ¢ 1ra-

rom hk:%,kzlﬂ,...,p:

+ — p
i T, — T
Wh, = {.%'](;k)zzkhk i =0,1,..., Ng, hk:kak, k:1,2,...,p}, w = H@hk.
k=1

Ha orpeske 0 < t < T' BBeJileM paBHOMEPHYIO CETKY

s .k . , T
Wr = O?t'JrE: J+ = T,jzo,l,...,jo—l;T:,—,k:1,2,...,p )
ITp P Jo

COJIEPIKAIIYIO HApsAJly ¢ y3JaMu tj = jT (DUKTUBHBIC Y3JIbl t;. /o> k=1,2,...,p—1. Byuem
0603HAIATD YepPe3 W, MHOXKECTBO Y3JIOB CETKHU W, JJIs KOTOPBIX ¢ > 0.

OrrocuresnbHO obsacT G HCIOIB3YIOTCH JiBa Ipetosoxkenns (cM. [22; c. 486]):

a) mepecedenne obsactu G ¢ npsivoii Cy, mapasitesbHoil ocu koopauaar Oy, , COCTORT 13
o/iHOTO MHTEpBaaa Ag;

6) BO3MOKHO TOCTpOeHHe B 3aMKHyTo#t obmactn G = G U T ceasmoit cetknm @, c
maramu hg, k = 1,2,...,p. MHOXeCTBO wj;, BHYTPEHHHX V3JIOB CETKH COCTOUT W3 TOUEK
x = (21,22,...,2p) € G nepecedeHus: rumepruiockocreit zy = igxhyg, i = 0,£1,£2,...,
k = 1,2,...,p, a MHOXKECTBO 7, TPAHUIHBIX Y3JI0B — M3 TO4YEK Tepecedenust npambix Cj,
k=1,2,...,p, UIPOXOJLAIINX Yepe3 BHYTPEHHUE y3JIbl T € Wy, ¢ rpanureit I

O6ozHaunM 9epes3 7, ; MHOKECTBO TPAHUYHBIX 110 HAIPABJICHHUIO T} Y3JIOB, Y, — MHOXKe-
CTBO BCEX IPAHUYHLIX y3J0B = € I, w;;  — MHOXKECTBO IPUIPAHUYHBIX IO HAIPABICHUIO T
Y3JI0B, Wj — MHOXKECTBO BCEeX IIPHIDAHMYHBIX y3JIOB, w;:kk — MHOKECTBO HEpPeryJIdpHBIX MO
HaIllPaBJICHUIO Tj Y3JI0B, Wy — MHOXKECTBO BCEX HEPEry/SPHBLIX y3JI0B, W j — MHOXKECTBO
perﬂHprIX 110 HalIpaBJICHUIO Tk y3J’[OB7 Whp — MHOZKECTBO BCeX peryﬂHprIX y3J'[OB.

JlJ1st pa3sHOCTHOI aIlpoKcuMaIuu orneparopa L B y3Jie & BIOMpPaeM TPEXTOYEUHbIN a0~
J10H, cocrosimit u3 Touek z(71%) |z 2 (+1k) | PasmocTabrit oneparop Ay ~ Lj, umeer CJIE Ty FOTITHIA
BU/I;

1) B perynsipubix y3sax:

j+k ity i+ 7
Apy' "r = arYz, —dpy’ P, a = Qj41, a5 = @i,l(t),
T
2) B neperyngapubix y3nax:

1 (+1g) — _y(=1g) 1
i <ak,ik+1 w - ak,ik% — drY(k)» 271 € Yh,ks
Aky) =
1 (+15) _ (- 1p) 1
i <ak,ik+1 % — ki, T ) — Yy ) €y p,

% 1 -1
rje hy — pacCTosHUe OT HePeryIApHOro y3Ja I J0 IPAHUYIHOIO y3JIa (k) Hﬂflzc)( ®) . Ecin
k

oba cocelHuX € T € Wy, ;. y3/1a 2(F1) 1 2(-1) gpnarores rpanmasbivm, T. 6. 2 € Yk, TO
. +1g) _ _ =1k .
gt Lyt gyt
kY - h kyip+1 I kg h* kY
k k k
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— obuuit BujL oneparopa, rie hy . — paccTosHue MeXy T U £C(+1k), v < hg.

B peryisipabix y3max Ap mMeeT BTOPOil HOPSIIOK AITPOKCAMAIIHH, Aku — Lyu® = O(h%),

a B HeperysapHbIX y3max Apu® — Lpu® = O(1) (em. [22, c. 232)).

Ha pasromepHoii ceTke Wy, 10 anajoruu ¢ 22| ypasuenuio (5) mOCTaBUM B COOTBETCTBHE

IEIIOYKY «OJIHOMEPHbIX» ypaBHEHuil, jijisi 9Toro nepenuiem (5) B BUJe
e _ € o € € _
£u =eu; + Ogu® — Lu® — f =0

nJjin

p
Zi’ku‘f:O, £ku5:§u§—i— ogu® — Lyu® — f,

e fr(z,t), k = 1,2,...,p, — npousBosbHble dyHKIUM, 00/a/aI0IIe TON XKe [VIaJIKOCThIO,

aro u f(x,t), u yposiersopsitomye ycuosuio y v fr = f.

Ha kazkmom mosrynHTepBasie Ay = (thr(k,l)/p,thrk/p], k=1,2,...,p, OyneMm mocjenoBa-

TEJIbHO pemaThb 3a/la49n

1
£x9(k) :%ﬁﬂr;a&ﬁ(/ﬁ)—%ﬁ(k)—kaO, zeG, teA,, k=1,2,...,p,

09 _
Or(,t) - (k) = B_k(w, )9 — p_r(w, 1), T = T,

_@k(xa )aﬂ(k) =

Bik(z, )0y — prn(z,t), =2,

roJiarasi Ipu 3TOM

ﬂ(l)(x’o) = uo(:r:), 19(1)(x’tj) = ﬂ(p)(xatj), J=0,1,...,50 — 1,

(k) <x,t]+ )zﬁ(k,l) (x,t]+ >, k=2,3,...,p,

rje ['y, — MHOXKeCTBO I'DaHUYHBIX TOYEK IO HAIIPABJICHUIO L.
Kaxioe u3 ypasuennii (18) 3ameHum pasHOCTHON cxeMmoii Ha Ag:

+

€ ]+§ l—«
5?/{ 2—a Z( ks+1 t+ )yt
.k 4k
:Ak(gkyj+5—|—(1_gk > p’ xGWh,kzl,Q,...,p,
1) J+% J+E _
ay ‘“)yxk,g =B-k¥o " — -k T = T},
Ny) J+E J+E
—a;(g k)yxk N, = 5+icyN,c — Wtk TE =Ty,

y(@,0) =uo(x), z€G,

rje

(18)

(19)

(21)

k
P i+k
1 du(z,n)  dn 1R < . - ) : <T>
= (R A R VEEE S O I
I'l—a) 0/ on (tj+§ -n)* TI'2-«w Z e P

— JIMCKPETHBI aHajor JpobHOIT TpousBoAHOI mopsijka a [1],
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s s—1
s yr —y »p +— ; J
yl =, iy = na (o k) P
P

k
5

:fk(xathr > k=1,2,...,p,

O} — NPOU3BOJIBHBIE ITAPAMETPBI, Y, | — MHOXKECTBO I'DAHUYHBIX 110 HAIIPABJIEHUIO Tj y3JIOB,

— :cg—:v,;
xewh:{1‘2‘:(ilhl,...,iphp)GG,ikZO,l,...,Nk, hk:T},
k

+E kK _ _
d; P — ( i,t]+p>, a(+1):ai+1, ai:®l’7%(t)a t:t]+%
PasnocrHoe ypasuenune (21) nmmercs Baosib orpeska Ay, Jiexkainero Ha upsimoii C, KOH-
bl 9TOr0 OTPe3Ka Y/OBJIETBOPSIIOT I'DAHUYHBIM ycjoBusiM (22) u anHag:meH{aT rpaHule
Thie = {xk,xk} Yaiel & € 7y nexar Ha 'y, ecomn, HaHpI/IMep, = {0 < xx < I} —
napajuiesenunes, To I'y cocrout us rpameit r = x;, = 0u 1 = xk l)..

Yeqoust (22) umeror nopst ok anmporcumaryu O (hy ). [ToBbicuM HOPsiIOK anmpoKCHMAI
10 O(h?) na pemenusix ypasaenust (18) npu kakom-1u6o k.

Tak kak

0wy _ () eq 1 2
Ok 6—xk = a]g k ﬂ(k)xk,o — 0,5 hy <579t + 5 88;579(k) + qi(z, t)ﬂ(k) - fk>0 + O(hk),

TO

a9 0,5y lépik B — S 0 + gyl )95 — i
k Tk ’ pF(Q - a) s=1 J+% ] 17
itk

+
~0,5 hk%ﬂt,o = B0 " = p_g + O(h) + O(h7).

=]

0o (24)

B (24) or6pocum semmamnpt nopsaka manoctu O(h), O(hyt). Tora nocne samenst 9y Ha y
IOJLY IUM

1) J+E € 0,5 hy, - JtE
ai 2 w0 — 09k — Yo — 0t Y0 =B-kyy " — k-t — 0,5 frp,
p p It
I .
(1k) 7 It _
£ 1 ya: 0 — B-r¥ H—k
— = A§; = i . 25
p U0 T 5 Doy, 0 0,5 g T 0,50 (25)
AmnasornaHo pn xj = m: [IOJIy YaeM:
k k
(Ny), 75 _
€ 1 ap Yz, N, T 5+kyN Dk
< ZA® = — k , 26
p Y B0, YN 0,5 hy 0,5 hy (26)
rie
_ 0 N,
B =Bk +0,5md”,  Bik= Bk +0,5hd),
Pk = p— +0,5hg fr0,  Hyr = phyk + 0,5 g fr Ny -
Urak, pasHocrHblil anasor 3agaqn (5)—(8) umeer Bu:
€ 1 - j+E
-y + — Af, ky:Aky —|—<I> P k=1,2,...,p, (27)
p p ity

y(z,0) = uo(x), (28)
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rie
Aky = (akyi‘k)xk - dk% Tk € Why s POk, T € Why
(1g) = _

n - a yzk,o_ﬁ—ky() R Pk R
Ay = § Aoy = 2= —— Te=w Qg =05k TR T
(Nk) 3 i -

o W% Ya N HBrRYNg — .t th T =T, .

ANy=— 05 , T =T, 05h; Yk k

BameTnM, 9TO IIPU HOBBIMIEHAH ITOPsi/IKa ALIPOKCUMAINH KPAEBbIX YCJIOBUII TPETHEIO PO-
na (22) na pemennsix ypastenus (18) no O(hi + T), ecTecTBeHHbIM 06PA3OM BOHUKAET Pas-
HOCTHAsA 3ajada (27), (28) ¢ HeJOKAIBHBIM [0 KaxkJIoMy Haipasienuio ry (k = 1,2,...,p)
IPAHUYHBIM YCIIOBHEM.

3. ITorpemtanocts annpokcumanuu JIOC

[TepeiijieM K M3y4YeHUIO MOIPENIHOCTU ANIPOKCUMAINK (HEBSI3KH) JIOKAJIbLHO-OJIHOMEPHOI
cxeMbl U yOeiuMcst B TOM, 4TO KaxKjoe ypasHenue (21) syisi Homepa k B OTIEJBLHOCTH He
alnpoKcuMupyer ypasaerue (5), HO CyMMa [OTIPENIHOCTEll allpoOKCuMAaIuy

Y=Y+t + Yy

CTPEMUTCS] K HYJIIO IIPU T U |h| CTpeMsIuxcsi K HYJIO.

Bynem cunrars o = 1, k = 1,2,...,p. lycrs u® = u®(z,t) — pemenue 3agaau (5)—
(8), a y/t*/P — pemenue pazmocrHoii 3amadu (21). XapaKTepUCTHKOA TOMHOCTH JIOKATLHO-
OJTHOMEPHOI cXeMblI siBjIsteTcst pasHocThb ¢/ 71 — (uf) ! = (2)7+1. TIpomerxyTounnie sHaueHms
y/tE/P Gynem cpasnusars ¢ (uf)ITFP = of (x, titk/p), TIOTATAS (28)IHk/P = itk/p _ (y2)Itk/P,
Hopcrapmss y/ TF/P = (22)ITF/P 4 (42)I+*/P 5 pasnocrioe ypasmenue (21), oyt

€ e j+% 1 1 EAR e 1—a N e\it+E j+%
];(Z)g +5mz fka;H—tﬂ% (2)f =N ()7 + 4y 7, (29)
s=1
rje
. . pj+k .k
]+% ‘+E j+ﬁ 1 1 1— 1— S £ j+E
— A eI Ty, P _ e _l-a eyr _ = € P
(o K (u°) + g pT(2—a) ; L kestl ph=s (u”); D (u®)
O6o3HauuB 4epes
e g € 15 1 « € J+§
VY = | Lpu” + fr — —uy — — Opu (30)
p p
[} .
u samedas, 410 » ¢ ¥, = 0, e Y F_; fr = f, upeiacraBum v = i+k/p B BHUJIE

Yk = Vp° +Y%, TIe

Lk . . itk 1
G "= (MY - Ly () (go?fp - f/i+2>
1 vk 1 i+l 3 i+2 € i+ ° ok
_ (_ gt . (us)ﬂ+p _ 5 (8&us)]+2> _ (_ (uz-:)g P _ 2_9 (’LLE).Z+2> + Y = g 'H/}ka

p ity
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* Lk 1 ik i1
+ 1 J J +
ww:@mwfp—mewﬂ)+Q%p—k2>
1 k1 1 € j+E i1
—Q;&.AMWP—EQMW“>—<%fLP—5w%Q .

Acwo, uaro
* O(hi + T) B PETyJISIPHBIX y371aX,
VY =
O(1) B HeperyJsIpHBIX y3JIax,
TaK Kak Kaxk/Jas u3 cxeM (21) HOMepa ¥ AIlllIPOKCUMHUDYET B OOBIYHOM CMBICJIE COOTBETCTBY-
tomee ypastenue (5). Takum obpazom,

o

* p
Y =0} +7), Yp=0@1), > =

P o« P
o= =" (Uetn) = v = O(hP +7),
k=1

k=1 k=1

bS]

B PEryJIAPHBIX y3JIaX CeTKH Wh,.

PaccMoTpum  morpentHocTh  KpaeBbIX  ycsioBuii  pasHocTHON cxembl (25), (26), e
(28)Itk/p = yitk/p _ (4£)i+k/P Bammmem rpammumoe ycioBme mpm z = T, CJIeLyIOmIM
obpazoM:

€ 0,5 hy, 1L J+E 4k
0,5 hk; o+ = 0, Y0 ay k)ymk,g —Bkyo "+ 0,50 fro+ pr.  (31)

Torma, moxcrapss ¢l TF/P = (22)7+k/P 1 (42)ITR/P 5 (31), momyamm

€ 0,5 hy, 1 j+E J+— — j+E
0.5hk ()0 + = =F ARy, 2= o™ ()0~ By () " = B (W) "
P
€ 0,5h j+
— 0,5hy — » ut 0— K gt-Jrk uf) + a](glk) (u‘e)ik o +0,5 hkfk,o + U
ity ’

K Hpa,BOfI HJaCTu IIOCJ/IEJHEr0 BbIpazKeHM A rJIO6ELBI/IM 1 BbIYTEM

o 1 Itz

0
Torma
€ j+e 1 J+E 1 j+k
wk:m5m(np—p<>m = aﬁxwmp)+akkwux
P
1
o) J+E € € ¢ I+ y
0

€ A J+E 1 J+E J+E
:Q5m<ﬁ@— Wy er ——fﬁkuﬂop)+¢“mﬂ%5—ﬂkmﬂop+uk

p ity

. 1 bk .
—0,5hg (Lkue)éJrQ — 0,5 hy, (fk - %ui 5 (?;tu€> " 40,5 hgtr_y, + O(hyr)

0
T . 4k
= o™ (u )jmk, — Bk (W) T+ g — 0,5y (L), 2+0 5 hyth_ k + O(hgT)
8(u’3)]+5 ous L

0 P jt+E i+
0,5h — [ © — [b_ € P —0.5hid € P _
Do +0, kaxk< kamk> Bk (u®), D hidio (u)y © 4 p—k
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o Ot j+§ °
—0,5hy <a <@k az > - qku€> +0,5hp_j, + O(h7) + O(hy7)
0

o (us)j"r%
8.%'k

B cuny rpanuuHbIX ycsioBuil (2) BbIpazKkeHue, CTOsIIEe B KBAIPATHBIX CKOOKAX, PABHO HYJIIO.
ITosTomy

+0,5hp_p + O(hi) + O(hgT).

z=0

— B_g (u )éﬁ + - k]

_ [@k

Yo =0,5hpY_j + .

Urak,
£ 0, 5 hk 1 j+E — j+*
0,5k 260+ ———0 Afy 25 =ap™ (F)p, b — Bk (%) 7 40, 5 hith_y + ¥y
P P J+p ’
nim N
g 1 _ ‘+E © ¢
p §7O+5A8tj+%zg =A )T Y b=yt g 050
AHajiorngHo 1pu xR = xli' nMeeM
3 1 + ik ° ¢—|—k;
Z_QZ;:,NIC + 5 AgtH%ZJer = A ()P + g, Y= Vyp+ 55 0,5h
[} p [}
Vi = O(1 Z Vi
k=1
OueBniHO, 9TO
* O(hi + 7') + O(hgT) B pery/sipHbIX y3Jjax,
Vip =
O(1) B HeperyJsipHbIX y3J1ax.
Takum o6pasoM, jJist norpemtHocts 2/ TF/P nosyuaem samauy:
+E - k
£ (), s LN I E AT (32)
p th
2%(x,0) =0, (33)
rie
Ak, T € wpy, Vi, Tk € Wiy, . .
A=A, zp=a,, VYpe=QvV_k, zp=2,, VYr=vVr+Yp Yp=0(1),
A;:a T = x]j;_a ’lz)_’_k, T = x]j;_a
* p o p p [} * p *
be=0(E+7), Y tr=0, v=3 = (Getiy) =Y b =0(n? +7)
k=1 k=1 k=1 k=1
B o w—k o w-{-k
T/J—k—ﬂ)_k+0,5hk, Yyl =g + 0.5 hy’

* ° P o
Vap = O(hE+7), b= O(h}) +O(ur), vy = O(1), Yty =0.
k=1

Taxum o6pazom, JIOC (27)—(28) obmagaer cymmapuoit anmpokcumanueit O(|h|? +7) B pe-
IYJISIPHBIX y371aX CeTKHU Wy. B Heperyssipubix ysmax ¢ = O(1).
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4. Ycroitunsocts JIOC

[Tosryunm anpuopHyio OIeHKYy B cerounoil Hopme C' JiIs pellleHHsl Pa3HOCTHON 3aja-
qn (27)—(28), BBIPAKAIOIILYIO YCTOHIMBOCTD JIOKAIBHO-0THOMEPHO} CXeMBbI 10 HAYaIbHBIM J[AH-
HBIM U 1paBoii yacru. PasnocrHyio 3amaay (27), (28) nepenuiem B BHje

. pj+k
€ j+§ 1 1 <1a l1-a > z
Sy P ey (U )y
P & (e ) .
J+E ik R
:<ak;yxkp> —dkyj+’7+30k P, T € why,
Tk
+k
e 4+ 1 1 R - - s
Pl * T & \Giign 5%
s=1
35
(), %5 7 Jty &)
:ak yxbo_ﬁ—kyo n Mk T = o
0,5 hy, 0,5h; &7 Tk
j+k
e+ 1 1 % - . s
A Toary D DR GRS Sy
s=1 ’ ’ (36)
N Ity Lm0t
_ % YzN + Bk, Hit ke R
0,5 hy, 0,5h; ~F Tk
y(z,0) = up(z). (37)

UccnenoBanme ycToiauBoCTH Pa3sHOCTHON cxeMbl (34)—(37) GyaeM HpOBOANTH € HOMOIIBIO
npuHnuna Makcumyma [22, ¢. 226|. Homyunm anpuopnyio onenky st (34)—(37), auist sroro
ee pellleHne IPeJICTABUM B BHJIE CYMMbBL Y = § + U + w, Tjie J — DelleHre OJHOPOIHbIX ypaB-
Hennii (34) ¢ HEOAHOPOJHBIMU KpaeBbIMH ycsoBusiMu (35)—(36) 1 0HOPOJHBIMU HAYAIBHBIMIE
ycsoBusivu (37):

pjtk
€ —j+§ 1 1 -« 11—« 5
Sg P+ - Y (¢t —t »
p Ve ot pT2—-a) & I Yi

’ (38)
ik Lk
- <akyik”> — A, k=1,2,...,p,
Tk
‘ pjt+k
g _j“l‘% 1 1 11—« l—« —%
PV T I'2-a) 2 t1+% N tj*% Yo
s=1
- -1 (39)
W te g gt
_ Y10 —kY0 4 Mk T —
0,5 hg 0,5hy’ ‘ i
. pjtk
€ J+§ 1 1 1—a l—a o
A R e DI YRR N FY
s=1
(N I+E otk w
ap Yz, n, t Bredn,” Ptk +

- 0,5 Iy 0,50, kT %k
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a v — pellleHne HeOJHOPOIHOro ypasHeHus (34) ¢ oxHoponubiMu KpaeBbiMu (35)—(36) 1 Heoz-

HOPOJIHBIME HavYaJIbHBIME ycJioBusivu (37):

pj+k i+
5 ]+§ 1 1 1—a 1—a » ity ity B
e 11 ; t P _ S —d P 42
p" e TE - ; grisp T e ) B T\ )T o W
. +k s (1) ¥y _ 5 0+
iv#hl;pJZ aoa L mpme Vop B b Pt T
p 0 pT(2—a) o Gt e ) o 0, 5h B
=
k
, pi+k . (Ny), I+ T
A T B e T N L A Tt
p BN pT(2 - @) =1 jHEE s ks | TGN 0,5hy , o
v(@,0) = uo(a), (45)

M w — peIeHne HeOMHOPOJHOrO ypasHeHus (34) ¢ OJHOPOJHBIMU KPAEBBIMU M HATAIBHBIME
yesosusivu (35)—(37):

k

i+k
e g+ 1 1 & : o+ Tt
_rwi 4+ - Z <t1 % S+1 —tl @ > fp = <ak’wik p> —dkwj"’_z) —|—§0 p’ (46)
_ Tk

-k sk
pj+k . R, e 7 Ity
p Wio" pF2—a — ks“ Yo 0, 5hy ’ ko
sk -k
pi+k (Nk), 7% | 73 »
p tNk pp (2—a) — k ;+1 G+ ps t,Nj 0,5k Tp= k?
w(z,0) =0, (49)
oj+k/p «jt+k/p
rae ¥y, y» Pr OIIPEJICIISIIOTCSI yCJIOBUAMU
Lk o Lk *
o)ty ks T E Wh, *Ity Pk, T € Wh,
Pr = * Pk = o
0, T € wp, 0, T € wp

[} * E3
TaK, 9TO P + P = @k IPU T € Wy, T. €. P OTIIMYHA OT HYJIA TOJBKO B IPUTPAHUYHBIX y3JIaX.
[Monyaum onenky st §. st sroro ypasaenue (38) npusejeM K KaHOHUYeCKOMY Buiy. B

Touke P = P(zi,,tj1/p) mveem:

-k -k
Ity Okl J+— Ay, I+,

Y Ak i +1 +
yik - hkhz zk—l—l h h* Th—1

E—i———l—
T TY

Qi
_|_
hkhl’;+ hkhl’;_

e 0 lean] 5+ 1 1 l-a _4l-a _0

T T P '

_ 1 j+E2
+< - “+2t;+§§,1—t;+“ )y;;Jr.. +< tr ot — 0‘>ka ,
p

k
it P P

+ dj
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rae y = m. K xamonmgeckoMy BHIY CJIelyeT MIPUBECTU M IPAHUYHbIE yCI0BUs. B Tou-
ke P = P(x0,tj1p/p) nmeem:

(1) 7 Lk (1x) Lk k-1
e v a, B | i+ a G+ e v l—on | J+57
- - = — — (2 -2 P
T+Ta+0,5hkhz++0,5hk] Yo 075hkhz+y1 + T+TO‘( ) Yo
—+ l # tlfa _ tlfa go + _tlfa + 2t17a _ tlfa g%
TD(2—a)| \i+E it )70 kT el T k2 ] Y0
k=2
+.oF (_tga + 2ty — t110‘> g 7 ] :
P p p

B rouke P = P(zn,,tj11/p) TOTyIHM

_ - _ "k ZTp
T 7 Y05k T 0.5k | N T 0.5 hphy UNe

= 0 _9l-« —j+% l; l-a 41—« -0
+[ + (22 )}yNk I Te—a) Lk =t o,

_ _ 1 _ _ o it
#(r et S ak o (de o) 0|
p

(Nk) z . (Nk) .
Ly ap " Bk ] Gtk a; " j+k

\]

Ny
p p P p p

CupaseuBa cieyoniast jsemMMa [1].

Jlemma 1. Ilycrs | = pj + k — 1 > 1, Torzma umeer MecTo HEPABEHCTBO

—t;;‘_;+2tié—tﬁ& >0, j=0,1,...,50—1, k=2,3,...,p. (50)
p

P P

B [22] nokazan npuHImI MakCUMyMa U TIOJIyY€Hbl AllPUOPHbBIE OIEHKU JIjisi PEIIeHHs] Ce-
TOYHOI'O ypPaBHEHUS OOIIErO BUJIA

A(Py(P)= >  BPQWQ +F(P), Pecq,
Qelll'(P)

re P, Q — yzant cerku Q+S, [IT'(P) — okpecthocTs y3iia P, He coepzKaiiast caMoro yajia P.
Koadbduruenrsr A(P), B(P, Q) yJI0BIeTBOPSIOT YCJIOBUSIM

A(P)>0, B(P,Q)>0, DPP)=AP)- > B{PQ) >0 (51)
Qelr'(P)
O6oznaunm uepe3 P(z,t'), rae © € wy, t' € W), y3ea (p+ 1)-meproii cerku Q = wy, X W,
depes S — rpanuty §2, cocroamyio u3 ysnos P(x,0) npu x € Wy, n ysnos P(x,t4),) npn
*
tivk/p € wluzx € Yhi Mg Beex k= 1,2,...,p; 7 = 0,1,...,jo, Qr — MHOXKECTBO y3JIOB

*
P(x,tj11/p), i€ T € W, ), — NPUTPAHUYHbIH 10 HATIPABICHHUIO T y3€J CeTKH Wy,
CrpaBeyuBbl cile/yromue TeopeMsl [23].

Teopewma 1. Ilycrs ko3(hpuiineHTs ypaBHeHust

APPy(P)= > B(P.QuyQ) +F(P), Peq, (%)

QEIIT (P)
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YZAOBJIETBOPAIOT YCJIOBHUAM

*

A(P)>0, B(P,Q)>=0, DP)>0, Pcuw,

A(P)>0, B(P,Q)>0, D/P)=F/P)=0, Pecw,

o * o
rjge W — HEKOTOpOe CBA3HOE IIOAMHO>KeCTBO MHOX>KeCTBa W, a W — JOIIOJIHeHHe W 10 W.

Torza sist perrenust 3aja4qu (*) ClIIpaBeIINBA OIEHKA

nmﬁ%%

)

C*

e
I£le =max (P, [Ifllo- = max |£(P)].

Teopema 2. Eciir BbITOTHEHB! YCIOBUS
D’(P(n+1)) >0 st Beex Py € w, A(P(n+1)) > 0, B(P(n_,_l),Q) >0,
st Beex Q € I, Q € 10T,
1
> B(Pu1»,Q) >0, 55— > B(Pui1,Q) <1+ar,
QGIU// D (P(n+1)) QGLU//

ntl T Ir’, 1Ir, 11 — MHOXKECTBO Y3JIOB
Q& tyy1) € T (Pyyq), LT, — muoxkectso y3mos Q(&,t,) € IIT' (Pyyiq).

n
Tora Jiist pelieHus 3a/ja9u

rae ¢; = const > 0 ne zapucur or 7, h, IIT (P, 1) = IIT,

A(Ppi1))y(Pinsny) = Z B(P41), Q)y(Q) + ®(Psy),
Qen, ,,

e Py = P(2,tn41)

®(Pnsn) = D B(Putn), Q)u(Q) + F(Pansy),
Qellr;

D'(Pii1) = A(Ppany) = Y, B(Png1), Q).
QelIT;

CupabeiiBa OIeHKA,

n+1
|yn1llc, < et (HyOHCh + ZTHFkHch) ’

k=1

rze || Fllc, = max |Fy|.
TEWR
ITpoBepuM, y4uuTBHIBasE HOJIOXKHUTEJIBHOCTD BBIPAZKEHUIT, CTOAIIMX B KPYIVILIX CKOOKax (co-
TJIACHO JIemMMe 1), BBIOIHUMOCTE yeiosuit Teopembr 1. B Touxe P = P(x;,,t)/,) uMeeM

€ Y Ak i +1 Ak i
AP) = | & 4 L 4 Gk SIS
(P) [7+70‘+hkh,’g++hkhz+ "“}> :
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ki1 Okg, € 7Y 1 1 1 - 1
B(P,Q) = { Shitl, Ghip & T (9 gloay, == | (4-a_yl-a ).
(’Q) {hkhz+’hkhz’7+7a( )’ |:< >7

51

7 (2 - a) JHE TRt

P
—a 2t1 L=t ) (ol e
< ]_’_% + p ]+kp2 I 9 % + % % > 0,
D(P) =di > ¢y > 0;
a B Touxe P = P(xo,t1/,) TOTy M

a,ﬁl’“) By
AP i =
(P) = [ T 7e 05y, +0,5hk]>0

(1%)
a € Y 1— 1 1 1— 1—
BP e ki'_ L 2_2 [ t a e .
(P.Q) {0,5hkh,’;+’7+7a( ): [( ' >

TTR2—a) [\ ity I+

P
s et 11—« 11—« . .
( tj+§+2tj+p —t4, 2)

(—tg—“ +2th o — tﬁ‘“) ] >0,
r v » »

B_y Bk o
D(P) = > > 0;
(P) 0.5hs ~ 0.5he = 0.5hs

B Touke P = P(xn,,tj1/p) nMeem

ay™) Bk
A(P i
(P) = [ T e T 0 5y +O,5hJ>0

T T2—a)| \ ity it%5*

p
—tlma pooptma gl ) (=l e 0
<J+Z+Jpﬂ+’“p2”f:+i AT
B+k Bk €0
D(P) = > > 0.
(P) 0,5h, ~ 0,5h; ~ 0,5hy
Taxum 06pa3oM, Ha OCHOBAHUU TEOPEMBI 1 JjIst 4 MOJIydIaeM OIEHKY

1
Hyj—HHC < a 02,3“2 (Hﬁ*k(x7t/)HC—y + ”ﬁJrk(x?t/)HC—y) Btk

€ 1 1
kK . _ _ 2_21*0{ - tl—Oé _tl « .
0,5hkhzi’7+7a( )7 [( ’

= co > 07 (52)
rae |lylle = max|yl, [lyllc, = max|y].

[Tepexonum K onenke dyHkImu v. Ypasuenue (42)—(45) nepenuineM B Buje

e 1 1 T\ gtk ko gtk
<5+;m<5> ) At 5l

, (53)

rie

. .k +k—1
itk edty 1 1 PJ

P ka p—P(Q—Oé) g <j+k;+1 ps>v

s=1
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Ypasaenue (53) npuBejieM K KAHOHUYIECKOMY BHJLY

€ Y Ak i +1 Qg i J+ ak‘,i +1 J+—
T T hkhk hkhk

ak Zk
hih, Uit e Vi e (PJ+%>’

€ j+ A=t i+
G +l<2—21a>}/ A

rie

J
T 7% e L
Y 1 1/, 1o\ it
= S
R TS PN I

1 1 pj+k—2

- tlfa tl @ P, P .
e o (e i) ()

k=2
P
s—1

)

23
IIpoBepuM BBIIOJHEMOCTD yCI0BUM TeopeMbl 2. Torma B ToUKe P(k)

= P(x,tj41/p) nMeem

Qi +1 Ak i
A(Ppy) = L k U
(Pwy) [ toa T hihy, +hkh;;_ + "“}

k41 Ok, € | 7 1—ay . 1 Ao 1=
BP — stk . sk L T _ 2_2 P _ o .
( (k)?Q) {hkhz+ ) hkhz_’ T + T ( ) ) |:< % t > )

TFQ—a j+%

< tj1+a+2t1 —tl o ) ( th °‘+2t1 @yl 0‘>]}>0,
p P

D'(Pyy) = A(Pgy) — Y

e v e v
P T S
B(Puy Q) = —+ 5 +di > —+ 2 >0,
Qe (P)
st Beex @ € 1T}, Q € 110y,
£, 1-
> B(PwQ) =-+-5(2-277) >0 (54)
QelTy_,
l—«
1 & _|_’Y(2 2 )
e — P <1,
D/(P(k)) Z ( (k)> Q) £ 4 la
QEIH;€/71 T T

MHOXKeCTBO y3/70B QQ = Q(§, 1) € H‘I/(P(Ltk))’ ary_, —
MHOYKECTBO y3JI0B () = Q(&,tk_l) € H‘[I(P(:v te 1)

Ha ocnoBanuu Teopembl 2 u B cuity (54) mjist v HoJy9aeM OLEHKY

-«
Lk 1 ‘+E £ -+ ’Y(Qii) Lk
[T L L R ey WA -
¢ =+ 5= c rtze Y
Orernrmm || @7 HE/P|| ¢

HE oitg

1 1 g2 1 1
P tl—a tl—a ! P
A=A g ()
pj+k—2

P pF(Q—a)
s ojtd 11
_ 4l-a P p l-a 41—« 0 56
I G I L (G RUR LR
1 1— 1 : 1 1 1 J+HE2
_ ot 4l p _ 4l-a —a _ 4l-a p
+< t]+p+2t p tj+k;2>vik+...+< t 2 )vik ]
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Tak Kak BbIparKeHUsi, CTOSIIME B KPYIVIBIX CKOOKAX, MOJOKHUTEIbHBI, TO u3 (56) mosaydaem

OIEHKY
itk l1—a
j+E oJt 2 -1 s
o, "l <ok " W2 -1 max HU]er ) (57)
C nomonipio (57) u3 (55) mHaxomum
j+ 2 iy s T o]+—
max |[v/ 77| < max thLp + ( T ) max ||Pg
0<s<k C  0<s<k—1 c e+ 77 4 7dy, ) 0<s<k c -
i T oj+s ( )
< max |/7F| + g | max (|¥y
0<s<k—2 C E+ T 7% ) 0<s<k C
Cymmvupyewm (58) cnauvama mo k =1,2,...,p, sarem 1o j' = 0,1,2,. .., j. Torma nosyanm
J p s
j+E 0 T oIty
o< HC+ZOE+,YTM;0§3§R P (59)
] = =

Pacemorpum reneps 3agaay (46)—(49) miusa w. Ilepennmenm ypasuenue (46) B KaHOHHYe-
CKOM BH/Ie

E Y Okig+l Ak iy JHE k41 J+— i, Jt+E
Z d Ty _ "
[T T ek, ey ’“]w% hhi,, W1 ¥ e Vi
€Y (o _olmay | it 1 1 lI-a _ -« 0
+[T +—5(2-2 )}wik EES vl A ey K (60)

l1-a 1- a 4l % 4« l-a 41—« j+k;2 *j+5
+ | =t +2t s Jw ..+ ty 4+ 2, i1 w;, + %
j+E p It k > P >

P P P P

¥ IIPUCOEIMHUM TPAHIIHbIE U HavYaabHble ycaoBus (47)—(49):

pj+ . (e, It ity
= j+_+l_ : Z o —tlme Jwr = U W — Porwy xp =, , (61)
p 0 T pTE@—a) & i ey ) o 0,5k ’ ke
j+h o) ity
p tNk pF(Q—OZ) po— j+k7;+1 G+ k s t,Np O,Shk ) k= k-,
w(z,0) =0, (63)

T. e. w = 0 na rpanune S cerku , 1. e. w(P) =0upu P € S.
*
[Ipasast 9acTh ¥ OTJIMYHA OT HYyJIsl JUIIb B y3iax (z,t'), rue x € wp,. Buio, uto

€ i Ak ig,+1 g i
AP)= |-+ — s bt di| >0
(P) [T+Ta+ hihy,, T hhr "“}

Akjig+1  Okg, € 7 1oy, 11 l—a _ 4l-a
BP — Uk . kL T o 2_2 ay ., t _t .
(P.Q) {hkhl’; " hih} ’7’+7'0‘( )’TF(Q—Q)[<J+— J+’“p1>
+ p—

tlo‘+2t1°‘ — ¢ )'...'(—tlo‘+2t1a—t1a>] >0,
( ity S ’ ’ ’ v

g
D(P) = =+ = +dj. > 0.
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Torya B cuity oHOPOJHBIX KpaeBbx ycsosuii (61)-(62) mmeem
e v
D(P) = —+ — + di.
(P) - + - + dg

Ha ocnoBanuu Teopembr 1 nosyuaem

*
¢ Tlle*l
max |w(P)| < max @, t) < max - max 71. (64)
Q+58 t' €ws D g "o<v<tje+T O‘—i—Tdk o<t'<t; € + Tl
U3 onenok (52), (59) u (64) ciemyer oKoHUYATEIbHAS OIEHKA
1
I < — ¢ t
9% o < luollo + = ma_(l-(2. e, + lisate. Ve,
J T p O]+ (65)
O, e 2 e 2
7'=0 k=1 C
e
h = max hy, = max |y, = max |y|, « = max ||, o = max |p|.
s e lle = il ol =maxlyl Il = maxlel, Jel; = maxe

Takum obpazom crpaseyinBa

Teopema 3. JlokanbHo-onnomepuasi cxema (27), (28) ycroiiunsa 1o Ha9aIbHBIM JJAHHBIM
M IIpaBOif 9acTH Tak, 9To JIs perrenust 3ajaqdn (27), (28) cupasemmmsa onenka (65).

5. PaBauomepuas cxoaumoctb JIOC

o o
" P _ _
Yrober ncnomb30BaTh CBOHCTBO Y )y ¢y = 0, 1), = O(1), npexcrasum 1o anaoruu c [22],
pelenne 3aa9u Jjisi TIOTPEITHOCTH B BUJIE CYMMbI

€ — S\ + 1 e :( z—:)jJr% (66)
k) = V) T MRy ARy = \F )

rie 776&) ONIPEJIEJISIETCS YCIIOBUSIMU

e gtk 1 1R s o
S ey - tl—a _tl_a E\p — c 67
p(n )t +F(2—O¢) p ; <]~+k—;+1 ]_’_%) (77 )t Vg, Wh + Yh,k; ( )
,l/}kn HAS whk7
n°(z,0) =0, W= o=k, mp =1,

Oyukus v‘(fk) 3aJ1aeTCsl COOTHOIIIEHUSIMU

gtj+k Uiy = M) + Uy, Up = Ay + 0, @k € why, (68)

3

*

. IR v
L = Mty ok Vo= A + 5o e
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«

0, 5 Vk) = Afviy + Wk, Wip = Agng +
p

&hrk +
= 70
0, 5 hk; 9 iEk; xk; 9 ( )

v®(x,0) =0, (71)

~ * * *
e Wy = U + Apnfyy, = O(hf +7), Up = O(BE + 7).
[Tokaxkem, 4TO

5j+E:O<;> E=1.92 0,12 g
(n°)y "> ct i) 12,30y ] ,1,200000 790 .

Paju npocroTsl paccMorpuM ByMepHbIi ciydait (p = 2). Crauasa nosnoxum j = 0, T. e.
paccmorpuM nepsbiit cioii (0, ¢1]. Torpa 3amava (67) npumer Bu

€ 5 % 1 1 11—« 11—« £ % <
et 24 - - E t —t 2 = k=1,2.
2 (77 )t + 2 P(Q o Oé) pot k7§+1 k;s (77 )t \Ilk‘? 9
IIycrs k = 1. Torma
€ ¢ % 1 1 l-a (¢ % 2
SRR S roary SRR (72)
IIpu k = 2 nosyuaem
€ e\l 1 1 11—« 1-a € % 1—o ¢, e\l 2
hd R — —t 24+t 7| = Wa. 73
0P+ 5 ey | (70— 00 e ] = (73)

CkutaipiBast Beipaxkenust (72) u (73), umeem

P00y e e | (1 g ) 00+ g ()] =0 (7

Uz (72) naxonum
Y L S
e+yrl—a g+ rl-e
_ 1
A7 = =1t @=a)"
Buipaskas (7°)! uz (74) n yunremsas (75), nomyuaem

(PR =0 (s ). (76)

€+ yri-o

HormycTum, 4TO 1pU j = M BBIIIOJIHEHO YCJIOBHE

()% () ()2 ()" = 0 (?> - (77)

Omnwupasice Ha jonyrierue (77), MOKayKeM, 9TO aAHAJOIMYIHOE YCJIOBUE CIPABEJINBO U MIPH
j =n+ 1. Jus gero 3anumem ypasuenue (67) upu j =n+1, p=2:

viek 1 ) 2(n+1)+k .
e\ 5 L 1-a _ 4l €V2 — 2 —
(n°)z + 2T(2 - a) Z <tn+1+k§+l tn+1+k25> (n )g U, k=1,2. (78)

s=1

Do | M
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[Momaras B (78) k = 1, nomyunm

(n n g) - (n+1)"+ (n + %)11 (n°)

Tlfa

9 <n + %) y nl—a] ) 4. —T(2-a) <g Rl Qa)> (1!

+T(2—a) (e +7'79) (775)"+% =2I'2 — a)7 \I;)l .

N

7_1704

+ Tlfa |:(7”L + 1)1704

Orkyma, ¢ yuerom (77) ® JOCTATOYHOW  OIPAHUYEHHOCTH  KOIDMUIMEHTOB — 1pU
1/2 1 +3/2 +3/2 _
OF )2, G )1, )42, masomans ()92 = O( 5.
[Monoxxum renepn B (78) k = 2, 3aTeM CJIOKHUM IOJIyYEHHOE TAKUM 00PA30M BbIDarXKEHUE
¢ (79) ¢ yuerom paBeHCTBa &; 1+ &/2 = 0. Toryma noayanm
1 3 T
€\5 eyl eyn+1 e\n+3 6n+2:0 S B R0
R R B e e ) (0

Urak, pasercrso (80) BbinosHeHo npu joboM 3Hadennn j. HerpynHo 3ameruTs, 4To aHa-
JIOTUYHO MOYKHO TOKa3aTb, UTO

ity — O T k=192 i=0.1 o — 1
(77) p <€+’77—1_a>7 ) 7"'7p7.,7 ) 7"'7.,70 *

st onenku pentenust 3ajgadn (68)—(71) Bocnonb3yeMcst TeopeMoit 3:

)

j+1 s c_ H eyi'+E
I le < 0<j'+E<j+1 (8 +aTime or)

(81)
j - Zp: ~j/+£
+ Z _ max H?,Z) P
-« k ’
T 0<s<k
=TT =1 " ¢
~ * c
e Wy = Uy + Akn(k).
o - 84us
Ecnu cymmecTByoT HempepbIBHBIE B 3aMKHYTO# obactn (Q TPOU3BOIHBIE 907027 1 <k,

v<p, k#v, 10

e T _ o o _ T
Akn(k) = — <7€ + fYTl_Oé> akAk (\Ij]gJ,»l + e + \ij> — O <7€ + fYTl_a’> 5

BO BCEX y3J1aX T € wp, TaK Kak n‘(':k) oupejiesisiercst u3 ypasHenust (67) Bciony B wp + Yp, Te

*
ayp, — u3BecTHbIE ocTosiHHbIe. C APYTOil CTOPOHBI, nMeeM Wy = O(h2—|— B PEryIdpHBIX

)

*
y3aax wy 1 Uy = O(1) B Hepery/sipHbIX y3/ax ceTku. [losromy

c__ ST 2, T
e+qri-e o <e+771 a> H <h s+771°‘> '

Torma u3 onenku (81) Haxomaum

. T T J T
H(”e)JHHC S M<€ + i —|—p€ +yrl-a ]Z: <h2 - 8—1—771_0‘) )

h? T
gM( — + 1_@)2>, h = max hy.

1<k<p
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CremoBaTesibHO,

h? T
67+ e < e e 1P e <0 (5 + )

Urak, cripaBemuBa

Teopema 4. Ilycrs 3azaqa (5)—(8) umeer equncrBeHHOEe HelpepbIBHOE perinenue u(x,t)
B Qp 1pH Beex 3HAMEHHSX € H CYIIECTBYIOT HEHPEphIBHbIC B Qp MPOH3BOHDIE
82u  O%uf o*u o4uE O3us o2ty §2taye 82f
N2 02 9rldxl’ a0’ 929t 920t dxiote’ dxk

Ok(z,t) € C*N(Qr), ai(x,t) € C*M(Qr), 1<k, v<p, k#v, 0<a<l,

Torja ¢ yderom onenku (17) pemenne pasnocrroii 3ajgauun (27), (28) paBHOMEPHO cXOIUTCs
K pemeruto 3azgaqn (1)—(4) co ckopocTbio

O b + T + e
e+l (e 7lm)2 ’

h? = o(e +77%), 7 = o((e + 717%)?), rre € — mambiit mapamerp, C™" — Kjacc QyHKIHIL,
HEIPEPBIBHBIX BMECTE CO CBOMMH YACTHBIMH IIPOU3BOJHBIME MOPSIKA M 10 T U N 1O t.

O‘IGBI/I,ILHO, 9TO CKOPOCTHb CXOJUMOCTHU 6yﬂ,€T OIIpEeJC/IATHCA HAWJTy YIITUM o6pa30M, €CJIn

h? T
—a T 1—a)2
e+ (e+71179)

=E&.

Ilycts € = 77, TOrna U3 mocjaeqHETO MOy YaeM

h? (7'“/ + 7'1_0‘) +7r=77 (7’7 + 7'1_0‘)2

WK )
T< 7 (T“’ + 7'170‘)
Caenosaresnbro, min{y,1 — a} = —'Y , OTKYyJla MMeeM
3 0<a<?
T a<z
c = 9 ) N 3 (82)
el Zca<l

Torna cpaBenIuBO cieyIomiee
Caencrue. Ecin e onpenensiercst u3 ycuopust (82), Torja pereHne pasHOCTHOI 3ajia-

an (21)—(23) paBHOMepHO cxonuTcst K peniennto g gepennuasbroi 3agaqdn (1)—(4) co cko-
POCTBIO

«

h2
O<—1+T%>, ecm 0 < o <

T3

h? 901 2
u O<1 +TO‘_>,eCJH/I—<a<1.
T 3

COI[\?
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Abstract. The multidimensional fractional-order heat equation with boundary conditions of the third
kind in a domain with a complex shape is studied. Instead of the original differential equation we consider
a modified fractional order heat equation with regularization parameter ¢ > 0. The finite difference method
is used for approximate solution of the modified problem. A local one-dimensional difference scheme of A. A.
Samarsky with approximation order O(|h|? + 7) is constructed. The essence of this scheme is as follows. We
reduce the transition from layer to layer to the sequential solution of one-dimensional problems in each of
the coordinate directions. Using the maximum principle, we obtain an a priori estimate in the uniform metric
in the norm C. Moreover, we prove the stability of the locally uniform difference scheme and the uniform
convergence of the solution of the proposed difference scheme to the solution of the original problem for any
values 0 < a < 1. A particular choice of the regularization parameter € can significantly affect the convergence
rate of the local-uniform difference scheme and the quality of its solution. In this manuscript we give detailed
analysis of the choice of optimal values of £ such that the rate of uniform convergence of the solution of the
proposed difference scheme to the solution of the original problem will be determined in the best possible way.
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Abstract. Order-to-topology continuous operators and order-to-norm bounded operators have been
recently studied by many authors mostly in the framework of Banach lattices. In the present note, we
extend some of results obtained by these authors to the setting of operators from an ordered Banach space
to a topological vector space. We present several conditions providing topological boundedness of such
operators, and investigate uniform boundedness principle for collectively qualified families of operators,
and establish uniform boundedness of power order-to-norm bounded operator semigroups on an ordered
Banach space with a closed generating cone. We prove that every collectively order-to-topology bounded
set of operators from an ordered Banach space to a topological vector space is collective ru-to-topology
continuous and provide conditions under which such sets are uniformly bounded.

Keywords: ordered vector space, topological vector space, ordered Banach space, order-to-topology
bounded operator, order-to-topology continuous operator.
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1. Introduction

Order-to-topology continuous and order-to-norm bounded operators have been studied
recently by different authors [1-7|. In the present note, some of their results are extended
to the setting of topological vector spaces and new conditions for automatic boundedness of
operators are given. We abbreviate normed, topological, ordered, ordered normed, and ordered
Banach vector spaces as NS, TVS, OVS, ONS, and OBS, respectively. In what follows, vector
spaces are real, operators are linear, symbol .Z(X,Y") stands for the space of operators from
a vector space X to a vector space Y, Bx for the closed unit ball of a NS X, and z,, | 0 for
a decreasing net in an OVS such that inf, z, = 0. A net (z,) in an OVS X

— order converges to x (o-converges to x, or 4 N x) if there exists a net gg | 0 in X such
that, for each 3 there is ag such that +(z, — ) < gg for a > ag;

#The work was carried out in the framework of the State Task to the Sobolev Institute of Mathematics,
project no. FWNF-2026-0022.
© 2026 Emelyanov, E. Yu.
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— relative uniform converges to = (ru-converges to x, or I, = x) if, for some u € X
there exists an increasing sequence (ay,) of indices with +(z, — ) < %u for a > «,.
We need the following classes of operators.

DEFINITION 1.1. An operator 1" between OVSs X and Y is

a) order bounded if T[a,b] is order bounded for every order interval [a,b] in X (the set of
such operators will be denoted by %, (X,Y)).

b) ru-continuous if Tz, —= 0 in Y whenever z, — 0 (shortly, T € .Z.(X,Y)).

An operator T from OVS X to TVS (Y, 1) is

¢) order-to-topology continuous if Tz — 0 whenever z, — 0 (shortly, T € Z,(X,Y)).
If Y is a NS, the set of such operators is denoted by Z,.(X,Y).

d) ru-to-topology continuous if Tx, — 0 whenever z, —= 0 (shortly, T € Z,o(X,Y)).
If Y is a NS, the set of such operators is denoted by Z,.(X,Y).

e) order-to-topology bounded if T[a,b] is 7-bounded for every [a,b] C X (shortly, T €
Zop(X,Y)). If Y is a NS, the set of such operators is denoted by Z,,,(X,Y).

Clearly, all sets of operators mentioned in Definition 1.1 are vector spaces. We also
recall several definitions concerning collective convergences and collectively qualified sets of
operators (see, [2-4; 8-10]). For convenience, we say that a family % = {(2%)aeca}pep of nets
in a TVS X = (X, 7) indexed by the same directed set A collective T-converges to 0 (briefly,

% < 0) whenever, for each U € 7(0) there exists oy with 22, € U for all @ > a7 and b € B.

DEFINITION 1.2. A set 7 of operators between OVSs X and Y is

a) collectively order bounded (7 € Lg(X,Y)), if T[a,b] is order bounded for every
[a,b] C X.

A set .7 of operators from an OVS X to a TVS (Y, 7) is

b) collectively order-to-topology continuous (T € Lyre(X,Y)), if Txo4 — 0 whenever
To — 0. If additionally Y is a NS, we write .7 € Lone(X,Y).

¢) collectively ru-to-topology continuous (T € Lpo(X,Y)), if Tx4 0 whenever
To — 0. If additionally Y is a NS, we write .7 € Lyne(X,Y).

d) collectively order-to-topology bounded (7 € Lymnp(X,Y)), if Ta,b] is T-bounded for
every [a,b] C X. If additionally Y is a NS, we write .7 € Ly (X,Y).

A set .7 of operators from a TVS (X,€) to a TVS (Y,7) is

e) collectively continuous (T € Lo(X,Y)), if Tx4 — 0 whenever z, 0.
f) collectively bounded (7 € Ly(X,Y)), if U is 7-bounded whenever U is {-bounded.

The o-versions of Definitions 1.1 and 1.2 are obtained via replacing nets by sequences,
and the corresponding spaces (classes) are denoted by Z7 (X,Y) (L7..(X,Y)), etc. Let X

oTC oTC
and Y be OVSs. Then 1.7 + 19 %, 71 U 5 € Ly (X,Y) for every r1,79 € R and nonempty
subsets 71, 75 of Loy (X,Y). The same is true for Loo(X,Y), Ly(X,Y), L7 .(X,Y), etc.
The present note is organized as follows. Theorem 2.1 asserts collective ru-to-topology
continuity of collectively order-to-topology bounded sets. In Theorem 2.2, conditions for the
inclusion Lyr.(X,Y) C Ly (X,Y) are given. Theorem 2.3 gives conditions for the inclusion
LOTb(X7 Y) - Lb(Xa Y)

For the terminology and notations that are not explained in the text, we refer to [11, 12].

2. Main Results

We start with the following theorem which tells us that collectively order-to-topology
bounded sets quite often agree with collectively ru-to-topology continuous sets.
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Theorem 2.1. Let X be an OVS and (Y,7) a TVS. Then L,(X,Y) C Ly(X,Y).
If additionally X is generating then Ly ,(X,Y) = L,7.(X,Y).

< If, on the contrary, .7 € Lyp(X,Y) \ Lyre(X,Y) then, for some z, — 0 there exists
an absorbing U € 7(0) such that, for every « there exist o/ > a and T, € 7 with Tpx ¢ U.

Since x4 — 0, for some u € X there exists an increasing sequence (a,) of indices with
tnr, < u for @ > a,. It follows from 7 € L,4(X,Y) that J[—u,u] € NU for some
N € N. Since nz, € [~u,u] for a > oy and [an]) > ay, then nzj, )0 € [~u,u], and hence
T, (nTq,)) € NU for every n. In particular, Ty (%[o,)) € U, which is absurd. We conclude
Lo(X,Y) C L o(X,Y).

Now, suppose X is generating, and let .7 € Ly+(X,Y)\Lyp(X,Y). Since X = X — X
and .7 ¢ Lyp(X,Y), there exist z € X, and an absorbing U € 7(0) with 7 [—z,z] € nU
for every n € N. Therefore, T,,z,, ¢ nU for all n and some sequences (z,) in [—z,z] and
(T,) in 7. Since L2, =% 0 and F € L,(X,Y), there exists a sequence (ny) such that
T(%xn) € U for all n > ni and T € 7. Then T,,z,, € niU, which is a contradiction. So,
Ly7e(X,Y) C Lyp(X,Y), and hence Loy (X, Y) = Lo (X, Y). >

Corollary 2.1. Every order-to-topology bounded operator from an OVS X to a TVS
(Y, 7) is ru-to-topology continuous. Assuming in addition that X is generating, £,»(X,Y) =
Lrre(X,Y).

The following result can be viewed as a topological version of [4, Theorem 2.1] (in the
vector lattice setting see also |2, Theorem 2.1|), [11, Lemma 1.72| and [13, Theorem 2.1].

Theorem 2.2. Let X be an Archimedean OVS with a generating cone and (Y,7) a TVS.
Then Lyro(X,Y) C Lyp(X,Y).

< We argue to a contradiction supposing 7 € Lgy(X,Y) \ Lyp(X,Y). Theorem 2.1
implies 7 ¢ L,.(X,Y). So, Tx, £ 0 for some net (o) in X such that z, =00.
Since X is Archimedean then z, — 0, and hence Tz, — 0 because of 7 € Lore(X,Y).
The obtained contradiction completes the proof. >

Corollary 2.2. Every order-to-topology continuous operator from an Archimedean OVS
with a generating cone to a T'VS is order-to-topology bounded.

It is well known that L.(X,Y) = Ly(X,Y) whenever X and Y are NSs. The following
result can be viewed as a partial extension of |2, Theorem 2.1] and [4, Theorem 2.8|.

Theorem 2.3. Let X be an OBS with a closed generating cone and (Y,7) a TVS. Then
Los(X,Y) C Ly(X,Y).

< Let 7 € Lyp(X,Y). Suppose, on the contrary, .7 ¢ Ly(X,Y). By the Krein—Smulian
theorem (cf. [12, Theorem 2.37]), aBx C Bx N X4 — Bx N X for some o > 0, and hence
7 (BxNX4) is not 7-bounded. Then, there exists an absorbing U € 7(0) with 7 (BxNX,) €

nU for every n € N. So, for some sequences (z,,) in Bx N X4 and (7,) in 7 we have
Thxyn ¢ n3U for all n. Set

o
zi=- =D nlr, € Xy
n=1

Since J € Lyp(X,Y) then 7[0,2] C NU for some N € N. It follows from n~2z,, € [0,x]
that Ty, (n~2z,) € NU C nU for large enough n. This is absurd, because T,,(n"2xz,,) ¢ nU for
all n. >

Norm completeness of X is essential in Theorem 2.3. For example, an operator T €
ZL(coo) defined by Tz = (D g~ zx)er is order-to-norm bounded, yet not bounded. To see
that the condition X, — X = X is essential, it is enough to take any unbounded operator T'
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on a Banach space X with a trivial cone X, = {0}. The closeness of X} in a Banach space X
is also essential [4, Example 2.12b)]. The next corollary is a kind of Uniform Boundedness
Principle for families of operators which need not be continuous a priori.

Corollary 2.3. Every collectively order-to-norm bounded set of operators from an OBS
with a closed generating cone to a NS is uniformly bounded.

Corollary 2.4. Every order-to-norm bounded operator from an OBS with a closed
generating cone to a NS is bounded.

The following corollary of Theorem 2.3 provides an automatic continuity result that
extends the well known fact (see, for example, [12, Theorem 2.32|) that every positive operator
from an OBS with a closes generating cone to an OBS with a closed cone is continuous.

Corollary 2.5. Every order bounded operator from an OBS with a closed generating cone
to an ONS with a normal cone is continuous.

Since in NSs bounded linear operators are continuous, and since weak compact sets are
bounded in Banach spaces, we obtain the following consequence of Theorem 2.3.

Corollary 2.6. Every operator from an OBS with a closed generating cone to a Banach
space is continuous whenever it takes order intervals onto relatively weak compact sets.

Collective boundedness of a semigroup generated by a single operator is known as power
boundedness of the operator. We say that an operator 7" on an ordered TVS (X,7) is
power order-to-topology bounded if the set |J;2; T"[a,b] is 7-bounded for every [a,b] in X.
An operator semigroup . on an ordered TVS (X, 7) is order-to-topology bounded if the
set Upe.o T'la,b] is T-bounded for every [a,b] in X. The next two corollaries deal with these
notions.

Corollary 2.7. Every power order-to-norm bounded operator on an OBS with a closed
generating cone is power bounded.

Corollary 2.8. Every power order-to-norm bounded operator semigroup on an OBS with
a closed generating cone is uniformly continuous.

Since Ly(X,Y) C Lyp(X,Y) whenever X is a normal OVS and Y is a NS, the next
collective extension of [3, Proposition 1.5] follows from Theorems 2.1 and 2.3.

Proposition 2.1. Let X be an OBS with a closed generating normal cone and Y a NS.
Then Lypo(X,Y) = Lonp(X,Y) = Ly(X,Y).

Corollary 2.9. Let X be an OBS with a closed generating normal cone and Y a NS.
Then Zno(X,Y) = Zonp(X,Y) = L(X,Y).

By [4, Theorem 2.4|, Z.(X,Y) = Z,(X,Y) whenever X and Y are OVSs with generating
cones. Therefore, we have one more consequence of Proposition 2.1 that provides conditions
for automatic boundedness of ru-continuous operators.

Corollary 2.10. Let X be an OBS with a closed generating normal cone and Y an OVS
with a generating normal cone. Then %,.(X,Y) C %4(X,Y).

Proposition 2.2 [4, Proposition 2.11|. Let X and Y be OBSs with closed generating
cones, and X~ # @&. Then every 7 € Ly (X,Y) is uniformly bounded iff Y, is normal.

< If Yy is not normal, then the interval [0,yp] is not bounded for some yg € X, . Pick
fo# 0in X~ and take zo € X with fo(zo) = 1. Then, {fo ® y},cf0,y0] € Lob(X,Y). However,
the set {fo ® y}ye[0,y0) 15 nOt uniformly bounded since

U (fo@y)(wo) = [0, 0]

y€[07y0}

is not bounded.
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If Y, is normal, then L, (X,Y) C L, (X,Y) by [4, Proposition 2.6]. The rest follows
from Proposition 2.1. >
The following proposition is an extension of [3, Lemma 2.1].

Proposition 2.3. Let X be a normal OBS and (Y, 7) a Banach space with a dual topology:.
Then Z2 .(X,Y) C ZL(X,Y).

oTC

<1 On the way to contradiction, assume T' € £

0 (X, YY)\ Zonp(X,Y) Then T0, u] is not
bounded for some u € X. Since X is normal, [0,u] is bounded, say sup,c ) [|lz|| < M. Pick
a sequence (uy) in [0,u] with ||[Tu,| > n2™, and set

o0
Yn = |- || — Z27kuk for n e N.

k=n

Then y, 1> 0. Let 0 < yo < wy, for all n € N. Since 0 < yy < 2114 and
28 "u| < M2 — 0 then yo = 0 by [12, Theorem 2.23]. So, ¥, | 0, and hence 3, % 0.
We deduce from T € .£7 .(X,Y) that Ty, — 0. Since the topology 7 is dual then T, — 0.

oTC
Therefore, the sequence (T,y;,) is norm bounded. This is absurd because

|Tyn+1 — Tyn|| = |T(27"un)|| = n (VneN). >

Corollary 2.11. Every order-to-topology o-continuous operator from a normal OBS to
a Banach space with a dual topology is order-to-norm bounded.
Combining Corollaries 2.11 and 2.4, gives the last result of our note.

Corollary 2.12. Every order-to-topology o-continuous operator from an OBS with
a closed generating normal cone to a Banach space with a dual topology is bounded.
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Awnnoranusi. [lopsakoBO-TOIOIOrMTYeCKN HEIPEPBIBHBIE OMIEPATOPHI U OMIEPATOPHI, TEPEBOIAIINE TOPS/I-
KOBbIe MHTEPBAJIbl B OI'DAHUYEHHBIE 10 HOPME MHOXKECTBA, M3YYaJIMCh B IIOCJIEJIHUE 'Ol MHOIMMU aBTOPa-
MM, B OCHOBHOM, B KOHTEKCTe HGAHAXOBBIX PEIIETOK. B HacTosIeil 3aMeTKe HEKOTOPBbIE U3 PEe3yJIbTaTOB, I0-
JIy9eHHbIEe 9TUMU aBTOPAMH, PACHPOCTPAHAIOTCA Ha CJIydail OIepaTopoB, JMEHCTBYIOMMUX U3 YIOPSIOYEHHOIO
bGaHaxoBa MPOCTPAHCTBA B TOIIOJIOTMYECKOE BEKTOPHOE ITPOCTPAHCTBO. YCTAHABIMBAECTCS HECKOJIBKO YCJIOBUI,
06eceYnBaroNUX TOMOJOTHIECKYI0 OTPAHUYEHHOCTD BBINIEYIIOMSIHYTHIX OINEPATOPOB, W WCCJIEIYeTCsl MIPWH-
[IMII PABHOMEPHON OrPAHUYIEHHOCTH JJIsi PA3IMIHBIX COBMECTHO KBAJU(UINPOBAHHBIX CEMENCTB OIEePATOPOB.
Cpezin IpoYero, JI0Ka3blBaeTCsi PABHOMEPHAs OIPAHUYEHHOCTH OIEPATOPHBIX MOJIyTPYII, OrPAHUYEHHBIX 10
HOpME Ha BCSIKOM IOPSIIKOBOM MHTEPBAJIE U JEHCTBYIONUX B YIIOPSIOYEeHHOM GaHAXOBOM IIPOCTPAHCTBE C 3a-
MKHYTBIM MTOPOXKIAIONINM KOHYCOM. B 3aMeTKe Tak:kKe yCTaHABIMBAETCS, YTO KarXKJ[0€ COBMECTHO IOPSTKOBO-
TOIOJIOTUYIECKH OTPAHUYEHHOE MHOXKECTBO OIIEPATOPOB M3 YIOPSAOYEHHOrO0 OaHAXOBa MIPOCTPAHCTBA B TOIO-
JIOTHYECKOe BEKTOPHOE MPOCTPAHCTBO Oy/IeT KOJJIEKTUBHO T'U-TOIOJIOTUYECKU HENPEPLIBHBIM, U IIPUBOISTCS
YCJIOBUsI, 00ECIIEYNBAIOIINE PABHOMEPHYO OTPAHNYEHHOCTh TAKUX MHOYKECTB.

KuroueBbie ciioBa: ynopsiJ09eHHOE BEKTOPHOE MPOCTPAHCTBO, TOIMIOJIOTMYECKOE BEKTOPHOE IIPOCTPAH-
CTBO, YIOPSITIOYEHHOE OAHAXOBO MPOCTPAHCTBO, MOPSAIKOBO-TOIIOJIOTUIECKH OMPAHMYEHHBIN OIIepaTop, MOpsii-
KOBO-TOITOJIOTMYIECKH HEIIPEPBIBHBIIN OIlepaTop.
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DOI: 10.46698/13984-2243-2985-7.
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Awnnorarusi. B pabore paccMaTpuBarOTCs MHOXKECTBa OAHAXOBBIX IIPEJIEIOB, MHBAPUAHTHBIX OTHOCUTEb-
HO OIIEpPaTOPOB paCTsKeHUsi. VI3BECTHO, YTO MHOXKECTBO TaKUX IIPEJIEJIOB SIBJISIETCS HEIYCTHIM U BBIITYK-
JIBIM TIOJIMHOYKECTBOM MHOXKeCTBa HaHaxOBbIX mpeesoB. OHako o0beuHeHe BCeX TAKUX IIOAMHOYXKECTB
HEBBIMYKJI0. B 1aHHON paboTe MPUBOIUTCS HEOOXOIUMOE U JIOCTATOYHOE YCJIOBHUE BBIMYKJIOCTH KOHEYHBIX
0ObeIUHEHNI TAKUX TIOAMHOXKeCTB. [lo/lydeHHbBI KPUTEpHil JaeT MOJHBIN OTBET HA BOIIPOC O BBIMYKJIOCTH
KOHEYHBIX O0beIMHEHUIT MHOXKECTB OAHAXOBBIX IIPEJEIOB, NHBAPUAHTHBIX OTHOCUTEIHLHO OIIEPATOPOB pac-
TsI2KeHUsA. B TO ke BpeMsi BOIPOC 00 aHAJOTMYHOM KPUTEPHUU JJisi GECKOHEYHBIX OObEMHEHUN OCTAeTCsT
OTKPBITHIM: ABTOPAMK HAMIEHBI JIUIIb HEOOXOIUMbBIE U, OTAEIBHO, JIOCTATOYHbBIE YCJIOBUSI BBIILYKJIOCTH.
KuroueBsbie cjioBa: 6aHaXOBBI IIPEJIE/IbI, ONEPATOPhI PACTIYKEHUsI, BBILYKJIbIE TOIMHOXKECTBA.

AMS Subject Classification: 46B45, 47B37.

O6pazen nutupoBauus: 3posmHckuii P. E., Cemenos E. M. BanaxoBbl npejie/ibl, HHBApUAHTHBIE OT-
HOCHTEIBHO ONEpaTopoB pacrsikenns // Bmamumkask. mar. xypr.—2026.—T. 28, Bem. 1.—C. 68-72. DOL:
10.46698 /z6430-9873-2568-v.

1. BBeaenue

Yepes (o 0003HAUAECTCS IPOCTPAHCTBO OrPAHWYEHHBIX II0CJIEI0BATENLHOCTE T =
(x1,x2,...) c HOpMOIi
[2llees = sup |zn]
neN

¥ CTAHJIAPTHON MOJIYYIIOPSI09Y€HHOCTHIO, Tyie N — MHOXKeCTBO HATYPAJIbHBIX 4ncesi. JInneii-
Hblll DyHKIMOHAT B € £ Ha3bBaeTcs 0aHaro6vim NPedesom, eCim

1. B>0, 1 e. Bx >0 misa Bcex x = 0;

2. Bx = BTx nns Bcex x € £o, e T — omneparop caBura B £og;

3. Bl=1,rtne 1 =(1,1,...).

CymecrBoBanne 6aHaxOBbIX IIpejesioB 6bl10 anoncuposano C. Masypowm [1], a jgokasa-
TesibcTBO npuBeieHo B Kuure C. Banaxa [2]. Banaxos npenesn B Ha3bIBACTCS UHBAPUAHIMHBIM

# Wccnenobanne BBITIOMHEHO TTpH (bUHAHCOBOM Tojeps:kke Poccuiickoro may4roro dbouaa, mpoext Ne 24-
21-00220.
© 2026 3osmuckuit P. E.,; Cemenos E. M.
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OTHOCHTEJILHO JIEHCTBYIONMIEro B o, onieparopa H, eciu Bxr = BHx st Bcex x € £, Cyiie-
CTBOBaHNe MHBAPUAHTHBIX OAHAXOBBIX IIPEJIEIOB ObLIO jlokazano Y. Dbepaeitnom [3|. Tloxxox
VY. D6epaeitna 6611 passur B [4]. Tam 6bL10 J0KA3aHO, YTO MHOXKECTBO MHBAPUAHTHBIX OTHO-
curesibHO oneparopa H Ganaxosbix 1pejenos B(H) Hemycro, ecin

1. H>0u H1 =1;

2. Heg C cp;

3. limsup;_,, (A(I = T)x); > 0 nst Beex @ € loo, A € R(H), tne R(H) = conv{H* k €
N}.

VenoBusim 1-3 yiosjeTBopsier onepaTop dezapo

1 n
Cr)p = — ) N,
(Cx) nkZ:l:ck n e

n orepaTopbl paCTA2KEHU A

OnT = (1‘1,.%'1,...,1‘11,1'2,1'2,...,.%'2,...), neN, n=>2,
n n

rae ¢ = (21,2, . ..). [losTomy MHOXKeCcTBa B(0),) HEILYCTHI U BBILYKJIBI JIst Bcex 1 € N, n > 2,
u, GoJjiee TOro, JAUAMETD U PAJMyC KarXKJIOrO MHOXKeCTBa B(0,) COBIAJAIOT C JUAMETPOM U
paJirycom MHOXKecTBa B B £ u pasHbl 2. Eciin 6anaxoB npejien B nHBapHaHTEH OTHOCHTEIBLHO
onepaTopa o,, To B HHBapHAHTEH OTHOCHTENBHO (0,)? = 0,2. DTO 03HAUAET, UTO

B(opn) C B(o,r) (1)

Jist 106bix k,n € Ny k,n > 2. Bosee nogpobuo o 6anaxoBbIx pejesax cMm. 003op [5]. Hacro-
sitnasi pabora MoCBsiIeHa u3ydeHno Maoxkects B(o,), n € N, n > 2.

BanaxoBel mpesennl, THBAPUAHTHLIC OTHOCHATEJILHO OIEpaTopoB o,, n € N, n > 2, pac-
cMarpuBaIuch B paborax |6, 7| u apyrux.

2. OcHoBHBIE pPe3yJIbTaThl

Besikast  crporo  Bo3pacralomiasi [IOCIeI0BATEIbHOCTL HATypaibHbIX wuncen M =
(my,ma,...,m;), r € N, r > 2 mj > 2, onpejieiisier MHOXKECTBO

T

B(M) = B(ow,),

i=1

KOTOPOE sIBJIsIeTCst MOAMHOXKecTBOM B. OTMerum, uto B cuiry (1) Mbl MOXKEM IOJIaraTh mlg =+
my st Beex s, t € (1,2,...,r—1), s < t, u Bcex k € N. JlasbHeiiiue paccyK/JIeHust Mbl Oy1eM
IPOBOIUTH UCXO/ISI U3 TOTO MPEIITOIOKEHUSI.

Teopema 1. /L1t Toro arobsr MuozkecTBO B (M) OBLIO BBIITYKIO HCOOXOJHMO H JOCTATOY-

ki .

HO, 9TOOBI M;* = My /IS BCeX 1 € (1,2,...,7 — 1) u just vekoropbix k; € N, k; > 1.

< HeobxomumocThb JI0KazkeM OT IPOTHBHOIO MPUMEPHO [0 TOi Ke cxeme, 4To u [6, Teo-
pema 13|. IIpeamosoxum, 4ro m;? # m, s Hekoroporo j € (1,2,...,7 — 1) u Bcex k € N.

Tax xax m, > mj, To mk # m; nnsa seex k € N. B cuay [6, Teopema 14] cymectsytor Takue
By € B(0y;) u By € B(0yy,), 40

| B2 — Bl

0z, =2 (2)
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Jtst siroboro B € B(o,) n
1Bz — Blles, =2 (3)

muist siroboro B € B(og), Tae

—

a € N\{l,mj,mi,m?,...
B € N\{1,m,,m?m3,...}.

B gacraOCTH,

By ¢ B(opm,), DBz ¢ %(Umj)- (4)
Paccmorpum 6anaxoB mpees

1
By = 5(32 + B3)

u jJokaxeM, uro By ¢ B(o,) musa moboro n € (my, ma,...,m,). JokazareabcrBo mposejem
OTIEJILHO JIJIs 3 PA3JIUIHbIX TOJAMHOKECTB N.

L. llycte n = my; u npemnonokum, aro By € B(opm;). Tax kax B3 = 2B; — By, 1o
MHBAPUAHTHOCTH B1 1 By OTHOCUTENIBHO 0y, BJICIET HHBAPUAHTHOCTL B3 OTHOCHTETLHO Ty .
Orciona n u3 B3 € B crenyer By € B(0yy,,), aro nporusopednt (4).

2. Ecou n = m, u By € B(0y,,.), TO Te kKe caMble apIryMEHTbI IPUBOJAT K IIPOTUBOPEUHIO
c (4).

3. Ilycre n # mj, n # m,. B cuny (2), (3) nmeem

B2 — By

¢ = || B3 — By

¢ =2
Tak Kak B1 - BQ = Bg - Bl, TO

|Bs — Balles, = [|Bs — B1 + B1 — B2

¢z, = 2||B3 — Bi|le, = 4.

JlokazaHHOE paBEHCTBO IPOTUBOPEYMT oTMedeHHOMY B § 1 bakTy, uro auamerp B paseH 2.
ITonydennoe BO Bcex Tpex cCiaydasxX IPOTHUBOPEUUE JIOKA3BIBAET HEOOXOOUMOCTH — IEPBYIO
JaCTb TEOPEMBL.
E = mbi 1
cam my, =m;*, 10 B cuiy (1) momygaem

B(om,) C Blom,).

Orciona B(M) = B(oy,,) u BblyKI0cTb B(0)y, ) Baeder Bbinykiaocts B(M). >

Teopema 1 Gbuia aHoncupoBaHa B |8, Teopema 2|. BosHukaeT ecrecTBEHHBIN BOIPOC: BbI-
noJsiHsieTcs: i Teopema 1, ecim M — GeckoHedHoe 00beMHEHHEe MHOXKECTB B (0,,,)7 Dr1oT
BOIIPOC OCTAETCsI OTKPBITHIM.

BuiaromapHocTu. ABTOpPHI 6J1aroIapsiT PElleH3eHTa 38 [IeHHbIE 3aMeYaHUsl, KOTOPhIe ObLIN yITEHbBI
PO TOITOTOBKE (PUHAJIHHOTO BapUAHTa, CTATHU.
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Abstract. This paper considers sets of Banach limits invariant under dilation operators. It is known that
the set of these limits is a non-empty and convex subset of the set of Banach limits. However, the union of
all such subsets is non-convex. This paper provides a necessary and sufficient condition for the convexity of
finite unions of such subsets. The obtained criterion provides a complete answer to the question regarding the
convexity of finite unions of sets of Banach limits invariant under dilation operators. At the same time, the
question of a similar criterion for infinite unions remains open: the authors have found only necessary and,
separately, sufficient conditions for convexity.
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Ceména Camconosuna Kymamenadse

Awnnortanusi. 3aa9a ONNCAHNS JIMHEWHBIX ONEPATOPOB, MPEICTABUMBIX B BH/I€ MHTEIPAIBHBIX, ObLIA O-
crasyena JI>x. ¢pon Heiimanom B cepenune 30-x roioB XX BeKa U JI0JITOE BpEMSsI OCTABAJIACH OHON U3 IeH-
TPAJIbHBIX B TEOPUU ONEPATOPOB U (DYHKIIMOHAJIBLHOTO aHam3a. CyIeCTBEHHBIH BKJIA/ B €€ PelleHre ObLT
BHeceH B 1974 r. ByxBaoBbIM, KOTODBIit YCTAHOBUJI KPUTEPUT HHTEIPATBLHON MPEICTABUMOCTH JIMHEITHBIX
OIEPATOPOB B HIEATHHBIX (PYHKIIMOHAIBHBIX MPOCTPAHCTBAX. B MOCIEIYIONINX MCCAETOBAHUSAX JTaHHAS
TeMAaTUKa MOJIy4YnIa JajbHellllee pa3sBuTre: B HemaBHell pabore OpbibGaeBa u TacoeBa OBLI ITpeJIOXKEH
KPHUTEPUil 9aCTUIHON WHTEIPAJIBHON MPEICTABUMOCTH MTOJIOKUTEIBHBIX L oo-OTHOPOIHBIX OMEPATOPOB HA
CHTMa-KOHEYHBIX IPOCTPAHCTBAaX. B Hacrosmelr paboTe BBOAWTCA HOBOE IMOHSTHE MOMYJIBHON DPABHOM3-
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1. Beenenue

B pabore [1| PomanoBckuM ObLIM BBEJIEHBI YaCTUYHO MHTEIDABHbBIE OLEPATOPBI — KJIACC

OIIEPATOPOB, B KOTOPBIX MHTEIPUPOBAHUE OCYIIECTBIIACTCSH JIMIIb 110 OJHON IepeMeHHO,

a IMEHHO OllepaTOpbl BUIa

b
Mzx(w,s) = /m(w,s,t)x(w,t) dt, (1)

re siapo m : D X [a,b] — R sBisiercst HenpepbIBHOM, 11060 u3mepumMoit dyukimeii. OcobenHo-
crbio oneparopa (1) siBjisieTcst TO, 4TO UHTErPUPOBAHUE BEJIETCs JIUIID 110 OJJHOM IIe€PEMEHHOII.
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OrepaTopbl TaKOro BUJA HA3BIBAIOTCA YGCTMUYHO UHMEPAAbHoLMU. Teopus YaCTHIHO MHTE-
IPAJIBHBIX OIIEPATOPOB UMEET MHOTOUUC/IEHHBIE ITPUJIOXKEHUSI B PA3JIUIHBIX 00/IACTSIX MaTeMar-
iy (cM. [1-3]). Pasimunbre cBoiicTBa 9THX OLEPATOPOB M3yYaJNCh B paborax [4-6).

B pabotre [7] Byxsasos npusen Kpurepuit HHTErPAJILHON MIPEICTABIMOCTHU JTUHEHHDBIX OIle-
pATOpOB B HJIEAJIbHBIX (DYHKIIMOHAJIBHBIX NpocTpancTBax. B pabore OpbiabaeBa u Tacoe-
Ba [8] ObLI 1OJMyYeH KpUTepUil YaCTUYHO MHTErPAJLHON HPEeJICTABUMOCTH IIOJOXKHUTEIbHBIX
L +-0THOPOJIHBIX OIIEPATOPOB HA 0-KOHEYHBIX IIPOCTpaHCTBaX. B pabore [9] uccienosana 1o-
PSIIKOBasl CTPYKTYpa IMPOCTPAHCTBA YACTUYHO MHTErPAJIBHBIX OINEPATOPOB: IOKA3AHO, YTO
MPOCTPAHCTBO AOCOTIOTHO YaCTHIHO MHTETPATBLHBIX OMEPATOPOB 006pA3yeT MOJIOCY B TOPSIIKO-
BO TIOJIHO# BEKTOPHOMU PEIIeTKe OPSIKOBO OIPAHUYEHHBIX OIEPATOPOB, JEHCTBYIONIUX B I10-
PSIIKOBO IIOTHBIX MJI€AJIBHBIX MPOCTPAHCTBAX U3MEPUMBIX (DYHKIIHIA.

B nacrosimeit pabore Mbl BBOJIUM HOBOE MTOHSTHE MOJLYJIbHO-PABHOU3MEPUMOCTH Y€pe3 I10-
HSITHE TUKJIAIeCKON KOMITAKTHOCTH U JOKA3bIBAEM, UTO BCAKUI TaCTUIHO MHTEIPAJIbHBIN OIle-
paTop, JIeficTByOMuii B 6aHAXOBBIX UJI€AJIBHBIX (DYHKIIMOHAIBHBIX ITPOCTPAHCTBAX, IIEPEBOIUT
[TOPSIJIKOBBIE MHTEPBAJIBI B MO/LY/IbHO-PABHOM3MEPHUMbIE MHOXKECTBA.

OcHOBHOIT pe3yJibTaT PaboThl (GOPMYJIUPYETCs CJIEILYIONIUM 00Pa30M.

Teopema 1.1. Ilycre (2, Xq,m), (T, Xp,u) u (S,Xg,v) — H3MepuMbIe MPOCTPAHCTBA
C KOHEYHBIMH MepaMH M, [, H V cooTBeTcTBeHHO, ' m F' — 6aHaxoBbl HieabHbIC (PyHKI[H-
onaspapie npocrpanctsa B LP(Q x T,3q @ Xp,m @ u) u L°(Q x S,¥q ® ¥g,m ® v) coor-
BercTBeHHO. Beskmit wactuano muarerpasbhbiit oneparop U : E — F mepeBoauT 1OpsiIKOBBIE
HHTEPBAJIBI B MOIYJIbHO-DABHOU3MEDPUMBIE MHOXKECTBA.

2. IlpeaBapuTesbHbIE CBEIeHUST

HeobxomuMble cBeIeHIs U3 TEOPUN BEKTOPHBIX PEIIETOK U OIIEPATOPOB MOXKHO HAWTH B MO-
norpadusx [10-12].

Berony nanee (2,Xq,m), (T, Xp, pu) u (S, Xg,v) — usMepuMble MPOCTPAHCTBA C KOHEIHbI-
ME MepaMu m, (1 v coorBeTcTBeHHO; (X X T\ X @Xr,m@u) u (2 x 5,3q®Xg,mRv) —
npousseienns >Tux npocrpancts. Cumsoaom Z0(Q, ¥, 1) Gynem 0603HAYATH MTPOCTPAHCTBEO
BCeX JIeHCTBUTEIBHBIX M3MEPUMBIX [-TIOYTH BCIONY KOHewHbIX dynxmuit, a LY(Q, ¥, pu) —
IIPOCTPAHCTBO KJIACCOB 3KBHBajenTHOCTH dynkumil n3 £°(Q, %, 1), Kax obbrano, dyukmum
f,9 € Z£°(, %, 1) HasbiBalOTCA SKBUBAJEHTHBIME, €CJI OHU PABHBI [/-TIOUTH BCIOTY.

Beiony gmamee E u F — 0GaHaxoBbl HjeadbHble (DYHKIMOHAJbBHBIE TPOCTPAHCTBA
B LY XT,Sq®Sr,m®@u) u LP(Q x S, ¥q® g, m®v) coorsercTenno. HamoMumu, 910
peleTodnble U ajgrebpandeckue onepaiud B F 1 F BBIYUC/ISIIOTCS TIOYTH BCIOLY HOTOYETHO.
BanaxoBbl njeajbHbIE TPOCTPAHCTBA 00JIAIAIOT CJIEYIOIUME CBOHCTBAMU:

1. IIpocrpancreo E sBistercst uaeansubiM: ecan |y| < x| uz € E, roy € E.

2. TIpocrpancro E siBisiercst mojyaeM Hall Lo (2, m), 1. e.

1ha||e < 1Pl Lo @.m)ll@] &
Tunu4HeIME IPUMEPaMH TAKUX IPOCTPAHCTB ABJIAIOTCS IIPOCTPAHCTBA Ly, IPOCTPAHCTBA,
Opsuga u npocrpancrsa Jlopenta.
Bynem rosoputs, uro omeparop U : E — F gBisgercs 4acmuyHo UHMEPAAbHbIM, €CJIH
cymectByer msmepumoe syipo k € LA x S x T,%q ® ¥g @ Y, m @ v @ p) Taxkoe, 9TO
BBIIIOJIHSIETCS [IPEICTABJICHNE

(U (@) (w, 5) = / (e, 5, 1), ) dp(t)
T

st Becex x© € B
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Oneparop U nasbiBaercst Loo-0010podnvim, eciu mjist Beex h € Loo (2, m) u x € E Bbimos-
HSIETCSI PABEHCTBO

U(hx) = hU(x).

3. JlokazaTebCTBO OCHOBHOII TeOpeMBI

Ilpennoxkenue 3.1. Ilycre F u F' — 6anaxoBbl ugeajabHbIe (PyHKIIHOHAJIBHBIE IIPOCTPAH-
crea B LO(OXT, q@Yr, m@u) n L°(Q2x S, Lqa®Xs, m@v) coorsercrpento, U : E — F — ga-
CTHYIHO HHTerpaIbHbI oneparop. Ilpeamnonoxkmnm, aro U peryaspen, n mycrs U = Ut —U~ —
€ro pasJioskKeHHe Ha IIOJOXKHTEILHYIO H oTpHIaTe bHyio dacty. Torma omeparopsr Ut w U™
TAKIKe SIBJISIIOTCST IACTUIHO HHTETDAJJIHHBIMI.

< Iockosbky U — 9aCcTUYHO MHTErPAIbHBINA OIEpaToOp, TOIJA CYIIECTBYET U3MepHMast
dbyuxiws k(w, s,t) Takast, 9ro js y0b6oro € E u noutn Bcex (w, S) BBIIOJHEHO

(Uzx)(w,s) = /k(w,s,t)x(w,t) du(t).
T
Ornpenenum yHKIIN
k" (w,s,t) = max {k(w,s,t),0}, k™ (w,s,t) =max{—k(w,s,t),0}.

Torna k= k™ — k™ u |k| = kT + k~. O6e dbynkiuu k™ u k™ usmepumbL.
BadukcnpyemM nIpon3BOIBHBII HeoTpUIaTeIbHbI seMenT x € F. Tlo onpeaenenuio 1moso-
JKUTeIbHOi yacTu oneparopa U™T umeem

(U 2)(w,s) =sup {(U(y))(w,s) : 0<y <z},

rje cynpemyM 6epercst B pemierke F' (1, cieloBaTeIbHO, Jisi HOYTH BeeX (W, §) KaK MOTOYed-
HBLT CynpeMyM).
Hutst mroboro gy, yaosaersopsitoriero 0 < y < x, u nouru Beex (w, )

(Uy)(w,s) :/k:(w,s,t)y(w,t) du(t) g/k+(w,s,t)y(w,t) du(t) </kz+(w,s,t)x(w,t) du(t).
T T T

CremoBaTesibHO,

U o) w,5) < [ K (s 2l 0)du). (2)
T
C napyroit ¢cTOpOHBI, 111 (PUKCUPOBAHHOTO § PACCMOTPUM (DYHKITHIO

yO(wa t) = x(w7 t) * X{(w,t)EQXT: k(w,s,t) >0}
Acuo, aro 0 < yg < z. Torma
o)) = [ kw5, (e ) d(t) = [ K @, 5, )2 (0,1) i)
T T

[TockosbKy Yo BXOIUT B MHOXKECTBO, [0 KOTOPOMY OEpeTcsi CylpeMyM, TO

(Utr)(w,s) > /k+(w,s,t)x(w,t) du(t). (3)
T

U3 mepasencts (2) u (3) mosyvaem paBeHCTBO JJIsd MOYTH BCeX (w, S):

(Utr)(w,s) = /k+(w,s,t)x(w,t) du(t).

T
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AHaHOI‘I/I‘IHO, JJIA OTpHH,aTeJIbHOfI JaCTHu nMeeM

(U~ z)(w,s) =sup {(—Uy)(w,s) : 0 <y <z}

U z)(w,s) = /k_(w,s,t)x(w,t) du(t).
T

Takum 06pa3oM, JJIs HeoTpHIaTeIbubX 2 € F oneparopst UT u U™ npejcrapisiorcs: B BUJIe
JaCTHYHO HHTETPAJILHBIX OIIePaTopoB ¢ sapamu kT u k™ cooTsercTsenno. 11 Ipon3BOILHOTIO

r € E upejcrasienue nojydaercs mo jubeitnoctn: ¥ = xt — z7, rme z7 = max{z,0},
r~ = max{—z,0}. Urak, UT u U~ — 4acTH4IHO MHTErpabHble ONEPATOPLI. >

Terepb HAIIOMHUM OIIpe/ie/IeHIe IUKINIeCKN KOMIakTHOro Muoxkecrsa (cu. [7]). Ilycrs
V — Oynesa airebpa Bcex wuIeMioTeHTOB B Loo(2,m). Ecim (24)aca — cerb B

LPOXT,Yq@%r,m®p) nu (Ta)aca — pazbuenne eaunmubl B V, TO ps Y aca TaTa
(0)-cxomuress B LY(Q) x T, Y0 ® L, m @ ), U cyMMa 3TOTO PATa HA3HIBACTCS NepPeMeuil-
sanuem (To)acA OTHOCUTENBHO (Tq)acA. DTa cymMMa ObO3HAYAETCs depe3 mix(myTy ). st
K CLY(QxT,Yq®%7, m® u) gepes mix K o603HAYaeTCS MHOMKECTBO BCEX TIepeMeNTHBaHTil
IIPOU3BOJILHBIX ceMeicTB smeMeHToB u3 K. MHokecTBO K Ha3BIBAETCS UUKAUNECKUM, €CIII
mix K = K.

Mo nanpasiennoro maoxkecrBa A depes V(A) obosznadaercss MHOKECTBO BCeX pa3OHeHMit
enuHUIBL BV, 3aMHIEKCHPOBaHHBIX djteMenTamu A. OrHomenue nopsijka #a V(A) onpese-
JISIETCS CJIEIYIOIIIM 00Pa30M:

v v = Va,B €A (vi(a) ANvz(B) #0 = a < B) (vi,v2 € V(4)).

[ycts (To)aca — cetb B LO(Q x T,%q ® Sp,m ® p). Jna xaxaoro v € V(A)
NOJIOXKAM Ty = MiX(V(Q)To) W HOMyIAM HOBYIO CeThb (Ty)yev(4)- 1IPOM3BOJIBHAS TOJ-
CeThb CeTH (Ty)yev(4) HABBIBACTCS YuKAUMECKOl nodcemvio ceTn (To)aca. IlomMHOMeCTBO
KCLV(QxT,Yq® Xr, m ® 1) Ha3BIBACTCA YUKAUNECKU KOMNAKMHBLM, €I OHO ITHK/IMIHO
U BCsiKasi ceTb B K nMMeer IUKJIMYECKYTO 10JCeThb, (0)-CXOSILY0cs K HeKOTOpoii Touke n3 K.
[uk/mmyeckoe MHOXKECTBO HA3BIBAETCS OMHOCUMENDHO UUKANUMECKYU KOMNAKMHbLM, €CJI OHO
COJIEP’KUTCsI B HEKOTOPOM IUKJIMYECKH KOMIAKTHOM MHoxkecTe |7]. ust mopmuo)ecTBa K
B 0AHAXOBOM HJIeaIbHOM (DYyHKIMOHAILHOM IIPOCTPAHCTBE F, B ONPEJIEICHUN IUK/IXIECKONR
KOMIIAKTHOCTH Oy/IeM paccMaTpUBaTh CXOIMMOCTD 110 HOpMe || - ||z BMecTO (0)-CcXOAMMOCTH.

Jluneiinpiii oneparop U : E — F Ha3bIBAETC YUKAUYECKU KOMNAKMHbLM, €CJIU JIJIsi BCIKO-
'O OIPAHUYIEHHOTO 110 HOpMe MHOKecTBa B B E MHOkecTBO U(B) OTHOCHTEILHO IUKJINIECKH
KOMIIAKTHO [7].

[Iycrb a € Loo(S,v) ub € Lo (T, pt). ITockosbKy mopsiikoBblii mHTEpBa B Lo (2X.S, mQv)
SIBJISIETCsI [IUKJINIECKH KOMIIAKTHBIM MHOXKecTBOM (cM. [13, Teopema 1.3.7(2)]), To oneparop

2(w,8) € Loo(2 x Tym @ p) — a(s) / b(t)x(w,t) du(t) € Loo(2 X S;m @ v) (4)
T

ABJIACTCA TUKJIMIECKH KOMIIAKTHDIM.
Muowxectso K C LO(T, Y, j1) Ha3BIBACTCS PAGHOUSMEPUMBLM, €CTTH Jjis JTio6oro € > 0
cymecrByer usmepumoe MHOxkecTBO T, C T takoe, uro u(1T \ T.) < €, u MHO)KecTBO {TXT. :
x € K} sIBiIsleTcsi OTHOCUTEJIBHO KOMIAKTHBIM B IPOCTPaHCTBE Loo (T, (1) 1O sup-HOpME.
OTO HoHATHE HI'paeT (PYHIAMEHTAJbLHYIO POJIb B TEOPUU KOMIAKTHBIX OIIEPATOPOB B Oa-
HAaXOBBIX HJeaTbHBIX IpocTpancTBax. OJHAKO B MPOCTpaHCTBaX Tuna L, cHTyarms cylie-
CTBEHHO MeHsieTcst. Kak nokazano B |5, npejjiozkenne 3|, 9aCTUIHO HHTErPaJbHbIE OLEPATOPBI
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B 9TUX IIPOCTPAHCTBAX OKA3BIBAIOTCH KOMIIAKTHLIMU JIAIIb B TPHBHAILHOM CJIydae HYyJIEBOIO
siipa. B TO 2Ke BpeMsi Takue oIepaTropbl OCTAIOTCsI IIMKJINYECKH KOMIAKTHBIME |5, Teopema 3.

D10 HabIIO/IEHIE OKA3bIBAET, UTO KJIACCHIECKOE IIOHSITHE DABHOM3MEPUMOCTH OKa3bIBa-
eTcsl JKeCTKUM JJIsl 8JIEKBATHOIO OIMCAHUST KOMIIAKTOIIOJAO00HBIX CBOMCTB B MOJLY/IbHBIX (6y-
JIEBOBHAYHBIX) MOJIE/ISAX M BEKTOPHO3HAYHBIX HPOCTPAHCTBaX. I109TOMYy ecTecTBEHHO HCKATh
ero 0000IIeHre, COIIACOBAHHOE € IUKJIMYECKON KOMIAKTHOCTBIO. VICX0/s M3 9TOro, BBEjeM
cJIeIyIoIIee Olpe/IeIeHue.

Hukmmaeckoe nomvuozkectso K C LY(Q x T,Yq ® Y7, m @ i) nasoseM modyavho-pac-
HOUBMEPUMDBLM, €CITU JJIsi Jiroboro € > (0 cymecrByer m3Mmepumoe MHOkectBo A, C Q x T
takoe, 910 (m & p)(Q x T'\ Ae) < €, u MHOKecTBO {TX 4, : © € K} sBiIsieTcsl OTHOCUTEIEHO
[UKJINIECKH KOMIIAKTHBIM B IIPOCTPaHCTBe Lo (2 X T, m ® p) 1o sup-aHopme.

Jlemma 3.1. Ilyctb U : Loo(Q X Tym @ u) — Loo(2 X S;m ® v) — uyactuyHo uH-
TerpasbHbIi omeparop. Torma mas moboro € > 0 mabigercs A; € Yq ® Xg Takoe, UTO
(mev)(2 xS\ A:) < e noneparop PyoU siBisiercs: [UKIHIECKH KOMITAKTHBIM, 1Je Py o3Ha-
gaer oneparop Py(z) = xa.2, ¥ € Loo( X S,m Q@ v).

< okaxkem, uro U siisiercst orpanndeHHbIM oneparopoMm. [Tycrs {x, } — nocienosaresis-
HOCTB B Loo(2 X T, m @ p1), pABHOMEPHO CXOJSIIASCS K HYJIIO, U IIyCTh

U(xp) 2y € Loo(2 xS, mev)
paBHOMepHO. Torma mo Teopeme Jlebera o MarKOpUPOBAHHON CXOAUMOCTU NMEEM
(Uzyp)(w,s) — 0 mouru Beromy Ha ) x S.

CuienoBaresibo, y = 0. Tem cambiM rpaduk oneparopa U 3aMKHYT, 1 110 TEOPEME O 3aMKHYTOM
rpaduke 3akmodaeM, 9o U sBISETCS OIPAHUIEHHBIM OIEPATOPOM.

[To [14, vn. IV, Teopema 1.5] U peryusipen. IIpemnoxenune 3.1 Bieder, uro |U| Takzke
SIBJISIETCsI YACTUIHO UHTErpaJsibHbIM oneparopoM. [Iycrs k(w, s,t) — supo U. Torpa |U| takzke
SIBJISIETCSL YACTUIHO WHTErPAJIBLHBIM OIepaTopoM ¢ siipom |k(w, s,t)|, u mosromy

/|k(w,s,t)| du(t) € Loo(Q x S,m @ v).
T

CuaesroBaresibho, B cuity [4, iemma 2, c. 409| cymecrByer 1oc/ie10BaTeIbHOCTD MPOCTBIX PyHK-
1187071

Mn
kn(w,5,8) =Y arnxa,, (@)X8,.,()XC,, ()
k=1
TaKasgd, 9TO

kn—k B Li(QXSXT,meve u).

[Tepexozisi 1pu HEOOXOIMMOCTH K IIOJIIOCIIE0BATEILHOCTU, MOXKHO CYUTATh, 9TO Ky (w, S,t) —
k(w, s,t) mouru Berogy Ha X S x T'. Tomgoxkum

hp(w,s) = / |kn(w, s,t) — k(w, s,t)| du(t).
T

IIo Teopeme PydbuHN TMEEM

/ hn(w, s)dm @ v(w,s) — 0.

n— o0

QxS

BHOBb, mnpu HEOOXOIMMOCTH Iepexo/isi K  IOJIOCIIE0BATEILHOCTH, MOYXKEM CUUTATh
hn(w, s) = 0 mouru BComy Ha §2 X S.
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IIycts ¢ > 0. Tak kak m ® v — KoHedHas Mepa, TO 10 Teopeme Eroposa cymecTByer
u3Mepumoe MHoxkectBo Ay C Q x S Takoe, uro (m @ v)(2 x S\ Ag) < € u hp(w,s) — 0
pasHoMepHO Ha Ag. [Ijs KaXK10ro n omnpesesnM onepaTop

Unz(w, s) = XAO(Wa s) / kn(w, s,t)z(w,t) du(t), =€ Lo(QxT,m® p).
T

ITockonbKy ky, — (DYHKIUSA € Pa3IeIsIOIIMECS II€PEMEHHBIME, TO KaxKAblil omeparop Up,
SIBJISIETCS CyMMOIi orrepaTopoB Bujia (4), U IM09TOMY NUKJINIECKA KOMIIAKTHBIM.
Hycrs |71 xmep < 1. Torma nourn mia Beex (w,s) € 2 x S BITOTHACTCS

\Una(w, s)—PoUz(w, s)| < xa,(w, s)/\k:n(w, s, t)—k(w, s, t)| |x(w, )] du(t) <xa, (w, $)hnp(w, s).
T

CrenoBare/bHoO,
|Un — POUHLOO S HXth"HLoo o

n—oo

Takum obpasom, oneparop FPyU siBasteTcst IpeneoM 1Mo HopMe MUKINIECKH KOMIAKTHBIX OITe-
paTopoOB, U CJAeA0OBATEIbHO, IUKJINYECKU KOMIIAKTeH?. [>
Terrepb MBI MOXKEM TIPUBECTHU JIOKA3ATEIbCTBO TeopeMbl 1.1.

<1 JOKA3ATEJILCTBO TEOPEMBI 1.1. Ilycte U siBjisteTCsi 9aCTUYIHO MHTErPAJIBHBIM OTle-
paropom. 3adurcupyeM 0 < z € F u € > 0. Tak kak U sBjsieTcsl 9aCTUIHO WHTErPaIbHBIM
oneparopom, cyiecrsyer siipo k(w, s,t) Takoe, 4To

Uz(w,s) = /k:(w,s,t)x(w,t) du(t) € F.
T

Tak kak

(w,s) €A xS / |k(w, s, t)x(w,t)] du(t)
T

— wusmepumast (yHKIEs, TO cymecTByor uyucao M > 0 um muHOXKecTBO A1 € Yo X Xg
c(mev)(Q xS\ A4)) <e/2, mia KOTOPbIX

/|k:(w,s,t)x(w,t)| du(t) < M s Beex  (w,s) € Aj.
T

Beesem coiepyroniee obosnavenune: L, = {y € F : ¢ > 0, ly| < cx}, u uycrb P} 06o-
3Ha4YaeT OlepaTop YMHOXKEHHsS Ha X 4,. lornma omneparop P oU : L, — F' BHOBB fABIseTCH
qacTuIHO nHTEerpaabubiM. [lo gemme 3.1 cymecTByer MHOXKeCTBO Ao € Yo X Xg Takoe, 9TO
(mev)(2 xS\ A2) < /2 u oueparop PoP U : Ly — Loo(2 X S, m ® v) IuKINIeCKn KOM-
HakTeH, rjae Py — 910 omepaTop yMHOXKEHHs HA X 4,. Tak Kak (m@v)(2x S\ (A1 NAg)) <e,
nostygaeM, 4ro U([—xz,x|) siBisieTcss MOJyJIbHO-PABHOM3MEPUMBIM, YTO 3aBEPIIAET JOKa3a-
TEJIBCTBO. >

2 Besikmil IIMK/IMYecKH KOMIIAKTHLI olepaTop B npocrpancrse Banaxa — Kanroposuua JIOIIyCKaeT Ipes-
CTaBJIeHHE B BHJIe U3MEPHMOIO PACC/IOEHUs] KOMIAKTHBIX oneparopos (cM. [15]). ITockosnbKy paBHOMEDHBIi
IIpeiesT KOMIIAKTHBIX OIE€PATOPOB ABJIAETCA KOMIAKTHBIM, OTCIOIa CJIEIyeT, YTO PABHOMEPHBINA ITpeIest IIUKJIIN-
9eCKM KOMITIAKTHBIX OIIEPATOPOB TaKxKe ABJIAETCS INUKJIMIECKH KOMIAKTHBIM.
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B zakiroueHme oTMeTHM, UTO OCTAETCS OTKPBITHIM BOIIPOC O CIPABEJIMBOCTH OOPATHO-
ro yTBepxJieHus K Teopeme 1.1: sABisiercst Jin BCAKUH Loo-OJIHOPOJIHBIN OIEPATOD, HEPEBO-
OAMAH TOPSATKOBbIE MHTEPBAJIBI B MOIYJIbHO-PABHOM3MEPUMbIE MHOYKECTBA, YACTUIHO WHTE-
rpanbHbIM? [1070KUTENBHBIT OTBET Ha ITOT BOMPOC MPUBET OBl K MOMYIHHOMY BapHAHTY
teopembl [Ilaxepmaitepa u a1 Obl XapaKTEPUCTUUIECKOE ONUCAHME KJIACCa YACTUIHO WHTE-
IPaJIbHBIX OIIEPATOPOB B TePMUHAX WX JefiCTBUs Ha MOPsiIKOBble MHTEepBasbl 16, 17].

OTMmeTuM Tak»)ke, 9TO OJHUM U3 KJIOUYEBBIX WHCTPYMEHTOB HACTOSAIIEH pPabOThI sIBJISET-
Csl IOHSITHE IMKJIMYECKON KOMIIAKTHOCTH, BBEJEHHOe 0oJjiee IoJyBeKa Has3aJ 1podeccopoM
A. T. Kycpaesbim [13]. D10 nOHsiTHE BO3HUKJIO €CTECTBEHHBIM 00pPa30M KakK OysieBO3HAY-
HBIH AHAJIOT KJIACCHIECKOH KOMITAKTHOCTH. OCHOBBI OYIEBOZHATHOTO aHAIN3a OBLIN 3a7I02KE€HBI
B coBmecTHbIX Tpydax C. C. Kyrarenanze u A. I'. Kycpaesa [18, 19].

Baarogapuoctu. ABTOpBI 61ar0IapsaT AHOHUMHOTO PEIEH3E€HTa 38 TIATeTbHOE TPOYTEHNE PYKO-
IIMCHU U TIEHHbIE 3aMeYaHus U PEKOMEHIAITNN, KOTOPBIE TTO3BOJIMJIN CYIIECTBEHHO YJIYYIIUTh U3JI0YKEHNE
PE3yJILTATOB U OOIIYIO CTPYKTYPY CTAThU.
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Caerioit mamsitu npogpeccopa Ceména CamcornoBuda Kyraresase

Annoranus. Jlemma Qapkailia siBJIsieTcs KIACCUYIECKUM PE3YJIbTATOM, JIEXKAIIUM B OCHOBE JIBOWCTBEHHO-
CTH JIMHEHHOI'O0 IPOrPAMMMPOBAHUS U TEOPUU ONTHMU3anuu. VI3BeCTHBI MHOIOYNCIIEHHBIE ee 0000IIeH NS,
B TOM 4HCJIe W Da3JInYHbIE JIMHEHbIE W HeJnHelHble oneparopHble Bepcuu. Onnako, gemma Papkaina
HEBEpHA JIJIsl [TOJIMJIMHEHHBIX OLEPATOPOB M JlaXKe JIsi OMIMHEHHBbIX (DYHKIIMOHAIOB Ha KOHEYHOMEPHOM
IIPOCTPAHCTBE, €CJIN YUCJIO (PUIYyPUPYIOIHNX B ee (hOPMYIHPOBKE OIIepaTopoB Gosiblile AByX. B HacTosmei
3aMeTKe BBblJIeJIeH KJIaCC OPTOPEryJIApHBIX HOJUJIMHEHHBIX OllepaToOpOB U3 JEeKapTOBOH CTEIeHU DaBHO-
MEPHO IIOJIHOM BEKTOPHOU PeIleTK! B IpocTpaHcTBO KaHTopoBuya, 1jis KOTOPEIX jJeMMa Papkalina nMeeT
MECTO B IIOJIHOM oObeMe. JIjist 9Toi Iiesin UCIIONIb3yeT s INHeAPU3AIHs C IIOMOIIBIO CTEIIEHH BEKTOPHOII pe-
IIeTKH, KOTOpad M03BOJIAEeT 3aMEeHUTb OPTOPEryJISPHBIA NOJIUINHEHHbINA OllepaTop peryaapHbIM JIMHEHbIM
oneparopoM. ITokazaHo Takzke, 4YTO aHAJIOTUYHAsI KOHCTPYKIIs paboTaeT U B TOM CjIydae, KOrja o0JIacThb
OIIpe/JIeJIeHUsl OIIepPaTOPOB — BEKTOPHOE NMPOCTPAHCTBO C OTHOIIEHUWEM JU3bIOHKTHOCTH, COIVIACOBAHHBIM
C JIMHEIHHOH CTPYKTYPOM.
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1. BBenenue

Jlemma @apxarmal — GyH/AMEHTATLHBIH PE3y/ILTAT JTUHEHHOTO IPOrPAMMUPOBAHIS U BbI-
[IyKJIOTO aHAJIM3a — BIEPBbIe Oy mKoBaHHbIA B 1898 1. Ha BeHrepckoM sisbike [1] u B 1902 1.
Ha HEeMeIKOM si3bike [2|, popmMysmpyercst cieyomum o6pa3oMm.

Jlemma @Papkamta. Ilycrs m,n € N u {(a,x) obo3Hadaer cKaJsApHOE IIPOU3BEICHAE BEK-
b b
TopoB a u x. Iyt obbix m + 1 BeKTOpa ai, ..., 0y, ¢ € R", paBHOCH/IBHBI yTBEPIK ICHUS:

# Pabora suimosnena B Cesepo-KaskasckoM nenTpe MaTemarndeckux uccaenopanmit BHIL PAH mpu moz-
nepxke Munobpuayku Poccun, cormarmenne Ne 075-02-2026-738.

© 2026 Kycpaes A. T

! Mpiona (FOmmyc) @apxamr (1847-1930) — Benrepckuit MaTeMaTHK i (DU3UK-TEOPETHK, AT MaTeMaTHYe-
CKyI0 (DOPMYJIMPOBKY MexaHuueckoMmy npuainny Pypbe u pazpaboTas TEOPHIO JIMHEHHBIX HEPABEHCTB, ITOOBI
BBIBECTH HEOOXOIMMOE yCJIOBHE DABHOBECHSI MEXAHUIECKOI CUCTEMBI.
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(1) mepaBenctBo (c,x) < 0 sIBJISIETCS CJI€JICTBUEM CHCTEMBbI JIHHEIHBIX OJHOPOJHBIX HEPa-
Bercrs (a;,x) (i=1,...,m), . e.

(Vz eR") (a1,2) <O A... Aam,z) < 0= (c,z) < 0.

(2) cymecrBytor A1, ..., Ay € Ry Takue, aro ¢ = > [" | Apay.
Baecb R — nosie BemecrBenubix uncesnr u N := {1,2,...} — MHOXKECTBO HaTypPaJbHbBIX

qucest. Jlemma @apkamia ocraercst B cuie, ecan dyHkimn (c,-), (a;, ) 3aMEHUTH JHOOBIMU
JINHEHHBIMU (pYHKIMOHAIaMu ¢, f; : X — R Ha NpoM3BOJBHOM BEKTOPHOM IIPOCTPAHCTBE.

Teopema 1.1. i npou3BOJbHBIX JHHEHHBIX (DYHKIHOHAJIOB ¢, f1,..., fm € X* Hepa-
sercrso g(x) < 0 sBisiercs: caenersueM cucremsr Hepasencts fi(z) <0 (i =1,...,m) B rom
U TOJIBKO B TOM CJIy4ae, KOIja § = Z:il Aifi arst sekoroppix 0 < A, ..., A\, € R

XOpOIIIo U3BECTHO, KAKYIO BaXKHYIO POJIb CHIIPAJI 9TOT KJIACCUIECKUN PEe3y/IbTaT B pa3BU-
TUU Teopun HeJmHelHo# onTumu3anuu. B konre 1930-x rr. JI. B. KarTopoBrd OTKpPBLI HOBYIO
00J1aCcTh MpUMEHEHNsT INHEHHBIX HEPABEHCTB — SKOHOMUYECKoe ItannpoBanue. Mcropuaeckuit
KOMMEHTapHil O Pa3BUTUU TEOPUH JIMHEHHBIX HepaBeHCTB uMeercs B [3, 4]. MuoxkecTBo pas-
JIMIHBIX JTOKA3aTeIbCTB, 000OIIEHUN 1 MIPUI0KEHUN TOH JIEMMBI MOXKHO HAWTHU B JINTEPATYPE
(cm. [5-10], a Tak»Ke CCBLIKU B HUX).

Ecim B Teopeme 1.1 dyukuun fq,..., fm,g He JUHEHAHDbI, HO BBIIYKJ/IbI U BBIIOJIHSIETCSI
KaKoe-HUOY/Ib ycsioBue peryisipaoctu (Hanpumep, yciosue Cieiitepa), To COOTBETCTBYOIIAST
semMa Papkaliia ¢ TOYHOCTBIO JIO 3JIEMEHTAPHBIX OT'OBOPOK €CTh HE UTO HMHOE, KAK MEeopema
Kapywa — Kyna — Taxkepa, cMm. [5]. BeckoneunomepHoii reomerpudeckoii popmoii jeMMbl
dapkailia MOYKHO CYUTATH U3BECTHYIO meopemy /lybosuurozo — Mumomuna, cm. [11].

Bormpoc o cripaBeamnBocTi HEBBIMYKJ/IBIX BapuaHToB JiemMMbl Dapkaiira BOCXOAUT K MOHO-
rpacdun M. A. Aitsepmana u @. P. lantvmaxepa [12], B Koropoit BBesena S-npouedypa® — ana-
sior jemmbl apkara 118 KBaapaTudubix GyHkiumii. Mcroputieckne KopHU, 0030p MIPHUIOKe-
HUI 1 B3aMMOCBsI3€ll 9TOr0 HAIIPABJIEHUSI C PA3HBIMU pa3jieslaMu MaTeMaTuku cM. B B. TTonnuk
u T. Tepaaku [14]|. B nocieuee Bpemsi rpyina KATAHCKIX MAaTeMAaTUKOB Pa3BUBAET IIOJXO/,
KOTOPBIH 00benuasieT n 0600ImaeT KiaccudecKyio jgeMmy Papkaiia i JUHEHHBIX CHCTEM U
S-neMMy JJIst KBaJIpATHYHBIX cucTeM, cM. [15]. Ormernm Takzke cBexyio pabory [16], B koro-
poit S-ytleMMa 06001aeTCsT Ha MUHIMAKCHBIE KBaJIpATUIHbIE (DYHKITHH.

Jlemma @apkaliia B TOM BUJIe, KaKOM OHA IIpeJICTaB/IeHa B TeopeMe 1.1, HeBepHA JIjIs TTOJIN-
JIMHEHHBIX (POPM ¥ OJHOPOJIHBIX mMoJuHOMOB. Ciemyronuit mpuMep, HaiijgeHHbIi JlayHu B [17],
[TOKA3BIBAET, UTO ITa JIEMMa HE BBINOJHAECTCA JaxKe Jjis OMIMHEHHBIX (DOPM, OIpeIe/IeHHBIX
mHa R? x R2,

[TPUMEP 1.1. Paccmorpum Tpu Gumneitnsie dopmer A, B, C : R? x R? — R:

A(z,y) = (221 + 3z2)y1 + (21 + 222)y0,
B(z,y) = (31 + z2)y1 + (221 + 22)y2,
Clz,y) = 2z1 + 22)y1 + (z1 + 22)y2,

rie z:= (r1,22) 1y = (y1,y2). Kak nokazauno B [17, upumep 1|, nepasencrso C(z,y) < 0 siB-
JISIETCS CIIeJICTBIEM cucTeMbl AByX HepaseHcTB A(x,y) < 0 u B(x,y) < 0, ognako C' jmHeiiHo
mezaBucuma oT A u B, 1. e. C # AA + uB.

ITpMEP 1.2. JlemMma CDapKama TaK2K€ H€ BBbIIIOJHACTCA [JIsI OAHOPO/IHBIX MHOI'OYJIe-

nos. Pacemorpum P @ R2 — R u Q : R? — R, samannbie dopmynavu P(z1,22) = 23 u

2Haspanue — or amrmiickoro Stability; o3mauaer meron aHajM3a yCTORYHBOCTH HEJTHHEAHBIX CHCTEM,
onmparomuiica Ha KaodeByio S-itemmy B. A. fdxy6osuua, cm. [13].
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Q(z1,12) = x3. Torna P(z1,72) > 0 Breder Q(1,2) > 0, HOCKOMLKY 06a MHOrOHJIEHa BCET/Ia
HeoTpUIaTeNbHbL, HO P u () ymHeliHO He3aBuCHMBI, cM. [18].

Crenyromuii pe3ysbrar, yTBep:Kaaiomuii, uro jemma Papkaima umMeeT MECTO IS JIBYX
HoJIMIMHEHHBIX GOPM, OLPEJIEIEHHBIX HA JIEKAPTOBOM [POU3BEIeHUH JIIOObIX (He 00s3aTe/IbHO
KOHEYHOMEDHBIX) BEKTOPHBIX [POCTPAHCTB, IPUBOJAUTCS B YIOMsIHYTOIl Bbiiie pabore layHu
[17, Treopema 2| Kak IIPOCTOE CJIEJICTBUE OCHOBHOIO pe3ysbraTa u3 [19].

Teopema 1.2. Ilycte A u B — n-jmHeHBIE (DOPMBI, OLPEJEIEHHBIE HA EKAPTOBOM IIPO-
uzBegtennn X1 X -+ X X, BekropHbIX npocrpancts X1, ..., X,. Torna {A < 0} C {B < 0}
B TOM H TOJIBKO B TOM cJjydae, korjga B = aA mist wekoroporo 0 < a € R.

3/ech BO3HUKAET €CTECTBEHHBIN BOMPOC: CYMIECTBYET JIN HETPUBUAIBHBIN KIACC N-JIHHEH-
HBbIX (OPM TaKOi, 4TO JJjis JIIOOOro KOHEYHOro Habopa (GOpM U3 ITOTO KJIACCa UMEET MECTO
semma Qaprama? Takoit kjtace ykazan B pabore Apona, Iapcua, IluHacko n 3aJibaysH10
[18, Teopema 1], B KoTOpPOIi IOKa3aHo, uro jgemma Papkaina crpaBeIuBa JJisi OJHOBPEMEHHO
IMArOHAIN3UPYEMbIX OuanHeiubix popm na R™ x R™. Tlpusegem tounyoo HopMy/UpOBKY.

ONPEJENEHUE 1.1. ToBopsr, uro n X n Matputisl A1, ..., Ay 00Ho6pemento duazonait-
3upyembl, €CIII CyIecTByeT obparumas n X n marpuia C Takas, auro C~1AC,...,C~1A,,C —
JIMaroHaJIbHbIe MaTpuilbl. buyimueitabie popmbl By, . .., By,, onpenenennbie Ha R™ x R™, o0d-
HOBPEMEHHO OUARZOHANUBUPYEMDL, €CJN TAKOBBI IPEJCTABIISIONAE UX Marpuisl By, ..., By,
B CTAH/IAPTHOM Oasmce €1, ..., e, B R?, T. e. By, = (Bk(ei, ej))Zj:l'

Teopema 1.3. list jirob60oro KOHEUHOTO HAOOPA OHOBPEMEHHO JIHATOHAJIH3UDYEMbBIX OUJIH-
Heitubix popm Aj, B : R" xR" = R (j = 1,...,m) caexyromue yTBepK [eHHsT PABHOCH/IBHbIL:

(1) Ai(z,y) <0,..., Ap(2,y) < 0= B(z,y) <0;

(2) B= XA+ -+ AMpAy, st mekoropbix 0 < Ap, ..., Ay € R.

B [18, sameuanue 1| ormedeno rakxke, 1To TeopeMa 1.3 ocraercs B cuite, ecaun (H, (-, ) —
rUJIL0EPTOBO IPOCTPAHCTBO U Ay, ..., Ay — cuMMeTpudHble OuiinHeiiHbIe (popMbl HA H X H,
oupegensiembie dopmysoit A;(x,y) = (y, Tix) (i = 1,...,m), vue T1,...,T,, — HEKOTOpbIE
KOMIIAKTHBIE CAMOCONPSZKEHHbIE KOMMYTHpYIomue oneparopsl B H. Bimskue Bonpocer cra-
BATCS U B 3aj@4ax abCOIOTHON yCTOWYUBOCTU CHCTEM PEryJIMPOBAHUS C AHAJOTUIHBIMEU OT-
Beramiu, cM. [20, Teopembr 8 u 9.

[Mesib HacTosiel 3aMeTKu — IOKa3aTh, 4ro jemMmy Papkaima tuna 1.6 MOXKHO pacipo-
CTPAHUTHL Ha OOMIMPHBIA KJIACC TOJUIMHERHBIX ONEPATOPOB, JEHCTBYIOIUX B IPOCTPAHCTBO
Kanroposuua. B § 2 kpaTko uzsoxken npuryun cmpamugurayuu, npepnoxennsiii C. C. Kyra-
TesIa e JJisl UCCIIe0BAHMsSI ONIEPATOPOB CO 3HAYEHUSIMU B IpocTpancTBe KanTopoBuya, a Tak-
JKe HEKOTOPbIe NPUJIOKeHUsT K onepaTopabiM dhopmam jgemMbl Papkaina. B §3 pacemorpen
KJIACC OPMOPELYAAPHHIT TIOJUTNHERHBIX ONEPATOPOB MEXK/y BEKTOPHBIME DElIeTKAMU U JIJIst
9TOro KJacca ycranosseHa jemma Papkama. st onpesenennst opToperyaspHbIX HOJIN-
HEHHBIX OIIEPATOPOB B O0JIACTHU ONPE/IE/IEHUsT Hy?KHO JIUIIb OTHOIIEHUE U3 bIOHKTHOCTH, & He
CTPYKTypa BEKTOPHOI pemerku nejukoMm. B §4 ycranasiupaercs Bapuant jeMMbl Papkaina
JIUIE OPTOPErYJISIPHBIX HOJIMIMHERHBIX OIIEPATOPOB, OIPEJIEJEHHBIX HA BEKTOPHOM IIPOCTPAH-
CTBE, ¢ aKCHOMAaTUIECKN 3a/[aHHBIM OTHOINEHUEM JIN3HIOHKTHOCTH.

2. Bkaan C. C. Kyrarenaase

JIuneitupiit QyHKIIMOHA OIPEIEesISIeTCS ¢ TOYHOCTOIO /10 CKAJISIPHOI'O MHOXKHUTEJISI 110 CBOEit
HYJIEBOI THNEPIIOCKOCTH, T. €. II0 CBOeMy A1py. B To ke BpeMsd, JTUHEHHDLIN ONepaTop JIUIIb
B PEJIKUX CJIydasdx BOCCTAHABIUBAETCH 110 CBOEMY SJIPY C TOYHOCTBHIO JIO ITPOCTOTO MHOXKUTE-
as. B pabore [21] C. C. Kyrarenaa3e mpe oKl HOBbI METOJ UCCJIEI0BAHNUS ONEPATOPOB
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CO 3HAYEHHSIMU B IIPOCTPAHCTBe KaHTOpOBHYA, OCHOBAHHBINH Ha CJIE/YIONIEM SBPHCTHIECKOM
nosioxkeHun (cM. Takxke [22, reopema 4.3 u 3amevanue 4.6)).

Ilpuanun crparudukanuu Kyrtarenanze. Jlunerinpiii omeparop 1 co 3HadeHusIMU
B npocrparcree Kanropopuua Y onpezessiercst ¢ TOYHOCTBIO J10 oproMopgusma (oreparopa,
COXPAHSIIOIIEro MOJIOCHI) 110 CeMeHCTBY HYJIEBBIX IMOANPOCTDAHCTB sijlep €ro CJIOeB, T. €. IO
cemeiicrBy siiep ker(moT'), rae m npoberaer muoxectso P(Y') nopsiikoBbix npoekTopos B Y .

Dror npuHUl 3P@EKTUBEH B Pa3/IMYHBIX 3aJad9aX TEOPHUH OIEpPaTopoB. B dYacTHOCTH,
paborer C. C. Kyrarenanze [23, 24, 25, 26| 1eMOHCTPUPYIOT KAaK HPUHIMI CTPATH(MUKAIIN
B COUYETAHUN C OYTEBOZHATHBIM AHAJIN30OM TMPUMEHSIETCS K U3YUCHUIO CHCTEM JIMHEHHBIX HEpa-
BEHCTB ¢ omeparopamu. B HacTosiiem naparpade pacCMOTPUM KOPOTKO OIEPATOPHBIE BapH-
aHThl JiemMbl Papxkaria.

UcnonbaytoTest cTanapTHbIE 0O03HAYEHMST ¥ TEPMUHBI U3 KHUTH Aunpantica u Bépkun-
o [27]. Bee paccmarpuBaeMble BEKTOPHBIE IPOCTPAHCTBA [IPEIIOIATAIOTCS BEIECTBEHHBIMU.
st BekropHoit pemerku G cumBosamu B(G) u P(G) obosnataem mosHble Oy/ieBbl ajred-
Pbl COOTBETCTBEHHO N040C U NOPAJKosur npoexmopos B G. Pasbuenuem assemenma b € B
HA3BIBAIOT CceMeiicTBO (koHeuHoe mm Geckomeunoe) (be) B B maxoe, uro be A b, = 0 ms
Beex § # n u b = supgbe; ecim b — enununa Oynepoii anre6per B, To (be) mmenyior pas-
ouenuem edunuyv. Hanmomuum Takxke, uro x,y € G dusstonkmuu, (cumBosmdecku, © L y),
ecian |z| A |y| = 0; aqusbiorkTHOE jonoHerne Muoxkecrsa M C B onpenessiercss bopmysioii
Mt:={reF: Vye M)z Ly}

BekTopHyto pelieTky Ha3bIBAIOT npocmpancmeom Kanmoposuua®, eciaum oHa nopadkoeo
noAna, T. €. B Hell KayKJ0e TOPSIIKOBO OTPAHMYEHHOE MHOYKECTBO MMEET TOUHYIO BEPXHIOIO
CPAHUILY. YHUBEPCAAGHO NOAHOT TIPUHSTO HA3BIBATH BEKTOPHYIO PEIETKY, KOTOpasi OJHOBPE-
MEHHO TIOPSJIKOBO IIOJHA U AGMEPAALHO NOAHG (T. €. KayK/[0e MHOMXKECTBO IIOJOXKHUTEIbHBIX
HOIAPHO JIN3bIOHKTHBIX JIEMEHTOB UMEET TOUHYIO BEPXHIOK IDAHHUILY ).

3

st apxumeioBoit BEKTOPHOI perierku Y CyIIecTByeT eJIMHCTBEHHasi (C TOYHOCTHIO 0
PEIIeTOYHOr0 roMOMOPGU3Ma) yHUBEPCATIBHO MOJIHAS BEKTOPHAast pereTka Y (HasbiBaemast
nopAdkosvim nonosnenuem Y) Takasi, 9ro Y pereTodHo u30MOpQHA IOPSAKOBO ILIOTHOM
BeKTOpHOIT nozperierke Y, cm. [27, ¢. 126|. YHuBepcasibHoe nonosHenue Y spisiercs f-aji-
rebpoii ¢ exuauneil ymuoxkenust 1, em. [27, . 2, yup. 13]. Opmomoppusmom B' Y Ha3bIBAIOT
oneparop 7 € L(Y'), ciryxkamuii orpanndenueM Ha Y olieparopa yMHOXKeHust B f-ajrebpe Y,
T. e. m(x) = ay (y € Y) st Hekoroporo a € Y cM. |27, oupenenenue 2.41 u 3amedaHust
Ha c. 127].

[Iycts X — BemmecTBeHHOE BEKTOPHOE IPOCTPAHCTBO, Y — HEKOTOPOE IIPOCTPAHCTBO
Kanroposuua, Yy := {y € Y : y > 0} — KoHyC 1mOJIOKUTEJbHBIX 37eMeHToB Y. Cum-
BosioM L(X,Y) o6o3HaunM IPOCTPAHCTBO JIMHEHHbIX oneparopoB u3 X B Y. O6o3naunm

ker(T):={T =0}:=T1(0)u {T <0}:={r € X: Te<0}:=T"Y-Y,).

OnPEAEJEHUE 2.1. IIpemmonoxum, aro Ha X 3ajaHa Y-3HauHas mojyHopMa p @ X —
Yy, T. e. p obaamaer coiicrBamu HOpMBL: p(z) = 0 <= z = 0, p(Az) = |A\|p(z), p(z + y) <
p(x) + p(y) nust Beex z,y € X u A € R. B aroM citydae BBUIETSIOT KIIACC MAHCOPUPYEMBLLT
onepamopos, T. e. Takux oneparopos T € L(X,Y), 410 cyinecTByeT HOJIOKUTEIbHBIA OPTO-
mopdusm a € Orth(Y), obecnieansatomuii onenky |7z| < ap(x) mis Bcex x € X. Muoxecrso
MaKOPUPYEMbBIX JITHEHHBIX orepaTopoB u3 X B Y 0003HAYUM CHUMBOJIOM Lm) (X,Y).

Terepp MOXkeM yTOYHUTH (DOPMYJIUPOBKY MpuHIiuia crparudukarmmn Kyrareraze.

3 IIpocrpancrso KanToposmta HaseiBaioT Takke dedekundoso noanvim npocmparcmeom Pucca [27, c. 14]
UM nopadkoso noanoli eexmophoti pewemxot 28, c. 137].



86 Kycpaes A. T.

Teopema 2.1. Jluberinbrii orepaTop T’ u3 BEKTOPHOIrO MpOCTpaHCTBa X B IIPOCTPAHCTBO
KanropoBuda Y BoccTaHABIHBAETCS B KJIACCE MAXKOPHPYEMBIX OIIEPATOPOB Lm) (X,Y) ¢ rou-
HOCTBIO JI0 opToMopgusMa 1o cemeiictBy siiep ker(m o T') cioeB wo T oneparopa T':

(VS, T e L'(X,Y)) (Vr e P(Y))
ker(m o S) C ker(moT) <= (3IX € Orth(Y)) T' = AS.

< O mokaszaresberBe cM. B |21, Teopema 1] u |22, 3ameuanue 4.6]. >
Omneparoprast Bepcust JieMMbl Papkaiia (GOPMYITUPYETCS CJIETYOITIM 00pa30M.

Teopema 2.2. ITycre T, S, ..., Sy € L™ (X,Y) — smmneiinble MaXKopHUpOBAHHbBIE OIEPa-
TOPBI U3 BEKTOPHOI'O npocrpaHcTBa X B npocrpadcTBo B Kanroposuya Y. Torma ciaenyroriue
VTBEPKJCHUS PABHOCHJIbHBI:

(1) mrs soboro m € P(Y') omeparoproe mepapercrBo w1 < 0 sBJISIE€TCS CII€ACTBHEM CH-
creMbl orreparopHbIX HepapeHCTB TS < 0,..., mSyx <0, T e

{mT <0} > {rS1 <0}n---N{nSy <0} (mePY));
(2) cymecTByoT 10JI0XKUTEIbHBIE OPTOMOPGU3MBL (1, . ..,y € Orth(Y™") rakme, uro
T:a151+---+aNSN,

T. e. T comep>kuTcst B OIIepaToOpHO BBIIYKJIOH 000JI0UKe O1lepaTopoB S, ..., SN.

< Dror dakr ycranosun C. C. Kyrarenaznze B [24, Teopema 1.1], ucromnnsyst 6ysieBo3Hau-
ublii anasms [29] u cybuuddepenimansaoe ucuancaenue [30]. JokazareabcrBo, HCIOIB3YIONIEE
JIMIIb CTAHJIAPTHBIE CPEJICTBA, COJep:KuTes |22, Teopema 5.5.] >

Kak yxke ormeuasioch Bbile, jjemma PapKaria He IMeET MECTa JJIs MOJUINHEHHBIX OIle-
paropoB. OHAKO, CIIpaBeJIUB CJIEAYIOIIMI OllepaTOPHBI BapUaHT TeopeMbl 1.2.

Teopema 2.3. /L s1r06oii mapbl MaKOpHpyeMbIX n-JIHHeHHBIX omeparopoB S u T u3
JIEKapTOBa IIPOU3BEIEHNST BEKTOPHBIX IPOCTPAHCTB X1 X - -+ X X, B mpocTtpaacTBo KauTOpO-
Buva Y cymecrByer mosionreapublii opromoppusm o € Orth(G), ams xkoroporo S = oT,
B TOM H TOJIBKO B ToM ciay4dae, korya {mS < 0} C {nT < 0} s Becex m € P(Y).

< JlokazaresibCTBO, IpUBeieHHOe B [24, Teopema 1.3] npejcrasiisier coboil HHTEPIIPETAIIUIO
TeopeMbl 1.2 B MOAXOMdAIIel Oy/IeBO3HATHON MOJEN. >

Jlemma @apxkara He BBINOJIHSIETC TakXKe B Kjacce CyOJMHeiHbIX (QyHKIU u omepa-
TOPOB (T. €. MOJIOKUTETHHO OJHOPOJHBIX ¥ CyOaJINTUBHBIX OLEPATOPOB, CM. |6, ompejee-
uue 1.3.4(2)|); coorsercrByromuii npumep npusogurcest B pabore [31], rxe semma Papkaria
JTOKa3aHa Jyis CyOMMHeHHBIX (DYHKIUH ¢ Pa3IeIAIONIMICS TePEeMEHHBIME, OTPEICIEHHBIX Ha,
koHeuHoMepHoM TnpocrpancTse. Kak mokazan C. C. Kyrarenanze [24, 26|, oneparophbiii Ba-
puanT seMMbl PapKaria UMeeT MeCTO JJIsl MOJUIIPAThHBIX CybamHenbx omepatopos. O6o-
saaquM cumBosiom Sub(X,Y') MHOXKecTBO Beex cybimHelHbIX onepaTopos u3 X B Y.

ONPEAENEHME 2.2. Oneparop P € Sub(X,Y) HasbBaioT noAusdpaibHoLM U IHILYT
P € PSub(X,Y), eciiu P npejncrapiisier cob60l0 BEPXHIOI OrHOAONLYI0 KOHEYHOro Habopa
JIMHEHHBIX OIIEPATOPOB, T. €. ecyn Hafixyres Ay, ..., A € L(X,Y), k € N, takue, uro

k
P(z) = \/ Ai(x):=A1zV--- VA (zeX).

=1
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Ecmn X crabkeHo Kakoi-HuOyab Y -IOIyHOPMOIi, TO cuMTaeM cyOJmHeiinblil onepaTop P ma-
orcopuposarmim, T. e. ato Ay, ..., A, € L™ (X,Y).

Teopewma 2.4. IIycres X — BerrjecTBeHHOE Y -1I0JIyHOPMHUPOBAHHOE IIPOCTPAHCTBO, Ije Y —
HekoTopoe mpoctparcTBo Kamroposuda. JlomycTuM Takzke, 9TO 38JJaHBI MAa’KOPHPOBAHHBIC
noJmApasbHble cybJinHeriHbie orepaTopbl Pi, ... Py € PSub™ (X,Y) u makopupoBaHHbIii
cybsmHeiHbIH oneparop P € Sub(™ (X,Y). Cuexyrorme yrBep:K/[eHUs] 9KBUBAJIEHTHBI:

(1) st Beex m € P(Y) cybumneiinoe oneparopaoe mepaencrBo wP(x) > 0 siBiser-
sl CJIEICTBHEM CHCTEMbI IIOJIUIPAJIbHBIX CyOJHHEHHBIX OllepATOPHBIX HepaBeHCTB TP (x) <
0,...,mPyz <0, e. {mP >0} D{nPL <0} N---N{nrPy < 0};

(2) HaiigyTes moJioKUTEIBHBIE OPTOMOPMHU3MBI A1, . . .,y € Orth(Y") rakme, uro

N
P(z) + ZakPk(x) >0 st Beex x € X.
k=1

< JlokazaresbeTBO CM. B |24, Teopema 2.2|. >

SAMEYAHUE 2.1. Ciyuait HeOJHOPOHBIX MOJIMIIPAJIbHBIX CyOINHEAHBIX HEPABEHCTB Pac-
cmorper B japyroit pabore C. C. Kyrarenanze [26], B KOTOpOii IPUBOJAUTCS TAK¥Ke BAPUAHT
npuHiuna Jlarpam:ka s moan3apaIbHbIX MayKOPUPOBAHHBIX CYOJIUHEHHBIX OIIEpaTOPOB.

SAMEYAHUE 2.2. HekoTopble nHble BOBMOKHOCTH, OTKPBIBAIONINECS B PAMKAX [PEJICTaB-
JIEHHOT'O BBIIIIE TI0JIXOIa, IIPEJICTaBIeHbl B 0030pHOI craThe [22] u B MoHorpadun [29].

3. OpToperyJisipHbie NOJUJINHEHbIE OIIEPATOPHI

B sTom naparpade paccMOTpuM KJIACC PE2YAADHHBLL OPTMOCUMMEMPUHHBIL TIOTUTHHEHHBIX
OIIEPATOPOB MEXKTY BEKTOPHBIMU PEITeTKAMH, /IJIsi KOTOPOI'O JIMHEAPUBAITHS IIOCPEICTBOM Cine-
nenu B8eKMOPHOU pewemru MO3BOJIET MOJYUYATh NOJHONeHHyo jJemMMmy Papkarra. Haunem
¢ HeoOXomuMbIX ompeenennii. Beiogy B aTom naparpade F u F' — apxuMeI0Bbl BEKTOPHDBIE
peIeTKu.

ONPEAEJEHUE 3.1. n-Jluneiinbiit oneparop S : E” — F HA3BIBAIOT NOAOHCUMEALHBIM
(u mmyr S > 0), ecoim S(x1,...,2,) = 0 miusa Beex 0 < xy,...,2, € E; pezysaproim,
ec/Id OH INpeJCTABUM B BUJE PA3HOCTHU JBYX IOJIOYKUTEILHBLIX NM-JIMHEHHLIX OIePaTOpPOB; pe-
WEMOUHVM MYALMUMOPPHUIMOM WA PewemoyHvim n-moppusmom, ecia |T(z1,...,x,)| =
T(|x1],. .., |xn|) must Becex x1 € Eq,...,x, € Ey,.

ONPEAEJEHUE 3.2. n-Jluneitasiit oneparop S : K™ — F Ha3bIBAIOT CUMMEMPUUHBIM,
eciu S(z1,...,%n) = S(Ty(1)s - -+ s To(n)) 414 MOOOIH HepecTanoBKn o MHOZecTBa {1,...,n}.
CkazkeMm, uro S opmocummempuyen, ecima S(z1,...,x,) = 0 mis Beex x4, ..., T, € E rakux,
qaro |xg| A |z;| = 0 puis mekoropoit napsr 1 < k,1 < n; S Ha3BIBAIOT 0pMOpELYAAPHDBIM, €CTTA S
MOKHO IIPEJCTABUTD B BUAE PA3HOCTH JBYX IIOJOXKUATEJbHBIX OPTOCUMMETPUIHBIX 7-JTUHEel-
HBIX OIIEPATOPOB.

OTMeTHM CJIEAYIONIUe BasKHbIE CBOMCTBA OPTOCUMMETPUYHBIX OIIEPATOPOB MEXKJLy BEKTOD-
HBIME PEIIeTKAMU: 1) IIO0JIOXKUTEJIbHBIH OPTOCUMMETPUYHBIN OEepaToOp SIBJISIETCS CUMMETPHY-
HBIM, OJJHAKO OOpaTHOe He Beerya BepHO [32, Teopema 2|; 2) MyibTUMOPMU3M OPTOCHMMETPH-
9YeH B TOM U TOJIbKO B TOM CJIydae, Korja oH cummerpuuer (33, semma 2.1].

OnpPEJENEHME 3.3. Ilycrs 2 < n € N. Ilapy (E"®,®,,) Ha3bIBaOT N~ CMenenvo BeK-
TOPHO# pereTkn F, eciin BBITIOJTHEHBI CJIEYIONINE YCIOBUS:

(1) E™® — BekTOpHASsI PEIIETKA;
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(2) ®p : E™ — E™ — cuMMeTpUYHBIN pereTouHblii n-Mopdu3M (Ha3bIBAEMbBIH KaHOHU-
weckuM);

(3) must sr06oit BekTOpHO! pererku F' u 1106010 CUMMETPUYHOIO PEIIeTOYHOIO N-MOP-
duzma S : E™ — F cylecTByeT eMHCTBEHHBIN pereTodnbiii romoMopdusm S© @ E"® — F
takoii, uro S = S® o @,.

B cnemyromem pesysbrare coOpaHbI OCHOBHBIE CBOICTBA, CTEIEHU BEKTOPHON DPEIIeTKH:
CyIIeCTBOBAHNE, YHUBEPCAJBHOCTD II0 OTHOIIEHUIO K KJIACCY OPTOPEryJISIPHBIX OIEPATOPOB,
CIOP'BEKTUBHOCTb KAHOHUIECKOTO 7-MOp(MU3MA.

Teopema 3.1. /st npoussosbabix n € N u (apxumesioBoii) BekTopHoii pemmerku E cipa-
BEJJIUBBI CJIEAYVIOIIHE Y TBEPKICHHSI:

(1) cymecrByer eauHCTBEHHDII (€ TOYHOCTBIO JIO PEIETOYHOIO H30MOPGH3MA) N-51 CTEIIEHD
(E™,®,) BexTopHOIi penierkn E;

(2) aist sr060ii paBHOMEPHO 110JIHOI BekTopHO# pererkn F u sio6oro oproperyJisipHoro
n-juHeiHoro omneparopa S : B — F cymiecrByeT eJMHCTBEHHbBIH JIMHEHHBIH DeryJisipHBIH
omeparop S® : E™® — F rakoii, uro S = S® 0 Op;

(3) ecim E paBHOMEDHO MOJIHA, TO OPTOCHMMETPHIHBIH N~-THHEHHBIH orrepaTop O, CIOPb-
eKTHBEH, T. €. Jiioboil sjieMeHT © € E® nomyckaer npejacrapiaeHne T = x1 Op -+ Op Ty JJIT
HEKOTOPBIX X1,...,T, € F.

< Cwm. Bynabuap u Byckec [33, reopembr 3.2, 3.3(2) u 5.1(1)]. >
Tenepb Bce roToOBO, YTOOBI IIPEJACTABUTH OCHOBHON PE3yJIBTAT JaHHOro mnaparpada.

Teopema 3.2. IIpennosoxkum, 9ro ¥ — paBHOMEpHO 110JIHAST BeKTOpHas peirnerka, G —
npocrparcro Kanroposuua u 1 < n, N € N. /li1st ro60ro KoHEIHOTO HAbOPa OPTOPETYJIsiD-

HBIX N-JAHEHHBIX 0o11epaTopoB S1,...,Sn,S 3 E™ B G paBHOCHJIbHBI YTBEDKICHUSL:

(1) s moberx m € P(G) w x1, ..., 7, € E Bepra nvmmmkars®

TSz, &) KON A TSN(21, .. 1) KO0 = wS(21,...,2,) < 0.
(2) cymecrByroT noj0KuTEIBHBIE OPTOMOPGPU3MBL (v, . . .,y € Orth(G") rakme, 4ro

S=a151+ -+ anSny.

< Hyxwuo sumb y6eaurhest, aro u3 (1) caemyer (2), Tak Kak o6paTHOe yTBEPXK/IEHHE Ove-

suaHo. ITo Teopeme 3.1(2) cyuecTByIOT perysipHble JIHHEHBIE omeparopbl S, ST, ..., S%
us E"® B F rtakme, uto S = S° 0 ©p, S1 = S{ 0 Op,...,Sy = Sy o ©,. Bsu-
ay 3.1(3) ayist mpomsBosibHOrO u € E™® MOXKHO 1OH06paTh Takue Ii,...,T, € E, 4ro
U=121© O Tyi= Op(®1,...,2y). [Ipeanonozxkum, aro Sp(u) < 0 mst Beex k= 1,..., N.
Torma Sg(z1,...,2,) = S (u) <0 ms seex k= 1,..., N u no yciaosuio S(z1,...,2,) < 0.
Orcrona cueayer, uro S®(u) = S(x1,...,x,) < 0. IIpumenus reopemy 2.2 K JIMHEHHBIM Olle-
paropam S, S7,..., Sy, HaiileM mooKUTeIbHbBIE OPTOMOPPHU3MEL O, ...,y € Orth(G)

TaKme, 9TO
S=58% Op=a157 0@+ +anSy oo, =a1Si+...anySnN.

Ocraercst 3aMeTuTb, 4TO Oeparoper S, SY, ..., S\, Maxopupyiorcst G-3Ha4HOl IOy HOPMOIi
p: E"® — G, onpenensiemoii opayoit p(u) = |S€|(ul) + [SY[(|ul) + - - + [SK[(u]). >

4 CuMBOI A HCIIONIB3YeTCs BOSKO: KAK 3HAK JIOTMYIECKON KOHBIOHKINN U KaK 3HAK HHbUMyMa B GyJIeBoit
ayirebpe WJIM BEKTOPHOMN DelleTKe; TOUHBIA CMBICJI BCEI1a sICEH U3 KOHTEKCTA.
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HanomuauM, 9T0 M-0MHOpPOMAHBIN MOJMMHOM — oTobOpaxkenue P : FE — F| omupeuesnsemoe
dopmymnoit P(x) = P(x,...,x), tne P — euHCTBEHABIM 06PA30M ONPEIeTCHHbIH CHMMEeTDH-
JecKUil MOMuInHelHbIi onepaTop u3 E™ B F'. I[10710XKUTETBHOCTD U PETYIISIPHOCTL PP 03HAYAIOT,
9TO TAKOBBIM SIBJISETCH MOJIIHHEiHbIH omepaTop P [34].

ONPEAEJEHUE 3.4. OpHoposubii mouHoM P u3 E B F' Ha3bIBAIOT 0pMO20HAAHO G00U-
musnvim, eciu |z| A |y| = 0 Baeder P(x 4+ y) = P(x) + P(y) mis Beex z,y € E u opmope-
2YAAPHLM, €CTTH P MOXKHO MPEeJICTaBUThL KakK PA3HOCTD JIBYX MOJOKUTETHLHBIX OPTOMOHAJIBHO
AJUTUTUBHBIX OJTHOPOJIHBIX TIOJIMHOMOB.

CaenctBue 3.1. Ilycts E, G, n u N — rakue ke, kak u B Teopeme 3.2. /s opropery-
JISIPHBIX N-OJHOPOAHBIX mosmmHOMOB Py, ... Py, P : E — G paBHOCHJIBHBI YTBEPIKICHHUS:
(1) mirst mo6bix € P(G) x4, ..., x, € E uMeer MeCTO HMILIHKAIUS

P (z1,...,2,) <O A...A7PN(21,...,2,) <O = 7wP(z1,...,2,) <0;
(2) cymecTByOT MOJIOXKATE/IBHBIE OPTOMOPMH3MBI 1, . .. ,an € Orth(G") rakwme, uTo

P=a1P 4+ +anPy.

< HysKHO mpuMeHHTH TeopeMy 3.2 K HOMIUIHHEHHBIM omeparopam P, ..., Py, P, upu-
HUMAasi BO BHUMAHWE TOT XOPOIIO WU3BECTHBI (aKT, 9UTO MOPSIKOBOB OrPAHUICHHBIN
N-OMHOPOIHBIN TOJIMHOM P OpPTOroHajbHO aINTUBEH B TOM U TOJBKO B TOM C/Iydae, KOIJa
ACCOIMUPOBAHHDII N-JIMHEHHbIH oepaTop P opTOCHMMETpHYEH, CM., HAIIPIMED, [34]. >

BAMEYAHUE 3.1. Omnpegenenne 3.3 npemioxkeno B pabore Bynabuap u Byckeca [33,
oupesesierne 3.1]. OObIUHO Ist yJ00CTBA IOJIATAIOT E® = E u & = Ig. Iomunom
Jn + E — E™ NOPOXIEHHBIH N-JIMHEHHBIM OMEpaTOpOM O, TOJOXKHUTEJIEH U OPTOrOHAJb-
HO aJIINTUBEH. Bojiee TOro, BCSIKUl pery isipHblii OPTOrOHAIBLHO aJIUTUBHBIH 7-0THOPOIHBIH
nonuaom P : F — F jonyckaer mnpejacrasienue Buma P =T o j,, tae T — jiuHeiHbIH pery-
JISpHBIA oneparop u3 E™® B F', cm. [34].

4. BeKTOprIe IIPOCTPpaHCTBa C N3 BbIOHKTHOCTBIO

B srom maparpade HoKaxkeM, 9TO pe3ysbTaTbl 00 OPTOPEryJISIPHBIX HOJUJINHEHHBIX Olle-
paTopax MOXKHO PaclPOCTPAHUTh Ha TOT CJIydail, KOrja 00IacTh OLPEIeIeHNs IIPE/ICTABIISAET
co0oii JIEKAPTOBY CTEIleHb BEKTOPHOTO IIPOCTPAHCTBA C AKCUOMATHYECKHU 33 IaHHO U3 HIOHKT-
HOCThIO. Havunem ¢ HEOOXOMMBIX CBejleHHiT 06 OTHOIIEHUH N3 bIOHKTHOCTH.

Ha memycrom muokectBe X paccmorpuMm asByxmectHoe orHormenne | C X X X, a Takxke
Toxkectentoe orronterne A(X?):= {(r,2) € X x X : # € X} — duazonaam X x X. Bynem
mucats * L y BMecro (z,y) € L. Jlna x € X nu A C X obosnauum {z}+:={yc X : = Ly},
At = N{{z}* : = € A}, [4] := AL = (AY)L u [2] := [{=}]. Crenyomtee onpeenenue
cM. B [28, 0.1.9]. ITycrs 0 0603HaYAET BBIIEIEHHBIN IEMEHT MHOXKeCTBa X .

ONPEAEJEHUE 4.1. OrHotienne | Ha3BIBAIOT omHoweruem JU3sIOHKMHOCTIU WA QU36-
tonkmuocmovio (B MHOKecTBe X ), €CJIM BBIIOJIHEHBI yCIOBUSL:

(i) =171

(ii) L NA(X?) ={0,0};

(i) X 1= ey {2} = {0

(iv) [z] N [y] = {0} =z L.
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Ecmm z L y, To rosopart, uTo saementsl z,y € X dussionkmust. [loamuonectso suma At
rae A C X, Ha3bIBAIOT 1n040col OTHOCHTEILHO | nim L-noaocotl; HAPsIY € IOJIOCOM NCIOJIb-
3yercs Takyke TepMut xKomnornerma. Cuvsosiom B (X)) (wmm B(X), ecoin L monpasymesaercst)
Byzem 0603HAUATH MHOXKECTBO BCeX L-110J10C, yHOPSII0UeHHOE [0 BKJIIOUEHUIO.

Ouesnmo, uro A C [A] mw u3 A C B crenyer BY C A, nosromy [X] — manvennmas
(110 BK/TIOYEnuIo) mojoca, cojpeprkarmas Muoxkectso A, a {0} u [X]* — nanGosbmas n nan-
MeHbIIIasl [OJIOCHl COOTBETCTBEHHO. TakuM 06pa3oM, M3 bIOHKTHOCTH B X MOYKHO OIIPEJIeJIUTh
cpoiicrBamu (cp. [35-37]):

(1) z Ly<=y L x s Beex x,y € X (CUMMETPUIHOCTD);

(2) z L x <= 2 =0 s Bcex * € X (HEBBIPOKJICHHOCTB );

(3) X+ = {0} (mammennimas |-mosoca coBna@er ¢ oJHOTOYEUHBIM MHOKecTBOM {0});

(4) ecnu z,y € X He IU3BIOHKTHBI, TO cylnecTByer z € X rtakoii, uro [z] < [z] u [z] < [y].

JIemma 4.1. Viopsigouennoe no Bkiodenuro Muoxkectso B (X)) sipisiercst mostHoii GyJie-
Boii ayrebpoii. Bynesrr oneparn A, V, (1)* BB (X) umeror Bui:

KANL=KNL, KVL=[KUL]; K*=K"

< JokazarenbcTBo nosydeno B crarbe A. . Bekciepa [37, Teopema 2|; cM. Takke
A. C. Bongapes [35, reopembt 3.2 u 3.3] u I'. I1. Akusosa u C. C. Kyrarenazze |28, onpee-
aenue 0.1.9 n npemoxenne 1 B 1.0.2.8]. >

Kak Jierko BujeTb, JU3BIOHKTHOCTH B BEKTOpHOI pemterke (z 1L y <= |z| A |y| = 0)
ABJIAETCS JIN3bIOHKTHOCTBHIO B cMbIcye onpejenenuss 4.1. B 1950-60-x romax B paMKax Jie-
HuHarpajickoil mkosbl JI. B. KanTopoBuya obcyzkmasach 3aiatia, BOCXOAAIIAsT K OIMHON IIPO-
6aeme Bupkroda |38, mpobiema 81]: MOXKHO JII BOCCTAHOBUTH BEKTODHYIO DEIIETKY, €CJIH
crepra 4acTh MHGOpMAIuU (HAIPUMED, OTHOIIEHUE OPsIIKA WU ajiredpandecKue Oleparum ),
cM. [35-40]. A6crpakTHOE OTHOIIEHNE JU3BIOHKTHOCTH B BEKTOPHBIE NIPOCTPAHCTBA HAdYasa
usyuarb B. 1. Copokuna [39]. Hac unTepecyer ciemyromnas 3ajada: npu KaKUT YCAOBUAL
8 BEKMOPHOM NPOCMPAHCINGEE MONCHO 80CCTMAROBUMD CMPYKMYPY BEXMOPHOUT DEULLTNKU NO
3adanmnomy omuowenuto dussronkmnocmu? Oua Obuta pemena A. U. Bekciepom B [36, 37].
PaccmorpuMm cooTBeTCTBYIOINE CBONCTBA OTHOIIEHUS AU BIOHKTHOCTH.

OnPEAEJEHUE 4.2. [Iycrs Teniepp X — BelecTBEHHOE BEKTOPHOE IIPOCTPAHCTBO U | —
JIM3BLIOHKTHOCTh B MHOXKecTBe X (B cmbicie onpegenenust 4.1). ITapy (X, 1) nasoBem eex-
MOPHBLM NPOCTNPAHCINEOM ¢ JUIBIOHKIMHOCMBI0, €cau Jijid Tobbix x,y,z € X n o, € R
JIOTIOJIHUTEJILHO BBITIOJTHSAIOTCS CJIEJYIOIIIE YCAOBUA CORAACOBUHUA:

B)zLzAy L z= (ax+ By) L z (aunetdnocmy);

6)zLlyn(z+y) Lz= 21z

U3 ycoBusi (5) BbITEKaeT, 4TO B BEKTOPHOM MPOCTPAHCTBE C JU3IBIOHKTHOCTHIO JIIOOAst
[10JIOCA SIBJISIETCsI TToIipocTpancTBoM. HanmoMunM, aTo npoekmop B X — 9T0 JTUHEHHBIH UIeM-
HOTEHTHBIN oneparop, T. e. 1 € £(X) u monm = m. Byuem ucnosnb3oBarb obmenpUHITHIE
obosnavenust st Adpa ker(m):={z € X : mx = 0} u obpasa im(7):= w(X).

ONPEJENEHME 4.3. Toopsit uro L-nosoca K € B(X) siBasiercst (win BbliesieTcs) nps-
motm caazaemvim, ecim X = K @ K+, . e. X caysxur npsmoii cymmoii momoc K u K+
B srom ciydae cymtecTByeT €IMHCTBEHHBIN MIPOEKTOP Tx B X — mpoekmop wa nosocy K —
Taxoit, uro im(mx) = K u ker(rg) = K. BekropHoe HPOCTPAHCTBO C JH3BIOHKTHOCTHIO
(X, 1), B kKoTOpOM KaxKjasi | -1osoca BbIIEIAeTCs IPSMBIM CIaraeMbiM, HA3bIBAIOT 6€KMOp-
HbM NPOCTMPAHCMEOM € NPOEKUUAMU, & | — npoexyuonnot dussronkmmocmovio. MHOKECTBO
BCEX IPOEKTOPOB HA BCEBO3MOXKHBIE 110J10Ckl B X o6o3Haunm uepe3 P (X). OrHomienue 1o-
psaka B Py (X)) BBOAMTCS Tak: T < 7T, B TOM U TOJBKO B TOM ciydae, korga K C L.
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Jlemma 4.2. Eciu 1 — npoekiimoHHas U3 bIOHKTHOCTH B BEKTOPHOM ITPOCTPaHCTBE X, TO
yropsiiodennoe MaoykecTBO P | (X)) siBiastercst mosiHoit 6y/1eBoit aarebpoii, ¢ HyJIeBbIM OIIepaTo-
POM B KadecTBe HYJIsI, TOXKJIECTBEHHBIM OIIepaTopoM Ix B KadecTBe €IUHHUIIBI U CJCIYIOIIUMHA
OyJIEBBIMU OIIEPAIHSIMHU:

T N g =T 0T, M1V Mo =T+ Mg — T 0Ty,

™t =Ix —m (m,m,nw P (X)).

Orobpazkennst m — w(X) n K — 7T B3anMHO OOPATHBI M OCYIIECTBIISIOT OyJI€B H30MOP(H3M
vexxay Py (X) u B, (X).

< Mo nemme 4.1 B (X)) — nosnnas Gysesa asnre6pa. Orobpaxkenue h : K — 7 neiicryer
u3 B (X) na P (X) BBugy onpeseiiennsi 4.3 u HaIero mpejroaoyKeHusi O U3 bIOHKTHOCTH.
Kax sumno, m + 7(X) — obpaTHoe oTobpaykenmio h™!, ciepoBaTenbHO, h OCyIeCTBIAET
6uekio Mexk 1y Oynesbivu anrebpamu B (X) u P (X). Tor dakr, uaro h coxpansier GyseBb
omneparuu u3 jiemMm 4.1 u 4.2, 6e3 Tpy1a BBIBOIUTCS HEIIOCPEICTBEHHO W3 OIpeJeaeHuit. >

Teopema 4.1. BekropHoe npoctpancTBoM X € IPOEKIIHOHHBIM OTHOIIIEHHEM JIH3bIOHKT-
Hoctr | MOXKHO cHaGMuTH OTHOLIeHHEM Mopsiyka < Tak, 9ro (X, <) — BEeKTOpHAas pererka u
JIM3BIOHKTHOCTD L B Heii (onpesessieMast OPSIKOM) COBIIaAaeT ¢ HePBOHAYAIBHO 3a/[AHHOI
JIM3BIOHKTHOCTBIO L, T. e. jurst yniobeix x,y € X paBHOCHJIBHBI cooTHOmenus x Ly uwx 1 y.

< Cwm. Bekcnep A. 1. [36, Teopema 5| u [37, Teopema 4 u 5|. >

ONPEAEJEHUE 4.4. CkakeM, 9TO BEKTOPHOE IIPOCTPAHCTBO C JUIBIOHKTHOCTHIO (X, 1)
DPABHOMEPHO NOAHO, €CJI PABHOMEDPHO IIOJIHOH SBJISIETCS COOTBETCTBYIOINIAsS BEKTOPHAS PeIeT-
ka (X, <). HoxmuoxkecTBo nmpocrpancra (X, 1) Ha30BeM OrpaHMYEHHBIM, €CJIH OHO IIOPS/I-
KOBO orpaHm4eHHo B BekropHoii pemierke (X, <). Iommmuneiinenit onepatop 7T : X" — Y
HA3bIBAIOT 02PaHuMeHHbLM, ecin MHOKecTBO T(A™) mopsiIkoBo orpanuveHo B Y Jist Jiio6o-
ro orpaumdentoro Muoxkectsa A C X n opmocummempuunvim, ecaun T(x1,...,x,) = 0 npu
ycjioBu#, 4To T L x) aua mexkoropbix 1 < j,k < n.

Coemunus Teopemy 4.1 ¢ MmaTepuaiom maparpada 3, MOYKHO IIEPEHOCHTD Ha IIPOCTPAHCTBO
C JIM3BIOHKTHOCTBIO Pa3J/IMYHble PE3yJIbTaThl O CTPOEHUU BEKTOPHBIX PEINIETOK U OIIEPaTOpPOB
B Hux. He yryiyO/issce B nerajin, OrpaHUYINMCs T€M YTBEPKIEHUEM, ITO IIEPEHOC TeOPEMBI 3.2
IIPUBOJIUT K CJIEJIYIOIIEMY PE3YJILTaTYy.

Teopema 4.2. IIpexmoioxkum, aro X — pPaABHOMEPHO ITOJHOE BEKTOPHOE MPOCTPAHCTBO
C HPOEKIHOHHOH JTU3BIOHKTHOCTBIO, Y — mpocrparcTBo Kanroposuda m 1 < n, N € N.
Jltst roboro KoHedHOro Habopa OrpaHHIeHHBIX OPTOCHMMETPHIHBIX N~-THHEHHBIX OIIePATOPOB

S1y..., SN, S u3 X™ BY paBHOCH/IBHBI Yy TBEDXKJICHHUS:
(1) gorst mobpix m € P(Y) u 1, ..., 2, € X, BepHA UMILIHKALHS
mS1(x1y .oy xn) KON A TSN (21, 2,) 0 = wS(21,...,2,) < 0;
(2) cymecTByroT 110JI0KHTEIBHBIE OPTOMOPGU3MBL (41, . ..,y € Orth(Y") rakue, uro

S=a1S1+ - +anSn.

< B cuny Teopembl 4.1 MoxkeM cumTaTh, 9TO X ABJISETCS BEKTOPHON PEIIeTKON C MPOeK-
sy, Ilyers I — HauMeHBIIHH PABHOMEPHO 3aMKHYTBIA uaeas B X, a ¢ — KaHOHUUECKHH
dakTop-romomopdusm m3 X na daxrop-permerky X =: X/I. Torna X — paBHOMEpHO TI0JI-
Hasl apxXuMeJ[0Ba BeKTOpHas pemierka (cM. [41, caencrue 59.4 u yupaxuenue 59.5], a ¢ —
pereTouHbIit romoMopdu3M. JIerko BUAeTh, 9T0 JII0OOH JIMHEHHBII TOPSIIKOBO OIPDAHMYIEHHBII
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oneparop T : X — Y obpamiaercss B Hosb Ha uiease 1. OTCioma ciefyer, 4To Jls KasKIoro

u3 ormeparopoB Sp:= S u S;, ¢ = 1,..., N, cyliecrByer n-JuHEHHBIN HOPSIIKOBO OTDAHM-
wennblit onepatop S; : X — Y rtaxoit, uro S;(¢p(x1),...,¢(zn)) = Si(w1,...,2,) s Beex
i=0,1,...,Nux,...,z, € X.3aMerum TaKxe, 4To oneparopsl Sy, S1,..., Sy opropery-
JISIPHBI, TaK KaK ¢ — pelnerounblii romomopdusm. Ocraercs NpuMeHUTh TeopeMy 3.2 K olepa-
Topam S, . .., SN 1 HCHOTB30BATH PABHOCHIBHOCTE cooTHommeruit 75 (d(x1),. .., ¢(x,)) <0
u 7TSZ'(1'1,... ,.%'n) <0.>

5. BakirounTesibHbIE 3aMeYaHuA

5.1. Bexmophuvim npocmparcmeom ¢ byaesot arzebpoti npoexyud HaspiBaioT napy (X, B),
rome X — BEKTOPHOe MPOCTPAHCTBO, & B — KOMMYTHUPYIOIee MHOXKECTBO JIMHEHHBIX ITPO-
ekTopoB B X, obpasyioliee HoJHYIO OyieBy anrebpy B cMmbicie Jjemmbl 4.2 (cMm. [42, ompe-
nesenne 2.1.3|). Kak BujiHo, 970 MOHSITHE PABHOCHJILHO IIOHSITHIO BEKTOPHOI'O IIPOCTPAHCTBA
C IPOEKIHOHHON U3 BbIOHKTHOCTBIO (ompesesenne 4.3): ¢ y4eToM JeMMbl 4.2 Hy’KHO JIMIIb
3aMETUTh, YTO B BEKTOPHOM [IPOCTPAHCTBE ¢ OysieBoil anrebpoii npoeknuit (X, B) ausbionkT-
HOCTb L BBOAWTC:A IpaBwjioM: & L y B TOM M TOJIBKO B TOM CiIy4dae, KOrpa m A ) = 0.
Ecsin ipu srom X — BekTopHas pererka, To B — mosHas OyjieBa ajaredpa MOPsIKOBBIX IPO-
€KTOPOB U MbI IIPUXOJIUM K IOHSITUIO 8EKMOPHOU pewemky ¢ npoexyusmy. Takum obpaszoM,
TeopeMa 4.2 He MOKPBIBAET TeopeMy 3.2 BBHUJY IPEIINOJIOXKEHUS O TOM, YTO JU3IBIOHKTHOCTD
X gBiseTcs MPOEKIIMOHHOM; B CBA3U C STUM BO3HUKAET

OtkpsbiThiii Botipoc 1. MoxHo Jjim B Teopeme 4.2 ocyiabuthb ycJa0BHE MTPOEKITHOHHOCTH
TaK, 4TOOBI €€ YaCTHBIM CJIydaeM craja Tteopema 3.27

5.2. Jljisi BEKTOPHOI'O IIPOCTPAHCTBA C JM3bIOHKTHOCTBIO (X, 1) cymmecrByer (euHCTBEH-
HOE C TOYHOCTBIO JI0 H30MOP(MU3MA) NPOEKUUOHHOE NONOAHEHUE, T. €. BEKTOPHOE TIPOCTPAHCTBO
¢ IPOEKIHOHHO# MI3bIOHKTHOCTHIO (X, IL) Takoe, 4T0 BBITOMHEHD! yeoBus: (a) X — MOMIpo-
crpascreo X u L=1 N(X x X); (6) X ncesdonaommno 8 X, T e. mist moboro 0 # & € X
cymecreyer 0 # x € X Takoi, uro z € {#}1; (B) ecim mommpocrpamcrso Y C X yio-
BrerBopsieT yeaoBusiM (a) u (6), To Y = X, em. [37, Teopema 4]. ITo Teopeme 4.1 X mozkmHO
PEBPATUTH B BEKTOPHYIO PEINETKY C IPOEKIMAMU, B KOTOPO OTHOINEHHE JIN3BHIOHKTHOCTH
conagaer ¢ L. OmHAKO MOXKET CIIy9UThCS TaK, 9TO X HeJIb3s IPEeBPATUTb B BEKTOPHYIO
peleTKy Tak, 4ToObl JIM3bIOHKTHOCTD B HEll coBlajaia ¢ | U, cleoBaTeabHO, He sIBJISeTC
noppemerkoit X, eu. [37, mpumep 2.

OTkpoIThIit Bonpoc 2. KakoBbel HeOOXOAUMBIE U JOCTATOYHBIE YCJ/JIOBHS, IIPH KOTOPBIX
BEKTODHOE MPOCTPAHCTBO C JH3BIOHKTHOCTHIO MOXKHO HPEBPATHTH B (DABHOMEDHO IIOJIHYIO)
BEKTOPHYIO PEHIETKY C COXPAHCHHEM JH3bIOHKTHOCTH?

5.3. B ocroBe §4 jiexkuT ciieayromiast uiest neperoca. Ecaum BeKTOpHOE IPOCTPaHCTBO X
JINHEHHO M30MOPGHO PABHOMEPHO ITOJTHON apXuMeI0BOi BEKTOPHOU perterke F, To B X BO3-
HUKaeT IOPsIIOK, IEpeHECeHHbIN U3 F a, cjenoBaTe/ibHO, U WHYIIMPOBaHHAsI U3 F cTpyKTypa
PaBHOMEDHO IOJIHO# BeKTOpHOM pernerku. Tem cambiM, B X BO3MOXKHBI IIOCTPOEHHUSI, XapaK-
TEpHBIE JIJIsi PABHOMEDHO IOJIHBIX BEKTOPHBIX PEIEeTOK, KAK, HAIIPUMED, KOHCTPYKIIUs CTEeIe-
HU apXUMeJI0BOil BeKTOPHOII pemerku (cM. onpejesenue 3.3 u Teopemy 3.4), a Takzke KJacChl
OIIEPATOPOB, BbIJIEJIsieMble KAKUMU-HUOY/Ib OPSIJIKOBBIMU CBOficTBaMu (cM. ompejeienue 3.2).
[Ipu 3TOM HOBBII pe3ysbTAT KEJATEJBHO (DOPMYIMPOBATH B HUCXOJHBIX TEPMUHAX, T. €. HA
sA3BIKE [IPOCTPAHCTBA C JIM3BIOHKTHOCTBIO, 8 HE COOTBETCTBYIOIIEH BEKTOPHOM PENIEeTKU.

OrkpsoiThiii Bonpoc 3. Kak onpenenurs paBHOMEpHYRO HOJHOTY X, OrDAHHYEHHOCTH
MHO)KecTBa B X, orpannmdeHHOCTH oreparopa uz X B Y (cm. onpesenenne 4.4), ve npuberast
K CTPYKType BEKTOPHOI pererku B X 7
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5.4. Vkazannast Bblule njest Obuia Beickazana [. ¢, JlozanoBckum B 1972 1. (cm. [43,
c. 8]) u peamuzoana A. . Bekciepom B [44] Kak npunuyun neperoca u3 6aHaxrosvir peuie-
MoK ¢ NOPAJKO6O HENPEePuLeHoT HOPMOT Ha baHaTo6v. yuKkAuveckue npocmparcmea. Ta ke
uJiesi BoILIONIeHa B pabore [45] Kak npunyun nepenoca u3 6aHATOBHT Pewemok Ha baHarosw
NPOCMPANHCMEa, KOTOPBI II0O3BOJINJI aBTOPAM IOJIyYNTh HEKOTOPbIE HOBBIE PE3Y/IbTATEL O (haK-
TOPU3AIUK OIIEPATOPOB, JAeHCTBYIOIUX MexK 1y 6aHaxoBbiMu npocrpancTBamu. Ozjnako B [45]
He 3aTParuBaeTCsl BOIIPOC ONUCAHUsI KJlacca GAHAXOBBIX IPOCTPAHCTB, N30MOPMHBIX (H30MeT-
PHUYHBIX) GAHAXOBBIM PEIIETKAM.

OTKpbIThIT Bonpoc 4. KakoBa BHYTDEHHsISI XapakKTepu3alus OaHAXOBBIX IIPOCTPAHCTB,
m3omopubix (pyHKIHOHAIBPHBIM) baHaxoBEIM perreTkaM ! Kakme Kiaccbr omepaTopoB MexK 1y
0aHAaXOBBIMH ITPOCTPAHCTBAMH COOTBETCTBYIOT KJIACCAM OHNEPATOPOB, OIMUCHIBAEMbBIM B HOPSJI-
KOBO-METPHIECKHX TePMUHAX ?

B o6mieit nocranoBke Takas 3ajada IIpeACTaBIseTcss TPYAHO 0003puMoil. Bosmoxkno, nn-
TepeCHOe ONUCAHNE MOXKHO TOJIYYUTh B KJlacce 6AHAXOBBIX IIPOCTPAHCTB, OCHAIIEHHBIX OTHO-
IIeHNeM JIM3bIOHKTHOCTH WK OyJIeBOil ayrebpoil npoekTopos, cp. (42, §7.3] u [44].
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Awnunoramusi. PaccmarpuBaeTcsi CEKBEHITHAJIBHO IIOJIHOE TOMOJIOTMYECKOE BEKTOPHOE MPOCTPAHCTBO Y U
JINHEHO MHBAPUAHTHOE CEMENCTBO & BBIILYKJIBIX TOJMHOXKECTB Y . ByjeM roBoputrs, uro: & obnamaer cuer-
HBIM CBOWCTBOM OMHAPHOIO MEPECEYEHUs], €CJIM BCAKOE CIETHOE ITOJICEMENCTBO MOMAPHO MEPECEKAIOIIIXCS
MHOXKECTB MMeeT HEIycToe Iepecedenue; napa (Y, &) momyckaer CYeTHOE IPOJIOJIKEHHE JIMHEHHBIX Olle-
paTOpPOB, €Cu NSt JTI0OBIX Cernapabe/bHOr0 METPU3YyEeMOr0 TOIMOJIOTMYIECKOTO BEKTOPHOTO IIPOCTPAHCTBA,
€ro MOJIPOCTPAHCTBA, HEYETHOTO 3aMKHYTO3HATHOTO MOJIYHEIPEPLIBHOIO CBEPXY Beepa (Cy0aJuTHBHOE
II0JIO?KUTEJIBHOE OJJHOPOJIHOE MHOIO3HAYHOE OTOOpayKeHWe) U JIMHEHHOrO OlepaTopa, OLPEEIeHHOIO Ha
TOIIPOCTPAHCTBE, U ABJIAIONIErOCS CEeJEKTOPOM JAaHHOTO Beepa, CyIeCTByeT JIMHEHHBIN CceJIeKTOp, IIPOo-
JIOJIXKAIONINI JIMHEHHBINA OIIepaTop C IMOAIPOCTPAHCTBA Ha Bce mpocTpancTBo. OCHOBHOM pe3yJsbraT yTBep-
xkpaer, uro napa (Y, &) Jolyckaer cueTHOe POJOIIZKEeHNE JINHEHHBIX HEIIPEPHIBHBIX OLIEPATOPOB, €Ciu &
00J1a/1a€T CYETHBIM CBORCTBOM H6uHAPHOrO nepecedenusi. O6palenue 3Toro pe3yJibTrara TaKyKe UMEeeT MeCTO
IIPU TOM JOIOJHUTEJIBHOM IIPEIIIOJIOXKEHNN, YTO PACCMaTPUBAEMOE TOIIOJIOIMYECKOe BEKTOPHOE IIPOCTPaH-
CTBO JIOKQJIbHO OIDAHUYEHO.
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1. BBenenue

Ipocmpancmeom Kanmoposuua® (mmu, kopode, K-npocmpancmeom) HASBIBAIOT TIOPSII-

KOBO IIOJIHYIO BEKTODHYyIO pereTky. M3BectHo, 4ro npocrpancrso Kanroposuda jomyckaer
MasKOPHPOBAHHOE POJIOJIKEHIE JIMHEHHBIX OleparopoB, cM. [1]. Dror pesynbrar, ycranos-
JeHHbI B 1935 1. u craBmnii nepBoii TeopeMoii Teopun K -IIPOCTPAHCTB, HPUHATO HA3BIBATH
meopemoti Xana — Banaxa — Kanmoposuua. ObpallieHue, yTBEpXKIaroliee, 9TO €CJId yIIo-
PsLIOYEHHOE BEKTOPHOE IIPOCTPAHCTBO JOMYCKAeT MasKOPHPOBAHHOE IIPOJIOJIZKEHNE JINHEIHBIX
OIIEPATOPOB, TO OHO ABJIAETCH K -IPOCTPAHCTBOM, OBLIO HOJIYYEHO CIYCTsI TPUIIATEH C JIHII-
HuM JieT HesaBucuMo bonaiicom u Cubsepmanom B [2] n Ty B [3]; mogpobrocTn MOXKHO HAHTH
B [4]. HoBoe u BecbMa M3sIIIHOE JJOKA3aTEIbCTBO SKBUBAJEHTHOCTH CBOHCTBA MasKOPHPOBAH-
HOT'O IIPOJIOJI?KEHHsI JINHEHHBIX OIIEPATOPOB U IIOPSIIKOBOII IIOJIHOTHI YIOPSIOYE€HHOIO BEKTOD-
HOro npocrpancTsa obpasos Hamesn A. /1. Mlodde B [5, Teopema B|. deranbHoe nsnoxkenne
[peJICTaBIeHo B Kuure [6].
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JlanbHeiinme wccae0BaHnsT MOKA3AIN, YTO B HEKOTOPBIX CJIydasiX BO3MOXKHO OCJIabUTD
TpebOBaHUe IOPSIIKOBOI IIOJHOTHI IIPOCTPAHCTBA 00OPa30B 3a CUET MpeIbsBIeHHs K 00Ja-
CTH OTIPEJIEIEHUsI OIepaTopa HEKOTOPBIX JIOTOJHUTENbHBIX TpeboBanmii. Tak, Hampumep,
1O. A. A6pamosuu u 3. Bukcres obnapyxkuiu B |7, Teopema 3.5|, 4T0 0-HHTEPIOJISIIIUOHHOE
CBOWCTBO, CYINECTBEHHO 6oJjiee cyiaboe, YeM TOPsIKOBas IMOJHOTa, OOECIeYnBAET MarKOpH-
POBaHHOE TPOMOIKEHNE HEMPEPBIBHLIX JIMHEHHBIX OMNEPATOPOB, OIPEIAE/IEHHBIX Ha Celapa-
6epHOM OamaxoBoM mpoctpancTee. H. JlaneT pacmpocTpaHmi 3TOT pe3y/abTaT Ha HEIPEPbIB-
HbIE JINHEHHBIE OTIEPATOPHI, AEHCTBYIOIINE U3 METPU3YEMOTr0 CenapabeIbHOrO TOMOJIOTTIECKO-
0 BEKTOPHOTO IIPOCTPAHCTBA B TOIIOJIOIMYECKOE BEKTOPHOE IIPOCTPAHCTBO, YHOPSIIOUEHHOE
3aMKHYTBIM KOHYCOM U 00JIQJIAIONIee CUIBHBIM -UHTEPHOJISIMOHHBIM CBOHCTBOM, cM. [8, Teo-
pema 1]. B pabore aBropos [9, Teopema 2| mokasana HEOOXOAUMOCTb O-HHTEPIIOJISIIIUOHHOTO
CBOWCTBA, JIJIsT MaYKOPUPOBAHHOTO TIPOIOJIXKEHIST HEMPEPHIBHLIX JTMHEHHBIX OMEPATOPOB, OIpe-
JIEJIEHHBIX Ha cernapabelbHOM U METPU3YEMOM TOIOJOTHIECKOM BEKTOPHOM IIPOCTPAHCTBE.
DTOT pe3yabTaT ObLI JIOKA3aH B paMKax Teopun MHOXKecTB [lepmesnio — DpeHkerist, NCIOIb3yst
JIAIIb aKCUOMY CYETHOTI'O BbI60pa..

Henw macTostieit 3aMeTKH MoKa3aTh, 4To TeopeMa Modde ocraercs B cute, eciiv 3aMEHUTH
B TMPOCTPAHCTBE 00Pa30B C80UCME0 bunaphozo nepeceverus 6oyee CaabbIM — CUEMHBLM CEOTI-
cmeom bunaprozo nepecevernus. Takoe ocabieHre BHOBb OKA3bIBAETCS BO3MOXKHBIM 38 CUET
JIOTIOJTHUTEJILHBIX TPeOOBaHMIT METPU3YEMOCTH U CeNapabe/IbHOCTH, TPEIbABISIEMBIX K 0614~
CTH OIPEIEIEHNsT PACCMATPUBAEMBIX OIIEPAaTOPOB. B KauecTBe NPUIIOXKEHNs TOKA3BIBAETCA KaK
U3 9TOrO Pe3y/IbTaTa BBIBOJIUTCS OCHOBHOM pe3y/brar crarbu |9, Teopema 2.

Berosy B TeKCTe CUMBOJIOM 1= 0603HAUaeM «PaBHO 10 onpeenennor», N:= {1,2,... },aR
obo3HaYaeT MHOYKECTBO JEHCTBUTEIHLHBIX 4YKCesl. Bce BCTpedaronuecss HUXKE MTPOCTPAHCTBA
BENIEeCTBEHHDI.

2. IlpeaBapuTesbHbIE CBEI€HUSI

Tak ke, Kak U B [5|, Upu J0KA3aTEJbCTBE TEOPEMBI O IMPOJOJIKEHUM Mbl UCIOJIb3YEM
OHOPOJHBIE CyOAIUTUBHbBIE BBINTYyKJIO3HAYHbIE OTOOparKeHust, Ha3blBaeMble Beepamu. llo-
BUJIUMOMY, 3TOT 00beKT BliepBble nosiuiicst B [10]. Haunem ¢ coorBeTcTByIOIMUX OMpe/ie/eHuii.

Pacemorpum BekTopmble npoctpancta X u Y. Kak o6brano, Z(Y) — MHOXKECTBO Bcex
MOJIMHOYKECTB TTpocTpancTBa Y. Beromy Hike & obo3HavYaeT HEKOTOPOE CEMENCTBO HEIyCTHIX
BBIILYKJIBIX [IOJIMHOYKECTB BEKTOPHOIO IpocTpancTBa Y, 1. e. & C P (Y) u & cocrout us Hey-
CTBIX BBIMYKJIBIX MHOYKECTB.

OnPEAEJNEHUE 1. Cemeiicto & C Z(Y) Ha3BIBAIOT AUHETUHO UHBAPUGHTHDIM, €CTH &
3aMKHYTO OTHOCHTEJIBHO ajiredpamdecKoil CyMMBbl, CJIBUIOB M YMHOXKEHUsI HA BeIlleCTBEHHbIE
qUCyIa, T. €. TaKoBo, 4To jyist Jobbix C,C1,Cy € &, y € Y u X € R Bomosneno Cy + Cy € &,
y+Ce&nulCieéb.

OnPEAEJEHUE 2. Orobpaxkenue ® u3z X B & HaA3bIBAIOT 6€EPOM, €CJIU JJIsI JIIOOBIX
x,r1,T2 € X u A € R, A > 0 BBINOJHEHBI CJIELYIONINE YC/IOBUS:

(1) 0 € (0);

(2) ®(Ar) = AD(2):

(3) ®(x1 + z2) C P(21) + P(22).

Beep naseiBator nevemmovim, ecam ®(—z) = —@(z) msa Beex x € X.

OnpPEAENEHUE 3. Ilycrs X m Y — rTomosiornyeckne BeKTOPHBIE IPOCTPAHCTBa. Beep

O X - & C Z(Y) Ha3BIBAIOT NOAYHENPEPBIBHLIM C8EPTY 6 mouke To € X, eciu Jyist 060t
okpectaoctu Hysst V' C Y cymecrByer takasi okpectHocTh Hysist U B X, uro ®(xg + U) C



100 Kycpaesa 3. A., Caanymaea A. A.

®(x) +V, rae ®(A) = U ca ®(x). Beep noaynenpepvien ceepry, ecm oH mosyHenpepbiBen
cBepxy B KaxkJoii Touke. ['oBopst, 4To Beep samknym, ecau ero rpadux Gr(®):= {(z,y) €
X XY :ye ®(x)} apusiercs 3aMKHYTBIM TOAMHO)KeCTBOM X X Y| U 3aMKHYMO3HAUEH, €CITH
®(x) — 3aMKHyTOE ITOJMHOXKECTBO Y Jyist Beex & € X.

ONPEAEJNEHUE 4. Jluneitusiit oneparop T : X — Y naswBaior ceaexmopom (uiam onop-
Howm onepamopom) Beepa @, eciin Tax € ®(x) uist Beex & € X. COBOKYITHOCTD BCEX JIMHEHHBIX
cesiekTopoB Beepa @ 06o3HaIA0T CUMBOJIOM OP.

Jlemma 1. Jlirst Beepa @ : X — & uMer0oT MECTO yTBEPIKICHHUS:

(1) @ mosyHenpepbiBeH cBepxy TOLJa U TOJBKO TOIJA, KOIIa OH IIOJLYHEIPEPhIBEH CBEDXY
B HYJI€E;

(2) ecoim ® nostynenpepbiBen cBepxy, To Jjitoboii oneparop u3 O(P) HernpepriBen;

(3) ecsim @ nostyHenpepbiBeH CBEpXy H 3aMKHyTO3Ha4YeH, TO P 3aMKHYT.

< IHHonyuenpepbiBHOCTE cBepxy Beepa ® B Hysre o3madaer, 9T0 st JIIOOOM OKPECTHOCTH
wysnss V. C Y cymecrByer takas okpecrHoctb Hysast U C X, yro ®(U) C V. jns npous-
BosibHOTO g € X nmeem ®(zg + U) C P(xg) + ®(U) C P(xg) + V, 3nauut, Beep P mouy-
HeIpPePBIBEH CBepxy B Touke o. Ecm T € 9(P), To no onpenenenuo T'(U) C ¢(U) C V,
T. e. T HenpepbiBeH. B To »Ke Bpewmsi, npezmosaras, 910 (zg,yo) ¢ Gr(®), T. e. yo ¢ P(xo),
B cuwiy 3amkayTocTH P(x)) MOXKHO MOJ0OpaTh OKpecTHOCTh Hysst V. C Y Tak, 4ToOBI
(yo + V)N (P(xg) + V) = @. Hdasee, BBUIY OLpeJeJieHUsT 3 HANIETCsI OKPECTHOCTDL HYJIst
U C X rakasi, uyro ®(xg + U) C P(x¢) + V, caenosarensno, (yo + V) N ®(xg + U) = 2.
Ho nmocnrennee oznagaer, uro (zo+U) X (yo+V)NGr(P) = &, orKyna BHITEKAET 3aMKHYTOCTb
Gr(®). T. e. Beep ¢ 3amMKHYyT. >

[Tycrs @|x, obosnagaer orpanmdenue Beepa ® ma mogupocrpancrso Xog C X.

OnpPEAENEHUE 5. CkaxkeM, uro napa (Y, &) monyckaer npodoagicenue AUHEUHT onepa-
Mopos, eCaI JJIs JJIOOBIX BEKTOPHOIO ITpocTpancTBa X, moampocTpancTsa Xg C X, HEIETHOTO
Beepa ¢ : X — & u jmHeitHOrO omeparopa Ty @ Xg — Y, SIBIISIFOIIETOCS CEJIEKTOPOM Bee-
pa ®|x,, cymecrsyer suneiinstii cenekrop T : X — Y Beepa @, npogosrzkatonuit oneparop 1j.
Ecnu B aToMm onpeesernn X — cemapabebHoe METPU3YyEMOEe TOIIOJIOTUIECKOe BEKTOPHOE TIPO-
CTPaHCTBO, a Beep ® 3aMKHYTO3HAYEH U IOJIYHEIIPEPBIBEH CBEPXY, TO OY/eM TOBOPUTH, UTO
napa (Y, &) jgomyckaer cuemmoe npodosrcenue AUHEUHbIT Onepamopos.

ONPEAEJEHUE 6. IlommuOXKeCTBO &y C & HA3BIBAIOT CUENAECHHbIM, €CJIH JIFO0as mapa
MHOXKECTB U3 &) UMeeT HeIlyCToe Iepecedenne. ByneM roBopuTh, 4To & 0baaJaeT ceoticmeom
buraprozo nepeceuerus (CUEMHbM CBOTUCMBOM OUHAPHO20 NEPECEUEHUA), €CIIU BCIKOE CIEl-
JIHHOE TIOJIMHOXKECTBO (COOTBETCTBEHHO, BCSIKOE CUETHOE CIIEIJIEHHOE TIOJIMHOYKECTBO) &) C &
HUMEET HEeIlyCTOe IIepecedeHue.

Teopema 1 (Uodbde). Iycrs Y — BekTopHOE HPOCTPAHCTBO M & — JIMHEHHO HHBAPHAHT-
HOe CeMeHCTBO BBIMTYKJIBIX TTOAMHOXKECTB Y . PaBHOCHIBHBI yTBEpK TeHUST:

(1) & obuamaer cBoiicTBOM GHHADHOIO II€PECETEHUST;

(2) mapa (Y, &) gomyckaer npojio/zKeHne JIHHEHHbIX OIIePATOPOB.

Teopema 1 ycranosiena B [5, Teopema B|. Umumkammio (1) = (2) mokasanu panee
Ponpurec-Casmmnac u Bo B pa6ore [10]|. CpoiicrBo GuHApHOrO NepecevdeHust Jisi 3aMKHY ThIX
mapos 6aHaxoBa IpocTpaHcTBa Bblaeant Hax6uun B [11].

PaccmorpuMm npumep Beepa B ciiydae, KOrja Y — yIOPSAIOYEHHOE BEKTOPHOE IIPOCTPaH-
CTBO, T. €. BEIIIECTBEHHOE BEKTOPHOE IIPOCTPAHCTBO, CHAOXKEHHOE TAKUM OTHOIIIEHUEM MTOPSIIKA,
4TO HEPABEHCTBA MOXKHO CKJIa/bIBATHb U YMHOXKATb HA MOJIO2KUTEJIbHBIE YHUCJIA.
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ONPEAEJIEHUE 7. YHOpsI09eHHOe BEKTOPHOE MPOCTPAHCTBO Y 00/aaeT 0ekoMnosutu-
onnom ceoticmeom Pucca, ecim [a,b] + [c,d] = [a + ¢,b + d] pyns Beex a,b,c,d € Y npu
a < b, ¢ < d. Buecnh, Kak o6brunHO, [a,b]:={y € Y : a < y < b} — nopadkoswi ompesox
B Y. Herpyaso 3amMerurh, 9TO JEKOMIO3UIMOHHOE CBOICTBO Pucca paBHOCHIBHO CJIeLyio-
IeMy [PaBHJLY CJIOXKEHUs MOpsiiKoBbIX orpe3kos: [0,a + b] = [0,a] + [0,b] (a,b € Y, ), rue
Yi={yeY: x>0} — noroorcumesvnoi xonyc.

Cuenyromiee yrBepK/ieHue, Jafolee IIpuMep Beepa, ¢M. B |6, yreepxkaenue 1.4.5.(2)].

Jlemma 2. [lyctp Y — ymopsiioueHHOE BEKTOPHOE MPOCTPAHCTBO H & — MHOXKECTBO BCEX
HOpstAKOBBIX OTPE3KOB B Y . Ecin Y obirazaer JeKOMIONMHOHHBIM cBoiicTBoM Pucca, To sKkBU-
BaJIEHTHDBI CJIEJYIOIIHE YTBEDXK ICHHS:

(a) ® — weuernblii &-3naunblii Beep uz X B &;

(b) & = ¢, a1 HekoTOpOrO CybiMHElHOrO Ooneparopa p : X — Y, Iye no omnpeieieHuio
®,(z) == [-p(—x), p(x)] amst Beex z € X.

Cy6uuneiinocts p o3navaer, 4to p(r1 + x2) < p(r1) + p(xe) u p(Ax) = Ap(z) s Beex
1,220 € Xm0 AeR

ﬂﬂﬂ YCTaHOBJIEHNA OCHOBHBIX PE3YyJIbTATOB HaCTOﬂH_Ieﬁ 3aMETKHN HaM HOHaILO6I/ITCH e1e
OJIMH BCIIOMOTaTeJIbHbIH (haKT O cenapabesbHbIX MPOCTPAHCTBAX.

JIlemma 3. IlogMmHOMKeCTBO cermapabelbHOIO METPHIECKOIrO IIPOCTPAHCTBA, certapabesbHo.

< HokaszaresbcrBo cMm., Hanpumep, B [12, . 1, m. 4.4]. D10 yTBepXkK/eHNE BBIBOJAUTCS
U3 aKCHOMBI CUETHOIO BbIGOpa (U Jjazke PABHOCUIIBHO €ii), cM. [13, Teopema 1.12]. >

3. OcHoBHOII pe3yabTaT

B sTrom maparpade mokakem, aro B Teopeme Nodde MoxkHO 0Cc1abuth cBOiCTBO OuHApP-
HOT'O II€PECeYeHNtsi, €CJI B Ka4ecTBe 0DJIACTU OIPEJIEJICHUS OIIePATOPOB B3SATh cernapade/ibHOe
MEeTPH3yeMOe TOIOJIOIUIECKOe BEKTOPHOE IPOCTPAHCTBO. IloHSATHE JIMHEHO MHBaPHAHTHOI'O
cemeficTBa, PUBEJICHHOE B OIIpeie/ieHnn 1, BCIOy fajiee OyJIeM IMOHUMATh B CMBICJIE HHBAPH-
AHTHOCTU OTHOCHUTEJ/IbHO CABUTa U YMHO2KEHHU Ha BEIIECTBEHHOE TUCJIO.

Teopema 2. Ilyctp Y — CeKBEHIMAJIBHO IIOJIHOE TOMOJOTHYECKOEe BEKTOPHOE IIPOCTPAH-
CTBO U & — JIMHEHHO HHBAPHAHTHOE CEMEHCTBO BBIIIYKJIBIX HoaMHOXKeCcTB Y . Ecin & obagaer
CYETHBIM CBOHCTBOM OGHMHApHOro nepecedenusi, To napa (Y, &) Jommyckaer cyeTHoe mpojjoJiKe-
HHUE€ JINHEHHBIX OIIepaToOpOB.

< Ilycts & obnasiaer cueTHBIM CBOHCTBOM OMHAPHOTO MEPECEYEHUs] U JIOKAXKEM, UTO Ma-
pa (Y, &) mouyckaer cueTHOE IIPOJIOJIZKEHNE JIMHEHBIX OllepaTOpPOB.

IITar 1. PaccMmorpuM IIPOU3BOJIBHBIN IIOJyHEIPEPLIBHBIA CBEPXY HEYETHBIN Beep
¢ : X — & umneiinbiii oneparop Tp : Xog — Y rakoit, uro Tox € ®(x) nyist Beex z € Xo. B cu-
sty jieMMbl 1 oneparop Ty mHempepsiBeH. [Ipenmonoxkum, aro Xg # X, Tak Kak B IPOTUBHOM
cilydae JlokasbiBaTh Hedero. Bosemem 1 € X \ X u 0603Haunm yepe3 X MOAIPOCTPAHCTBO
B X, cocrosinee U3 BCex 3J1eMeHToB Buta x’ := -+ A\zq, rae v € X, A € R. ITokaxkem, 4rto cy-
mecrByer oneparop T € 9(P|x, ), koropsiii npogoszkaer Ty Ha X1. Ecsn npemnonokurs, 9410
nckomoe npogosnkenne 17 : X1 — Y cymecrByer, n 0603Ha4UTDh Yy := 11x1, TO JJIA JIFOOOrO
x € Xo oyner y1 +Tox = Thxy+The = Ti(x1+2) € ®(z1+2) wm y; € —Toz+P(z1+x). Ta-
KM 00pa30oM, JJjIsl CyIIeCTBOBAHUS IIPOIOJI2KEHN 1] ¢ YKa3aHHBIMU CBOMCTBAMU HEOOXOINMO,
4T00bI Bce MHOXKecTBa Busia —Tpx+®(z1+2), rue x € X, umesn obiyto Touky y;. [locuentee
YCJIOBHUE SIBJISIETCS TaKXKe M JIOCTATOYHLIM. B caMoMm Jefie, eciid Kakoi-anbo sj1eMeHT y; € Y
COJIEPXKUTCST B TIepeCevYeHrr yKa3aHHOTO CeMefcTBa, TO MOXKeM MoJIoKUTh 1121 := y;. Oue-
BUIHO, 4TO oneparop 1 : X1 — Y, onpenenennslii qyia Kaxkjaoro x' := \xq + x, rae x € X,
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A € R, paencreom T2’ := Ay; + Tox, auneen. Kpome Toro, Ha OCHOBaHMM NpPOCTEHIINX
CBOMCTB Beepa 1 criocoba BbIOOpa ¥1, Ipu A # 0 BBIBOIUM

Tia' = Myr + To(z/X) € A= To(z/A) + (21 + x/X) + To(z/N))
=A0(z; +2/A) = ®(\xy +2) = B(a). (1)

Orciona crenyer, aro 11 € O(P|x, ).

HTar 2. Ocraercst 060CHOBATH BO3MOYKHOCTD YKA3AHHOTO BBIOOPA Y1, T. €. YOIUTHCS, ITO

Y1 € ﬂ{—TOm +P(x14+2): x € Xo} #2. (2)

Tak xax mo ycioBuio X cenapadesbHO, TO IO JeMMe 3 cenapabesibHbIM OyIeT U IOIIIPO-
crpa”cTBO X, CJIEI0BATE/ILHO, CYIIECTBYET CUeTHOE BCIOLY IIOTHOE MoaMHOXKecTBO D C Xj.
O6oznaunm C, = —Tpx + P(z1 + =) u nokaxem, uro cuernoe muoxkecrso {C, : u € D}
SIBJISIETCS CLEIIEHHLIM. JleficTBUTeIbHO, BBUAY JIUHEHHON HMHBAPUAHTHOCTU & MHOXKeCTBO (),
BXOJUT B & st Jjiioboro u € D, u, BHOBbL IIPUBJIEKas OIpejeseHne Beepa, jjs u,v € D
BbIBOJIMM

0€ -To(u—v)+®@u—v)=-To(u—v)+@(u+z1 — (21 +0))
C —Tou+®(z1+u) — (= Tov+ P(z1 +v)) =Cy — Cp. (3)

Orciona Bugno, yro C, N C, # &, cienosarenbHo, cueTrHoe MHOXKeCTBO (Cy)yep $B-
JISIETCsl CIIEIUIEHHBIM BBHJLy IIDOM3BOJIa B BbIOOpe w u v. TeM cambIM, MOXKHO BBIOPAThH
Y1 € Nyep Cu # @, TAK KaK 1O yCIOBHIO & 00JIAJ@AET CUETHBIM CBOACTBOM OMHADHOIO IIe-
pecedennst. st mponsBosibHOro = € X( mogbepeM HOCIeI0BATEIBHOCTD (Uy) B D, cxosILy-
1ocst K . Torpa y; + Touy, cxogurest K y1 + Tox u y1 + Tou, € ®(x1 + uyp), cienoBaTesbHO,
y1 + Tox € ®(x1 + =) BBRAY 3amxHyTOCTH Beepa ¢ (emma 1). Urak, y; € —Toz + (21 + x)
Jytst JiI0boro x € X, n Mbl npuxoauM K tpebyemomy coornomenuio 1 € O(®|x, ).

ITar 3. /okazaTeabCTBO MOXKHO 3aBEPIIUTDL CTAHIAPTHBIM IIPUMEHEHHEM JieMMbl Kypa-
TOoBCKOro — LlopHa, OZHAKO MBI IIPUBEIEM PACCY?KIEHNs, OIMUPAIONINECS JIUIIbL HA aKCHOMY
CYIETHOTO BBIOODA.

BosbmeMm cuernoe Berogy moraoe MuokectBo Vo= {v, : n € N} B X. Ilycts ny —
HAMMEHbBIIUHA HOMEp, Jyisi KOTOPOro vy, ¢ Xo. Eciu B UpUBEJEHHBIX BbIIle PACCYIKIECHUSX
BO3bMEM I := VUp,, TO JIONOJHUTEILHO OYJET v1,...,U,, € X;1. Hajee, mycrs ng obo3Ha4vaeT
HAMMEHBIINHA HOMEp, JJIsi KOTOPOro v, ¢ Xi. IloBropus jyist o := v,, Te Ke paccyxie-
HUSI, 9YTO U JJIsT X1, HalijieM nognpocTpancTBo Xo C X M HeIpepbIBHBIN JUHEHHBIN omepaTop
Ty : Xo — Y makue, 910 v1,...,0,, € X9, To|x, = 11 u Ty — HeupepbIBHBIH CEJIEKTOP
orpannuenusi Beepa ¢ na Xo, 1.e. Thx € ®(x) mius Becex x € Xo.

[TpososKast 3TOT HPOIECE, TOJLYIMM II0CIe0BATEIbHOCTD HOAPpOCcTpaHcTB (X)) u Herpe-
pbIBHBIX JHeiinbix oneparopos (1) u3 Xy B Y Takux, 410 v1,...,0, € Xi, X C Xpt1,
Ty, = Tiy1|x, u Ty € O(®@|x, ). Honoxnm Xy := ey Xi 1 Ty () := Ty (z) npn z € Xj,. Kax
BugHO, X, — mommpocTpaHcTBo X, comep:katmee V', a T, : X, — Y — nuHeliHbI omeparTop,
npopoekaronuit Ty u apisiomuiics cesekTopoMm Beepa ® ma X,. Bosee toro, onmeparop T,
HelPepPbIBEH B CHJLY MOJIyHelpepbIBHOCTU cBepxy Beepa @ (cm. siemmy 1).

Jl1st 3aBepleHnsl J0Ka3aTe/JIbCTBA CTOUT JIMIIbL 3aMETHTh, UTO oneparop 1, I0oIycKaeT
IIPOIOJI>KEHNE TI0 HEIIPEPBIBHOCTH Ha Bee X , ocTaBasich cesieKTopoM Beepa ®. B camom mee, ec-
JIV TIOCJIEJIOBATEIBHOCTD (T, )neN U3 Xy CXOIUTCS K HEKOTOPOMY & € X | TO 9Ta [0C/Ie10BaTe b
HOCTH (DYHIAMEHTAIbHA, 8 BBUILY HepepbiBHOCTH 1, pyHIaMEHTAIbLHON OYAeT U IMOCIeI0BaA~
resibhocThb (Tyxy,). B cuity cekBennmasbaoil mosiHoTel Y cymiecrByer npejen lim, Tpx, € Y,
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KOTOPBIH 06o3HaduM 4depes Tx. HeTpyiHo NpoBepUTh, 4TO TEM CaMbIM KOPPEKTHO OIIPEIe/IeH
sneitabtii oneparop T : X — Y, upuuem T'|x, = T,. Tak kak Tz, € ®(x,,) st Becex n € N,
TO B CHJIy JieMMbl 1 Bbinosiasiercst takxke Tz € ®(x) u, rem campim, T € 0P. >

OIPEAEJIEHUE 8. ['0BOpSAT, UTO YIIOPSIIOUEHHOE BEKTOPHOE IIPOCTPAHCTBO Y 00Ja/1aeT
O-UHMEPNOAAYUOHHBIM CEOTUCTNEOM, €CIH JIJIst JIIOOBIX JBYX MOCJIeI0BATEIbHOCTEN () 1 (Zy,)
B Y, YIOBJIETBOPSAIONINX HEPABEHCTBY X < Zmy s Bcex n,m € N, cymectByer y € Y
Takoii, 4To T, < y < 2z, s Beex n € N, em. [14, oupenenenue 146.6]. Ecin nannoe ompe-
JIeJIeHUe BBITIOJIHSIETCsI JININD Jisi rocsiegoBaresnbHocreil suga {x, : n € N} = {uj,us} un
{zn : n € N} = {v1,v2}, 1€ uy,ug,v1,v2 € Y, 10 roBopsr, uro Y obiagaer uHmepnoiiuuom-
HbiM cgoticmeom Pucca.

Canencrsue 1. Ilycte X u Y — romosoruieckne BeKTOPHBIE ITPOCTPAHCTBA, mpuieM X
cerapabesibHO H METPH3YeMO, a Y CEeKBEHIHAJIBHO IIOJIHO U YIIOPSIOYEHO 3aMKHYTHIM H HOD-
MasibHbIM KoHycoM Y. Ilpesamnosoxum, 4ro Ha roginpocrpancrse Xog C X 3a/aH JIMHEHHBIH
wenpepeiHblii oneparop Ty : Xo — Y, yaosnersopsiomuii HepaseacrBy Toxog < p(xo) st
Bcex xg € Xo. Ecm Y obamaer cu/ibHBIM 0-HHTEPHIOISIIAOHHBIM CBOHCTBOM, TO CYIIECTBYET
JIMHEHHBIIH HerpepbiBHbBIH oniepaTop T : X — Y takoit, urto Txg = Tyxg a1 Bcex xg € Xg U
Tx < p(x) aust Beex x € X.

< Hyxno npumenutn Teopemy 2 K Beepy @, us jemmbl 2. Ilpum 9TOM HYKHO NIPHHATH
BO BHUMaHWE CJeyolmme (pakTbl. B IIPOU3BOJIBHOM YIOPSIOYEHHOM BEKTOPHOM IIPOCTPAH-
CTBE UHTEPIOJIAIMOHHOE CBOWCTBO Pricca paBHOCHIBHO JEKOMIIO3UIIMOHHOMY CBOMCTBY Pucca,
CIJILHOE O-WHTEPIOJIAIIMOHHOE CBOMCTBO /it Y PaBHOCUJILHO CIIPABEITUBOCTU CBOMCTBA CUET-
HOT0 OMHAPHOTO IepecedeHnus i MOPAJKOBBIX HHTepBaioB B Y. Beep ®, OyzeT nosyHnenpe-
PBIBHBIM CBEPXY TOTJIA U TOJBKO TOTJIA, KOTJa CyOJMHENHBII onepaTop p HelpepbiBeH. [>

BAMEYAHUE 1. Cuencreue 1 jokasano B [9] u siBiisleTcst BADUAHTOM TeopeMbl XaHa —
Banaxa — Kanroposuua, ycranossennoit Tanerom B [8, reopema 1|. Pazuuna cocrour B TOM,
qro B [8] ucnosibayercs semma LlopHa, a 3Ha4uT, 1 akcuoMa BeIGopa, a B |9] — Jmrib akcruoMoii
cueTHOro BbIGOpa. B TO xKe Bpemsi B joKazaTenbcTBe U3 [9] MCHOIB3yeTcsi MPOJIOJIKEHUE 110
HEIIPEPBIBHOCTH, YTO TPEOYET JOMOJHUTEILHOIO MIPEIIIOIOXKEHNS O CEKBEHITUAILHOM ITOTHOTE
IIPOCTpPaHCTBa Y .

4. Ob6paleHne OCHOBHOTO pe3yJbTaTa

O6painenue TeopeMbl 2 OyIeT JOKA3aHO IPU HEKOTOPBIX JONOJHUATEIbHBIX OrPAHMYEHUX
na napy (Y, &). Beesem coorBeTcTByIOIIEe ONpe/IeIeHHE.

ONPEAEJEHUE 9. Tonosornueckoe BEKTOPHOE MPOCTPAHCTBO HA3BIBAIOT AOKAALHO 02Pa-
HUYEHHbLM, €CIIU B HEM UMEeTCsi OlPaHUYeHHAsi OKPECTHOCTD HyJisi. Keasunopmotli Ha BEKTOP-
HOM npocrpancTBe X HasbiBaroT dyHKIwmo || - || : X — Ry rakyio, 9ro jis mobbix x,y € X u
A € R Bomonusiiorest yenosust ||z]| =0 <= 2 =0, |[Az|| = |A|||z]| u ||z + y|| < C(||z|| + |yl]),
rae C' — HeKoTopasl KOHCTaHTa, He 3aBUCsIIas OT T U Y. Kciau KBasuHOpMa YIOBJIETBODSET
yesosuio || z+y||P < ||z|[P+||y||P anst Becex z,y € X, rae p — HekoTopoe (hUKCHPOBAHHOE THCIIO,
0 < p < 1, T0 ee Ha3BIBAIOT P-HOPMOTL. Keasuropmuposarnoe (D-HOPMUPOSaNHOe) Npocmpat-
cmeo — napa (X, || - ||), rme || - || — kBasuHOpPMa (COOTBETCTBEHHO, P-HOPMA) HA BEKTOPHOM
npocTpaHcTBe X.

Jlemma 4. /Liist 01/1€/11MOro TOHOJIOIHIECKOr0 BEKTOPHOTO IIPOCTPAHCTBA X DABHOCH/IBHBI
CJIEJLYIOIIIE YTBEDK [CHUSI:

(1) X — JloKaJIbHO OrpaHuYEHHOE HPOCTPAHCTBO;

(2) X — p-HOpMupOBaHHOE IIPOCTPAHCTBO JIsi HekoToporo 0 < p < 1;

(3) X — KBasHHOPMHPOBAHHOE MPOCTPAHCTBO.
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< DkBuBaIeHTHOCTH (1) <= (2) ycranoBuau Aoku [15] n Poresuu [16], a (1) <= (3) —
Bypren [17] u Xaiiepc [18]. >

OnpPEIENEHUE 10. CewmeiicrBo & C Z(Y') Ha3bIBAIOT HACLIUEHHbIM, €CIIU & 3aMKHYTO
OTHOCHTEJIbHO 3aMbIKaHHs aJre0pantdecKoil CyMMbl U yMHOXKEHUSI Ha BEIIeCTBEHHBIC YHCIIA,
T. €. TakoBo, 4T0 Jyisi 066X C,Cy,Cy € & u A € R soimonneno cl(Cy 4+ C) € & u A\C € &.

Teopema 3. Ilyctb Y — moJiHoe JIOKAJBHO OrPAHHICHHOE TOMOJIOTHIECKOEe BEKTOPHOE
IIPOCTPAHCTBO U & — HACBHIIEHHOE CEeMEHCTBO BBIIYKJIBIX OIPAHHYEHHBIX ITOJMHOXKECTB Y .
Ecnn mapa (Y, &) pomyckaer caeTHOe MPOJOJIKEHHE JIMHEHHBIX OMEPATOPOB, TO & 0bsaaeT
CUYETHBIM CBOHCTBOM OHHAPHOI'O IIEPECEeUCHHS].

< Ilycre By — QukcupoBaHHasi 3aMKHyTast OIDAHUYEHHAsi OKPECTHOCTb HyJisds B Y.
Tlonbepem mocsem0BaTENLHOCT 3aMKHYTHIX OKpecTHOcTell Hynas By B Y Tak, YTOOBI
Bit1 + Bit1 C By nast Bcex k= 0,1,... Kak Bunno, > p_; B C By nist Bcex n > 1.

[Tpemosoxkum renepsb, uro napa (Y, &) nommyckaer c4eTHOe IPOJIOJIZKEHIE JTMHEHHBIX Olle-
paTopoB. Bozbmenm criertennyto nocsenoBareabHOCTh (C )peN B & U IMIOKAXKEM, 9TO OHA HMEET
nerycroe nepecedenue. [Tomoxum 7, := sup{y € Ry : vC,, C By} u v,:= min{1,~/,}. Heno-
CPEJICTBEHHO W3 OIpeJIeJIeHnit BUIHO, 9TO Yy > 0 u v,Cp, C By, muis Bcex n € N. B kauecTe
npocTpancTBa X BO3bMEM MHOYXKECTBO BCEX BEIECTBEHHBIX IIOCJIEIOBATEILHOCTEN, UMEIOIITIX
JIAIIIb KOHEYHOE YMUCJIO HEHYJIEBBIX YJIEHOB, C HOpl\IOfI

|Zn|

|z|]| = sup —, = = (zp)nen € X.
neN Tn

IToanpocrpancreo Xg C X omupemenum cieayiomiein (popMyJIoii:

X := {x:: (zn) €X: > an :0}.

neN

Oupenenum renepsb orobpaxkenune ® : X — & cooTHollIeHHEM

Dz chwnCn (x = (Tpn)nen € X),
neN

rae cl A — sambikanne muoxkectBa A. Kak Bugno, ®(r) € & BBujay HacbleHHOCTH & U
orobpazkenne P sBjsieTCs HEYETHBIM U 3aMKHYTO3HAYHBIM BeepoM. llokaxkem, uro @ Takxke
[IOJIYHEIIPEPBIBEH CBEPXY.

PacemoTpum npou3BOJIBHYIO CUMMETPHYHYIO OKpecTHOCTh Hyast V (1. e. V = —=V) B Y.
B cuny orpanumuennoctu By MoxkHO 1107100paTh ducsao € > 0 Tak, uro By C V. Ecim x =
(xn) € X u N(x) obo3HauaeT HaMMeHbIIee HATYPAJILHOE UUCJIO TAKOe, 4TO Ty = 0 st Beex
n > N(x), To nmeem

N(x) N@) N(z) N(x) Iz
O(x)=c Y 2,Cn=c Y “yCpCc Y |z|cdB, =z|cd ) B, C|x|ByC V.
n=1 n=1 Tn n=1 n=1 <
Orcrona BuHO, uTo ecan ||z|| < €, To ®(z) C V. Cuenoarensno, ®(U) C V, rue U — 310
map paanyca € B X. Tem cambim, Beep P 1mosryHEeIIpepoIiBeH CBEPXY.
[TokazkeM, 9TO HYJIEBOIl OLEpaTOp SIBJISETCS CEJIEKTOPOM orpanmdenuss Beepa ¢ na Xj.
+
neN¥n =
> onen Tn > tae b = max{z,,0} u z, = max{—x,,0}. Ilo jemme o jxBoiiHOM pazbuenHnn
CYIMIECTBYET MATPHUIA (Lpk)n keN C NOTOXKHATEIbHBIME d/1eMenTamMn 0 < 2, € R Takas, dyro

ank:x:{, ank:x; (n,k € N).

keN neN

Ecin z € Xy, To 1o onpesesieHnio noanpocTpancTBa X BBIIIOJHEHO PABEHCTBO »
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ITo OIIpeJIeJICHUIO Beepa d nmeer mecTo cJIeIyrongasd [ernoIka paBeHCTB:

O(x) =cl Z h O, — Z x, Cp | =cl Z Z Tk Cr — Z ankC’n

neN keN keNneN neN keN

=cl Z Tnk(Cr — Ch) (x € Xp).
n,keN

B cuny crnensiennoctu nocnenoarensnocru (Cy,) umeem Cp, N Cy # @ mis Beex n,k € N,
gyro pasHocuibio 0 € Cp — C,. A u3 nocienuero ciaemnyer, uro 0 € ®(z) upu = € Xy. Ilo
YCJIOBHIO 9TOT CEJIEKTOP JIOIYCKaeT PaclpoCTpaHeHue 0 JUHEHHOro cejiekropa 1, 3alaHHOTO
na Bcem X. IlogpobGuee, cymiecTByer Jjimnelinblit oneparop T : X — Y, mjst koroporo Tx €
®(x) mpu kaxxaom x € X, a trakxke T'zg = 0 s Bcex xg € Xop.

Tenepp MOXKeM yKazaTb ODIILYIO TOUKY Yy € Y paccMaTpUBaeMOl CIEIJIEHHOH IocjienoBa-
TesIbHOCTH. BO3bMeEM 1I0CIIe10BATEIbHOCTh BEKTOPOB €, = (enk)ken B X Takyio, 410 e = 0
st BCeX k # n U epy, = 1. Obo3HaIMM U, = €, — e € Xo. Torma 0 = T'(u,,) = Te, — Teg.
CanenoBaresnbro, Te, = Tep =: y upu mobbix n,k € N. Tem cambin y = Te,, € P(e,) s
moboro n € N. 3amernm, naxoner, 4ro ®(e,) = cl ), -y € Cr = Cp, iz mobdoro n € N. Cra-
J10 6bITh, nepecedenue cemeiicTBa (C),)peN CONEPKUT JIEMEHT Y, UTO U 3aBEPIIAET IIPOBEPKY
HaJIM4IUsl CIETHOI'O CBOMCTBa OMHAPHOIO IlepeceveHust y cemeiicta &. >

Caencreue 2. Ilycrs Y — KBaznbaHAXOBO MMPOCTPAHCTBO H & — HACHIIEHHOE H JIHHEHHO
HHBAPHAHTHOE CEMEHCTBO BBIIYKJIBIX ONPAHHYEeHHbIX 1ojMHOXKecTB Y . Torma paBHOCH/IBHBI
CEYIOIIHE YCIOBHS:

(1) & obramaer cueTHBIM CBOHCTBOM GHHADHOIO IE€PECeYeHHUs;

(2) mapa (Y, &) obragaer cueTHbIM CBOHCTBOM MaXKOPHPOBAHHOI'O MPOJOJIXKEHHS.

< Ilpm yKa3aHHBIX YCJIOBHUAX IIPUMEHUMBI T€OpeMbI 1 u 2. >

3AMEYAHUE 2. Obparnenue cjiegcTBus 1 UMeeT MeCTO, €CJId MOJIOXKUTETbHBIN KOHYC siB-
JISIETCsT BOCIPOM3BOASIIIM, cM. [9]. OZiHAKO 9TOT pe3y/Ibrar He CJlejyeT U3 TeopeMbl 3, B (op-
MYJIIPOBKE KOTOPOU MMeeTCsi JIOTOJIHUTE/IbHOE TpeDOBaHue JIOKAJIbHOM orpanndeHHocTu. Ham
HEM3BECTHO, MOYXKHO JIX B TeOpeMe 3 OIYyCTUTh YCJIOBHUE JIOKAJIHHON OIrpaHUIeHHOCTH.
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Abstract. We consider a sequentially complete topological vector space Y and a linearly invariant
family & of convex subsets of Y. We say that: & has the countable binary intersection property if every
countable subfamily of pairwise intersecting sets has a nonempty intersection; a pair (Y, &) is said to admit
a countable extension of linear operators if for any separable metrizable topological vector space, its subspace,
odd closed-valued upper semicontinuous fan (subadditive positively homogeneous set-valued mapping), and
a linear operator defined on the subspace and being a selector of the given fan, there exists a linear selector
that extends given linear operator from a subspace to the entire space. The main result states that the pair
(Y, &) admits a countable extension of continuous linear operators if E has the countable binary intersection
property. The inverse to this result also holds under the additional assumption that the topological vector
space under consideration is locally bounded.

Keywords: fan, extension of linear operators, countable binary intersection property, separability, vector
lattice.
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1. Introduction

A pseudo-Riemannian manifold (M, g) is called a geodesic orbit manifold if any geodesic

of M is an orbit of a l-parameter subgroup of the full isometry group of (M,g). This
terminology in the case of Riemannian manifolds was introduced in [1] by O. Kowalski and
L. Vanhecke, who initiated a systematic study of spaces (M = G/H, g), where G is an isometry
group and H is an isotropy subgroup. We refer to [2-6] for expositions on general properties
of geodesic orbit Riemannian manifolds and historical surveys. Some important results on
geodesic orbit pseudo-Riemannian spaces were obtained in [7—11]. It should be noted that
symmetric spaces, weakly symmetric spaces, naturally reductive homogeneous spaces, normal
homogeneous spaces, generalized normal homogeneous spaces (but not only) are subclasses
of geodesic orbit pseudo-Riemannian spaces.

(© 2026 Markina, I. G., Nikonorov, Yu. G. and Furutani, K.
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The pseudo-Riemannian H-type nilmanifold is a 2-step nilpotent H-type Lie group en-
dowed with a left invariant pseudo-Riemannian metric. The Lie algebra n of a pseudo-Rie-
mannian H-type nilmanifold carries a non-degenerate scalar product (-, -), whose restriction
(-,-); on the centre 3 of the Lie algebra n is also non-degenerate. The orthogonal complement
b to the center is a representation space for the Clifford algebra Cl(3,(:,);), such that the
representation map is the dual to the adjoint map on the Lie algebra, see Section 2.

The problem of classification of geodesic orbit and naturally reductive pseudo-Riemannian
nilmanifolds of H-type is very relevant. The results on Riemannian H-type nilmanifolds
(the metric is positive definite) were obtained by A. Kaplan in [12] and C. Riehm in [13] (see
Theorem 1) and the results on pseudo-Riemannian H-type nilmanifolds, when the space v is
a minimal dimensional admissible Clifford module was obtained in [14].

Theorem 1 [12, 13]. Let N be H-type Lie group (supplied with a left invariant Rieman-
nian metric) with the H-type algebra n = 3 ® v, m = dim(3), n = dim(v), and the center 3.
Then N is geodesic orbit if and only if one of the following three conditions holds:

1) m =1,2,3 and n is any possible;

2) m=5,6 andn =8§;

3) m=17,n=8,16,24 and v is an isotypic Clifford module (in this case it is equivalent to
the following property: if Z1,Zs, ..., Z7 is an orthonormal basis of 3, the linear transformation
X JzJz, - Jz.(X) of v is either 1d or —Id).

Moreover, N is naturally reductive if and only if m =1 or m = 3.

Recently, an analogue of this theorem was obtained for pseudo-Riemannian metrics.

Theorem 2 [14|. Let N, be an H-type Lie group, where (r,s), s > 1, is the signature
of the left invariants pseudo-Riemannian metric restricted to the center of the group. Let
n.s = 3 ® v be the Lie algebra of N, s, where 3 is the centre and v is a minimal admissible
module for the Clifford algebra Cl(R™*) orthogonal to 3. Then the following four assertions
hold:

1) N, s is naturally reductive (hence, geodesic orbit) if and only if (r,s) € {(0,1), (1,2)};
2) If N, is geodesic orbit but not naturally reductive, then (r,s) = (3,4);

3) N34 is a geodesic orbit pseudo-Riemannian manifold;

4) N, s with (r,s) ¢ {(0,1),(1,2),(3,4)} is not geodesic orbit pseudo-Riemannian mani-
fold.

It is important that item 3) of the above theorem is proved in [14]| using a system of
symbolic computations that allows one to calculate and evaluate the ranks of a number of
auxiliary matrices to prove that each geodesic can be represented as an orbit of a 1-parameter
isometry group of the manifold under study. This kind of reasoning proves the existence of
the required one-parameter group, but does not always allow one to specify it explicitly.

The main goal of this note is to provide an alternative proof of the corresponding result,
which also provides explicit expressions for the corresponding one-parameter isometry groups,
see Theorem 4.

The paper is organized as follows. In Section 2, we recall some important results on
pseudo-Riemannian geodesic orbit metrics on nilpotent Lie groups. The main role here is
played by the notion of the transitive normalizer condition, which Riemannian version was
used by C. Gordon in order to study geodesic orbit Riemannian metric on nilpotent Lie groups.
We also recall some important properties of pseudo H-type Lie groups, their isometry and
automorphism groups. In Section 3, we show the geodesic orbit property for the 15-dimensi-
onal pseudo-Riemannian H-type nilmanifold N3 4(0min). Section 4 is dedicated to the same
property for the Riemannian H-type nilmanifold N7 o(0min)-
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2. Definitions and Notation

2.1. Geodesic orbit pseudo-Riemannian manifolds.

DEFINITION 1. A pseudo-Riemannian homogeneous reductive manifold (G/H, g) is called
geodesic orbit if any geodesic through the point eH is an orbit of some 1-parameter isometry
group of (G/H,g).

Let (N, g) be a 2-step pseudo-Riemannian nilpotent Lie group with the Lie algebra n and
(-,-) the scalar product (a symmetric non-degenerate bilinear form) generating the pseudo-
Riemannian left invariant metric g. We call such groups pseudo-Riemannian nilmanifolds.
If the centre 3 of n is non-degenerate with respect to (-,-), then we write n = 3 @ v, where
b = 3+ relative to (-,-). In this case, v is also non-degenerate, see [15, Lemma 2.60].

Whenever (N, g) is connected simply connected, we do not distinguish between the group
of automorphisms of the nilmanifold (N, g) and of its Lie algebra n = 3 @ v. Note that each
skew-symmetric derivation of n leaves each of v and 3 invariant. For any Z € 3, we consider
the operator

Jz:0v— v, suchthat (Jz(X),Y)=(X,Y],Z), X, Y €v. (1)

The map Jy is skew-symmetric and Jz(Y) = (adY)(Z), where (adY)’ is dual to ad Y with
respect to (-,-). The map J: 3 — so(v,(-,)y), sending Z +— Jz is linear. The group of
isometries of the nilmanifold (N, g) is given by

H = {(SD’TZ)) € O(3a <" >3) X O(U’ <"'>U) : ZZ)JZT;Z)_l = Jcp(Z)a Z € 3}a (2)
while its Lie algebra is
h = Der (n) Nso(n, (-,-))
= {D = (C’ A) € 50(3’ <'?'>3) X 50(0’ <'a '>D) : [A’ JZ] = JC(Z)’ zZ e 3} .

The next result is well known, see e.g. Corollary 3.5 in [16].

(3)

Proposition 1. Let (N,g) be a pseudo-Riemannian nilmanifold with non-degenerate
center. Then the connected isometry group of (N,g) is N x H, where N is the set of left
translations by elements of N and the isotropy subgroup H is given by the isometric auto-
morphisms (2) with Lie algebra h as in (3).

In this case, the isotropy group of (N, g) at the identity element e is exactly H with the
embedding a € H — (e,a) € N x H. The following Proposition summarizes well known
Geodesic Lemma [10], its reformulation in the spirit of [17], and consideration done in [14] for
the setting of H-type nilmanifolds, see definition in Section 2.2.

Proposition 2. A pseudo-Riemannian H-type nilmanifold (N, g) is geodesic orbit if for
any 2o € 3 and xo € v there is D = (C, A) € b, such that

A(zo) = Jo(z0), Cl20) =0, [A Ju] =Jow) forall wes;. (4)

A special case of geodesic orbit pseudo-Riemannian spaces are naturally reductive
homogeneous pseudo-Riemannian spaces. We refer to [14] and references therein for more
detailed study.

DEFINITION 2. Let (M = G/H,g) be a homogeneous reductive pseudo-Riemannian
manifold. Then M is said to be a naturally reductive if there is a reductive decomposition
g = b @& m, such that

([T, Qlm, R) = (Q, [T, Rlm) (5)

for the corresponding scalar product and any T, Q, R € m.
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Theorem 3 [18, Theorem 3.2|. Let (N, g) denote a 2-step pseudo-Riemannian nilmanifold
with a non-degenerate center. Assume that the map J: 3 — so(v) is injective, see (1). Then
the metric is naturally reductive with respect to G = N x H (see Proposition 1), if and only if

(i) V. = J(3) is a Lie subalgebra of so(v) and

(i) [J(Z1), J(Z2)] = J(72,(Z2)), where Tz, € s0(3) for any Z1 € 3.

Since the map J is supposed to be injective, the map 7 can be easily recovered from (ii).

REMARK 1. Using Theorem 3, it is easy to prove that the pseudo-Riemannian H-
type nilmanifold N374(Umin), as well as the corresponding Riemannian H-type nilmanifold
N7.0(0min), that are studied further in this note, are not naturally reductive.

2.2. Pseudo H-type Lie groups. Now, we recall some important properties of pseudo
H-type Lie groups. Let (N, g) be a 2-step pseudo-Riemannian nilmanifold and n = 3 @ v be
its Lie algebra endowed with a scalar product (-,-) making the center non-degenerate. We
identify (3, (-,-);) with the pseudo Euclidean vector space R™* = (R"*5, (- .), ;), where

T S
= r+s
(z,W)p s = E 2 Wi — E Zpgj Wrij, 2w € R
i=1 j=1

If the linear operator J: 3 — so(v,(-,-)y) is defined by for any z € 3 by (1), and satisfies
J2(z) = —(z,2)psx for any z € R™ and all * € v, then n = n, is called the pseudo
H (eisenberg)-type Lie algebra. We denote by N, s the connected simply connected Lie group,
whose Lie algebra is the pseudo H-type Lie algebra n, ,. The H-type Lie algebras N, o with
a positive definite scalar product were introduced in [19] and with an arbitrary indefinite
scalar product in [20], see also [21].

These Lie algebras are related to the representations of the Clifford algebras in the
following way. Let J: CI(R™*) — End(v) be a representation of the Clifford algebra CI(R"*)
generated by the pseudo Euclidean vector space R™*. If there is a scalar product (-, ), on the
representation space v (Clifford module) such that the linear map J, is skew-symmetric for
any z € R™®; that is

(J=(2),9)0 = =(@, J2(y))o, 2z €R™, wyco,

then we get a pseudo H-type Lie algebra with the commutators defined in (1), see details
in |20, 22, 23]. The scalar product (-,-), in this case is called admissible and v is called
admissible (Clifford) module.

It is important that, see e.g. [20], or |23, Proposition 2.2.2|, the signature of the scalar
product space (b, {-,-)y) is neutral and (v, (-,-)y) is isometric to R4 for some [ € N, if s > 0,
whereas the corresponding signature is either (7,0) or (0,1) for some [ € 2N, if s = 0.

3. Pseudo-Riemannian H-Type Nilmanifold N34 = N3 4(0min)

Although the fact that a pseudo-Riemannian nilmanifold of H-type N3 4(bmin), Where
the complement of the centre is the minimal admissible modulus, is a geodesic orbit manifold
is proved in [14], we give here an alternative proof of the following theorem.

Theorem 4. The pseudo-Riemannian H-type nilmanifold N3 4(bmin) is a geodesic orbit
manifold. Fach geodesic is realized as an orbit of a one-parameter subgroup which initial
conditions form an eight dimensional affine space.

It is known that the Clifford algebra Cl(R*?) has two non-equivalent minimal admissible
8-dimensional modules U:nn and v_. . Moreover, the corresponding 15-dimensional pseudo
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H-type Lie algebras N3 4(v.". ) and N3 4(v_. ) are isomorphic and isometric, see [24, Theorem

12]. Therefore, it suffices to check only one pseudo H-type nilmanifold N3z4(v_. )

N3 4(0min). The left invariant metric on N3 4(vmin) is generated by the scalar product
(-,)3,4+(-,)a4 on the Lie algebra nz 4 = R34 R4, We write (20, 20) € 3@ 0min = R QR4
for an initial vector for a geodesic. For different type of the initial vectors we will use
distinguished bases for the horizontal space vn,;, and for the centre 3. We start from a basis
for the centre.

3.1. Central component z; of initial conditions.
(C1) If ||20]|? = (20, 20)g3.4 = 1, then we set

{Zl = 20, Z2) .. ,Z7}a
as an orthonormal basis, satisfying

1Z1]? = 1 Zal* = 1 Zs)* = 1, 1 Z4]l* = |1 Z5]* = | Z6|* = | Z7* = —1. (6)

(C2) If ||20]|? = (20, 20)r3.4 = —1, then we set
{Zla Z2a Z3a Z4 = 20, Z5, Z6a ey Z7},

such that (6) holds.

(C3) If ||20]|> = (20,20)ms+ = 0, then first we fix an arbitrary orthonormal basis
{#7,...,25}, satisfying (6) and write

3 7
zO—Z 0; 2 —i—ZHiz;k =23 + 2
i=1 =4
Then, without loss of generality, we can assume Z?:l 0,2 = 22714 9,2 = 1. Since

(2%, 2*)gsa = 0 we can select an orthonormal basis
{Zl = qu ZQa Z37 Z4 = Zi7 Z57 Zﬁa Z7}7

still satisfying (6). With these basis vectors we can denote zg = Z1 + Zj.
In what follows we use the construction of basis on the centre as above.

REMARK 2. In any of the above constructions, the operators Jz,, j = 1,...,7, span
a 7-dimensional subspace in J; C s0(4,4), nevertheless the vector space V = Jj is not a Lie
subalgebra of s0(4,4). Hence, N3 4(0min) is not a naturally reductive manifold, see Theorem 3.

3.2. Horizontal component x( of initial conditions and reduction by conjugate
Clifford action. Fix 2y € 3 and choose a suitable basis as was described in Section 3.1. Now
we have three cases:

(H1) [l20]* = (20, zo)paa = 1, (H2) [lzo]* = —1,  (H3) [|zo|* = 0.
Before we consider these three options we let v € vy, be such that ||v[|? = 1 and

J21Z2Z4Z5 (v) =, JZIZQZ6Z7 (v) =, JZ12325Z7(U) =, Jlezzs (v) = . (7)
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The condition Jz, z,z,(v) = v is equivalent to Jz, z,7,2,7:7:2.(v) = —v. This choice fixes
the module v, = v_. . Moreover, the choice of v as in (7) allows us to use the following
orthonormal basis for the module vpjy:

X1=v, Xo= JZI(U)7 X3 = JZ2(U)’ Xy = JZS(U)’

X5 = JZ4(U)7 X = JZ5(U)7 X7 = JZG(”)? Xg = JZ7(U)' (8)

REMARK 3. Once we fix an orthonormal basis {z;} in R®* (or in general in R"™*), the num-
ber of a set of generating positive involutions {p;} of a maximal abelian subgroup S consisting
of positive involutions, which is a subgroup in the finite group G = G({z;}) generated by {z;},
is determined by the pair (r,s). In the case (r,s) = (3,4) it is 4, that is one set of them is
listed in (7). It should be noted that in our case the correspondence z — .J, is not one-to-one.
This is common in all the cases of the Clifford algebra being not irreducible. In such case we
have two irreducible modules and they are distinguished by the action of the volume form

oy oo+ Jz . As we can see easily that in our case J;, -+ - J,, is in the center of the group G,
so that J,, J,,J.,(v) = v is not only equivalent to J,, ---J,.(v) = —v, it is also equivalent
to Jy, ---J,, = —Id as an operator acting on the space generated by {J,,(v)}. So we may

distinguish two irreducible modules Urflin by the action of the volume form J, --- J,. = £+Id,
see details in [24].

Let £y € bmin be as in (H1) above. Let T' € SO(4,4) be such that 29 = T'(v) and consider
the conjugate Clifford action J,, := T~1J,T = T7J,, T, where T7 is the transpose to T" with
respect to the scalar product (-,-)s4. Then, a geodesic determined by the initial condition
(20, 20) is homogeneous if there is a pair D = (C, A) such that

A(wo) = Jx(z0), Cl20) =0, [A, Ju] = Jo), forall we R34, (9)
Lemma 1. The condition (9) is equivalent to
Aw) =T AT (v) =TT, T(v) = J,(v), C(z) =0, [AJu]=Jow),  (10)
for all w € 3 = R34,
< In fact, from (9)
T AT (v) = T 1 A(zo) = T T (20) = T T T (o)

:%@HTHWJAMH:TﬂAhp:TﬂkwT:%w,

and vice versa. >

We denote the H-type group N3 4(0min) related to the Cliﬁord action J, : Omin — Ymin and
the H-type group Ng;l(bmin) related to the Clifford action J.: dpmin — Omin, J» = T T
Then the Lie bracket [x,y]” defined by .J, is given by

(2.9 o = (Lo(@)y)

Lemma 2. The transformation T' x Id : N3 4(0min) — Ng: 4(bmin) Is an isometric isomor-
phism.

<1 We can see this by the equality:

(2, [T(); T o = (J=(T(@)), T(Y)) 0y
= <TTJZT(x)’y>nmin = <jz(x)’y> = <Z’ [xay]T>R3,4 )

Ymin

that proves the lemma. >
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Let z¢ € vy be as in (H2) and v € vy as in (7). We find T € SO(4,4), T': 0min — Ymin,
such that T'(z9) = Jz,(v). Then condition (9) is equivalent to

A(Jz,(v)) = Jo(v), Cl20) =0, [A Ju]=Jog, foral weR.

by changing the Clifford action from J, to J, = T-1J.T.

Let zp € Oyin be as in (H3) and v € vy, as in (7). We fix an orthonormal basis {Zi}Z:1
as was described in (C3), and express z in the basis (8) as follows

3 7 3 ;
o = z;euzi(v) + Z;HiJZi(v) = o} + g, 259‘2 _ ;:93 L

Since (v, g Yo, = 0, we can find an orthogonal transformation T' € SO(4,0) x SO(0,4) C
SO(4,4), such that T'(z§) = v and T'(zy) = Jz,(v). Then for J, = T~1J,T we obtain

T_lAT(U + JZ4(U)) = T_1JZOT(U + Jz (U))7 C(20) =0,

1 1 1 3.4 (11)
T7A, J]T = [T AT, T” J,T| =T Jo@)T for any w € R,
which is equivalent to condition (9).
The discussions above can be summarized in the statement that an initial vector (zg,x¢)
for a geodesic can be restricted to the following nine cases.

Z1 D v,
Z4 D, € R34 @ Omin, (12)
(Zl + Z4) D

Z1 ® Jz,(v),

Z4 D JZ4 (’U), € R3’4 ® Omin, (13)

(Z1+ Zy) ® Jz,(v)
Z1 @ (v+ Jz,(v)),
Zy® (v + Jz,(v)), € R** @ vppin. (14)
(Zl + Z4) S¥ (U + JZ4(1)))
We not only show the existence of a pair (C, A) for all the 9 cases (12), (13) and (14),

but we also show that it form an affine space of a suitable dimension according to the initial
conditions.

3.3. Relation between A and C in [A, J,] = Jo(,)- We can express A in the form

A= Z ai,kJZiJZk- (15)
i<k

Indeed, we know that A belongs to linear combination of {[Jz,,Jz.]: 1 < i < k < 7}, see
details in [14, Proposition 4|. On the other hand, [Jz,, Jz,] = Jz,Jz, — Jz,Jz, = 2J2,J7,.
Then [A, Jz,| = Jo(z,) implies

(A, Jz)) =AJz — JzA = Z a;xJz,Jz, Iz, — Iz, Z a; 1 Jz,J 7,

i<k i<k

= QZalkaZk = 222:2 al’ka'
k>1
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Thus C(Z;) =2 ZIZ:Q a1 2. By similar calculations we obtain

7

2 7
C(ZQ) = —2@172Z1 + 2 Z a27ka, C(Zg) = -2 Z akf,Zk + 2 Z a37ka,
k=3 k=1 k=4

3 7 4 6
C(Z1) =2 akaZk =2 aspZr, C(Z5) =2 arsZc =2 517,
k=1 k=5 k=1 k=5
5 6

C(ZG) =2 Z akﬁZk — 2@677Z7, C(Z7) =2 Z ak77Zk.
k=1 k=1

In the matrix form C' is given by

0 —ap —a13 a4 @15 a1 aiy
ai,2 0 —ag3 Q24 G255 G286 427
aiz a3 0 as4 Az  aze a7y
C=2x a4 az 4 as.a 0 a4s a4.6 asg7 | - (16)
ais a5 A3 —a45 0 ase sy
a6 G266 (36 —a46 —a56, 0 aer
a7 a7 a3y —a4r —asy —ag7 0.

3.4. Writing A(v) and A(Jz,(v)) in the basis (8). Note that condition (7) implies

Jz, (v) = —Jz,Jz, (v) - J2,J 7, (U) = Jz5J 7 (U),
JZQ(U) = Jleza(v) = JZ4JZG(U) = _J25JZ7(U)7
Jzy (v) = —Jz,Jz, (v) - Jz,Jzs (U) = JZ6JZ7(U)’
JZ4(U) = J21JZ7(U) = JZQJZG(U) = J23JZ5(U)7 (17)
Jzs (v) = —Jz,Jz, (v) = —JzJz (U) = Jz,Jzg (U),
JZG(U) = _JZv]Zs(U) = _JZQJZ4(U) = JZa‘]Z?(U)?
Jz; (v) = —Jz,Jz, (v) = Jz5J 75 (U) = —Jz3Jz (U)

Put A(v) = >, aixdzJz,(v) = agv + 2]7‘:1 a;jJz,(v). Then using (17) we find
the relations between coefficients a; 5, and «; as follows

ap =0,

a1 = —az3+a47+ ase,
Qg = a1,3+ a46 — as5,7,
a3 = —a12+a45+ ag7,
a4 = a1y +aze + ass,
Q5 = a1e — a2,7 — 434,
o = —a1s — a4+ asz,

a7 = —a14 +azs — ase.
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Write A(Jz,(v)) = Bov + Zznzl BmJz,, (v), and note that
Jz, (U) = Jz2,Jz24 02, (v) - Jz, JZ5 Jz, (v) = _JZ3 JZG Jz, (v)’
JZ2(U) - _JZ1J25JZ4(U) - JZ2JZ4JZ4(U) - J23JZ7JZ4(U)7
JZ3(U) - JZ1JZGJZ4(U) - _JZ2JZ7JZ4(U) - J23JZ4JZ4(U)7
vo= Jz, JZ7JZ4 (v) - Jz, JZG Jz, (v) = JZS JZ5 Jz, (v)’ (19)
JZs(U - _JZ1J22JZ4(U) - _JZ4J25JZ4(U) - JZGJZ7JZ4(U)7
JZG (U) = Jz, JZ3 Jz, (v) = —Jz JZG Jz, (v) = _JZ5 JZ7JZ4 (v)’
JZ?(U) - _JZ2JZ?,JZ4(U) - _JZ4JZ7JZ4(U) - JZs‘]ZGJZz;(U)'

By using (19) we find relations between a; j, and f5; as below:

Bo = a1,7 + aze +asps,

p1 = a14+azs — asge,

P2 = —a15+azy+asq,

B3 = aie — az7 + aza, (20)
Bs =0,

Bs = —a12 — as5 + ag 7,

Be = a1,3 — as6 — as7,

Br = —as3 — as7 + ase.

3.5. Existence of D = (C,A). Based on data in the previous section, we discuss the
existence of a pair (C,A) of condition (9) for each cases of initial conditions (12), (13),
and (14).

CASE (20,70) WITH ||z0|? # 0. Assume for the moment that ||zo]|?> = ||20]|> = 1 and use
Lemma 1. Then the conditions A(v) = Jz, (v), C(Z1) =0, and (18) give

a2 =a13=a14=ai5=aie=a17 =0, and

apg = Oa (
ase = 1+ a3 —aq7,
a1 = —ag3+asr+ase =1,
as;7 = a4.6,
ag =a13+ase —as7 =0, " "
6,7 = —045,
ag3 = —ai2 + a5+ ag7 =0,
= (azs = —azg, (21)
aq4 = ay7+aze +azs =0,
asy = —ag,
as =ay16 —az7 —azyg =0, a a
3,7 — 424,
ag = —a15 —az4 +az7 =0, u u
3,6 = 02,5,
\ I k]
a7 = —aj4+ass —aze = 0.

where a23, A2.4, 42,5, 2.6, @27, A4.5, A4.6, Q4,7 Are free parameters.
Analogously to the above case one can obtain systems similar to (21) for any of the fol-
lowing initial conditions:

Z@v, Zedv, Z1® Iz W), Ze®Jz,0), (Z1+Zy) @v, (Z1+Zs) & Jz,(v).  (22)

CASE (z0,x0) WITH ||zg|]| = 0 OR ||z0]| = 0. The cases Z1 & (v+Jz,(v)), Z4® (v+Jz,(v)),
and (Z1 4+ Z4) @ (v+ Jz,(v)) are treated by a similar way, requiring more careful calculation.
We consider only the (Z; + Z4) & (v + Jz,(v)) in some details.
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Conditions (9) are equivalent to
A(v + Jz,(v) = Jz42,(v + Jz,(v))

7
=Jz,(v) + Jz,2,(v) + Jz,(v) + v =yv+ Z Yidz, (v).
i=1

Noticing that Jz, (v) + Jz,2,(v) + Jz,(v) + v = Jz,(v) — Jz,(v) + Jz,(v) + v, we obtain
the system

Yo =oao+ Bo=ai7+aze+azs =1,

11 =a1+ 1= (—az3+ase —aze+azs) + (a4 +as7) =1,
Y2 =02+ P2 = (ar3 — a5 +az7 —asy7) + (a46 + az4) =0,

Y3 =03+ 3= (—ai2+as7+ a6 —az7)+ (as5+aga) =0,
Ya=oy+ By =a17+aze+azs =1,

5 = a5+ PBs = (—a12 + a7 +aie — azy) — (45 +azq) =0,
Y6 = ag + B = (a1,3 — a15 +az7 —as7) — (as6 + azq) =0,
(17 =07+ Br = (—az3+ase —ase +azs) — (a4 +asy) = —1.

(23)

The condition C(Z; + Z4) = 0 leads to
a14=0, arp2+ass =0, ar3+a3s=0, ar5—as5=0, ar6—as6=0, a7 —as7 =0,

From these expressions we obtain the solution

(

a1,4 = Oa
a46 = —024 = A1,6 = 41,2,
a45 = —a34 = a15 = a1 3,

ag7 =ay7 =1,

G56 = G2,3 — A25 + a36,
azs = —aze,

ag7 = az7,

as;7 = asy,

\

with eight free parameters a; 2, a13, a23, ass, aze, a27, ase, a3,7.

This finishes the proof of Theorem 4. We emphasize that this proof is constructive and it
is easy to find a 1-parameter group (and even a multi-parameter family of such groups) whose
orbit is an arbitrarily chosen geodesic.

4. Riemannian H-type Nilmanifold N7 = N7¢(0min)

Here we consider another example of 15-dimensional manifold, related to Clifford algebra.
It is the Riemannian H-type Lie group with 7-dimensional centre and 8-dimensional
irreducible Clifford module. The metric on the centre and on the module is positive definite.
It is known from the work of [13] that this Riemannian nilmanifold N7 o(0min) is geodesic
orbit. We give a proof which is similar to the proof in Section 3, but significantly simpler
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since all the vectors has positive square lengths. It also shows more complicated structure
of pseudo-Riemannian nilmanifold, compared to Riemannian once.

Theorem 5. The Riemannian H-type nilmanifold N7 (0min) is geodesic orbit. Each geo-
desic is realized as an orbit of a one-parameter subgroup which initial conditions form an eight
dimensional affine space.

<1 The Clifford algebra C1(R"?) has two non-equivalent irreducible 8-dimensional modules

b;;in and v_. . The corresponding 15-dimensional H-type Lie algebras N7,0(b;£in) and
Nro(v_.) are isomorphic and isometric, see |25, Section 3.1.2]. The left invariant metric

is generated by the positive definite scalar product (-,-)70 + (-,-)s0 on the Lie algebra
n7o = R0 @ R8O, We write (20,20) € 3D Opin = R70 @ R3O for an initial condition for
a geodesic. As was shown in Section 3, without loss of generality we can assume that zg = 71,
where

{Z1,.... 2z}, NZillgro = = Z7|lfro = 1,

is an orthonormal basis for R™? and zg = v € by, is a vector satisfying (7) and |[v[|2s, = 1.
We will also use basis (8).

Then, a geodesic determined by the initial condition (zg,xo) = (Z1,v) is homogeneous, if
there is a pair D = (C, A), such that

A) = Jz,(v), C(Z1) =0, [A Juy]=Jow) forall we R, (24)

We write A = >, a;xJz,Jz,. By checking the condition [A,J,] = Jogw for w = Zj,
k=1,...,7, we come to the conclusion that

0 —a1p —a13 —ais —ais —aig —aiy
a1,2 0 —a23 —a24 —a25 —G26 —a27
a3 a3 0 —ass —azs —aze —asy
C=2x a4 az 4 as.4 0 —Q45 —Q46 —Q47 |- (25)
ais a5  a3s5 Q45 0 —ase —as7
aie G26 (36 Q46 456, 0 —ag7
a7 a7 a3z7 a4y 457 Ag7T 0

Note that condition (7) for N7 (dmin) implies

Jz, (U) = —Jz,Jz, (v) - _JZ4JZ7(U) = —JzJz (U)’
JZ2(U) = Jleza(v) = JZ4JZG(U) = _J25JZ7(U)7
Jzy (U) = —Jz,Jz, (v) = Jz,Jz5 (U) = JZ6JZ7(U)’
JZ4(U) = J21JZ7(U) = _JZ2JZG(U) = _J23JZ5(U)7 (26)
Jzs (U) = J27,J 27, (v) Jz5J2, (U) = JzJzs (U)’
JZG(U) = _lejzs(v) = JZ2JZ4(U) = _JZ:aJZ?(U)?
JZ7(U) = —JzJz (v) = —Jz,Jz (U) = Jz3J 7 (U)

Now we write the value A(v) in the basis (8). Put A(v) = Y. aixJz,Jz, (v) = agv +
23:1 a;Jz;(v) and solve the equation A(v) = Jz (v). We obtain the values of ay in terms
of a; .



On Examples of Geodesic Orbit Pseudo-Riemannian Manifolds 119

ag =0,

a1 = —a23 — 47 — 56, = 1,
ag =a13+ase —as7 =0,
a3 = —a12+a45+ag7 = 0, (27)
ay =ay7—aze—azs =0,

as =a1p+az7+azq =0,

ag = —ay15 +azq —az7 =0,

(7 = —a14 —azs +aze = 0.
The condition C(Z;) = 0 implies
alp =a13=ay14=a15=aye = a7 = 0.
The system (27) has the following solution:

a3, G4, G255, 26, 2,7, G45, G46, a47 are free variables and

(a3,4 = —a27,
azs = —az6,
age = a5,
a3 7 = a2 4,

ase = 1+ a3 —aq7,

as7 = 4.6,

46,7 = —a4,5-
This finishes the proof of Theorem 5. >

The given examples of geodesic orbit pseudo-Riemannian metrics are obtained using
important structural results for the corresponding pseudo H-type Lie algebras. We dare to
suggest that similar ideas will be useful in constructing other examples of geodesic orbit
pseudo-Riemannian manifolds.
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Abstract. We consider boundary value problem for nonlinear anisotropic elliptic partial differential
equations in bounded open Lipschitz domain and the Dirichlet boundary conditions. We also suppose
that the body force function belongs to the natural dual space under certain hypotheses regarding the
nonlinear anisotropic operators present on the main side of the proposed problems. We prove the existence
and uniqueness of a weak solution in anisotropic Sobolev space for this problem. Our proofs are based on
various anisotropic Sobolev inequalities, embedding theorems, and features of pseudo-monotone operators.
The functional setting involves anisotropic Lebesgue and Sobolev spaces in the scalar case and their most
important properties.
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1. Introduction

Our focus is on establishing both the existence and uniqueness of a weak solution for
certain classes of nonlinear anisotropic elliptic equations of the following model:

N N N
= 5 0 (00 20p) = 01 (i, 0p)) + Sulul 2 = f(@), im0,
i=1 1=1 1=1

u =0, in 09,

where  is a bounded open Lipschitz domain of RN, N > 2, p; > 1, i = 1,..., N, are real
numbers, such that
p<N and py <P, (2)

— N
where p, = maXe{1,.,N}Pis P = N(Zz 1 pl)

= Np denotes the Sobolev conjugate of p, f € W, ! ? (Q) (i.e. belongs to the dual space

! the harmonic mean of {p1,...,pN}, with

of I/V1 ? ), with ? (p1,---,PN)s ?’ = (p,...,Ply), and p; denotes the Hélder conjugate

of p; (i.e pz ,_1,2'— 1,...,N), 0, : QxR — R, i = 1,...,N, are Carathéodory
functions such that, for almost everywhere x € Q, and every £, &' € R, (&,&') # (0,0):
oi(z,§)¢ = e1|EP, (3)

© 2026 Naceri, M.
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032, €)] < e (1 4+ [€P) 77 (4)

/ / 03’5 - g/‘pia if Di =z 27
(O'i(w,f) —oi(z, ¢ )) (5 - 5) = { le—¢/|? i€ (1,2),

(5)

where ¢; >0, j=1,...,4.

The anisotropy of the problem is due to the fact that the growth of each partial derivative is
controlled by a different power. The interest in studying such operators lies in their application
in the mathematical modeling of physical and mechanical processes in anisotropic continua,
among them modeling of image processing and electro-rheological fluids; we refer to [1-4] for
more details.

Numerous studies have addressed the topic of proving the uniqueness of a weak solution
after demonstrating its existence in anisotropic (or isotropic) Sobolev space (i.e., VVO1 ’?(Q)
or I/VO1 P(Q)) for non-linear elliptic problems with data belonging to the natural dual space
and with different conditions. However, these studies were conducted under restrictions on the
exponent p (or ) of Sobolev space. In [5], the uniqueness of the weak solution is demonstrated
when at least one p; < 2,7=1,..., N and when the modulus of continuity of a;, i =1,..., N
(i.e., the coefficients of |9;u[Pi~20;u for the main side of the problem) is globally controlled.
For the isotropic scalar case, the uniqueness result in [6] to the equation —div(a(z,u, Du)) +
Aulu[P=2 = f, fails for (p > 2, A = 0), but it holds for (1 <p <2, A > 0) or (2 < p < o0,
A > 0). The study in [7] for the equation —div(a(x,u)|VulP~2Vu — ¢(u)) = f, also proved
the existence only of the weak solution and the failure of the uniqueness when p > 2. To learn
more about the works that studied the uniqueness of the solution; we can refer to [8-10].

In our paper, we have proved the exi_s)tence and uniqueness of a weak solution to a nonlinear
anisotropic elliptic problem with Wo_l’p /(Q)—data under the above hypotheses. We based our
proof on the main theorem on pseudo-monotone operators (Theorem 27.A in [11] and see
also [12-14] for the existence and on the various anisotropic Sobolev inequalities for the
uniqueness.

The structure of our paper is as follows: Important definitions, characteristics, and ideas
pertaining to ?—Sobolev spaces are covered in Section 2, along with a review of certain
anisotropic Sobolev inequalities. Section 3 contains the main theorem and its proof.

2. Preliminaries

The most significant results, basic properties, and embedding theorems pertaining to
anisotropic Sobolev spaces in the scalar case will be examined in this section; for that we
can refer to [15-19].

Let Q C RY (N > 2) be a bounded open Lipschitz domain. Let 1 < p; < o0, i=1,...,N
be real numbers. We set

= PECICIREEY bl — max " - = mln "
7 =(m PN), Pt ie{L...,N}pZ p ie{1,...,N}pl

. -1
1
p=N ( E —) (the harmonic mean of {p1,...,pn}),

=2 (the Sobolev conjugate of p(< N)).
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The anisotropic Sobolev space VVO1 ?(Q) is defined as follows:
Wh7 Q) = {u e WhN(Q): du e LP(Q), i = 1,...,N}.

It is a reflexive Banach space when endowed with the following norm:

N N
lull =" lull ey + > 10l 1o - (6)
=1 i=1

The Banach space (Wol’y(Q), || - l) is defined as follows

w17
WP (@) = w7 (@) nwit @) = e .

If p < N, then the following embedding (see [18])
1 —
Wy P (Q) = L™(2), (7)

is continuous if 1 < r < p* and also compact if 1 < r < p*. In addition, there exists ¢ > 0
dependent on N, p;, i =1..., N and |Q], such that for all u e Cg°(2) and all 1 < r < p*

[ullzr @) < CHH5 uHLm (8)

The relationship between the arithmetic and geometric means makes the previous Sobolev
type inequality (8) implies that

N
ullzr @) < CZ |05ul| ri () (9)

If p > N, then each of (7), (8), and (9) remains true for all » > 1. The following Poincaré
type inequality (see [20, 21]) holds true

N
ull i @) < €Y 105l 1oi - (10)

From (10) and (6) we conclude that

N
u Z |0;ullLri () is an equivalent norm to (6) on W&’?(Q). (11)
i=1

3. Existence and Uniqueness of Weak Solution

DEFINITION 1. The function u is a weak solution to the equation (1) in WOI’?(Q) if and

L7 (@)

only if it satisfies for every ¢ € W, the following:

N
S~ [ (0l =20+ (o 0) i o+ 5 [ulur0de =00 (2)

i:lg ZIQ
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Our main result is the following theorem:

Theorem 1. Let 1 < pi,...,py < +00 be real numbers, f € ng’ﬁl(Q), and o;,
i=1,...,N, be Carathéodory functions, such that (2)—(5) holds. Then there exists a unique

weak solution to (1) in Wol’ﬁ(Q).
<1 We consider the operator T : Wol’?(Q) — Wo_l’ﬁl(Q), such that

N N
Tiums (9D / (10:ul” 20 + o, 0y) ) Oip d + ) / ulu? =2 da

i=1g i=1g

Then we have, for all u,¢ € Wol’ﬁ(Q),

N N
(T(u), o) = Z/ (|6Z-u|pi726iu + 0i(z, 0u)) O;p dx + Z /u|u|pi2¢daz.
i=1¢, i=1 ¢

We will follow a method similar to that in [22-25| to prove the boundedness, coerciveness,
and pseudo-monotonicity of T.
Putting T = Ty + T2, such that

(T1(u), ) = Z/ (10sulP"20iu + 0i(z, Biu)) 8i¢ d,
=1 Q

N

(Ta(w). ) = 3 [ ulul 2o d

=

7

From (4), (9), and the use of Holder’s inequality, we obtain

N
(Ta(w),8) <3 / |BrulP20.u] 03] d + 3 / 0, ) |Bs)|
Q

i=1 i=1¢

N
< Z / |0;ulPi 05| daz + co Z/(l + \@u‘pi)l—pﬁ |0;6| da
Q

i=1 i=1g

N N
L 1-L
< 2 i 1050l +e2 30 || @+ (D) 5 || 1959l
=1 ) =1 ) H (13)
Y el B
<> /\aiu\m dx + ¢ ]Q\—l—/\@iu\pi dx > 10,
=1 Q Q =1
N 1-5-
<C (1 + N’Q‘ + Z H@,u\ %m(ﬂ)) H¢H?
i=1

1

< (1 N1+ (14 1)) 7 lely <0 (14 i) T ol
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From (10), and using Holder’s inequality, we obtain

N N
(T <3 / ol < 3l ol
1= 1Q

Y (14)

N N N p+—1
< ulBS el < | 1+ (leu\lpZ) > 11l
i=1 i=1 i=1 i=1

< (1+ (Nellull 7)) (NEliglz) < € (1+ Jull ™ ) ligl3-

So, the boundedness of T is provided by (13) and (14).
After dropping the non-negative term (T2(u),u), and using (3), we deduce

z Bl + 3 [ ol 0,u)dhud cz 03l

(T(u),u) i i=10 >
[ull5 [ullz [ull5
N
e 32 min {95l 0 1055, 0 } cz sl ) — Ne 15)
i=1
[ull5 [ull5
N p-
C <% z HaluHLp,(Q)> — Nc Ne
> ——= el ™ =
[ull5 Np [ull7
Hence, (15) implies that T is coercive.
Let (un)n C Wol’?(Q) be a sequence, such that
3 17?
up — u in Wyt (Q), (16)
lim sup (T (uy,), up — u) < 0. (17)

n—oo
After setting

Ezl)n) = (04(x, Oun) — o3(x, Oyu) ) (iun — Oju),

q)(Q) (|8zun|p272azun - |alu|p27261u) (&un - alu),

(im) —
o — (|u |Pi=2u, — |u|pi*2u) (up, — u)
(Z,n) n n n 9
we obtain that

N
—u (1 x, u i Uy, — O U
(T (un Z/cp(m Z::! Oiu) (Djun — Opu) dz

ZlQ

N
+ /<I>m)d:6+2/|8u|p' 20iu(Dyuy, — Oju) dx (18)
=19

zlﬂ
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Since u, — w in L"(2), where 1 < r < p* (due (7) and (16)), and the boundedness of

(JulPi—2u) in Lp;(Q), we conclude

Z/ P20y — ) dz — 0.

i=1¢,
Since Q;ju, — Oju weakly in LPi(2), then (7) gives us
Oiup, — Oju  strongly in  L"(2), 1<r<p".
From (20), and the boundedness of both (|9;u[Pi28;u), o;(z, dyu) in LPi(2), we get

N
Z / oi(x, 0u)(Oiuy, — Ou) de — 0,
Q

i=1

N
Z / |(9iu|pi*2(9iu((9iun — Oju)dxr — 0.
Q

—1

=

By combining (17), (18), (19), (21), and (22), we deduce that

N
lim sup Z/CI)U dw—i—Z/(b(Z —1—2/@3) dx
Lo Q

n—+00 =1 Q =1

Let us recall this inequality: for every «, 8 € R ((a, 8) # (0,0)) and every p > 1, we have

22" Pla — PP, ifp>2
P 2o —|8[P728) (a = B) = a—pl? ,
( ) (P—l)w7 if pe(1,2).

Through (23), (5), and (24), we get
- 1

. 1 _
Jm > 1/% m 42 =0,
lim § j o) dr =0
n—+o00 (i,n) ’

(3 _
nll)rilm g /q)(ln dr = 0.

Now, we set that

/\ [P de < — /@Ezl)n)d
C3
Q

Q

If p; > 2, then by (5) we get

(19)

(20)

(23)
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If 1 < p; < 2, then by (5) and Holder’s inequality we obtain

e [l e
(i,m) X w (i,n)
Q Q

(Bin)

| A P pi(p)

S p;(2—p;) X (B(z,n)) : o2

(Bem) > i@ e
= 5

A ,mn 2 A ,n

< max / A )2|fp¢ ) / ¢ )2|7pl dx
5 (Bim) o (Biim)

2—p_ 2—
| > > (29)
X max / (B(Z,n))pl dx s / (B(Z,n))pl dx
Q Q
P— P+
2 2
< —max o dy o dg
C4 (Z n) ’ (Zan)
Q Q
2—p_ 2—p+
2 2
X max / (B(i,n))pi dz , / (B(i,n))pi dz
Q Q

Since u, u, € Wol’ﬁ(Q), then thanks to (25) we can pass to the limit when n — 400 in both
(28), (29) and thus get

n—-+o00

lim /\A(i,n)ypizo, ie{l,....N}. (30)
Q

So, (30) implies, for every i € {1,..., N},
Oiuy, — Oju strongly in  LPi(2) and a.e.in €. (31)

We can point out here that in a similar way using (26) and with the help of (24) we can also
simply get (31). By (31) we have

oi(x, Oiuy) — o5(x,0;u) weakly in  LPi(Q),

then we have, for every ¢ € WOI’?(Q)

N N

i=1¢ i=1g

On the other hand, as o;(x, 0;u,) — oi(z, dju) and dju, — d;u a.e. in Q, Fatou’s Lemma

implies that
N N
] ] . . . > . . .
lér_r}igfz;/al(x,@,un)a@un > Z;/al(x,azu)@u (33)
1= [e) 1= Q
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From (32) and (33), we deduce that
N
hmmfZ/Qa,x@un (Oiun — 0;00) = Z/alxau Oiu — 0;¢). (34)
=1 Q
With proof steps similar to proof (34), we can easily get
N
Egrgz / |05t P2 Oyt (D, — D) = > / |8;ulPi 2 0;u(Bu — ;). (35)
i=1¢, =1
In a similar way to proof (31) by using (27) and with the help of (24) we can simply get
up, —> u strongly in  LPi(Q2) and a.e.in Q. (36)
From (36), we deduce that
|un P 2w, — JulPi2u weakly in  LPi(), and a.e. in Q.

and this means that

N
hmmfZ/ |y, PP 2 —¢) = Z/\u]pi_Qu(u— b). (37)
ne i 5 =19
We also have, for every ¢ € Wol’y(Q)
N
(T(up), un — ¢) = Z/ai(;ﬂ, Oiun) (Osun, — 0;p) dx
i=1
’ (39)
—i—Z/\Bu\pl 2,1 (11 dﬂc—i—Z/\u P2y (4, — &) da.
i=1g i=1g
By combining (34), (35), (37) and (38), we get for every ¢ € Wol’ﬁ(Q)
lm inf(T (up,), un — @) = (T(u),u — ¢). (39)

n—o0

Finally, the pseudo-monotonicity of T is implied by (39). Thus, all conditions of the main
theorem on pseudo-monotone operators have been satisfied. Therefore, we have proven that
our problem (1) has at least one weak solution.

Now we prove the uniqueness of this solution. Let u1, us be two weak solutions of (1). We
have

N
Z/ |0un [P28;uy + o(x, yur)) D qﬁdw—%Z/m\m\pl “pde=(f, ),  (40)
i=1 Q

ZlQ

N
Z/ |OyualPi20;us + o(, Ojus)) z¢dw+2/u2\uz\pl 2pdz = (f,¢). (41)

2:19 219
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By taking ¢ = uj —ug as a test function in (40) and in (41), then subtracting the results side
by side, we can deduce that

N

Z/ (\Biul\pi_Qaiul — ‘3iUQ’pi_23iUQ) (8,u1 — 8211,2) d.%'
i=1 Q
N
+ Z / (O'i(CC, alul) — O'i(CC, aZUQ)) (@ul — 8Zu2) dx (42)
i=1 Q
N
+ Z/ (!ul ]pi*2u1 — ‘uﬂpii%@) (u1 — UQ) dz = 0.
i=1 Q
Since (24), we conclude for every i € {1,..., N} that
(|6¢u1|pi’26@-u1 — |6¢uQ|pi’26¢uQ) (8ZU1 — 822@) 2 0, (43)
(|u1|pi_2u1 — |UQ|pi_2’lL2) (u1 — UQ) 2 0. (44)

Also, since (5), we get for all i € {1,..., N} that
(ai(x, qul) - ai(x, 822@)) (8,u1 — (%UQ) Z 0. (45)

From (43), (44), (45) and (42), we obtain for all i € {1,..., N} that

/ (|aiu1|p172a@"l£1 - |6iu2|p¢*26iu2) (&ul - 8Zu2) dr = 0, (46)
Q
/ (O‘i(CC, alul) — O'i(CC, aZUQ)) (@ul — 8Zu2) dCC = 0, (47)
Q
/ (]ul ]p"_Qul — ]ug\pi_ng) (u1 — ug) dz = 0. (48)
Q

Now, after setting, for every i =1,..., N,

A= / (|6iu1|pi_28iu1 — |6iu2|pi_2(9iu2) (O;u1 — Ojug) dx,
Q
A; = Ojug — Qjue  and  B; = |O;uq| + |O;us|,
and like the proof steps followed in both (28), (29), thanks to (24) we can obtain, for all
i=1,...,N
/\(%(ul —ug) Pt dx < cly, (49)
Q

/|8¢(u1 —ug)|Pt dx
Q
50)

= +
2

Py Pi
< Cimax /(Bi)pi dx , /(Bi)pi dx X max {Ai?,Af }
4
Q
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Since uy,ug € Wol’ﬁ(ﬂ), (50) implies that

- +
p; PL
/|8¢(u1 —ug)PPdr < d max{ A2 A2 b (51)
Q
By combining (49), (51), and (46), we get that
/\Bi(ul —w)Pdr =0, i=1,...,N. (52)
Q
Then, we conclude that
H(?Z-(ul—UQ)Hm :O, izl,...,N. (53)
Hence, we get that
|yu1—qu7:0, i=1,...,N. (54)

Then, (54) implies that u; = uy. Thus, Theorem 1 has been proven. >

REMARK 1. In a similar way, we can prove the uniqueness of the solution by adopting
one of the two equations (47) (with the help of (5)) or (48) (with the help of (24)) instead

of (4

10.

11.
12.
13.

14.

6).
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CVIIIECTBOBAHUE 1 EAMHCTBEHHOCTH PEHIEHNMS /151 HEJTMHENHBIX

AHN3OTPOIIHBIX SJIJIMIITUNYECKNX 3AJAY JINPUXJIE
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Awnnoramusi. PaccmarpuBaercst KpaeBasi 3a/1a9a JIJIsl HEJIMHEHHBIX AaHU30TPOITHBIX SJIIANTHYECKUX TUd-
depeHImaTbHBIX YPABHEHUN B YaCTHBIX MMPOU3BOMHBIX B OTPAHUYEHHON OTKPBITOHM JIMIMINIAIEBONH OOJIACTH U
rparnyHbiME yciaoBusmu upuxie. [Ipu sTom mpemmonaraercs, 9To OyHKIIMS BHENTHUX CHUJI TPUHAJIEIKUT
€CTeCTBEHHOMY JIBOIICTBEHHOMY ITPOCTPAHCTBY IIPU OIPE/IeJIEHHBIX T'MIIOTE3aX OTHOCUTEIbHO HEJIMHENHBIX aHU-
30TPOMHBIX OIIEPATOPOB, MPUCYTCTBYIOIIINX B OCHOBHON YaCTH TpeJjIaraeMbix 3a7a4. LlenTpaabHblil pe3ysibrar
[IPEJICTABJIAET COOON JOKA3aTEJbCTBO CYIIECTBOBAHUS W €IMHCTBEHHOCTH CJIA00T0 PEIIeHNS B aHU30TPOITHOM
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npocrpancree CobosieBa st Toit 3amadn. OHO OCHOBBIBAETCS HA NPUMEHEHHM Da3J/IMYHBIX aHM30TPOITHBIX
HepaBeHcTB Co0oJieBa, TEOPEM BJIOXKEHHSI U OIPEJIEJIEHHBIX OCOOEHHOCTSX IICEBJOMOHOTOHHBIX OIIEPATOPOB.
OrmernM, 9TO (DyHKIMOHAJIbHAS IOCTAHOBKA 3a/[@4y BKJIIOYAET aHU30TPOIHBIe pocrpaHcTBa Jlebera u Co-
60JieBa B CKaJISIPHOM CJIy4ae U WX HanboJiee BarKHbIE CBOICTBA.

KimroueBble ciioBa: HeJMHEHHbIE JUIMIITAYECKUE YPaBHEHUs, aHU30TPOIHbIe npocrpancrBa Cobosesa,
ciaboe pellieHne, CynecTBOBaHNE, €JIMHCTBEHHOCTb.
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Tocesimaercst namstru npogeccopa C. C. Kyrarenagsze

Awnnoranus. Ilenbio Hacrosimeil paboTbl sABJISETCS ONUCAHUE KPAWHMX TOYEK BBIIYKJIOIO MHOXKECTBA
JINHEHHBIX IIOJIOYKUTEIbHBIX OIIEPATOPOB, JEHCTBYIONMX M3 IIPOCTPAHCTBA HEIIPEPBLIBHBIX BEIECTBEHHBIX
dyHKIMIT Ha KOMIIAKTE B IIOPSJIKOBO IIOJHYIO BEKTOPHYIO DEIIETKY W OTODOParKaIOIINX TOXK/[ECTBEHHYIO
€JIMHUILy B HEKOTOPBIN (PUKCUPOBAHHBINA HeHyJieBOi djieMenT. OCHOBHBIM MHCTPYMEHTOM HAIIEro UCCJIe-
JIOBAHMsI SIBJISIETCSI METOJT KAHOHUYECKOro cybimueiinoro oneparopa, npemioxenusiii C. C. Kyrarenaaze.
W pnest sTOro MeTo1a 3aKII049a€TCsI B TOM, YTO IIPOM3BOJIbHBII CyOJIMHEHBIM OLIepATOP IIPEJICTABIISIETCS B BU-
Jie KOMITIO3UIUU HEKOTOPOI0 JIUHEHHOIO OIlepaTopa 1 KOHKPETHOTO CyOJIMHEHHOTO OIIePATOPa, HA3BIBAEMOTO
KaHOHWYeCKUM cyOiuHeiabiM onieparopom Kyrarenanze. KpaiiHue To9Ky 1IpOM3BOIBLHOIO CyOJIMHERHOTO
orepaTopa IPEeJICTABIIAIOT COOON KOMIIO3UIIMIO JIMHEHHOIO OIlepaTopa W KPAWHUX TOYEK KAHOHUIECKOIO
cybsmmHeitnoro omeparopa Kyrarenanze. Vcnonb3yst 9T0T dhakT, MBI TOJLYYUIN ONMUACAHAE KPAWHUX TOYEK
HCCJIe[yeMOro HaMU BBIILYKJIOIO MHOXKECTBA JIMHEHHBIX IIOJIOKUATEJIbHBIX OIEePATOPOB IIOCPEICTBOM peIlle-
TOYHBIX FOMOMOPMU3MOB, B YACTHOCTH, YNCTHIX COCTOSIHUIA, IIPEJCTABIISIONIIX COD0 0COObII BU/ KpailHUX
TOYEK KaHOHUYIECKOro cybsmmHeitHoro oneparopa Kyrarenamse.
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1. BBenenue

[Tycrs @ — womnakt, C'(()) — IPOCTPAHCTBO HENPEPBIBHBIX JAEHCTBUTEIBHBIX (DYHKIIHI

Ha (), E — nopsiakoso mojiHast BekropHas perierka, u 0 < e € E. Oboznaunm yepes S, MHO-
JKECTBO BCEX JIMHEHHBIX HOJIOKHTEJBHBIX oteparopos 1" : C(Q) — E rtakux, uro T'(1g) = e.
fcHo, uro S, — BbIIYKI0E MHOXKeCTBO. Llesib HacTosiIel paboThl — ONuUCaTh KpailHue TOUKH
MHOXKECTBa, Se.

# Pabora suimosnena B Cesepo-KaskasckoM nenTpe MaTemarudeckux ucciaenopannit BHIL PAH mpu moz-

nepxke Munobpuayku Poccun, cormarmenne Ne 075-02-2026-738.

(© 2026 Tamaesa B. A., Tacoes B. B.
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B nukiie paor [1-5] C. C. Kyrarena/3e npejioxKui reoMeTpuIeckoe u3yYeHue BbIILyKJIbIX
MHOXKECTB JIMHEHHBIX OIEPATOPOB, B YACTHOCTH OIOPHBIX MHOYKECTB CYOJIMHEHHBIX OIepaTo-
POB, Ha OCHOBE IIPOCTPaHCTB KaHTOpOBUYA, MMEHYEMBIX TAKXKE MTOPSIKOBO OJHBIMU BEKTOP-
HbIMU pemnterkamu. B pabore [5] 6blia n3iozkeHa NPUHIMINAIBLHO HOBasl UJIesl O HPeJICTaBIe-
HUU TIPOU3BOJILHOIO CyOJIMHEHHOrO orepaTopa B BHJE KOMIIO3UIUK JIMHEHHOTO OllepaTopa u
KOHKPETHOT'O CYOJIMHEHOI'O OIlepaTopa £g, UIMEHYEMOI'O B JINTEpAType KAHOHUIECKUM CYO-
JimHeRHBIM ortepaTopoM Kyraremasze. [Ipu 5ToM Bce ocrajibHbIE CYOJIMHEHHBIE OIEPATOPBI CO
3HAYEHUSIMU B F/ TIOJIyJalOTCs U3 OIEPATOPA £ C IIOMOIIBIO JTMHEIHON 3aMEHbI IEPEMEHHOI, a
KpaifHre TOYKH ITPOM3BOJIBHOIO CYOJIUHEITHOIO OIIepaTopa MpeICTABISIIOT COOONH KOMIIO3UITUIO
HEKOTOPOI0 JIMHEHHOTO ollepaTropa U KpailHUX TOUEK KAHOHUUIECKOT'O CYOJMHEHHOrO ornepaTo-
pa Kyrarenamze. B cBoio odepenn, KpaiiHue TOYKN KAHOHUYIECKOTO CYOJIMHEITHOTO OIlepaTopa
Kyrarenanze mpeacraBisiior cob0Oil MOTOYEUHBI PABHOMEPHBIN IIPEJIEST YUCTBIX COCTOSIHUM,
SIBJISTFOIIUXCST PEIIETOYHBIMIA TOMOMOP(MU3IMaMU. DTH Pe3yJIbTAThl ITO3BOJISIIOT OIMCATh Kpaii-
HUE TOYKH MHOXKECTBa S, IIPU COOTBETCTBYIOIIEM BBIOOPE CYOJMHEHHOTO OIIEPATOPA.

B pazmene 2 kxpaTko U3JI02KEHA KOHCTPYKIIUSI [TOPSIIKOBOIO MHTEIPUPOBAHUS 110 MEPE CO
3HAYEHUSIMU B IOPSIKOBO O-TIOJTHOW BEKTOPHOI pererke. JlaHHBII TUI MOPSIKOBOIO WHTE-
rpUpOBaHUs TaKXKe Ha3biBaeTcss mHTerpajom Kanrtoposmua — Paiita. Pazaen 3 mocssmen
OIMCAHUIO KAHOHUIECKOro cybsmmueitHoro oneparopa Kyraremanze. Tam xe npuBoasTcs: HE0b-
XOJIUMbIE BCIIOMOTaTe/IbHbIE YTBEPKIeHUsA. B paszjeiie 4 mPUBOJSITCS OCHOBHBIE PE3YJIbTATHI.
B reopeme 4.1 maercst onmcanme KpaitHIX TOYEK MHOMKECTBA Se Uepe3 PerreToYHble TOMOMOP-
bU3MBI, UCIIOIB3YsI TOHATUE YUCTHIX cocTosiHuil. B Teopeme 4.2 npuBoguTcs HAnbOJIEE TOJTHOE
olmcaHue KpafiHUX TO4YeK, NpuBjeKas TeopeMy 4.1, a TakzKe ycraHOBJIEHHbIE B cTaTbe [6] pe-
3yJIbTAThl. B HACTOsAIIEN CTATbe MCIIOIB3YIOTCH CTAHJIAPTHBIE 0DO3HAYEHUS U TEPMUHOJIOTHUS
TEOPUH BEKTOPHBIX PEIIETOK U MOJIOKUTEJNbHBIX OIeparopoB u3 |7, 8).

2. IlopsiiKOoBOe MHTErpUPOBaAHUE

B sTom naparpade npuBoauTcs HabpOCOK KOHCTPYKIIUU HOPSIKOBOIO MHTEIPaJIa 10 Mepe
HA TPOM3BOJILHON o-airebpe CO 3HAYEHUSIMH B TOPSIKOBO O-TIOJTHON BEKTOPHOH permeTke.
Hanuast kouCcTpyKIust Obl1a npejyioxkena B padore |9]. TlopsiikoBoe nHTErprpoBaHue Mo Mepe
Ha [IPOU3BOJILHOM -KOJIbIIE IIpeIozKeHo B padore [10].

[TycTe 2 — HEKOTOPOE HEIyCTOEe MHOYKECTBO, > — 0-aJjrebpa MOJIMHOXKECTB MHOXKECTBa, ),
FE — nopsiakoBo o-1ojiHast BEKTOPHAas perreTka. Beemem B E cuMBoJI 00 U Oy/ieM I0/Iararh,
41O & < 00 JyId BeeX ¥ € E.

ONPEJENEHME 2.1. @yuknust p: X — E'U{oco} HasbiBaercst mepoti, €Ciiu BbIIOJIHSIOTCS
CJIEJYIONIHE YCJIOBHUS:

(1) p(2) = 0

(2) u(A) > 0 mst Becex A € X

(3) st moboit moctenoBaressrocT (Ay)pC | C X, yaosaersopstomnieii yeaosuio A;NA; =
& 1JIs1 BCeX 1 # j, CIpaBeJINBO PABEHCTBO

,u UA" :supz,u(Ar).
n=1

"ENr:1

Kaxk o6brano, napy (€2,%), rae ¥ — o-anrebpa moaMHOKeCTB (), HA3BIBAIOT U3MEPUMbBLM
NPOCMPAHCMBEOM, & MHOKECTBA U3 X — USMEPUMBLMU.

Cumponom Z0(u) = L9(Q, 3, 1) Gymem 0603HATATH MHOMKECTBO BCEX Y-H3MEPHMbIX
byukmuit f: Q — R.
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OnPEAEJEHUE 2.2. Oyuknus ¢ : ) — R HasbBaeTcs d-cmynenuamotl, ecii OHa, TPeJl-

n
= aixa,
=1

e ag,...,q, € R, Ay,..., A, € ¥ nomapHo He nepecekatorcst u p(A;) < oo st Bcex
i=1,...,n,n€eN.

CTaBHUMa B BUJIE

O6o3naunM cuMBooM St(X) MHOXKeCTBO Beex Y-cryneHvarsix dyHkimil. [Tosoxkum 1o
OTIPeIETIEHNIO

1u9) = [ ¢ dni= Y cin(a)
i=1

JUISL BCEX @ = Y 1 x4, € St(X).

MoxKHO TIOKa3aTh, uTO MHOMXKecTBO St(X) sBiserca BekropHOil mompermerkoit Z0(u),
a orobpaxenne I, : St(¥) — E xoppekrtHO omnpezenero, T. e. I,(¢) He 3aBuCHT OT mpej-
CTaBileHUst @ = » i | a;X4; € St(X), u siBiIsieTcs JIMHEHHBIM OIEPATOPOM.

ONPEAEJEHUE 2.3. [0BOPAT, YTO HEKOTOPOE CBOUCTBO P BBIMIOIHSAETCS [4-NOYMU 6C100Y
(u-1.B.), ecm Mepa MHOXKECTBa, Ha KOTOPOM CBOMCTBO P He BBIIOJIHSIETCsI, paBHA HYJIIO.

ONPEAENEHUE 2.4. Oynkmua 0 < f € Z0(u) p-1.B. HasbIBaeTCA UNMePUPYeMoti, ecm
CYIIECTBYET MOCJIEOBATEILHOCTD L-CTyHeHIaThX QYHKIWM (¢, )00 ; Takast, 110 0 < ¢y, Ty f

p-1.B. 1 sup, [ ¢, dp < oo. Ilpu srom Gymem nomarars I,(f) := [ f dp = sup, [ ¢n du.

Taxum obpaszom,
/fdM:SUP/SDn dp > 0.
n

Mozkno nokasars, 4ro I,(f) me 3aBucuT or BBIGOpaA (P )02 € St(X).

ONPEAEJEHUE 2.5. IIpoussosbnas dynkmusa f € £0(u) naspisaerca unmezpupyemot,
ecsin unTerpupyembl dynkimuu fT = fVO0u f~ := f A0. Ilpu sToMm Gyem monararh

)= [ fawi= [ du= [ 5 dn

Cumsojiom .7 1(M) OymeM 00603HAYMATH MHOXKECTBO BCEX MHTErpupyembix ¢yurmumii. Jloxa-
3aTeJILCTBA, CJIEJIYIONIUX JIBYX TeopeM IpusejieHbl B pabore [10].

Teopema 2.1. CupaBeiBbl CJELYIOUIUE Y TBEPXK JICHUSI:

(1) Muoxkectso £ (1) sBastercs: mopsiakosbiv miaeasom B L0(p);

(2) Orobpaxenne I, : f+— [ f du uz L1 (u) B E apisercs muHefiHbIM 10JJOKATEHHBIM
OIIEePATOPOM;

(3) Ecmn f € LY (p) ng € L°(w) raxue, aro f = g p-m.s., 10 g € L (1) u L,(f) = L.(g);

(4) Econ f,g € LN (p) u f > g p-mp., 10 I,(f) = I(9);

(5) st pyuxin g € L () semonnsiercs 1,(|g|) = 0 Torga u ronbko Toraa, koraa g = 0
U-TL.B.

Teopema 2.2 (O mazkopuposanHoil cxogumoctn). Ilycrs mocregoBareabHoCTs (fy)00 | C
LY () ynosmersopsier yerosuam | f,| < g p-ns. m g € LY (u) gra seex n € N. Ecma f, — f
p-1.8., To f € LY (u) n Bemonusiores: pasencrsa limy, [ fn, dp = [lim, f, du= [ f du.

3. Kanonuyeckuii cybsimHelinbiii onteparop Kyrarenaase

B mamnOoM naparpade HpUBOJIATCS BCIIOMOTATEJIBHBIE JIEMMbI, & TAKXKe OIMCAHME Kpaii-
HUX TOYEK CyOJIMHEHOT'O OIllepaTopa HOCPEJCTBOM KAHOHHMYECKOro CYOJIMHEHHOro oneparopa
Kyrarenayze. [Togpobaoctu MoxkHO Haifitu B Monorpadun [11, . 2].
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Berony mamee X, E — Bekropuble pemerku, F mopsijakoBo moixa. Cumosiom L(X, E)
OymeM 0b603HAYATH MHOYXKECTBO BCEX JIMHEHHBIX omeparopoB n3 X B F. Jlunelinsiit onmeparop
T € L(X, FE) nasbiBaercs nosostcumenvuvim, ecan Tx > 0 s Becex 0 < ¢ € X. Cumposiom
L(X, F)4 6ynem 0603HAYATH MHOXKECTBO BCEX JIMHEHHBIX MOJIOXKUTEIBHBIX ONEpaTopoB u3 X
B E. Oneparop p : X — FE wuasbBaercs cybaunetnvim, ecmn p(z + y) < p(x) + p(y) u
p(Az) = Ap(z) mus Beex x,y € X u A > 0.

OnPEAEJEHUE 3.1. Cybauneiinsiit oneparop p : X — F Ha3bIBaeTCst
(1) sospacmarouwgum, eciiu p(xe) > p(xr1) mis Beex x1,x2 € X, To > T7;
(2) cyomoppusmom, ecim p(z V y) = p(x) V p(y) mis Beex x,y € X.

dAcno, uro Beskuii cydMopduaM sIBISETCS BO3PACTAIONINM.

ONPEAEJIEHUE 3.2. Onophovim mroxcecmeom cybimueiinoro omneparopa p : X — F Ha-
3BIBAETCST MHOXKECTBO BCEX JIMHEHHBbIX ornepatopoB T € L(X, F), /i KOTOPBIX BBIIOJIHSIETCS
Tz < p(z) mius Beex x € X. CuMBomyecky,

Op:={T € L(X,E) : Tx < p(x) mius Bcex z € X }.

OnPEAEJNEHUE 3.3. Ilycte C' — BBIIYKJIOE MHOXKECTBO HEKOTOPOTO BEKTOPHOIO ITPO-
crpacTBa. JdjeMedT z € C HA3LIBAIOT KPaliHUM WA IKCMPEMAALHOIM, €CJIM U3 YCJIOBUN
z=X+(1-XNy, 0 < A <1lwuaxy € C crenyer, uro z = x = y. Cumosom Ch(p)
OyzeM 0003HAYATHL MHOXKECTBO BCEX KPAMHUX TOYEK OIOPHOrO MHOXKECTBa Jp CyOIMHEHHOro
oneparopa p. CUMBOIMYECKH,

Ch(p):={T € L(X,E) : T — kpaiiusis Touka Op}.

Jlemma 3.1. Ilycte X, E — BekTopubie pemierkn, EE — nopsyakoso moama, p: X — E —
cyomopusm. Torma cupaBeauBbl CACAYIOIIHE Y TBEPIKICHHSI:

(1) Kazxkaprii oneparop T € Op nmonoxkureser, t. e. Op C L(X, E) 4 ;

(2) Kaxupti oneparop T € Ch(p) siBisiercsi pereToYHbM roMOMOPMH3MOM.

< Ilyers 21,22 € X, 22 = x1. Tak xKak p cydmMopdusM, TO BBIIOJIHAIOTCSI COOTHOIITEHUS
p(z2) = p(x1Vxe) = p(r1) Vp(x2) = p(r1). CrenoBaresbHo, p BOSpACTAET, U CIPABE/JINBOCTD
yreepxaenus (1) caeayer uz [11, §2.1.1(2)]. Jokasarensero yrepxkaeHns (2) MOXKHO HajiTh
5 7, §3.3.9(1)]. >

[Iycre % — upousBosibHOE HelycToe MHOXKecTBO. OBG03HAYMM CUMBOJIOM loo (% , E) coBo-
KYy[HOCTb Bcex orobpaxkenuii f : % — E makux, 4yro MHOX)ecTBO 3HaueHuil {f(«a) :a € %}
HOPsAIKOBO orpanndeHo B E. MHoxkecTBO lo (% , E) siBsiercsi HOPsiIKOBO MOJIHOI BEKTOPHOI
PeneTKol OTHOCUTEILHO MOTOYEYHBIX ONEPAIUil CJIOKEHUsI, yMHOXKEHUsST HA CKAJISIPBI 1 OTHO-
HICHUS TIOPSIIKA;

(f +9)(@) == f(a) + g(a),  (A)f(a) := Af(a)
f<ge flo) <gla)

st BeeX f, g € loo(%,E), 0 € % u X € R.

ONPEAENEHME 3.4. Oneparop ey : loo(%, E) — E, neficTByIonmii 1o npasuiy

ey (f) =sup{f(a): a €}

tst BeeX [ € loo (%, E), Ha3bIBALTCS KaAHOHUYECKUM cybaunelinvm onepamopom Kymamenao-
3e.
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U3 onpenenenust 3.4 HEMOCPEICTBEHHO CJIEJIYET, 9TO £9, CyOJMHEEH U BO3pacTaeT. PaccMor-
pUM Telepb HeKOTopoe MHOXKecTBO % C L(X, E') c1abo 1OpsiIKOBO OIPAHMYEHHbIX JINHEHHBIX
orepaTropoB. HamoMuuM, 9T0 % Ha3BIBAETCS CAGOO NOPAJKOBO 02PAHUMEHHDIM, €CITA JIJIsT BCS-
koro x € X muoxkectso {T'z : T € %} nopsigkoso orpanndeno B E. s kaxaoro buk-
cupoBanHoro r € X 0603HauNM CUMBOJIOM (/)T OTOOparKeHUe, COMOCTABJIAIONIEE KaXKIOMY
T € U »snevment Tx € E, 1. e.

(W\a(T) :=Tx (1)

st Beex T € 7. Tak xak % ciabo mopsiKoBO orpanudeHo, 10 (% )x € loo(%,E) nns
kaxkzoro x € X. Takum obpazom, BosHuKaer JuHelHbI oneparop (%) : X — loo(%, E),
JEACTBYIOIUI IO IIPaBUILY

qtst Bcex x € X. C MHOXKeCTBOM %/ MOYKHO CBsI3aTh elle oaumH omeparop Py : X — FE|
JEeCTBYIOIUI 110 IIPaBUILY
Pyx =sup{Tx: T €U} (2)

qtst Beex x € X. Oneparop Py cyOiuHeeH.

JIemma 3.2. ITycrs X, E — Bekrophbie pemerku, E nopsyikoso nomsa u % C L(X, E) —
MHOKECTBO CJ1a00 MOPSIKOBO OMPAHHYEHHBIX JIMHEHHbBIX oneparopoB. CHpaBeauBbl CIe1Lyio-
II[HE Y TBEPK ACHHUS:

(1) Py = e o (U );

(2) Ch(Py) C{So(%):S € Chley)}.

< Cupaseymsoctsb (1) HEOCPeACTBEHHO Cilejyer u3 oupeenenuit Py , 4 u (). Joka-
3aresbeTBO (2) caenyer u3 (1) u [11, reopema 2.2.10]. >

[Tycrs P(F) — nosnnas GyseBa anrebpa HOPsAIAKOBBIX IpoekTopoB B E. Hanomuum, uro
cemeiictpo (m¢)eez C P(E) naspisaerca pasbuenuem edunuyv, 6 P(E), ecmn ez me = Ip n
me Ay = 0 st Beex § # 0, rae I — ToXKIecTBEHHBIH oneparop Ha E.

OnPEAENEHUE 3.5. Ilycrs (T¢)ecz C L(X,E). Oueparop T € L(X,FE) HasbiBaercs
nepemewusaruem cemeticmea (Tg)ecz, ecan Haiimercss pasbueHne eIMHUNBI (T¢)ecz TAKOE,
aro T = ) ez meTew pns Beex x € X

SadukcupyemM TpON3BOILHEIH meMeHT A € 7%/ . TlooXKuM 1o onpeie/IeHITo

eaf) = f(A4)
qutst BeeX f € loo(%Z, E). Torpa €4 : loo(% , E) — E nasbiBaercst 0-gynruyued.

OnPEAERNEHUE 3.6. Ilycrs (Ag)eez C % . llepemernmuBanme cemeiictsa O-pyHKImi
(€4¢ )= HABBIBAETCA “UCTIBLM COCMOANUEM, T. €. THCTBIE COCTOAHHS IPEJICTABJIIOT cOOOIt
omeparopel Buga [ dea mef(Ae) nns Beex f € loo(%,E), tae (g)eez — pasbuenne
equannpl B P(E), (A¢)gez C U .

Jlemma 3.3. Ilycre S — KpaiiHsis TOYKa OHOPHOI'O MHOXKECTBA KAHOHHYIECKOIO CyOJIi-
Hefinoro oneparopa Kyrarenanse eq : loo(%,E) — E. Toraa cymecrByer cerb U3 4HCTBIX
cocrostanii (Sy)aen C L(loo(% ,E), E) 4+ rakass, aro jst so0bix g € loo(% , E) n e > 0 naii-
ayrest eg € B4 m A(g,€) € A rakne, qaro ‘Sg — S,\g‘ < gey st Beex A = A(g,€).

< JokazaresnbeTBo caeiayer u3 |11, yrepxkuenune 2.4.8|. >
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4. OCHOBHOII pe3yJibTaT

Berony nasee Q — kommakT, C'(Q)) — IpoCTpaHCTBO BCEX HENPEPbIBHbIX DyHKIHNi 13 () B R,
E — mopsiikoBo mosiHasi BeKTopHast pererka, J(F) — mosmas GyneBa anredpa MopsiIKOBLIX
npoekTopoB B F u 0 < e € E. Obo3HAUYUM CHUMBOJIOM S, MHOXKECTBO BCEX IOJIOXKUTETbHBIX
oneparopos u3 C'(Q) B E, oTobpazKalonux ToXK/ecTBeHHyto enunuiy 1g B e. CuMBOIIIYECKH,

Se 1= {T € L(C(Q),E)y :T(1lg) = e}.
Jasiee onuineM KpailHue TOYKU S, 4TO COCTABJISIET 1I€/Ib HACTOSINEH CTaThu.

Jlemma 4.1. Orobpazkenne p : C(Q) — E, ocymiecrBisieMoe 110 IPABUILY

p(f) :==sup{f(q):qecQ}e

st Beex f € C(Q), siBisiercst cyObMOpdU3MOM U HMEIOT MecTO paBeHcTBa Op = Se, p(1g) = e.

< fcno, uro p — cybuuneitnslii oneparop u p(lg) = e. st upoussoibubix f,g € C(Q)
CIIpaBeJIUBbl PABEHCTBA

p(fVg) =sup{(fVg)(q):qeQte=sup{f(q)Vyg(q): qecQ}e
= (sup{f(q): ¢ € Q}e) V (sup{g(q) : ¢ € Q}e) =p(f)V p(g).

Takum obpazom, p — cybdopdusm. [lokaxem, uro dp = S,. [lycrs T € Jdp. Tak xaxk p
Bospacraet, T0 T' > 0 B cuty [11, YrBepxaenne 2.1.1(2)|. U3 coornontennit T'(1g) < p(lg) =
en —T(1g) =T(—1g) < p(—1g) = —e caenyer, uro T'(1g) = e. Crenosarensno, Op C S.

O6parno, mycrs 1" € S,. Torma T'(f) < T(sup{f(q) : ¢ € Q}1g) =sup{f(q) : ¢ € Q}e =
p(f) mnst Beex f € C(Q). Caenosarensho, Se C Op. Takum obpasom, dp = Se. >

Teopema 4.1. Ilycre (Q — KommakT, ' — mopstikoBo 1oJiHast BeKTOpHasT perrerka, 0 <
ec EuS.:={T € L(C(Q),E);+ : T(1g) = e}. s uponsposbroro omeparopa T € S,
DABHOCHJIBHBI Y TBEPKICHHSL:

(1) T sBastercss kpaiineii TOUKOH MHOMXKECTBa Se;

(2) Cymecrsyer cers (T\)xen onepatopos us C(Q) B Ey suga f — 3 ec= f(ge)mee, rae
(q¢)ecz — noamuoxectBo B Q, (T¢)¢cs — pasouenne exauuuripl B P(E) Takast, 910 JIs1 JIFOOBIX
f € C(Q) ue > 0 naiinercss snement \(f,e) € A Takoii, 4T0 CIPaBEIINBO HEPABEHCTBO
‘Tf - T>\f| < e st Becex A = A(f,€);

(3) T sBistercst permeToIHBIM TOMOMOPGH3MOM.

< (1) = (2). Hycrs p : C(Q) — E u3 nemmsl 4.1 nu T — kpaiiaas Todka Se, T. €.
T € Ch(p) (cm. onpenesernne 3.3). Ilokaxewm, uro cymecrByer cemeiicrBo % C L(C(Q), E)
TaKoe, UTO CIIPaBeJJINBO paBeHCcTBO p = Py, tine Py : C(Q) — E — cybiumneiinblii oneparop,
oupeensieMslii 1o dopmyste (2). st mpon3BosbHOTO ¢ € () MOTIOKAM O OLPEJIEIEHUIO

q(f) = fa)e
st Beex f € C(Q) m obosnauum cumonoMm % := {G : ¢ € Q}. Torma % C L(C(Q), E)+
u % — caabo mopsiiKoBO orpanmdeno. B cmiry gemmbl 4.1 u dopmyisl (2) BBIIOIHSIOTCS

paBeHCTBa

p(f) =sup{f(q): g€ Qe=sup{f(q)e: ¢ Q} =sup{q(f): G %} = Py(f)

st Beex f € C(Q). Takum obpasom, p = Py u no jiemme 3.2 cripaBeijIiBO COOTHOIIEHUE

Ch(Py) C {So(%): S € Ch(ey)},
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tie ey loo (%, E) — E — kanonnuecknii cybsmneitabiit oneparop Kyrarenaaze (cuM. onpee-
aenue 3.4), (%) : C(Q) = loo(% , E) — nuneitnblii oneparop, oupejessieMslii 110 dpopmyiie (1)

(#)f(@) = q(f) = f(a)e (3)

st Beex f € C(Q) u ¢ € % . CnenosaresibHo, cytecrsyer oneparop S € Ch(e4 ) Takoii, uro
CIIPABEIMBO IIPECTABICHHIE

T =So0(%) (4)

B cmy memwmsr 3.3 cymectByer cerb u3 ducTbix cocrosuil (Sy)aea C L(loo(%, E), E)+ Ta-
Kasl, 9TO JyIsl JOObIX g € loo(%,E) n € > 0 naiinyrcs e, € Ep u A(g,e) € A Takne, 4ro
BBIIIOJIHSIETCST HEPABEHCTBO

|Sg — Srg| < eey

Jutst Beex A 2> A(g, €). Tak Kak 06pa3 KaxKJI0oro oneparopa u3 S, COIEPKUTCsI B TJIABHOM HJlea-
ge I, B E, IOpOXKIEHHOM 3JIEMEHTOM €, TO, nojaras F := I,, MOXKHO OIpaHUIUTCS OJHUM Pe-
IYJISSTOPOM CXOJIIUMOCTH € Jiist BeeX g € loo (%, F). Takum 06pazom, st Jio0bIX g € loo (%, E)
u £ > 0 cymecrByer ssiemenT A(g,&) € A Takoii, 4TO BBIIOJHIIETCS] HEPABEHCTBO

|Sg — Sxg| < ee

it Bcex A = A(g,¢e). Iomarast B nmocsiennem HepaseHcTBe ¢ = (% )f Jyisi HPOU3BOJIBHOIO
feC(Q)uTy:=85)o0 (%) nns Becex A € A, ¢ yaerom dopmyiibl (4) mosydum

ITf—T\f| <ce

st Beex A = A(f, ). Ocrasoch 1mokasarh, uro kaxptii oneparop Ty : C(Q) — E (A € A)
mmeer Bug f = D ez f(ge)mee, e (ge)eez — moammoKecTBo B Q, (Te)¢ez — pasOuenme
enununbl B P(F).

Bosbmem mpousBosibHBIE A € A. Ilo ompejesieHHI0 IUCTOrNO COCTOSTHUST OIEPATOp Sy :
loo(% . E) — E umeer suy g — > =7eg(ge), tae (mg)eez — pasbuenue enununpt 5 P(E),
(G¢)¢ez — nommmuoxkectso B % . Iomarast g := (%) f, ¢ yaerom dopmynsr (3) crpaBemBbl
paBeHCTBA

Tof = S\ @) f =3 mel) flae) = 3 mef(ge)e
£e= £eE
st Beex f € C(Q). Takum obpasom, kaxkupiit oneparop Ty : C(Q) — E (A € A) umeer
Bl f = > ez f(ge)mee, rae (qe)eez — mopmuoxectso B Q, (mg)eez — pasbuenne euHUIbL
B P(F).

(2) = (3). Ilycrp Bepro ytBepxkuenue (2). Beskuit omeparop mz C(Q) B E Buga
f = D ees flag)mee, tne (m¢)eecz — pasbuenme epummipt B P(E), (ge)eez C Q, aABnserca
pererounbiM roMomopdusmom. CiiesoBaresnbao, T sIBJISIETCs PEIIETOUHBIM TOMOMOPGMU3MOM
KaK II0TOYEUHbBIIi PABHOMEDHBIN [IPEJIEJI CETH PENIeTOUHBIX FOMOMOP(HU3MOB.

(3) = (1). Iycrs T — pemterounstii romomopdusm u Bepro paserctso T = o1+ (1—a)Th
st mekoropeix 11,75 € Se u 0 < a < 1. Torma T > o1} u no reopeme Kyrarenamze |7,
reopema 3.3.3| cymecrByer opromopdusm 0 < p < Ig Takoii, uro o1 = pT win Ty = p/aT.
Crenosarennsho, e = T1(1g) = p/a(e). ObosnadnM gepes T HOPSIAKOBbI IPOEKTOP HA IIOJIOCY
{e}** B E, nopoxenmyio sementom e. Torma B Buy pasencts 7(e) = e = p/a(e) momyunm
7 = mp/a. CienoBaTe/bHo, TaK Kak o0pa3 KaykIoro omeparopa u3 S, comepxutcs B {e} -,
to cupaseuBbl pasencrea Ty = 11y = wp/aT = 7T = T. Takum o6pasom, T' = T;. Torna
Th=(T-al)/(1l—a)=T,re.T=T=T5. >
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[Tycrs Bor(Q) — o-airebpa, mopox/eHHas BCeMH OTKDBITbIME MHOXKecTBamu B (). Ha-
HOMHIM, 9TO BCsiKast Mepa p @ Bor(Q) — E naseiBaercs bopesesckoli. Bopenesckass mepa
i : Bor(Q) — E HasbiBaercsi K6a3upe2yasprot, €CJIu BbIIOJHSIETCS DABEHCTBO

1(G) = sup {u(K) : K € Bor(Q), K samknyro 8 Q, K C G}

JUIsl BCeX OTKPBITHIX MHOXKecTB G € Bor(Q).

Teopema 4.2. Ilycre () — koMmakT, F — HOpsIKOBO 1I0JIHAST BEKTOpHAsI perierka, 0 <
e€ EuS.:={T € L(CQ),E)+ : T(1g) = e}. s npoussossuoro oneparopa T € S,
DABHOCHJIBHBI Y TBEPKICHHSL:

(1) T sBastercss kpaiineii TOUKOH MHOMXKECTBa Se;

(2) Cymecrsyer cerb (Tx)xen oneparopos uz C(Q) B Ey Buga f — Y ¢z f(ge)mee, rae
(q¢)¢ez — nmoammuozKecTBO B Q, (7¢)¢cx — pasdmenne exuannpl B P(E) rakas, aro j11s1 H00BIX
f € C(Q) mue > 0 naiinercss ssement \(f,e) € A rtakoii, 4T0 cupaBeIIHBO HEPABEHCTBO
‘Tf—T)\ﬂ < ee st Beex A = A(f,€);

(3) T sBistercst permeTodHBIM TOMOMOP(H3MOM;

(4) fnapo ker(wT') omeparopa T siBisiercst mopsiaroBbiv miaeasom B C(Q) s so6oro
ropsijikoBoro npoekropa m € P(E);

(5) CymecrBytoT SKCTpeMaJsIbHBIH KOMIIAKT Y, HelpepeiBHOe orobpakenme & : Y — @)
u pemterounsiii uzomoppuszm h : I, — C(Y) u3 rmasuoro mieana I, C E, HOpoxKJIeHHOTO
ssrementoM e, Ha C(Y') rakme, 9T0 clIpaBeyIMBO IPEICTABICHHE

((hoT)f)(y) = f(&(y))

st Beex f € C(Q) my €Y
(6) CymecrByer equHCTBEHHAs KBa3uperyJ/isipHasi bopeseBckast mepa (i : Bor(Q) — €(e)
CO 3HAYEHUSIMH B I10JIHOI 6ys1eBoii airebpe €(e) OCKOJIKOB JIEMEHTa € Takasl, 9TO CIIPABEJINBO

Hpe,ﬂCTaBJIeHI/Ie
) = / f dy
Q

st Beex f € C(Q). Ilpu 3ToM Mepa ju SIBJISIETCST 0 -HEIIPEPBIBHBIM GyJIeBHIM TOMOMOD(U3IMOM;
(7) CymecrByer exquHCcTBeHHAs] KBa3uperyJsipHasi 6opesieBckasi mepa ¢ : Bor(Q) — B(F)
Takasi, YTO CHPABEIIHBO IPEACTABICHHE

Tf=<Q/fdsO>e

atst Beex f € C(Q). Ilpu arom Mepa @ SIBJISIETCST 0-HeIPEPbIBHBIM OyJIeBBIM T'OMOMOP(hH3MOM
u3 Bor(Q) B rnasubii miaean {m € P(F) : © < p(Q)} B 6yuneoii amrebpe P(E).

< PasrocmibnocTs yrBepxaenuit (1), (2) u (3) mokasana B Teopeme 4.1, a paBHOCHJIb-
HoCTh (3) m (4) coemyer u3 [12, reopema 3.4.2]. PaBnocmibHocTs yrBepkenuit (3), (5) u (6)
ycranosiena B [6, reopema 3.4|. Ocrasnoch nokazars, 4ro (6) u (7) paBHOCH/IBHBL

(6) = (7). ITycrb BepHO yTBepKaeHue (6), T. €. UMeeM IIpeJICTaBIeHNe

7= [ 1 d
Q
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st Beex f € C(Q), tme p: Bor(Q) — €(e) — eauHCTBeHHAs KBa3uperyJsipHasi GopesieBckast
Mepa co 3HAYEHUSIMU B HOJIHOM Oys1eBoit anredpe €(€) OCKOIKOB 9JIeMEHTa €, K MePA [ SIBIISIETCS
O-HEeNPEPLIBHBIM OysieBbIM roMoMopduamoM. OUeBnIHO, 9TO BCE ONEpaTopbl U3 Se JeHCTBY-
10T B nosiocy Be B E, nopoxennyio snemenToM e. Kak uspectHo (cm. |7, reopema 1.3.7(1)]),
orobpazenue L : €(e) — P(Be), KOTOPOE KaKIOMY OCKOJIKY 2z € €(€) cTaBUT B COOTBETCTBHE
HOPSIIKOBBII 1IpoekTop 7, € P(B,) Ha 1n0s0Cy B Be, IMOPOKICHHYIO SJIEMEHTOM Z, SIBJISIETCSI
6ysieBbIM n30MOphU3MOM T10JHBIX OysieBbix anredp €(e) u P (B.). IIpu srom obpaTHbIii onepa-
Top ¢~ : P(Bg) — €(e) neiictryer no npasury ¢ (1) = me ana seex m € P(Be). Momoxkum
10 OIIPE/IEJIEHUIO

p(A) = 1(u(A))

st Beex A € Bor(Q). Torna ¢ @ Bor(Q) — B(Be) — KBasuperyssipaasi 60pejieBcKasi Mepa.
U3 pasencts P(Be) = {7 € P(E) : 7 < 7} u me = ¢(Q) caenyer, uro P(B,) = {m €

P(E) :

m < ¢(Q)}. BosbMeMm HpOM3BOIBHYIO CTYLEHYATYIO (DYHKIHMIO g = » i 4 04X A,, TIe

A; € Bor(Q), a; € R st Beex i = 1,...,n. Torga cupaBeyiuBbl paBeHCTBA

/9 dp|e=| > aip(di) |e =" aip(Aie
Q =1 =1

n

= ai(u(A)e =Y i i(p(A) =D aip(A) = / g dp.
=1 i=1

=1 Q

CJIQ,ZLOB&TGJILHO, II0 Teopeme 220 Ma}KOpI/IpOBaHHOﬁ CXOAMMOCTHU BBIIIOJIHAECTCA PaBEHCTBO

[tae)e= [ i
Q Q

Jtst JIE000i# n3MepuMoii orpannyuentoil dbyukinun f @ QQ — R, B uacraoctn mist Beex f € C(Q).
Taxum obpasom, T f = fQ fdu= (fQ fdgo)e s Beex f € C(Q).
[omb3ysiCh PABEHCTBOM f1 = L~ (o, MOYKHO MOKazaTh, uTo (7) = (6). >

®
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BiajmkaBka3cKkuit MAaTEMATHIECKHE XKy PHAJT
2026, Tom 28, Beiyck 1, C. 145-147

MATEMATUYECKA{ ?KU3HDb

[MAMSITI CEMEHA CAMCOHOBUYA KYTATEJIA/I3E

B nepuon ¢ 14 o 16 okrsibpss 2025 r. B gucTaHIMOHHOM (opMaTe IpoIiia padbora Hayd-
HOI ceccun 10 DYHKITMOHATHHOMY aHAIN3Y, ITOCBIIIEHHOTO MTAMSTH BBIIAIOIIETOCS POCCUMCKO-
ro MaTeMaTuKa, JTOKTOopa (BU3MKO-MaTeMATHIECKNX HayK, rpodeccopa Ceména CamcoHoBHYA
Kyrarenaznze (02.10.1945 — 15.01.2025). Mepoupusitue craso derBepTbiM B 2025 I. B paMKax
npoekta OTDE-Workshop — cepun HaydHBIX BCTpEU 110 TEOPHH OHEPATOPOB, juddepeHtiu-
AJIbHBIM YPaBHEHUSIM U WX IPUJIOKEHUSIM.

Opranuszaropamu BbicTynmin Biajukaskasckuit nayqsbiii nearp PAH (Cesepo-Kaskas-
ckuii nenTp Maremarundeckux ucciaenopannii BHII PAH u FOxxubI MaTeMaTUndecKuii MHCTH-
ryr BHIT PAH) u Unacruryr maremaruku um. C. JI. Cobonesa CO PAH (JTaboparopust dbyHK-
[UoHaJIbHOTO aHasm3a). Hayunast ceccust npoBojmiiack npu mojyiepkke MuHucrepcrsa HayKu
u Bbiciiero obpasoBanusi Poccuiickoit @eneparun.

B pabore ceccun npunsiin yuacrue 6osiee H0 UeI0BEK — yUCHUKH, KOJIJIEI'H, COPATHUKH,
npy3bst Ceména CaMcoOHOBHYA — U3 POCCHICKHUX TOPoJoB Beprcka, BpsHcka, Biaaukabka-
3a, Mocksbl, HoBocubupcka, Omcka, PocroBa-na-/lony, Camapsr, Cankr-Ilerepbypra, Tyiibi,
Y1, Xabaposcka, fApocnasis, a Takxke u3 Benukobpuranuu, Wspawuss, Upana, Kanabr,
Kuras, CIIIA, Ysbekucrana. B mporpaMMmy MepoHpHUsITAsT BOILIN JTOKJIAIbl U3BECTHBIX POC-
CUICKUX U 3apyOeKHBIX CIEIUAJNCTOB B 001acTH (DYHKIIMOHAJIHLHOTO aHAJIU3A.

ITporpamMma Hay4HOII ceccuu 10 (PYyHKIIMOHAJIBHOMY AHAJIN3Y,
MOCBSIIEHHOro namaTu A.d.-M.H., IIpodeccopa
Ceména CamconoBu4ia Kyraremaase

Tuxomupos B. M. (Mocksa) «Cioso o C.C. Kyrarena/ze».
Bocnomunanus jokitaganka o apy2k6e n coBmectHoit pabore ¢ Ceménom CamMcoHOBUHEM
Kyrarenanze.

Kycpaes A. I'. (Biagukaskas) «O6 ognoit npobieme Axkunosa — Kyrarenaszes.

PerpocrieKTBHBII paccKas O HEKOTOPBIX HJEsIX, BOBHUKINUX HA CeMHHape AKumioBa —
Kyrarenanze B Uncruryre maremaruku um. CobosieBa B 1970-80-x romax, B3ammojeiicTBue
KOTOPBIX IPUBEJIO K PA3BUTHIO HOBBIX HAIIPABJIEHWI B TEOPUU ONEPATOPOB: OJHOBPEMEHHOE
[IPOJIOJI2KEHUE OIIepaTopoB, 0bobIeHusi Teopembl Kpeitna — MujibMaHa Ha HEKOMITAKTHBIE
MHOKECTBa, OIIePATOPOB, JIE3NHTEIPUPOBAHUE B IIPOCTPAHCTBAX KaHTOPOBUYA, HOBBIE IIPUJIO-
JKeHUsT OYJIEBO3HAYHOTO aHAJIM3a.

Marapun-Unsses I'. I'. (Mocksa) «Merox Herorona n teopust skcTpemymas.
Teopema 006 0bpaTHON (PYHKIUU U TEOPEMbI OTASTUMOCTH BBIILYKJ/IBIX MHOXKECTB — OCHOB-
Hble MHCTPYMEHTBI B TEOPHH IKCTPEMyMa. B OCHOBe J10Ka3aTe/IbCTBa TeopeMbl 00 obpaTHOM
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dyuknun jexxut Meros HpioToHa, a TakKe TeopeMa O MPAaBOM OOPATHOM, KOTOPasi JIOKa3bl-
BaeTCs ¢ IMOMOIbIo MeToma HeoTona.

Hazapos A. . (Caakr—IIerep6ypr) «O MOHOTOHHOCTH HEKOTOPBIX (DYHKIMOHAJIOB C 1€~
PEMEHHBIM TI0KA3aTeJIeM CYMMHUPYEMOCTH [IPU CUMMETPU3AIIIS.

[Tonydenbl HEOOXOMMMBIE U JIOCTATOUYHBIE YCJIOBUsI Jjisi HepaBeHcTBa Tuia Iloita — Ceré
C IEPEMEHHBIM IIoKa3aTrejeM cyMmmupyemoctu. Jlokjai ocHOBaH Ha COBMECTHOI pabore
¢ C. B. Baukesuuem (Bankevich S. V., Nazarov A. I. On monotonicity of some functionals
with variable exponent under symmetrization, Applicable Analysis, 2018, vol. 98, no. 1-2,
pp. 362-373).

Kurosep A. K. (Punanensdus, CIITA) «Hosbrit noaxon k reopeme Kamosuna — Hleiin-
Oepras.

[TpescraBienbl CyniecTBeHHbIE yCUIeHHs U3BecTHON Teopembl Kamosuna — IlleiinGepra,
COTJIACHO KOTOPOI CIIEKTP HENePHOIUIECKOro aBTOMOP(U3MA, MOIYIIPOCTON KOMMYTATHBHOM
6aHaxXOBOM arebpbl CONEPKUT €IUHUIHYIO OKPYKHOCTD.

Kynaiibeprenos K. K. (Xap6un, Kuraii) «/30oMerpun paHroBoii MeTpuku u 0ToOpazke-
HUsI, COXPAHSIONINE OIPEIeTUTEIb>.

[Ipencrapieno onucanue JIMHEHHBIX (MM CONPSXKEHHO-JIMHEHHBIX) M30METPHii OTHOCH-
TeJIbHO PAHrOBON MeTpuku Ha anrebpe Mroppess — dhon Helimana, accomuuposannoit ¢ [1-
dakropom. B kadecrBe mpusioxkeHusi moJiyueH anajor teopembl Ppobenunyca mis 11-dak-
TOPOB, MTOKA3BIBAIOIINI, ITO BCIKAs JUHEHHAs OMEKINs, COXPAHSIONIAs OIPEIeIUTE/b, MEXK-
ny 1Ii-pakropamu 0bs3aTEIBLHO SABJSETCHA JIMOO N30MOPGU3MOM, JTUOO AHTUH30MOP(MUIMOM.
Dror pe3ynbraT HOATBEpXKIaeT runoresy Xappuca — Kaaucona (1996).

EmenssinoB 3. 0. (Hosocubupck) «O cemeiicTBax IOJYHOPM, COBMECTHO OIDaHUYEH-
HBIX Ha MOPSJIKOBBIX MHTEPBaJIax».

N3BecTHO, 9TO TOPSIAKOBO OUpaHUYEHHBIE OMEPaTOPhl M3 OAHAXOBON pEIIeTKH B HOPMU-
POBAHHYIO SIBJISIOTCS HeNpepbIBHBIMU. [loKa3aHO, UTO BCSIKOE COBMECTHO OTPAHHUYEHHOE Ha
[TOPSITKOBBIX MHTEPBAJIAX CEMEHCTBO MOJIYHOPM Ha yIOPSI0IeHHOM OAHAXOBOM IIPOCTPAHCTBE
C 3aMKHYTBIM TTOPOXKIAIOIIUM KOHYCOM SIBJISIETCS PABHOMEPHO OIPAHMYEHHBIM.

I'yrman A. E. (HoBocubupck) «Kpasumiornbie MHOXKECTBA, MPOEKTUBHBIE TAPAJLIEIO-
TOIIBI U IIPOEKTUBHBIE aBTOMOP(MUIMEI».

[IpenyoxkeHbl HOBBIE KPUTEPUU 3aMKHYTOCTH apPXUMEIOBBIX KOHYCOB B JIOKAJLHO BBLITYK-
JIBIX TPOCTPAHCTBaX. [loydeHbl OTBETHI HA HEKOTOpPbIE OTKPLITHIE BOIIPOCHI, CBSI3aHHbBIE C I10-
HATASMU KBa3WBHYTPEHHOCTH W KBA3UIIJIOTHOCTH.

T'opnon E. U. (Hapiascron, CIITA) «IToxxon K ocHOBaHUSIM KBAHTOBON MEXaHUKH, OCHO-
BaHHBIN HA HECTAHJIAPTHOM AHAJIM3E.

[Ipenararorcs mepBbie IMAarn K MOAXOAY K OCHOBAHUSIM KBAHTOBON MEXAHUKHU B JIyXe W3-
snoxenns E. Henbcona Teopun BeposiTHOCTEH B €10 3HAMEHUTON KHUTe «PaluKabHO dJ/IeMeH-
TapHasd TEOPUd BEPOATHOCTENA».

Becuun A. FO. (Hosocubupck) «IIpsimoyrosibHble MHOrOrpaHHUKH B rpocTpancrse Jlo-
6aIEBCKOTO.

PaccmarpuBaioTcss MHOrOrpaHHUKYA KOHEYHOI'O 00ObeMa B TPEXMEPHOM IpocTpaHcTie JIo-
6adeBcKOro. MHOTOrpaHHUK HA3BIBAETCS IPSIMOYTOJIbHBIM, €CJIU BCE €ro JBYTPAHHBIE YIJIbI
paBHbl /2. VI3yueHne KOMIAKTHBIX (BCE BEPIIMHBI KOHEYHBIE) IIPSIMOYIOJLHBIX MHOIOIDaH-
HUKOB ObLTO HadaTo A. B. IToropenoseim B 1967 1. B nokmaje obcy»xkpaercs, Kak yCTPOEHBI
MHOKECTBO KOMIIAKTHBIX U MHOYKECTBO HJIEAJbHBIX (BCe BEPIIMHBI GECKOHEUHO Y/IAJI€HHBIE)
[PSMOYTOJIBHBIX MHOTOTPaHHUKOB. [lokazaHo, 9TO HAUMEHBITUM 0 0O0bEMY IPSIMOYTOJIbHBIM
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MHOTOI'DAHHUKOM SIBJISIETCsl TPeyroJibHasi burmpamuia. Ee obbem pasen G = 0,915965... —
koHcTante Karasana.

Hsarnos B. H. (Hosocubupck) «Cemén Camconosuu Kyrarenanze B dbororpadusixs.

[Ipecranensr HekoTopbie hakTol buorpacdun Ceména CamconoBuda ¢ pororpadusivMu u3
JIMIHOTO apXuBa JOKIaTINKa. POTOMOKYMEHTEI (PUKCUPYIOT B MIHOBEHUAX «HE3PUMBIE UHTO-
HAIIMM» 3M0XU ¥ YHUKAJIBHOCTH JIMTYHOCTU, HATIOMUHAIOT HAM O JIFOJSAX, MeCTaX U COOBITHUSIX,
KOTOPBIE CJIeJIa/Ii HAITY YKU3Hb OCOOEHHOTA.

Bepexnoii E. W. (fpociasis) «IloanpocrpancTBa MUHIMAIBHOl [IAJIKOCTH B TVIAIKIX
IPOCTPAHCTBAX>.

PaccmarpuBatorcsa Bapuanuu u3BectHoit 3amaun Mazypa u3 HloTnangackoit kauru: cyie-
creyer i B [0, 1] GecKOHEUHOMEPHOE HOIIPOCTPAHCTBO, KazK1asi (PyHKIUs U3 KOTOPOro, KPOMe
TOXKJIECTBEHHOT'O HYJIsA, He UMeeT ITPOU3BOJHON HU B OJIHON TOUKE.

ITimeB M. A. (Buagukaskaz) «O ToOIOrn9IecKoil crpyKType JIMHEHHON IpyIiibl 6aHa-
XOBOI'O IIPOCTPAHCTBAY.

O06CyKIar0TCsI Pe3yJIBTAThI, KACAIONIAECS TOMOTOINYECKOH CTPYKTYPBI TOJTHON JIMHEHHOM
CPYIIIbl PA3IUIHBIX KJIACCOB DAHAXOBBIX MPOCTPAHCTB. [lepBbie pabOTHI B 3TOM HAaIpaBJe-
HUAU BOCXOJISIT KO BTOPOU IIOJIOBUHE MIPOIILIOTO cTosieTust. s Kimaccmaeckux OaHaxoBBIX IIPO-
CTPAHCTB Psiji IyOOKMX pe3ysibTaToB ObL mostyueH Mutsaruuabiv B 1970 r. VM ke ObL1a mpeji-
JIOZKEHa O0II[asi CXeMa, UCCJIEJIOBAHNS, OIIMPAsICh HA KOTOPYIO YAJIOCh JI0KA3aTh CTATMBAEMOCTD
[IOJTHOH JIMHEIWHOH TPYIIIBI HEKOTOPBIX ITPOCTPAHCTB BEKTOP-(DyHKITHIA.

X 3k X

[Toxpomast wrorn TpexgHeBHON ceccuu, Ararosuil ['eoprueBud BbICKA3aJl TAKOE CYXKJIEHUE:

— Xoportro O Beerna orMedaThb 00mien, HO BCTPEYH, MTOCBSIIEHHDBIE TAMSITH HAIINAX YITe-
UX yauTeseil, Koer u Apys3eil — 3T0 TakxKe 04eHb BaxkKHo. «FObuaell — He penemuius na-
Huzudvl, 6 NpasddHuk yanasaruss, — roopms Cemén CamconoBud. IIpomoszkast 3Ty MBIC/b,
CKazKeM, UTO LeJIb TaKUX MEPOIPHUSITUN — IIepelaTh HOBLIM IIOKOJIEHHSM UCCenoBaTeeil na-
quI)Ie JOCTHUZKEHUSA U YeJIOBEYeCKHe JOCTOMHCTBA HallluX COBPEMEHHHNKOB, KOTOPLIE, HO,Z[O6HO
Cemény CaMCOHOBHYY, OCTABUJIU SIPKUIl CJIell B OTEUECTBEHHON HayKe.
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(An Imitation of Rudyard Kipling)

If you can prove ahead when all about you

Have lost your points and put the blame on you;
If you can trust your proof when all men doubt you,
But make allowance for their doubting too:

If you can prove and not be tired by proving,

Or, being questioned, don’t deal in lies,

Or, being asked examples, don’t be roving,

And give a few, but don’t talk too wise;

If you can claim and prove claims at your lectures;
If you can count, not making count your aim,

If you can meet with problems and conjectures
And treat all kinds of challenge just the same:

If you can’t bear to see the questions you have posed
Dissolved by knaves to make a trap for fools,

Or find the problems you adore unclosed

And start again to solve’em up with novel tools;

If you can mark each of your own papers

That yield a vicious circle with a cross,

And start again controlling mental scrapers,
And never breathe a word about your loss:

If you can force your mind and nerve and sinew
To serve your proof long after they are gone,
And so prove on when there is nothing in you
Except the Will which says to them:“Prove on!”

If you can talk your Math and keep your virtue,
Or walk with deans—mnor lose the common touch,
If neither foes nor loving friends can hurt you,

If all men count with you, but none too much:

If you can fill the last remaining minute

With sixty seconds’ Q.E.D. to end,

You're fond of Math and everything that’s in it
And, which is more, Math blesses you, my friend.

April 1, 2007

S. S. Kutateladze






ITPABINJIA OJId ABTOPOB

OO011ue 110JI0>KEeHUS

1. Ilepuonmueckoe u3manue «BianukaBKa3cKuii MaTeMaTUYECKUil KYypHAJI» MyOJIMKyeT
OpWTIMHAJIbHBIE HAyJHBIE CTATBA OTEUECTBEHHBIX U 3apyOeKHBIX aBTOPOB, COJEPXKAIINAE HO-
BbI€ MaTEMaTUUIECKUE PE3YJIbTATHI 10 (DYHKIMOHAJHLHOMY U KOMILJIEKCHOMY aHAaJIU3y, ajareope,
reomerpun, auddepeHnuaabHbIM ypaBHEHUSIM 1 MaTeMaTndeckoil ¢pusuke. [1o 3akasy pemgax-
[IMOHHON KOJIJIEIMH Ky PHAJ TakKe IyOInKyeT 0630pHble cTaTbu. 2KypHAJ [IpeIHA3HAYEH JIJIs
HAyYHBIX PabDOTHUKOB, IpeIoJaBaTeieil, aClUPAHTOB U CTYIEHTOB cTapmux Kypcos. Ilepuo-
JIMIHOCTb — YEThIPE BBIIYCKa B T0Jl. «BirajmkaBka3cKuii MaTeMaTuIecKuii »KypHa» 1my0siu-
KyeT CTaTbU HA PYCCKOM U AHIVIUHCKOM SI3bIKax, 00beMOM, KaK IPAaBUJIO, He Hojiee 2 yCJIILJL.
(17 crpanur popmara A4). Paborsl, npesbimaormnue 2 yeiI.ILJIL., IPUHAMAIOTCS K 11y OInKaInm
o creruajibHoMy periennto Pejkosnerun xkKypaasa. Cpok paccMoTpeHust craTeil 0ObITHO He
npesbimaer 8 Mecsnes. [Ipu moaroToBke crareil st YCKOPEHHUsT MX PACCMOTPEHUsT W ITyOJIH-
KAIlUU CJIeIyeT CODJII0IATh MPABUJIA JIJIsi ABTOPOB.

2. K nybaukaruun 8 BM2K nipuHuMaroTcst craTbu, CojiepKaliiue HOBbIe pe3yJIbTaThl B 00/1a-
CTU MaTeMaTUKU U CcTaThbu 0030pHOrO Xapakrepa. CraTbu, paHee OIyOJMKOBAHHBIE, & TAKKe
[PUHSITBIE K OIyOJIMKOBAHUIO B JPYTUX YKYPHAJIaX, PEIKOJIIerneil He paccMaTpuBaioTcs. Pe-
3yJIBTATBI MHBIX aBTOPOB, MCIIOJb30BAaHHDLIE B CTATHE, CJIEIyeT HOJKHBIM 00Pa3sOM OTPA3UTD
B cChlIKaX. Halpapjisist cTaTbio B 2KypPHaJI, aBTOPBI T€M CAMBIM IOJITBEPAKIAIOT, ITO JIJisi Hee
BBIIIOJTHEHB! yKa3aHHbIE TPEOOBAHUS.

3. Hanpapiisist cTaThio B YKy pHAJI, KaXKJbIil 13 ABTOPOB HOJATBEPK/IAET, YTO CTATbsl COOTBET-
CTBYeT HAWBBICIIAM CTAHIAPTAM ITyOJIMKAIIMOHHON STUKH JJIsi aBTOPOB U COABTOPOB, pa3pado-
ranabiM COPE (Committee on Publication Ethics), cm. http://publicationethics.org/about.

4. Bce marepuajibl, TOCTYIUBINNE [ IIyOJUKAIIUN B YKypHAJIE, [MOJJIEXKAT PETUCTPAINN
C yKa3aHUeM aThl MOCTYILIEHUsT PYKOIIMCH B PEIAKIUIO KypHaJsa. Perrerue o mybmKanum,
OTKa3e B IyOJIMKAIIMU WJIA HAIPABJICHUHM PYKOIUCH ABTOPY I JOPAOOTKH JIOJ2KHO OBITH
[IPUHSTO IJIABHBIM PEIaKTOPOM M COODIIEHO aBTOPY He Mo3aHee 4 MeCsIeB CO JIHS TOCTYILJIEHUsT
pyKomucu B penakiuio KypaaJa. [logpobuee cMm. B pasnene PenensupoBanue.

5. llpunsareie k nydaukanuu B BM2K crarbu npoxomdaT pegakiinoHHy IO OATOTOBKY, ITOCTIe
Yero OKOH4YaTeIbHBI MakeT craTbu B opmare PDF narpasiisiercs aBTopy Ha KOPPEKTYDY.

6. YcioBueM myOuKaIuu craTeil, IPUHSTHIX K [I€YATH, sIBJISETCS [TOJIIUCAHINEM aBTOPAMU
JIOTOBOPa O Iiepejiade aBTOPCKUX I1paB. BJlaHK J0roBopa MOXKHO CKa4YaTh I10 CCBIJIKE.

7. IlonHoTeKkcTOBBIE Bepcuu CTaTel, MyD/JIMKyeMbIX B KypHaJe, pa3Memniaorcsa B arepre-
Te B CBOOOJIHOM JIOCTyIIe Ha oduuaabHOM caiite xKypHasa http: //www.vlmj.ru, a Takzke Ha
caiitax Hayunoit asrekrpornoit 6ubimorekn eLIBRARY.RU, Obmepoccuiickoro MareMaTude-
ckoro noprajia Math-Net.Ru u Hayunoit snexkrponnoit oubsmoreku «KubepJlenunkas.

8. Crarbu »KypHasa pedepupytorcs u usiekcupyiores B Scopus (Elsevier), zbMATH
(Springer), MathSciNet (AMS), Russian Science Citation Index (Web of Science), EBSCO,
P2>KMar (BUHUTU PAH), Math-Net.Ru, PUHII (eLibrary.Ru).

9. Ilybsiukaruu B »KypHaJe JJjisi aBTOPOB OECILIaTHDI.
IloaroroBka m mpejicTaB/ieHNEe PYKOMUCHU CTAaTbU

1. Bce maTepuaibl IpeIoCTaBISIOTCS B PEIAKIIUIO B 9JIEKTPOHHOM BHUE. PyKOuch J0/KHA
OBITH TINATEJHLHO BhIBEpEHA. Bee cTpaHuIlbl pyKOIMCH, BKIIOYasl PUCYHKH, TaOJIMIBI U CIIHCOK
JINTEPATYPBI, CJIEIyeT IPOHYMEPOBATD.

2. Pabora moskHA OBITH MMOATOTOBIEHA HA KOMIIBIOTEPE B M3JaTe/bCKOil cucteme LaTeX.
MairmnHonucHbIe PyKOIIMCH U PYKOIIMCH, HaOpaHHble Ha KOMIIbIOTEPE B CHCTEMAaX, OTJUIHBIX
or TeX, ne paccmarpupatorcs. Paiisbl crarbu *.tex u *.ps (*.pdf) BeicbUTAlOTCS B ajpec
PeIaKIuU 10 3JIEKTPOHHOI moure rio@smath.ru.
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3. B Tekcre crarbu yrasbiBaercs uuieke YK, HazBanue paboThl, 3aTeM CJIEIYIOT WHUIIH-
aJbl U haMUIMU aBTOPOB, IPUBOJSTC AHHOTAIMN HA PYCCKOM U AHIVIMACKOM s3bIKax (00be-
MoM He Meree 200 CJIOB, JIOCTATOYHYTO JJisi IOHUMAHUsI COJIEPYKAHMSI CTATBH ), JAI0TCS CIHCKH
KJIIOYEBBIX CJIOB HA PYCCKOM U AHIVIMICKOM $3BIKaX, a TakKxKe Kojbl corsiacHo Mathematics
Subjects Classifications (2010). dasee B daiise npusojgrest nossocrbio Pamuiust, Mmst, Or-
YeCTBO KaryKJOI0 aBTOpa, JOJKHOCTH, IMOJIHOE HA3BAHUE HAYJIHOI'O YUPEXKIEHUsI, MOUTOBBIN
aJIpec ¢ WHIEKCOM IIOYTOBOIO OTIEJIEHHUs, HOMeDP TejiepOHa C KOJOM TOpOJa WJId HOMED MO-
ouwipHOTO TestedoHa, ajgpec snekTpornoit mourel 1 ORCID.

4. JlaToit OCTYIIEHUS CTATbU CAUTAECTCS JIaTa MOCTYILIEHUs JIEKTPOHHON KOIMHU CTATbU
Ha odurnma bl e-mail xkypaasia. TekcT 3/IeKTPOHHOTO COODIITEHMS HOJI2KEH ObITh 0POPMIIEH
KaK COIPOBOJIUTEJIBHOE ITHUChMO, U3 TEKCTa KOTOPOIO SICHO CJIEJLYET, UITO aBTOPBI HAIIPABJISIOT
CBOIO CTaThi0 BO BirajmkaBKasckuii MaTeMaTudecknii xKypHas. Heobxonumo ykasaTh aBTOpa,
OTBETCTBEHHOIO 32 IMEPEIUCKY C PeIaKIuei.

5. B aHHOTAIIMM HE JIOMYCKAETCsl MCIOJIb30BAHUE I'POMO3JIKUX (POPMYJI, CCBLIOK HA TEKCT
paboThI WJIM CIIUCOK JIUTEPATYPHI.

6. Ilpu moxroroske (aiina crarbu ocoboe BHUMaHUE CJIEAyeT OOPaTUTh Ha HEXKeIaTeJb-
HOCTb UCIIOJIb30BaHUsI HOBBIX (BBOJMMBIX ABTOPOM IIpU HAGOpE) KOMAHIHBIX MOCJIEI0BATE b
HOCTeill, 0ocobeHHO ¢ napamerpamu. CieyeT ucob30BaTh B OCHOBHOM CTaHIAPTHBIE CPEJICTBA
makponakera LaTeX. Takyke kpaifHe HekeaTeIbHO UCIOJIb30BATH 0€3 HEOOXOIUMOCTH 3HAKA
pobea.

7. Crarbu, comepKaliye PUCYHKH, PACCMATPUBAIOTCS TOJBKO IOCJE COIVIACOBAHUS C Pe-
JIaKIHell TEXHUIeCKUX BOITPOCOB MIOJNOTOBKY PUCYHKOB. UepHO-6ejible pUCYHKH JOJI?KHBI ObITH
noarorosiensl B popmare EPS (Encapsulated PostScript) Takum obpasom, arobbl obecriedn-
BaTh aJeKBATHOE BOCIIPUSITHE UX IPHU IOCEIYIOIMIEM ONTHIECKOM yMEHBIIEHUU B JIBa Pasa.
[Ipu ucnosib3oBaHNM PUCYHKOB HEOOXOAMMO MOAK/IIOUNTh nakeT epsfig. Tloanucs K pucysky
JIOJ’KHA OBITH IEHTPUPOBAHA I10J PUCYHKOM U COCTOSITH U3 CJIOBa «PuUC. » ¢ MOCIELyFOIIM
HoMepoM. Homepa prCyHKOB JIOJIZKHBI UMEThb CKBO3HYIO HYMEPAIUIO 110 TeKCTY cTarhu. [losc-
HEHUsI K PUCYHKY CJIeJlyeT IPUBOIUTE B TEKCTe CTaThbu. Tab/IMIbl COIPOBOXKIAIOTCST OTOPMa-
THPOBAHHON CJIeBa HAMIUCHIO « Tabsuiay ¢ mocsemytomumM nomepom. Homepa tabur 1012KHbBI
UMEeTh CKBO3HYIO HYMEPAIIUIO 110 TEKCTY cTarTbu. [losicHeHus K TaOJuIe MPUBOJIATCS B TEKCTE
cratbu. ['paduku BBIIOJIHAIOTCS B BUIE PUCYHKOB.

8. Crucok JinTepaTyphl HOJXKEH COIEPXKATh TOJIBKO T€ UCTOYHUKM, HA KOTOPbIE MMEROTCS
CCBLIKM B TEKCTE PADOTHI, PACIIOJIOKEHHbBIE B MOPsiJiKe UTUpoBaHusi. CChIJIKU Ha HEOITYOIMKO-
BaHHBbIE PabOTHI, PE3YJIBTATHl KOTOPBIX HCIOJB3YIOTCS B JOKA3aTEIbCTBAX, HE HOIYCKAIOTCS.
Crmcok JiuTeparyphl [Ie9aTaeTcs B KOHIIE TEKCTa CTAThi, 0POPMJIEHHBIE B COOTBETCTBUU C TP~
BWJIAMU U3JaHUsI, HA OCHOBAaHUU TpeboBaHUil, mpepycMorpeHHbIX AeficTBytomumu ['OCTamu.
B Hem nosmKHBI OBITH yKa3aHBL: JJI CTaTbell — aBTOp, [OJTHOE HA3BAHWE CTATbU, YKYPHAJI,
IO/l U3JIaHUsI, TOM, HOMED (BBIILYCK), CTPAHUIbl HAYa/Ia U KOHIA CTAThU; JIJIs KHUI — aBTOD,
[IOJTHOE Ha3BaHUe, TOPOJl, U3IATEJILCTBO, IO U3daHus, obiee KojimuecTBo crpanut]. Ccbliku
HA JINTEpaTypy B TEKCTE JAIOTCA B KBAJIPATHBIX CKODKAX.

9. Crucok JiuTeparypbl MOJTHOCTHIO TyOJUpyeTcs: Ha aHIVIMICKOM S3bIKE, TPUBOJIUTCS 1101
HOCTBIO OTIEJIbHBIM OJIOKOM B KOHIIE CTATbH, [TOBTOPSIsl CIIMCOK JINTEPATYPHI K PYCCKOSI3BIU-
HOIl 9aCcTH, HE3aBUCHMO OT TOIO, UMEIOTCsl WM HET B HEM HHOCTPAHHBbIE MUCTOYHUKU. Kcym
B CIIMCKE €CThb CCBLJIKW Ha WHOCTPAHHBIE ITyOJIMKAINN, OHU ITOJTHOCTHIO IOBTOPSIFOTCST B CITACKE,
roropsmeMcs B pomanckoMm ajiasure. Crucok References mcrosibsyercs MexX1yHaApOIHBIMI
6ubsmorpaduveckuvu 6azamu (Scopus, WoS u 1p.) jjisd yuera IUTUPOBAHKsT aBTOPOB.

IIpumeuyanue: 60jiee MOAPOOHYIO MHMOPMAIHIO MOXKHO HAiTH Ha OMUIMAJILHOM CaiiTe
)KypHasia http: //www.vimj.ru.



BJIAJIMKABKA3CKUI MATEMATUYECKU >KYPHAJI

Tom 28

Breimyck 1

Tnasubiii pegakrop A. I'. Kycpaes

3aB. pegaknueit B. B. Kubusosa

Saperucrpuposan B DenepasibHoit ciry»kbe 110 Hag30py B cdepe CBs3H,
nHAMOPMAIMOHHBIX TEXHOJIOTHI U MAaCCOBLIX KOMMYHUKAIUIA.
Caugierenberso o peructparuu [IM Ne @C77-70008 ot 31 mast 2017 1.

Ilonnucano B neuars 26.03.2026. Jara Berxona B cser 30.03.2026.
Dopmar 6ymaru A4. lapu. mpudra Computer modern.
Ve, oo 17,79. Tupazx 100 sk3. Iena cBobogHAast.

YupeaureJb:
DemepasbHOE TOCYIAPCTBEHHOE OIOYKETHOE YUIPEXKICHIEe HAYKN
DemepasbHbIil HAYIHBIN TIEHTD «BaamkaBKka3cKuil HAy IHBIA IEHTD
Poccuiickoit akanemun Hayk» (BHIL PAH)

Nz narens:
FOxkmub1it Mmaremarmyeckuit nucruryt — dbuanan PI'BYH OHIT
«BiragukaBkasckuit Hay4uHbII 1eHTp Poccuiickoil akajieMun HayKs»

A npec uznaress:

362025, Bnajgukaska3, yi. Baryruna, 53

Orneuarano UII [onanosoit A. FO.
362000, r. Biragukaskas, nep. [laBmosckuit, 3.
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