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QJIIUIITNYECKUE YPABHEHIM A
C UHBOJIFOTUBHBIM OTKJIOHEHMEM API'VMEHTA#

O. . Bxxeymuxosal

! KaGapmuuo-Baskapckuit rocyapcrsennniii yausepeuter nM. X. M. Bepbexosa,
Poccus, 360004, Hampuuk, yu. Yepusbimesckoro, 173

E-mail: bzhoksana@gmail.com

Awnnoranusi. Hacrosmas pabora mocBsIeHa NCCIEIOBAHIIO PA3PEITUMOCTH KPAEBbIX 331249 B IIUIUH/IPH-
9ecKOil 06J1acTH, a TaK»Ke HEKOTOPBLIX CIIEKTPAJIbHBIX 3344 JJIs JIMHEHHOIO SJUIMITUYECKOIO YPaBHEHUS
BTOPOTO TOPsAKA C MHBOJIOTUBHBIM OTKJIOHEHHEM apryMeHTa II0 BBIJEJIEHHOU IIepeMeHHON B MJIa IIIINX
wrenax. Jlannas pabora cocrout us JaByx 4dacreir. OObEKTOM UCCIIEIOBAHUSI IEPBOIl YACTH SABJISIETCS U3Y-
YeHUe Pa3pelIuMOCTH KPaeBbIX 33/1a4, B TOM 4YMCJIe HeJIOKAJbHBIX KPAeBbIX 3a/1a4, JIJIsl JIMTHEHHOI'O 3JIJIUII-
THUYIECKOTO YPABHEHUsI BTOPOrO IMOPSIKA C IMEPEMEHHBIMU KOIMDMUIMEHTAMI U C OOIIIM HHBOJIIOTHBHBIM
OTKJIOHEHVEM apTyMeHTa I10 BBIIEIEHHON nmepemeHHoi. J[1s1 Taknx 3a/1a9 JOKA3BIBAIOTCSA TEOPEMBI CYyIIle-
CTBOBAHUS U €IUHCTBEHHOCTH PEryJISIPHBIX (nMeromux Bce 0606mennsre 1o C. JI. CoboseBy npou3BoaHbIE,
BXOJAIUX B ypaBHEHME) pemenuii. Bo Bropoit wactn paboThl /Il SJUIMITHYECKOrO YPABHEHUS C IIOCTO-
SHHBIMU KO3 DUIMEHTAMA U C JIUHEWHBIM WHBOJIIOTHUBHBIM OTKJIOHEHHEM apTyMEHTa IO BBIIEIEHHOM Ie-
PEMEHHOM U3yYaeTcsi pa3pelImMOCTh HEKOTOPBIX CIHEKTPAIbHBIX 33/1a4. A MMEHHO, MCCJIe/IyeTCs BJIUSTHIE
mapaMeTpoOB Ha €JIMHCTBEHHOCTb W HEEIMHCTBEHHOCTH PEryJIsipHbIX pemrenunii. [losrydennnie pe3ysibrars
[IOKA3BIBAIOT, YTO HAJUYHME B YPABHEHUU WHBOIONUH (MHBOJIOTHUBHOIO OTKJIOHEHUS APTyMEHTA) MOXKET
CYIIIECTBEHHO IIOBJIUATH KaK HA YCJIOBHUS Pa3PENIMMOCTH, TaK M Ha KOPPEKTHOCTH 3a/1ad.

KimioueBble ciioBa: JIMIITHYECKHE YPABHEHUs, MHBOJIIONNS, KpaeBas 3aJada, CIeKTpaJbHbIE 3aJIatu,
peryispHbIe pellleHus, CYyIIeCTBOBaHNe, eJJMHCTBEHHOCTb.

AMS Subject Classification: 35J40, 35P05.

O6pasern, nqutupoBauusi: bxxeymuxopa O. H. Diummnrudeckue ypaBHEHUS ¢ MHBOJIIOTUBHBIM OTKJIOHE-
HueM aprymeHTa // Buaamkask. mar. »xypH.—2025.—T. 27, Bem. 3.—C. 5-20. DOI: 10.46698/13311-3054-
4734-g.

1. BeeneHue

B nocnennue necatunmerus uccienoBanue auddepeHnuanbHbIX YPABHEHUI C OTKJIOHSIIO-

IIAMCsIT APT'YMEHTOM, OCOOEHHO TeX, KOTOPbIe MMEIOT MHBOJIIOTUBHOE OTKJIOHEHUE, CTAJIO OIHIM
13 HamboJIee TUMHAMUYIHO Pa3BUBAIOIINXCST HAIIPABJICHMIA.

Otrobpaskenue o(t), msa xkoroporo p2(t) = @(p(t)) = t, HasbBaeTCs unGoAOYUET WA

unoaomueHvLM omobpastcenuem (cMm. [1]).

Teopus kpaeBbIx 3amad 1jist AudPepeHnunaIbHbIX yPABHEHNNH, TMEIOIINX HHBOJIIONNIO, ObI-

JIa IPEJIMETOM U3yUYeHHsi MHOTMX HccjeoBaresieii (cM., Hanpumep, [2-22| u 6ubianorpaduro
B HUX). B paborax [2-5| u3ydeHbl BOIPOCH KOPPEKTHOCTU 3aJ1a4 U KadeCTBEHHBbIE CBOMCTBA
pelennii ypaBHeHnuii ¢ nupoJiornueii. Vcciie1oBaHnio pa3penmMOCTH U CBOUCTB PeIeHnit KaKk

#Hccnenosanue BHITOTHEHO IPH (DUHAHCOBOH Toaep:KKe BryTpennero rpanta KBI'Y, gorosop Ne 8.
© 2025 Bxkeymuxosa O. U.



6 Bxxeymuxosa O. .

OOBIKHOBEHHBIX JAu(hhepeHITNAIBHBIX YPABHEHW, TaK U yPABHEHUI B YACTHBIX ITPOU3BOIHBIX
C WHBOJIIOTUBHBIM OTKJIOHEHMEM apryMeHTa, ObLM mocBsieHbl crarbu [6-19]. Ormerum, uto
B paborax [20—22| usydasuch crekTpajibHble 3aja49u st T depeHIMaIbHbIX YPABHEHHN ¢
HMHBOJIIOIHEH. 3aMeTuM, 9TO OOJIBIITMHCTBO yKa3aHHBIX CTATEHl MMOCBSIIIEHBI OJJHOMEPHBIM 3a-
JladaM Jijisi YPaBHEHUI ¢ TOCTOSHHBIMEA KOI(MDMDUIMEHTAMI U C JIMHEIHON UHBOJIIOIHEI.

OmuepaTopbl ¢ HHBOJIOIME]l BOSHUKAIOT B HEKOTOPBIX 'eOMeTPUYecKuX 3ajadax [23, c. 98],
B Teopun dbuiabrpanuu [24, c. 61|, reopun HporHo3upoBaHUs U NP U3YUEHUU CyOrapMoHHUYe-
cKuX Kosiebanwmii |25, c. 271].

Nsy4aembre B HacTosmei padbore nuddepeHua bHbe YPAaBHEHNS C WHBOJIIOINEH, & TaKKe
METOJILI UCCJIEIOBAHUS KPAEBBIX 33JaM JIJI HIX UMEIOT CYIIeCTBEHHbIE OTJININUS OT M3BECTHBIX
panee. Panee onn paccMaTpuBaJIUCh JIUIIb B CIy4dae YPaBHEHHUH ¢ MOCTOSHHBIME KO3 duiim-
€HTAMU U C JIMHEIHON WHBOJIIOIUEN, B KOTOPBIX OCHOBHBIM METOJIOM HCCJIEIOBAHMS OBLIT METO/L
@ypbe. B mannoit crarbe T0KA3aHBI TEOPEMBI CYIIECTBOBAHUSI PEIEHUN KPAEBBIX 3a1a4 st
SJUTMITUYECKUX YPABHEHUN € MIEPEeMEeHHbIMH KO3MDPUIMEHTAMU U ¢ OOIINell WHBOJIONUEN 110
BBIJIEJIEHHON ITepeMeHHON B MUJINHAPHUYIEecKoi obmactu. Takske B paboTe st OIHOIO YACTHO-
IO CjIydasl MCCJIEIOBAHO BJIMSHUE MAPaAMETPOB SJUIMINTHIECKUX YPABHEHUN C MHBOJIOIMEH Ha
€/IMHCTBEHHOCTh W HEEINHCTBEHHOCTH DPEIeHuil KpaeBbiX 3aiad. [lojydeHsl TeopeMbl, ompe-
JENSIoNIe yCJIOBUS €JIMHCTBEHHOCT W HEeIMHCTBEHHOCTH PEIeHuA.

2. IlocTanoBka 3aga4

ITycTs 2 — orpanuveHHast 06/1aCTh U3 MPOCTPAHCTBA R epeMeHHbIX L1, L2, . . . , Ly C TJIAJ-
koii rpanuteil I'. B mumunapudeckoit obimactu @ = Q x (0,7), 0 < T < 400, paccCMOTPUM
muddepeHuaIbHoe ypaBHEeHTe

ug(x,t) + Au(z, t) + a(z, t)u(z, t) + b(z, u(z, (t)) = f(z,1), (1)

rie a(w,t), b(x,t) u f(x,t) — sagammble bynkum, onpenenennsie npu x € ), t € [0,7],
©(t) — sanannas ua orpeske [0, 7] unsosmonusi, A — oneparop Jlamnaca, geficTByiommii 10
[IEPEMEHHBIM X1, X2, . . . , Ly

BAJAYA 1. Haiitu pemenne u(z,t) ypasuenus (1) B obiactu @), yI0BI€TBOPSIIOIIEE yCIIO-
BUAM

u(z,t)|s =0, (2)
u(z,0) =0, wu(z,T)=0, x€Q, (3)

rie S =TI x(0,7).
BAZAYA 2. Haiitu perenue u(z,t) ypasuenusi (1) B obsactu @, yaosiersopsioriee (2),

a TaK¥Ke yCJIOBUAM

ut(x,0) u(z, T) =0, ze€q. (4)

=0,
BAZAYA 3. Haiitu perenue u(z,t) ypasuenusi (1) B obsactu @, yaosiersopsioriee (2),
a TaKzKe yCJIOBUSIM

u(z,0) = au(z,T), u(z,T)=0, x€Q, (5)
rjae o — JefiCTBUTEILHOE YHUCIIO.
BameruMm, uto B ciayuae o = 1 Toxkzectsa (5) npeacTaBisitor coboii HEJIOKAIBHOE YCJIOBUE
Nonkuna [26].
Bagaun 1 u 2 xopomo usydensl B ciydae b(x,t) = 0 (cm., manpumep, [27]). Ecin xe

b(xz,t) # 0 u upn HasMUUKM TIEpeMEHHBIX KO3(hMUIMEHTOB pa3peruMoCcTh KPaeBbixX 3ajad 1
u 2 jist ypashenusi (1) npeJcraBiisiercsi HEU3y Y€HHOM.



SﬂﬂI/IHTI/IIIeCKI/Ie YpaBHEHHUS C HHBOJIIOTUBHBIM OTKJIOHEHHEM apryMeHTa 7

Hestokaibuble 3a/1a49u JJist SJUTANITHYECKUX yPaBHEeHU T 6€3 HHBOIONUN ObLINA UCCIIEI0BAHDI
A. JI. Cky6auesckum |28, 29|, A. K. I'yuunbiv u B. IT. Muxaitiosbiv [30], a ux paspemmMocTs
B paborax B [31, 32]. OrMeTuM, 4TO JJIst TAKUX 38184 C MHBOJIIOIUEH TI0I06HBIE BOIIPOCHI paHee
HE 3aTParnBaJInCh.

3. UccaenoBanue pa3pernimMoCT 33134

[ycrs w(x) npunateskut npocrpanctsy Wi (). NMeer MecTo HepaBeHCTBO

/wQ(x,t) dx < coi/wii(x,t) dx (6)

Q =lg

C TOCTOSTHHOM ¢(, Ompeiesisionieiicst Juib obacteio ) [33].

JlokazarebCTBO Pa3penmMOCTH UCCIeyeMbIX 3a/1ad Oy/IeM IIPOBOJUTH METOIOM IIPOJIOJI-
JKeHus 110 napamerpy [34, c. 146] u anpuopHBIX OIEHOK.

s 3aaqam 1 cnpaBeymBa ey omnas TeOpeMa.

Teopema 1. Ilycrs jrst pyrknuii a(z,t), b(z,t) 1 p(t) BbUIOIHIOTCS YCIOBUSL:

a(z,t) € C(Q), blz,t) € C(Q), (t) € C([0,T)), (7)

a(z,t) <0 mpu (z,t) € Q, —¢1 < ¢'(t) < —po <0 npu t e [0,T], (8)
1 2 .

. + T m@lna(:c,t) - \/Em@ax |b(x,t)] > 0. (9)

Torma gus sroboii pyukmun  f(x,t) € Lo(Q) 3azaua 1 mmeer equHCTBEHHOE DelIeHHE
u(z,t) € W2(Q).

< Ilycrs p = const € [0,1]. PaccmorpuMm BemomoraresibHOe ceMeficTBO KPaeBbIX 3ajad:
Haiitn ¢Gyaknmio u(zx,t), sapasonryocs B obiacti () peleHneM ypaBHEHHsT

ug(x,t) + Au(z, t) + a(z, t)u(z, t) + pb(x, t)u(x, o(t)) = f(x,t), (10)

u yzoBJeTBopsontyto yeaopusim (2), (3).

CoryiacHO TeopeMe 0 MeTojie MPOJIOJIKEHUsI 110 TapaMeTpy, Kpaesas 3aia4da (10), (2), (3)
GysieT pazpermmma B ipoctpancTse W3 (Q) npu npunastesknoctn dynxmun f(z,t) mpocTpan-
crBy Lo(Q) mist Becex umcest p us orpeska [0, 1], ecom:

1) sagaua (10), (2), (3) paspemuma B npoctpancTse W2 (Q) tpu p =

2) s BCeBO3MOXKHBIX perennii u(z,t) kpaesoii 3agaqau (10), (2), (3
HOMEpHas 110 P allPUOPHAast ONEHKA

0;
)

UMeeT MEeCTO pPaB-

lullwz @) < Mollfll o) (11)

¢ nocrostuHoit My, onpeesnsomeiicss dyukiwmamu a(z,t), b(z,t) u ¢(t), a Takxke obracTsio €2
n ucyaom 1.

Xoporo u3BectHO, uTo ipH p = 0 3aa9a (10), (2), (3) paspemmuma B npoctpanctee W2 (Q)
npu BBIOHeHun yciosuit (7), a Taxske yeosust 1/co + 2/T? — a(x,t) > 0 (ycaosue BbImo-
usiercst Beaeacrsue (9)) [27].

[TokaxkeM Terepb, 4TO Jisi BCEBO3MOXKHBIX pertennuii u(x,t) kpaesoii 3amaau (10), (2), (3)
MMeeT MeCTO paBHOMEpHasi 110 p oneHka (11).
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PaccmorpuMm paBeHcTBO

- / [uge (2, t) + Au(z,t) + alz, t)u(z, t) + pb(z, t)yu(z, ¢(t)|u(z,t) dudt
Q

—/f(:c,t)u(x,t) dzxdt.
[Tpumensisi GopMyIsly MHTErPUPOBAHUS 110 YaCTsIM € ydeToM ycsouii (2), (3), mosyunm

Z/ui(m,t) dﬂ:dt—k/u?(:ﬂ,t) dxdt —/a(:n,t)u2(x,t) dxdt
i=1
Q Q

Q

- p/b(m,t)u(m,cp(t))u(x,t) dxdt = —/f(x,t)u(x,t) dxdt.

Q Q

[Tpunumasi Bo BuuManue (6), a TakyKe HEPABEHCTBO

2
/uf(m,t) dxdt > ﬁ/uQ(x,t) dxdt,

Q Q

u npuMmensis nepasercTsa FOura u [esibiepa, Oyiem nvers
L2 in a( t)/Q( t)ddt<52/2( t) dadt
— — — Iminalx u\r X S u-\x, X
«w T G ’ 2
Q Q

2 > (12)

1
—i—ﬁ/fz(x,t) dxdt + max |b(z, t)] /u2(ac,t) dxdt /u2(x,cp(t))dxdt
Q
Q Q Q

Beiosnus B mociie/iHeM MHTErpajie, CoJlepzKalieM HHBOJIOIMIO, 3aMeHy z = ¢(t) u ydu-
TeiBast (8), moxkeM or (12) mepeiiTn K HepaBeHCTBY:

1 2 .
[ + T2~ m@lna(x,t) — Vo1 m@ax|b(:€,2€)|} /u2(:c t) dzxdt

w|°1

2
/ xtdwdt—i—ﬁ/f (x,t) dxdt.
Q

Ucnonb3yst ycaosust (9) u caurasi 0 JOCTATOYHO MAJIBIM, U3 IIOCJIETHEIO HEPABEHCTBA CJie-
JyeT OIeHKa

/uQ(ac,t) dxdt < Ml/fz(x,t) dxdt, (13)
Q Q
rie nocrosiuHas M onpenensiercs dyuximsavmu a(z,t), b(xz,t) u ¢(t), a Takxke obracTbio 2 u
qnciaoMm 1.
Takum ob6paszom, u3 orenku (13) mosrydaem, 4To JJIsi BCEBO3MOXKHBIX perrennii u(zx,t) 3a-
nmaqan (10), (2), (3) nmeer MecTo paBHOMEpHast 110 p alpropHasi oneHka (11).
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Beirire nzioxkeHHbIe pacCyKeHNsT O3HAYAIOT, ITO KpaeBas 3aa4da (10), (2), (3) 6yzer pas-
permMa B ipocTpanctee W2(Q) s Beex wmcen p uz orpeska [0, 1], Brmouas cy4ait p = 1.
CiiestoBaresibHO, Kpaesast 3a/a4a 1 Takxke Oy/eT UMeTh PEIeHHe B TOM Ke IIPOCTPAHCTBE.

EmHCTBeHHOCTD perenuil Kpaesoit 3ajaqu 1 B mpocrpanctse W3 (Q) ouenmna. Teopema
JIOKa3zaHa. >

st 3aa4qu 2 crpaBeyiuBa CJeyroias TeopeMa.

Teopema 2. Ilycrs Bomossiiores: yeaosust (7), (8), a Takxke ycioBue

1
— —mina(z,t) — \/p1 max |b(x,t)| > 0. (14)
o Q Q

Torma st smoboii dyukuuu  f(x,t) € Lo(Q) 3agada 2 HMeeT eJMHCTBEHHOE DeIleHHe
u(z,t) € W2(Q).

< Hyst aucen p € [0, 1] pacemorpum 3amaay (10), (2), (4). Ilpu p = 0 u npu BbIIOTHEHUI
ycnosuit Teopembr 2 samada (10), (2), (4) 6ymer paspermmmma B mpoctpamctse Wi (Q) s
sroboit dyukuun f(xz,t) € La(Q) (em. [27]).

Hns pemennit u(z,t) 3azaau (10), (2), (4) upu Beex p # 0 U IpH BBIIOJIHEHUN YCJIOBUI
TEOPEMBI 2 UMEET MECTO CJIEIYIONAs OIEHKA:

/u%(az,t) dﬂ:dt+/u2(x,t) dadt < N/f2(x,t) dxdt, (15)
Q Q Q

rie nocrostniast N onpegensiercst dyukuusmu a(x, t), b(z,t), ¢(t) n obracreio ).

U3 paspermnvoctn 3agaqu (10), (2), (4) mpu p = 0 B npoctpanctee W3 (Q), a Taxske u3
orneku (15) M U3 TEOpeMBI O METOJE IPOJIOIKEHHsI 110 [apaMeTpy CJeLyeT PaspeniuMOCThb
331241 2 B TOM K€ POCTPAHCTBE. EJMHCTBEHHOCTL OueBHIHA. [>

ITepeiiieM K U3y9UeHHIO Pa3PEIINMOCTH HEJOKAIbHOM 3a1adn 3.

[Iycts a1 1 g — buKCHpoOBaHHBIE YUCIA TAKUAE, ITO

1_a2:a1_a27 alzmax(l—QQ,O), 042:@1—(1_042)-

Teopema 3. Ilycrp st pyukumii a(z,t) u b(x,t), 3agannoii naBosromIN @(t) U YUCIa (2
BBIIIOJIHSIIOTCS YCJIOBHSL:

a(z,t) € C(Q), a(z,y) < —ag <0 npu (z,t) € Q, (16)
b(z,1) € C(Q), VE|b(w,t)] <bov/p(t) (¥(x,t) €Q), (17)
p(t) € CH[0,T)), —p1 <@(t) < —po <0 mpu t €[0,T], (18)
% 4 % + 2Ty /21 < 2Tag + % (19)

Torga st mo6oii pyuxmun f(x,t) takoii, uro f(x,t) € La(Q), fi(z,t) € La2(Q), 3amaua 3
HMeeT eJMHCTEeHHOe pellenne, puHa,iexaniee mpoctpanctsy Wi (Q).

< Cuientyst [32], paccMOTpUM HEJIOKAJIBHYIO KpaeByto 3ajady: Hairu gyakmnuo u(zx,t), sB-
JISTIOIILYIOCST B IUJIHHAPE () pelIeHueM ypaBHEHHUST

ug(x,t) + Au(x, t) — eAuy(z,t) + a(z, t)u(z, t) + bz, t)u(x, o(t)) = f(x,t) (20)

(e > 0), yroaersopsitomyto yeaosusM (2) u (5).
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[Mokazkem, uro npu € € (0,eg) (BesmuuHy Yncia €y YTOUHUM HUXKE) U TIPU TPUHAJJIEZKHO-
cru dyukuuu f(z,t) npocrpancrBy Lo(Q) kpaesast 3auaua (20), (2), (5) 6yaer umers penieHue
u(z,t) Taxoe, uro u(z,t) € WE(Q), Auy(z,t) € L2(Q). Caemaem 9T0 ¢ HOMOIMIBIO XOPOIUX
AIPUOPHBIX OIEHOK.

st mostydeHusi 1epBoil APUOPHOl OLEHKN yMHOXKUM ypashenue (20) Ha GyHKIHMIO
—tu(z,t) u npounrerpupyem no muwmeapy Q. Ilocie HecsoxkHBIX HpeobpasoBanuii Gymem

UMETh:
a n n
> / (z,T)dx + / [tu%(m,t) + Ztuil (z,t) + aptu®(z,t) + €Ztuiit(£ﬂ,t):| dxdt

5 o i=1 i=1

eal/zu (.7)d / 2(2,T) da +@/ZUL$T (21)

Q

+ /tb(w,t)u(m,t)u(x,ap(t))dxdt + /tu(x,t)f(x,t) dxdt| .
Q Q

Ouennm Tperuii uaTerpast npasoii yacru (21) ¢ nomompio HepasencTBa ['énbiepa u cie-
JaeM 3aMeHy z = @(t):

/tb(m,t)u(m,t)u(w, o(t)) dzdt| < /tbQ(m,t)uQ(x, o(t)) dadt /tuQ(m,t) dxdt

N
N

Q Q Q
J ) (22)
2 2
< bov/p1 /<p(t)u2(x,<p(t))dxdt /tuQ(x,t) dedt | = bm/apl/tUZ(x,t) dxdt.
Q Q Q
U3 uepasercrs (21) u (22) B ciaydyae ag = 0 04eBUJIHBIM OOPA30M BbITEKAET HYZKHAs

IepBad allpuOpHad OIECHKa, IIO3TOMY B ,H,aJIbHefIHIeM CHHUTaeM (o ITOJIOZKHUTEJIbHbIM.

s npousBosibHO# DyHKIMN v(x,t) UMEeT MECTO CJie/lyollee HePABEHCTBO:

2 1
T, rdt < 2 [ tv? (z,t) dzdt + T tv°(z,t) dzdt, 23
T) dxd P (z,t) dd 7T ?(z,t) dd
Q Q

riae 50 — IIPOU3BOJIBHOE IIOJIO2KHUTE/JIbHOE YUCJIO (I[JIH JI0Ka3aTe/JIbCTBa 9TOI'0 HEpaBEHCTBa 10-
CTaTOYHO B PaBE€HCTBE

2 2
/vz(x,T) dxdt = T2 /th(x,t) dxdt + T2 /t%(x,t)vt(x,t) dxdt
Q Q Q

IPUMEHUTH KO BTOPOMY CjlaraeMOMy IpaBoii yactu HepaBeHcTBo FOHra).
Ucnons3yst nepasenctso (23) mist dyuxunn u(x, T') 1 111 Kazk10ii Ipou3BoAHOl Uy, (2, T),
i = 1,...,n, a rakke npuMensiss HepaseHcrBo FOura u yunrteiBas (6) u (22), HeTpymHO OT
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HepaBeHCTBa (21) mepeiitu K ciieyomemy:

aq 2 (5(2]012
5 [ u (x,T)dx + [ — W} /tut(x t)dxdt + - /Ztu x,t) dxdt
Q Q Q

+ [“0 -5 (% + 53T> bov/ier _} / @) dadt
© (24)

ey (2 1 - 82T 2
< N <ﬁ + (%—T> /thumi(x,t) dxdt + N tu?(z,t) dedt + W fA(x,t) dzdt.
Q '~ Q

Yeaosue (19), a Takyke BO3MOXKHOCTH BBIOOpa 4uCIa § CKOJIb YTOJHO MAaJIbIM O3HAYAIOT,

To 1pn £ < £ u3 (24) BbITEKAET

2
9TO €CJIM YHUCJI0 £y TPUHAIJIEIKUT THTEPBAILY (O; #4&2),
2

alpuoOpHas OIEHKA

/ [tu?(m, t) + tu?(z,t) + Z tui(az, t)+e Z tuiit(:v, t)] dxdt

Q 1=1 =1

/ deac—i—s/Zu (x,T)d Rl/f x,t) dzdt,

Q

¢ nocrosinHoil Ry, onpeensionieiicst pyuxiusivu a(z, t), b(x,t) u p(t), obmacrsio ) u qyuciamu
anT.

Ha coienyiomen mare ymuoxkum ypasaenue (20) na dyukuuto tAu(z, t) u npounrerpupyem
0 IMUJIHHIPY Q):

/ [Zn: tuiit(x, t) 4+ t(Au(z,t))? + ag Zn: tuii + et (Awy(z, t))2] dxdt

i=1 i=1

Q
PO [0 Tyde s S [ (e 7)ot [ e, 0800, e ) do (2
i=1 ¢ Q Q
<2Y [ o+ 22 [ (Qu 1) ot [ (et (o0 dod
i=1 ¢ Q Q

[ToBTOPUB BBIK/IAJIKK, KOTOPbIE IIPUBEJIN K OleHKe (25), npumenus HepaBeHcTBO FOHra, a
TaKzKe C y4eToM caMoil oneHku (25) nosydanM u3 (26) ce/yolyo alpuopHyO OIEHKY:

/ [Ztu (z,t) + t(Au(x, 1) + et (Auy(z,t)) ] dxdt + Z/ (z,T)dx
Q L= 1 i=1¢ (27)
6/(Au(x,T))2 dx < Rg/fQ(x,t) dxdt,

Q

Q
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e nocrostuHast Ry onpesensiercst dyukmusaMu a(x,t), b(x,t) n ¢(t), obaacreio Q u quciaMu
anT.

Hasee, ymuoxkus ypasuenue (20) wa dbynriuo —tAuy(x,t) 1 IpouHTErpupoOBaB 10 K-
JMHAPY (), 1Oy IiM:

/ [Z tum (1) + t(Awg(z, 1)) —i—aozm x,t) + et (Auy(z, t))2] dxdt

=1

Q
aq a9
—i—? [(AumT —|—a02u (x,T) ?/[AuaﬂT —|—a02u (x,T)
Q Q
—|—/tb(:c,t)Autt(x,t)u( ) dxdt —i—/ tf(w,t)),Auy dadt.
Q Q

AHAJIOru4HO, IOBTOPsIs TIPEJIbLIYIINe PACCy K IeHUs, UCIOJIb3Ys oreHKH (25) u (27), a Tak-
2Ke NpuMeHsisi HepaBeHCTBO FOHra, moJiydnM CJIeyolLyo allpUOPHYIO OIEHKY:
n
/ D tul (@, t) + t(Aug(x, ) + et (Aug(x, t))2] dzdt
i=1
¢ (28)

+ [ (Au(z,T))*dx < Rs | [f*(z,t) + f2(z,t)] dadt,
[ /

re nocrosinnas Ry oupenensiercst dyukuusamu a(x,t), b(z,t) u p(t), obmacreio ) u duciamu
anT.
B cBoro ouepepb, u3 (28) ciejyer, YTO BBIIOJIHSIOTCS PABHOMEDHBIE 110 € OIEHKH

/ [u?t(x,t) + zn:u;t(m,t) + €2 (Autt(ac,t))Ql dzdt < Ry / [£2(x,t) + f2(2,t)] dudt,

Q =1 Q

/ (Au(z,t))* dedt < R / [f2(2,t) + f(z,t)] ddt,
Q Q

nocrosiiable Ry n R5, B KOTOPBIX OUpeesisiiorest b GyHkuusamu a(x,t), b(xz,t) u o(t),
obsacTeio  u uncaamu o u T. Jlannble HepaBeHCTBa BLIBOAATCS aHAJOTUMHO OICHKAM, HPH-
BEJICHHBIM B pabore [32].

[Tory9eHHBIX COOTHOIIEHUIT y>Ke JOCTATOYHO JJIA OCYIIECTBICHUS IIPOLELYPhl PeIe/Ib-
HOro mepexofa. st 9TOoro BBIOGEPEM IIOC/IEOBATEILHOCTD {E€, }0°_; 4HCE] U3 HHTEPBAJA
(0,e0), cxomsmpytocst K mymo. asee, u3 cemeiicrBa {um (z,t)}5° | perrennii KpaeBbIX 3a-
naq (20), (2), (5) B ciayuae € = &y, BbIOepeM IOACEMEHCTBO {Upm, (z,t)}5°_; Takoe, 4TO IyIst
HEKOTOPOil pyHKIUN u(z,t) IMEIOT MECTO CXOIUMOCTU IpU k — 00: U, (z,t) — u(z,t) cia-
60 B W2(Q), emy Atm,st(z,t) — 0 cmabo B La(Q), um, (z,0) — u(z,0) crabo B WZ(€),
Uy (2, T) — u(z,T) crabo B WE(Q) (B cuiy csoiictBa pedieKCcHBHOCTH TMIILOEPTOBA HPO-
CTpaHCTBa 3TO BO3MOXKHO). O4eBnHO, 4T0 npejenbuas dyHkus u(x,t) u Oygaer HCKOMBIM
peleHneM KpaeBoii 3ajaun 3 npu BbinogHeHun ycuaosuii (16)—(19).

Enuncreennocts B npoctpanctee W2(Q)) permenus HeOKATbHOM 3a1aum 3 Clejyer n3
onenku (25), cupaseuBoil npu BoinosHeHun yciaosus (19). 113 mepasencrsa (25) cuemyer,
970 JyIst pertenusi u(x,t) HeJOKaJIbHOI 3a7aun 3 B ciaydae f(z,t) = 0 BBIIOJIHSETCS YCJIOBUE
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u(z,0) = 0, . e. byukuus u(x,t) Gyjer perieHreM OHOPOIHON KDPAeBOH 3aJauu U3 IIPO-
crpanctBa W2(Q) anst saymmnTrdeckoro ypasHerust. CrieJoBaTebHO, PeleHne HeJTOKaTbHOI
3aja9n 3 €JMHCTBEHHO. TeopeMa JoKa3aHa. >

4. BausiHue mapaMeTpoB Ha KOPPEKTHOCTh 3anadu upuxie
JJISI SJIJIUIITUIECKOT'0 YPaBHEHNUSI C MHBOJIIOIMEN

Pacemorpum wactHblil ciyuait ypasaenns (1)
u(z,t) + Au(z,t) + Mu(z, t) + pu(z, T —t) =0, (29)

rjae A u g — JiefiCTBUTe/IbHBIE [IADAMETDDI.

Lenbio 3T0ro pasjesna paboThl SIBJISIETCs UCCJE0OBAHUE BIIMSIHUS [1apaMeTPOB A U [ HA
eJIMHCTBEHHOCTh U HeeJMHCTBEHHOCTH pertenuii 3axaun (29), (2), (3), r. e. 3agaun dupuxie.

Iycrs {wy(z)}72, — oproHopmupoBanHas B mpocTpancTse Lo(f2) mocienoBaTebHOCT
cobcTBenHbIX dyHKnuit 3agaqan Jnpuxie nis oneparopa Jlammaca ¢ yrnopsiiodeHHOM 10 yObI-
BAHUIO I0CJIE/I0BATEILHOCTBIO COOCTBEHHBIX 1UCeIl {7 }pe 1. XOPOIIO U3BECTHO, YTO HOCJIEI0-
BaTesibHOCTH {7V}, U {wg(2)}72, cymiecTBYIOT 1 COOCTBEHHBIE HHCIIA ) — OTPHIATENb-
uble [35].

Ob6ozHa M 9epe3 Uiy y TACHAR [l m = —X — Vi + m?2m? /T2, rae k,m € N.

Paccmorpum BHauase ciaydain A € (—oo, —71).

Teopema 4. Ilycte \ — ¢pukcupoBannoe 4mcio u3 npomexyrka (—oo, —v1). Toraa:

1) Ecan |p| < —A — 71, 10 onHOpoauast 3axaqa (29), (2), (3) umeer TOJIBKO TOXK/I€CTBEHHO
HyJIEBOE DEIlIeHHE.

2) Ecmm pp > =X\ — 1 M ji = [ I HATYPaJIbHBIX dnces m = 21 — 1, I,k =1,2,...,
T0 onHOpoaHas 3asaqa (29), (2), (3) umeer 6eCKOHEIHO MHOIO HEHYJIEBBIX PEIICHUI, €CIIH XKe
b F fokm, TO 381848 (29) , (3) mmeer TOJIBKO TOXKJIECTBEHHO HYJIEBOE DeIIeHHe.

3) Ecm pp < AN+ 7y1 B jt = — g Il HATYpaIbHEIX guces m = 21, I,k = 1,2,..., 0
oaHoponrast 3ajga4a (29), (2), (3) umeer 6eCKOHEYHO MHOIO HEHYJIEBBIX PEIIeHHH, eCIIH Ke
[ F —k,m, TO 3aja49a (29), (2), (3) uMeeT TOJBKO TOKIECTBEHHO HYJIEBOE DEIIEHHE.

9),
) (2

< Ilycers jyist auciia (1 BBIIOJIHSIETCs] HepaBEeHCTBO || < —A — 7. Torma npu takux p st
ypaBuenust (29) BblnosiHstIoTcs yesoBust Teopembl 3.1. CrieloBaTesibHO, OJHOPO/HAST TIePBast
KpaeBasi 3aja4a Jisi ypaBHeHust (29) uMeeT TOJIBKO TOXK/IECTBEHHO HYJIEBOE DeIleHUeE.

Pemmenne omnopomnoit mepBoit Kpaepoil 3aa4uu i Yy PAaBHEHUS (29) MOXKHO IIPEICTaBUThH
psiiom Oypbe

o0
u(a,t) = up(t)wg(x),
k=1
rie byHkuun ug (t) SBISIIOTCS PEIIeHUsIMU CJIeJIYoIIeil 3a1aqmu:
up(t) + (v + Nug(t) + pur(T —t) =0, t€0,T], (30)
ug(0) = ux(T) = 0. (31)
Huddepennupyst nazkibl ypasaenue (30) ¢ yueroM paBeHCTB
ug(T —t) = — (i + Nugp(T — t) — pug(t),

up(T — 1) = —% [l (£) + (v + AJuug]



14 Bxxeymuxosa O. .

OJIYYUM yPaBHEHHE
w(0) + 20+ M(0) + [+ X =] ua(t) = 0, ¢ € 0,7, (33)
kpome Toro u3 (30) u (31) nmeroT MecTo ycJI0BHs
up(0) =u(T) =0, k=1,2,... (34)
Iycts jt > —\ — ] ¥ 9HCIO (4 COBIAJAET C OJHUM U3 YHCEI [y, JJIs HEKOTOPBIX HATYy-

pasibHbIxX gucea [,k =1,2,..., m = 2l — 1. Ilpu Takux 3Ha49eHusIxX [ 1 \ Kpaesas 3aj1ada (33),
(31), (34) umeer HenyseBble perneHust Uy, (t) = Agsin (B t), rae Ay = const. Ioacrasss
Uk,m (t) B (32), momyanm

Ug m(T — t) = Ay sin (m t).
’ T
C napyroit CTOPOHBI,
Up,m (T —t) = A sin [% (T — t)] — (_1)m+1Ak sin <% t),

oTKysa cieyert, uto (—1)m+!

W3 npuBeieHHBIX pacCy»K/I€HU BbITEKAET, 9TO Jiobast (DYHKIMS BUIA

= 1 BepHO JIsT HEYETHOT'O YUCIa M.

T™m

U (2, 1) = A sin <T t) wy () (35)

OyleT pelIeHreM OJHOPOJHOI I1epBoil KpaeBoil 3ajauu st ypasuenust (29) Upu p = [l m C
HEYETHBIM IHCJIOM 1.

ITycrb Temepsb 1 > —A — 71 U 9HCIIO i He COBIAJAeT HU C OJHUM U3 HHCET [if n,. KpaeBas
zazada (33), (31), (34) wMeer HeHyJieBble DeIllleHUs] JIMIIb B CIydae, KOIJa OLPeIesnuTelb
CHCTEMBI, HOPOXKJeHHON ycioBusMu (31), (34), obpamaercss B Hy/Ib, T. €. HUPH b = [ifm.-
ITocKOIBKY [t # fik,m, TO yukmmn ug(t) = 0 (kK = 1,2,...) ma seex t € [0,7], Torna
u(z,t) = 0.

[IpoBest aHAJIOTHIHBIE PACCYZKJIEHHs], JIETKO MPOBEPUTD, uTo GyHKIms (35) BHOBL Oy1eT
pelenneM OJJHOPOJHOM TIePBOit KpaeBoii 3aaun st ypasuenust (29) B ciyuae, ecan 1 < A+yp
U [l = —[Lk,m C IETHBIM YHUCJIOM M, €CIII K€ L # — [l m, TO 3a1a4a (29), (2), (3) umeer TOIBKO
TOKJIECTBEHHO HyJleBoe perrenne. TeopeMa MOJHOCTBIO JoKa3aHa. [>

Paccmorpum Teneph caydait A € [—v1, 00).

Teopema 5. Ilycrs A — (puUKCHpOBaHHOE YHCIIO U3 IPOMEKYTKa [—71,00). Torza:

1) Ecimm pp > AN+ y1 B po = [l Aast aucerm = 20 — 1, I,k = 1,2,..., 10 oguopoaHas
saza4a (29), (2), (3) umeer GecKOHETHO MHOI'O HEHYJIEBBIX PeINeHHIl, €CIIH JKe [L F [l m JWIT
m = 2l — 1, 1o 3aza4a (29), (2), (3) uMeer TOJBKO TOXKIECTBEHHO HYJIEBOE PEIEeHHE.

2) Ecm pp < =X —y1 B o= —pugm i m = 21, I,k =1,2,..., 10 oqHOpOAHAs 3a/1a4a
(29), (2), (3) umeer beCKOHEYHO MHOIO HEHYJIEBBIX PEIeHHIT, €CJIH XKe L 7 — (L m A1 m = 21,
To 3aza4a (29), (2), (3) umeer TOJIBKO TOXKJECTBEHHO HYJIEBOE DEIICHHE.

3) Ecim |p| < A+v1 v p0 = pgm g m = 20 =1, Lk = 1,2,... wm pp = —fim
arstm = 21, Ik =1,2,..., To oquoponnas 3azaqa (29), (2), (3) umeer 6eckoHevIHO MHOIO
HEeHYJIeBbIX PelIeHHl, eCId XKe [L # [y, AT m = 21 — 1 wm ji # — g, 428 m = 21, To
sagaqa (29), (2), (3) umeer TOJIBKO TOXKJECTBEHHO HYJIEBOE DEIIeHUe.

4) Ecmm A = —y, + ©2m?/2T? u p = 72m?/2T? gnam = 21 — 1, I,k = 1,2,... mm
p = —m2m?2/2T?% ana m = 21, I,k = 1,2,..., T0o ogroponnas 3agada (29), (2), (3) mmeer
GECKOHETHO MHOI'O HEHYJIEBBIX DEIleHHI].
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5) Ecm A = —y,, p =0, k = 1,2,..., ogHoponuast 3amaqa (29), (2), (3) umeer ronpko
TOXKJIECTBEHHO HYJIEBOE DeIlleHHe.

< Pemenne 3amaun (29), (2), (3) upu A € [—71,00) BHOBb OLPEIEIUM DSIIOM
o
u(z,t) = Zuk(t)wk(aﬂ)
k=1

Host dynknum uy(t), ances A u p 10JKHBI BBIIOJIHATHC pasercTsa (33), (31), (34) u (32).
[Tyctb > A+ 41 ¥ 9uCIO A U3 TPOMEXKYTKA [—71,00), TOrJa JJIsd TAKUX A U [i

ug(t) = ApeVVEt 4 Bre VYk 4 O cos (\/Et) + Dy sin (\/at),

e Yp = = A =Yg, 2k =+ A+, K=1,2,. ..
Hnst ancen Ay, By, Ck, Dy ¢ yaerom ycsosuii (31), (34) BBIIOJIHSIIOTCST paBEHCTBA

A+ B, +C, =0,

AreV¥ T 4 Bre VT 4 Oy cos (\/ET) + Dy, sin (\/ET) =0,

Yk Ak + ypBr, — 2Cr = 0,

yrApeV¥ T 4y Bre VIR T — 2. C) cos (\/%T) — 2Dy, sin (\/ET) = 0.

Onpezemnrens cucrembr A, = —8u? sinh (/g T) sin (/2 T') obpalnaercst B Hy/lb JUls BCeX
p = fhm. Cnenosarensno, dyHKImE U(t) OyIyT HEHyJIEBBIMH, IIPUYeM JJId 9TOH (dyHK-
mun OyIyT BBIIOJIHATHCS yCioBus (32) IPH [t = [, C HEYETHBIM YHCIOM M. VICKOMBI-
MH HEHYJIEBBIMH DEIIeHHUsIMU IIePBOil KpaeBoil 3aadu jiist ypaBHeHus (29) OymyT dyHKImI
U,k (z,t) = Dy sin (% t)wk(x), m=20—1,1=1,2,... OueBnano, 9TO €CJM { HE COBIAIAET
HI C OJIHUM M3 9YHCEII [l IPH M = 2l — 1, To Aj, # 0. CriefioBaresnibHo, cucrema Oy/IeT UMeTh
TOJILKO TPUBHAJLHOE perierne u ug(t) = 0, a 3naunt, u(z,t) = 0.
[Tycrs Tenepb < —A —71 u A € [—71,00). Torma dyukuuu uy(t) nmeror Bu

ug(t) = Ay cos (\/—yk t) + By, sin (\/—yk t) + CpeY "kt Dpe VAL

yesoBusi (31) m (34) mopoXKIarT cucremy, OIpeiesuTeNb KOTOPOil obpalnaercss B HyJb
npu ft = —pgm- CienoBaresnsro, 3agada (33), (31), (34) umeer HeHylsieBble pelleHUs
Uk,m (t) = By sin (% t). Tora

o (T — ) = (=1)™*! By sin (% t), (36)
¢ Apyroit croponsl, u3 (32)
Uom(T — t) = — By, sin (% t), (37)

OTKYy/la, IIpupaBHuBast npasble dactu (36) u (37), mosydnm, 4TO PaBEHCTBO BEPHO JJIsl YeT-
HBIX guces m. TakuM o6pa3oM, OJHOPOJHAsI [epBasi Kpaewas 3ajada jijis ypaBHeHust (29)
IMeeT HEHyJeBOe DellleHne U, i(z,t) = By sin (% t)wk(x) OPH [t = —[m AT m = 2,
k,l=1,2,... Ecim ke p # —figm g m = 21,1 = 1,2,..., To cucTeMa MMeeT TOJIBLKO HyJe-
Boe perenne u ug(t) = 0, cienosaresnsro u(x,t) = 0.

IIpu |p| < A+ 1 uMeeT MecTO paBEHCTBO

ug(t) = Ay cos (vV=yr t) + Besin (v/=ygt) + Cicos (y/zr t) + Dy sin (/2 t).
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BuoBb yuosiierBopsist uy(t) yeaosusim (31) u (34), moaydum cucremy, OnpeienTesb KOTOPOii
paBeH HyJIIO P [t = Hfif y, TPUUEM JIst 9T0i (DYHKIME OYLyT BBIIOIHATEHCS yCIOBHs (32)
DU b = [l AT M = 2l—=1 0 pt = — g msrm = 21 ([ = 1,2, ... ). CiiesioBaTesIbHO, KpaeBast
sanada (29), (2), (3) BHOBb MMeeT HEHyJIeBble PEIICHUS Up, k(,t) = Dy sin (%X t)wy(x) upn
o= flm A0 m = 2l — 1 1 Uy, p(x,t) = Bysin (% t)wk(:c) OPY [l = —[lkm A1g m = 2]
(1=1,2,...). Ecim e p # g miast m = 2l—1 1 o # —fug 201t m = 21, 70 K03bPUIMEHTEI
Ay, By, Cy u Dy, ogHoBpeMeHHO obparmaiorcs B Hysib u dbyukuun ug(t) =0 (k= 1,2,...) upu
qutst Beex ¢ € (0,7, a snaant u(z,t) = 0.

B ciyuae 4) HemocpeJCTBEHHO TIpoBepsieTcsi, 9To mpu \ = —7v, + m2m?2/2T? u pu =
w2m?/2T? nnam =21—1 (I,k=1,2,...) wm u = —m>m?2/2T7? qnam =21 (I,k =1,2,...),
sagaya (30), (31) Gyser umeTh pernenne ugm,(t) = Ay sin (2 ¢). Torna oxHoposHas neppast
KpaeBasi 3aja4a Jyisi ypapHeHust (29) umeer 6ECKOHEYHO MHOIO HEHYJIEBBIX DeIIeHUI .

Paccmorpum rtenepn ciyuait 5). Ilpu takux 3HaYeHUsIX A M [ JIEPKO IPOBEPUTDH, UTO
ug(t) =0, noncrabisisi A = —y,u =0, k=1,2,..., B ypaBuenue (30) u ynosuersopsist (31),
a, cyieioBaTesibHO, 3aja4a (29), (2), (3) umeer TOIBKO TOXKIECTBEHHO HYJIEBOE DEIleHHe.

VI3 npuBeIeHHBIX BBIIIE PACCYKJIEHHUH CJIeyeT, 4TO TeopeMa MOJHOCTBIO JoKa3aHa. [>

5. 3ak/roueHnue

B pabore mosydeHbl J0CTATOUHBIE YCJIOBHsI Pa3PENIUMOCTH KPaeBbIX 3ajad 1-3 st 371-
JIUNTHIeCKUX b OEPeHIIaIbHbIX yPABHEHHI € HHBOJIIOTHBHBIM OTKJIOHEHHEM apryMeHTa
B MJIQIIIUX YJIE€HAX. YCTAHOBJEHHBIE PE3Y/ILTATHI JIETKO 0000IIa0TC Ha OoJjiee OOIIme ypas-
HEHHsI — Ha yPaBHEHHs! C MJIQJIIIME IPOU3BOAHBIMY Ut (T, t) U Uy (2, 1) (¢ cOOTBETCTBYIONIME
ko3 dunuentamm), Ha ypaBHEHNS ¢ HepEeMEHHBIMI KO3(hMUIMEHTAMI B CTAPIIEH JacTH.

Ocoboe MecTo cpejiy U3y IeHHBIX 33184 3aHUMaeT 3aja4a 3. DTa 3aja4a B ciaydae « = 1 co-
orBercTByer n3BecrHOit 3aade H. U. Nonkuna [26] (cm. Takzke [32]), ncciemoBanuio KoTopoii
[TOCBSIIIIEHO BeCbMa OOJIBIIIOE KOJUIECTBO craTeil u auccepramnuii. OTMETHM, 9TO B HACTOSIIIEH
pabote Jomyckaercs ciydail @ = —1 (1. e. caydail ¢ «aHTH-ycaoBueM VoHKnHA» ), a Takke
cayudaii || > 1, HO pK STOM BeJIMYKMHA OTKJIOHEHHsI YucJIa & OT 1 onpejessiercs: BbyHKIUSIMEI
a(x,t) u b(z,t), pasmepom obsactu €2, wncsiom T', a Takzke cobcTBeHHO nHBOJIONNEN P (1).

Bamernm Takke cienyoree. ViMest paspemMocTs 3a1a4n 3, HETPYAHO MOy IUTh pas3pe-
muMocTh erie ool 3asaun H. U. Vonkuna. A umenno, 3ajaun ¢ 3aMenoit yciaosust (5) Ha
YCJIOBUST

ug(x,0) = awy(x, T), wu(z,T)=0, z€q.

,HOKaSa,HHbIG pe3yJibTaThbl U 0CODEHHO TEeOPEMbBI 4ub IIOKa3bIBAalOT, 9YTO HaJIMIUE B YypaBHE-
HUN WHBOJIIOTUBHOT'O OTKJIOHEHNA MO2KET CYIIECTBEHHO IOBJ/IUATL Ha YyCJIOBUA PA3SPEHINMOCTU
n BOO6H.[€ Ha KOPPEKTHOCTL 3a/la4H.

ApTop BBIpazkaer OjaromapHocTh npodeccopy A. M. KoxkaHOBY 3a HEOTHOKpPATHBIE 0OCY K ICHUST
7 T€HHBIE COBETHI IPU BBITIOJTHEHUN JAHHOW PabOTHI.
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Awnnoranus. Ilycts v — BepmuHa AByAOJBHOrO (-TIOTHHOMHUAIBHOTO JUCTAHIIMOHHO PETYJISIPHOTO T'pa-
dal mmamerpa D > 3, % =T'p(u) u A = X. Torna A — JUCTAHIMOHHO PeryJIsipHbLI (Q-1OJIMHOMUABHBII
rpad. B cayuaax D =4 u D = 5 rpad A aBisgercsa CHIbHO peryiasapHbiM QQ-miojguHoMua babM. [Toso-
BunHbIA rpad [ cuinbHO peryssipedr u A — oKpecTHOCTH BepiIUHBI B gomosHenun K ['z. Tlosromy meob-
XOIUMOe ycjIoBre (Q-IIOJIMHOMHAJIBHOCTH || — 9TO CHJIbHAs PEryssipHOCTb OKPECTHOCTEH M aHTHOKPECT-
nocreit Bepmua B A. JIBynonbablil qucrannmonno peryiapubiil rpad I' amamerpa D € {4,5} masosem
mouT (Q-IOJIMHOMUAJIBHBIM, €CJIM OKPECTHOCTH M AHTHOKPECTHOCTH BEPIIHH B JOIOTHEHUN €T0 IMOJIOBUH-
HOro rpada CHJIBHO peryJssipHbl. VIMeercs JiBa JOIyCTHMBIX MaCCHBA, IIepecedeHnil (Q-IIOJIMHOMUAIBHBIX
rpados: {10,9,8,7,6;1,2,3,4,10} (ceepuyrsiii 10-xy6) u {55, 54,50, 35,10;1,5,20,45,55}. Dt rpadbr
IMEeoT CHIIbHO peryssapubie rpadsr A (nmapamerpor (126, 25,8, 4) u (210,99, 48,45)) n okpecTHOCTH BEp-
mme B A (mapamerpsr (25,8,4,2) u (99,48,22,24)). VMerorcs aBa JOIyCTUMBIX MAacCUBa I€peceveHuii,
orBevatonux rpadam Ha 704 Bepmmuax: {26,25,24,2 1;1,2,24,25,26} u {36,34,32,4,1; 1,4, 32,34, 36}.
B pabore uzygarorcsa nouru QQ-moauHOMHUANBHBIE Tpadbl quamerpa 5. /lokasano, 9T0 AUCTAHIIMOHHO Pery-
JsipHble rpadbl ¢ MaccuBaMu Iepecedennit {26, 25,24, 2,151, 2,24, 25,26} u {36, 35,32, 4,1; 1,4, 32, 35,36}
HE CYIIEeCTBYIOT.

KiroueBble cjioBa: JUCTaHIMOHHO PErYIISIPHBIN rpad, (Q-IOTMHOMUAIBHEIA Ipad, ABY/IOIBHEIA rpad.
AMS Subject Classification: 05E30, 05C50.

OGpasen; nurupoBanusi: burkuna B. B., Maxumes A. A. O aByI0JIbHBIX (Q-TIOJTUHOMUAIBHBIX TPa-
dax amamerpa, He Gosnbmero 5 // Buammkask. mar. xypH.—2025.—T. 27, sem. 3.—C. 21-27. DOL:
10.46698 /y5679-0662-9249-a.

BBenenue

PaccmarpuBarorcst HeopueHTUpOBaHHBIE rpadbl 6e3 1meTesib U KpaTHbiX pebep. FKcim Bep-

IIUHBL U, W HAXOASTCs Ha paccrostuun ¢ B rpade I, To uepes b;(u, w) (epes ¢;(u, w)) obo3Ha-
YUM 9nCJIO BepiinH B nepecedennn 141 (u) (B mepeceuenun I';_1(u)) ¢ [w]. I'pad nnamerpa d
HA3bIBAETCS JIUCTAHIIMOHHO DEryJIsiPHBIM ¢ MaccuBoM niepecedenuit {bo,...,bg_1;¢1,...,¢q},

# ccnenoanne BBITIONHEHO TIPH TIOfepKKe EcrecTsenno HaywHoro donga Kuras, mpoekr Ne12171126,

u rpanTa Jlaboparopun MH2KEHEPHOTO MOJIEIMPOBAHUS U CTATUCTUIECKUX BBIYUCJIEHUI TPOBUHIINN XaWHAHbD.
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ecau 3Hadenust b; = bj(u,w) u ¢; = ¢;(u,w) He 3aBUCAT OT BHIGOpPA BEPIIUH U, W HA PAC-
crostuun 4. [lonoxkum a; = k —b; — ¢; u k; = |I'j(u)| (3navyenue k; He 3aBucur or BBHIGOPA
BepimHbl u). Jucia nepecevyenuii rpada pﬁj, napamerpbl Kpeiina qﬁj 1 Q-NOJIMHOMUAIHHBII
rpad oupezesenst B [1] (cTp. 43 u 48 cooTBETCTBEHHO).

Jlyist IBYIOJIBHOTO AMCTAHIMOHHO perysspaoro rpada I mososunHbIM rpadoM Ha3bIBa-
ercst CBsaA3Hasi KoMmmonenTa B ['y. st aHTHIIONAIBHOIO JUCTAHIIMOHHO perysgpHoro rpada I
AHTUIIOJAIBHBIM 4YacTHBIM 17 HasbiBaeTcs rpad, BepHIMHAME KOTOPOIO SABJISIOTCHA aHTHIIO-
JabHble Kiaacesl rpada I u 1se Bepmmubl v/, w' CMeXKHbI, eC/Ii HeKOTOpbIe BePIIUHLL U € 1/,
w € w' emexnnl B . TlycTh u — BepmuHa JBYI0JLHOIO (Q-TIOJMHOMUAILHOTO JUCTAHIMOHHO
perymsipaoro rpada I' nmamerpa D > 3, ¥ =I'p(u) u A = Xy. Torma A — gucrannmonno pe-
ryssipabiit Q-nosmHomuababiil rpad (Ixon Koxman [2]). Umeercst aBa momycTuMbIX MaccuBa
nepecevernii Q-nosmuomuanbubix rpados: {10,9,8,7,6;1,2,3,4,10} (cBepuyrsiii 10-ky6) u
{55,54,50,35,10;1,5,20,45,55}. Dru rpacder umeror cuibHO peryisipabie rpadbl A (mapa-
merpsl (126, 25, 8, 4) u (210, 99, 48, 45)) u okpecrHocTu Bepimus B A (napamerpsr (25, 8,4, 2)
u (99, 48, 22, 24)). B [3| mokazaHO, 4TO JUCTAHIIMOHHO PEryJISPHBIH rpad ¢ MacCUBOM Iie-
peceuennii {55, 54,50, 35,10; 1,5, 20,45, 55} He cymecrByer. Vmerorcst JBa JOIyCTUMBIX Mac-
cuBa nepecevenuii, orpevaromux rpadam Ha 704 sepumnax: {26,25,24,2,1;1,2,24, 25,26} u
{36,35,32,4,1;1,4,32,35,36}. AHTUnOIAIBHBIE YACTHBIE STUX IPadOB CUIBHO PErYJIsiPHBI C
napamerpamu (352, 26, 0, 2) u (352, 36, 0, 4) cOOTBETCTBEHHO.

Teopema 1. /lucrannuonHo peryssipaslii rpag ¢ maccusoMm nepecedennii {26,25,24,2, 1;
1,2,24,25,26} He cymecrByer.

Teopema 2. /lucrannuonHo peryssipaslii rpag ¢ maccusoMm nepecedennii {36, 35,32, 4, 1;
1,4,32,35,36} He cymecrByer.

HanomuauM, 910 CHIIBHO peryispHblil Ipad 6€3 TPEeYroJbHUKOB CYIIECTBYET TOIJIa U TOJIbKO
TOrjIa, KOIJIa CYIIECTBYET ero JBY/0JbHOe yjaBoenue auamerpa b (cm. u3 |1, reopema 1.11.1,
1. (vi)]). Orcioma nmeem cie/cTBue.

CaencrBue. CuibHO peryisipuble rpagdbl ¢ napaverpavu (352,26,0,2) u (352,36,0,4)
He CyIIeCTBYIOT.

1. TpoiiHble YncJa MepecedeHnin

it moKazaTesIbcTB TEOpEeM HCIOJIb3YIOTCsl TPOHHBIE YHC/Ia [epecedeHnit [2].

2. I'pad ¢ maccuBom {26,25,24,2,1;1,2,24,25,26}

[Iycte I' gaBisiercs AUCTAHIIMOHHO PEryJIsPHBIM TIpadoM C MaCCHBOM IIepeceveHwmit
{26,25,24,2,1;1,2,24,25,26}. Torma aHTHIOmAJbHOE YACTHOE — CHJIBHO DEryJIsPHBIi
rpad ¢ napamerpamu (352,26,0,2), noJMOBMHHBIA Ipad CHIBHO peryJssipeH ¢ Iapamerpa-
mu (352,325,300,300). Hamee, T' umeer 1 + 26 + 325 + 325 4+ 26 + 1 Bepiuun, Crekrp:
261,643 4208 _4208 _@143 _ 961 upciia nepecedenmuii:

ph =0, P%Q = 25, P%Q =0, P%g = 300, P§3 =0, P§4 = 25, le15 =1

Pl = 2, pis = 24, pj, = 300, pjy = 24, p3s = 300, piy = 2, pis = 1;

P:f2 = 24, P:f4 =2, Pgs = 300, P§3 =0, P§4 = 24, P%5 =1

Py = 25, p3y = 300, p3y = 25, piz = 300, piy =0, pi5 = 1;

ply = 26, p3; = 325,
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U MaTpuily () IyaJbHBIX COOCTBEHHBIX 3HAYEHUI

1 143 208 208 143 1
1 33 32 =32 —-33 -1
1 =33 32 32 —33 1
1 —143 208 —208 143 -1

IIycrs u, v, w — Bepmmubl rpada I, {ijh} = {%’z’}, [ijh] = “%’}

Monoxkum ¥ = Ty(u), A = ¥o. Torma A — perynsipusiii rpad cremnesu p%z = 300 na
ko = 325 BepminHax.

JIemma 2.1. Ilycrs d(u,v) = d(u,w) = 2, d(v,w) = 4. Torsa BbIIOJHSIOTCS CIELYIONHE
VTBEPKICHHUSI:

[113] = [131] = 2, [133] = 22;

[222] = 277, [224] = [242] = 23;

[313] = [331] = 23, [315] = [351] =1, [333] = 27T,

[422] = 22, [424] = [442] = 2;

[533] = 1.

< Yuporenust bopmyar (k). >

ITo nemme 2.1 numeenm [222] = 277.

[Mycrs d(u,v) = 2. HamomuuMm, urto p%Q = 300, p§4 = 25, m03TOMY 4HCJIO pedEp MEXKTY
A(v) u A2(v) B rpade A pasuo 277 - 25 = 6925.

C apyroit croponsl, ykazanuoe dncsio pasuo 300(299 — \), rae A — cpejHee 3HatdeHne
napamerpa A(A), mosromy 299 — A = 23.083 u A = 275.917.

Jlemma 2.2. Ilycrs d(u,v) = d(u,w) = d(v,w) = 2. Toraa BBIUIOJIHSIOTCS CJIELYIOMIHE
YTBEP3KICHUSL:

[111] = 7y — 22, [113] = [131] = —r; + 24, [133] = r1;
[222] = —ry + 299, [224] = [242] = 7y, [244] = —ry + 24;
311] = —r1 + 24, [313] = [331] = r1, [333] = —r1 + 299, [335] = [353] = 1;
[422] = 7y, [424] = [442] = —ry + 24, [444] = r, — 22;
[

< Ilomoxkus r1 = [224] u ynpocrus dopmynbl (%) cormacHo [3|, mosydum Tpebyembie
paBeHcrBa. >

[To nemme 2.2 umeem 275 < [222] < 277.

< JJOKABATEJILCTBO TEOPEMBI 1. Ilycrs d(u, v) = 2. [logcuuraem aucio fy nap Bepiimx
y, z Ha paccrosaun 4 B rpacde ¥, rne y € {47 } n z € {4, }. C oxmoit croponsr, 1o semme 2.1
umeeM [224] = 23, mosromy fy = 2523 = 575. C apyroii cTOpoHbI, 10 JjieMMe 2.2 uMeeM
[244] = —r1 +24, nostomy fy = — >, ri+24-300 = 575, >, rt = 6625 u >_. i /300 = 22.083.

Iozcunraem uucio fo map BepmuH y, z Ha paccrosHun 2 B rpade X, tae y € {4} u
z € {g;} C omnoit croponsl, 110 jgemme 2.1 umeem [222] = 277, mosromy fo = 25 - 277 =
6925. C apyroii croponsl, o jemMe 2.2 umeeM [242] = rq, mosromy fi = Y .77 = 6925 u
>, i /300 = 23.083.

IIporusopeune ¢ Tem, uro » ;77 /300 = 22.083.

Teopema 1 mokazana. >
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3. I'pad ¢ maccuBom {36,35,32,4,1;1,4,32,35,36}

[Iycre I' sBigiercs AUCTAHIMOHHO PErYJIsIPHBIM I'padoM C MaCCHBOM IIepecedeHmit
{36,35,32,4,1;1,4,32,35,36}. Torma anHTHIOAAJLHOE YACTHOE — CHJILHO DPeryJIsipHbIi
rpad ¢ napamerpamu (352,36,0,4), moJOBUHHBINA rpad CUIBHO PEryJsipeH ¢ HapaMeTpamu
(352,315,282,280). Hauee, I' umeer 1 + 36 + 315 + 315 + 36 + 1 = 704 BepuiuH, CHeKTp:
36!, 8120 4231 _4231 _g120 _ 361 qycjia nepecedenmit:

1=0 P%Q = 35, P%Q =0, P%g = 280, P:%?, =0, P§4 = 35, le15 =1

pi =4, p?g = 32, p%g = 282, p34 = 32, p%g = 282, Pl =4, P35 = 1;

Py = 32, p14 4, py = 282, P33 0, Py = 32, P35 = 1;

pis = 35, p22 280, p3, = 35, p3; = 280, piy = 0, pis = 1;

Ply = 36, phy = 315,

1 MaTpuIyy () IyaJibHBIX COOCTBEHHBIX 3HATEHUI

1 120 231 231 120 1
N e
N B S
1 -120 231 -231 120 -1

IIycrs u, v, w — Beprmubl rpada I, {ijh} = {Z;’Z’}, [ijh] = [%jfﬂ

Honoxxum ¥ = Tg(u), A = ¥y. Torma A — peryasprbii rpad cremenn p3, = 282 Ha
ko = 315 BeprmHax.

JIemma 3.1. Ilycrs d(u,v) = d(u,w) = 2, d(v,w) = 4. Torja BBIIOJHSIOTCS CIELYIONHE
VTBEDIK JICHHSL:

[113] = [131] = 4, [133] = 28;

[222] = 251, [224] = [242] = 31;

(313] = [331] = 31, [315] = [351] 1, [333] = 251;
[422] = 28, [424] = [442] =
[533] = 1.

< Yuporenust bopmyar (k). >

ITo nemme 3.1 nmeem [222] = 251.

[Mycrs d(u,v) = 2. HamomuuMm, urto p%Q = 280, p%4 = 35, M03TOMY HYHCJIO pedEp MEXKITY
A(v) u A2(v) B rpade A pasuo 251 - 35 = 8785.

C apyroit cropoHbl, ykKazaHHOe 4ncsio pasHo 280(279 — \), rae A — cpe/iHee 3HaYEHHE
napamerpa A(A), mosromy 279 — A = 31.375 u A = 247.625.

JIemma 3.2. Ilycrs d(u,v) = d(u,w) = d(v,w) = 2. Torga BBIIOJHSIIOTCS CJIELYIONTHE
YTBEPKJICHHSL:

[111] = — 28, [113] = [131] = —r1 + 32, [133] = rq;

[222] = —ry + 281, [224] = [242] = 7y, [244] = —ry + 32;

311] = —r1 + 32, [313] = [331] = 1, [333] = —r; + 281, [335] = [353] = L;

[422] = - [424] = [442] = —r; + 32, [444] = r{ — 28;

[533] =
rae 28 < rqp < 32.

< Yuporenusi popmyit (). >
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[To silemme 2.2 umeem 249 < [222] < 253.

< JJOKABATEJILCTBO TEOPEMBI 2. ITycrs d(u, v) = 2. [logcuuraem aucio fy nap BepiimH
y, z Ha paccrosaun 4 B rpacde ¥, rne y € {47 } u z € {4, }. C onmoit cropoust, 1o semme 3.1
umeem [224] = 31, nosromy fy = 3531 = 1085. C apyroii cTopoHbl, 10 JeMMe 3.2 mmMeeM
[244] = —r1+32, nosromy fq = — ;i +32-280 = 1085, >_. ri = 7875 u >, ri /280 = 28.125.

Ioncunraem wuciao fp nap Bepmun y, z na paccrosunn 2 B rpade X, rie y € {5, } n
z € {;g} C omnoii croponsl, 10 jgemme 3.1 umeem [222] = 251, mosromy fo = 35251 =
8785. C apyroii cTopoHsl, o JieMMe 3.2 umeeM [242] = rq, mostomy fo = Y . 1] = 8785 u
>, ri/280 = 31.375.

[Iporusopetne ¢ Tem, aro » . 77 /280 = 28.125.

Teopema 2 jokazana.>>
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Abstract. Let u be a vertex of a bipartite Q-polynomial distance-regular graph I' of diameter D >
3, Y = I'p(u), and A = 3. Then A is a distance-regular @-polynomial graph. In the cases D = 4 and
D = 5 the graph A is strongly regular Q-polynomial. The half graph I's is strongly regular and A is a
neighbourhood of a vertex in the complement of I's. Therefore, a necessary condition for Q-polynomiality of I'
is the strong regularity of neighbourhoods and antineighbourhoods of vertices in A. A bipartite distance-regular
graph I' of diameter D € {4,5} is called almost @-polynomial if neighbourhoods and antineighbourhoods of
vertices in its half-graph are strongly regular. There are two admissible intersection arrays of Q-polynomial
graphs: {10,9,8,7,6;1,2,3,4,10} (a folded 10-cube) and {55, 54, 50, 35, 10; 1, 5,20, 45, 55}. These graphs have
strongly regular graphs A (parameters (126,25, 8,4) and (210,99, 48,45)) and neighbourhoods of vertices in
A (parameters (25, 8,4, 2) and (99, 48, 22,24)). There are two admissible intersection arrays corresponding to
graphs on 704 vertices: {26,25,24,2,1;1,2,24,25,26} and {36, 34,32,4,1;1,4, 32,34, 36}. In this manuscript
we study almost @-polynomial graphs of diameter 5. We obtain that distance-regular graphs with intersection
arrays {26, 25,24,2,1;1,2,24,25,26} and {36, 35,32,4,1;1,4,32,35,36} do not exist.
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ANALYSIS OF THE EXISTENCE OF PERIODIC SOLUTIONS
OF THE SYSTEMS OF NONLINEAR DIFFERENTTAL EQUATIONS
WITH A SMALL PARAMETER
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Abstract. We consider the existence of periodic solutions-cycles in nonlinear differential equations with
a small parameter. We obtain necessary and sufficient conditions for the existence of periodic solutions.
These conditions significantly expand the applicability of the Pontryagin small parameter method from the
theory of dynamical systems on the plane. We do not assume the differentiability of all functions involved in
the system. Moreover, the system is not Hamiltonian. In order to prove the existence of periodic solutions
of the system of nonlinear differential equations we use topological methods of nonlinear analysis. Based
on the proposed methods, we formulate and prove theorems on the necessary and sufficient conditions for
the existence of periodic solutions under the condition of continuity of all functions involved in the system.
Moreover, we use the transition to the polar coordinate system and Jordan transformations. In the last
section we propose a method for developing examples for a specific class of functions. Furthermore, we
give an example of a system such that we easy verify the conditions for the existence of periodic solutions
for small values of ¢.

Keywords: nonlinear differential equations, small parameter, Jordan transformation, homotopy, rotation
of vector fields.
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1. Introduction and Assistive Information

Many natural processes are oscillatory. In the mathematical formulation, such processes

correspond to problems that have periodic solutions. Oscillatory processes are usually
described by differential equations. A typical example is an equation of the form:

where p is a small parameter. It is known that for 4 = 0 equation (1) has periodic solutions.
If i # 0, then some perturbations arise in the right-hand side of this equation and, possibly,
periodic solutions do not exist. Therefore, the problem is to find conditions under which the
equation (1) has periodic solutions.

(© 2025 Grishanina, G. E., Muhamadiev, E. M., Nurov, I. J. and Sharifzoda, Z. L.
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The study of the system of the form (1) originates from the work A. Poincare [1] and
A. M. Lyapunova [2]. Among the many works devoted to the further development of the
theory of a small parameter, it is sufficient to mention the works of B. I. Bogolyubov [3],
I. G. Malkin [4], J. Guckenheimer [5], A. N. Tikhonov [6], A. D. Morozov [7] and others.

The determining role in the study of equations with a small parameter is played by the
linear parts of the equations, the properties of which allow us to study the issues of the
existence of periodic solutions of nonlinear equations.

The transition to equations with “essential” nonlinearities, as a rule, requires the deve-
lopment of fundamentally new approaches and methods. A significant contribution to the
theory of such equations was made by the works of M. A. Krasnoselsky and his students,
Yu. I. Neimark, V. A. Pliss, F. Hartman and others. In these works, topological, qualitative
and approximate methods for studying various classes of nonlinear equations were developed.

According to the Poincare method, the solution to the equation (1) is sought in the form [1]

z(t) = xo(t) + pry(t) + plro(t) + ..+ p a,(t) + ...

By equating the coefficients of the same powers of y, we obtain a system of recurrence relations,
for each of which it is necessary to use methods of variation of arbitrary constants to find
a solution. However, there are systems in which the use of this method is not effective. An
example of such a system could be a nonlinear system of the form

T =y,
Y= U T -COST — X,
where p is a small parameter.
For such systems, other alternative methods are used [8].
Nonlinear systems depending on a small parameter were also the subject of research by
L. S. Pontryagin [9] and others (see, for example, [10, 11]). Let us briefly present some auxiliary
information from the theory of dynamic systems on the plane and from the general theory of
nonlinear analysis (see, for example, [12-16]). Let us consider a system of the form

& = =G+ up(z,y, ), )
i =9+ ng(z,y, p).

For p = 0 we get a Hamiltonian system
OH OH
= === 3
8y i y 8.%' ) ( )
the integral of which is H(x,y) = C. It is assumed that for the considered values of C
(C1 < C < C) the curves H(x,y) = C are closed curves. Let x = ¢(t,C), y = ¢(t,C) be a

solution of the system (3) corresponding to some curve H(z,y) = C.
Consider the integral

.%.':

1(C) :/[p(%w,O)w’—q(%w,O)w’] dt,
0

where 7 = 7(C') — period of functions ¢ and . This function is called the Pontryagin function.
Along with this function, the function is considered

T

I/(C)Z/[p;(so,w,O)Jrq;(%w,O)] dt.

0
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Theorem L. S. Pontryagin’s [12, p. 203|. If for some value C = Cy the conditions are
satisfied
I(CO) =0, I/(CO) 7é 0,

then there are numbers e > 0 and d > 0 such that:

a) for anyone p, |u| < 8, system (2) has in e — neighborhood of the curve H(x,y) = Cy
one and only one limit cycle, and at p — 0 it contracts to this curve;

b) this limit cycle is a rough limit cycle, stable, when p - I'(Cy) < 0, and unstable, when
we I /(CO) > 0.

The conditions of Pontryagin’s theorem assume that the functions p and ¢ are differenti-
able. We study the conditions for the existence of a cycle for the more general case, when the
functions p and ¢ are only continuous.

For proof of the main statements obtained in the work, topological methods are used, in
particular, the apparatus of rotation of vector fields. These methods originate from the works
of J. Leray and Y. Schauder [17]. Below we will provide the necessary information from this
theory.

First of all, let us recall some definitions and concepts (see, for example, [13]).

Let E be a real Banach space and 2 C FE be a bounded domain. Let a completely
continuous operator A acting in E be defined on the closure Q of the domain €, and let
Ax # x for any x € Q: where Q is the boundary of the domain Q. Then an integer characteristic
y(I — A, Q) is defined, which is called the rotation of the completely continuous vector field
dx = z — Az on the boundary  of the domain Q.

Two non-degenerate on O (i.e. not taking zero values on Q) completely continuous vector
fields

bz =z — Agz, =z €9,

Pz =1z — Az, z €,

are called homotopic on € if there exists a family of non-degenerate on € vector fields
d(\z)=z—A\z), z€Q Ael0,1],

such that the operator A(\,z) is completely continuous with respect to the set of variables A
and x, and
®(0,z) = Poz, P(1,2) = Pyx.

The homotopy relation of vector fields has the following properties:
PROPERTY 1.1. If &3 and ®; homotopic on 2, that

v(@o, Q) = y(P1, ).

This property allows us to reduce the calculation of the rotation of complex vector fields
to the calculation of the rotation of simpler fields.

PROPERTY 1.2. If the likenes AQ of the domain € lies in the subspace Ey C E and
QN Ey # 0, then the field ¥z = z — Az is defined on the boundary Qo of the domain
Qo = QN Ey with a value on Ey. Let Qg # 0. Then the equality v(®, Q) = (¥, QO) is true.

PROPERTY 1.3. Let a completely stable vector field &z = x — Az be non-degenerate on
the boundary of 2 bounded domain € and continuity of its closure O and 7(®,€) # 0. Then
the field ® has at least one singular point in the domain 2.

It follows from property 1.3 that each sign of non-zero rotation of the field ® on the
boundary € of the domain € is a sign of the existence of at least one solution of the equation
®x = 0 in the domain €.
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2. Statement of the Problem and Main Results

Let us consider a system of differential equations, the vector notation of which has the
form

&= Az +ef(z,¢), (4)

where x = (21,29, 23) € R3, A is a square real matrix, f (x,e) — a continuous vector function
over a set of variables (z,¢) € R? x [—¢eg,e0], €0 > 0, € — parameter. In what follows, it is
assumed that the spectrum o(A) of the matrix A has the representation: o(A4) = {£i8,~},
B8 >0,v#0.

Of interest is finding conditions on the vector function f(z,e) under which there exist
non-zero periodic solutions of the system (4) for sufficiently small non-zero values of €.

For the study of the question of the existence of cycles, the starting point was the classical
theorem of L.S. Pontryagin [1, p. 214|, which was formulated for systems of equations on a
plane under the assumption of analyticity of the function f(x,e) with respect to the set of
variables x, . In contrast to Pontryagin’s conditions, below we do not assume differentiability
of the function f(x,¢); the continuity condition of this function with respect to both variables
is sufficient. We also note that the system we are considering is not Hamiltonian. It should
be noted that in the case of x € R? the system (4) was considered in the work [8].

Under the assumptions made regarding the spectrum of the matrix A, there exists a non-
singular matrix U, such that replacing x = Uy the system (4) leads to the system

Y1 = Py2 +€91(y1, Y2, Y3, €),
Yo = —PBy1 +€92(y1, Y2, Y3, €), (5)
Y3 = vy3 +€93(y1, Y2, Y3, €)-

Note that systems (5) and (4) are equivalent.
On the right side of the system (5) we define an analogue of the Pontryagin function [1]

27

F(p) = / (g1 (pcos @, psin p, 0,0) cos ¢ + ga2(pcos p, psinp, 0, 0) sin @] dp.
0
Let us recall that the norm in the space of continuous functions is defined by the following
equality: ||z(t)|| = max; |(t)|, where | - | is the euclidian norm in space R3.
Let us formulate a necessary condition for the existence of periodic solutions of the
system (4) at e — 0, £ > 0.

Theorem 1. Suppose that for some sequence of values € = e, # 0,6, — 0, for k — o0
the system (4) has a periodic solution x(t + wy,e) = x(t,ex), with the smallest period
wr = w(eg) > 0, satistying the condition Cy < ||z(t,eg)|| < Cq, where 0 < C; < Cy — are
given numbers. Then there exists py € [C1,Ca], such that F(pg) = 0.

The formulated necessary condition, under some additional restrictions on the behavior
of the function F(p) in the neighborhood of the solution of the equation F(p) = 0, is also a
sufficient condition for the existence of a periodic solution of the system (4) for small |¢]| > 0,
namely, the following theorem is valid.

Theorem 2. Let py > 0 be a solution to the equation F(p) = 0, and in the neighborhood
[P0 — 00, po + do] points pg, where py — oy > 0, function F(p) # 0 for p # po, and F(py — do) -
F(po+0dp) < 0. Then the system (4) for sufficiently small values of |¢| > 0 has a non-stationary
w(e)-periodic solution x(t,¢).

The proofs of the theorems are given below.
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3. Transition to Polar Coordinates

For ¢ = 0, system (5) is a linear system, and its general solution has an explicit re-
presentation, from which it follows that any solution (yi(t),y2(t), y3(t)) with initial condition
(y1(0),y2(0),0), |y1(0)|+]y2(0)| > 0is a cycle with period %” in the plane (y1, y2,0). Therefore,
for T > 0 the solution is (y1(t,€),ya(t,€),ys(t,€)), ly1(0,€)| + |y2(0,€)| = o > 0 satisfies the
condition 72(t,e) = y?(t,e) + y3(t,e) > 0 for anyone [t| < T for sufficiently small absolute
values ¢ and y3(0, ).

Let (y1(t),y2(t),y3(t)) be the solution of the system (5), satisfying the condition r(t) =

y3(t) + y3(t) > 0. Believing

Y1 =rcosyp, Y= T sin Y, Y3 =1yYs, (6)

we get

i = e[g1(r cos g, rsin g, y3, €) cos ¢ + ga(r cos @, 7sin p, y3, €) sin ],
¢ =—F—E[g1(rcosp,rsinp,y3,e)sin g — ga(rcos @, rsing, y3, €) cos ¢, (7)
Y3 = vys + £g3(r cos @, 7sin p, y3, €).

Let us assume that for the solution y(¢) of the system (5) for a given value of € the right-
hand side of the second equation of the system (7) is not equal to zero for all ¢. Then time ¢
can be expressed through the polar angle ¢ : t = T'(v), T(p(t)) = t. Let’s define complex
functions p(p) = r(T(¢)), Y(v) = y3(T(p)). It is easy to show that these functions satisfy
the system of equations

{71% =ceRi(p, Y, ,¢), (8)
49X = Ry(p. Y, p.e).
where i
Ru(p,Y,prc) = —L1c0s 0+ gasing)
IV ESE _5[)—8[91 SingO_gZ COSSO], (9)
Y 4+¢
R2(PaKSD’€) = p(fy gg)

—Bp — elg1sinp — gz cos ]’

9i = gi(pcos p,psing, Y e), i =1,2,3.
Conversely, if p(¢), Y(¢) is the solution of the system (8) for a given e and satisfies the
condition —Bp+e(gs cos ¢ — g1 sinp) < 0, then a monotonically decreasing function is defined

©
B p(¥) dip
e 0/ —Bp(¥) + (g2 cos i — g1 sine)’

(10)

and vector function (r(t),(t),y3(t)) = (p(T~1(t)),T~(t),Y(T~1(t))) is a solution to the
system (7).

Under these conditions, in particular, to each w-periodic solution of the system (7) (and,
consequently, of the system (4)) there corresponds a 27-periodic solution of the system (8).

Thus, we have established the validity of the following lemma.

Lemma 1. If z(t) = Uy(t) is a solution (4), the function (r(t),¢(t),ys(t)), defined by
the equalities (6), satisfies the condition €(ga cos — gising) < fr, then vector function

(p(¢), Y () = (r(T(v)),y3(T(p))) is a solution to the system (8).
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Conversely, if (p(¢),Y (¢)) is a solution of the system (8), and the function ¢(t) is
determined from the equation T(yp) = t, then the vector function (r(t),p(t),ys(t)) =
(p(p(t)),(t),Y (¢(t))) is a solution of the system (7), where the function T(p) is defined
by the equality (10).

If, in particular, the function x(t) = Uy(t) is w-periodic, then the corresponding function
(p(¢), Y (p)) is 2m-periodic, and w = T'(—2m).

4. Proof of Theorem 1

< Let for some sequence of values ¢ = ¢ # 0, ¢y — 0, for & — oo the system (4)
has a periodic solution x(t + wg,ex) = x(t,e) with the smallest period wy = w(ex) > 0,
satisfying the condition 0 < O7 < ||x(t,&1)|| < Ca. Then y(t,ex) = U~ y(t,e;) is a solution
of the system (5) for ¢ = ;. Without loss of generality, we can assume that the sequence
y(t,ex) uniformly converges to some function yo(¢). The function yo(t) is a bounded solution
of the system (5) for ¢ = 0. It follows that the third coordinate of the sequence y(t,er)
uniformly tends to zero. Therefore, after the transition to polar coordinates (6) for the obtained
sequence (r(t,ex), p(t, k), ys(t,er)) the first coordinate r(¢,e;) > 0. According to Lemma 1,
this sequence corresponds to a sequence of 2m-periodic solutions p(p,ex), Y (p,er) of the
system (8):

{dp(f—fk) = exli(p(p,ex), Y (9 28), 9, 28)

%ﬁﬁgek) - RZ(p((P,Ek), Y(SO7€]<:)7 (pagk)-

Let us integrate the first equality of this system from 0 to 27 over the variable ¢, taking
into account the 27r-periodicity of the function p(p, i ). Reducing the resulting equality by e,

we have
27

/RI(P(%%), Y(So,gk)’ QD,&k) ng =0.
0

By definition of the sequence (p(p,ek), Y (p,ek)), the first coordinate uniformly converges
to some number py > (], the second coordinate to zero. Therefore the sequence
Ri(p(p,er), Y(p,er), p,ek) converges uniformly to —%(gl (po cos ¢, posin p,0,0) cos ¢ +
92(po cos @, po sin v, 0, 0) sin ). Therefore, after passing to the limit under the integral sign at

k — oo, we obtain that pg is a solution to the equation F(p) = 0. >

5. Proof of Theorem 2

<1 Let us consider a system of integral equations

o) — p(2m) = & [ Ra(p(s), Y (s),5,) ds,
" (1)
V) =¥ (27) = [ Ralp(s). Y (5)..2) .

where are the functions Ry (p(s),Y (s), s, ), Ra(p(s),Y (s), s,e) are defined by equalities (9) in
the domain &(gs cos ¢ — g1 sin @) < fBr. Every solution of the system (11) defines a 27-periodic
solution of the system (8), and conversely, to each 2r-periodic solution of the system (8) there
corresponds a solution of the system of integral equations (11). If we show that the system (11)
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has a solution for small values of € > 0, then, according to lemma 1, the system (4) also has
a periodic solution. Thus, theorem 2 will be proved. At the boundary of £2(dg, 0g) region

Q(d0,00) = {(p(#), Y (#)) : [lp(#) = poll < o, [Y (@)l <00},

where §g is determined by the conditions of theorem 2, oy > 0 is a fixed number, in the space
of continuous vector functions C[0, 27| we consider families of completely continuous vector
fields

® ®
(ID([),Y,E)(LP) = p((p)—p(Q?T)—&/Rl(p,Y,S,e’;‘)ds, Y((p)—Y(zﬂ')—/RQ(p,Y,S,E)dS ) (12)
0 0
© ©
V(p.Y.2)(e) = ( ple) — pl2m) 4 [Floods, V(o) - Y(m)+ ] [Y(o)as | 13)
0 0

We will show that for sufficiently small € > 0 on the boundary Q(dy, o) of the domain
Q(d0,00) these vector fields are linearly homotopic: there exists g9 > 0, such that

AR (p, Y, e) () + (1 = N¥(p,Y,e)(p) #0
(VA €[0,1]) (Ve e (0.20) (p,Y) € (o, 00).

Indeed, if we assume the opposite, then there are sequences e, — 0, g > 0, A\ € [0,1],
(pk, Yi) € Q(do,00), such that

pili) = pu(2m) = &1 | DN Fa(p1(9). i), 26) = (1= M) Flp(s)] s,
(14)
Y ( ) Yk 27‘( f |:)\kR2 pk Yk(s), S,e’:‘k) — (1 — )\k)%Yk(s)} ds.

From the limited sequence (pg, Yx) and equality (14) its equicontinuity follows. Therefore,
without loss of generality, we can assume that it converges to some vector function
(p«(¢),Yi(p)) and A\ — A.. Note that from the equalities (14) it follows that p.(¢) = p.(0),
a Yi(p) is a solution to the equation

@&__1

dp
and satisfies the condition Yi(0) = Y. (27). Therefore, (p.(¢),Ya(¢)) = (p«(0),0). Further,
from the condition that (p«(¢), Yi(p)) € Q(dg, 0¢) it follows that p.(p) = po+ 0 or pi(p) =

o — 0.
’ On the other hand, assuming equality (14) ¢ = 27 and reducing the resulting equality
by ek, we have
27
/ [(NeR1(pr(s), Yi(s), s,ex) — (1 — Ag) F(pi(s))] ds = 0.
0
Let’s move to the limit at k — oo in this equality. We get

2w

/ [ — % (g1 (ps(s) cos s, p«(s)sin s, Yi(s),0) cos s
0

+ g2(p«(8) cos s, ps(s) sin s, Yi(s),0) sin s) — (1 =X)F(p«(s))|ds =0.
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Given that Y, = 0, p«(s) = const € [py — €, po + €], it follows from the last equality that
p«(8) = po. This contradicts the condition that p.(¢) = po+0 or p«(¢) = po— 9. The obtained
contradiction proves that for sufficiently small € > 0 on the boundary Q((SO, 00) of the domain
Q(dg, 09) the vector fields (12) and (13) are linearly homotopic.

Now let us consider the family of vector fields

© 2m
(0, Y2)(0) = plp) — p(2m) + ¢ / F(p(s)) ds + X / F(p(s)) ds,
0 ®

© 2w
Y(p) - Y(2r) + % /Y(s) ds + %)\/Y(s) ds
0 ¢
at 0 < A < 1. It is easy to show that there exists g > 0, such that for all 0 < ¢ < g9 and

any 0 < A < 1 on the boundary of Q(8y,00) the domain Q(dy,o0) ¥a(p,Y,e)(p) # 0. In
particular, for A = 0 we obtain the original vector field (13), and for A = 1 we obtain

2 2
(0, Y.2)() = | ) = pl2m) + < [ Fp()ds, Vo) =Y Cr)+ 3 [V(s)ds
0 0
Operator
27 27
= 1 S S
A(p,Y,2)(0) = | 2 0/ F(p(s))ds, 7 0/ Y(s)ds | .

defining the vector field ¥y, acts from the closure of the domain (dg,0¢) of the space of
vector functions C|0, 27] into the subspace of constant functions. Therefore, according to the
Leray—Schauder lemma [17], the rotation of the completely continuous vector field ¥y on the
boundary (8, o) of the domain Q(dy, o) coincides with the rotation of its restriction

Ty (p,Y) = <27T€F(,0), 277%1/)

on the boundary of the intersection of the region (dg, o¢) with the space of constant vector
functions, that is, a rectangular region {(p,Y) : |p — po| < do}, |Y| < 0p.
Thus, the equalities are valid

sign F'(po + &o) — sign F(po — &o)

7(\111’ Q) = 7(®1a Q) = 5 .

Therefore, rotation v(®,) fields (14) on the boundary  of the domain Q are non-zero.
This implies the existence of a 2m-periodic solution of the system of equations (8) in the
domain , and by lemma 1 the system (4) has an w-periodic solution for sufficiently small
e>0.>

REMARK. The results above can be extended to the case where the dimension of the
solution space is greater than three.
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6. Example
Consider a system of the form
T = —x1 — x2 + w3 + e fi(x1, 22, 23, €),
Ty = —x9 + € fo(x1, T2, 3, €), (15)
T3 = —2x1 + x3 + € f3(21, T2, T3,€),
where
2 o L 2 9 1
fi=/|(xe —21)% 4+ (x3 — x1)? — 5 -sign | (xg — 21)° + (23 — 21)° — 5) (x3 — x2) + £x9,
P o 1| . 2 9 1
fo=2-y/|(ze —21)? + (x3 — x1)? — 3 -sign ( (xe — x1)° + (23 — x1)° — 3 (x3 — x9) + €12,

f3= (29 — x1)2 + ex3.

The linear part of the system (15) is determined by the matrix A:

-1 -1 1
A= 0 -1 0
-2 0 1

The spectrum o(A) of the matrix A has the present: o0(A) = {£i, —1}. Accordingly, we
can assume that in the system (15) the matrix A has a Jordan presentation. Then the system
corresponding to the system (5) has the following form

Y1 =y2 +€91(y1,Y2,Y3,€),
Y2 = —y1 +€92(Y1, Y2, y3, €), (16)

Y3 = —y3 +g3(y1, Y2, Y3, €),

where

ign (T2 422 - L)y (Lp — Ly + 12
sign | — —Y5 — = = = —&
g 291 2?/2 n 4y Y1y2 4y2 Y3,

1 1 1
91(y1, 92, Y3, €) \/‘2?/1 +2y2 5

2 179
1, 1 1,
92(Y1, Y2, y3,€) = 4y1 - 2y1y2 + 492,
1, 1., 1. (1, 1, 1
93(y1,Y2,Y3,€) =2 \/‘ﬁy% + 5?/% — 5 |sien (5?/1 + S¥2 5) Y1+ €ys.

After the transition to the polar coordinate system using formulas (6), the system (16)
will take the form

p = elg1(pcos o, psin g, ys, ) - cos  + ga(p cos ¢, psin g, y3, €) - sin ¢,
¢ =1+ 5[ga(pcosp, psin p,ys,€) - cos — gi(pcos p, psinp, ys, ) - sin @),
Y3 = —y3 + €g3(pcos @, psin ,y3, €),
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where
. 2 145 15, .
gi(pcos g, psin g, y3, ) =—2p- (p™—1) COSSD+ZP -3 COS Y SIN Y —EY3,
. 15 1, .
g2(pcosp, psinp,ysz, ) = 17~ 3 COs ¢ s1n ,

g3(pcosp, psinp, yz, ) = 2p -

1
sign <§(p2 - 1)) cos ¢ + €ys3.

Let’s introduce the functions

(p* — 1)) . g12(p) = g2(p) = p°,  g22(p) =0,

1 1 ,
Pi(p) =cosp, Pa(p) =Q1(p) = 1 5 cosesing, Q2(p) =0,

and we rewrite the last equalities in the form
g1 = g11(p) Pi(p) + g12Pa(p) —€y3, g2 = g21Q1().

The function F'(p) corresponding to the system (16) will take the following form

sign (%(pQ — 1)) .

The function F(p) at the point py = 1 is equal to zero. If we take the neighborhood
[po + d0, po — o] point pg, then at dy € (0,1) function F(pg + dg) < 0, and F(pg — dg) > 0. It
follows that the conditions of theorem (2) are satisfied, therefore, the system has a periodic
solution for small ¢ > 0. Note that here the function F(p) is continuous, but not smooth,
since at the point pg = 1 it has no derivative.

(P —1)
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Amnnoranusi. B pabore nsydaercss BOIIpoC O CyIIECTBOBAHUM HEPHOAMYECKUX PEIIEHNN-IUKIIOB B HEJIU-
HeWHBIX AuddEPEHITNATbHBIX YPABHEHUSIX C MAJBIM mapaMeTpoM. lloaydeHbl HEOOXOMMMbIE U IOCTATOYHBIE
YCJIOBUS CYIIECTBOBAHUSA IE€PUOJUYECKUX PEIIeHNH, KOTOPhIE CYIIECTBEHHO PACHIUPSIOT 00JIaCTh IIPUMEHHMO-
cru Meroma Masioro napamerpa JI. C. Ilonrpsirusa m3 Teopuu JUHAMHYECKUX CHCTEM Ha IJIOCKOCcTH. llpwm
9TOM He Tpejanonaraercs nuddepeHImpyeMoCTh BCeX BXOAAIINX B CHCTeMY (YHKIHUI, & TaK»Ke TOr0, 9TO
cUCTeMa sIBJISieTCS TaMUJIbTOHOBOM. /lyIs nokasaTesbCcTBa CYIIECTBOBAHUS IIEPUOJUYECKUX PEIIEHUN CHCTEMBI
HeJIMHEHHBIX JuddepeHnnaIbHbIX YPABHEHN B paboTe IMPUMEHSIOTCS TOIOJIOIUYIECKUE METObl HEeJIMHEHHO-
ro aHagm3a. Ha ocHOBe mpesio;KeHHBIX METOIOB CHOPMYIUPOBAHBI U YCTAHOBJIEHBI TEOPEMBI O HEOOXOIMMBIX
U JOCTATOYHBIX YCJIOBUSX CYIIECTBOBAHUS IIEPUOJMYECKUX PEIIeHUil IIPU YCJIOBUHU HEIIPEPBIBHOCTU BCEX BXO-
nanmx B cucreMmy yHkiuin. C IesIblo yIIpOIIEHUs n3yvIaeMOil CUCTeMBI B PabOTe HMCIOIB3YeTCs MePEeXol] K
MTOJIIPHOM crCTeMe KOOPAWHAT ¥ »KOPJAHOBBI ITpeodpa30BaHusi. B 3aKIIOYNTENHHOM 9acTh MPEIIoKeH METOT
pa3paboTKH IPUMEPOB [JIsi KOHKPETHOIO KJiacca (MYHKIWIL, & TaKKe [IPUBEJIEH IIPUMEP CUCTEMBI, J1JIsi KOTOPOIt
JIErKO IIPOBEPSIIOTCS YCJIOBUSI CYIIECTBOBAHUSA IEPUOJIMIECKUX PEeIIeHUi IPU MaJIbIX 3HAUEHUAX €.

KioueBble cyioBa: HeuHeHbIE quddepennuanbable ypaBHEHNsl, MAJIbIi TapaMeTp, *KOPJAAHOBO TIpe-
obpaszoBaHue, FTOMOTOIINsI, BPAllleHue BEKTOPHBIX TIOJIEH.
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Abstract. We consider some multiplicative interpolation inequalities between the Holder space and the
Lebesgue space. Multiplicative interpolation inequalities of the Gagliardo—Nirenberg type are used in
the investigations of partial differential equations. Several such inequalities involving the Holder norm
(seminorm) were already proved and applied. In the present paper we generalise previous results to the
anisotropic “parabolic” case with another simple proof due to idea of Olga Ladyzhenskaya. The manuscript
also contains an application of such Gagliardo—Nirenberg type inequality with the H&lder norm. Some
integral estimate and this inequality give a priori estimate of the solution to quasilinear parabolic problem
in the smooth Holder classes. Moreover, using this a priori estimate, we establish the existence of solution
of the quasilinear parabolic problem. In order to prove multiplicative inequality of the Gagliardo—Nirenberg
type with the Holder norm we use an equivalent normalization of the higher order Holder spaces over higher
order finite differences. The key technical tool is the representation of a function u(zx,t) at an arbitrary
fixed point (z,t) over a higher order finite difference at this point and the corresponding additional sum of
values at neighboring points. After that we integrate with respect to the neighboring points over the balls
B ((z,t)) of small radius r. Estimating the finite difference over the corresponding Holder seminorm, we
obtain an additive inequality with the parameter r, involving the Hélder and integral norms. Optimizing
this inequality over r we get the multiplicative estimate of the Gagliardo—Nirenberg type with the Holder
norm and the Lebesgue norm.
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1. Introduction

In the present paper we deal with some simple interpolation inequalities between

the Holder and the Lebesgue spaces. The importance of interpolation inequalities in the
investigations of different problems for partial differential equations is widely known, see, for
example, [1, Ch. 5, Ch. 6]. The inequalities from this paper can be used, for example, in some
appropriate situations to obtain a priori estimate in the Holder spaces when the estimate in
a particular the Lebesgue space has already been obtained. The last estimate can very often
be obtained more easily. We give a simple example of an application of the interpolation
inequalities from this paper to a priori estimate for a solutions to some quasilinear parabolic
initial boundary value problem.

(© 2025 Degtyarev, S. P.
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The subject of interpolation inequalities is so vast that it is impossible to describe even
short history of this question, so we confine ourselves to refereing to books [1, Ch. 5, Ch. 6;
2, Ch. 1; 3, from section 1.6 and throughout|, and the references therein.

From the previous papers with aggregate results on the interpolation of norms between
different scales of function spaces we mention only the papers [4-10], where the more
comprehensive bibliography can be found. Here the papers [4] and [5] deal with interpolation
inequalities in the Lebesgue and the Sobolev spaces involving the Holder norms (similar to the
present paper). Moreover, the papers [6, 7| contain multiplicative estimates of the Lebesgue
and the Sobolev norms over the Lebesgue and the Besov norms, including the limiting the
Hélder case BY, o = C7. On the other hand, in the papers [8, 9] multiplicative interpolation
inequalities between the Holder (or BMO) and the Lorentz norms of a function are proved.
Besides, inequalities from [9] bind together the Lebesgue or the Sobolev, the Lorentz and the
Besov—Lorentz norms. Mention also that the inequalities from the paper [10] include BMO
norm.

Thus the present paper can be viewed as an extension of the results in [4-10] to the aniso-
tropic “parabolic” case and with another proof. Moreover, the present paper is motivated, in
particular, by [11], where the simplest situation was considered, and where we got the idea of
simple proof for such sharp inequalities. Note also that in this paper we consider for simplicity
the known functional spaces, designed for parabolic and elliptic equations of the second order.

Let us now give several deﬁnitions and auxiliary facts. We are going to use standard
spaces C™t%(Q)) and Cm‘m’ > “(Qr) of the Holder continuous functions u(x) and u(z,t),
where m = 0,1,2,..., a € (0,1), Q is a given domain in RY (bounded or unbounded) with
smooth boundary (of the class O™, Qp = Q x (0,T), Qr = Q x [0,T], T > 0 is a given
constant. The norm in the space C™%(Q) is defined by

) — o 4 ()Gt (1)

(m) _ DB
‘u‘g = Z mﬁax| ()

||uHcm+a(§) |U{

where

1Bl<m Bl=m
w\r GO w(x (@) = su M
wiea =1 ()>xQ_m,y€pﬁ jz —yle

B:(ﬁl,ﬁg,...,ﬁ]\;) is a multiindex, 5; =0,1,2,..., |B| =061+ P2+ ...+ Bn,
DB %oz . 9PN u(x)

U= )
* 31‘?131'22 .. 336]5\;"

Analogously, the norm in the space C" "2~ > “(Qp) is defined by (k,l are positive integers)

Il g 2 g, = sy ™ = Tl + ()™ (3)
W)= Y e DDZute ) (5 = )Y+ @
Bl+2i<m
@i = S (DiDRu(e) Y,

0<m—|8]—2I<1
18— 2l+a)

W= Y (DR . o)

0<m—|8|—2I<1
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Note that for the space 2 (Q7) we also have the estimate (see, for example, [12])

_ m—|B]—2l+«
OISR DR T
0<m—|B|—2I<1 (6)

<C<< >( +<Dm/2 >( WHQ)),

t,Q2

where here and everywhere below we denote by C' and v all absolute constants or constants
depending on fixed data of the problem. It is known (see [3, 5, 13]) that the seminorm <u>(ﬁm+a)

is equivalent to the seminorm

. {A’;—u(x,t){ AL u(z,t)
()" ~ Cyy <— Sup —h#m + Sup % - (D
RER3; 2, z+heQ; te[0, T {h‘ At>0; 2€Q;t€[0,T ’At’

Here k£ and [ are some fixed integers such that

m—+ «
2 b

E>m+a, [> A’;Eu:AmE(Akﬂu), A 7u=u(x+ h,t) —u(z,t)

z.h
and analogously
Aému = At,At(Al Atu) Ay aru = u(x,t + At) — u(x, t).
The above relations can be written also in a more concise way. Denote H = (h, At) ,
[ = [F]+ 1At
and denote Az u(z,t) = u(z + h,t + At) — u(x,t). Then (7) is equivalent to
|A%u(m, t)‘

<u>(_m+o‘) ~ (), sup T
o7 ) enrmear |[H|™

(8)

We also use for functions u(z) or u(x,t) spaces Ly(€2) or L,(Q7) respectively with the
norms Hu||p o and ||qu q, correspondingly, p > 1.

For the spaces C™*+(Q) = C!(Q) with noninteger | = m + « and also with integer I > 0
we have the following interpolation inequalities (see, for example, [2])

G @)\ (1 () _l-h
{u‘ﬁ < C <‘u’§2 ) (‘u’§1 ) y W= l2 - l17 ll << lz’ (9)

1 —
and analogous inequalities for anisotropic spaces Cz (Qr)

‘u‘(—é) <C \u]%) ’ ]u\%l) 1_w, w= l__ll, h <l<ly, (10)
T T T lo—1

where [1, lo may be either integer or noninteger.

The further content of the paper is as follows. In the next section of the paper we prove
some interpolation inequalities for functions from the Holder spaces (in the case of unbounded
domain we need the intersection of the Holder and the Lesbesgue spaces). And in the last
third section we apply these inequalities to a priori estimates and solvability of a model (just
for simplicity) problem for partial differential equations.
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2. Interpolation Inequalities

We start with the following interpolation inequality as the key particular case.

Lemma 1. Let | > 0 be a positive noninteger and let u(x,t) € Cl’%(ﬁT) N Ly (Q7). Then

N 42

(0) (U 1-w _
[uls, gc(‘“‘@) (ullpar)™, e = Ip+N+2 (1)
If for the function u(z,t) the following parabolic norm is finite
sup lu(-,)[lp0 < oo, (12)
0<t<T
then -
) U 7 N

<0 We are going to use relation (8). Let first 2 = RN T = oco. Let z,y € RN, x is fixed,
t,7 >0, tis fixed, h=y—x, At =t —7, H = (h,At), k is an integer, k > [, € > 0. Represent
u(z,t) in the form

u(z,t) = A%u + ZCZu(x +ih,t +iAt) = Hszj HFHI + ZCm(w +ih,t +iAt), (14)
i=1 H i=1
where C;, i = 1,...,k, are some integers, depending only on k. From this we obtain
k
lu(z,t)] < C<u>§2\,le+ HHHI 4 ch|u(x +ih,t + iAt)| (15)
i=1

with some constants ¢;, R} = {t > 0}.
Raising this inequality to the power p > 1 and applying the inequality

N p N
(Z%) <SNPY af, NeN,a>0,i=1,...,N, p>0,
=1 =1

we obtain

k
fua, OF < C ((u)ih s ) T + Ol (o + iyt + ixe). (16)
=1

Integrating in (y,7) over the cylinder Q.(z,t) = {(y,7) : |y — x| <&, t <7 < t+ €2}, we get

k
CeN+2 lu(z,t)|P < C <<u>%)NXR£r>P€N+2+pl + C@,Z / lulP(z,0)dz db, (17)
i=1
Qis(xvt)

where for each i in the sum we made the change of the variables z = x+i(y—=x), 0 = t+i(7—t)
and we took into account that for each i we have (y — x) = (z — z)/i. If the norm in (12) is
finite, we can integrate just in y over the ball B.(x,t) = {y : |y — z| < €} and obtain

k
CsN|u(;c,t)|P<c<<u><” )p5N+pl+ciZ / ulP(z,t +iAt) dz.  (18)

RN xRL
i=1
"= Bie (z,t+iAt)
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Estimate now the integrals over Q;(z,t) in (17) by the integral over RY x R, divide
both sides of (17) by CeN*2 and take the roots of power p from the terms of this relation. As
a result we obtain

I 2
lu(z,t)] < Ce <u> NxRY +C€ ||qu,RN><R£r’

or, taking supremum over (z,t) € RN x RL,

[l oh . < )+ C™ 7 Nl oy (19)

Optimizing this inequality with respect to € > 0, or just taking

P
(Ml T
<u>(l)N 1
RY xR
with (u >(l) <Rl # 0, we finally obtain

N+2
0 l PIANT2 _pl
|U|E%J)VxR1+ <C <<u>g%)1\’><R1+)p+ - (Hu”zﬂ,l%’vxlﬁ)pHN+2 (20)

0

that is exactly inequality (11). If now (u)n

. =0, then from (19) after letting ¢ — oo it
L

follows that |u|§g])\,xR1 = 0 and so (20) is valid in this case also.
+

If the norm in (12) is finite, completely analogously to (20), we have subsequently from (18)

N
u(z, t)] < Cel<u>RNle +Ce v sup [lu(-, )|, gy,
teR

N
!uiRNle Cel (u)) Vgt + O 7 sup [lul, )], py,
teR1

and, optimizing this inequality with respect to € > 0,

(l) pl% pl+N
[ e < C (s )™ ( sup Dl v

teRl,

that is exactly inequality (13).

Now in the case of general smooth domain Q # RY and T < oo the lemma follows by
an extension of a given function to RY x Ri with the preserving of the corresponding norms
up to a multiple constant (the way of such extension for smooth domains is described in, for
example, [14, Ch. IV]). The lemma is proved. >

Now we can easily get the following more general assertion.

Theorem 1. Let [ be any positive number and let Il > | be a positive noninteger. Let
1 —
also u(z,t) € C'>% (Qr) N L,(Qr). Then
0 BN (ull o ), o PN 2
‘u‘ﬁT gC(‘u §T> (”quQT) , w_pl2+N+2' (21)

If the parabolic norm

sup |lu(-,t)|[p,0 < o0
o<t<T
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is finite, then

l1-0o
o \® _ pl+ N
ey < ()" (g, ectla) o= e

< From (10) with [; = 0 we have

bl < € (117)* (i) ®

At the same time, from (11) it follows that

N+2

(0) (1)) e
ey <€ (1) (lnen) ™ o= s

Substituting this estimate for |u|%] ) in the previous inequality, we obtain
T

0) (l2)\ s (12)\ PR w 1%
2 2 p T I NILO
ol <0 (1) [(1482) ™ (g, 555

plt N2 pla—1)
=0 (i)™ () 77

that is (21). Inequality (22) is completely analogous on the base of (13). The Theorem is
proved. >

By exactly the same arguments we have also an assertion for isotropic the Holder spaces
in an “elliptic” case.

Theorem 2._Let [ be any positive number and let lo > | be a positive noninteger. Let
also u(x) € C2(Q) N Ly(Q). Then

pl+ N
w = .
plo + N

[l < (Jul&)" (lull,0) '~ (23)

In the next section we give some simple application to an initial boundary value problem
for a quasilinear parabolic equation, mostly to illustrate the idea of applications.

3. Solvability of a Quasilinear Initial Boundary Value Problem

Consider the following initial boundary value problem in a bounded domain Q7 for an
unknown function wu(z,t)

% — Dut [l P = flat),  (a,1) € O, (24)
u(z,t) =0, x €09, (25)
u(z,0) =ug(z), x¢€ Q. (26)

Here f(z,t) is a given function, ug(z) is a given initial datum and we suppose that

fla,t) € 02 (Qr), wug(z) € C*F(Q), 2<q<2+%. (27)
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We note again that we consider the case of a bounded domain €2 just for simplicity of
estimates. (In the case of an unbounded domain we can consider the data of the problem to
be from an appropriate the Lebesgue spaces, besides (27).) We are going to prove carefully only
a priori estimate for a solution to problem (24)—(26) in the space 2o 55 Q7). The existence
and uniqueness of the solution can be proved after this in a more-less standard (nowadays)
way (see, for example, [2, Ch.7]), about the quasilinear parabolic equations. Namely, we have
the following assertion.

Theorem 3. Let a € (0,1). Let, further, a function u(x,t) € c2re e “(Qr) satisfy
problem (24)—(26). Let also

Lt @D+ o alla-2)2+a)+2] o)
q2+a)+ N+2 g2+ a)+ N +2
There exists a constant C' > 0, which does not depend on f(z,t) and ug(x), with
B
T q(1—A)
) <o (109 +[uld™) +o| [ [Pands [é@ar) @)
0 Q Q

< First we get some integral estimates for u(x,t). Multiply equation (24) by wu(z,t) and
integrate over Q7. After integrating by parts in the first two terms of the equation with taking
into account the boundary and the initial conditions we get

T T T
%/uQ(x,T)dx—i—//\Vu]dedt—i—// |ul? dedt = //f(x,t)u(x,t)dwdt—i—%/ug(x)dx. (30)
Q 0 Q 0 Q 0 Q Q

For the first term in the right hand side of (30) we have

T
1
/ / Fla, tyute ) dedt| < | flbar lulzar <ellulllg, + = [ l5q,

T

:5//u2xtdaﬁdt+ //fotdxdt ECQ//]Vu\ (x,t) dedt + — //f2xtdxdt

0

where we took advantage first of the Holder inequality, then of the Cauchy inequality with e,
and then of the Poincare inequality. Taking into account this estimate, choosing & such that
eCq = 1/2, and absorbing the term with ¢ into the left hand side of (30), we obtain

T T T
/UQ(CC,T) dﬂ:—{—//|Vu|2dﬂ:dt+//|u|qudt <C //fZ(x,t) dxdt—i—/ug(x) dzr | . (31)
Q 0 Q 0 Q 0 Q Q

Thus, in particular, we get the following estimate

T
lullooy < C //fQ(x,t)dxdt—i—/ug(x)dx . (32)
0 Q

Q

Q=
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Now we are ready to obtain a priori estimate for a solution to (24)—(26) from the space

C2+o, 55 (Q7). Let us apply inequality (21) to estimate the norm of the term |u|?72u in the
space Cc*3 (Qr). Note first that by elementary considerations we have

-2
a2l < € (Jul )" Jul - (33)

Use (21) with I =2+ «, [; = 0, p = ¢ to obtain

2+ 1- N +2
iy <€ (0l ™)™ Ulys)' ™ o= o @

Then use (21) with lo =2+ a, I3 = «, p = ¢ to obtain also

(a) (2+a) _ \1-wa g+ N+2
Julg, < <| \ ) (lell,g,) ™ wa= Tt T NIE (35)
From (33)-(35) it follows that
=2l < & (Jul &) (lull )" (36)
where
A=(q—2w)+wa, B=(q—2)1—-wo)+1—w, (37)

are defined in (28). On the base of the condition on ¢ in (27) we have A < 1. So, applying
to (36) the Young inequality with e, we obtain

o (@) 24 1 A B
a2l < el + €T TR (ullq,) (38)
Moving now the term |u|9~2u to the right hand side of equation (24) we represent it in the form

— —Au=g(x) = f(z,t) — [u|f%u, (x,t) € Q. (39)

Now we use the well known estimate in Hdélder spaces for a solution to initial-boundary
problem (39), (25), (26) (with the given function |u|?"2u) to obtain

ey < € (loligr + uo ™) < € (17157 + ol ™ + [lul=2u]5))
<C (115 + fuo| ™)) + Celul G + 0=~ (Jull 5,) =

lA)

T
< CelulGr+ O (|FI5) + Juolg ™) + Ce™r% //f2<x,t>dxdt+/u ,
0 Q

where we took advantage of (38), and then (32). Absorbing now the first term with sufficiently
small ¢ (Ce = 1/2) into the left hand side of the last inequality, we arrive at the estimate

_B
T q(1-A)

iy < () + olg™™) + 0 { | [ P nasier frieas

0 Q Q

that is at (29). Theorem is proved. >
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Note that, of cause, the estimate of the kind (29) can be obtained in some other ways. For
example, starting with estimate (31), one can consider problem (24)—(26) in the Sobolev spaces
first (under even weaker restrictions on the exponent ¢). And then one can use some bootstrap
arguments to gradually raise up the smoothness of the solution with some corresponding
estimates. For example, we can first consider the problem in the space Will (Qr) when the

e

term |u|9"%u € L o Well known results on parabolic equations in the Sobolev spaces give
.

us the solution from W2, (Q7). Then the Sobolev embedding gives us that u € L, (Qr) and
q—1

depending on g and n it may occur p; > q. Now we can repeat the considerations in the space
W% (Qr) to obtain u € Ly, () with p2 > p;. And so on till by embedding v € C*(Qr)

q—1
with some ¢ > 0.

Our goal was just to demonstrate how easy it is to apply the interpolation inequalities from
section 2 to a priori estimates of solutions to nonlinear PDE in smooth classes of functions.

Acknowledgement. The author is sincerely grateful to the Editorial Board and to the unknown
Referee for working with this paper and for more than just valuable comments.
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O HEKOTOPBIX UHTEPIIOJIAIIMOHHBIX HEPABEHCTBAX,
[IOJIVYEHHEIX O. A. JIAABIXKEHCKON, 1 HEJIMHENHBIX YPABHEHM X
B YACTHBIX ITPON3BOJHBIX

Jerrapés C. I1.1
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Awnnoranus. B crarbe paccMOTpeHbl HEKOTOPbIE MYyJIbTUILIMKATUBHBIE NHTEPIIOJIAIMOHHBIE HEPABEHCTBA
Mex 1y npocrpancrBamu lenbiepa u JleGera. MysibrumimkaTuBHbIE HHTEPIIOIAIMOHHBIE HEPABEHCTBA THIIA
Tlambsipio — Hupenbepra mmpoKo HCHOJB3YIOTCS B HCCIEIOBAHUAX 110 JruddepeHnnaIbHbIM yPABHEHUAM
B YaCTHBIX NIPOM3BOJHBLIX. PaHee ObLIN JIOKA3aHbI U IPUMEHEHBI HECKOJBKO THUIIOB TAKUX HEPABEHCTB, BKJIIO-
varormux HopMy (mosyHopMy) Tesibnepa. Hacrosimasi crarbst 06001aeT HMeONecst PE3y/IbTaThl HA CJLydait
AHM30TPOIHBIX «I1apaboJIMYecKuXy IPOCTPAHCTB, IIpejJIaras IIPOCTOe JOKA3aTe]bCTBO, OCHOBAHHOE Ha Hee
0. A. Jlagprkenckoii. B pabore npuBoauTcs npuMeHeHne Takoro HepaseHcTsa tuma [ambapgo — Hupenbep-
ra ¢ Hopmoit esbaepa. Vcnosb3yst 6osee ciiabyro MHTErpaibHYIO OIEHKY, 9TO HEPABEHCTBO IIO3BOJISIET JIETKO
[IOJIYYNTH AIPUOPHYIO OIEHKY DelIeHus] KBa3WJINHEHHON mapaboImdecKoil 3a/1a4y B IVIQJIKUX KJaccax lesb-
nepa. Ha ocHoBanum 9Toi anprOpPHOl OIEHKM yCTAHABJIUBAETCs CYIIECTBOBAHUE DEIIeHUs Toh 3ajaaun. s
JI0Ka3aTeIbCTBa MYyJIbTUILINKATUBHOIO HepaBeHcTBa Tuna lanbsapro — Hupenbepra ¢ mHopmoii Iesibiepa nc-
[TOJIB3YETCsl SKBUBAJEHTHAs HOPMHPOBKA IIPOCTPAHCTB leiibjiepa BHICOKMX MTOPSJIKOB B TEPMUHAX ITOBEJICHUS
KOHEYHBIX PA3HOCTEN BBICOKOTO MOPsIKa. KII04eBoil TEXHUYECKU TPUEM 3aK/TI0YAETCA B IIPE/ICTABJICHUN 3HA~
vyenusi byHkmu u(z,t) B NPOU3BOJIBLHON TOUKe (z,1) B TEDMUHAX €€ KOHEYHON PA3HOCTH BBICOKOIO MOPSIKA
B 9TOI TOUKe, & TaKKe JT00ABOYHON CyMMBbI 3HAUYeHUH (PYHKINN B coceHUX TouKax. [locse sToro nponssoaurcst
MHTErPUPOBAHUE 110 COCEIHUM TOoUKaM 1o mapam By ((z,t)) manoro pamuyca r ¢ nearpom B (z,t). Onenusas
KOHEYHYIO PA3HOCTh depe3 MOoIyHOpMYy ['esb/iepa, Mbl IPUXOIUM K &/[ITATUBHOMY HEPABEHCTBY C IaApAMETPOM T
KOTOpOE BKJIIOYAET MOJIyHOpMy lenbiepa n mHTErpasbHyio HopMy. HakoHer|, onTuMU3UPysl [OJIyI€HHOE a1
JIUTUBHOE HEPABEHCTBO 110 IIApaMeTpy T, MPUXOIUM HEIOCPEICTBEHHO K MYJIbTUILINKATUBHOMY HEPABEHCTBY,
BKJIIOYaloIeMy HopMbl Lenbepa u Jlebera.

KinoueBble cji0Ba: MHTEPIIOJAIMOHHbIE HEPABEHCTBA, allpUOPHbIE OLEHKU, HejuHelHble quddepeniu-
aJIbHbIE yPaBHEHUS.
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Abstract. In this article we study the properties of quasiconformal mappings on the Heisenberg group H*
and consider the definition of quasiconformal mappings in terms of the Beltrami equation. In particular,
we obtain an explicit expression for the Beltrami coefficient for the composition of two quasiconformal
mappings and we prove an analogue of the Stoilow factorization theorem on the plane. Namely, if the
Beltrami coefficients of two quasiconformal mappings are equal almost everywhere, then there exists a
conformal mapping such that by acting on one of the given quasiconformal mappings from the left, we
obtain another given mapping. As an application of these results on the Heisenberg group H' we compute
the Beltrami coefficients of some quasiconformal mappings and we prove a theorem on the images of
quasi—Brownian motions. In specific examples we demonstrate the invariance of the Beltrami coefficient
under the action of the composition of a conformal function on the corresponding left mapping. Using
the Stoilow factorization on the Heisenberg group, we show that if two quasi-Brownian motions have the
corresponding Beltrami coefficients equal almost everywhere, then their trajectories are equivalent only
if the conformal map in the Stoilov factorization is a map obtained from a composition of translations,
rotations and dilations.
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1. Introduction

It is known, see, for example, [1], that I/Vli’c?—homeomorphism f:Q—=Q0,00cCcC,is
K-quasiconformal if and only if, when

of
0z

of
(z):pa(z) a.e. z €, (1)

where u = p(z) (the Beltrami coefficient) is a bounded measurable function satisfying

K-1

<<
Il < 77

The equation (1) is called the Beltrami equation. Next theorem characterizes all solutions of
the Beltrami equation.

#The work was supported by the Russian Science Foundation, project Ne 24-21-00319.
(© 2025 Dorokhin, D. K.
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Theorem 1 (Stoilow Factorization). Let a homeomorphism f(z) € VVllo’C2 be a solution of

the Beltrami equation (1) and |u(z)| < k < 1. Also let g(z) € Wlif be any other solution of
the Beltrami equation (1). Then there exists a holomorphic function ® : Q' — C such that

9(z) = (f(2), z€Q. (2)

Conversely, if ® is holomorphic on §', then the composition ®o f is T/Vlif—solution of the equa-
tion (1) on Q.

Initially, S. Stoilow in the paper [2| showed that if there is a continuous, open mapping f
between two Riemann surfaces S and S’ for which the preimage of any point is a totally
disconnected set, then there exists the Riemann surface S and a homeomorphism A : S — S
such that foh™!: S Sisa holomorphic mapping. Theorem has significant generalizations
in 2D analysis: every open and discrete map h is topologically equivalent to some analytic
function, so h = ¢ o f, where f is some homeomorphism, ¢ is some holomorphic function
(mapping h : © — C is called discrete, if set h~!(w) is discrete for every w € C). Y. G.
Reshetnyak proved [3| that every mappings with bounded distortion are open and discrete;
on the other hand, the quasiconformal mappings are homeomorphic mapping with bounded
distortion.

The Beltrami equation has importance for isometrical coordinates on the 2-dimensional
manifolds and also in the calculus of variations in minimizing the energy functional for
homeomorphisms acted from a unit disk to defined domain [1].

Quasiconformal maps on non-Riemannian structures were first considered by G. D. Mostov
because of the classification of metric spaces of constant negative curvature [4]. To prove the ri-
gidity theorem, G. D. Mostow needed quasiconformal transformations of the ideal boundary of
some symmetric space [5]. M. L. Gromov, using the Gromov—Hausdorff convergence, proved [6—
8] that the geometry of such an ideal boundary is modeled by a nilpotent group with the
Carnot—Caratheodory metric. This was one of the incentives for studying quasiconformal
maps on the Carnot groups and more general Carnot spaces [8, 9]. In the paper [10] P. Pansu
introduced the concept of differentiability of mappings “in terms” of the Carnot—Caratheodory
metric (Z-differentiability). Using the concept of Z-differentiability, A. Koranyi and
H. M. Reimann [11] systematized analytical methods for studying mappings on the Heisenberg
groups H", assuming a priori Z-differentiability of mappings almost everywhere. The
analytical apparatus that allows one to develop the theory of quasiconformal mappings on
the Carnot groups under minimal assumptions was developed by S. K. Vodopyanov and his
students, see [12-16]. A. Koranyi and H. M. Reimann [11, 17] showed that on the Heisenberg
groups quasiconformal mappings can be defined in terms of systems of differential equations
similar to the classical Beltrami equations on the plane. It should be noted separately that
in the Euclidean case the Beltrami equations exist only in dimension 2; on the Heisenberg
groups H" an analogue of the Beltrami equation exists in all dimensions [11, 17]. For strictly
pseudoconvex hypersurfaces the theory of the Beltrami equations was constructed in [18].

In our paper, we proved an analogue of the Stoilow factorization theorem on the first
Heisenberg group H' (Theorem 4). Our proof is based on the use of a formula for the Beltrami
coefficient of a composition of quasiconformal mappings and an analogue of the Liouville
theorem proved by D. V. Isangulova in the paper [19]. To do this, we derive the notation
forms of the corresponding differential operators from the composition of quasiconformal
mappings (Lemma 1), using which we calculate the corresponding Beltrami coefficient for
compositions of quasiconformal mappings (Lemma 2). The last section of the paper is devoted
to the following problem: let two quasiconformal mappings with a common Beltrami coefficient



52 Dorokhin, D. K.

be given; will the images of the corresponding Brownian motions then be equivalent, that is,
will these processes be expressed through each other by means of a time change (preserve
their trajectories)? We have proven the following

Theorem 2. Let N; and M, be quasi-Brownian motions on the Heisenberg group H!
with corresponding quasiconformal maps f and g whose Beltrami coefficients are equal almost
everywhere. Then, if the map go f~! is a composition of dilations, rotations, and translations

on the Heisenberg group H!, then there exists a time change a(t) such that almost surely
Nt == Ma(t) .

2. Basic Definitions and Known Theorems

The first Heisenberg group H' [11, 17, 19, 20] defined in the standard Euclidean space R3
with the coordinate system (z,y,t) induced by the coordinate frame (O,eq,ez,e€3), using
the following table of commutators

{[61, 62] = —463, (3)

le1, €3] = [ea, e3] = 0.

Using the Baker—Campbell-Hausdorff formula and the table (3), we obtain an analytical
expression of the left translation of wy * wo an arbitrary element we = (x2,y2,t2) € H! and
an other arbitrary element wy = (x1,y1,t1) € H}l:

wy * wy = (T1 + X2, Y1 + Y2, t1 + t2 — 221y2 + 2y122). (4)

Using (4), we obtain expressions for the basis of left-invariant vector fields (the Jacobi
basis [20]) of the Lie algebra V of the group H' at each point (z,y,t):

0 0 0 0 0

Left-invariant vector fields X,Y are horizontal. We denote by V; the tangent bundle
induced by horizontal vector fields X, Y. We have V' = V1 ® V5, where V5 as tangent subbundle,
induced “vertical” field T [11, 20].

We will also use the representation of the Heisenberg group. H' as (z,t) € C x R [11, 17].
Then the group operation is defined as

(Zl,tl) * (Zg,tg) = (2’1 + 29,t1 + 12 — QIm(21 . 22)), (5)

where z1 = x1 + 1y1, 20 = T2 + 1Yo.
Action is a one-parameter stretching group & : H! — H!, s > 0, set by the law

85(2,t) = (sz,5°t).
Homogeneous norm [17] (the Koranyi norm) p(z,t) = (|z|* 4 t2)1/* sets the metric on H!:
p((z1,11), (22, t2)) = P((Zz,h)_l % (21,1)).

DEFINITION 1 [19]. Let Q C H! be an open set. Sobolev space W 4(Q), where 1 < q < oo,
consists of locally integrable functions f : Q — R, having weak derivatives X f and Y f, with
norm

[ fllwra) = [1flla@) + IVRfllna) < oo,
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where Vi f = (X f,Y f) is a horizontal gradient. We will denote f € VVli’Cq(Q), if fewha(U)
for any open set U such that U C €.

DEFINITION 2 [19, 20]. A mapping f : Q@ — H! belongs to W, ’q(Q HY), if f € L9(Q, H)
and satisfies:

(A) for any w € H a function [f]y : z € Q — p(f(x),w) belongs to I/Vli’cq(Q);

(B) a family of functions V[f],, has a majority belongs to L (Q).

Recall that the differential 1-form 7 sets the contact structure on a (2n + 1)-dimensional
manifold, if 7 A (d7)™ # 0. On the Heisenberg group H! the contact structure is determined

by the form
T = 2xdy — 2ydx + dt. (6)

We have ker 7 = V7.

DEFINITION 3 [17]. A diffeomorphism f : U — U’, U,U’ Cc H', will be called a contact
map if it preserves the contact structure, that is

[ =, (7)

where A # 0 is some function.

Condition (7) can be written in the following equivalent form

8
=2fRYfi+2fiY fo+Y f3=0. ®)

{JﬁXﬁ+2ﬁXh+Xﬁ=&
Mapping of the Sobolev space f: U — U’, U,U’ C H' are weak contact, that is, the con-
ditions (8) are fulfilled for them almost everywhere (see, for example, [19]).
For mappings f = (f1, f2, f3) : @ — H! of the Sobolev space I/VI})’Cq(Q,Hl) we define the
formal horizontal differential Dy, f as a matrix

_(Xf Y
[%f_<Xé Yé)'

It follows from general facts, see, for example, [21], that the horizontal differential Dy, f
generates a linear mapping Df : V — V| called a formal differential, which is a homomorphism
preserving the grading of the Lie algebra V. The determinant of the matrix D f(x) will be
called the formal Jacobian of the mapping f and denoted by Jy(z).

DEFINITION 4 [19, Definition 1]. The homeomorphism f : 2 — H' defined on an open set
Q) C H, is a quasiconformal mapping if f € I/Vl1 4(Q H!), and there is a constant K > 1, such
that the inequality

[Dut @) < KTl (9)
for almost any x € Q2. Consider the following vector fields
1 , = 1 ,
Z = 3 (X —1Y) and Z = 3 (X +1Y). (10)

DEFINITION 5 [11, Definition 2]. The homeomorphism f = (f1, fa, f3) : © — H! is defined
on an open set Q C H', is a quasiconformal mapping, if f is absolutely continuous, Z-dif-
ferentiable almost everywhere, preserves orientation and almost everywhere on ) satisfies
the Beltrami equation

Z fi = pZ fi, (11)
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Z fu = pZ fu, (12)

where fi = f1 +ifs and fi1 = f3+1i|f1|?, p is some measurable function, such that ||ulls < 1.

These two definitions of a quasiconformal mappping are equivalent, see [11, 21].
We have [22]

th:<Zﬁ Zf1>, IDufll = |24 + |Zfi

Zfi Zfi 7
Zf Zh 0 ; (13)
Jr=det | Zf 7R 0 = (112 - [ZAf) "

0 0 |ZfP-|ZA)

REMARK 1. If the Beltrami coefficient of the quasiconformal mapping f is zero almost eve-
rywhere, then almost everywhere it holds Z f; = 0. Then the inequality (9) has the form

\Z AP < K|Zfi* (14)

This is true for all K > 1, i. e. f is a 1-quasiconformal (conformal) mapping.

Theorem 3 [19, p. 326]. Any (not necessarily orientation-preserving) 1-quasiconformal
map on the Heisenberg group H' is represented as a composition of the following type of
mappings:

(1) Left translation m,(x) = a * x, a € H
(2) Dilation §4(x) = (sz,s°t), s > 0;
(3) Rotation ¢q(x) = (e'z,t), a € R;
(4) Inversion j(x) = <\z\2+zt’ ﬁ)?
(5) Reflection 1(x) = (Z,t).

3. Stoilow Factorization on the Heisenberg Group H!

Lemma 1. Let Q, ', Q" be domains of H', g : Q@ — Q" and h : ¥ — Q" are quasiconformal
mappings. Then

Z(hiog) =(Zhiog)Zg1 + (7h1 o g)Z?I,

Z(hyog) =(Zhiog)Zgi+ (Zhi o 9)Z gy
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<1 We have
Z(hiog) = 3 (X —i¥)(hrog) = 3 (X(hog) + ¥ (b0 )] +i[X(hs 0 9) ~ ¥ (0 g))

1
=3 ( [(h1z © 9)g1,+ (h1y © 9)g2,+ (h1t © 9) g3, +2y((h1s © 9)g1,+ (hiy © 9)g24+ (h1r © 9)g3;) ]

+ [(h2g © 9)g1,+ (hay © 9)g2, + (hay © 9)g3, — 22 ((hay © 9)g1+ (hay © 9)g24+ (hat © 9)g3,) |
+i [(h2g 0 9)g1,+(h2y © 9)g2,+ (hat © 9)g3,+2y((haw © 9) g1, +(h2y © 9)gay+(hay © 9)g3y) ]
— i [(h1g © 9)g1y+ (h1y © 9)ga,+ (1 © 9)g3, —22((h1y © 9)g1,+(h1y © 9)g2,+ (hay © g)g3t)])
= {combine them g;,+ 2yg;; and g;, — 22g;, into X g1 and Y gy, accordingly, for all i=1,2, 3}
= % [(h1z09) X g1+ (h1y09) X ga+(h1,09) X g3] +[(h2z09)Y g1+ (hay09)Y g2+ (h2i09)Y gs]
+1i [(hoz09) X g1+ (h2y,09) X g2+ (h2,09) X g3| —i[(h1209)Y g1+ (h1,09)Y g2+ (h1,09)Y g5]
= {by the condition of contact, we will X g3 and Ygg} = % ( [(Xhl 09)Xg1+(Yh og)ng]
+[(Xhs0g)Y g1+ (Yhoo g)Y go] +i[(Xha 0 g)Xg1 + (Yhao g)Xgo] —i[(Xh1 0 g)Y g1
+(Yhyog)Yg] = %([(Xhl 0 9)Xg1 + (Yhiog)Xgs] —i [(Xhiog)Y g1+ (Yhio g)Ygg])
= (Xhiog)Zg1+ (Yhiog)Zgs = (Z + Z)hi o 9)Zg1 —i((Z — Z) ) o g>Zg2
= (Zhi o g)Zgi + (Zhi o 9) Z Gy.

Similarly:
Zlhiog) = 3 (X +iY)(hwog) = 3 ([X(hog) ~ (s 09)]
+i[X(hgog)+Y(hyo g)]> = (Zhio 9)Zgi + (Zhi 0 9)Zgy. 1>

Lemma 2. Let f: Q — Qq and g : ) — Q5 be quasiconformal mappings on the Heisnberg
groups H' with Beltrami coefficients py and pg, accordingly. Then the composition

fo g_l Oy —
is an quasiconformal mapping with the Beltrami coefficient

291 Jf — pyg

fjogr 0g = 28 1 b (15)
Tea Zgy 1 - nsiy

<1 A mapping f o g~! is quasiconformal (see, for example, [11]). Let h = f o g~ !, then

ft = hy o g. Using the Lemma 1 to Z f; and Z fi, we get
Zf[ = (Zh[ o g)ZgI + (Zhl o g)Z?I, Zfl = (Zhl o 9)791 + (7h[ o g)_gI

Then

g = ZhZg — ZHhZ gy Zhyog— — ZHhZg - ZHiZgi
Z9ZGi— 2929 ZgZ Gy — ZnZ G
From here we find puj og

ZhZg —ZHhZgr 1 ZHhZg—ZHhZg  Zgi piy — by

ZHZG —ZhZ2G ZHZ G L= prhyg Zgy 1= pphiy

Zhpo

phog = —
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Note that 1 — usfz, # 0 almost everywhere, see Definition 5. The product Z f127g; is also
non-zero almost everywhere. Indeed, if Zf; = 0, then using the Beltrami equation for f,
we get that Zf; = 0, from which J ¢t = 0, see Remark 1. However, J; # 0 is almost
everywhere [21, Theorem 4]. Thus, Zf; # 0 is almost everywhere. Similar arguments work
for Zg;. >

As a result, we obtain the expression for the Beltrami coefficient of the inverse mapping
(in the Lemma 2, we need to put f(z) = z):

Zgn
Mo 09 = =7 Hy: (16)

Theorem 4. Let f : Q — Q7 and g : 2 — Qo be quasiconformal mappings on the Heisen-
berg group H' with the Beltrami coefficients ¢ and g accordingly. The following conditions
are equivalent:

(1) py = pg almost everythere on €;

(2) There is an quasiconformal mapping h : Qo — Qq so that f = hog.

< (1) = (2) By the Lemma 2, we consider mappings with almost everywhere equal the Bel-
trami coefficients. We obtain that the Beltrami coefficient of the function h = f o ¢!
and, therefore, h is a conformal function such that f = h o g, see Remark 1.

(2) = (1) Let fog™! = h. Then by the Lemma 2 we get

1S zero

Zgr pf— g
0=flfog-109 === ————". (17)
Teg Zgy 1—prny

Therefore, p1y = p14 almost everywhere. >

4. Examples

To demonstrate the results obtained, let us consider a number of examples.

4.1. Invariance of the Beltrami coefficient with respect to the conformal
mapping. Now we check that the composition from the left to the conformal mapping does
not change the Beltrami coefficient of the mapping. Consider the functions g = (tz,t3/3),
h=jog= (3z/(3t|z]> —it?), —3/(9t|z|* +3)), where j is the inverse of the Heisenberg group.
Now fi4:

Zqr 122
P = o = iR (18)

We check that pg and pp, are equal almost everywhere:

— —Otzz+i322(3|2|?—2it)
_Zh GBt[z7—it2)Z
Ph = Zhy  9tz2—3it?—9tzz—i3z2(3[2[2—2it)
Gil=[?—it2)?2
_ SBtzz+izz(3l2P —2it)  —izz(3lz +it) izz

—it? —izz(3|22 — 2it)  (t+i|z[)B[2 +it)  t+ilz2

4.2. The Beltrami coefficient for the inverse function. We show how the Beltrami
coefficient for the inverse mapping is expressed in terms of the Beltrami coefficient of
the original mapping. Consider the mappings h = (tz,t3/3) and h™' = (z/V/3t, V/3t ). Now puy,
and pp-1

Zhy 122 7h1_ 1 122

M= Zh ~ TP M T Zn T T 3=z
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On the other hand, by the Lemma 2

Z(h~1Yy) Zht -1 t+izz  izz -1 izz
-1 = " = — fr— O = . O = -,
Fn=t = 71y Zh " t—izz L+ |22 3L — |22

4.3. The Beltrami coefficient of the composition of the mappings. Now we show
how the Beltrami coefficient for the composition of mappings can be expressed in terms of
the Beltrami coefficients of the original mappings. Consider the mappings h = (2z + Z, 3t),
g = (tz,t3/3) and g~' = (2/(3t)'/3, (3t)1/3). Now pp,, p1y and fhg—1

Zhy 1 7g1 122 7g1_1 122

'uh:Z—hlzi’ ,Ug:ZgI T il Mgil:ngl T 3t— 22

Consider the Beltrami coefficient for f = ho g = (2tz + tz, —t3):

_Zh t—i2(22+72)

M= Zh " atriz(2z+32)

By the Lemma 2,

Z - 1 a1 ;

i Z(hi o g) <Zgll Hh — g1 )Og (3t) :1”—(3t) 5072 5‘% o

hog — = . — Uz
T Zheg) A\zgt 1y (3)75 + (3t)73

_ 1
izz Lt gsane

3t—i|z|?—2i
<3t Loz ) 8 — 222 — 222z t—iz(22 +7%)
p— g pu— p—

3t +izz  6tH2lzPtizz T3 4 20222 +it2zz 2+ iz(22+2)
3t+i|z[2

5. Quasi-Brownian Motion on the Heisenberg Group H!

The property of conformal invariance of the Brownian motion is known: on the plane,
the conformal image of the Brownian motion is the Brownian motion with modified time,
and in R™ this is possible only if the mapping is a harmonic morphism [23] (see also [24]).
A similar result for mappings on the Heisenberg group H! was obtained in [25]. Then the
question of describing random processes invariant with respect to quasiconformal mappings
of the Heisenberg group is of interest. On the plane, such processes are described in the
dissertation [26].

DEFINITION 6 [27]. Let X; and Y; be independent standard one-dimensional Brownian
motions, and Sy = 2 fOt(YSdXS — XdY5). The random process My = (X4, Y:, S;) will be called
the horizontal Brownian motion in the Heisenberg group H!.

DEFINITION 7. The process A; will be called the quasi-Brownian motion on the Heisenberg
group H! if there exists a quasiconformal mapping f such that f(A;) is the horizontal
Brownian motion.

<1 PROOF OF THEOREM 2. By the definition of the quasi-Brownian motion

g(N:) = (g0 f1)(By),

where By is the Brownian motion on the Heisenberg group. By Theorem 4.1 of [25] the mapping
go f~1 will preserve the trajectories of the Brownian motion if and only if go f~! is a harmonic
morphism on the Heisenberg group, that is, if it is a composition of dilations, rotations, or
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translations. Note that by Theorem 4 the mapping g o f~! is conformal and orientation-

preserving. Then we get that (g o f~1)(By) = Bq), where By(t) is another independent of By
Brownian motion with changed time a(t) and Ny = M. >
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OAKTOPUBAIINST CTOUJIOBA HA TPVIIIIE I'EN3EHBEPTA
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Awnnoranusi. B gannoit cratbe MBI HCCIeAyeM CBOHCTBAa KBa3MKOH(MOPMHBIX OTOOpAXKEHWil Ha TPYIIe
Teitzen6epra H' u paccMaTpuBaeM onpeieienne KBasuKOH(GOPMHBIX 0TOOpasKeHUil depe3 ypasHeHne Besbrpa-
Mu. B "gacTHOCTH, TOIy9eHO SIBHOE BbIpazkeHue Koadduimenta beabTpaMu Jjisi KOMITO3UIUN IBYX KBA3UKOH-
dOpMHBIX 0TOOPaXKEHUH U JIOKA3aH aHAJIOr (PaKTOPU3AIMOHHON Teopembl CTOMIIOBA HA IJIOCKOCTH. A UMEHHO,
eciu ko3 duimeHTs BesbTpamu IByX KBa3UKOH(MOPMHBIX OTOOPaXKEHUI TOYTH BCIOLY PABHbBI, TO CYIIECTBYET
KOH(POPMHOE OTODpaskKeHne TaKoe, YTO IMOJEHCTBOBAB UM CJIeBa HA KAKOW-TO M3 JAHHBIX KBa3WKOH(MOPMHBIX
0TOOparKeHuil, Mbl TIOJy9IUM JPyToe 3aJaHHoe oToOpakeHue. B KadecTBe MPUMEHEHUs [TOJIYUYEeHHBIX Pe3yJlb-
TaToB Ha rpymme leiizenGepra H' Boramciens kosddunuenTs BebTpaMi HEKOTOPBIX KBAa3HKOH(MDOPMHBIX
oTobOpaXKeHwuii, u JIoKa3aHa TeopeMa 00 0bpa3ax KBa3HOPOYHOBCKUX JIBUKEHUN. B KOHKPETHBIX MPUMEpPaX MbI
JeMOHCTPUPYEM WHBAPUAHTHOCTH Koddduimenta Bembrpamu mop fmeficTBueM Ha COOTBETCTBYIOIEe OTOOpa-
JKEHMe CJieBa KoMIosuimeit Koudopmuoin dpyakiuu. C moMompo JoKa3aHHON dgakropusanuu CTomioBa Ha
rpyme [eitzenbepra, MbI MOKa3a/M, 9TO €CJIM Y JBYX KBa3sHOPOYHOBCKUX JIBUYKEHUI WX COOTBETCTBYIOIIUE
koaddurmentsl BesbrpaMu paBHBI OYTH BCIOJY, TO WX TPAEKTOPUU SKBUBAJIEHTHBI TOJLKO B CIIy4ae, €C-
Ji KOH(OPMHOe oTobpakenne B (paxkTopuzanuu CTOMIOBA €CTh O0TOOparKeHUe, MOJIyIEeHHOEe U3 KOMIIO3UIINHI
CIBUT'OB, TIOBOPOTOB U PACTSI?KEHMUIA.

Kurouessbie ciioBa: rpymma [eitsenbepra, dpakropuzarus CTonioBa, KBa3UKOH(MOPMHBIE OTODPAKEHUSI,
cucrema Benbrpamu, 6pOYHOBCKOE JIBUXKEHUE.
AMS Subject Classification: 53C17, 34C05.
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Ansoraums. [Tycrs I' siBsiercst JucTaHIMoHHO peryJisipHbiM rpadom auamerpa d. Hus ¢ € {1,2,...,d}
rpad T'; onpejesnen Ha MHOXKecTBe BepinH rpada ' u JiBe BEpIIUHBI U, W CMEXXHBI B I'; TOTJIa U TOJIBKO
roraa, korma dr(u, w) = i. I'padom [lnuia HaszpiBaeTcst AUCTAHIMOHHO PEryIaApHBIA rpad auamerpa 3 ¢
cobcrBenHbIM 3HadenneM 01 = as. st rpada [Muua gucio a = as genut k u nosnarator b = b(T") = k/a.
I'pad Muna nmeer maccus nepecedennii {ab, (a+1)(b—1), b2; c1,c2,a(b—1)}. A. YOpumuya u 51. Bunann
HAIIJIA MACCUBbI IIEPECEYEHU JIUCTAHIIMOHHO PEryJIPHBIX rpadoB guaMeTpa 3, CoepKaluX MaKCUMalb-
HBIi JIOKAJIBHO PEryJIsSIPHBIN 1-KOJ, COBEPIIEHHBIIl OTHOCUTEJIHLHO ocieHell okpecTHocTH. OKa3aI0Ch, ITO
rakoit rpad I' nmeer maccus nepeceuennii {a(p+1), cp,a+1;1, ¢, ap} (u cunbnO perysspubii rpad I's) win
{a(p+1),(a+1)p,c;1,¢,ap} (u aBaserca rpadom [mmna). B pabore nzyuarorcs rpadst I'; coneprkamue
MaKCHAMAJIBHBIA JIOKAJIbHO PeryJsisspHblil 1-kox. Jlist qucTaHIioHHO peryJisipHoro rpada ¢ MacCHBOM IIepe-
CeYeHUt {aQ, a’— 1,¢1,¢,a(a—1)} na < 1000, ¢ < 1000 KpaTHOCTH COGCTBEHHBIX 3HAUEHUIT 1I€JIbIE TOJIBKO
B catyvasx (a, c) = (3,4) (n q%?) <0), (a,c) = (5,3), (a,c) = (9,18) (u q?%?) <0), (a,c) = (21,49) (u q?%?) <0),
(a,c¢) = (21,9). Takum o6pa3om, ocTasuch TOJBKO MaccuBbl {25, 24, 3;1, 3,20} u {441, 440,9;1,9,420)}.
IIpu sTOM JUCTAHIIMOHHO PeryJIsipHBI rpad ¢ MaCCHBOM II€pecevdeHuit {(127 a’—1,¢1,c, a(a—1)} ne cyme-
crByer. Kak ciencrsue, IMCTaHIMOHHO perysapubie rpadbl ¢ MaccuBaMu nepecedenmii {25, 24, 3; 1, 3,20}
n {441,440, 9;1,9,420)} Tak>ke He CyIIECTBYIOT.

KuroueBble cjioBa: JUCTAHIIMOHHO PETYISPHBII rpad, CUIbHO peryisipubiii rpad, rpad [Hunmra.
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BBenenue

PaccmarpuBatorcs mHeopueHTupoBaHHbIe I'padbl 6e3 mere/ib n KpaTHbix pebep. Ecmm a,
b — Bepuunbl rpada I', To uepes d(a,b) obo3HauaeTcst paccrosiHue MKy a u b, a depes
I'i(a) — nmoarpad rpada I', nHyMPOBAHHBI MHOXKECTBOM BEDIIUH, KOTOPbIE HAXOMATCS Ha
paccrosinum i B I' ot Bepmusbl a. [loarpad I'y(a) HaseiBaercst okpecmmocmuvio epuumisvs a i
obosnauaercss uepes [a]. Uepes at obosmauaercs nomarpad, apisionmiics mapoM pamyca 1
C TIEHTPOM a.

Ipad T' HasbiBaercs peeyaaproim 2pagom cmenenu k, eciv [a] coaep:KuT To4HO k BepIIUH
qtst moboit Bepmuabl a u3 I'. ['pad I' HazbiBaercst pebepro pesyaaprowm epagdom ¢ napamem-
pamu (v, k,N), ecmm ' comep:KUT v BepIINH, SABISETCS DPETYJISPHBIM CTEHeHH K, M KaxKJoe
pebpo u3 I' jmexur B A Tpeyrosbuukax. ['pad [ HasbiBaeTcs enoane pezyaaprvim epagpom c
napamempamu (v, k, \, p), ecin I' peGepHO perysisipeH ¢ COOTBETCTBYIONMME [apaMeTPaMy 1
noiarpad [a] N [b] comepxkut p BepiuH B caydae d(a,b) = 2. Buoune perysspublii rpad jua-
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MeTpa 2 HA3BIBAETCS CUALHO Pe2YaapHbim epagom. Tucao sepud B [a] N [b] obosHadmM yepes
A a,b) (uepes u(a,b)), eciu d(a,b) = 1 (ecom d(a,b) = 2), a coorsercrByomuii 1oArpadb
Ha30BeM ([i-) A-nodzpagom.

Eciau Beprmsbl 4, w HaxousTcs Ha paccrosun ¢ B I, Tmo depes b;(u,w) (uepes
¢i(u,w)) obosmaumm wqmca0 BepmuH B mepecedennu ;1(u) (B mepecevenmn I';_j(u))
¢ [w]. T'pad mumamerpa d Ha3BIBAETCS QUCMAHUUOHHO PELYAAPHOIM C MACCUBOM NEPECEEHUT
{boy...,bg—1;¢1,...,¢q}, ecmu 3uavenus b; = b;j(u,w) u ¢; = ¢;(u, w) He 3aBUCAT OT BBIGOPA
BEepIIUH u, w Ha paccrosguuu i. [omoxkum a; = k —b; — ¢; u k; = |T';(u)| (3navenue k; e
3aBHCUT OT BbIGOpa BepuivHbl ). ducia nepecevenuii rpada péj u napamerpbl Kpeiina qﬁj
oupesesieHsl B [2] (c. 43 u 48 coOTBETCTBEHHO).

[Tycrs T siBiisiercst UCTAHIIMOHHO pery isipHbiM rpadom auamerpa d. Qs i € {1,2,...,d}
rpad I'; onpenesnen Ha MHOXKecTBe BepiuH rpada [ u 1Be BepmmHb! U, w CMEXKHLI B I'; Torma
U TOJIbKO Torja, Korja dr(u,w) = 1.

I'padom Hlummra HazbiBaeTCsT JUCTMAHUUORHO peeyapHbill epad duamempa 3 ¢ COOCTBEH-
HbIM 3HadenueM 01 = ag [1]. Jus rpada uwia ducio a = ag genur k u moJiaraior
b=0b(T") = k/a. I'pad Hlumwra nmeer maccus nepecedennit {ab, (a+1)(b—1), ba; c1, c2,a(b—1)}.

[Tycrs T' siBjIsieTcst UCTAHIMOHHO PerysspabiM rpadoM auamerpa d = 2e + 1. ITogmmuo-
JKECTBO BEPIINH, MONAPHO HAXOJSIIUXCS HA PACCTOSTHUU d, HA3BIBAETCS €-KOJOM.

[Tycrs T siBjisieTcst JUCTAHIIMOHHO PETyJISIPHBIM I'padoM juamerpa d = 2e+1, comepkaium
e-xoyt, C'. Torna |C| < pgd—i—z Ecnu pasencTBo gocruraercs, To C' Ha3bIBAETCS MAKCUMANADHBIM
rodom. Hasee, B ciaydae paserncrBa v = |C|(k 4+ 1) ko C Ha3bIBaeTCSI COBEPULEHHBIM.

Ananornano, |C| — 1 < kq/ Y5 p%;. Ecim pasencrso jpocTuraercst B 3T0it rpamuIe, To
K0l C' HA3LIBACTCS COBEPULEHHBLM OMHOCUMEALHO NOCAEOHET, OKPECTHOCTIU.

[Tycrs I siBsieTcst MUCTAHIIMOHHO PeryasapHbIM rpadom quamerpa d = 2e+1, comepraiium
makenvaspibtit e-kon C. Torma g < agpl;. Ecm pasencrro mocturaercs, To C HasbiBaeTcs
AOKANOHO PERYAAPHOM KOOOM.

FOpumuy u Bujgaau Hamm MaccuBbI [E€pecedeHri JUCTAHIIMOHHO PEryJIsipHbIX IpadoB
auaMeTpa 3, coJepXKalliX MaKCHUMAaJbHBINA JIOKAJIbHO PETYJIAPHBINA 1-KOJI, COBEPIIEHHBII OT-
HOCUTEJIbHO TIocaeHeill okpectHOCTH [3]. OKazanoch, uro Takoii rpad I umeer maccus mnepe-
ceuennii {a(p + 1),¢ep,a + 1;1,¢,ap} (u cunbro perymsipusiii rpad I's) wm {a(p + 1), (a +

. _ . _
1)p,c;1,¢c,ap} (uI' — rpad Munna), rae a = as, p = pis, ¢ = ca.

MpbI u3ydnm BOIpOC, 9TO HaJO JOOABUTH K CHIBHON peryisipHocTy '3 (nam k Tomy, aro I’
sipysiercst rpadom [Tusia), arobbl BEIIOIHSIIOCH 3aKk/ouenne reopembl FOpummaa — Buna-
JIN.

Cravana uzydatorcs rpadbl ['; cojepkaliue JIOKAJIbHO PEryJsipHbIil 1-Koj, s KOTO-
poix '3 sIBJIsIeTCS CHIBHO PEryJIsipDHBIM TPadOM.

Teopema 1. Ilycto I' — gucrannumonHo pery/sipHblii rpac muamerpa 3, comeprKaliiui
JokasbHo peryrsapubiii 1-xoi C. Ecn T sBiisieTcst crtbHO perysisipHbIM rpagoM, p = pis, TO
c3 = agp u I' umeer maccus nepecevennii {ag(p + 1), cat, a3 + 1;1, ca, asp}.

CaencrBue 1. [lycres I' — gucraHimoHHO pery/isipHbiii rpag auamMerpa 3, COAepKAIIHET
MAaKCHMAaJIbHBIH COBEPINEHHBIH JOKaIbHO peryssipabrii 1-koi C. Ecau U's sBjisiercst cuiibHO pe-
ryasipubiM rpacbom, p = p3s, To I' numeer maccus nepecevennii {as(p+1), cap, az+1; 1, ca, azp}.

Hucranmuonno peryiaspubiii rpad [' anamerpa 3 ¢ cuibHO peryisipabivu rpacdamu [y u
I's mmeer maccus nepecedennii {r(cg + 1) + as,rez, a3 + 151, ¢9,7(c2 + 1)} [4].

Teopema 2. Ilycrs I' sBisiercst gucTaHIOHHO peryIsipHbIM Ipag)oM JHaMeTpa 3 ¢ CHILHO
peryisipasivu rpacavu 'y u I's. Eciu I conepxrxur MmakcumaapabIH 1-K01, P = p§3, TO T = P,
ag = ca + 1 u T umeer maccus nepecevennii {(p + 1)(ca + 1), pca, ca + 2;1,co,p(ca + 1)}
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Eciu I' — rpad u3 3akiouenus teopembl 2, 1o '3 — mceBmoreomerpudeckuit rpad myis
GQ(p+1,ca+1), I'y — ncenoreomerpudeckuii rpad st pGa(p+1,2ca+2). Eciin cg < 4,10 T
umeer Mmaccus nepeceuenuit {44, 30,5;1,3,40} u He cymecrByer BBUYy rpanuib Kyriena —
ITaxa [1].

I'unoresa 1. Jucrannmonno peryisipubiii rpad ¢ maccusom nepecedenuii {(p + 1)(co +
1),pea,ca + 251, co,p(ca + 1)} He cymecrByer.
Tenepy m3yunm rpadur [lnmura, cogepkariue JTOKaIbHO PEryJIsPHBII 1-KO.

Teopema 3. Ilycre I' — aucrannumondno peryisipabiii rpacd Ilumia, comepxkaruii Jio-
KajibHO peryisipabiii 1-kox C, p = p§3. Torga p = b— 1 u I’ umeer maccuB mepecedeHuii
{a(p+1),(a+1)p,c;1,c,ap}.

Nmeercst Ba criocoba cenarh Maccus nepecedennii {a(p + 1), (a + 1)p,¢; 1, ¢,ap} nsyna-
pamerpuueckuM. Eciu rpad [umna T' ¢ by = ¢ mmeer coberennoe 3nadenue Ay = 0, To on
umeer maccus nepecedennit {b(b+ 1)s, (bs + s + 1)(b — 1),bs; 1,bs, (b* — 1)s}. Anasoruuno,
ecmu rpad [Iumna I' ¢ by = co He UMeeT TPeyroJbHUKOB, TO OH MMEeT MACCUB IepecedeHuii
{a%,a®> —1,¢;1,c,a(a — 1)}

Paccmorpum spcraHIMoOHHO peryiisipHblii rpad ¢ MaccuBoM niepecedenuit {xy + yz,yz —
y,xy —x; 1, x+ z,yz}, tue ¢ + 2z = xy — x. Torga I' umeer HersiaBHble cOOCTBEHHbIE 3HAYEHMUSI
ry+y— 1,0, —x(y — 2) kparnocreit my = (vy — 2z — 1)(y? — 2)z(y — Dy/((2z + 1)(y — 2)),
my = (zy® = 2zy —y + D (2y — 20 — 1)(y* = 2)y/(zy +y — 1)(y — 2)%), m3 = (vy® — 22y -
g+ Dy — D/ (20 + 1)(y — 2)).

Hanee, kg = y?(zy — 20 — 1), k3 = 2y(z — 1)(y — 1) /2, nosromy z nemar zy(y — 1). Beumy
nefouncennoctn mg aucio (y — 2)% nemmr y?(y —1)? n y € {3,4}. Orcrona I’ nmeer Maccus
nepeceuennii {6z, 3x — 3,2x; 1,2z, 3x} win {12z,4x — 4, 3z;1, 3z, 8x}.

Ecau T' umeer maccus nepecevenuit {6x,3x — 3,2x;1,2x,3z}, o I' umeer HersaBHbIe
cobcTBennble 3Hadenus 3z+2, 0, —x kparnocreit 42(z—1)x/(2z+1), 21(3x—2)(z—1)/(3z+2),
18(3xz — 2)/(2x 4+ 1). Orcroma (2z + 1) menur 63, (3z + 2) mesur 140 u x = 4. IlporuBopeune
¢ rem, uro rpad ¢ maccuBom {24,9,8;1,8,12} ne cymecrsyer.

Nrax, QucTaHIMOHHO perynsipHbiil rpad ¢ by = co u cobcTBeHHbIM 3HaYeHneM O = 0 He
CYIECTBYET.

Hanee uzyuatorcs rpadol [Hummna I' ¢ by = ¢o, He MMeONIME TPEyTrOJbLHUKOB.

B [5] mokazamno, uro rpad Hlmmia ¢ by = sca 6e3 TpeyroJbHUKOB MMEeT COOCTBEHHDIE
3HAYEHUs

O = (—cos — co + \/0352 + 402 + 5 — 2(2bcg — ¢3)s — 4ca /2,

03 = —(cos + co + \/0352 + 4b2 + 2 — 2(2bcy — c3)s — 4ea /2.

Jljs mucraniuonno perysproro rpada ¢ MaccusoM nepeceuenuit {a?, a? —1,¢;1, ¢, ala —
1)} uw a < 1000, ¢ < 1000 KpaTHOCTH COOCTBEHHBIX 3HAYEHUH IeJble TOJIBKO B CJIydasX
(a,c) = (3,4) (u Q%B < 0), (a,¢) = (5,3), (a;c) = (9,18) (u qu < 0), (a,¢) = (21,49)
(1 ¢33 < 0), (a,c) = (21,9). Takum 06pazom, OCTATHCH TOTBLKO MaccuBb {25,24,3;1,3,20} n
{441, 440,9; 1,9, 420}.

Teopema 4. JlucraHHOHHO peryJsipHBIH rpacg ¢ MACCHBOM MHEpeceIeHud {a2, a’® —
1,¢;1,¢,a(a — 1)} He cymecrsyer.

Cnencreue 2. JlucTaHIMOHHO peryJjsipHble Trpagbl € MACCHBAMH II€PECeICHHIT
{25,24,3;1,3,20} u {441,440,9;1,9,420} He cymecTByIOT.
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1. HokazaTesibcTBO TeopeMbl 1 m caencTBud 1

[Tycrs I' — pucTaHIMOHHO perysisipHblii rpad auamerpa 3, cojepKaiiuii JOKaJIbHO pery-
sspubiii 1-xox C. Torma cg = agp.

Ecsmu I'3 siBsisteTcst cUIbHO pery isipabiM rpadom, To 110 [6] umeem by = az+1, by = cot u ['3
SIBJIsIeTCsI 1iceBjioreoMerpuaeckuM rpadom jyist pGe, (k, t). B wactaoctu, v = (k+1)(1+kt/c3)
ul+kt/cs =p+ 2. Orcrioma kt = asp(p + 1).

Urak, k = as(p+1), ko =kt = asp(p+1), v= (p+2)(k+1), ks = (p+1)t(az+1)/pul
umMeeT Maccus nepecedennii {as(p + 1), cat, asz + 1;1, co, agp}. dus qucen nepecedenuii nmeem
PaBeHCTBA

piy = asp—cat+az—1, piy =cot, pyy = (agp—co—1)t, phy = (az+1)t, pis = (as+1)t/p;
pii=co, plh=asp—ca—1, ply=as+1, p3y=aspt—azp+az+co—t+1,
Pgs = (a3 +1)(t - 1), p§3 = (a3 + 1)t/p;

Ply = asp, Dpis=as, Py =azp(t—1), piy=ast, pis=—(azp—ast—pt+p—t)/p=p.
[Tostomy —agp + ast +pt —p+t =p? u t = p. Teopema 1 jokazana.

2. JlokazaTeabCTBO TeopeMm 2 u 3

< JIOKA3ATEJIBCTBO TEOPEMBI 2. Ilycts I' gBiisieTcss 1UCTAHIIMOHHO PEryJIsipHBIM Ipa-
dbom mamerpa 3 ¢ cuiibHO peryssipabivu rpadamu I's u I's. Torpa I' nmeer maccus nepecede-
auit {r(ca+1)+as,rco, a3 +1;1,co,r(co+1)} [4]. Tasee, ['3 sipiastercs mceBaoreoMeTpiuaeckumM
rpadom i pGy(eyq1y(T(c2 + 1) +as, 7).

Eciu I' comepkur makcumagbhbiit 1-kox C, p = pgg, to |C| = p + 2. Beuuy rpanumpst
Henbcapra s kokuk rpaba L'y umeem |C| = p+2 = 1+ (r(ca + 1) + az)r/(r(ca + 1)).
Orcioma p+1=(r(ca+1)+as)/(ca+1),co+1 nemur agup+1=r+ag/(ca +1).

[Momoxkum az = m(cy + 1). Torna

pli=cmtm+r =1 ply=cr pyp=(c2+1)(r -1
p§3 = (cgm +m+ 1)r, pé:f. = (cgm +m+ 1)m;
p%l = C2, p%Z :(02+1)(T_1)7 p%3:02m+m+17
PRy = car® + com — cor + 12+ o +m — 2r + 1,
pas = (m+m+1)(r—=1), piz = (com+m+ Lm;
Pl = (e2+ 1r, pis = (ca+Dm,  p3y = (2 +1)(r =),
pas = (co +1)mr, p33=com® —com+m? +r—1.
TaKKaKp§3+1:r+m, o com? —com+m? —m=0unag=cy+ 1. Tenepp r=pul
nmeer MaccuB nepecedennit {p(co + 1) + co + 1, pca, co +2;1,¢o, p(ca + 1)} >
<1 JIOKA3BATEJILCTBO TEOPEMBEI 3. Ilycrs I' — nucrannuonno peryssipubiii rpad [Humwra
¢ by = cp. Torga I umeer maccus nepecedennii {ab, (a + 1)(b — 1), ¢2;1,¢2,a(b — 1)}.
Ecu I' conepsut jtokaibio peryssipuetii 1-xon C, To ¢ = agp3s u p = b — 1. Orcrona T
umeer mMaccus nepecedennit {a(p + 1), (a + 1)p,¢; 1, ¢, ap}. >

3. Tpoiiubie yncia nepecevyeHumin

B Jl0Ka3aTesbeTBe TeOpeM HCIIOJIb3yI0TCs TPOiiHbIe Yucia mepecedenuii |7].

[Iycrs I' — pucraniumonno perymispusiii rpad auamerpa d. Eciau wy, ue, 3 — BepIIMHBI

uiru2u3

rpacda I', r1, 79, 73 — HeoTpHUIIATEIbHDBIE IIEJIbIE YNCIIa, He O0JbIIne d, TO T aTs

— MHOXKe-
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uiu2U3 | __
17273

{“1“2“3}‘ Yuciia [“1“2u3] Ha3bI-

crBo Bepmnd w € I' takux, aro d(w,u;) = ry, { s e

BAIOTCA MPOUHBIMU Yucsamu nepecevenuti. JIms pukcupoBaHHO TPOMKHU BEPIIUH U1, U2, U3

uiu2uU3

o ] GyJieM nucarhb [rirars].

BMECTO [
[Iycrs u, v, w — Bepumubl rpada I', W = d(u,v), U = d(v,w), V = d(u,w). Tak kax
MMeeTCsi TOYHO OJ[HA BepInHa T = u Takas, 910 d(x,u) = 0, To unciao [0jh] pasuo 0 mam 1.
Orciona [0jh] = 0w dpy. Ananoruuno, [10h] = d;wopy u [ij0] = d;udjv.
Jpyroe MHOXKeCTBO ypaBHEHHI MOXKHO IOJIy9UTh, (DUKCUPYST PACCTOSHUE MEXKILY JBYMsI
BepruHaMu U3 {u, v, w}, U COCYUTAB YUCIIO BEPIIUH BCEX PACCTOSIHUIT OT TPETbeil, IoJLyIuM:
d d d
> lijh) = pY, — [0jn], > [ilh] = pY, — [i0h], > [ijl] = pij — [ij0]. (+)
=1 =1 =1
[Tpu 3roM HEKOTOPBIE TPOiiKK ncue3aroT. [lpu [i—j| > W nm i+j < W umeem p}/}/ = 0, no-
sromy [ijh] = 0 mst Beex h € {0, ..., d}. omoxum Sijp(u, v, w) = Zf@tzo QriQs;Qen, [
Ecmu mapamerp Kpeiina qzhj =0, 10 Sjjp(u,v,w) = 0.
BadukcupyeM BepHIMHbL U, v, W JUCTAHIMOHHO peryisproro rpada I nuamerpa 3 u no-
nosny {ijh} = {1;;.’2’}, [ijh] = h;fﬂ, [ijh) = W;}, [ijh]* = [?ﬁﬂ u [ijh]™~ = mg].
B cayuasx d(u,v) = d(u,w) = d(v,w) = 2 wn d(u,v) = d(u,w) = d(v,w) = 3 BbIYUCICHHE

et

-1 | uwo s 1% | vuw c 1~ | wou .
ancen [ijh]" = | 30|, [ih]" = | T | w [iGh]™ = | 5| (cnvmerpusanms maccnsa TpofiHbrx
9HCeJ IIePeceveHnii) MOXKeT JIaTh HOBbIE COOTHOIIEHNUS, IO3BOJIAIOIIIE JOKA3aTh HECYIIeCTBO-
BaHue rpada.

4. /loka3zaTeJbCTBO TeopeMbl 4

B stom paszene I' — gucTaHIMOHHO pery.IspHbiii rpad ¢ MaccuBoM nepecedenuit {a?, a? —

1,¢1,¢c,a(a — 1)} Torma T umeer 1+ (p+ 1)(ca+ 1) +p(p+ D)(ca+ 1)+ (p+1)(c2 +2) =
(p+2)((p+1)(c2 + 1) + 1) Beprmus, criextp ((p+ 1)(ca + 1))}, 145° —1220) 6% u nyanbuyio
MATPHILy COOCTBEHHBIX 3HAYCHUIT

1 55 220 99
1 o352 -5 —27)2
Q=11 54 —5 214
1 —15/2 20 —27/2

U3 [6] rpad I's cusbHO perysisipeH.

Jlemma 1. Yucia nepecegenuii rpacgpa I' paBrbr:

(1) piy = P+ 2, Py = Pea, Pyy = (P° —p)(c2 + 1), phy = plca +2), p3g = 2 +2;

(2) py = 2, ply = (p— 1)(ca + 1), pis = plea + 1), p3o = p*(ca + 1) — p(ca +2) + 2¢2 + 2,
P33 = (p—1D(c2+2), piz = 2 +2;

(3) plo =p(ca +1), piy = ca + 1, Py = (p* — p)(c2 + 1), P33 = p(ca + 1), pis = p.

< Ilpsimble BBIYUCTEHUS. >

ITycrs u, v, w — Bepmmust rpaca I', {rst} = {“% } u [rst] = [42F]. Honoxum ¥ = T3 (u),

A = X,. Torga A sBsiercs perynspubiv rpadom crenenn pis = p(ca+1) na k3 = (p+1)(ca+2)
BEPIIMHAX.

JIemma 2. Ilycre d(u,v) = d(u,w) = 3, d(v,w) = 1. Torga BEIIOJIHSAIOTCS CIELYIONIHE
VTBEPK ICHHSI:

1) 122) = cop —co+p+1r13 — 1, [123] = [132] = co — r13 + 1, [133] = r13;

2) [211] =cCo+p—rio, [212] = [221] = Cop — Co + 19, [222] = T4, [223] = [232] =
cop? — 2cop + p? +co —p — 112 — 114, [223] = [232] = cop — 2c0 +2p + 15 — 16 — 17 — 4,
[233] = —62])2 + 3cop — p2 —Cco+2p — 119 — 1143
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3) [311] =T12, [312] = [321] = C9 —T19, [322] = 62])2 — 262p —|—p2 +co — 2p —T13 —T14 + 1,
[323] = [332] = —cop® + 3cap — p? — 2co + 3p + 112 + 113+ 7114 — 1, [333] = c2p? — 3cop + p? +
2e0—2p—riz—r3—ru+t1lme 0<ri3z<cee+1, 12 <co.

< Yupomenus dbopmyit (+). >

o memme 2 mveem [322] = cop? — 2cop + p? + 2 — 2p — r13 — 714 + 1. Tak xax {u,w} U
A(u) U A(w) comepxur 2p(ca + 1) + 2 — [322] Bepmn, TO pee — o < [322] < p(ea + 1).

JIemma 3. Ilycrs d(u,v) = d(u,w) = d(v,w) = 3. Toraa BBITOJIHIIOTCS CJIELYIONIHE
YyTB CP2KICHNA !

1) [122] = cop® — 2cop +p? 4+ — 2p + 735 — 136 — r37 + 1, [123] = [132] = —cop® + 3cap —
p? —co +3p — 135+ 136 + 137 — 1, [133] = cop® — 3cop + p? + 2co — 3p + 135 — 136 — 37 + 2;

2) 212) = cop—ca+p+r3r— 1, 213 = co —r3r+ 1, [221] = cop —co + p+ 734 + 1,
[222] = 736, [223] = cap? — 2cop +P* + 2 — 2p — T34 — 736 + 1, [231] = c2 — 3 + 1, [232] =
cop? —2cop+p*+ o —2p—r36—r37+1, [233] = —cop® +3cop—p® — 22+ 3p+r3a+7r36+137 —2;

3) [312] =co—r37+1, [313] =137, [321] =cy—134+1, [322] =cop—co+p—r3s+ryr—1,
[323] =T34 + 35 — Ts7, [331] =T34, [332] = T35, [333] =pP—T34 — T35 — 1,
rae raq,m37 < c2 + 1, rar Sragg+rgs <p— 1

< Yupormenust opmya (+). >

[To nemme 3 umeem [322] = cop — ca + p — 135 + 137 — 1. Kak u Bble, pey — ¢y < [322] <
pleg +1).

Haiiem wmcio pebep d mexay A(v) u Ag(v). Tak xax p3y = c2 + 1, p3y = plea + 1),
P33 =p, 10 (c2 + 14 p)(pea — c2) <d < (2 + 1+ p)p(ea +1).

C apyroii croponst, d = p(ca+1)(pea+p—1—XN), mosromy (ca+1+p)(pca—c2)/(p(c2+1)) <
peatp—1-A<ca+1l+pupea—ca—2< A< pea+p—1—(ca+1+p)(pe2—c2)/(p(ca+1)),
riae A — cpexnee 3HadeHne napamerpa A(A).

JIemma 4. Ilycrs d(u,v) = d(u,w) = 3, d(v,w) = 2. Toryja BBIIOJHSIIOTCS CJIELYIONIHE
VTBEP>K JICHHSL:

1) [122] = cop + p — r32, [123] = [132] = 32, [133] = co — r3a + 1;

2) [211] = ¢y — 739, [212] = cop® — 2cop + p* + 2 — 2p — 130 — r31 + 1r33 + 2, [213] =
—cop? + 3cap — p® — 202 + 3p+ o9 + T30 + 131 — 33 — 2, [221] = cop — 2¢0 + p+ 729 + 131 — 2,
[222] = 730, [223] = cop?® — 2cop + p% + 2c0 — 2p — rog — T30 — 731 + 2, [231] = 2 — 731 + 2,
[232] =—Ccp—C+p+r3 —r3z—2, [233] = r33;

3) [311] = rog, [312] = —cop® + 3cap — p? — 2c0 + 3p + 130 + 131 — r33 — 3, [313] =
cop? — 3cop + p* + 3ca — 3p —rog — 130 — 131 + 733 + 4, [321] = o —rog — 731 + 1, [322] =
cop? —2cop+p*+2c2—3p—r30+132+2, [323] = —cop®+3cop—p*—3ca+Ap+rag+rso+rai—ra—4,
[331] =731, [332] =p—13] — 132 + 133, [333] = Tr32 — 133,

e r32 < ¢+ 1, 739 < c2, rog + 731 < c2 + 1, 33 < rge, m31 + 732 — 133 < p.

< Yupomenus dbopmyit (+). >

ITo nemme 4 mveem [322] = cop? — 2cap + p? + 2c0 — 3p — 730 + 132 + 2.

Cummerpusanus [123] = [132] = rgy = 14y, [222] = r3g = 14, [233] = 133 = rig, [311] =
99 = Thg, [313] = cop® —3cop+p* +3c2 — 3p— 129 — 130 — 31 + 733 +4 = [331] = 1}, nosTOMY
cop® — 3cap 4+ p* 4 3¢y — 3p+4 =199 + 730 + 731 — 33 + 74

< JIOKABATEJIbCTBO TEOPEMEI 4. Ilycrs d(u,v) = 3.

Ioncunraem wuciao fi nap sepmmn y, z na paccrosmun 1 B rpade ', e y € {4]} n
z € {g;} C omHoit cTopoHsbl, 110 Jemme 2 umeeM [321] = co — 719, THe T2 < C2, HOITOMY
0 < f1 < (e2 + 1)cg. C mpyroii croponsl, 1o jsemme 4 umeem [311] = rog, mosromy 0 < f1 =
22Ty S (2 +1)cy m 0 < 32 mh9/(p(e2 +1)) < c2/p.
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Ioncunraem umcino fo map BepumH y, z na paccrosnun 2 B rpade I', rne y € {4} n
z € {4 }. C omnoit cropousl, no memme 2 mveem pey — ¢ < [322] < p(cg + 1), mosromy
(ca+1)ea(p—1) < fa < (c2+1)p(ea+1). C apyroit croponsr, mo gemme 4 umeem [312] = [321] =
¢ =1y — 11 + 1, moaromy (c2 +1)ea(p—1) < fo = = 30;((rhg)" + (151)") + (c2 + Dp(c2 +1) <
(ot Dplea+1), 0 < S(rho) + (1)) < (ea+ 1) (ptea) 10 < Su((rho )i+ (b)) / (plea-+1)) <
(p+c2)/p.

Ioncunraem wmcio gy nap sepmun Y, z Ha paccrosmun 1 B rpade ', e y € {457} n
z € {gg} C omuoit croponsl, 1o jsemme 3 umeem [321] = ¢y — 134 + 1, me 34 < c2 + 1,
nosromy 0 < g1 < p(ea + 1). C apyroit croponsl, 1o Jjemme 4 umeem [331] = 731, mosTOoMy
0< g1 =275 <plea+1) m0 < 35,75 /(plea +1)) < 1.

Eciu 131 = 0, T0o paBeHcTBO [232] = —cop—co+p+131 —r3s—2 Bieder cop+co+133+2 < p.
Amnanornuno, ecim 731 = 1, T0 cop+co+133+1 < p. B mobom ciyuae nmeem npoTusopedne. >
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ON CODES IN DISTANCE-REGULAR GRAPHS OF DIAMETER 3
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Abstract. Let I' be a distance-regular graph of diameter d. For ¢ € {1,2,...,d} the graph I'; is defined

on the vertex set of I and two vertices u, w are adjacent in I'; if and only if dr(u,w) = ¢. The Shilla graph is
a distance-regular graph of diameter 3 with the eigenvalue 6, = asz. For the Shilla graph the number a = a3
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divides k and we set b = b(I") = k/a. The Shilla graph has intersection array {ab, (a+1)(b—1), bz; c1, c2, a(b—1)}.
Jurisic and Vidali found intersection arrays of distance-regular graphs of diameter 3 containing the maximal
locally regular 1-code perfect with respect to the last neighborhood. Moreover, such graph I' has intersection
arrays {a(p + 1),cp,a + 1;1,¢,ap} (and is a strongly regular graph I's) or {a(p + 1),(a + 1)p,c;1,¢,ap}
(and is a Shilla graph). In this manuscript we study graphs I' such that it contains the maximal locally
regular 1-code. For a distance-regular graph with intersection array {a27 a’>—1,¢1,c¢, a(a—1)} and a < 1000,
¢ < 1000, the multiplicities of the eigenvalues are integer only in the cases (a,c) = (3,4) (and ¢is < 0),
(a,c) = (5,3), (a,c) = (9,18) (and ¢35 < 0), (a,c) = (21,49) (and ¢33 < 0), (a,c) = (21,9). Thus, only arrays
{25,24,3;1,3,20} and {(441, 440, 9;1,9,420)} remain. Moreover, a distance-regular graph with intersection
array {a2, a’—1,¢1,e¢, a(a — 1)} does not exist. As a consequence, distance-regular graphs with intersection
arrays {25,24,3;1,3,20} and {(441, 440, 9;1,9,420)} do not exist.

Keywords: distance-regular graph, strongly regular graph, Shilla graph.

AMS Subject Classification: 05E30, 05C50.
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K 70-aemuro Baadumupa Amypranosuva Kotibaesa

Awnnoranmsi. CrekrpoM w(G) KoHeuHO rpynnbl G HA3BIBAETCS MHOXKECTBO HOPSIIKOB 9JIEMEHTOB IDYII-
mbl G. DTO MHOXKECTBO 3aMKHYTO OTHOCUTEJILHO JIEJTUMOCTH €r0 3JIEMEHTOB, MO3TOMY OHO OJHO3HAYHO
BOCCTAHABJIUBAETCS 1O CBOEMY MOAMHOXKECTBY L((G), COCTOAIEMY M3 MAKCHUMAJILHBIX 10 JEJTUMOCTH JJIe-
MenToB w(G). [IBe rpynibl HA3BIBAIOTCS M30CIHEKTPAJIbHBLIMU, €CJIM MX CIEKTPBI COBIAJAIOT. KoHeuHast
rpynna G Ha3bIBAeTCsl PACIO3HABAEMOI 110 CIEKTPY B KJAcCe KOHEYHBIX IPyHIl (PaCIIO3HABAEMON), ec-
s ynobasi KOHEeIHas TPyINa, CIEKTP KOTopoii coBmamaer ¢ w(G), m3omopdua G. B menasnem o63ope,
MOCBSIIIIEHHOM PACIIO3HABAEMOCTH KOHEUYHBIX I'DYIIl, B YACTHOCTH, OTMEYEH HEPEIIEeHHBI BOIPOC O pac-
IMO3HABAEMOCTH CUMMETPUYECKON IPynmbl S1p BCeX MOACTaHOBOK cremnenu 10. TpyaHocTh mcciaeaoBaHus
9TOrO BOIMPOCA OOBSICHSAETCs, B YACTHOCTH, OOMIHEM KOHEYHBIX MMPOCTBIX TPYII, CyOCIEKTPATBHBIX S10,
T. €. IPOCTBIX IPYIII, CIEKTPHI KOTOPBIX SIBJISIIOTCS IIOJMHOXKecTBaMu w(S10). B Hacrosmeit pabore usia-
raeTcst MeTOUKa HAXOXKIEHUsI IPYIII, CyOCIeKTpaIbHBIX JAHHON IPYIIIe, U JIJIsT KayKJI0i 3HAKOIIepeMEHHOM
rpymunsl L mepedncasioTcs CyOCmeKTpasabHble S19 HAKPBITUSA L, OCHOBAHUS KOTOPBIX SIBJISIIOTCSI HEIIPUBO-
JIUMBIMUA MOJLYJISIMU TIPEJICTaBIeHn L Ha | KOHEYHBIMU TOJISIMU.

KimroueBble cjioBa: CIEKTD, PACIIO3HABAEMOCTD 110 CIIEKTDY, HAKPBLITHE.
AMS Subject Classification: 20D05.

O6pasern, uutupoBanusi: 2Kypros A. X., JIprrkuna /I. B., Masypos B. /I. O KoHe4YHbIX IpyIimax, cy6-
CIIEKTPaJIbHBIX KOHEYHBIM HOYTH IPOCTHIM rpynnaM // Bramunkask. mat. xypu.—2025.—T. 27, Beim. 3.—

C. 68-74. DOI: 10.46698 /w4978-1776-4637-t.

BBenenue

Cnexmpom w(G) KoHeaHOII rpyTibl G HA3BIBAETCS MHOXKECTBO TOPSIJIKOB 3JIEMEHTOB I'PYII-

el G. DTO MHOMKECTBO 3aMKHYTO OTHOCHTEILHO JIETMMOCTH €r0 3JIeMEHTOB, II03TOMY OHO OJI-
HO3ZHAYHO BOCCTAHABJIMBAETCS 10 CBOEMY MOJAMHOXKeCTBY [1(G), COCTOSIIEMY M3 MAKCHMAJIb-
HBIX 110 Je/MocT 3jieMeHToB w(G). JIBe rpynibl HA3bIBAIOTCST U30CNERMPANLHULMU, €CITU UX
crekTphbl coBnaaioT. Koneunas rpynna G Ha3bIBAETCS PACno3HABAEMOT NO CNEKMPY B KIIACCe
KOHEYHBIX I'PYIII (/JIsi KPATKOCTU: PACIO3HABAEMOil), ecin jobasi KOHeIHasI IPYIIa, CIEKTP
koropoii conaiaer ¢ w(G), nzomopdua G.

#PaboTa BTOPOTro M TPETLETO ABTOPA BBIIOIHEHA 33 cueT Poccmiickoro Hay4nOro ¢gpomuaa, mpoext Ne 23-41-

10003.

© 2025 2Kypros A. X., JIerrkuna 1. B., Masypos B. /1.
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Bompocam pacriosHaBaeMoCTH KOHEYHBIX I'DYII HOCBsIIEH HejaHuii 063op [1]. B newm,
B YaCTHOCTHU, OTMEYEH HEPEIIeHHbI BOIPOC O PAacCIO3HaBaeMOCTU CUMMETPUYECKON I'pyIl-
bl S19 Bcex nojictanoBOK creneHu 10. TpymaHOCTD HCC/I€I0OBAaHUST ITOIO BOIPOCA OObICHS-
ercsl, B 9aCTHOCTH, OOM/INEM KOHEUHBIX ITPOCTBIX TPYIII, CYOCIIEKTPAIbHBIX S1(, T. €. IPOCTHIX
IPYIII, CIEKTPbI KOTOPBIX SIBJISIFOTCS TOAMHO)KecTBaMu w(.S1g).

B macrosimeit paboTe m3saraercs METOANKA HAXOXKIEHHUs TPYIII, CyOCIeKTPAJIbHBIX JTAH-
HOI TpyIIe, W Jjis KayKJOH 3HAKOIEPEMEHHON TIpylibl L IMepeducssiorcs CyOCIeKTpasIb-
Hble 519 HAKPBITUS L, OCHOBaHUS KOTOPBIX SIBJISIOTCS HEIIPUBOJIUMBIMU MOJLYJISIMU TIPEJCTAB-
sieanit L HaJT KOHEIHBIMU ITOJISIMU.

Teopema 1. Ilycrs G — KoHeYHas1 rpynna, cyocnekTpajibHas Sig, N — ee HopMaJibHAs
9JIeMeHTapHas abejieBa p-loArpyIia nopsiaka p', Ha koropoit G jelicTByeT HENpPUBOIUMO
npu coupsikernn. Ecim G /N nzomopdHa npocroii 3Hakonepemennoii rpymie Ay, 1o G u3zo-
mopgpHa ool u3 rpynn L tabmuner 1. B aToit Tabaure cumBos p™. Ay, rje p — KOHKpeTHoe
IIPOCTOE THCJI0, O3HATACT TAKOe PACIIHPEHHE d1eMEHTaPHOH abeseBoi rpyibl N mopsiaka p'™
MTOCPEJICTBOM 3HAKOIIEPEMEHHOH rpymibl A,, mIpu KoTopoMm comnpsraroiiee aeticreue G Ha N
SIBJISIETCST HEIPUBOIUMBIM.

1. ITpeaBapuTesabHbie (paKThI

Jlemma 1. Ecyin L — nourn npocrast rpyimia, CyOCIeKTpaabHAsT CHMMETPHICCKOH TPYIIIIBI
crertean 10, To L Haxomurcs B tabanie 2.

< MuoxecrBo m = {2,3,5,7} coctouT M3 BCEX MPOCTBIX JeJUTEIeH IOpsiKa TPYIIIbI
S10 ~ Aut(Ayp). B pabore A. B. Baapuununa [2| nepeuncienst Bee npocrbie rpyninbl G, s
koropbix 7(G) C 7. Dro As, Ag, La(7), Us(2), La(8), Us(3), Az, Us(5), L3(4), As, Ag, Jo2, Ao,
Us(3), S6(2), Og (2), L2(49), S4(7). dBe mocieame TPYIITB 3TOTO CIUCKA CONEPIKAT JTEMEHT
nopsika 25 € w(S10). MuoxkecrBo p(L) jyisi nepedncsieHHbIX Tpyiil G MOXKHO H3BJI€Ub W3
tabsniy xapakrepoB rpymn Aut G (3|, 1okazaB TeM caMbIM CIPaBEINBOCTD JIEMMBIL. >

Jlemma 2. Ilycre G — KoHedHas rpymia, V — ee HENPUBOAHMBIH MOJIYJIb HaJ I10JIEM
xapagrepuctuku p > 0, ¢ — coOTBETCTBYIOHIHI OpayIpoB xapakTep, a — saement u3 G, mo-
PSIIOK M, KOTOPOI'O B3aUMHO IIPOCT ¢ p. Torja pa3zMepHOCTh d HOIIPOCTPAHCTBA HEMOJBHAKHBIX
Touek a B V paBHa

z€{a)

< TTockosbKy MOPSJIOK @ HE JEJUTCs Ha P, OPpaHuYueHne ¢ Ha (a) sIBJISIETCs OObIKHOBEH-
HbIM (KOMIIJIEKCHBIM) XapakTepoM rpynnst A = (a), u ckansproe mnpousseienue (¢|a,1]4)
PaBHO YUC/IYy TPUBHAIBHBIX KOMIIO3UIMOHHBIX (DAKTOPOB IPOCTpaHCTBa V| paccMarpuBaeMo-
ro B kauecrBe A-mouyist (eum. [4, §§ 81-83| o cBsi3u 6pay pOBbIX XapaKTePOB ¢ 0ObIKHOBEHHBIMU
xapakrepamn). Tak kak aucio (¢|a,1|a) pasro d, To nemma gokasana. >

Jlemma 3. Ilycrb H = V{(a) — nosynpsimoe npousBeJeHUE JIeMEeHTAPHON abesieBoii
p-moarpymibl V. Ha [UKJIAIECKYIO TDYIITY (a> nopsiaka m. Iomxynpsimoe npoussenernmne H To-
rJ1a ¥ TOJIBKO TOIJZIa COMEPXKHUT JEMEHT IHOPsIKa pm, Korjaa a' + am! +---+a+#0, mea —
JIHHEHHOE IIpeobpa3oBaHue MOATPYIIGI V , paccMaTpHBAEMOH KaK BEKTOPHOE ITPOCTPAHCTBO
Ha/I 110JIEM TIOPsJIKa P, OIIpeJIeJICHHOe DAaBEHCTBOM

va =v* = a twa

1 Jiroboro v € V.
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< Ilycre v € V. Torna

(va)™ = a ™ (va)(va) ... (va) = v*" + v

/

Ve
M COMHOXKUTeJIeH

=va" +va" 4. fva=v@" +a" 4 ... +a).

Ecim nopsiok va pasen m i moboro v € V, o (@™ +a™ ! + --- +a) — mynesoe
npeobpazoBanue mpoctpanctsa V. C Apyroit CTOPOHDI, €CIIN 9TO MPeobpPA30BAHNE HEHYIIEBOE,
TO Haiimercs v u3 moArpynusl V, jist Koroporo (va)™ # 1, T. e. nopsiok sjementa va € H
paBeHn pm. >

Tabauna 1

HenpusoaumMble HAKPBITUS IIPOCTHIX 3HAKOIIEPEMEHHBIX I'PYIII IMOACTAHOBOK,
cy6GcnekTpasibHbIe CHMMeTPUYecKol rpymme Sio crenenn 10 p(S10) = {8,9,12, 14, 15,20, 21, 30}

L w(L) IIpumevanue
As {2,3,5}
2.As {4,6,10} Hepacienuisiemoe pacimpenne rpynmbsl nopsigka 2 mocpejacrsoM As (Ha-

KPBIBAIOIIAs rpymnma s As)
2x As {6,10}
2}. 45 {3,4,5} Pacmmpenue ecrectBeHHOro MoayJist rpymust Lo (4) ~ As mocpencrsom As
25. A5 {4,5,6}
3x As {6,15}
3t 45 {5,9,12}
3%.45  {6,9,15}
5x As  {10,15}
5%.45  {10,15}
7. A5 {5,14,21}
As {3,4,5}
2. A6 {6,8,10} HaxpsbiBatonias rpynna jist Ag
2x As  {4,6,10}
2*A¢  {5,6,8}
2'%. 46 {6,8,10}
3x As {12,15}
3t As  {4,9,15}
3%.4s  {9,12,15}
5x As {15,20}
Az {4,5,6,7}
2.A7 {8,10, 12,14} DakToprpyIia HakpbIBAOIIEH rpynnbl Ay
2x A;  {4,6,10,14}
2.4, {7,8,10,12}
2" A, {8,10,12,14}
229 A, {8,10,12,14}
3.A7 {12,15,21}
3x A7 {12,15,21}
As {4,6,7,15}
2.As {8,12, 14, 30} Haxkpbisatomias rpynna Ag
2x As  {4,12,14,30}
21 A5 {8,12,14,15}
20,45 {6,7,8,10,15}
2 As  {8,12,14, 30}
220 Ag  {8,12,14,15}
264 A5 {8,12,14, 30}
3x As  {12,15,21}
Ag {7,9,10,12, 15}
28,49 {8,9,12,14,30}
3x A9 {9,12,21,30}
Aro {8,9,10,12, 15,21}
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ITouTu mpocThie rpynmnsl, cCyOCcIeKTpaIbHbIE Sig

L u(L)

A5 ~ Lo (4) {2, 37 5}

A5.2 ~ Ss {4, 57 6}

Ae {3,4,5}

A6.21 >~ Se {4, 57 6}

Ag.22 {3, 8,10}

Ag.23 {3,5,8}

Ag.22 {6,8,10}

La(7) {3,4,7}

Lo (7).2 {6,7,8}

Ua(2) ~ S4(3) {5,9,12}

Us(2).2 {9, 10,12}

Lo(8) {2,7,9}

Ly(8).3 {6,7,9}

Us(3) {7,8,12}

Us(3).2 {7,8,12}

Az {4,5,6,7}

A7.2 ~ S7 {7, 107 12}

Us(5).2 {7,8,12,20}

L3(4) {3,4,5,7}

L3(4).3 {4,6,15,21}
L3(4).6 {8,12,15,21}

Asg {4,6,7,15}

Ag.2 ~ Sg {7,8,10,12, 15}
Ag {7,9,10,12, 15}
Ag.2 >~ Sy {8,9,12, 14, 15,20}
Jo {6,7,8,10, 12,15}
Aio {8,9,10,12, 15,21}
A1042 =~ SIO {8, 97 12, 147 20, 217 30}
U4(3).2 {8,9,10,12, 14}
S6(2) {7,8,9,10, 12,15}
2%.55(2) {8,9,10,12, 14,15}
o7 (2) {7,8,9,10,12,15}

Tabauna 2

2. Toka3aTeJbCTBO TeopeMbI 1

< Hac unrepecyer crekrp rpynnst p?.L, rie p € {2,3,5,7}, d — crenenb HEIPUBOIAUMOrO
MPEJICTABIEHNUS TIPOCTON TPYTIIBI L 73 TaOJUIIBI 2 HAJT TIOJIEM XaPAKTEPUCTUKY P, TPU YCJIOBUH,
aro p?.L cybenexTpanbaa Syg. Jist 9TOi e/ HCIOMb3yeM TabJIAIbl GPayIPOBBIX XapaKTePOB
rpymubl L [5] u, B HEKOTOPBIX CJlyuasix, HEIOCPEJCTBEHHO caMu [pejicTaBienns u3 [6].

Ajropurm Hamumx sieficTBuii 00bsicHUM Ha cieyoriem npumepe. ITycrs L ~ Sg(2) ~
Aut L. Io [3] u(L) = {7,8,9,10,12,15}. Ilycrs BHAavUame p # 2.

Eciu p = 3, 1o slemma 2 u coorBercTBytonas Tabiauia B [5| HoKasbiBaeT, 4To B JIEOOOM
HEPUBOMMOM Mozysie V rpymmbsl Sg(2) HaJl o1eM XapaKTepUCTUKU 3 OJ[MH 13 3JIEMEHTOB 110~
psijiKa 8 MMeeT HeloJBUXKHYIO TOUKY, U I09TOMy paciiuperue V mocpejicreom Sg(2) comepzxur
SJIEMEHT TOopsiKa 24, He TpUHAJJIEXKAIII CIIeKTPY S1g.

Eciu p = 5, To ananoruuno jyisi jioboro V' B V.S6(2) ecrb asemenT nopsizika 35, T. e.
V.S6(2) me cybenekrpasnbia Sig.

Eciu p = 7, To B V.S(2) ecrb ssiement nopsijika 35, MOCKOJIBKY CUJIOBCKasl H-IIOArPYIIa
B S6(2) Herukmyeckasi.
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[Tycrs renepn p = 2. Tabuuma xapakrepos Bpayspa rpymist Sg(2) u jieMMbl 2 1 3 TOKa-
3BIBAIOT, 9TO w(2°.56(2)) He comepxkurcs B w(Aut Sig) st s # 6 u 8.

C nmomorpio undopmaiun u3 [6] o npeacrasienun Sg(2) crenenn 6 HaJL HOJIEM HOPsijiKa, 2
W JIeMMBI 3 HETPY/HO mojicanTaTh, uto 28.56(2) comepyxut snement nopsaka 24 € w(Sig), a

1(28.56(2)) = {8,9,10,12,14,15} C pu(Aut Ayp).

AHaJIOTUYHBIE pACCYKIEHUSI TOKA3bIBAIOT TeopeMy 1. >
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70-2remuro B. A. Kotibaesa noceauwaemcs

Awnnorauus. [Tycte G — koneunas rpynna, A u B — noarpynmnet uz G. Yepes M = Mg (A, B) (coorset-
ctBerHo m = ma(A, B)) 0603Ha9aeTCsI MHOYKECTBO BCEX MUHMMAJIBHBIX 10 BKJIIOYEHHIO (COOTBETCTBEHHO
110 nopsigky) nepecedenuii Buga A N BY, rae g € G. Honoxum ming (A, B) = (m) n Ming(A, B) = (M).
B 1994 r. aBTop mokaszau, uro eciim A u B — abenesnl noarpynust u3 G, to Ming (A, B) < F(G). B nannoii
pabore Jaercs Ipyroe JOKa3aTeJIbCTBO ITOrO pedysbrara. KpoMe Toro, mocrpoeHa Konewnas rpynna G,
cosiepzkainas abesieBy NOArpyniy A, MUHUMAJIbLHYIO HeabeJieBy TOArpyIny B U 3/IeMeHTBl g1 U g2 TakKwWe,
aro AN B9 < F(G), ANB% L F(G), |ANB% | =|ANB%2|u AN B9, AN BY% € ming(A4, B). IIpu-
BezieH npuMep rpymnbl G Takoil, ITo I HEKOTOPBIX g1, g2 € G mmeem AN B9 AN B9 € Ming (A, B),
ANB9 < F(G) u AN B%? ¢ F(G). Ilokazano Takke, 4TO CyIiecTByer rpyina G ¢ HUIBIOTEHTHBIMU
noarpynnamu A u B takumu, uro m C M u ming (A, B) < Ming (A, B).

KuroueBble cjI0Ba: KOHEYHAS IPyINa, abesieBa IMOArpyIna, IepecevdeHne morPyIIL.

AMS Subject Classification: 20D10, 20D60, 05C25.

O6pazen nutuposanus: 3eakos B. U. O nepecevennu abeieBoil 1 MUHUMAJILHON Heabe1eBoit oArpy I
B KOHeUHbIX rpynnax // Biamukask. mar. »xypH.—2025.—T. 27, Bem. 3.—C. 75-81. DOI: 10.46698 /h4871-
7742-3837-a.

1. Beenenue

[Iycrs G — woneunas rpymma, A u B — noarpynnst u3 G. PaccMoTpuM MHOYXKECTBO BCex
nepeceuennit Buga AN BY, g € G. OupejiesiuM B 3TOM MHOYKECTBe J[Ba OAMHOXKecTBa: M =
M (A, B) — MHOXKeCTBO BCEX MUHUMAJIBHBIX 110 BKJIIOUEHHIO Hiepecedenuit u m = mq(A, B) —
MHOKECTBO BCEX MUHHMAJIBHBIX 110 IOPsiIKY Iepecedenuii. 1o onpenesrennio nmeem m C M,
u s noarpynn (m) = ming(A, B) nu (M) = Ming(A, B) umeem ming(A, B) < Ming (A4, B).
Boobuie roBopsi, B HekoTOpbIX ciydasx m C M u ming(A, B) < Ming(A, B). Hanpumep,
B rpyuie G = ¥4 juist noarpyun A € Syly,(G) u B < A, B ~ Cy umeem M = {B, )/, <t>f2},
rie t — uHBosOUMs U3 B u f — snement nopsaka tpu w3 G, a m = {(t), (t>f2}. Cae-
noBarenabro, M O m u A = Ming(4,B) > ming(4,B) = 02(G). B 10 xe Bpems
Ma(B,A) = mg(B,A) = {Q1(B)}. Hosromy Ming(B, A) = ming(B, A) = Q1(B) < 02(G).

(© 2025 3enkos B. .
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OTMernM, 9TO B pacCMaTPUBAEMOM IIpUMepPe OHa U3 IOATPYII abejeBa, a BTopas MIHUMAIb-
Has neabeseBa. U umenHo mo npuyunne HeabeIeBOCTU XOTsI ObI OJIHON W3 MOATPYIIT, BO3MOXKHO
HOsIBJIEHNE TaKUX IIPUMEPOB, TaK KaK B CIydae, Korja noarpynnsl A u B abeseBsl, cornacto [1]
CIIpaBEJINBA

Teopema 1. Ilycte G — koneunas rpynmna, A u B — abenessr noarpynmol u3 G. Torga
Ming (A, B) < F(G).

OpuruHajbHOE JI0KAa3aTeJIbCTBO 9TOI0 YTBEPXK/IEHNs!, puBejieHHOe B [1], onupaercs Ha
OJIHY TeOopeMy €JIMHCTBEHHOCTH, B OOIIeM BHJe NpUHAJIeKallyo Butanay [2, Teopema 2.9|,
u reopemy Bapa — Cyuzyku |2, Teopema 2.12|, koropasi, BIIpOYeM, JIEFKO CJIEJyeT U3 Teope-
Mbl Butamma. Teopema Buranna riiacur, 9To ecyin HEKOTOpasl MOArpyIa A cyOHOpMaJbHA
B KayXKJIOW cojlepskalleil ee MaKCUMaJIbHOM nogrpynme u3 G, To jqubo A cybHopMasibha B G,
Jbo A JIEXKUT B e IMHCTBEHHOI MakcuMaJ bHOI noiarpymmne M u3 G. Eciu A HUIbIIOTeHTHA, TO
JIETKO MOKA3aTh 110 UHYKIUH, YTO CYOHOPMaJIbHAsI HUJIBIIOTEHTHAs ronrpynna n3 G jaexKuT
B F(G), uro caenano, Hanpumep, B |2, reopema 2.2|. B nameil curyanuu Mbr 6yjiem mnpume-
HSITh 9Ty TEOPEMY €JIMHCTBEHHOCTH K abesieBoit moarpymmne A. TOT KpyT BOPOCOB MOAPOOHO
obeyxaaercst B [2, pasuen 2A]. JlokazaresbCcTBO TOrO, 9TO B JIE00O0H KOHEUHOl rpymie G Jjist
J00bIx abeseBbix noarpynn A mw B uz G umeem Ming(A, B) < F(G), upuseientoe B |2,
TeopeMa 2.18|, rakxke, KaK U OPUTHHAJIBHOE, OlMpaercs: Ha TeopeMy bapa — Cyazyku.

B nannoit pabore MBI IpUBEIEM JIPYyToO€e JIOKA3aTe]bCTBO 9TOH TEOPEMbI, KOTOPOE HE UC-
mosib3yer TeopeMy bapa — Cynsyku, a [eJUKOM OCHOBaHO Ha BEPCUHU YIIOMSIHYTON TeOpeMbl
Bunanga 1151 HUJIBIOTEHTHON MOATPYIIIBI, 8 UMEHHO, HA CJIELYIOIIEM IPEeII0KEHUN, NME0-
UM CAMOCTOSITEJIbHBIN UHTEpEC.

IIpengoxkenne. Ilycrs G — konednas rpynna, A — HuabnorenTHas noarpyina n3 G u
A < F(M) s siro6oii makcumasibaoii noarpymibl M uz G, conepxkaieii A. Ecin A £ F(G),
TO A JIEXKHT B €AMHCTBEHHOII MakcuMaJ/ibHOH noarpynme u3 G.

Kak y»xke 6b1710 0T™MedeHO, Teopema 1 BMecTe ¢ HOBBIM JI0KA3aTE/ILCTBOM, IPEIIOZKEHHBIM
aBropoM Monorpadun [2| Aiizekcom, Bomuta u obcyKjanach B [2, BBemeHue u paszen 2A]
BMECTE CO CJIEJCTBUSIMU U3 TEOPEMBI.

JlokazaHna Tak»Ke CJIJIyIOINIasi TEOPEMA.

Teopema 2. Ilycrs rpynna G pasna G X G2, riae G ~ Cp, p — npocroe, a G = Ga NGy,
rae Gy ~ B2, Gy ~ SLy(p) n Gy zeiicreyer na G3 xax moarpymma us Hol(E,2). Ilycts A —
abesieBa u B — mmibnorentras noarpynnnsl u3 G. Torga caemyiomme yCI0BHs SKBUBAJIEHTHDL:

(1) ming(4, B) £ F(G);

(2)p22,A2E4HA§<\G2,B2D8 I/IB7<\G2

Teopema 2 j1aeT IPUHIUIINAIIBHBIA OTBET HA BOIIPOC 0 TOM, Beeryia i ming (A, B) < F(G),
[OCKOJIbKY TIO |3] IIpH BBINOJHEHUN YCIOBUI TeopeMbl 2 HaifiyTcs nepecedenne D = AN B
nopsijka 2, He Jyexaiee B F(G) u nepeceuenne Dy = A N BY2 nopsiyika 2, jexaiee B F(G),
JUISI COOTBETCTBYIOIIUX 3JIEMEHTOB ¢1 U ¢go u3 G. OJHaKO CjejyeT 3aMeTUTb, YTO COOTBET-
CTBYIONIMII NPUMEp IMOCTPOEH TOJIBKO jijist p = 2. [ToaroMy BO3HHKAET BOIPOC O CIIPABE/I-
JIMBOCTH BBINOJIHEHNs BK/odenust ming(A, B) < F(G) B ciyvae, Korna HOpsiok abesieBoil
noArpynnel A HedereH, a moArpynia B HUILIHOTEHTHA. DTOT BOIPOC MOCTABIEH aBTOPOM
B [4, Bopoc 16| u 10 cux nop orkpeiT. Teopema 2 TOBOPUT O TOM, YTO HPU BHIIOJHEHUN
ee yCJIOBHUil JIjisi HEYETHBIX NPOCThIX uncen umeem ming(A, B) < F(G), uro sBisercs va-
CTUYHBIM OTBeTOM Ha [4, Bonpoc 16]. B obmem ciayvae us [5, reopemal cieyer suib To, 9410
ANBY < F(G) mist wekoroporo g u3 G. Ho ecoin noprpynmbst A u B 06e HUJIBIIOTEHTHBI, TO KaK
ISt p = 2, TAK U JJIsi HEKOTOPBIX HEYETHBIX YUCEJI, CYIIECTBYIOT IIPUMEDDI IPYIIIL, B KOTOPBIX
ming (A, B)NF(G) = 1. st p = 2 970 rpynna G = Fg N Dg ¢ TounbiM jieiictuem Dg Ha Fo,
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a Jsi npocroro gucsa Mepcenna, pasaoro 2" — 1, rpynma G = (Eon XN (2" — 1)) (2" —1). Ilo-
9TOMY CJIyvaiil abesieBoil MoATpYIbl A U HUJIBITIOTEHTHOM HOArPyIbl B IIpeacTaBiisieT 0COObIi
nHTepec.

2. IlpeaBapuTejbHbIE CBEJIEHUS

O6o3HaueHNs] B OCHOBHOM CTaHJIQPTHBI, UX MOXKHO HaiiTu B [2, 6].

Eciu n — warypaJsibHOE umcyio u p — 1poctoe 4ducjo, To C), 0003HAYAET IMUKIUIECKYIO
rpymiry nopsjaka n, FEyn — sjaementaphyio abejesy rpymiy nopsijika p", ¥, — cUMMeTpude-
CKYIO I'DYIIIY [IOJICTAHOBOK HA 7 CUMBOJIAX.

[IpuBesnem moKa3aTEbCTBO MPEJJIONKEHUS.

<1 JIOKA3BATEJILCTBO TIPEJJIOXKEHUS. [To yemosuio npejiozkenust nogrpymnma A cyGHop-
majbHa B M. CiienoBaresnsho, A cybHOpMaJsibHa B Jitoboii moarpynne H u3 G, comepxkameit A.
Torma no reopeme Bunanzaa (cm. |2, Teopema 2.9]) 6o A j1eKUT B €IMHCTBEHHON MAKCHMAJIb-
Hoit mogrpynne u3 G, mbo A cybuopmanbia B G. Ho eciim A cyGHOpMAJIBbHA, TO COMJIACHO
[2, Teopema 2.2| nogrpynmna A jgexur B F(G), 4T0 NPOTHBOPEYUT YCJIOBUIO IIPEJIOKEHUS.
[TosroMy A jeKUT B €UHCTBEHHONH MaKCUMAaJIbHON moiarpyime n3 G. >

3. lokazaTesibCcTBO TeopeM

Hokaxkem Teopemy 1.

< JJOKABATEJIBCTBO TEOPEMBI 1. [lomycTuM, uro Teopema 1 HeBepra n G — KOHTPIIPHU-
Mep MUHUMAJIBHOIO HOopsijika K TeopeMe 1. B rpynme G Bbibepem noarpynisl A u B ¢ yciosuem
Ming (A, B) £ F(G) Takum o6pasom, 1ro6sr 1ucio |Al|B| 6b110 MEHIMAIBHBIM.

Pacemorpum makcumasbayio nmoarpynmny H u3 G, comepxamyio A. [lycte D = AN BY €
Ma(A,B). Torna D = AN (H N BY) € My(A,H N BY). eiicrurensro, ecin D > D; €
My(A,HN BY), to AN BY > AN (H N BY9)" nna nexoroporo h us H. CrenoparenbHo,
ANBI > AN HN B = An B9 porusopeune ¢ tem, uro D € Mg(A, B). Orciona 1o
uaayknun Ming (A, B) < F(H) mis soboit MmakcumasibHoii noarpyisl H uz G. CorsacHo
npenokernio Ming (A, B) XUt B eMHCTBEHHON MakcuMasbHoil nmoarpynne H u3 G.

Honycrum, uto D = ANBY < Z(G). Toraa st moboro snementa b uz G uveem ANBIN
AN BY. Jleiicteurensio, A > AN B u BY > AN BY. Hostomy B9 = (BI)" > (AN BI)"
AN BY. 3uaunt, B 9ToM caydae D — manmensmwmit ssement B Mg(A, B) u Ming(A, B) =
D < Z(G) < F(G). Ilporusopeune ¢ soibopom G. Crenosarenbuo, D = AN BY £ Z(G) nyst
smoboro snementa g uz G. Ho torma (A, BY) < Cq(D) < H. Tlosromy (BY) < H.

Ecmu A £ (BY), o DN (BY = AN (B NBY = Ay N B, tne A1 = AN (BY)
Jutst Jyioboro snementa g u3 G. Ilostomy Bboibop uncia |A||B| Breder, uro Ming(A;, B)
< F(G). Ho Ming(A;, B) = Ming(A, B). Ilporusopeune ¢ Boibopom G.

Ecm A < (B%), 10 A < F(H) N (B%) < F((BY)) < F(G). Ho rorna u Ming(4, B) <
F(QG). CuoBa nporusopeune ¢ Boibopom G. >

IV

Jlaee mokaxkeM Teopemy 2.

<1 JIOKA3ATEJILCTBO TEOPEMBI 2. [lycTh BBITOJHSIOTCS YCIOBUS TEOPEMBI 2. 3aMeTHM,
gro nMIumKarms (2) = (1) caexyer u3 |3, m. 2].

Hokazkem, uro (1) = (2). Hdus sroro cpeau Beex moarpyuit A u B uz G, Jyisi KOTOPBIX
BBINOJIHAIOTCST YCJIOBUsE TeopeMbl 2 u ycjosue (1), Beibepem noarpynnbl A u B tak, 9100bI
qnciio |A||B| 61710 MEHUMAIBHBIM.

Jlemma 1. [logrpynna B HeabesieBa.
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< HomycruMm, uro noarpynmna B abenesa. Torma mo Teopeme 1 umeem Ming (A4, B) < F(G).
Tak kak ming (4, B) < Ming(A, B), To ming(A, B) < F(G). IIporusopeune ¢ (1). >
Jlemma 2. [logrpynna B He comep>KuT CHIOBCKYIO p-moirpyiiy u3 G.

< Homycrum, uro B > S, tne S € Syl,(G). Torna O,(B) — mHeabeseBa HOArpymia

u3 B. Cnenosarensno, B daxroprpymne G = G/F(G) umeem Opy(B) € Syl,(G). Tak xax
G ~ SLy(p), To mpu p >3 mmeem B < Cg(Op(B)) ~= Cop. 3naunt, noarpymma B je-
JKHT B IIOJHOM I1pooOpase B (G NUKJIMYECKO HOArpymmbl nopsiaka 2p u3 G. Eciau mopsigok
HoArpyunsl B upu sToM dere, T0 B cOMEPKUT MHBOJIONUIO, MHBEPTUPYIOILYIO HOAIPYIILY
Gs = F(G2), conepxaiyiocst B B, 9T0 NpoTHBOpEYNT HUJIBIIOTEHTHOCTH ToArpymnsr B. Ilo-
STOMY TIpH p > 3 moarpynna B smisercs p-rpynmoit. [lpu p = 2 9T0 04eBHIHO, TaK Kak B
sroM cirydae G >~ Cy X X4.

Urax, B € Syl,(G). Hostomy BpIbOp wncna |Al|B| n pasenctso AN BY = O,(A) N BY
Biieder, 9T0 A — p-rpymma. Be3 orpannuenusi obmuoct, A < B u AN B = A. Tak Kak
ANBI< BNBY=F(G) yis B# B9, 10 ANB=A« F(G). Ho Torna |[AN BY| < |AN B
st B9 # B. Tlosromy ming(A, B) < F(G). Ilporusopeune ¢ (1). >

Jlemma 3. Ioxarpymma B meabenesa mopsiika p° m SKCHOHEHTHI p npu p = 3 u B ~ Dg
mpu p =2, u B £ Gy npu jobom p.

<1 Paccmorpum ciygait p = 2. B sroit curyanun G ~ Cy X ¥4. [lo nemme 1 moarpymnmna B
neabesieBa. Crenosaresbao, Oy(B) — neabeseBa noarpynmna. Ho torma Oz(B) € O2(G) n,
B CIJLy HWJIBIIOTEHTHOCTH HoArpyuisl B, umeem B = Oy(B). Ilo semme 2 umeem B ¢ Syla(G).
Buauur, B ~ Dg. Ecim B < Go, o 1 A < G2 B cuity Bbibopa uncia |A||B|. Caosa, 6e3
orpanmyenus obmuoctu, A < B € Syl,(G2), ANB =Aun ANBY < BNBY < F(G) nia
BY # B. Ho A £ F(G). Crenosarenbro, |AN BY| < |AN B| = |A| na BY # B. Ilostromy
ming(A, B) < F(G). Ilporusopeune ¢ (1).

Paccmorpum ciaywait p > 2. B sroit curyanum no jgemme 1 nmoarpynna B HeabeseBa u
HeabejieBa CUJIOBCKAsl MOATPYIIIA B HEHl MOXKET OBITh TOJBKO CHJIOBCKOH 2-IIOATPYIIION MJin
CHTOBCKOI p-IIOJITPYIIIOi U3-3a TOro, 4To B dhaxkroprpymie G = G/F(G) cunosckue moarpyt-
bl mMetoT pasr 1. Ho ecim cunosekas 2-noprpynna B B meabesesa, 1o Oz(B) ~ Qg. Tak kak

B rpymme G ~ SLy(p) maeem Cr(02(B)) = Z(G) ~ Cy, 10 O(B) < Cp(g)(02(B)) = Z(G) ~
Cp B cuty Toro, uro nnsosnorus uz O (B) unseprupyer F(Ga) ~ E2. Ecm B — 2-rpynna, To
BbIGOD uncia |A||B| Bieder, uro u A — 2-rpynma. B srom ciyuae A u B — 2-rpyunsl panra 1,
u AN BY =1 s wekoroporo g u3 G. IIporusopeune ¢ (1). Ecim B = O3(B)Z(G), o A —
{2, p}-rpymma. Tak xax unsomorms us A unseprupyer F(G2) ~ E2, to A > Z(G). 3nauur,
ANB > Z(G)2(02(B)), a AN BY = Z(G) nna g € F(Ge). Hosromy |AN B| > |AN BY|
s g € F(Go)f m ming(A, B) < F(G). TIporusopeune ¢ (1).

Ecin cumiopckass p-moArpynna B B neaGenesa, To B cuay JemMbl 1 umeem |B| > p?,
a 1o semme 2 umeem |B| < p*. Tlosromy B — meabesieBa HOArpyIIa TOPAIKa P° B HEKO-
TOpO# CUJIOBCKOI p-tiojrpynne S rpymunsl G. B gacrnoctu, noarpynna By = B N G umeer
IOPSIZIOK > P2 U B cojiepukalieil ee CuoBCKo p-roarpymie So u3 Gy umeer uujexc < p. Ilo-
sromy By <1 S2. B wacrnocru, BoN Z(S2) = Z(S2) ~ Cp. Hoarpynna B B dakroprpynue G B
cuity neabesnesoctu Op(B) comepskuT cutoBekyio p-noarpymiy u3 G =~ SLy(p). Ilostomy B —
noArpytmna nopsaka p i 2p. Ho ecim nopsiiok moarpynnsl B uereH, To uHBOJIIONUS 1 M3 B
uaseprupyer F'(G2). B wacraocrn, i unseprupyer noarpyumnny Z(Se) usz By, rue By < B.
[IpoTuBOpeune ¢ HUIBLIOTEHTHOCTBIO Hoarpymms B. Ecin wxe |B| = p, To B — moarpyn-
na nopsaxa p° uz moarpymnst S. Beibop uncna |A||B| Bieder, uro m A — p-rpynma. Ecim
B < G2, Tou A < G2 B cunty BeiGopa uncna |A||B|. B stom ciywae B € Syl,(Ga), mosato-
My MOXKHO cuntarb, ut0 A < Bu ANB = A. Ho AN BY < BN BI < F(G2) < F(G)
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st B9 # B u, takum obpasom, |[AN BY| < |AN B| g B9 # B. Tak kak A £ F(G), To

ming (A4, B) < AN F(G) # A. Ilporusopeune ¢ (1). ITokaxkem, 4ro B mMeeT 5KCIOHEHTY P.

J11st 9TOro JI0CTATOYHO MOKa3aTh, YTO HoArpynna Se uMeer KCHoHeHTY p. Tak Kak So Kiac-

ca2mup >3, 10 (xy)? = 2PyPlz,yPP~V/2 rne x — smement mopsaka p u3z F(Gs), ay —

ssteMenT nopsika p u3 So\ F(G2). Iockonbky [z,y] € Z(S2), umeem [z, y|P = 1 u (zy)P = 1. >
Jlemma 4. A~ E,» u AL G.

< Honycrum, uro A % E,». Taxk xak G = G1 x G2 u 1o iemme 3 nojrpymma B — p-rpyn-
na, BbIOOp uncia |A||B| Bieuer, uro u A — p-rpynna. Tak kak A £ F(G) u A abesnesa, 10
A < Cg(a) na a € A\F(G). Iosromy peiicteue a na noarpynne F(G) sreder, uro |A| < p?,
u ecin [A| = p?, 10 |[ANF(G)| = p?, ANF(G) = Z(9), tnie S € Syl,(G), u, 6e3 orpanuyenus
obuHocTH, ioarpymst A u B exxar B S. Hockomeky |S| = p*, To |ANB| > p?. Ho BNZ(S) =
BN Z(Ss) ~ Cp, mostomy |ANBI| = p? na moboit moprpynmst BY uz S u ANBI < SNSY <
F(G) nna rex g, nost koropeix S # S9. Tak kak BN F(G) = Z(S53), To Z(BY) = Z(Ss) nus
B9 < Syu Z(BY) # Z(S2) nia BI < S§ # Sa. Cnenosarenwno, p> = |[ANB| > |[ANBI =p
st S§ # Sy m ming (4, B) < F(G). Iporusopeune ¢ (1). Takum obpasom, |A| = p?. Beumy
MuHIMastbHocTH uncia |Al|B| noarpymna A menmkmrdeckas. Ciepoarenbno, A ~ Ep.

Ecmn A < G, To o temmanm 3 u 4, 6e3 orpanudenus obuHocT, A 1 B JIe’kar B HOrPyIIIe
S € Syly(G). Iycrs Sy = SN Gy.Tak kak A < So, 10 |S2: Al =pu ANZ(S2) = Z(S2). Ho
|BINS,| = p? mna BI < S, noaromy BINZ(Ss) = Z(Ss). Ecrm we BY £ S, 0 SNSI < F(Q),
nosromy AN BY < SNSY < F(G). Buaunt, yenosue (1) sieder, uro BI N A £ F(G) pna
uekoropoit noarpynnsl BY < S. Tak kak B aroMm ciaygae BINZ(Sy) = Z(S2) < Z(5) < F(G),
nmeeM B9 N A = A. Bnaunr, AN BY & mg(A,B) nia B9 < S u ming(4,B) < F(G).
[Iporusopeune ¢ (1). >

Jlemma 5. I3 (1) caexyer (2).

< Hust p = 2 yrBepxenue JieMMbl ciaenyer u3 jgemm 3 u 4. Jlomycrum, dro p > 2,
Sy € Sylp,(G2) m Sy < S € Syl,(G). B srom ciydae cunosckast p-noarpymma Sy u3 Gy
nenrpanusyer Z(Gy) ~ Cy n noarpynna Z(Gy4)Sy neiicreyer na Cg,(S4) = Z(S2) ~ C),. Tak
Kak uHBostonus u3 Z(G4) nuaseprupyer Gs, 1o ona unseprupyer Z(S2) n nearpanusyer Z(G).
Caenosaresnbho, Z(Gy4) neiicTByer 6€3 HENMOJABUKHBIX TOYEK HA OCTABIIMXCS P— 1 MOAPYIIIL U3
Z(S) = Z(G) x Z(S2). Bamernm, uro jyst B < S umeem BINZ(S) = Z(S2), a s BI £ S
noarpymna BINF(G) ~ E u BINZ(S) # 1. Ho BINZ(G) = 1 u BINZ(Ss) = 1. Iloaromy
st BY £ S moarpynma BY N Z(S) coBuajaer ¢ opHoil U3 p — 1 moarpyi, Ha KOTOPBIX 0e3
HEIIOABIKHBIX ToueK geiictByer Z(Gy). Takke ANZ(G) =1u AN Z(S2) = 1 no nemme 4.
Ho ANF(G) # 1. llosromy A Takzke COAEPKUT OJHY U3 TeX Ke p — 1 MOArpyIIl, HA KOTOPBIX
Z(Gy4) neiictByer Ge3 HENOJIBMKHBIX TOYeK. Tak Kak p > 2, 1o p — 1 > 2. CueoBaresbHo,
quist noarpytmet BY £ .S umeem AN BY < SNSY < F(G). HHosromy ANBI < ANF(G) ~C)
u AN BY = BIN Z(S). Ho nna nasomorun i uz Z(Gy) mmeem BI # B9 < Z(S). Tostomy
AN BY% = 1. Ilporusopeune. >

Teopema 2 nokazana. >
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70-nemuro B. A. Kotibaesa noceawaemcs

Awnnoranusi. B 2002 r. Bropoit aBTOp JaHHOi cTaThu 3anucast B KoypoBCKoit TeTpain CIIeay oty o 3a1ady
(Bompoc 15.67). A) Kakue npucoegunennsie rpymmnsl [lleasuie (HOpMaIbHONO THIIA) HaJl KOJIBIOM IIEJIBIX
qKCeJT TIOPOXKJIAIOTCS TPEMsT MHBOJIIOIUSIMIY, JIBE U3 KOTOPBIX IepecTaHoBO4YHBI? K HacToOsIeMy BpeMeHu
9Ta 3a7a9a pemena ToabKO i rpymn lesamwte tuna A, (cayuait PSLpy1), En 1 G2. Koneuno, 3ana-
1y A) MOXKHO PACCMATPHUBATH | JIJIs APYTUX OJHOIOPOXKIEHHBIX KOJIEI, X HE TOJIBKO JJIsl IIPUCOEMHEHHBIX
rpyun [lesasute. Tak, anasor 3agaun A) pemen juist rpyunt PSLy,(Z + iZ) n SL,(Z + iZ) #ajx Konbuom
[IEJIBIX TAyCCOBBIX YnCes Z + iZ, IpudeM JJisi HEKOTOPBIX MAJIbIX padMepHocTelr n < 6 OTBET OKa3ajcs
orpunaTesapbHblil. B manHoil crarbe mokaspiBaercs, uro rpynna [llesamne Ga(Z + iZ) Han KOJBIOM HEJIbIX
rayCCOBBIX YUCEJT TIOPOXK IAETCsI TPEMSI MHBOJIIOIUSIMHU, JIBE U3 KOTOPBIX IIEPECTAHOBOYHBI. B KadecTse ciies-
CTBUSI TIOJTy9AETCs, 9TO JIJII Hee MUHUMAJIBHOE THCJIO TOPOKTAIONITNX MHBOJIIOINI, TIPON3BEIEHIE KOTOPHIX
paBHO 1, coBrajiaer c 5.
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HanboJiee MPOCTON u BaxKHBIN ciydait d = 1. [l Takux KoJiel] 3aBUCUMOCTh CTAHOBUTCSI
MuHAMaJIbHOM. K HUM OTHOCATCS KOHEYHBIE 110JIsl, KOJIBIO IIEJIBIX YUCE 7 U KOJIbIO IEJbIX
rayccosbix unces Z + iZ, rje i2 = —1. Koneuynoe mojie mOpOKIaeTCs CBOMM HPHMUTUBHBIM
9JIEMEHTOM, KOJIBIO 7 TOPOKIAETCS eInHuIEel 1, a KOIbIO Z + 17, — 9JIEMEHTOM 1.

B 2002 r. Bropoii aBTop jJanHOi crarbu 3anucas B Koyposckoil Terpau (2] ciemyrorniyto
3a/1a4y.

A) Kakne npucoemunenubie rpymibl [llesasiie (HOpMaJIbHOro THIIA) HAJl KOJIBIOM I[EJIBIX
qpces1 MOPOXKIAIOTCS TPEMsi HHBOJIIOIHSIMH, JIBe H3 KOTOPBIX nepecranoBodnbr? (Cu. |2, Bo-
upoc 15.67].)

K nacrosimemy Bpemenu sta 3ajada perrena Toabko s rpymn Hlesamite Tuma A, (coy-
qait PSLy,y1) 3], En [4] 1 G2 |5]. Koneuno, 3aiady A) MOXKHO paccMaTpuBaTh U JIs APYTHX
OJIHOTIOPOKJIEHHBIX KOJIEIl, U HE TOJIbKO Jijist npucoeunenubix rpyuin [Ilesasie. Tak, B pabo-
tax [6-9] anasor 3agauun A) pemmen jyist rpyunt PSLy,(Z +iZ) u SLy(Z +iZ).

OCHOBHBIM PE3yJIbTATOM JAHHOI CTATbU SIBJISETCSI

Teopema. I'pynna Go(Z + iZ) mopoxRgaeTcss TpeMsi HHBOJIIOIUSIMH, JIBE U3 KOTODBIX IIe-
DPECTAHOBOYHBI.

[Tycrb n(G) — MUHUMAJIBHOE YHUCIIO TOPOXKIAIONIMX UHBOJIIONUIT rpy1ibl (7, Ipou3Be/ieHIe
KOTOPBIX paBHO 1.

Caencreue. n(Go(Z +iZ)) = 5.

2. Ob6o3HaveHnsT U MIpeABapUTEIbHbIE PE3YyJIbTaThI

Hanee Bcrogy @ — cucrema kopueii tuna Go. Ilycrs {a, b} — ee dyHmaMenTanibHble KOPHH,
npuveM a — KOpOTKHii KopeHb. Torma

& ={+a, b, £(a+b), =(2a +b), £(3a +b), £(3a + 2b)}.

KoubI11o nesbix rayccoBbix uncest Z + iZ siBjsieTcst eBKINI0BbIM (cM., HanpuMmep, [10, c. 439]).
VuusepcaibHast U ipucoenientas rpymnbl [lesase Tuna Go HaJl €BKIMIOBBIM KOJIBIOM K
coBmaatoT u coryiacHo [11, ¢. 107] mopoKmatoTest KOPHEBBIMU MOJTPYIIIAMI

X, ={az:(k): ke K}, red.
st 06paTUMBIX 3JIEMEHTOB ¢ KoJibita K ompeneseHbl MOHOMUAIbLHBIE
n.(t) =z, (t) z_r (- til) x,(t)
U JUaroHajbHbIe
hy(t) = n,(t) np.(—1)
ssieMeHThl Tpymibl Go(K). Jliist KpaTKOCTH 110JI0KIM

ny = ny(1).

[Tycrs (1,8) — cKajJaspHOE MPOM3BEJIEHUE BEKTOPOB, W, — OTPayKEHHe OTHOCUTEIHHO I'i-
[IEPILIOCKOCTH, OPTOTOHAJIBLHON KOPHIO 1. MexK Ty KOPHEBBIMHU, MOHOMUAILHBIMU U JIAATOHAIb-
HBIMU 3JIEMEHTAMHU BBIIOJIHAIOTCS XOPOIIIO U3BECTHBIE COOTHOIIEHU:

)z, (u) =z (t + u),
hy(t) hye () = hy(tu),
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R xwr(s)(it), r,s €,

ny xs(t)n,
ny hs(t) n;l = hy,(5)(t), T,5€QD,

2(r,s)

he(t) 25 (u) BTL(E) = 4 (ut ) ) r,s € .

,Z[aﬂee 6y,ILeM HCIIOJIL30BATh 9TU COOTHOIIIECHU Oe3 YIIOMMWHaHWAA. OTMGTI/HVI, TaK2Ke CyIIeCTBEH-

HBIT B ,HaﬂbHefIHlHX BBIYHNCJICHUAX (baKT. rHJIH JIIOOBIX JABYX HEOPTOI'OHAJIbHBIX W HEKOJIMHEAP-

HBIX KOpHEl 1, s € ¢ aucio % paBuo +1 mau +3.

B crarbe npuHATH Takue cokpainenus: (M) — HOArpymia, MOPOXKJEHHAs [OJAMHOMKe-
crBoM M w3 HEeKOTOpO# rpymibl G,
-1
¥ =yry ",
-1, -1
[z,y] = zyz™ y .

Jlemma 1. [l ymoboro r € ® rpynna, 1opoxKjaeHHas JBYMs OPOTHBOMOJIOXKHBIMH KOD-
Hepbivu nogrpyimavu X, u X, rpymust Go(Z + i), nuzomopgua SLo(Z + iZ).

< B cuny [11, c. 45| ayist mo6oro r € @ rpynna, MOPOXKIEHHAsST JBYMsl IPOTUBOIIOIOXK-
HBIME KOpHeBbIME nojarpyrmnamMu X, u X_,, uzomopbua SLy(Z + iZ) wum PSLy(Z + iZ),
a II0CKOJIbKY ee IEHTP HeTPUBHAJIEH U IOPOXKIaeTcs uuposonueii h,(—1), To ona nzomopd-
Ha SLy(Z +1iZ). >

Jlemma 2. I'pymma Go(Z + iZ.) mopoxaaercst JByMsl JIIOObIMH KOPHEBBIMH MOATDYIITAMU
X,, Xs, HHIEKCHPOBAHHBIMH KOPDHSIMH T H S PA3HOH JJIHHDBI, © MOHOMHAJBHBIMA 3JIEMEHTa-
M Ng, MNyp.

< I'pynmna, mopoxeHHasi MOHOMUAAIbHBIMU SJIEMEHTAMH Mg, Ny, ACHCTBYET CONPSIKEHUSIMU
TPAH3UTUBHO HA KOPHEBBLIX MOJTPYIINAX, NHIEKCUPOBAHHBIX KOPHAMU OTHOM AIUHBI. [loaTomy
BMeCTe C Jiio0Oi mapoit KOpHEBBIX moarpyin X, Xg, WHACKCUPOBAHHBIMU KOPHSIMH ' U S
pas3HOil JyInHbIL, OHU TOPOXKAatoT rpytiy Ga(Z+iZ), nockoabKy Jrobas rpymmna [lesasie Ha
eBKJIMJIOBBIM KOJIBIIOM IIOPOXKJIAeTCsl KOpHeBbIME Ttorpyrmamu [11, c. 107]. >

Jlemma 3. (a) I'pynma, nopoxjiennasi kopHeBbiMu 1moarpynnamu Xq, X_q, Xsqiop H
X _34_9p rpyunbl Go(Z + i7), coBuagaer ¢ neaTpaabHbiM 11poussejenneM rpyii (Xq, X_g)
1 (X3q12p, X_3q—2b) C OOBEAUHEHHOIT HOAIPYIIIOL, IIOPOXKJIEHHOH JIHATOHAJIBHBIM 3JIEMEHTOM
ha(—1), npuuem

ha(=1) = hzata2p(=1). (1)

(6) Bce gmaronasbnble uaposouuu h,(—1), r € ®, coupsi>keHbl, H, ecju KOPDHH T H S
OPTOrOHAJIBHBI, TO

he(=1) = hy(~1). (2)

(B) CupaBenBbl paBeHCTBA
i) hsar(3) = hass(—1) = ha(~1) hy(~1) 3)

< (a) Hogrpynmst (Xq, X_4) # (X34+2p, X —3q—2p) IEPECTAHOBOYHBI U UX IIEHTPBHI HOPOZK 1A~
10TCs MHBOJIOIUSAME Ay (—1) 1 coorBeTcTBeHHO h3gei2p(—1). Tak kax nentp rpyuist Go(Z+iZ)
TPHUBHUAJIEH, & NHBOJIONNH hy(—1) 1 hggiop(—1) HEHCTBYIOT CONMpPSIZKEHUSIMI OJITHAKOBO Ha 06e-
ux noarpymmnax (Xq, X o) u (Xp, X_p), Koropble B cuity jgemmbl 2 nopoxkuaior Go(Z + i7),
10 hq(—1) = hsat2p(—1). Takum obpasom, yrBepkienne (a) crpaBe/nBo.
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(6) PaBencTBO (2) M CONPSI?KEHHOCTH JAMArOHAIBHBIX nHBOMONNI h,(—1), r € ®, cienyer
u3 (1) pasencrsa
N hr(t) n;I = hw(r)(t)a re® wel,

U TPaH3UTUBHOIO JeiicTBus rpymnsl Beiiig W Ha MHOMXKecTBaxX KOpHEl OJHOI JIJIMHDL.
(B) okazaresbcTBO IIepBOro paBeHcTBa u3 (3) pacuummem 11oapobHo. Vmeem

-1 2(a+b,+a)
hos(—1) a(®) asa(~1) " = e ((-1) 555 )

+2(a+b,a)

= .%':I:a((—l) (atb,a+b) t) = uvia((—l)_jEl t) = Tqq(—1),

1 2(at+b,%b)
hayt(—=1) T1p(t) hays(—1)"" = fﬂib((—l) (aF,a+) f)

+2(a+tb,b)

_ xib((—l) G t) = 2y ((—1)F8) = wap(—1),

(ha(i) h3a+2b(i)) T1q(t) (ha(i) h3a+2b(i))7 = (ha(i))xia(t)(ha(i))il

1 (Q(a,:l:b) 2(3a+2b,+b) )
(ha(i) h3a+2b(i)) xib(t) (ha(i) h3a+gb(i)) = T4yp <1 (a,a) (3a+2b,3a+2b) t>

s (Z.:I:(Q(Elaab))-k(sif;:??:f%b)) t> = oy (FEC3V 1) = ayy(—1).

Taxum 0Opa3oM, PaBeHCTBO h a(?)h3a+26(1) = hats(—1) ycranosieno. AHAJIOTHYHO IPOBEpsi-
ercst paBeHCTBO Ngip(—1) = ha(—1)hy(—1). >

JokazaTebeTBo ciielyIoIei JIeMMbl MOXKHO HaiiTu, HanpuMep, B MoHOrpadusx (12, . 5.2]
win 13, . 33.3].

Jlemma 4. Ecim cymma aByx KOpHei r M § He sIBISETCS KOpHeM H T # =S, TO
[zs(w), z,(t)] = 1. Ecim v, 8,7 + s € ®, TO BOSMOXKHBI ISATH CJAEAYIOIHX CJLyYAEB JIJIs KOMMY-
TATOPHOH (hOPMYJIBL:

1) [zs(u), z,(t)] = xpqs(E£tu), ecomn v, s — giuHHDIE KOPHI

2) [ws(u), 2, (t)] = 2pps(Ftu) Top s (£t20) 23015 (£130) 230125 (£30u?), ecm || < |s]
3) [ws(u), 2, (t)] = i s(£tu) Tpyos(Ftu?) 2oy 35(Ftu?) Tor135(£2t%u), ecm |s| < |r|
4) [ws(u), 2, (t)] = 2prs(F2tu) 2105 (£3tu?) wopy o (£3t20), ecomm |s| = |r| = |r + s|.
5) [zs(u), 2 (t)] = xpys(£3tu), ecmm |s| = |r| < |r+ s

3. JdokazaTreJbCTBO TEOPEMBI

< Mokaxkem, aro rpyuna Go(Z + iZ) NOpOXKIAETCs CIELYIONUMU TPEMsT HHBOJIOIUSIMHU,
[IEPBLIE [BE M3 KOTOPLIX IE€PECTAHOBOYHLIL:

a = ha(—l) x—b(l)’
8= hb(—l) xa(l)a
v = ng(—1) n3at2m ha(i)'
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OueBuHO, v U 5 — [E€PECTAHOBOYHBIE HHBOJIOIIH. DJIEMEHT Y TAKKE SBJISIETCS] HHBOJIIOIUEI,
IIOCKOJIBKY

V2 = ha(—1) ha(—1) haarap(—1) ha(i) = 1

B cuity pasencrsa (1) u3 semmbl 3.
[Monoxkum

M = (a, B,7).

Jasee 3HaKk £ 1pu KO3(DPUIMEHTAX Y KOPHEBBIX JIEMEHTOB O3HAYAET, U4TO ITOT KOPHEBOI
9JIEMEHT BXOJUT B IPOU3BEIEHUE JIMOO C MOJOKUTEIbHBIM, JJUOO C OTPHUIATEIbHBIM K03(hdhu-
[IUeHTOM. BBIYUCIeHns] MOKa3bIBAIOT, YTO

o = ha(=D (i), B = hy(=D)a—a(1), [7.5] = 2_a(~1) 2a(1),

[v: B, = w—a(=1) 20 (1) ha(=1) 2-p(1) Za (1) 2—a(1) ha(=1) (1)
— 2 o(~D_p(~D) z_o(D) 2p(1) = [r_a(~1), 2_4(~1)]
= $,a,b(i1) .%',Qa,b(il) xfga,b(ﬂil) x,ga,gb(jﬁ).

[Mocsie Hee PABEHCTBO MOJIyYAeTCsl B CUILy KOMMYyTaTopHOii (hopmysibl 3) u3 semmbr 4. lasee,
[7, B] 7= xa(_l) n3a+2bha(i)a a[%ﬁh = ha(_l) x3a+b(ii)a
[aa [77 /8] 7] = x*b(_l) $3a+b(ii)7 5 = [77 /8]2 Y= x—a(_l) N3a+2b ha(i)a
(oﬂ)‘S = ho(—1)x_34_p(£1), oz(oﬂ)‘S =xz_p(—1) x_3,_p(£1).

T[ToCKONIbKY COMHOMKHUTENb T _34_(+1) amementa a(a?)? nepecraHoBoYeH ¢ Kar<IbiM COMHO-
KuresieM ssiementa ([, ], a, a apyroii ero comHokuTesnb T _p(—1) He siBiISIETCs IEpECTAHO-
BOYHBIM TOJIBKO C COMHOXKUTEIEM T _3,_p(E1) asementa [[7, 5], a, T0o B crity KoMMyTaTOpHOIT
dbopmyster 1) u3 eMMbl 4 OTyYaeM BKIIIOUIEHIE

[a(a™),[v, 8], 0]] = 2_34_ap(£1) € M.

CrenoBaresibHO,

[O‘(Oﬂ)é’ [b/a 5]a OZH 7= x3a+2b(i1) € M.
Taxum 06pazoM, B M JIexKaT 37MeMeHTH N3qyop B (N3q126)° = h3aran(—1) = he(—1). Tax kax
y2e u3BecTHbl BKitodeHus hq(—1)x_4(1), he(—1)xp(i) € M, To x_p(1),z4(i) € M. Hanee,

5nf;a1+2b = x*a(_l) ha(i)a

(p (i) @ = g (£1).

Orcrona ny € M u, cieposaresnbro, Xy, X < M, B wacrnocru, hy(—1), hy(i) € M. Yaursr-
Basl paHee [0JIy YeHHbIe BK/IIOUeHus 371eMeHTOB hy(—1)z4(1) u x_q(—1)z4(1) B mogrpymry M,
nostydaeM 4 (1),2_4(1) € M, nosromy n, € M. Hakoner,

ho (i) 24 (1) by 1 (i) = @0 ().

Caemoarenbuo, X, < M. Urak, B M j1e;kaT MOHOMHUAJIbLHBIE 3JIEMEHTBI Mg, T U KOPHEBbHIE
noarpymisl X, u Xp. Ilo gemme 2 momygaem pasencrso M = Go(Z + iZ).
Teopema nokazana. >
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3AMEYAHUE. Eciin B IpUBEIEHHO# BBIIIIE TPOiTKe WHBOJIIONUN 3aMEHUTH Y WHBOJIIOIIUU 7Y
K03ddurumerT ¢ Ha 1, TO MOJTYyIUM MOPOXKIAIONIYIO TPOIKY MHBOJIONKHI, 1BE N3 KOTOPBIX IIe-
pecTaHoBOYHbI, Jyisd rpynnbl Go(Z). IlpudeM npuBeseHHOE BBIIIE [OKA3ATEIBCTBO IIPOXOJUT
¥ B 9TOM CJIy9ae C OYeBUIHBIME yIIPOIIeHUusIMU. Panee aHaJOTUIHBIN pe3y/IbTaT ObLI MOy 9eH
B [5] ¢ ucnosb30BaHEM CeMUMEPHOrO MATPUYHOIO HpejcraBienus rpyuist Go(7Z).

4. JToka3aTeJbCTBO CJIEIACTBUS

,HJIH J0Ka3aTeJbCTBa CJACICTBUA HOTpe6yeTCH

JIemma 5 (14, semma 4. ITycrs n(G) — MEHEMAIBHOE 9HCIIO MOPOXKTAIOIIHX HHBOJIIOIIHIL
rpynnbl G, npoussesenne Koropbix pasao 1. Toryga cripaBeinBbl CIEAyIONIHe Yy TBEDIK ICHHSL:

1) n(G) = 2 rorza u TosbKO ToOr A, Korja |G| = 2;

2) n(G) = 3 rorya u rosbko Torya, korja G — derBepHasi rpyina Kieiina;

3) ecsm n(G) = 4, To B G Haiigercs HeeuHUYIHAST IIUKJIHYECKAsT HOPMAJIbHASI TTOJTDYIIIIA.
B uacrraocru, ecomn rpynna G upocrasi, to n(G) = 5;

4) ecn G — romomopeubiii 06pas rpymsr G, To n(G) < n(G).

< Ilycrs I — nmean xosbiia Z + 17, TOPOXKIEHHBIN 3JIEMEHTOM 3, TOrIa (PaKTOP-KOJIbIO
(Z + iZ) /I wzomopduo noso Fg. Kaxaplit KosbieBoit romoMopdusmM, nepeBoIsimii emH-
Iy B €JUHUILY, UHIYIUPYET TOMOMOPMU3M MATPUUHBIX PYIIL, U P TAKOM TOMOMOpPhU3ME
kopHeBble 3eMenThl rpynn [lleBase nepexonsar B kKopHeBble. Tak kak rpynibl Go(Z + iZ)
1 G2(9) mOPOKIAIOTCS CBOMME KOPHEBBIMHU djteMenTaMu, 1o rpynusl ¢r(Ga(Z +iZ)) u G2(9)
u30MOPGhHBL, TJe 7 — IOMOMOP(MHU3M MATPUIHBIX TPYII, WHJLYIIUPOBAHHBINA KOJIBIEBBIM TI'O-
mMomopdusmoM py : Z + iZ — Fg. Ceituac no jemme 5, npumensist ee uit. 3) u 4), u HOJIb3YICH
upocroroii rpymnsl Ga(9), nonydaem mepasenctso n(Ga(Z +iZ)) = 5.

C apyroii CTOPOHBI, O OCHOBHOII Teopeme janHOil crarbu rpynna Go(Z + iZ) nopox-
JIAETCS TPeMsl WHBOJIIONUSAMU (v, (3, Y, TE€PBBIE JIBE U3 KOTOPBIX MEPECTAHOBOYHBLI. Tak Kak
a-B-(Ba) -v-v=1, 10 Go(Z + iZ) nopoxgaercsi nsiTepKOil MHBOJIIONHUIL, IIPOU3BE/ICHIE KO-
TOpBIX pasHO 1 u, ciaegosarensno, n(Ga(Z +iZ)) < 5.

O6beuHsAst  yCTAHOBJIEHHbIE BBINIE JBa HEPABEHCTBA, IIOJIy4aeM HCKOMOE PaBEeHCTBO
n(Go(Z +iZ)) = 5.

CiencTBue J10Ka3aHo. >
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notebook (question 15.67). A) What adjoint Chevalley groups (of normal type) over the ring of integers are
generated by three involutions, two of which commute? This problem solved only for the Chevalley groups
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Gaussian integers is generated by three involutions, two of which commute. As a consequence, the minimal
number of generating involutions, whose product is equal to 1, coincides with 5.
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70-nemuto B. A. Kotibaesa noceawaemcs

Awnnoraums. I'pad I'ponbepra — Kereaa I'(G) (mmm rpad npoctbix wmces) KoHedHoil rpynmst G —
910 rpad, B KOTOPOM BEPIIMHAMH CJIYZKAT BCE IPOCTHIE JIEIUTENH HOPsiiKa rpynubl G, U JBe pa3IndHble
BEPIINHBI P U ¢ CMEXKHBI TOTJIa U TOJIBKO TOr/a, Korja (G COEPKUT 3J1eMeHT nopsiaka pq. OiHUM U3 1101y~
JISIDHBIX HAIPaBJIEHUN NCCJIEOBAHUI B TEOPUH KOHEYHBIX I'PYIII SBJISETCA U3y4eHUE IPYII C 33 [aHHBIMA
cBoiicrBamu ux rpados I'pronbepra — Keressi. B 2012-2013 rr. mepBblii aBTOp Onmcaj KOHEYHbIE IPYIIIbI
¢ rpadom I'pronbepra — Kerenst kax juist rpynnst Aut(Jz), Tak u s rpynnsl Aio. I'pader I'proabepra —
Kerens atnx rpynn nsomopdubl (kak abcrpakrabie rpadbl) rpady «bananaiikas. [pad «Gamanaiika» —
910 rpad Ha YeThIpEX BEPIIMHAX, CTEIIEHN KOTOPBIX paBHEI 1, 2, 2 u 3. O60061ast yIOMSAHYTHIE PE3YJIbTAThI
A. C. Konjgparbesa, Mbl paccCMaTpuBaeM IIPOOJIEMY OIMCAHWUs KOHEYHBIX rpyi, rpadsr I'pronbepra —
Kerensa koropbix uzomopdunt rpady «banamaiikar. B 2018 r. A. C. Kongparses u H. A. Munurynos no-
Ka3asu, u4ro ecsim G — KOHeuHasl HepaspemmMast rpynna u rpad I'(G) usomopden rpady «bananaiikas,
To daxrop-rpynna G/S(G) rpynust G no ee paspemmumMomy pagukany S(G) nmouru npocra. Kpome roro,
OBLIN KJIACCH(DUITMTPOBAHBI BCE KOHEYHBIE ITIOYTH TPOCThIe TPyIbl, rpadnl ['pionbepra — Keresnst koTopsix
n3oMopHBI Toarpadam rpada «bananaitkar. B aByx paborax 2022 r. A. C. Kougparses u H. A. Mu-
HUTYJIOB OIIMCAJIM BCe KOHEYHBbIe pa3pemmmble rpynmbl ¢ rpadom ['pronbepra — Keressi, nzomopdHbIM
rpady «bamamnaiikas. Kpome Toro, 6b11n KiraccuduIImpoBanbl KOHEYHbIE HepaspenuMble rpynnsl (G, rpa-
o1 I'proubepra — Keresnst koTopeix nsomopdHsl rpady «basanaiikay, B CIeAYIOMNX ABYX ciaydasx: (1)
rpynna G He COREP:KUT JIEMEHTOB mopsijika 6; (2) rpynna G COmep:KUT 3JIeMEHT HOpsifiKa 6 ¥ BepluiuHa
crenenu 1 rpada I'(G) menur |S(G)|. B aroit paGore mpoosKaeTcst HCCIIEL0BAHIE IPOOIIEMBI U U3y YaeTCs
ee BaXKHBIM HOBBII CJIydail, KOT/Ia B KOHEYHON HepaspemuMoii rpymme G ¢ rpadom I'prorbepra — Kerest,
n3zomopdHbIM rpady «bananaiikas, sepnsa crenenn 1 rpada I'(G) He npesocxomut 3.

KiroueBble ciioBa: KOHe4YHas I'DyIa, HepaspermmumMas rpynna, rpad ['pronbepra — Keress, rpad «ba-
JajgankKay.
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1. Beengenune

[Tycrs G — xoneunas rpynmna. Yepe3 7(G) o603HAUAETCS] MHOXKECTBO BCEX DPA3JIMIHBIX
HPOCTBIX Jesuresiedi nopsiika rpyiibl G, a depe3 w(G) — MHOXKECTBO MOPSIJIKOB JIEMEHTOB
u3 G. I'pagom I'morbepea — Kezean (nmu epagom npocmux wucea) I'(G) koneunoii rpymmst G
Ha3bIBaeTcs rpad, B KOTOPOM MHOXKECTBOM BEPINUH sIBJISIETCSI MHOXKECTBO BCEX IIPOCTHIX JIe-
JiaTe el mopsijika rpynnbl G U JBe pa3jnydHble BEPIIWHBL P U ¢ CMEXKHBI TOI/Ia U TOJIBKO TOT/IA,
Korja B rpyiie (G CyImecTByeT 3JeMeHT Mopsijika pq. «banasaiikay — rpad Ha 4 BepuinHaX,
CTelNeHn KOTOPBIX PaBHBI 1, 2, 2 u 3.

[Tepsorit aBTOp onucaa KoHeUHbIE TPYIILI ¢ Tpadom ['prorbepra — Keress kak y rpyIb
Aut(J2) (em. [1]) m xak y rpymmst Ajg (em. [2]). I'pader I'prontepra — Keresst srux rpynmn
usoMopdHbl (Kak abcTpakTHble rpadbl) rpady «basasaikas.

B [3] 6bu1a 0cTaBsena Gostee obiast mpobiiema: onucaTh KOHedHble Py, rpadbl I'pros-
6epra — Keresist KoTopbix n30MOpdHBI rpady «bajganaiikas.

B [3] A. C. Kongparses u H. A. Munurysios jgokazanu, 4ro eciau G — KOHEUHasi HEpas3-
pemnmasi rpymia u rpad ['(G) uzomopden rpady «banamnaiikas, To dakrop-rpyuna G/S(G)
rpymiel G 10 ee pazpermmmomy pajukaiay S(G) mouru npocra, u KiaacudUIupoBan Bce Ko-
HevHble nouru npocreie rpymibl G, rpadel I'(G) koropsix usomopdubl noarpadam rpada
«banamnaiika». B [4] A. C. Konaparses u H. A. Munury/ios omnucain Bce KOHEYHbIE PA3PEIIIU-
Mble TpyuIbl, rpadbl I'proabepra — Keress koTopbix m3oMopdubl rpady «basmanaiikay. Tax-
ke B 5] onn kinaccudumposain Koneunble HepaspernMbie rpymibl G, rpader I'(G) koTopbix
usomopdubl rpady «bananaiika» B ciemyomux JaByX ciaydasx: (1) rpynna G He comepxKur
9JIEMEHTOB Nopsijika 6; (2) rpynna G comep:Kut sjeMenT mopsijka 6 u epunnaa g rpada I'(G)
neur |S(G)|.

B mannoii pabore MbI Ipojioikaem ucciepoBanue mpobseMsl. [lycts G — KoHeuHast Hepas3-
pemnmasi rpynna, rpad ['(G) usomopden rpady «bananaiikas, 1. e. rpad I'(G) umeer Bug

r
s p q 7
rjae r, §, p U ¢ — HEKOTOpBIE IIONAPHO Pa3jiMdHble 1pocThle uncia. [loaoxum S = S(G)

u G = G/S. Beuny [3] rpymma G moutn npocra mssectroro suia. [Homoxum L = Soc(G).
[Ipeanosnoxum nasee rakzxke, 4ro S(G) # 1, G conepxkur ssemenT nopsijika 6 u g ve gesur |S|.
[ockonbKy rpynma G Hepaspermmma, nveeM 2 € 71(G)) u |7(G)| € {3,4}. Ecm 3 ¢ #(G)),
to BBUIY [6-8] mMeem G € {Sz(8),S2(32), Aut(S2(32))} u, cnenosarensuo, ©(G) = m(G);

nporusopedne ¢ reM, 4ro 3 € 7(G). Iosromy 3 € 7(Q)).
MpbI 10Ka3BIBAEM CJIEIYIONIYIO TEOPEMY.

Teopema. Ilycts G — Komeunas wepaspenmumast rpymma, G := G/S(G), rpap T'(G) rak
abcrpakTHbIH rpac mzomopern rpady «basanatikay ¢ ¢ < 3. Ecom G comepxkur 3j1eMeHT
nopstika 6 m q me gemur |S(G)|, Top = 2, ¢ = 3, G = As mwm Ss, {r,s} = {t,5} ana
Hekoroporo npocroro dnciaat > 5 ut € w(S(G)) C {2,5,t}.

SAMEYAHUE. YTBepxkjeHue Teopembl peanusyercs. Ilycte G = Z x (Vi x Vo) x L),
tie Z = Zy, L = SLy(5), Vi — moboit Tounsiii 2-mepubiii GF(t)(v/5 ) L-monyiib s Jmo-
6oro npocroro uucia t > 5 (V4L — rpynma @pobennyca ¢ siapom Vi u jgonosnenunem L) u
Vo — ecrecrBennsiit 2-mepublit GF'(5) L-momnyis. Torpa rpad I'(G) usomopden «banamnaiikes,
U UMeeT BU]



92 Kornparees A. C., Munuryaos H. A., Huposa M. C.
5

t

MozkHOo noka3aTh, 9To ciaydailt G = Sy yTBEpKICHUS TEOPEMBI TAKYKE PEATHIYETCS.

2. O6o3HayeHusI 1 BCIIoMoraTeJjbHbIe pe3yJibTaTbl

Ham o603HateHrst 1 TEPMUHOJIOTUST B OCHOBHOM CTaHJIAPTHBI, UX MOXKHO HaiiTu B [9-15].

Ecau rpynna G neiicrsyer Ha rpyiie H, 1o GyjieM roBOpUTh, YTO HEEMHUYHbLH 3JIeMEHT
g € G neiicryer Ha H c60600no0 (i 6e3 nenodsusicrnor movexk), ecim Cr(g) = 1.

PaccMoTpuM HEKOTOpBIE PE3y/IbTaThl, KOTOPbIe HCIOJIB3YIOTCS B JOKA3ATEIbCTBE HAIINX
PE3yJILTATOB.

Cureyromiee yTBep2K/IeHIE XOPOIIO U3BECTHO U JIETKO JIOKA3BIBACTCS.

Jlemma 1. Ilycrs G — KoHEUHAsT KBa3uIpocTasi rpyiia, F' — nose xapakrepucruku p > 0,
V' — abcosrorao vHenpuomumeiii F'G-monyns u 3 — xapakrep Bpayspa monynst V. Ecom g —
9JIEMEHT MIPOCTOrO MOPsLIKA, OTIHIHOIO oT P, u3 (G, 10O

dim Cv (9) = (Blig)> 11ig)) ||ZB

Jlemma 2 [14, reopema VII.1.16|. Ilycrb G — koneunasi rpynmna, F = GF(p™) — no-
Jle ompejeeHns xapakrepucruku p > 0 s abcosorHo Hernpuogumoro FG-momyns 'V,
(o) = Aut(F), Vo obosnasaer moxynb V', paccmarpubaemblii kak GF(p)G-mouynb, u
W =Wy @grp) F. Toraa

1w =, VO e Vo' — Momyiib, anreGpandeckn conpsizKeHHbIil ¢ V. 1ocpeacTBoM ot

(2) Vo sBisiercst menpuogumbiv GF (p)G-mouynem u, B gacraocr, W peasnsyercss Kak
wvenpuBogumblii GF (p)G-monyis Vp;

(3) ¢ Tounocrpio J10 n3oMopuzma mosysteii Hetpusogumble GF (p)G-monyin HaxomsaTes:
BO B3aUMHO OJIHO3HAYHOM COOTBETCTBHH C KJIACCAMH aJIreOpamdecKoil CONPSzKeHHOCTH HeIPH-
Boaumbix GF(p)G-moxnyireri.

Jlemma 3 [12, reopema 5.3.11|. ITycrs p — npocroe umcsio u P — koneunast p-rpyima. To-
raa P obuamaer xapakrepucrudeckoii moarpymmoi C, Ha3bIBAeMOH KPUTHIECKOH IIOATPYIIION
B P, co cienyronumMu cBoHCTBAMHA:

(a) rpynna C'/Z(C') snemenraprasi abesieBa;

(b) [P.C] < Z(C):

(c) Cp(C) = Z(C):

(d) kazkpiii HerpuBHasIbHBIH P'-aBroMopusm rpynnsl P ungynupyer na C' HerpuBHaJib-
HBII aBTOMOPpU3M.

JIemma 4 |5, nemma 11|. Ilycrs p, ¢ u v — monapHo passiudHbie 1npocteie duciaa u G —
koneunasi rpynna suja G = P x (T x (z)), rne P — werpuBunasibHast p-rpynna, 1T — g-rpynma,
|z| = r u Cq(P) = Z(P). Ilycrs C — kpurnieckas noarpymua B T u [T, (x)] # 1. Torga
6o Cp(x) # 1, mbo Z(T) < Z(C) < Cr(x), ¢ =2, r =1+ 2" — npocroe aucio Pepma u
[C, ()] — sxcTpacmennanbras rpyma mopsgka 227

Jlemma 5 [16, temma 1. Ilycrs G — koneunast rpymia, N — HopMaJibHast noarpynna B G,
G/N — rpynna ®@pobennyca ¢ sigpom F' u nuximaecknm jononenuem C. Ecin (|F|,|N|) =1
u F' we conepxkurcst B NC(N)/N, 1o s|C| € w(G) mmst mexkoroporo s € m(N).
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Jlemma 6 [17, npemnoxenue 3.2|. Ilycrs G — koneunasi rpynna, H G, G/H = Ly(q),
e q Heverto, ¢ > 5, u Cy(t) = 1 jurst Hekoroporo ssiementa t mopsiaka 3 uz G. Torma H = 1.

Jlemma 7 [17, npenoxkenue 4.2; 18, teopema 8.2|. Ilycrb G — koHeuHasi rpymia,
1# H<QG u G/H = Ly(2"), tae n > 2. Ilpeamonoxum, aro Cy(t) = 1 s Hekoroporo
ssrementa t nopstaka 3 uz G. Torma H = O3(G) u H siBiisiercs npsiMbIM IIPOH3BEJCHHEM MH-
HAMAJIBHBIX HOPMATBHBIX TIOATPYTI Topsaka 22" B G, kaxknast u3 kotopbix kax G | H-Momny b
nzomopcpua ecrecrsennomy GF(2™)S Lo (2™)-momyimo.

Ilycts p — mpocroe umcno, ¢ = p', P — anreGpamueckoe sambikanue nons GF(q),
n > 2, L = SL,(q) — cuenuasbhas JuHeiiHasi rpynmna crenenun n > 2 wag nosem GF(q)
ul = SL,(P). IIycrb wy,...,wp—1 — DyHIaMEHTAIbHBIE BECA IPYIIIBI L. Kaxnprit Henpu-
BOJMMBIH P L-MOJLy/Ib IMEeT CTAPIINH BEC W = W1 + . . . 4 Gy —1Wp_1 JUI HEKOTOPBIX HEOTPH-
[ATETBHBIX TEBIX TUCET A1, - . . 5 Gp—1. DTOT CTAPIINIA BEC HA3BBIBAETCS (- 02PAHUMEHHbIM, €CITH
a; < qgusii=1,...,n—1. Beuny usecrnoii reopembr Creiinbepra |9, § 13, reopema 43| orpa-
Huuenne Ha L HenpuBouMOro P L-MOJIy/Ist ¢ g-OrPAHHYEHHBIM CTAPIINM BECOM HEIIPHBOJHMO,
U COBOKYITHOCTh TAKUX OIPAHUYEHUil 00pasyeT MOJIHBIN HAOOP HENPUBOAUMBIX P L-Momyiieii.
Hanee M (w) oboznataer orpanmHenne Ha L HempuBOauMoro P L-MoyJist O CTapITIM BECOM W
U3 3TON COBOKYITHOCTH.

Jlemma 8. Ilycrs n = 2, h — mostynpocroii sement medernoro mnopsiika k n3 L u M (w) —
genpupouMblii P L-Mogysis co crapmmM BecoM w = awi, e 1 < a < q. Ipemnonoxum, 910
a= Zé;t ajp’ — p-ajmieckoe pazsoxenne uncia a. Tora

(1) ecsm p mewerno, To Z(L) jsexkut B sijgpe npeJcTaBieHus: rpyuibl L, cOOTBETCTBYIOIEro
mouymo M(w), Toria u TOJBKO TOIjIa, KOIJa YHCI0 G YeTHO;

(2) ssemenT h mMeer HEHyJIeByIO HEHOJABHXKHYIO TOYKy B M (w) Torga u ToJbKO TOr/a,
KOIJ[a CYIIIeCTBYeT TakKoe HeoTpHIaTejbHoe Iesoe duciao b, aro bk < a, a — bk derHo u
(a —bk)/2 = Zé;tbjpj, rge 0 < bj < aj s Beex j =0,...,0— 1.

< Vreepxaenue (1) xoporo ussectHo (cM., Hampumep, [19, gemma 7).

Yreepxkenue (2) caenyer us 20, reopema 3|. >

Hawm monaioburcst Takzke ciegyomuit hparMeHT TabJmIbl KOMILUIEKCHBIX HEIPUBOIUMBIX
XapakTepoB rpyuibl SLo(t), e t HedeTHO, z — eauHCTBeHHAst HHBOJOIMS U3 SLo(t), a u b —
sseMenTh mopsakos ¢ — 1 u t 4 1 u3 SLy(t) coorsercrrenno u € = (—1)#D/2 (em. [21, §38]
win [22, tabu. 4]).

Tabauna 1
®parMeHT TAbIUIBI XapaKTepoB rpymnsl SL2(t) Ipu HeYeTHOM ¢
1 z a™ b
1<m<(t-3)/2) (1<n<(t-1)/2)

1 1 1 1

W t t -1

Xk t+1 (=DFt+1) 2 cos 2kmx 0
(1<k<(t-3)/2)

0, t—1 (=Dt —-1) 0 —2cos 2mn
1<I<(t-1)/2)

& (t+1)/2 e(t+1)/2 (=™ 0

& (t+1)/2 e(t+1)/2 (=™ 0

m (t—1)/2 —e(t—1)/2 0 (=1 *!

2 (t—1)/2 —e(t—1)/2 0 (=1 *!
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3. JdokazaTrejbCTBO TEOPEMbI

[Tycrs G — rpymima, yaoBieTBopsitonias ycjaoBusiM Teopembl, 1 S = S(G).

[penmonoxmm, uato ¢ = 2. Torma p = 3 1w S = O(G). Tlockonbky B G ecTh deTBepHas
noArpymma, seuy |12, Teopema 5.3.16] mmeem S = O3(G) u, creyosarensno, |7(G)| = 4. Ho
qmca v u 8 Goabie 3, mostomy onn et |G|, emexnbt B rpade I'(G) u He cvmexHbI ¢ 2 B
srom rpace. Ecim rpad I'(G) necsszen, To sTo nporusopeunt |7, 8]. Eciu rpad I'(G) casen,
TO 9TO HpoTuBOpeunT [23].

Urak, ¢ = 3, cireoBaresibio, p =2 ur,s > 3. Eciu r u s ve nesar | S|, ro S = O2(G), cie-
nosaressro, 7(G) = 7(G) u BepmuHbI 7 1 s cMexkHbI B rpade I'(G), uTo mpotusopednt [7]
win [23|. Tlosromy 6e3 orpanumdeHusi OOIIHOCTH MOXKHO cuuTarb, uro r jesur |S|. Ilycrs
Q € Syls3(G). Paspemmumas rpynna SQ cogepxur {r, s, 3}-xouoBy noarpymmny U. Tak kak
rpad I'(U) mecssazen, a W:= U N S saBisieTcst HOpMAJIbHBIM 3-70m0sHenneM B U, Ha KOTOPOM
HeeIMHUIHBIE JIeMEeHThl u3 (Q JIefcTBYIoT 6e3 HENOJABUKHBIX TOYEK, 110 Teopeme I'proHdep-
ra — Keressi [24, Teopema A| noarpynna U ssisercs rpymmoii @pobennyca ¢ siapom W n
nonosinenneM Q. Io ceoiicrBam rpynmbr @pobennyca (cm., nanpumep, [12, Teopema 10.3.1])
W =FU) = O,(W) x Os(W) u Q — mukindeckas 3-rpynmna. Orcioga sBuay [3, 6-8, 23|
crenyer, uto rokousb L rpymmst G uzomopden omnoii uz rpymn Li(5), L3(17), Us(7) uwmu Lo(t),
e mbo t € {8,25,49}, mbo t > 5 — npocroe uncyio Takoe, uto |w(t2—1)| < 3. Tlockomsky W
SIBJIIETCSL {7, § }-XOJITIOBOIl OArpyIIIoi B S, a Bce TaKue MOJArPYIIIbl B pa3pentuMoit rpyiie S
conpsizkensl, nmeem G = SNg(W) u, crenosarensno, G = SNg(W)/S = Ng(W)/Ns(W).

ITycre N = Ng(W). Torma S(N) = Ng(W) =W x P, tae P € Syla(S(N)). fcno, aro

Or’(S(N)) = OS(W)CP(OT(W)) u Or’,r(S(N)) = Or’(S(N))Or(W)

Beumy [12, Teopema 6.3.2] mvueem Cg(ny(Or(W)) < Oy (S(N)). Homoxmm N=N/O,/(S(N)).
Torma o
S(N) = 0,(W)P=0,(N)x P u Cz(0,(N)) < O,(N).

Ecimu L = Ly(5), To yTBEp:KIeHNe TeopeMbl BbIoJHsieTcsi. [loaromy B nasbHeiinem 6yxem
cantarb, uro L 2 La(5).

[peamonoxkum, aro L = Lo(7). Torna MoxKHO cuurars, 9ro 7 He geaut |La(7)|. ITockonbky
iy [11] rpymma Lo(7) comepaxur rpyumy ®poGemuyca F nopsixa 21, rpyma N comepzur
noarpynmy suga O, (N) x F. Ho Torya BBusty geMMbl 5 rpyrma N COIEPsKUT 5ICMEHT TOpsi/i-
ka 3r. [losyuniu nporusopeune. [Tosromy L 2% Lo(7).

Ilycrs  — smement nopsaxa 3 u3 Q. Moo cauTars, 910 T HOpMAIU3yeT HoArpyy P.
Pacemorpuy nogrpyuy O, (N) x (P x ().

Tlokazem cuadana, uro [P, (z)] = 1. [peanonoxum nporusnoe, . e. [P, (z)] # 1.

[Iycts C — xpuTHveckas TOATPYTIA B 2-TPYIIIE P (em. temmy 3). Ilpumenum siemmbr 3
u 4 x nogrpyme Op(N) x (P x (z)). Torma C — xapakrepucrudeckas moarpymua B P,
[P,C], Z(P),®(C) < Z(C) < Cp(x) u [C, (x)] = Qs. Hoarpymmst O (NC) u Op(NZ(C)) rop-
masbubl B rpymme N. Honoxma H = N/O,(NZ(C)), V = O,(NC)/O,(NZ(C)). Torna V —
HOpMaJTbHas djeMenTapHas abenesa 2-moprpynma B H, Cy (V) = Oo(H) u H/Oo(H) = G.

B wacrnocru, V' ecrb rounbiii GF(2)L-monynb Takoii, aro |[V, (z)]] = 4 qus (z) = Q1(Q).
dlcno, uro nuKmmYeckas 3-rpymma (Q TouHO JeficTByer Ha wersepnoil rpymme [V, (z)], mosro-
My |Q] = 3. Otciona ciemyer, uro rpyma L e nsomopdna rpymmam La(8), La(17) u L3(17),
CHJIOBCKHE 3-TIOJrPYIIIbI KOTOPBIX MUKINYecKue mnopsiyika 9. Zcno, aro Mmomyib V' umeer Kom-
no3uImoHHbIi hakTop V pasmeprnoctu, ne menbireit 2. [Iycrs K — ajrebpamyeckoe 3aMbIKa-

ure nosst GF(2). ITo semme 2 jyist Tounoro Henpusogumoro GF'(2) L-monyns Vy cyiecrByer
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kiacc {Wy, ..., W,,} anrebpandeckoii CONpPszKEHHOCTH TOYHBIX (aOCOJIOTHO) HEIIPUBOIUMbIX
K L-vmopyreii ¢ nosiem onpesienenus GF(2™) takoit, uro Vo ®gp2) K = @2, W;. O6oznatuum
gepe3 Wy monynbs Wi, pacemarpuBaembiii kak GF(2™) L-momnynb. Torma moaynb Vy MoKHO
0TOXKJIeCTBUTEL ¢ MojyieM Wy, paccmarpuaembiM Kak GF(2)L-momyib. [Tosromy Mbl mMeem
dim Vp = mdim Wy u dim Cy, () = m dim Cyy, (x). CienoBaresnbHo,

dim[Vp, (z)] = dim Vp — dim Cy; () = m(dim Wy — dim Cyy, (x)) = 2.

ITo Tabimmam 2-MOLyIpHBIX 6payspoBbix xapakrepos rpymi Lg(5) u Us(7) (em. [15]) u sem-
Me 1 JIerko mosiydaem, 9To 9TH COOTHOIIEHWs B ciydae, Korja rpymnma L wzomopdua Li(5)
win Us(7), ue Boinosnsitorcst. [losromy L = Lo(t), rue smbo t € {25,49}, smbo ¢t — npocroe
qpcio Takoe, uro t > 7 u |w(t? —1)| = 3. Ipumenssa namry Tabamiy 1, 2-MOIy/IAPHYIO MaTPH-
1y passioxkenusi rpymubl Lo(t) u3z |25, pasmea VIII] u smemmy 1, npuxoquM K [IPOTUBOPEUHIO
¢ JIOKa3aHHBIM BbimTe cooTHomenueM dim[Vp, (x)] = 2. o

Urak, [P,(zx)] = 1. ITosromy mokoss nouru npocroii rpymmnsr N/S(N) nenrpanusy-
er dakrop-rpymnmy S (]V )/ Or(ﬁ ). Ilycrb E — mnocsiefiauii wieH psijia KOMMYTAHTOB IDYTI-
e N / Or(]v ), T. e. E — cuioit sroit rpynust. Torga E — kBasumpocrasi IpyIia Takasi, 9To
E/Z(E) = L, u F*(N)/O,(N) = (S(N)/Oy(N)) o E. Beuay [11, Tabmuua 5| rpynna E uso-
mopdua L3(5), L3(17), Us(7), La(t) wm SLy(t). Ecou rpynma E usomopdua L3 (5), L3(17)
win Us(7), To no [10, tabuunst 8.3, 8.5] umeem Ay < E,| orkyja BBuY jieMMbl 5 rpymma N
coliepKuT dj1eMeHT nopsiyika 3r. [osyannu nporusopeune. Eciun E 22 Lo(t), To BBUILY JilemM 6
u 7 B rpynne G ectb 3nemenT nopsiika 3r. [osyunin nporusopeune. [lostomy E 2 SLa(t)
n t HEYETHO.

IIpemonoxkum, 4To r He mesur t. Scno, aro 3 gemut t2 — 1. Ecim 3 mesmur t — 1, o E
comepkut rpymmry ®pobenuyca suma T : 3, e T' — cuockas moprpynma mnopsjaka t B E,
OTKy/la BBHLY JIeMMbI b Tpymina N comepKuT sjeMenT nopsiaka 3r. [Toayauin nporusopedne.
[Mostomy 3 gesur ¢t + 1 u, ciepoBarenbHo, t > 7 — mpocToe 4ucyo u r audbo He jemut |F|,
6o siesut ¢ — 1 (mockosibKy rpyumna E uMeeT TOYHO OJMH KJIACC HUKJIMYECKUX MOAIPYIII
nopsiyika t + 1, a BepImuHbL r 1 3 HE CMEXKHBI).

[Ipeamosoxkum, uro r aeaur |E|. Torma r nequr t — 1 u s =t > 7. llyers R € Syl (E).
Mozxuo cuanrars, uro Cg(R) = (a). ITosromy Kaxaslii m-6;10k B Xapakrepos rpynns! £ nmeer
MUKIMIecKyto jiedpekTHyio rpynny D(B), nexaniyio B R, u, cjie0BaTe/IbHO, TOPSJIOK TPYII-
ust Ng(D(B))/Cg(D(B)) ne npesocxoqur 2. ITo teopeme [eiina [26, reopema 68.1] amcio
BepiuH jepesa Bpayspa Kaxk1oro r-06j10Ka XxapakTepos rpyunbl E pasuo 1 wiu 3 u, ciejgosa-
TEJIbHO, KaKJIblii HENPUBOJAMMBIN T-MOJLYJISIPHBIN Gpay’poB xapakrep rpynmnbl F coBnasaer ¢
OrpaHMYeHrEeM HEKOTOPOI'0 KOMILIEKCHOI'O HEIPUBOJAUMOIO XapakTepa Irpylinbl F Ha MHOMXKe-
crBo E|,s Beex r’-smementos sroii rpymmst. Ilycrs Vg — abcosorno HenpuBogumblit E-Moyis
C T-MOJLYJISIPHBIM OPay pOBBIM XapakTepoM (3, Ha KOTOPOM 3JIeMEHT I JeHCTBYET CBODOJIHO.
Torma BBuY JleMMbI 1 nMeem

p) +26(x)
3

Orcioma B(1) + 26(x) = 0. Ho 8 = X|p|, a1 nexoroporo x € Irr(E). Moxuo cuanrars,

dim Cy,(z) = = 0.

aro x = bHTV/3, U3 rabmmmer 1 jerko Bumers, urto lp(z) = 1, ¥(z) = —1, xe(z) = 0
ansa Beex k, 0y(z) pasuo 1 mpm | = +£1(mod3) m —2 npu [ = 0(mod3), & /a(x) = 0,
Mmy2(r) = (=1)#D/3 11, Hockomexy B(1) + 28(z) = 0, momygaem, uto t = 5 = r; 1po-
THBOpEYNe.

Takum obpasom, r ue jesut |E|. Torma |7(E)| = 3 u, cienosaresnbho, Beumy [6] numeem
t = s = 17. Kax/plii HeNPUBOAMUMBIN r-MOJLYJISIDHBINA GpayspoB xapakrep [ rpyunsl E coBna-
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JIQ€T ¢ HEKOTOPHIM KOMILIEKCHBIM HENPUBOIUMBIM XapakTepoM Ipyiibl F. Paccyxias, Kak B
npebLIyIneM ab3ale, Moy duM TPOTHBOPEYNe.

MTaK, MOXKHO CIUTATD, 9TO 7 esut ¢ u s we gemnt | S|. Tlosromy |7(E)| = 4. Vimeem t = 7!,
rnel=1uput=rul=2uput € {2549} Ipumenum sevmmy 8 pu k = 3. Ilycte K —
anrebpamnyueckoe 3aMbikanue 1mosist GF(r) u M(w) — rounstii Henpuoaumblii K E-Moiysib co
crapumM BecoM w = aw; (1 < a < t), HA KOTOPOM 3JeMeHT X nopsiaka 3 u3 E jeiicreyer
cBobomno. Ipemqmonosxmm, aTo a = Zé;h ajrj — r-aanveckoe paziioXKeHne anciaa a. [Tokaxkem,
yro a = 1l upu t = r u a € {1,r} upu t € {25,49}. IIpeanonoxum nporusuoe. Torma
1# a#r. o n. (1) nemmer 8 uncsio a HederHo. [TokaxkeM, UTO BBILOJIHSAETCS YCJIOBHE 1I. (2)
JIEMMBI 8 O CyIIEeCTBOBAHUY JIJIsI & HEHYJIEBOil Heno BrzKHOi Touku B M (w). Ecm ¢ € {25,49},
TO BBIOJTHUMOCTH ITOrO YCJIOBUSA IIPOBEPSIETCS HEMOCPEICTBEHHBIM TIepebopoM. Ilyers ¢ = 7.
Torna a = ap u 1 < a < r. Ilyctb d — ocraTok oT jeneHus Yucjia a Ha 3, T. €. a = 3¢ + d
JIJIsT HEKOTOPBIX HEOTPHUIATEIbHBIX Ieabix unces ¢ u d, tae 0 < d < 3. Ecan d = 0, To npu
b = ¢ nosyuaem, uro 3b = a, a —3b = 0 werno u (a — 3b)/2 = 0/2 =0 < ap = a, T
e. TIpoBepsieMoe ycjoBue BoinojHsiercs. Ecim d = 2, To npu b = ¢ nosy4gaem, uro 3b < a,
a—3b=2wuerno u (a—3b)/2=2/2=1< ay = a, T. e. IPOBEPsieMOE YCJIOBUE BbIIIOTHSIETCSL.
Wrak, d = 1. TlockoabKy a > 1 HEYETHO, MOJOKUTEIHLHOE YHUCJIO C YeTHO W, CJAEI0BATEILHO,
¢>1.Tornaa=3c+1=3(c—1)4+4 uupu b= c—1 noaygaem, uro 3b < a, a— 3b = 4 yerHo
u (a—3b)/2 =4/2 =2 < ap = a, T. e. UpPOBePsIEMOE YCJIOBHE BBILOJHSAETCA. [losydennoe
[pOTUBOpeYne ToKa3biBaeT, uto ¢ = 1l upu t = r u a € {1,r} upu t € {25,49}. Xopomuio
U3BECTHO, 4TO MOjyab M (wy) siBisieTcsi ecrecTBeHHbIM 2-MepHbIM K F-MopysieM, a MOJyJib
M (rwy) B cayuae t € {25,49} anrebpandecku conpsizke ¢ M (wy) HOCPEICTBOM CKPYYUBAHMUSI
®pobennyca. Beumy [27, npeoxenue 4.7] Bce 9TH MO/ ABJISAIOTCS 1/ -1OJTy PETYIISIPHBIMHE,
T. €. BCe HETPUBHAJbHBIE 7”'-3jIeMeHThl U3 F neficTBytor na uHux cBoboano. OTcona ciemyer,
9TO BEpIIMHBLI 7' U § He cMexkHbl B rpade ['(G). Hoayuwin nporusBopedne.

Teopema mokazana.
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Abstract. The Gruenberg—Kegel graph I'(G) (or the prime graph) of a finite group G is the graph such
that the vertex set is the set of all prime divisors of the order of G and two different vertices p and ¢ are
adjacent if and only if there exists an element of order pq in G. One of popular directions of researches in finite
group theory is the study of finite groups with given properties of their Gruenberg—Kegel graphs. In 2012-2013
the first author described finite groups with the Gruenberg—Kegel graph as for the group Aut(J2) and as for
the group Aio. The Gruenberg—Kegel graphs of groups Aig and Aut(J2) are isomorphic (as abstract graphs)
to the paw. The paw is the graph with four vertices whose degrees are 1, 2, 2, and 3. Generalizing these results,
we consider the problem of describing finite groups such that the Gruenberg—Kegel graphs of these groups
are isomorphic to the paw. In 2018 Kondrat’ev and Minigulov proved that if G is a finite non-solvable group
and the graph I'(G) is isomorphic to the paw, then the quotion group G/S(G) of the group G by its solvable
radical S(QG) is almost simple. Moreover, they classified all finite almost simple groups G such that the graphs
I'(G) of these groups are isomorphic to subgraphs of the paw. In 2022 Kondrat’ev and Minigulov described all
finite solvable groups such that the Gruenberg—Kegel graph is isomorphic to the paw. Moreover, they classified
finite non-solvable groups G, where the Gruenberg—Kegel graphs of these groups are isomorphic to the paw, in
the following cases: (1) G does not contain elements of order 6; (2) G has an element of order 6 and the vertex
of degree 1 of the graph I'(G) divides |S(G)|. In this manuscript we continue the investigation of this problem
and study its important new case of a finite non-solvable group G such that the Gruenberg—Kegel graph of
this group is isomorphic to the paw, where the vertex of degree 1 of the graph I'(G) does not exceed 3.
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Abstract. The present paper is the next in a large series of works devoted to the geometry of microweight
tori in the Chevalley groups. Namely, we describe the subgroups generated by a pair of 2-tori in GL(4, K).
Recall that 2-tori in GL(n, K) are the subgroups conjugate to the diagonal subgroup of the following form
diag(e,e,1,...,1). In one of the previous work we proved the reduction theorem for the pairs of m-tori.
It follows that any pair of 2-tori can be embedded in GL(6, K) by simultaneous conjugation. The orbit
of a pair of 2-tori (X,Y) is called the orbit in GL(n, K), if the pair (X,Y) is embedded in GL(n, K) by
simultaneous conjugation and it can not be embedded in GL(n — 1, K). Here n can take values 3, 4, 5
and 6. The most difficult and general case is the case of GL(4, K). In the article we describe spans in
GL(4, K), corresponding to degenerate orbits.

Keywords: general linear group, unipotent root subgroups, semisimple root subgroups, m-tori, diagonal
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1. Introduction

The present paper is the next in a large series of works dedicated to the geometry of
microweight tori and long root tori in the Chevalley groups that was announced in [1].
Namely we describe the subgroups generated by a pair of 2-tori in GL(4, K) corresponding
to degenerate cases in the sense below.

Recall that 2-tori in GL(n, K) are the subgroups conjugate to the diagonal subgroup of
the following form

{diag(e,e,1,...,1),e € K*}.

From the general theory viewpoint 2-tori are microweight tori corresponding to the funda-
mental weight wy in the extended Chevalley group of type A, _1.

In [2] we proved the reduction theorem for the pairs of m-tori. It follows from it that
any pair of 2-tori (X,Y’) can be embedded in GL(6, K') by simultaneous conjugation. We call
an orbit of a pair of 2-tori (X,Y") the orbit in GL(n, K), if the pair (X,Y’) is embedded in
GL(n, K) by simultaneous conjugation and it can not be embedded in GL(n—1, K). It follows
from the reduction theorem that n can take values 3, 4, 5 or 6.

(© 2025 Nesterov, V. V. and Zhang, M.
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The orbits of 2-tori in GL(3, K') coincides with the orbits of 1-tori and are described in [3]
(see also Lemma 1 [2]). The orbits and spans of 2-tori in GL(6, K') were classified in [2].
In paper [4] we described the orbits and spans of 2-tori in GL(5, K).

The case of GL(4, K) is the most difficult and requires cumbersome calculations. In [5]
we classified the orbits of 2-tori in GL(4, K). It turned out that there are more than 80 types
of such orbits. Of course in many cases pairs of 2-tori belongning to the different orbits have
the same span. However calculations of all spans take a lot of pages. So we divided their
into two papers. In this paper we treat degenerate cases, and in the next paper we consider
undegenerate cases.

The context of this problem and many references reader can find in the surveys [1, 6, 7]
and in the detailed introduction of [4].

The idea of this research belongs to wonderful mathematician and person Nikolai
Aleksandrovich Vavilov. The starting point of it was his work [3]. The next three papers
were written by N. A. Vavilov jointly with the first author. Unfortunately N. A. Vavilov
passed away. The authors are very grateful to him for setting the problem and numerous
inspiring discussions.

The authors are very pleased to publish this paper in the journal devoted to anniversary
of professor V. A. Koibaev. The first author met him in the early 90s and remembered him as
a very benevolence and responsiveness person.

2. Notation

This paper is a direct continuation of [5] and we use the same notation as before. But for
reader’s convenience we recall them here.

Let K be a field and K* = K\{0} be the multiplicative group of it. Further, G = GL(n, K)
is the general linear group of degree n over K. By D = D(n, K) we denote the subgroup of
diagonal matrices in G, and N = N(n, K) denotes the subgroup of monomial matrices in G.

The quotient group N/D is isomorphic to S,, the symmetric group on n letters. Denote by
W = W, the group of permutation matrices in G. We identify S,, and W, via the isomorphism
T+ Wy, where wy is the matrix whose entry in the position (7,7) is &; x;.

Let V = K" be the right vector space of columns of height n over K. Usually we identify
a matrix g € G with the corresponding linear map of the space K™. Here g acts on the left.
To stress that we are using this geometric viewpoint, in such cases we call elements of GG
transformations.

By e1,...,e, we denote the standard base of K™. Here e; is the column, whose i-th
component equals 1, whereas all other components are equal to 0. The dual space V* ="K
is left vector space of rows of length n. By f1,..., f, we denote the standard base of "K. It is
dual to ey, ..., e, with respect to the standard pairing, V* x V — K.

Denote by e;; a standard matrix unit, i. e. the matrix whose entry in the position (i, 7) is 1
and all the remaining entries are zeroes. Next, z;;(§) = e+ &e;j for{ €e Kand 1 <i#j<n
denotes elementary transvection. For given i # j we consider the corresponding unipotent
root subgroup X;; = {x;;(£),§6 € K}. The subgroup E(n,K) of G, generated by all X;;,
1 <i# j < n,is called the elementary subgroup of G. In case of the field, it coincides with
the special linear group SL(n, K).

Similarly, by d;(¢) = e+ (¢ —1)e;; we denote an elementary pseudo-reflection. For a given i
we consider the corresponding 1-torus

Q; ={di(e), e € K*}.
Clearly, GL(n, K) is generated by F(n, K) and Q.
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Let g € G. The largest subspace W < V, such that gl = id is called the azis of g.
Similarly, the subspace U = {gv —v : v € K"} is called the centre of g. Clearly, dimU = m
and dim W =n — m.

The elementary 2-torus Q = Qu,w, = {diag(e,e,1,...,1), e € K*} is defined by the
subspaces Uy = (e1, e2) and Wy = (f1, f2). It means, that elements of it are

do(e) =e+e(e—1)fi+ee—1)fa, ec€ K"

It is clear that
gQUngl = QgU,Wg*% g€ GL(TL,K)

Therefore any 2-torus (see [2]) is conjugated to the elementary 2-torus @). The elements
of an arbitrary 2-torus are the elements of the following form

d(e) =e+ui(e — vy +ug(e — 1)vg, €€ K¥,

where u; = ge;, v; = fig~t, 1 < i < 2, for some matrix g € GL(n, K). Thus each 2-torus is
completely determined by the subspaces U = (u1,u2) and W = (vy, va).

The subspace U is precisely the centre of Quw, in the sense of being the centre of every
d(¢) € Quw, € # 1. Similarly, the subspace W+ orthogonal to W < ™K with respect to the
canonical pairing "K x K™ — K, is precisely the axis of Quw , in the above sense. Oftentimes
we loosely refer to W itself as the axis of Quw .

Consider a pair of 2-tori X and Y with centers U; and Us and with axes W7 and W,
respictively. In paper [2] we introduce the following invariants for a pair of m-tori. r =
r(X,Y) = dim(U; + Us), s = s(X,Y) = dim(W; + Wa), p = p(X,Y) = dim(U; N W),
q = ¢(X,Y) = dim(Uy N Wji"). Clearly that in the case of orbits in GL(4,K) we have
2<rs<4,0<pqg<2.

If a pair of 2-tori (X,Y") in GL(4, K) has invariants r = s = 4 we refer to it as undegenerate
case and if at least one of invariants 7 or s less than 4 we refer to this pair as degenerate case. In
this paper we calculate spans of degenerate cases. In the last work we treat with undegenerate
cases.

3. Degenerate Cases

Let X, Y be 2-tori in GL(4, K) with centers Uy, Us and axes Wy, Wo, respectively. Choose
some bases in these subspaces, Uy = (uy,ug), Uy = (ug, uq). W1 = (wq,ws), Wo = (w3, wy).
In the previous work [5] we described all orbits (X,Y’) under action by simultaneous
conjugation: (¢Xg~!,gY g7 '), g € G. For this purpose we listed all bases (uy,us,us3,us) and
(w1, wy, w3, wy) corresponding to different orbits. Summarize these results in the next lemma.
Lemma 1. Let X and Y be 2-tori in GL(4, K). Assume that r = 2,3 and r < s, then the
orbit (X,Y’) is determined by one of the following bases.
Forr=2,s=2,
up = ey, uy = e9, wy = f1, we = fo,
1 1, ug = ez, w1 = f1, wa = fo (r252a)
uz = e1, ug = ez, wg = f1, wg = fo.
Forr=2,s=3,

up = ey, uz = ez, w1 = f1+ f3, wa = fo+Afs,

(r2s3a)
uz = eq, ug = ez, w3 = f1, wy = fo,

where A =0 or 1.
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For r =2, s =4,

up =eq, U = e, wy = f1+ f3, w2 = fo+ fu,

(r2sda)
uz = ey, ug = ez, w3 = fi1, wg = fo.
Forr =3, s=3,
up = ey, Uz = ez, w1 = f1+ f4, wo = fo+ Bf4, (1353a)
uz = e +e3, ug = ex + Aeg, w3 = f1, wy = fo,
where f € K, A\=10 or 1.
up = ey, ug = ez, wi = f1+af3, wy = fo+Bfs, (1353D)
uz =e1 +e3, ug = ez + Aez, wz = fi, wy = fo,
where \=0or 1, a € K*, f € K.
Forr=3,s=4,p=0,
uyp = ey, ug = ez, w1 = f1+afs+ fi, we = fo+ Bfs, (1354a)
uz = e1 +e3, ug = ez + Aez, w3 = f1, wy = fo,
where \=0or 1, € K, B € K*.
Forr=3,s=4,p=q=1,
up = e, Uz = e, w1 = f1+ Aifz+ fa, wa = fo+ AMAafs, (plqla)

uz = e + Agez, ug = e3, w3z = f1, wy = f3,

where Ao =0 or 1.

In fact there are other orbits. They are obtained in two ways from listed bases. The first
one is to consider a pair (Y, X) instead of (X,Y"). These bases (orbits) we denoted in [5] adding
prime ’. Tt is clear that the span (Y, X) is not changed. The second way is to interchange rows
and columns. In this case each set of bases with invariants (r,s), r < s, corresponds to a
new set of bases with > s. Then the new span (X,Y’) is obtained from old one by matrix
transposition.

4. Calculation Spans

In this section we prove our main results. They are listed in tables 1-3. Note that if the
field K = Fy a torus coincides with the identity matrix. Thus this case is excluded.

For the description of spans we use new notations throughout the rest of the paper.
X;;lkm = {z;j(M1€)xpm(e), € € K}, X?jfgﬁ%pq = {zij(716)Tpm (126)2pq(€), € € K}, Qij =
{di(e)d;(e), e € K}, where 74 € K*, t = 1,2. Note that we miss y; = 1.

In all calculations we have deal with the generators of 2-tori X = (z(¢), ¢ € K) and
Y = (y(n), n € K). The generators x(¢) and y(n) are constructed with the help of bases listed
in Lemma 1. Sometimes we consider the generators conjugated to them. By H we denote the
subgroup generated by z(¢) and y(n) H = (z(¢),y(n), ,n € K*).

As usually [g1, 92] = 919297 ! 9y ! denotes a commutator of two elements g; and gs. Also
put Z(Ea 77) = [1‘(8)7 Z/(U)L Zx(f—:, m, 0) = [2(87 77)7 1‘((9)], Zy(€7 m, 0) = [2(57 77)7 y(a)]

Now we are ready to formulate and prove our results. Note we do not write down the
spans corresponding to cases with r > s. The reader can do it himself using remark at the
end of the previous section.
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Theorem 1. Let X, Y be a pair of 2-tori in GL(4,K), K # Fs. Suppose that r = 2
and r < s, then up to simultaneous conjugation X and Y generate one of the following
subgroup H, listed in Table 1.

Table 1: For r» = 2.

base H
1 | (r2s2a) Q12
2 | (1283a), A=1 | Q12X13,23
3| (r283a), A=0 | Q12X13
4 | (r2sda) Q12X13,24

< (1) For the base (r2s2a), we obtain directly that H = Q2.
(2) For the base (r2s3a), the generators have the following form:

o6 =y (el (T ) o () ) = et
Straightforward calculation shows that z(e,n) = x13(—6p)z23(—Abp), Where 90 = (e—1)(n—1).
Then from the decomposition of z(¢) and y(n) we get that Qi2, X 23 13 < H. Finally, we
conclude that if A =1, H = Q12X1323.

(3) For the base (r2s3a), if A = 0, due to the previous argument, we obtain that H =
Q12X13.

(4) For the base (r2s4a), by calculating z(e,n), we directly deduce that the subgroups Q12
and X394 are contained in H. Thus we conclude that H = Q12X1324. >

Theorem 2. Let X, Y be a pair of 2-tori in GL(4, K), K # Fy. Suppose that r = s = 3,
then up to simultaneous conjugation X and Y generate one of the following subgroup H,
listed in Table 2

Table 2: For r =3, s = 3.

base H
1 | (r3s3a), A Q23 X14 X5 54 X12
2 (I"SSSa), = Q23X14X§4 24X12’13
3 | (r3s3b) a = 1 A=1 8=-1, CharK =2 Q13X12X13 X023
(r3s3b), a=-1,A=1,8=1
(r3s3b), a = 17 A=1,8=-1
(r3s3b), a #0,-1, A=1,8#0,-1,1+a+8#0,a+8=0
4 | (r3s3b),a=—-1, =1, 8= -1, Char K # 2 GL(2, K)
(r3s3b), a = -1, A =1, # —1,0,1
(r3s3b), « £0,—-1;, A=0,8#00r A=1,8=0
(r3s3b), « £0,—-1, A=0,8=0
(r3s3b), a # —1,0,1, A=1, 8= —1
(r3s3b), « £0,-1, A=1,8#0,-1,1+a+8#0,a+8#0
5 | (r3s3b),a=-1,A=8=0 Q13Q23X12
(r3s3b), a =—-1; A=0,8#00r A=1,8=0
(r3s3b), « £0,—-1, A=1,8#0,-1,1+a+8=0

< (1) For the base (r3s3a), a simultaneous conjugation by the element wjsowos leads to the
following generators:

z(e) = da(e)d3(e)waq (E — 1) T34 <M> ;o y(m) = da(n)ds(m)z12(n — Dz1s(A(n — 1)).

9 9
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Straightforward calculation shows that

z(e,n) = 212 (;—?) T13 <_;;760> T14 <M> 224(—00)z34(—560),

e

where 0y = (¢ —1)(n—1). Calculate a commutator subgroup generated by z(e,7n), we get that
Xuu < H.
Suppose that Char K # 2, then

e m)e <€’ 27777_ 1) o) (—2(5 ;771)_(? - 1)2> - <—2ﬁ(82—771_)(;7 - 1)2> 7

9t — 1)(n —1)2 oo — 1)1 — 1)2
z(s,n)z(s,Q—n):x12< 2(e 1)(77) 1) >m13< 2\(e 1)(?7) 1) >x14(*).

en(n — 2 en(n — 2
Suppose that Char K = 2, then

o 91 )\91
e e)xle 1 e+ m) =aulsjon <e2n(1 e+ 77)> o <€277(1 +et 77)> ’

renteds (o gt = e (i) = ()

where 61 = (e+1) (n(n+ 1) + £%(n + 1) + e(n* + 1)). In all cases the subgroups X§4724, Xf‘3’12
and X4 are contained in H. Thus we can conclude that if A =0, H = Q23X14X3B4724X12.

(2) For the base (r3s3a), if A = 1, due to the previous argument, we obtain that
H = Q23X14X§4,24X12,13'

(3) For the base (r3s3b), « = —1, A = 1, § = —1. Simultaneous conjugation by
wozwiari2(1) yields the following generators:

2(6) = dy(©)ds( )iz (125 ) s (2122 | y(m) = dum)ds(m)eas(n — 1),
g

€

If Char K = 2, the group (X,Y") is embedded in a group of upper triangular matrices, and
the generators have the following form:

1—¢

2(2) = dy (&)ds (£)ra ( ) - y(n) = dy(m)ds()ras(n — 1). (A)

e

en
(e + 1)(n + 1). By calculating a commutator subgroup generated by z(e,n), we get that
[z(e1,m), 2(€2,m2)] coincides with the subgroup Xis.
Calculate the following products:

dem)e(e. )z (8 ele + 1) ) e <(€ +1)(n+1D)(e+n)(2 + 1)) ea(s),

Tet+e24+n+en et+e2n+e2+4n

A direct calculation reveals that z(e,n) = x12(62)z13 <M) 93 <9—) where 6, =
n

1+e2+n+en) (e+D(n+1)(e+n)(2+1)
z(e,m)z(,€)z (5, cr1 = x23 20(1 + €2 + 7 + en) w13 (%).
From the above, we derive that Xjs, Xi3, Xo3 are the subgroups of H. Thus H =
Q13X 12 X13Xo3, if Char K = 2. We will consider the case of Char K # 2 below.
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e For the base (r3s3b), a = =1, A =1, 8 # 0,—1. Let 8 = 1, the action of simultaneous
conjugation by wiawisxz12(1) results in the generators given below:

e—1

2(e) = dy(e)da ()2 ( ) L ) = dy(n)ds(m)zs(n — 1),

Applying the similar arguments as to that for generators (A) yields that H = Q13X12X13Xo3.
e For the base (r3s3b), « = 1, A = 1, § = —1. Conjugating this base by the element
wiawizr12(1), we have new generators

1—¢

o) = du(@d(ehona (25 ) . vl = da()da(n)aaln - 1),
Similar to the generators (A), we obtain that H = Q13X12X13X03.

e For the base (r3s3b), @ # 0,—1, A =1, 8 #0,—-1, 1+ a+ 5 # 0. Let a + 5 = 0.
Conjugating the generators by the element wazwi2x21(—1)z12(1) produces the following new
generators:

a(l —¢)

2(e) = dy ()3 ()2 ( ) L) = dy()ds(m)as(n — 1),

An argument analogous to that for generators (A) shows that H = Q13 X12X13X03.
(4) For the base (r3s3b), « = —1, A = 1, 8 = —1. Suppose that Char K # 2, 3, conjugating

the original base by the element $12(—%)w12$12(1), we get the new generators

2(1—¢)

2(e) = dy(e)da () ( ) L) = dy()da(m)zza(n — 1),

Fore #1,n#1, 2, (6,1/2,n) = 223 (—=3(c — 1)e(n — 1)) . We get that X3 is contained in H.
It follows from the decomposition of z(¢) and y(n) that X3, Q12 < H.

Define a map ¢ : Q12 — {diag(a,1): a € K*} C GL(2,K) by ¢diag(a,a,1,1) =
diag(a,1). It is easy to see that ¢ is a surjective and injective homomorphism. Moreover
(X392, Xo93) = SL(2,K). In fact, ({diag(a,1): a € K*},SL(2,K)) = GL(2,K), therefore
(X32, Q12, X23) = GL(2, K). Finally we obtain that H = GL(2, K), if Char K # 2, 3.

If Char K = 3, the original generators become the following form:

2'(€) = dy(€)da(e)z13 (@) 23 <@) :

y'(n) = di(n)da(n)zsi(n — D)zs2(n — 1).

Conjugating this base by the element z12(1)wi2712(1) we get new generators

e—1

z(e) = di(e)dz(e)w23 ( ) o y(n) = di(n)dza(n)zs2(n — 1).

Put P(e,n):x(e)y(n)x(%%).For2+6+77+677750, 142 +n+2n#0,0#1,

we have

(2en+e+2n+2)(e(2n+2)+2n+1)

2 2 9
(P(e.n), P(2,0)] = 235 (25 (0> +2) (20 + 1) + 2 (2 +2) (9”)).
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It follows that X3o is contained in H. Then we extract the subgroups Xo3 and @12 from the
decomposition of generators. Finally, we conclude that H = GL(2, K'), when Char K = 3.

e For the base (r3s3b), « = —1, A = 1, g # 0,—1. Let 8 # 1. Conjugate by
Z’Qg(%)%‘gg(%)dl (5)w13x12(%). Thus the generators become the following:

(B-1(-1)
Be

Now suppose that Char K # 2. Let § # % For € # 1, n # 1, it follows directly from

calculation that 9 1 1 1
o) o (D)

2(e) = dy(e)da () ( ) Ly = d)ds(mas(8 — 1), (B)

Let 8 = %, put

Fean) = 2y (e S EEZ I
’ Y\ l+e+n+en

4 <(€77+€—77+1)(877+€+77—1)>d < 4e3n )
! 4e2p 3 (en+e—n+1)(en+e+n-—1)

(e2=1)(n—1*en+e—n+1)(e*n—e*+2en+2e+n—1)
X 31 .
16en2

Then we have [f(e1,m), f(e2,m2)] = X31.

In the case of characteristic 2, z; (¢, 8(8 + 1),&) = z31 (e(e + 1)2/8) .

Next, from the decomposition of the generators we get that the subgroups X3, Xs;
and Q23 are contained in H. Similarly, we conclude that H = GL(2, K).

e For the base (ﬁr3s3b), a # 0,—1, A =0, 8 # 0. A simultaneous conjugation by the

element w13w12x21(a)x12( — %) leads to the following generators:

Ble—1 aln—1
z(e) = da(e)ds(e)ws (%) » y(n) = da(n)ds(n)zis % -
An argument similar to the generators (B) gives that H = GL(2, K).
e For the base (r3s3b), a # 0,—1, A = 1, § = 0, conjugating by the element z13(1)was,
we can extract the subgroups @13, X12 and Xo; and then H = GL(2, K).
e For the base (r3s3b), a # 0,—1, A =0, 5 = 0, the generators have the following form:

ale —1)

z(e) = di(e)da(e) 13 ( ) ;o y(n) = di(n)da(n)zsi(n —1).
The similar calculations to the generators (B) yield H = GL(2, K).

e For the base (r3s3b), o # 0,—1,1, A = 1, f = —1. Performing conjugation by
xlg(ﬁ)xgl(l — a)wegwiaxi2(ar) gives rise to the generators listed below:

(o~ (e~ 1)

e

z(e) = di(e)ds(e)wsz ( > . y(n) = di(n)ds(n)zas(n — 1).

Now suppose that Char K # 2. Let a # %, for the element 6 € K, we have

7a_17

2 <g e e) = 235 (20— 1)e(e — 1)(0 — 1)) .
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Let a = %, after similar calculations to the case 8 = % of the base (r3s3b), a = —1, A =1,
B # 0,—1, we have the subgroup Xo3.

Assume that Char K = 2, z, (6, =T 6) = T30 (6(6 + 1)2) . Thus in all cases, it follows that
X39, Q13 and Xo3 are contained in H.

e For the base (r3s3b), « # 0,—1, A =1, 8 # 0,—1, 1 + a + 8 # 0. Under condition
a+ B # 0, conjugate this base by the element ﬂ:23( - a’%ﬁ)xgg(ﬁ%)‘)dl(ﬁ)wlgxlg( — %)

We have new generators

(a+B)(e—-1)

z(e) = da(e)ds(e)rs < Be

>,ma=@@@@mw%—n»

Similar to the generators (B), we can conclude that Xi3, Q23 and X3; are subgroups of H.

(5) For the base (r3s3b), « = —1, A = § = 0. With the help of simultaneous conjugation
by wi2x12(—1)wes, the generators of the group X and Y have the following form:

ma:@@@@,mm:mm@wmﬁﬁgﬁ.

We calculate directly that z(e,n) = z12(—(e — 1)(n — 1) /e), it follows from the decomposition
of the generators that the subgroups (013, X125 and Q23 are contained in H. Finally we can
obtain that H = Q13Q23X12.

e For the base (r3s3b), « = —1, A\ = 0, § # 0. Conjugate this base by the element
x13(—B)wazraz(—1)x12(5)wiswses. Then we get a new base

(a—1)(e—1)

e

mazm@@@mdi ) y(n) = dy(n)ds ()23 () — 1),

Then z(e,n) = wo3 ((e —1)(n —1)/e). We consecutively get that the subgroups Qi2, Q13
and Xs3 are contained in H. Then under conjugation of the element wi3ws3, we have that

H = Q13Q23X12.

e For the base (r3s3b), « = —1, A\ = 1, § = 0. Conjugate this base by the element
wiaT12(—1)x13(1)wes. Then we get the same generators as in the base (r3s3b), a = —1,
A=p=0.

e For the base (r3s3b), a #0,—1, A =1, § #0,—1, 1+ a+ = 0. Simultaneous conjuga-
tion by z13(—1 — a)za1 (1)z13(1 + a)di (—1 — @))wizz12(125) yields the following generators:

M@Z@@%@,Mmzﬁw%@m4;%§-

Direct calculation shows that z(e,n) = =12 ((¢ —1)(n —1)/e). We consecutively get that
the subgroups @13, Q23 and X5 are contained in H. Finally we can conclude that H =

Q13Q23X12. >

Theorem 3. Let X, Y be a pair of 2-tori in GL(4, K), K # Fy. Suppose thatr = 3, s = 4,
then up to simultaneous conjugation X and Y generate one of the following subgroup H, listed
in Table 3. In cases (4) and (5) below, we also suppose that K # Fs.
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Table 3: For r =3, s = 4.

base H
1| (13s4a), a = =1, A =10, #0 XY X14X 353,04
2 (r3s4a), o = O, A= 1, [‘3 =1 Q12Q23X13X24
3 | (13s4a), a #0,—-1,A=1,8#0,—-1,1+a+8=0 XY X14 X155 04
4 | (r3sd4a), a=0,A=0,8#0 Q13X132,34X23X17:>,?24X14

(r3sda), a = -1, A=1, 8= -1, Char K =2

(r3sda), a = -1, A=1,8=1

(r3sda), a =1, A=1,8= -1

(r3sda), a #0,—-1, A=1,8#0,-1,1+a+8#0,a+8=0
5 | (r3sda), a #0,—1, A =0, 3= —1 GL(2, K)X24

(r3sda), a =0, A =1, 8#0,-1

(r3sda), a #0,—1,1, A=1, = -1

(r3sda), a #0,—-1, A=1,8#0,-1,1+a+8#£0,a+8#0
6 | (r3sda), a=—-1,A=1, 8= -1, Char K # 2 GL(2, K)X14

B

7| (r3s4a), a=—-1,A=1,8%#0,—-1,1 CL(2, K) X5y 4,
8 | (plqla) Q12Q23X24

< (1) For the base (r3sda), « = —1, A = 0, 8 # 0. Conjugate this base by the element
wi2231(—1). Then the generators of the group X and Y have the following form:

z(e) = di(e)ds(e) w12 (5(%_1» T13 <@> T23(1 — €)w24(e — 1)z3a (1 ; €> ,

y(n) = di(n)d2(n).

For e, # 1, we have

z(e,m) = x13 <_§90> 14 <%€_1)> 23 (%) 24 <_?90> )

where 0y = (¢ — 1)(n — 1). We find that z, (e,n,—1/c) = x13(803)x23(—03)x24(03), where
03 = —(e2 —1)(n—1)/e. It follows that X1Bi_2§24 < H. After it we get X14. Since Y commutes
with X{353 54, we conclude that H = XY X14X}5 53 04-

(2) For (r3s4a), A = 1, « = 0, § = —1. The generators obtaining after conjugation by
xog(—1)x34(1)wa3(—1)z14(—1)232(1) 221 (—1)w13 are as follows:

o) = b h(e), vl = (el () (1)
For e,n # 1, we have z(g,n) = z13(—(e = 1)(n —1)/e) 224 ((e = 1)(n —1)). Put fi(e,n) =
z(e,m)y ((en —n+1)/e) . We have that [fi(e1,m1), f1(e2,72)] = X24. Next we get X;3. Finally,
we conclude that H = Q12Q23X13X24.
(3) For the base (r3sda), A=1, a #0,—1, 8 #0,—1, 1 + a + 8 = 0. Conjugate this base
by the element wa3zzaes(—1)wiaxi2(1). Then the generators of the group X and Y have the
following form:

z(e) = di(e)ds(e)r12 <—w> T34 (6 ; 1) ;o y(n) = di(n)dz(n)zas (nT_1> :

3

Simple calculations show that

“(en) = 213 (M) - ((1 +alle— 1)90> - <—_90> oot (—_%) |
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where 0y = (¢ — 1)(n — 1). Moreover, we put fi(e,n) = z(e,n)y((en—n+1)/e). And
[fi(e1,m), f1(e2,m2)] equals Xi4. Next we get X11§T2°‘3724. Finally, we conclude that H =
XY X14 X555 04-

(4) For the base (r3s4a), a = 0, A = 0, 8 # 0. Simultaneous conjugation by wa3zwi2 leads
to the following generators:

o) = dr(@)a(er (P Yo (S5F) o) = sty 1)

Performing the straightforward calculation, we obtain that z(e,n) equals

z12(—B00)z13 <ﬁ60(1 el = 1))> T14 <M> 93 <_€—;970> T4 <—?90> z34(—00),

en €

where 0y = (¢ — 1)(n — 1).
Next, suppose that Char K # 2,

[2(5777)7 Z(Ev 3— 77)] = .%'13(594)1‘24(—94), [2(5777)7 2(7775)] = 1‘14(,865),

where

(e = 1)? (2n® — 99 + 13n — 6) p 2(e = 1)%(n — 1)%(s — n)
’ 5 = .

e(n=3)n en
Take ¢ # 1, # 1,1,2,3, & # . Hence for some § € K*, z13(—/36)z24(0) and 214() lie in H.

On the other hand, for n # 1,2, %,

x z13(—Bq1(g,n))w24(q1(g,m))714(q2(2, 1)),

where g1 (e,7) and ga(e, n) are rational functions which have pole at point = 1. But we know

04 =

that Xl_?)ﬁ o4 and Xy are contained in H. Hence we can extract the elements of the groups

Xlﬁ2734 and Xo3, after it we get the whole groups.
Let Char K = 2. Then

(2(e ) 2o 1+ )] = 219 (—M) (ﬂ) |

e(n+1) e(n+1)
en B B (*(n+1) +en* +n+1)
[2(6,77),Z<6—|—1,8+1>} —5614< + 0% )

One readily calculates that

2

5
z(e,m)z <€ +1, ﬁ) = 212(806)234(06)13(—Bg1 (€, 1)) w24 (91 (€, 1)) w14 (92 (€, M),
where 0 = (n+1)(€€21173f1+ UL (e,m) and ga(e,n) are rational functions which have poles at

points ¢ = —1, n = 1 + 2. Take arbitrary ¢ and 7 except for e +n4+1=0,c =1and n =1,
we get all elements of the group X162734.
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For € # 1, en +n+ 1 # 0, multiplying z(e,n)z <€ +1, %) by suitable elements from
(n+1)(e+n+1)
en(entn+1)
e+n+1=0andn =1, we get the subgroup Xs3. In all cases we get the subgroups X162734,
Xog, Xifm, X14. Finally, we conclude that H = Q13X{32734X23X;3)7624X14.

e For the base (r3sd4a), « = —1, A = 1, § = —1. If Char K = 2, conjugating this base
by the element wogwiaz12(1), the group (X,Y’) is embedded in a group of upper triangular
matrices, and the generators have the following form:

Xl_gﬁ o4 and Xy4, we can get an element x93 < ) . Take arbitrary ¢ and n except for

o) = v (el (2 ) aae (7)o v = a1

The generators are special case of the base (r3s4a), « =0, A\ =0, 8 # 0. Let 8 = —1, we obtain
that H = Q13Xf2}34X23X13724X14, if Char K = 2. We will consider the case of Char K # 2
below.

e For the base (r3s4a), « = —1, A\ =1, 8 #0,—1. Let § = 1. Conjugation by the element
wazwiax12(1) leads to the following generators:

o) = dr(@a(elon (T ) oae (S ) v = a1

The generators are special case of the base (r3sd4a), « = 0, A = 0, § = 1, we have that
H = Q13X12,34X23X1_;£24X14-

e For the base (r3s4a), a # 0,—1, A =1, f§ = —1. If @ = 1, conjugating this base by the
element wogwiar12(1), the group (X,Y) is embedded in a group of upper triangular matrices,
and the generators are special case of the base (r3sda), « =0, A\ =0, f #0. Let § = —1, we
obtain that H = Q13X13724X14X23Xﬁ134.

e For the base (r3sda), o # 0, —1, )= 1,8+#0,—1,1+a+8 # 0. If a+ 3 = 0, conjugating
by wegwioxe1(—1)x12(1), the generators become the following:

o(6) = r@s(@arn (=T Yors (L2 (T51) 0 vta) = dntaeatn — )

Direct calculation yields that z(e,7) equals

12(af) 215 (—a@o(l +e(n — 1))> . <Ho(a(5 —-1)+ 5)) . (—5_70;0> on (—THO> 2a1(—00),

en €

where 6y = (¢ — 1)(n — 1).
Suppose that Char K # 2. Calculate the following product:

(o)) o () e (252).

we get that the subgroup X{; 5 is contained in H. Then for € +n # 3, € # 1, we have
« «@
2| ——e ),z | —
a—+ 17 ) a—+ 1 1

. <90(n—6)>x <90(77_6)>x 0o (£ — 3e — 1 + 31?)
e (a+1)en 24 ala+ 1)en 1 (o +1)2en ’
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Multiplying the product [z(ai_i_l, 6) , z(ai_,_l, 77)] by suitable elememt of X755, we get the whole
group Xy4. For € # 2, -2, ¢ # 3a/(3a + 2), we have

o) () e () e ()

- <(€— 1)(3a(e — 1)+28)> . <2a(5— 1)> . <_M> |

(e — 2)e? (e —2)e (e —2)

Multiplying the product z(a, ﬂ)z(s el

€ ' e—2
extract an element of the subgroup sz?‘34. Next, multiplying z(e,7n) by suitable elements of

) by suitable elements of X7}, and Xi4, we can

X345 X14 and XT5 o4, We extract an element x93 ((¢ — 1)(n — 1)/en) . From the decomposition
of y(n), we get the subgroups Q13 and Xos.

Note that the characteristic of the field plays role only in extracting the subgroup X1_26,¥34?
for this reason for Char K = 2 it is sufficient to show that X 1_2?‘34 is contained in H.
In fact, multiplying the product z (e, %) z(s + 1, %) by suitable elements of X5,
and X4, we can extract an element of the subgroup X1_2(,X34- Therefore we conclude that
H = Qi3 X153 X14 X023 XT3 4, if a + 5 = 0.

(5) For the base (r3sda), o # 0,—1, A =0, § = —1. The generators are as follows:

o) = di@a(eran (= Yons (S ) (F25) ) vla) = et - )

3

Now suppose that Char K # 2, o # —%. Then z, (5, O‘T‘H, 77) equals
1+ 2a)ef 2a0 + 1)ef 0p(1 — 2ae — ¢
713 ((2a + 1)690) Z14 <(¢> x93 <_Q> T24 ( 0( . )> ’

« « «

1T at+1 \? 4o(1 — 1) 4(1 —n) A(n—1)
o <2a+1’7’"> :“3( 20 + 1 )”“4( 20+ 1 )””3( 20+ 1 )
It follows that X1_3?é1’4_é3 is contained in H. Multiplying z, (5, pra, 77) by suitable element from
X;fl’;é:s, we can get an element g4 (—60(20 + & — 1)/a?) . Take € # —1/(2a+ 1), we obtain
all elements of Xo4.
Suppose that a = —%, direct calculation shows that

1 2
- (5’ 3’”) = 213(1 = n)714(2 = 2n)x23(=2 + 21),

1
-1
therefore X 5%, 55 < H. Calculate the product:

Zx (E, 3, 77) 1‘13(—2560)1‘24(—4560)1‘23(4890) = .%'24(—4 (282 — 3+ 1) (77 — 1)),

where 6y = (¢ — 1)(n — 1). Take ¢ # , we get all elements of Xo.
In the case of characteristic 2,

1 1 &2 1 0 0 0
Zx (57 ot 7”) Zx <€ + 17 ot ) = +277 - ) = 213 <_2> Z14 <_2> 23 <_2> )
(6% (6 13 g (6%5) (673

where 62 = (e +1)(n+1). It follows that X7}, o3 is subgroup of H. Multiplying 2, (e, O‘TH, 77)
by suitable element from X75,, .3, we get an element of the subgroup Xss. From the
decomposition of the generators, we consecutively get Q13 and X3;.
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Now describe the subgroup <Xf3714723,X31>. Put t(e) = x13(e)z14 (6/ ) 223 (¢/ @), s(n) =
x31(n). Note that the elements ¢(g) and s(n) lie in H. Consider the map ¢ from the group
generated by t(¢) and s(n) to SL(2,K) defined by ¢(t(c)) = zi12(¢), ¢(s(n)) = za1(n).
It is clear that ¢ is a surjective homomorphism. Thus (t(¢), s(n),e,n € K) is isomorphic to
Ker¢ »x SL(2, K).

We set w(€) = t(&)s(—£1)t(€), h(§) = w&)w(1)~!. It is clear that

Ker ¢ = (w(€)t(e)w(—£)s(§ %), M(ER(OMET(T), & (€ K¥).

Direct calculation yields that Ker¢ = Xo4. Then we get <Xf3)?";%3,X31> is isomorphic to
SL(2, K) X94. Therefore we conclude that H = GL(2, K) Xa4.

e For the base (r3sda), « = 0, A = 1, 8 # 0,—1. Conjugating by z12(1) results in the
generators given below:

z(e) = di(e)da(e)r13 (ﬁ(t 1)> T14 (t 1> o3 <M> ;o y(n) = di(n)dz(n)zsi(n—1).

3

A minor variation of the argument of the base (r3sda), o # 0,—1, A = 0, § = —1 establishes
that H is generated by the subgroups ()12, Xo4, X371 and Xfé,ﬁz:s,m' Further we consider
the subgroup generated by a pair of subgroups Xs3; and Xfé,ﬁzzs,ma a similar argument for
(X31, X{3s.14) vields that H = GL(2, K)Xa4.

e For the base (r3sda), a # 0,—1, A =1, § = —1. Let o # 1. Suppose that Char K # 2,
a simultaneous conjugation by the element x12(1) leads to the following generators:

x(e) = dy(e)da(e)z13 <w> T14 <€ ; 1> 723 <1 ; 8) ;

y(n) = di(n)da(n)zs(n — 1).

For o # %, n € K*, straightforward calculations show that z, (6, p— 77) equals

w(5en) = () = (G )

1 a ’ Ala =1 —-1) A —1) A —1)
Zm<2a—1’a—1’n> _“3(_ 2% — 1 M T 20 -1 )" 201 )
where 0y = (¢ — 1)(n — 1). It follows that Xllgfligé < H, then from the decomposition of the
generators and z, ((a — 1)/a, €,m) we obtain Q12, X31 and Xo4. Straightforward calculations

show that H = <Q12, Xll?:fz;;’, X3, X24> = GL(Q, K)X24.

%, simultaneous conjugation by x12(1) yields the following generators:

Suppose that o =

o6 = du(@)da(etona (1= oue (S ) am (F55) . wlo) = et (- )

The calculation straightforwardly gives that z, (—1,e,1) = x24(4(e — 1)(n — 1)). Put

_ —en—e+n+1 _ —en+e—n+1
f(am)—w(&‘)y( BV O >x(n)7 9(e,m) —y(a)w< D+ 1) )y(n)-
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Multiplying [f(e,n), f(n, )] and [9(g,m),9(n,€)] by suitable element from X4, we get the

elements from X3; and X13 14 23- Thus we can conclude that H = GL(2, K)Xo4.
In the case of characteristic 2, we have

r(e,n) =z e —— = z13(ebh) =02 x 02 x e+ 1)0,
1) = Za ,a+1,?7 = 213 (eV2) T14 ar1) "B\ arq) (@+1)?2)

0 (o S ) <o () 2 (i) = (e )

where 0y = (e +1)(n+1), 07 =c(n(@ +1)+60+1) +n(n+1)(0 + 1). We get the subgroup
Xll?'f {)‘4723, after it we get that X3; and ()12 are contained in H. In all case we can conclude
that H = GL(2, K)Xo4.

e For the base (r3sda), a # 0,—1,
conjugating this base by the element xgg(
have the following form:

z(e) = dy(e)dz(e)was < ple—1) > ( Cha:) (6_1)>ﬂ?34 <€;1>,

y(n )—d2( )ds(n)x13(B(n — 1)).

Suppose that Char K # 2, when o + 3 # —5, we have
z 87(1_{_5_{_1 z 7@%—5%—1 =2z O x %
) a‘i‘ﬂ ) 7, a‘i‘ﬂ — 431 ,8 34 (X‘i‘ﬂ )
(Eare) = (@] = (255)
Oé—{—ﬁ—Fl’ ) a+5+1777 13 ()é—{—ﬁ’

where g = (¢ — 1)(n — 1)(2ac + 28 + 1)(e — 1). When a + 8 = —3, we put

LB#0,—-1,1+a+8#0Ifa+ B #0,
) 2 (%57 ) 5)10133312( %), then generators

Ll
m‘m

—&2n? +e? —2en -2+ —2n+1
flesn) =z (&,

e(e2n? —2e2n+e2 —2en—2e—n%+1)

_ en+e—n+1
9(8777) - Zy <€77/]7 877+€+77— 1) .
Calculations [f(e1,m), f(g2,m2)] and [g(e1,m1), g(g2,7m2)] result in the subgroups X;3 and

1
X151
In the case of characteristic 2, fore #n, 0 = (¢ +1)(n+ 1),

[( a+5+1> ( a—i—ﬂ—l—l)}_ (0(5+77)> <9(5+77))
zZ\éE, a—l—ﬁ 2\ M, a—l—ﬁ = T31 ,8 X34 Oé‘i‘ﬂ )

(G55e) = ()| = (57
a+p+1")" a+5+1’77 B\ Taxs )

Therefore, in all cases it follows from the decomposition of the generators that the subgroups
atB

X1z, Qo3, )(31534 and Xo4 are contained in H. As previous arguments, the subgroup

a+p
<X13,X31{’34> is isomorphic to SL(2, K), and then we obtain that H = GL(2, K)Xa, if
a+p#0.
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(6) For the base (r3sd4a), « = —1, A =1, § = —1. If Char K # 2, 3, new generators become
the following form:

z(e) = dy(e)ds(e)x12 (1 ; 6) Z34 (6 ; 1> 32 <@> )

y(n) = di(n)dz(n)zaz(n — 1).

Due to straightforward calculations, we find that

(LY o] = (29 s (20 (40
T 3,2’ ) n — 412 3 34 3 32 3 3
—6 36
2y (2,€,m) = 214 <—20> 23 <—27;)> ;

1 1

where 6y = (¢ — 1)(n — 1). It follows that XS;E?)Q is contained in H. We consecutively get
Q13 and X3 from the decomposition of the generators. Further, we can extract an element
of X4 through multiplying z,(2,e,n) by suitable element from Xs3. Hence for some 6 € K*,
we may get the whole group Xi4.

11
Now describe the subgroup <X122’7342’32,X23>. Consider a map ¢ from the subgroup

generated by t(¢) and s(n) to SL(2, K) defined by ¢(t(e)) = xas(e), ¢(s(n)) = xs2(n). Note
that t(e) = z32(e)z12 (5) 234 (—5), s(n) = wa3(n). A straightforward calculation shows that
Ker ¢ = X14. Therefore we conclude that H = GL(2, K)X14, if Char K # 2,3.

If Char K = 3, the original generators become the following form:

2'(e) = di(e)da(e)z13 <2(%_1)> Z14 <€ ; 1) 723 <M> ;

3

y'(n) = di(n)da(n)zsi(n — 1)zs2(n — 1).

Conjugating this base by the element woszwi2x12(1) we get new generators

2(2) = dy (£)ds(e)71s <@> - <€ - 1) T3 <€ - 1) ,

y(n) = di(n)dz(n)zaz(n — 1).

Due to straightforward calculations, we find that z, (¢,2,7) = 214(2(2e +1)(2+n)). It follows
that X4 is contained in H. Put

_ (en+2e+2n+2 2e+ 20 +2)

Calculate the commutator

o (25h)] <o ()

Thus we obtain the subgroup Xo3. It follows that from the decomposition of the generators
we extract the subgroups X122734732 and Q3.

Now describe the subgroup <X122734732,X23>. As above argument, we may get
<X122734732,X23> is isomorphic to SL(2, K)X14, and then conclude that H = GL(2, K)X14,
when Char K = 3.
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(7) For the base (r3sda), « = =1, A =1, 8 #0,—1. Let 8 # 1, suppose that Char K # 2.
New generators are obtained with the help of conjugation by dy (5)w13x12(%). Then

z(e) = da(e)ds(e) w2 (%) T34 (6 ; 1) :

B-Dm-1)

3

y(n) = da(n)ds(n)zi2 < ) z13(B(n — 1)).

When § # %, for the element n € K*, by straightforward calculation, we see that

1 B8 2 4 —1) 4n—1)
() =on (H2) (1)

o (55 ) o (5 () ) ().

where 6y = (¢ — 1)(n — 1). It follows that Xo; 34 < H. Note that we also get X9 34, when
Char K = 3. In fact, when Char K = 3, we have

Z( 1 3 9>2_ <9—1 0—1
© 2ﬁ+2’—ﬁ—1’ =21 —ﬁ—i—l T34 —ﬁ—i—l .

B=1
Then from the decomposition of the generators we obtain Q23 and X, 13- After it we have the

B st B
subgroup XQIA;§4. Straightforward calculations show that <X21,34,X12ff13> o SL(2,K)X214’7§4,

B
and finally we conclude that H = GL(2, K) X, 3.

Suppose that § = %, a simultaneous conjugation by the element wisd; (%)w13$12(2) leads
to the following generators:

o) = dr(@b(elo (T ) owe (F25) v = st (57 ) o (15

We have z, (—=1,7,0) = x14(=2(n — 1)(0 — 1))z34(—2(n — 1)(6 — 1)). Put
B R A WP T L)
fem) —w(a)y< =1 ) ), g(e,n) =y(e) <(€_1)(n+1)>y(n)-

Multiplying [f(e,n), f(n,€)] and [g(e,n), g(n,€)] by suitable element from X434, we get the
elements, 1‘21(99)%’23(—69), .%'12(—(910)1‘14(910), where

(en —1)% (2 = ?) o Aen =12 (P )
e—Dee+ D —nn+1) " (e=Dee+1)(n— Lnn+1)°

Take e,n # —1, en # 1 and €2 # n?, we may get all elements of X2_1}23 and X1_2%14. From

Oy =

the decomposition of the generators, we get that Q13 and X1_2}34 are subgroups of H. And
<Q13,X1_2%34,X2_1}23> = GL(2, K)X14,34. Thus we can conclude that H = GL(2, K)X14,34.
In the case of characteristic 2, we use the following generators:

o) = da(e)b(elem (T ) ().

B-1)n-1)

e

y(n) = d2(n)ds(n)z12 ( > z13(8(n —1)).
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Then we have

_ g+1 _ 02 B0 ) 62
r(e,n) = 2y Tagan = T12 ; 13 m T24 m T34 F )

e +e+n0+n+n0+n\ 02(0 + 1) BOs(60 + 1)
(e+ 1) - ef o1 (B—-1)eb )’

r(n,0)r (5,

_B_
where 6 = (e + 1)(n + 1). We get the subgroup X@;ﬁ, after it we obtain X134 and Q23
_B_ B
are contained in H, and <Q23, Xo1.34, X1%Tf2> >~ GL(2,K) 214_754. Thus we can conclude that

B8
H = GL(2, K) X573,
(8) For the base (plqla). Put

g1 =wi2, g2 =x12(—1)zu(Hwiz, g3 =wiez13(1), g1 = x14(—1)223(1)z12(—1)W12.

We have four cases depending on the value of X\;, ¢ = 1,2. (I) Ay =0, A2 = 0, (II) A\; =0,
Ao =1, (IIT) Ay = 1, A2 = 0 and (VI) \y = 1, Ay = 1. We conjugate the corresponding
generators by g1, g2, g3 and g4 respectively, and get the new generators, which are upper
triangular matrices. Then we calculate commutator subgroup z(e,7n) generated by new
generators z(¢) and y(n). Moreover, it follows from the decomposition of z(¢) and y(n) that
in all cases the subgroups (12, Q23 and Xs4 are contained in H. Thus we conclude that

H = Q12Q23X24. >
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[MOArPYIIILI, ITIOPOXKAEHHBIE ITAPOI 2-TOPOB B GL(4, K). 11
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AnHorauud. /lanHas craTbs SBJISETCS O9epeIHONl paboToil B OOJIBIIIOM IUKJIE PabOT, ITOCBAIIEHHOM I'e0-
MeTpUM MHUKPOBECOBBIX TOpOB B rpymmax IlleBasure. A mMeHHO, MBI ONKCHIBAEM IOJIPYIIIBI, IOPOXK/EHHBIE
napoii 2-ropos B GL(4, K). Hanmomaum, uro 2-ropamu B GL(n, K) aBIsi0TCS NOAPYIIIBL, CONPS?KEHHBIE JAATO-
HAIBHOM noarpynme suja diag(e, e, 1,...,1). B oquoii u3 npeapaymumx paboT Mbl I0KA3aJI1 TEOPEMY PELyKIIUU
JUIst mapbl m-TopoB. 13 Hee ciemyer, uTo jrobasi mapa 2-TopoB MoxkerT ObITh BiioxkeHa B GL(6, K) omHOBpe-
MeHHBIM conpsikernem. Opburta napsr 2-topos (X, Y) masesaerca opburoit B GL(n, K), ecan mapa (X,Y)
BriagpiBaercss B GL(n, K') ofHOBpeMeHHBIM colpsikeHneM u He BriaisBaercs B GL(n — 1, K). 3aecs n mo-
JKeT NpUHUMATh 3HadeHus 3, 4, 5 u 6. Haubosee cnoxxHbpIM 1 06muM cirydaeM siBiasiercs ciydait GL(4, K).
B macrosmeii pabore onmcanbt nopoxaennsa B GL(4, K), coOTBETCTBYIOMME BBIPOXKICHHBIM OPOUTAM.

KuroueBble cjioBa: MojiHast JIMHEWHas! TPYIIa, YHUIIOTEHTHAST KOPHEBasl MOArPYIIA, MOJIYIIPOCThIE KOP-
HEBBIE [TOJIIPYTIIILI, 7M-TOPbI, JUANOHAJILHBIE TOIPYIIIIbIL.
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70-nemuro B. A. Kotibaesa noceawaemcs

Amnnoranusi. Pabora oTHOCHTCS K IPUMEHEHUSIM KOHEUHBIX TOJIeil K MYHKINN Jiljiepa U3 TEOPUH IUCEI.
C 1OMOIIBIO MOHSATUSI HOPMUPOBAHHOTO HENPUBOIUMOIO MHOIOYJIEHA 3aJIAHHOW CTENEeHU HaJi KOHEYHBIM
nojiem Fy TOJyHueH HeKOTOpBbIii aHasor mspectHoro cooromenns laycca 3, ¢(d) = n. Baecs ¢(k) —
apudnmernyeckas QyHKIMA Diljiepa, 3HAYEHNE KOTOPO# PABHO KOJIMYECTBY Yuces psaja 1, 2, . .., k, B3auMHO
pOCTBIX ¢ YucyoM k. st pOpMyJIMPpOBKY U JOKA3aTEIbCTBA AHAJIOIA 9TOI0 COOTHOIIEHUS UCIIOIb3yeTC st
DSLJL IOHSITUI M [PEIBAPHUTENbHBIX PE3YJIBTATOB M3 TEOPHHM MHOIOYJIEHOB HaJl KOHEYHBIM ImosieM Fy u3 ¢
3j1eMeHTOB. VIMEHHO K HUM OTHOCHATCS TIOHSITHS HOPMUPOBAHHOI'O HEIPUBOIUMOIO MHOTOYJIEHA OT OJHOMN
nepeMeHHOi Haj mosieM Fy M n-KpyroBoro MHOrowieHa (Qyn(x) Haj JIIOOBIM IIOJIEM HEHYJIEBOI XapakTe-
puctuku. Kpome TOro, CymecTBEHHO MCIIOIB3YETCs TaKXKe MOHATHE Nopsaka Muorownena f(x) € Fglx],
COTVIACHO KOTOPOMY HAMMEHBINEE HATYPAIBHOE YHUCIO €, Jyisi Koroporo muorodsieH f(z) memmr z€ — 1
B Kosblie Fy[z] ects nopsiiok muorowiena f(x). Ilpu arom Ha siBHOi opMyJie n-KpyroBoro MHOIOYJIEHA
Qn (), a TakKe HA BCIIOMOraTEJLHOM DPE3YJIbTATE IS IUC/I8 HOPMUDPOBAHHBIX HEIPUBOIMMBIX MHOIO-
anenoB f(z) € Fy[x] cremenm m m 3aJJaHHOTO MOPSIKA € OCHOBAHBI JIOKA3ATEIHCTBA OCHOBHBIX HOBBIX
pesysbraroB. OCHOBHBIME U3 HUX SIBJISIOTCsE bopMydia auist aucia Ng(n) HODMUPOBAHHBIX HEIPUBOJMMBIX
MHOT'OYJIEHOB CTEIIeHH M, & TaKKe aHaJjor cooTHomeHus [aycca s dyHknun Diiepa.

KuroueBrble cjioBa: KOHEYHOE 110J1€, HOPMUPOBAHHBIN HEIIPUBOAMMBIN MHOTOYJIEH, TIOPSI/IOK MHOTOYJIEHA,
TN-KPyroBOil MHOrO4IeH, pyHKIus Ditaepa.

AMS Subject Classification: 11T55.

O6pasern; uurupoBanusi: Ilayes V. M., Tox6aesa A. A. O npuMeHeHUSX KOHEIHBIX MOJIEH K (DyHKIUN
Sitnepa // Biagukaek. mar. )xypH.—2025.—T. 27, Bour. 3.—C. 120-126. DOI: 10.46698 /m2155-1449-8044-d.

BBenenue

Koneunbre nosist 60J1ee 1ejieHalIpaB/IeHHO CTaJd U3ydaTbcst B HadaJsie XIX Beka. Ho eme

JIO 9TOTO € pasHbIMU moaxogaMu (cM. [1, 2]) OCHOBBI TEOPHU KOHEYHBIX I1OJIEl OBLIN 3aJI07KEHbBI
B paborax [aycca u Taaya. (em. [1-3]).

BCJIG,H 3a 9TUM BBEI€HUEM MU3JIOZKEHBI BCIIOMOTr'aTe/JIbHbIEC PE3YJ/IbTaThl: JIEMMbI 1-5. I3 nnx

B sleMMe 1 Jaercs siBHast GOpPMyJIa Jist n-KpyroBoro Muorodiena Q,(x) max mogem K memy-
JIEBOI XapaKTEPUCTUKU, [IPUA STOM TaKOH MHOIOUIEH 3a/aeTcsd hopMyJIoit

n

© 2025 ITages VY. M., ToxGaesa A. A.
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rje £ — 1epBoobpasHbIil KOpeHb n-ii crenenyn u3 equHuIbl Haj nojueM K, npudem deg @ () =
o(n), rue p(n) — byakuus Dilepa.

B semme 2 naercst dopmyiia miist npoussejenust J(q, n; x) BceX HOPMUPOBAHHBIX HEIIPHBO-
JIMBIX MHOIO4JIEHOB Fy[x].

JleMMBI 3-5 HEOCpPEICTBEHHO HCIOJIB3YIOTCS B JOKA3aTeIbCTBAX TeopeM 1 u 2, sBJIsio-
IIUXCsI OCHOBHBIMU pe3yJibTaraMy Halleil paboThl.

113 mux B Teopeme 1 gaercst HoBast (popmyia st quciaa Ng(n) HOpMHPOBAHHBIX HEIIPUBO-
JMBIX MHOIOYJICHOB CTELIEHU 7 HaJ| KOHEUHBIM I0JeM Fy.

BosHEKaeT BOIIPOC: CyIIECTBYET JIM KaKOfi-HUOY/ b AHAJIOr U3BECTHOIO cooTHOIIeHus [aycca
Jutst pyHKIWK Diijiepa U3 TEOPUU YKUCEJI, HO C MEHBIIUM YHCJIOM CJIaraeMbiX?

[TostoxKuTebHBIN OTBET Ha TAKON BOIIPOC JaeT TeopeMa 2, B X0/le JI0Ka3aTesIbCTBa KOTOPOIt
IOJIy Y€ TaKzKe HOBbIH BbIBOZ, (bopmyist st Ny (n) (mpyroit criocob cu. B [4, 5]).

1. BcnomMmorarejbHbIE pe3yJibTaTbl O MHOI'O4YJieHaX Hald KOHE€YHbIM IIOJIEeM

OcnosHuele IIOHATHA, OTHOCAIIMUECd K MHOTOYJIEHAM HaJl KOHEIHbLIM ITOJIEM JaHBLI BO BBEIe-
HHUM. HOSTOMY Cpa3y IIepexo/iuM K M3JIOZKEHHUIO BCIIOMOTI'aTe€JIbHbBIX CPEJICTB, UCIIOJIb3YEMbIX B
JO0Ka3aTe/JIbCTBaX OCHOBHLIX PE3YJ/IbTaTOB.

JIemma 1 (o siBHO#i opmysie n-Kpyrosoro muorowstena). st monss K xapakrepucruku
p > 0 u HATYpPAJILHOI'O N, HE AEJSIIErocsi Ha P, N-KPYTOBOH MHOTOWIEH 3a1aeTCsT (DOPMYJIOLt

Qn(z) =[] <xd N 1)#( ) _ l—[ <md ~ 1>u(d) |

dln

al3

e p — pyuknus Mebuyca.

< JlokazaresbCTBO CM. B [6], Tie OHO OCHOBAHO Ha PA3/IOKEHUH

" —1= HQd(x)
dln

C TIOCJIEJIYIOIIUM [IPUMEHEHUEM K 9TOMY PaBEHCTBY MYJILTHIIMKATUBHOIO BAPUAHTA (DOPMYJIBI
obpamenuss Mebuyca. >

Jlemma 2. IIpoussenenue J(q,n;x) BceX HOPMHPOBAHHBIX HEIPUBOJUMBIX MHOIOYJIEHOB
CTeIleHH N U3 KoJIbIja MHOrO4IeHOB Fy (x| 3amzaercs popmyiroi

Tz =] (=" - x)”(%) _ <xq(3) _ x> ,

din din

e p — ¢yskmnus Mebuyca.
< Hokazaresnscrso cM. B [6]. >

[Tostesno u corepyoree npejcrasierue Jyist J (g, n; ) B pa3ioKeHHOM BHJE Yepe3 KPyro-
Bble MHOI'OYJIEHDI.
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Jlemma 3. /lirst narypasibHOrO umcaa n > 1 uMeer Mecto popmyiia

Jamiz)= [ Qmla),

m|gn—1

rie Qm(x) — m-kpyropoii MHOro4en HaJ 1ojem Iy u mnponssesienme bepercst 1o BceM Ha-
TypaJIbHBIM JAeJUTe/IsIM M, ducaa ¢ — 1, JJIsT KOTOPBIX N SIBJISIETCST IIOKa3aTeIeM, KOTOPOMY
HPHHAIJICXKAT THCIO ¢ IO MOIYJIIO M.

< JlokazaresbcTBo cM. B [6]. >

Jlemma 4. /lis npoussenenust J(q,n;x) BceX HOPMHPOBAHHBIX HEHPUBOJUMBIX MHOI'O-
9/IEHOB CTEIeHH N U3 KOJIbLia MHOIOYIeHOB Fy|x] crpaBesinBo cooTHOIIeHHe

J(q,n;x) H (xq%—x) =

I ()

d|n,
p(d)=1

e p — ¢yskmnus Mebuyca.

< B cuny slemmbr 2 nmeem

J(g,n;x) = H <mq%—x>71 H (xq%—x).

d|n, dln,
pu(d)=-1 wu(d)=1

a3

YMHOXKas Terepb 06e YacTh TOr0 PABEHCTBA Ha Ipou3BejeHue | | <mq — x) , TIOJTyIaeM

H <xq%—x>.>

d|n, dln,
p(d)=1

JIemma 5. Yuc/i0 HOpMHPOBAHHBIX HELIPHBOAUMBIX MHOIOYIEHOB u3 Fgylx] crenenn m u
w(e)

HOpsIKA € PABHO © =, ecyi e =2 2, a I — I0Ka3aTeslb, KOTOPOMY HNPUHAJJIEKUT TUCJIO ¢ 10
MOJLYJIIO €, PABHO 2, ecjid M = € = 1, 0 paBHO HYJIIO BO BCEX OCTAJbHBIX CJIyYasX.

< JlokazaresbcTBo cM. B [6]. >

OrmeTnM, 9TO K JIAHHOW 4acTu Halleil paboThl UMEIOT HEKOTOPOe OTHOIIEeHHE IyO/rKa-
nuu [7-13|, B wacTHocru, B |7] ZOKa3aHO ACHMITOTHYECKOe passioxenme st 4ucyaa Ng(n)
HOPMHIPOBAHHBIX HEIPHBOIMMbBIX MHOTOUJIEHOB CTEIEHH 1 HaJ mojeM [,

2. /Toka3aTeJbCTBA OCHOBHBIX PE3YJIBTATOB

B sT0it yacTu Hameil paboTbl pemaeTcs BOIPOC, IOCTABJICHHBIN B KOHIE BBEJICHUS, OTHO-
CHTEJIbHO CYIIECTBOBAHMsI aHAJIOTa COOTHOMIeHHIO Laycca s GpyHKImu Diiiepa.

Teopema 1. Yucio Ny(n) HenpuBOAUMBIX HOPMHPOBAHHBIX MHOIOYJIEHOB CTEIIEHH N
B Kosbrie Fy|x] onpenesiercs ¢popmyitori

3 o(e)
NQ(n) = n
elg" -1,
¢ #1 (mod e),
1<m<n

r1e CyMMHPOBaHHE MPOBOJHUTCS 110 TeM YHCJIaM e, Jiisi KoTopbix ¢ # 1 (mod e) mpun 1 < m <
n; ¢ — QyHkus iepa.
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< Tak kak Bce HOPMUDOBaHHbIE HENIPUBOAMMbIEC MHOI'OYJIEHBI CTEIIEHW 71 Ha/l IIOJIEM Fq
MOXKHO pa36I/ITb Ha I'pylIiibl MHOTOYJIEHOB C 3aJJaHHBIM ITOPAIKOM €, TO, IPUMEHAA K K&)K,ZLOI?T
TaKOI I'PyIiIie jJieMMy 3 1 3aTeM CYMMHUDPY II0 BCEM BO3MO2KHbBIM 3HAYC€HUAM €, IIOJIyIUM

¢(e)
NQ(n) = Z n )
elg"—1,
g™ #1 (mod c),
1<m<n

rae ¢ # 1 (mod e) npu 1 <m < n. >

Teopema 2. Ilycts ¢ — cTemeHb MPOCTOrO YHCI&; N — MOKAa3aTeab, KOTOPOMY UHCJIO (
NIPUHAJJIEXKAT 110 MOAYJIO €. Torima uMeeT MecTo COOTHOIIEHHE

> ple)=> uldygi,
dln

elg"—1,
g™ #1 (mod c),
1<m<n
e o — Gyukimus Jiepa; p — yakius Mebuyca; cymMmupoBaHue B JI€BOH YaCTH MPOBOJUTCS
IIo TeM 4ducjiaM €, 110 KOTOPbIM YHCJIO  IIPUHAJIE2KUT IIOKa3aTe/IlI0 1 110 MO YJIIO €.

<0 Bocrosbayemes temmoit 3, cormacuo koropoit J(q,n;x) = [[ pigno1, Qm(), vae

q°#1 (mod e),
1<s<n
Qm(z) — m-Kpyrosoit MHOro4IeH HaJ 10jeM Fy, Ipu 9TOM HIpOU3BeJeHne GepeTcs Mo BeeM
HaTypaJbHBIM gejuTeisiMm m uucia ¢" — 1. Ilpumensis Kk obenmM 9acTsM 3TOTO COOTHOIIIE-
nusg deg, 6ygeM UMeThb
deg J(g,n;2) = deg [[ Quml(2).

m|gn—1

Bocrionbayemcs ere jieMMoit 4, COrJIacHO KOTOPOit

Orcro/ia HEMTOCPEICTBEHHO CJIeIyeT

deg J(q,n;x) = Z deg (xq

a3

—x) - Z deg (xq% —x)

d|n, d|n,
p(d)y=-1 w(d)=1 (1)
= > qi— Y qi= ) udgi+ Y udgi=) u(dqgi.
dln, d|n, d|n, d|n, d‘n
p(d)=1 p(d)=—1 pu(d)=1 pu(d)y=-1

Teneps Borancisiem takzke deg I(q,n;z) no nemme 3. Vimeem

degI(q,n;x) = deg H Qm(x) = Z deg Qm(x) = Z w(m).

¢°#1 (mod e), q°#1 (mod e), ¢°#1 (mod e),
1<s<n 1<s<n 1<s<n

Teneps u3 (1) u (2) ciaemyer yrBep:KaeHHe TeOpeMbl 2. [>
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[Ipusesen npumep K pesynbrary Teopembl 2 B ciydae ¢ = 3, n = 4. Cnavana naxomu
2ogai(d) - 3@ = p(1) - 34 4+ 1(2) - 3% 4 p(4) - 3 = 72. Teneps BLIUHCTEM

> ple),

e|3t-1,
q™#1 (mod e),
1<m<n
rjie CYMMHPOBaHUE [TPOBOJIUTCS 1O JjiesinTeisM ducya 80, 0 KOTOPBIM YuCI0 3 OyJeT NpUHaI-
JIEYKATD TOKA3ATENIO 4 TI0 MOJYJIIIO €.
Omnpeensiem gucia e, 1y KOTOPbIX g5 1 3™ # 1 (mod e) npu 1 < m < 4.
N3 Beex nemureneit 80 HAIMM YCIOBUSIM OYJIYT YAOBJIETBOPSITH TOJIBKO CJIELYIOIIAE TUCTIA:

e1 =5, eo =10, e3 = 16, e4 = 20, e5 = 40, eg = 80. Torma

> ple) = 9(5) + 9(10) + (16) + ©(20) + p(40) + (80) = 72.

el3*—1,
™ #1 (mod e),
1<m<n

BHa“II/IT7 JJIA O6eI/IX CYMM II0JIy9a€eM DaBHbIE 3HAYECHUA.
CpaBHEM TIOJIyYeHHOE 3HadeHne ¢ cooTHommenneM [aycca st byHkimn Dittepa. Nmeem

> p(d) = 80.

d|80
3HaYUT,
dpd)— > ed) =5,
d|80 d|80,
g™ #1 (mod e),

1<m<n
HO IIPU 3TOM BO BTOPOM CyMMe MEHBIIE CJIaraeMbIX, YeM B IIEPBOil CyMMe.
Bapepliiasi U3JI0XKEHHEe Halleil paboTbl, OTMETHM €Ille, Y4TO MMEIOTCS TaKyKe HEKOTOPHIE
[PUJIOYKEHWsI TEOPUU KOHEUYHbIX 1oJieil Kk kpunrorpadun (cm. [4, 15, 13]).
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Amnnoranus. ['pynny, MopoxK/1eHHYIO TpeMsl HHBOJIIOIUSIMHY, JIBE MX KOTOPBIX II€PECTAHOBOYHBI, HA30BEM
(2 x 2, 2)-nopozxknennoii. I3BecTHo, uTO CnenuaibHas JuHelHas rpynna S Ly (Z + iZ) HaJy KOJIbIOM IEJIbIX
rayccoBbIX 4uces Z+17Z (coorBeTcTBeHHO ee hakTop-rpymna 1o uenrpy PSLy(Z+iZ)) ssasiercs (2% 2, 2)-
IIOPOZK IEHHO} TOTI1a M TOJIBKO TOI/Ia, Koraan = 5 un # 6 (coorsercrBeHHo Korgan > 5). flcHo, 1ro obias
suneiinas rpynna GLy(Z + iZ) e saBisiercs (2 X 2, 2)-IOPOXK/IEHHO, IOCKOJIBKY B HEll €CTh MaTPHILI C
OIpeIeInTeIeM, OTJIMYHBIM OT +1, a ompeuesuressb 060l ee maBosomuu pasen +1. M3BecrHo Takxe,
uro rpymna PGLy(Z + iZ) sisnsiercst (2 X 2, 2)-1I0POXK/JEHHON TOTJja U TOJIBKO TOIJa, Koraa n = 5 u 4
He jesuT n. B naHHO# craThe 3ama4a 0 (2 X 2, 2)-I0POXKIEHHOCTH PACCMATPUBAETCS JUUISL I'PYIIIIbI MATPULY,
GLE? (Z+1iZ) c onpenemuresnem 1 Ha KOJBIIOM IIEIBIX ayCCOBBIX YUCEN U €€ (PAKTOP-TPYIIIBI IO [IEHTPY
PGLEY(Z +1i7).

KuroueBrblie ciioBa: o0mas 1 TPOEKTUBHAS JIMHEIHbIE TPYIIIIbI, KOJIBIIO IEIbIX IayCCOBBIX UUCE, IIOPOXK-
Jlaolye TPOUKU MHBOJIIOIUN.

AMS Subject Classification: 20H25.

O6pasern uurupoBanusi: [[lanmnosa T. B. O mopoXKIeHUU HEKOTOPBIX MATPUYHBIX IPYIII TPEMs WHBOJIIO-
[USIMU, JBe U3 KOTOPBIX IIepecTaHoBO4YHbl // Braaukask. mar. xxypu.—2025.—T. 27, sem. 3.—C. 127-135.
DOI: 10.46698 /a1967-7824-2561-m.

1. BeeneHue

[M'pymiy, TOpOXKIEHHYIO TpeMsI WHBOJIIOIUSIMHE, JIBE UX KOTOPBIX IIEPECTAHOBOYHBI, OyIeM

HasbIBaTh (2 X 2, 2)-nopoxjaennoit. Kiace Takux rpynn 3aMKHYT OTHOCHTEIHLHO TOMOMOD-
HBIX 00pPa30B, €C/IU IO ONPEIE/ICHUIO eIUHIIHYIO I'PYIIy CINTaeM TaKOBOW M HE UCKJIIOTIaeM
COBIIQJICHUS JIByX WA BCEX TPeX WHBOJIIOIUM.

B paborax |1, 2] mokazana (2 X 2, 2)-110pOXK I€EHHOCTD [IPOEKTUBHOI ClIeIMaIbHOM JTMHERHOM

rpyuibl PS Ly, (Z+147) Haj KOJIbIOM HeJIbIX TayCCOBBIX unces Z+iZ nupu n > 7. PasmepHoctu
n < 6 pacemorpensl B |3, 4]. Okasasoch, uro cruenuasibHas jguselinas rpyuna SLy(Z + iZ)

(coorsercrBenno PSL,(Z + iZ)) Torga u TOIBKO TOrAa sABIsleTcst (2 X 2, 2)-II0POK ICHHOIA,

# Pabora nojyepana KpacHOSPCKIM MaTeMaTHH9eCKUM HMEeHTPOM, dbuHaHcupyeMbiM Munobprayku PO,

corstamenue Ne 075-02-2025-1790.
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korjia m = 5 u n # 6 (coorBercTBeHHO KOrjia n > 5). flcHo, uTo obias JinHeiHasi rpyma
GL,(Z+iZ) ne sisnsiercsi (2 X 2, 2)-1M0POXKIEHHOH, [IOCKOJIbKY B Heil €CTb MATPHIIBI C OIIpe/ie-
JIITesIeM, OTJIMIHBIM OT £1, a onpejesmressb 1060l ee unsosonun paser +1. B [5] nokazano,
uro rpyuna PGL,, (Z+ iZ) Toraa u TOJIBKO TOIJA MOPOXKIAETCs TPeMsl MHBOJIIOIUSIMU, JIBE U3
KOTOPBIX [IePECTAHOBOYHBI, Korja n > 5 u 4 He jenur n. B manHoii crarbe 3aia4a o (2 X 2, 2)-
ITOPOXKJIEHHOCTU PACCMATPUBAETCS JIJIsl TPYIIIBI MaTPHIT, GL%I(Z +47Z) ¢ oupenenuresem +1
HaJ[ KOJIBIIOM IIEJIbIX TayCCOBBIX YUCE U €€ (PaKTOP-T'PYIIILI IO IEHTPY PGL,fl(Z +4Z). do-
KazaHa TeopeMa.

Teopema. a) IIpu n = 2,3,4 rpynnor GLEY(Z + iZ) w PGLEY(Z + iZ) we aprsaiorcs
(2 X 2, 2)-110pOXKICHHBIMH.

6) pun > 5, uckmowas GLEY(ZAiZ), rpymmst GLEY(Z44Z) w PGLE (Z+4iZ) ssasmorcs
(2 X 2, 2)-110pOXKICHHBIMU.

Bormpoc o (2 X 2, 2)-1I0pOK I€HHOCTH TPYIIIBI GLGil(Z—i—iZ) 0oCTaeTCst OTKPBLITBHIM. OTMeTHM
TAK2Ke, 9TO U3 JOKA3ATETHCTBA TEOPEMbI MOXKHO TOJIYIUTh MOPOXKIAIOIIIEe TPONKH HHBOJIIO-
1uii, JBe U3 KOTOPBIX I€PeCTaHOBOYHbL, jijisd rpyiubl PSL,(Z 4+ iZ) npu n = 4k +2 > 10 u
st rpynnbl S Ly, (Z + iZ) nupu n = 4k > 8, cM. 3aMedaHue B KOHIIE CTATbH.

2. Ob6o3HaveHnsT 1 PEeABAPUTEIbHbIE PE3YJIbTAaThI

SadukcupyeM B BUJE JIEMMbl YTBEPXKJIEHNE, KOTOPOE HEIIOCPEICTBEHHO CJIE/IyeT U3 OIpe-
nesiernst (2 X 2, 2)-TI0pOXKIEHHON TPYIIIbI, YKA3AaHHOIO BO BBEJICHUU.

Jlemma 1. Kiacce (2 X 2,2)-10pOK/I€HHBIX TPYIII 3aMKHYT OTHOCHTEIEHO TOMOMOD(DHBIX
06pa3oB.

Hastee uctosib3yem ciiejrytorue 0b03HadYeHns: U coKpateHusi: K — KOMMYTaTUBHOE KOJIbIIO
¢ epuuuneit 1, (M) — noarpynna, HOpoXkK/JIeHHAsI HEIyCTBIM MHOXKeCTBOM M U3 Kako#-sn6o
rpynnsl, Z + iZ — KOJBIO IEJBIX TayCCOBBIX uwnces, I, — enuHuvHas MaTpuiia CTENEHU 1,
a eps — (n x n)-marpuia ¢ 1 Ha nosunuu (7, s) ¥ HYJISIMH B OCTAJIBHBIX MecTaX. MaTpuiipl

trs() = En +xeps, r,s=1,2,...,n, r#s, x €K,

HA3LIBAIOTCS AAEMEHMAPHBLMU MPAHCEEKUUAMY, KOTOPbIe MBI Oy/IeM Ha3bIBATH IIPOCTO TPAHC-
BEKIUSMH.

L1t colpsizKEHHOTO 3jIeMeHTa M KOMMYTaTOpa JIOOBIX JBYX 3/JE€MEHTOB U3 I'DYIIIBI, HC-
nosn3yem cokpamenus a’ = bab~! u coorsercrsenno [a,b] = aba"b7!.

[Tonoxxum

trs(K) = {trs(k) : k€ K}, r,s=1,2,....n, r#s,

7 3aUKCUPYyEM MaTPHUIIBI-IT€PECTAHOBKU:

00 -~ 001
1 00
0 1 000
p= : :
00 100

o
o
o
—_
o
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0 0 0 1 0 0 1 0
0 O 010 0 0 1 0
0 0 1 0 Lo oo
T: . , 7-,: . . . . .
T . oo 0 1 0 0 O
o1 --- 0 00O 1 0 0 0 O
10 --- 0 0O 0 O 0 0 1

Jlemma 2 [5|. Ilycrs d — auaronaJsibubtii saement rpyiisl G Ly (Z 4 iZ), p — marpuiia-
mepectaHoBKa, coorsercrByiomast mqukay (12...n). Torga s moboro j = 1,2,...,n — 1
noarpymma M, nopoxiennast qByms TpancBexipsMi tiq1;(1), tj115(1) 1 MoHOMBAIBHBIM iTe-
merTOM dp, conepxkutr SLy(Z +iZ).

3. JlokazaTebCTBO OCHOBHOII TeOpeMBbI

Cuayuait n = 2. Cymecrsyer romomopdusm rpynnbl GLo(Z + iZ) ua rpyuny PSLo(9)
[5, . 147]. Tlockombky uaeke noarpynmsl GLEY(Z + iZ) & rpyune GLy(Z + iZ) pasen 2,
a rpynna PSLo(9) npocrast, To cymecrByer roMoMOPGhU3M TPYIIIbI GLZil(Z + iZ) ua rpyniy
PSLy(9), npudem neHTp rpyIibt GLZil(Z—l—iZ) JIEXKUT B sijipe 3Toro romoMopdusma. [Tosromy
PSLy(9) rakxe siBiisieTcst FOMOMOPGHBIM 00PA30M IDYIIIIbI PGLQﬂ(Z—i—iZ). Ipynma PSLy(9)
He systercst (2 X 2, 2)-nopowaennoii [6]. Crenosaremsno, no semme 1, rpyrmsr G Ly (Z +i7)
u PGLEY(Z 4 i7) ne GymyT (2 X 2, 2)-10pOXK TCHHBIMH.

Cuy4aii n = 3. ®akrop-koibio (Z+iZ)/I 1o uneany I, mopoxKIeHHOMY 3J1leMEHTOM 141,
uzoMopdHO nosto nopsizika 2. ITosromy cymecrsyer romomopdusm g rpyunst GL3(Z4i7) na
rpymty SL3(2). Cresosarensuo, u pr(GLEY(Z +iZ)) = SL3(2). TlockobKy HenTp rpyiib
GLgEl(Z +4Z) nexur B sigpe romomopdusma @y, 1o SL3(2) Takke sBIISETCS TOMOMOPQHBIM
obpasom rpymiet PGLEY(Z + iZ). Tpyuna SL3(2) ne smmsercs (2 x 2,2)-noposxaentoit [6].
[Mosromy, B cuiy Jjemmbl 1, He OyuyT (2 X 2,2)-HOPOXK/IEHHBIMA T'DYIIIIbI GL?jfl(Z +iZ) u
PGLIN(Z +iZ).

Cay4ait n = 4. Tak xak rpynna SL4(2) ne saBusiercst (2 X 2,2)-nopoxaentoit [6], mo-
KazaTenLeTBO TOro, uto rpyunsl GLIYN(Z +iZ) u PGLTY(Z + iZ) we smsores (2 x 2,2)-
HOPOXKIEHHBIME, AHAJOIMIHO KaK U pu n = 3.

Cayuaii n = 6. I'pynnst PGLEY(Z+iZ) u PSLEY(Z+4iZ) usomopdubi B cuiy pasencTsa

B pabore [4] ycranosiiena (2 X 2,2)-mopoxKJIeHHOCTb IPYIIIIbL PSLGil(Z + iZ), 3HAUUT TAKOM
OyzeT u rpymnmna PGL%H(Z +1iZ).

Cuy4ait HederHoro n > 3. B cuny [4| rpynna SL,(Z + iZ) ssnaserca (2 x 2,2)-mo-
poxgennoii. [lycrs rpynma SL,(Z + iZ) nopoxaaercss MHBOJIONUSAMEI «, [3, 7y, TE€PBbIE JBE
U3 KOTOpBIX IepectaHoBouHbl. Tak kak SL,(Z + iZ) coBuagaer co CBOUM KOMMYTAHTOM,
TO 10 JiemMe 2 u3 [6] oHa HMOpOXKaeTcsi Mapoil 9JIEMEHTOB — WHBOJIIONUENH ( U MPOU3Bejie-
mueM fBvy. Unnexe SL,(Z +iZ) 8 GLEYZ + iZ) pasen 2. Ilosromy GLEY(Z + iZ) nopox-
JIQ€TCsl MHBOJIIOIUSIME (v, — (3, —7, TIepBble JIBE U3 KOTOPBIX IEPECTaHOBOYHbI. [leficTBuTe b
Ho, SL,(Z +iZ) = (o, Bv) < {a,—p,—7) u det(—p) = det(—y) = —1 B cuiy HeveTHO-
cru n. Mosromy GLEYZ +iZ) = (o, — B, —7). Takum obpasom, noarpynmna GLEYN(Z + i7Z)
siBsisiercst (2 X 2, 2)-nopoxkienHoii. CiieoBarenbHo, (2 X 2,2)-10poxK/IeHHON OyieT u rpyiia
PGL:YZ +iZ), no nemme 1.
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Cayuaii n = 4k. [Tokaxkem, 9To MaTpuinbl «, (3, 7y, HepBble JIBe U3 KOTOPBIX II€PECTAHO-
BOYHEI, OpoKAatoT rpymny GLEYZ +4i7Z). Iycrs M = (o, B,7), e

1 0 00 0 0 00
1 -1 0 0 0 0 00
0 0 —1 0 0 0 00
0 0 1 0 0 00
a = s : N
0 0 00 1 0 00
0 0 00 0 =1 0 0
0 0 00 0 0 -1 1
0 0 00 0 0 01
0 0 0 0 —i
00 0 —i 0
00 i 0 0
5= | ,
0 1 0 0 0
1 0 0 0
0 0 01 0
0 0 100
=11 00 0
10 000
0 0 00 1

[IpecraBum MaTpuiisl ¢, 5, v B KOMIIAKTHOM BHUJIE U B JAJIbHEIIIEM OyIeM UCIIOJIb30BATh
3TO IIpPeJCTaBJIEHUE MATPUIL;:

o = t21(1)t7g(1) diag(l, —1, —1, 1, ey 1, —1, —1, 1),
g =diag(1l,...,1,—i,...,—i)7,

v =T,

rjle MATPUILL T U {1 TaKue ke, Kak B naparpade 2. [Tomoxkum Takzxke
eta = By = diag(—i,...,—i,1,...,1)u.

Torna
o'l =tp1(i)ts2(1) diag(1,1,-1,-1,1,...,1,—1,—1),

o = ty5(1)t1a(1) diag(—1,1,1,—-1,—1,1,...,1,—1),
[, @] = t31 (= 1)tn—11(3),

<[Oé, 0/7]0/72)2 = t32(—i)t41 (1)t42 (i)tn_l 2(—1),

0 = (([a,a”]a”2)2>n = ty3(—1)t52(1)t53(1)tn3(—1),
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[0, o, @] = t41(i)t51(—1)tn1 (),
[, [0, [, @"]]] = tn-11(d),
[ev, [0, [, @]]7 = tan(1),
& = |10 o) [, 6 [, a"])° | =t (=),
" = t3a(—1),

(ts2(—1))" = tag(—1),
(tag(—1))" = t54(1),

(tn—l n—Z(l))n = tnn—l(l)-

KomMyTupyst 110cj1e10BaTeIbHO Oy YeHHbIE BbIIle TPAHCBEKIIUN U YIUTHIBasi HEU€THOCTD
uncia (5 — 1), nomydaem

[. .. [tzl(—i), tgz(—i)], t43(—i)], e ,t%

-1 (i)]7t%+1% (1)]7t%+2%+1 (1)]7 cee 7tnn—1(1)] = tnl(i)'

|3

Tak xak ((tnn_1(1))")? = t,1(1), 10 0be Tpamceexmun t,;(1) u t,1(i) 1 MOHOMEATBHBI
ssiement 1) siexkar B M. ITo semme 2, onu Bce BMmecre nopoxkiator rpynny SLy(Z + iZ).
A TIOCKOJIBKY OIpeJiesuTe b MaTpuiisl v pasen —1, to M = GLEYZ 4 i7Z).

Cuayyait n = 4k + 2 > 10. Paccmorpum cragasa caydait n = 10. Ilycrs marpunsr pu, 7
7/ Takume ke, Kak B naparpade 2 u

a = t91(i)tg10(7) diag(1, —-1,-1,1,...,1,—1,—1,1),
p=r,
v =7'diag(1,1,...,1, —1)ts10(1),
n = By =pdiag(l,1,...,1,—1)t510(1).
[Monoxxum M = {(a, 3, 7). Bbrauciienust moka3uiBaoT, ITO
= t3o(i)t101(—7) diag(1,1,-1,—-1,1,...,1,—-1,—-1),
[, ] = t31(1)t91(1),
[, @] = t42(1)t102(1),

[04,0/7]’7 = tlg(—l)t53(1 t63(1),
2

(a[a, 0/7]’72) = to3(4),

(
)
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Haiee,

[t23(2), t31(1)to1(1)] = t21(4),
(t21(0)° = to10(d),
(to10(i ))" = ts9(i),
(tso(i))" = tzs(d),
(trs(@)" = ter(3),
(te7(i))" = ts6(i).

Urak, wmpr momydmunm TpaHcBekmmu ti;41(7), j = 1,...,9, a ciexoBarespHO, H
ti—j+1 10-5(%), 7 = 1,...,9. Takum obpasom, B moxrpymie M jekaT BCe TPAHCBEKIUH
tji+1(2), tjy15(2), 5 =1,...,9, a cieoBaTEIbHO, 1 BCE MOHOMHAJIbLHBIE MATPHIBI

nj(i) = En +i(ejj41 + €j415) — (655 + €j41541), J=1,....9.
Hampuwmep, nipu j = 1 umeem

0 2 O 0 0

1 0 0 0

. 0 01 0 0

L

000 --- 10

000 -+ 01

Hanee, (t45(i))" = t56(1)t51 (7). Tak kax Tpancsexuus ts(i) € M, To u t5 (i) € M. C npy-
roit croponst, 1ucio (4 — 1) werno, m09TOMY, KOMMYTHDYS HOC/IEIOBATENLHO JTerKame B M
TpaHcBeKIuK to1(7), t32(i), ta3(7), t54(7), momyaaem

[to1(i), t32(i)] = t31(—1),

[t31(—1),ta3(4)] = tar (=),
[ta1(i),t54(3)] = t51(—1).

Brutouennst t51(1),¢51(¢) € M npusoggar kK Tomy, 4to Bes moarpyuma tsy(Z + iZ) nexur
B M. Iloxrpynia, mopozk/ieHHas MOHOMUAJIBHBIMU MaTpuiiamu n;(i), j =1,...,9, cogepxur
MOHOMUAJIBHBIT ssteMenT dyu Kak B jemme 2. Ilo sroit emme SLyg(Z + iZ) < M HOCKOJIbe
OIIpeIE/INTE/IN MATPUIL 5 U Y paBHBI —1, TO MBI TOJIy4aeM paBeHCTBO M = GL (Z +iZ) n
CJIG,ILOBaTeJIbHO rpymia GLliO1 (Z + iZ) sBnsiercst (2 X 2,2)-n0pokieHHOi. B crty jieMmbl 1
rpyma PG LE} (Z A7) rasoxe spsiercst (2 X 2, 2)-nopos aennoit. Takmv o6pasom, s n = 10
TeopeMa JIOKa3aHa.

B obmem ciayuaae g n = 4k + 2 > 10
a = t91(i)tp_1n(i) diag(1, -1, -1,1,...,1,—1,—-1,1),
p=r,
v =7’ diag(1,1,...,1, 1)t (1),
n = py = pdiag(1,1,...,1,—1)tn ,(1).

2
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,HaﬂbHefIHlHe BbIYHUCJ/IEHUA IIOKAa3bIBalOT, 9YTO
o = tao(i)tn1(—i) diag(1,1,—-1,-1,1,...,1,—1,—1),

[Oé, Oén] = t31(1)tn,1 1(1),
[, @] = tao(1)tn2(1),

U Tak Jajee, Kak B ciaydae n = 10, Ml mosydnm TpaHcBekmun tj,1(4), j = 1,...,n — 1,
a CJIEJIOBATENbHO, 1 ty—j n—j+1(1), j = 1,...,n — 1. Takum obpasom, B moarpymnme M exar
Bee TpaHcBeknun t;11(4), tj41(4), j =1,...,n — 1, a cienoBaresbHO, U BCe MOHOMUAJIbHBIE
MaTPHUIIBI

n;(i) = Ep +i(ejj41 +eji15) — (€55 + €jr1541)
mpu j=1,...,n—1,n

(tg—1 2 (U)n =tony(0)te z1(0).

Jlaiee mokazaTenbCcTBO 3aBepinaerca Takxke, kak u npu n = 10. Takum obpaszom, Teopema
JIOKa3aHa.

SAMEYAHUE. OTMeTHM, 9TO U3 yKA3aHHOTO BBIIIIE JIOKA3ATEIbCTBA IpH 1 = 4k + 2 MOXKHO
MOy YUTH MOPOXKIAIONINE TPOUKHM WHBOJIONNI, TBe U3 KOTOPBIX IIEPECTAHOBOYHBI, JJIsSI TPYII-
ubl PSL,(Z +iZ) upu n = 4k +2 > 10 u jos rpyunsl SLy,(Z + iZ) upu n = 4k > 8.
HeiictBurensro, npu n = 4k > 8 rpynna SL,(Z + iZ) MOpOXK1aeTcsi HHBOJIIOIISAMUI

o = t21(2)tn,1n(1) dlag(la _15 _15 1, R 15 _15 _1’ 1)5
p=r,
v =7'diag(L,1,..., 1, =1)tn, (),

a npu n = 4k + 2 > 10 rpynna PSL,(Z + iZ) n0poxK1aeTcst HHBOJIIOIISAMUI
a = to1(i)ty—1n (i) diag(l, —-1,-1,1,...,1,—-1,—-1,1),
g =diag(—1,...,—1,1,..., )T,
~ = diag(i, ..., 1, —i)Tlt%n(i).

< /loka3arejibCTBO 3TOrO yTBEPKJIEHUE IOJ0OHO IPUBEICHHOMY BBIIIE JI0KA3ATEIbCTBY
upu n = 4k 4+ 2. >
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BraiukaBka3CKuili MaTeMaTHIECKHI Ky PHAJT
2025, Tom 27, Beiryck 3, C. 136-138

MATEMATNYECKAA ?KU3HDb

K 70-JIETUIO BJIAJANMUPA AMYPXAHOBUYA KOMBAEBA

B 2025 r. ucnionustercst 70 jieT u3BeCTHOMY POC-
CUICKOMY aJiredpauncTy, JOKTOpPY (DU3MKO-MaTeMa-
THYEeCKUX HaykK, podeccopy Biagumupy Amypxa-
nosuuy KoiibaeBy. DT0 IpeKpacHbIil TOBOJ], HE TOJIb-
KO II0IBE€CTHU UTOI' HpOI’I,Z[eHHOI‘O IIyTH, HO 1 OCMbIC-
JINTH TOT BKJI&JI, KOTOPBINI BHEC IOOUJISID B PA3BUTHE
aJIredpanvyecKoil HayKu.

Bnaguvup  Amypxanosua  Koiibaes posuics
8 mronga 1955 1. B Baky — ropoze, n3BecTHOM CBO-
uMU OOTaThIMU HAYYIHBIMHU U KYJIBTYPHBIMUA TPaJIM-
nusamu. Ponurenu Oymyiiero y4eHoro, BBIXOIIbI U3
Ocerun, cymesn co3narhk B ceMbe aTMochepy yBa-
JKEHUs K 3HAHUSM U obpasoBanuio. Orel, BOGHHbI
1o podeccuu, MPUBWI CBIHY JUCIUILIUHY U Iie-
JIEyCTPEMJIEHHOCTD, KOTOPBIE BIIOCJEJCTBUM CTAJIH

OTJINYINTEIbHBIMU depTaMu xapakrepa Biagnvupa
Amypxanosuua.

CrocobHOCTH K MaTeMaTHKe [IPOSIBUJIMCH Yy MAJbIMKa B PAHHEM IITKOJIBHOM BO3pacTe. VY rKe
B HaYaJIbHBIX KJIACCAX YUYUTEJd OTMEYaJM ero HECTAHAAPTHOE MBIIILIEHHE U CIIOCODHOCTH Ha-
XOJUThb OPUTMHAJbHBIE pereHust 3aa9. OCoOeHHO SIPKO MaTeMAaTUIECKI TaJaHT PACKPBLICS
BO BpeMsi OOy4YeHHS B CIIENHUAIN3UPOBAHHOM MaTeMaTHIeCKOM Kiacce mKkoJbl Ne 134 ropoma
Baky (HblHe akajieMudecKas TUMHA3US).

IToce oxkonuanus mkoJbl B 1972 r. Bragumup AMypxaHOBUY IOCTYIUJI Ha MEXAQHHUKO-
MaTeMaTudecKuii pakysibreT AsepOailZKaHCKOI'O TOCyJapCcTBeHHOro yHuBepcurera. OIHAKO
cynpba paclopsianiach Tak, YTO IIOCJe IIEPBOro Kypca obydeHus ceMbsa KoiibaeBbIX BO3Bpa-
[AeTCsl HAa MCTOPUYIECKYH poauHy B OceTmro. DTOT Iepees OKas3aJicsl CYIbOOHOCHBIM JIJIst
MOJIOJIOTO MaTEeMAaTHUKA.

IlepeBon, Ha usuko-maremarnydeckuii dpakyabrer Cerepo-OCeTHHCKOTO IOCYIapCTBEHHO-
'O YHUBEPCUTETA OTKPBLI HOBbIE BO3MOXKHOCTH JIJII HAYYIHOrO pocTa. VIMeHHO 3/1ech pou30-
JIa BCTpeYa, OlpeesuBINas JajJbHEHIYI0 HayIHY0 cyap0y Biragumupa AMypxaHOBHYIa —
3HAKOMCTBO C M3BECTHBIM JIEHUHI'PAJACKUM ajirebpancroMm 3eHoHoM VBanoBmdem Bopepmuewm,
KOTOPBIH B TO BpeMs UuTaj MUK Jieknuii Bo Bianukaskase. [Ipodeccop Bopesuu cpazy orre-
HIJI He3aypsiIHbIE CIIOCOOHOCTH MOJIOIOIO CTYAEHTa W IPUIVIACHI €r0 IIPOAOJIKUTH 06pa3oBa-
Hue B JleauHrpajickoM rocyaapersenHoM yauBepcurere. C 1975 1. HaUMHAETCST JIGHUHIPAJICKUT
nepuos, B xku3Hu KoiibaeBa — BpeMs HHTEHCUBHOMN y4eObl M CTAHOBJIEHUSI KAK UCCJIEI0BATEISI.

Maremaruko-mexanudeckuii paxyabrer JII'Y B Te rompr ObLI HACTOsIIENH Ky3HUTIEH HAY I~
HBIX KaJpoB. ATMocdepa TBOPUYECKOrO IOUCKA, OOIIEHNEe ¢ BELY MU MATEMATHKAMI CTPAHDI,
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JIOCTYII K YHUKAJbHOI HaydHOI JUTeparype — BCE 3TO CIOCOOCTBOBAJIO OBLICTPOMY IIpodec-
cuoHajIbHOMY pocTy Birammmupa AmypxaHoBuda. Y»Ke Ha UeTBEPTOM Kypce OH IIyOJIHKYeT
CBOIO IIEPBYIO HAYYHYIO PabOTy B MPECTUKHBIX «3alncKax HaydHbIx cemuHapoB JIOMU AH
CCCPs».

Ota crarbs «lIpuMepbl HEMOHOMHUAJIBHBIX JIMHEHHBIX IPYII 0€3 TPaHCBEKIUI», HAITMCAH-
Hasi B 1977 r., cpa3y npuBJjeKJia BHUMAHUE CIIeruaancToB. MoJioiolt nuccienoBaTe/ib He TOJIBKO
IPOIEMOHCTPUPOBAJI TJIyOOKOE MOHUMAHHUE MPOOJIEMATHKN, HO U MPEJIOXKUIT OPUTHMHAJIHHBIN
ITOJIXOJ, KOTOPBI OKAa3aJICsd YPE3BhIYAHHO IIJIONOTBOPHBIM JIJIsI PA3BUTHUsS TEOPUHU IPOMENKY-
TOYHBIX ITOJTPYIIIL.

Hayunast mesrenprocTs mpodeccopa KoiibaeBa oxBaTbiBaeT HECKOJIBKO (DyHIAMEHTA b
HBIX HaIIpaBjeHuil coBpeMeHHOU ajrebpbl. Ocob0Oro BHUMAHHUS 3aCJIyXKHBAET IIUKJI HCCIIe-
JOBaHUH, IOCBAIICHHBIX OIIMCAHUIO IIPOMEXKYTOYHBIX MOAIPYIII IIOJHONW JIMHEWHON I'pYyIIIbI
GL(n, k) nan mosem k. B mauane 1970-x rogos 3. 1. Bopesuuem Oblia mpejioxkena obirast
cXeMa OIUCAHUs TAKUX HMOJAIPYIII C UCIOJIb30BaHeM HOHsTHs ceTr. OIHAKO 9Ta TeOpHUs IpeJI-
[oJIaraJia, ompejesaeHHble OrpaHuvYeHns Ha 1oJie k — HaJIndue He MeHee CeMU DJIEMEHTOB.

Mousomoit yuenslit KoitbaeB cyMmes1 moKa3arTh, YTO 9TH OIPAHUYEHHS SABJISIIOTCS CYIIeCTBEH-
woiMu. [locTpoennble UM MPUMEPDI ITPOAEMOHCTPUPOBAJIN, UTO ISl [TOJIEH ¢ MEHBIITUM YHUCJIOM
9JIEMEHTOB CTAaHIAPTHOE OIUCAHKE IIPOMEXKYTOUYHBIX IOAIPYIII y2Ke He paboTaer.

B kanjpmnarckoit quccepranuu «PacnosioykeHre MOArpyI B JIMHEHHBIX IPyIIax HaJl KO-
HEUHBIMU ITOJISIMU», 3ammuienHoi B 1982 r., Biragumupy AMypxaHOBHTY yIAJI0Ch ITPEOI0JIETH
9THU Or'paHUYeHUs. BBeJisi MOHATHE TPOCETH, OH JAJ TIOJTHOE OITUCAHUE ITPOMEXKYTOUHBIX IT0]I-
rpynn Jyis moJieit u3 3, 4 u 5 371eMeHTOB.

Bosspamenne B Cepepryto OceTnio 1mociie 3aluThl KaHIUIATCKONR JUCCEPTAINA OTKPBI-
JIO HOBBII 9Tall B Hay4HOI 6uorpacdun ydernoro. Bosrinasus kadeapy aarebpbl U reOMeTpUN
Cepepo-OceTHHCKOro rocyIapCTBEHHOIO yHUBepcuTeTa, mpodeccop KoiibaeB He TOIBKO TpO-
JIOJKIJI aKTHBHYIO MCCJIEIOBATE/IbLCKYIO paboTy, HO M CO3/aJ1 COOCTBEHHYIO HAYYHYIO IIKOJIY.

[Tepuon 1980-x ro10B 03HAMEHOBAJICA ILIOAOTBOPHLIM COTPYIHUYIECTBOM C IIPEJICTABUTE-
JIIMU JIEHUHI'PAICKOR-TIeTepOy PrCKOil ajrebpandeckoii MKOJbI, B 9aCTHOCTH, C IpodeccopoM
H. A. BasunosbiM. CoBMECTHDBIE MCCICI0BAHUS ObLIN IIOCBSIIEHbI IPOrPAMME OIUCAHUS IIOJ-
Pyl CHelyaJIbHON JIMHEeHHO! I'PYIIIbI.

Ocoboro ynoMuHanust 3aciayxkusaer pabora 1990 r., onybiukopaunas B Jokimagax Axa-
nevmun Hayk CCCP, e ObLIM nccie0oBaHbl MOAIPYIIIIbI TOJHOM JTUHEHHON IPYIIbI CTEIeHN
2 HaJ 6ECKOHEYHBIM II0JIEM, COJEpKAIe HEPACIIEIUMbI MaKCHMAJIbHBIA TOP. DTa CTaTbs
cTaJla IIPOPBLIBHON B JIAHHOM HAIIPABJICHUU U 3aJ1aJ1a BEKTOP UCCJIEIOBAHUN HA MHOTHE T'OJIbI
BIIEPE.

IIpodeccop KoiibaeB He orpaHMYMBAETCS HUUCTO HAYYIHON 1esITeJIbHOCTBIO. Ero BKJIa
B Pa3BUTHE MATEMATUIECKOTO OOPA30BaHUs U MOAIOTOBKY HAYIHBIX KAaJIPOB TPYIHO IIE€PEOIie-
HATH. Bosriapisist Ha MPOTs>KeHUW MHOrux Jer kKaderapy aiarebpol nu reomerpun COI'Y, on
CO3/1aJT TBOPYECKYIO aTMOChepPy, CIIOCOOCTBYIONIYIO PACKPBITUIO TAJAHTOB MOJIOIBIX yIEHBIX.

[Tox ero pykoBoicTBOM ObLI OPraHU30BAH W YCIENIHO paboraeT Ha mpoTskenun 30 jer
HayJHbIi ceMunap «Auredpa u anaaus». Ocoboe pauManue Biagumup AMypXaHOBUY yIeJs-
er paboTe ¢ OMapEHHON MOJIOIEKbIO. MHOTrHe ToIbl OH SIBJISETCS PYKOBOIUTEIEM SKCIIEPTHOMI
KOMUCCHH BCEPOCCUICKON OJIMMIINAILI PECIyOJIMKAHCKOIO 9Talla, aKTUBHO yIaCTBOBAJ B Opra-
HUA3AINU U [IPOBEICHUH PECIyOJIMKAHCKUX OJTUMITAA]] [0 MaTeMaTuke n wHdopmaTuke. Foke-
TOJTHO 3T MeponpusaTus cobupasu dosee 200 yIaCTHUKOB, MHOTHE U3 KOTOPBIX BIIOCIEICTBUN
BBIOMpaJIN MaTeMaTHKYy CBOeil Impodeccueii.

[Tpodeccop Koiibaes nzBecTeH Kak TaJTaHTIUBBIA HOMyISpU3aTOP HayKu. Ero jeknuu u
BBICTYILJIEHUS TIE€PE]T IITKOJBHONW M CTYJIEHYECKON ayIuTopueil BCerjia BhI3BIBAIOT »KUBOW HH-
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Tepec U CIOCODCTBYIOT MPUBJICICHUIO MOJIOJICKHU B HayKy. HecMOTpst HA COJMIHBIN BO3PACT,
Baagunvup AMypxaHOBHY COXpaHsIET BBICOYAMINYIO TBOPYECKYIO AKTUBHOCTH. Kro HaydHbIe
UHTEPECHI TIPOJIOJIKAIOT PACHIUPSATBCS, OXBATHIBAS HOBBIE HAIIPABJIEHUsI COBPEMEHHON ajreo-
PBL

Braguvmup AMypxXaHOBUY TIPOJIOIKAET AKTUBHYIO PEIAKITMOHHYIO JIESITEILHOCTD, SIBJIS-
sICh YJICHOM PEIKOJLIEruN BaIMKaBKAa3CKOTO MaTeMaTHIeCKOro KypHasia. Ero skcueprHbie
OIEHKU W PEKOMEHIAIMH IOMOTAIOT IMOIJIEePXKUBATh BLICOKUI HAyJIHbIN YPOBEHD IIyO/IMKAIIA.
[Toxm pykoBoscTBoM mpodeccopa KoiibaeBa ObLI 3aIlUIeH psiJi KAHIUJIATCKUX JIUCCEPTAIIUN.
Ero yuenuxku paboraiorT B pasjmdHbIX yHUBepcuTeTax Poccum m 3apy0ekbsi, IPOIOJIKasd U
pa3BUBasl HaydHbIE TPAIUINN, 3AJI0KEHHBIE YIUTEJIEM.

2Kusab n jgesitesibHOCTE Biamumupa AmypxasHopuda KoiibaeBa SIBJISIFOTCST SIDKUM IIPH-
MepOoM 0e33aBETHOTO CJIy2KeHUsI HayKe. Fro HaydHbIe JOCTHXKEHUS, [1eJIJarOTMIeCKUil TAJaHT U
OPraHu3aTOPCKHE CIIOCOOHOCTH CHUCKAJIN €My IVIyOOKOe yBarkKeHue KOJLIer U yIeHuKoB. B nenn
70-7eTHst MBI OT BCell JyIu TO3apaBiiseM Biaamgumupa AMypxaHOBHYA ¢ STUM 3HAMEHATE b
HbIM 1o0mteem! 2KejtaeM Kperkoro 3710poBbsi, HEMCCSIKAEMOl TBOPUIECKO HEPIUU, HOBBIX Ha-
VYHBIX OTKpBITHH 1 Gjaronosydus! [IycTs ero :kusHeHHAs MyAPOCTh U MPOECCHOHATBHBIH
OIIBIT €I1e JIOJITUE TOJbI CJIY?KAT PA3BUTHUIO OTEUYECTBEHHON MATEMATHIECKOW HAYKH U BOCIIH-
TAHUIO HOBBIX MTOKOJIEHUN yYIEHBIX.

A. K. lymnosa, H . A. /ocycoesa, A. X. 2Kypmos, A. C. Kondpamoes,
P. 4. Kynaes, A. I Kycpaes, B. /. Masypos, A. A. Maxnes,
A. H. Hyoicun, Y. M. Ilaues, B. T. Xydanos, M. 3. Xydanros
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0. 1. MAPIYEBY — 80 JIET

7 certsiopst 1945 1. B ropoge Benukue Jlyku [IckoBekoit
obstactu poamiicst Osier Uropesna Mapudes — BbIIAIONINT-
Cs MaTEeMaTUK, MOJIYYUBIINN BIOCJIEICTBAN IPU3HAHNE He
tosibko B CoerckoMm Coroze, HO 1 BO BceM Mupe. B 1949 1.
OH BMecCTe ¢ ceMbell nepeexan B Mumck, cronuiy Besopyc-
cum. C 1952 o 1963 r. Oster yumcs B 42-if MEHCKOM ITKO-
Jsie. InTepec K MaTeMaTHUKe Yy HEI'O BO3HUK B BOCHMOM KJIAC-
ce biaromapst yanresbHuIle Ajekcanape Msanosrae Barpe-
€BOil, KOTOPAasi MO3HAKOMUJIA €r0 C METOIOM MaTeMaTHYIe-
ckoit muayKimu u bunomoM Heiorona. OHa TakKe MOpPEKo-
MEHJIOBAJIa, €My HaYaTh 3aHUMATHCS B IIIKOJIE IOHBIX MaTe-
MaTHKOB IPU BeopyccKkoM rocyIapCTBEHHOM YHUBEPCU-
rere (BI'Y). Tam ke oH BCTperus cBOI GYyILyIO YKEHY
Auny, KoTopasi Tak:Ke 3aHUMAJIACH B 9ToM mmKoje. OJer u
AHHa aKTHUBHO yYaCTBOBaJM B MATEeMATHIECKUX OJIMIIU-
ajax, HeoJIHOKPATHO 3aHNMasd MPU30Bble MecTa. B 1963 1.
OuJter 3aKOHYUIT MKOIY C 30JI0TOH METAJIBIO U TOCTYIINT Ha,
maremaTudecknii dpakyiabrer BI'Y. 3akonunus yuusepcurer B 1968 r., OJjier moctynui B aciu-
PaHTYPY, I[Jie ero pyKOBOJHUTEEM CTaJl IIpodeccop, akaaeMuk AkaremMun HayK bejopyccun

=

®enop Jdvurpuena ['axos.

Bo Bpemst paborsr Hajt cBoeit pucceprarueii Oser Uropesua Mapudes yBiiekcsi 00J1acTbO,
KOTOpAasi BIIOCJIEJICTBUE CTaJjia TJIABHBIM HAIIPABIEHUEM €ro HayJIHOH IesTeJbHOCTH — CIIe-
muaJIbHEIMI DYHKIMAME. Ero mnrepec K runepreomerpudeckuM yHknusaM oF),, a Takwxe
K dynkmusam Beccens, Jlexxannpa, Annenst, Meitepa u ®okca BO3HHUK IIOC/IE€ 3HAKOMCTBA
¢ kuuroit mpodeccopa Kembpuzrckoro yausepcurera Jlocu xkoan Creiitep «O600IeHHBIE
runiepreomerpudeckue byuknuny (1966). Vcnonb3oBanne nHTErpasbHBIX NpeobpasoBaHuii u
CHEIUAIbHBIX (DYHKIUI JjIst perneHus JuddepeHIualbHbIX YPABHEHUN COCTABUIO OCHOBY €ro
KaH/IMJIATCKOM nuccepranun Ha Temy «Kpaesas 3ajada Tpukomu Jijist HEKOTOPBIX yPaBHEHUN
CMEIIAHHOTO THUIA U UHTErPAJIbHbIE YPABHEHUS CO CIENHUAIbHBIMUA (DYHKIIUSIMUA B SIPAX», KO-
TOPYIO OH ycremnHo 3amuTua B 1973 1. ITocse 3amurer quccepranun OJgier ropesna Maputies
ObLI TpurIalieH Ha pabory B BI'Y.

Cpou nepBOHAYAJIbHBIE UCC/ICIOBAHNS CIEIUAJBHBIX (DYHKIUI, HHTEIPAJbHBIX IIPeodpa-
30BaHMii, poBedeHHbIX B 1974-1978 rr., O. . MapuueB uzjoxkuia B MoHOrpadun «Mero
BBIUUCJICHUSI MHTETPAJIOB OT CHelMaJIbHBIX QYHKIM (Teopust 1 Tabuisl hopMyIn)», KOTopast
ObL1a omyb/imKOBaHa HA pyccKoM sizbike B Mumncke, B 1978 1., a 3arem, B 1983 r., mepeBesena
Ha aHDIHACKWI s136IK. OTPOMHYIO TIOMOIIb B HATIMCAHUN KHUTH €My OKa3aJja ero yKeHa AmHa.

O. U. Mapuues paborast Ha Kadenape Teopurt PYHKINNA 1 (YHKIIMOHAIBHOIO aHAJM3a Ma-
TeMaTuaeckoro dakysbrera bejopycckoro rocyiapcrseHHoro yaupepceurera ¢ 1968 mo 1975 1.
OxauM u3 ero nepsoix cryaeHToB (B 1969-1970 rr.) 6bu1 Cepreii Bacuibesna Porosun, koro-
pBbIil ceffgac sBJsieTcst JOIEeHTOM Kade phbl aHAJIUTHIECKON SKOHOMUKN U 9KOHOMeTpuku BI'Y.
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Hpyrum yenemubiv crygearom O. . Mapuuesa sisisicst . E. Cagpuraiiio (1952-1976),
[TOJTy YUBINHH TIEPBYIO IPEMUIO BO BCecoro3HOM KOHKYpCe CTYHEHUYECKUX HAyJIHBIX PaboT.

B 1975 r. xacdenpa teopun byuKIuUil 1 HYHKIINOHAJILHOTO aHAIN3a ObLIa pa3/ie/ieHa Ha
kadenpy Teopun pyukiuit u kabenapy dyukiunonaabaoro anagmmsa. C 1975 mo 1990 rr. Oger
Uropesuu paboras Ha Kadeape Teopun pyukimit. B 1976 r. O. 1. Mapudes mojtyan 3Banne
morenTa, a B 1987 r. OH cTaj UCHOJHSIONNM 00s13aHHOCTH TIpodeccopa.

Ormernm, aro 1981-1990 ObuIM rojaMu WHTEHCHBHON HaydHOU paborer O. M. Mapuue-
Ba u rpynnsl u3 6 ero acnmpanrtoB (Hryen Teu Txanb, By Kum Tyan, Bukrop Anamunk,
Cemen fky6oeudu, lasmna I'punkesunu u Hryen Txanb Xait). B 1986-1988 rr. acumupanTbl
Outera Uropesnua 3amurmin Kaugugarckue guccepramnuu, a By Kum Tyan n kanaumarckyro,
1 JIOKTOPCKy1o (B 1987 1), HOCKOJIbKY K 3aluTe OH ObLI y2Ke aBropoM Gosiee 20 HaydHBIX CTa-
Tell B CONMUIHBIX KypHajax. B nacrogmiee BpeMs By Kum Tyan kuset Bo Brername. Muoro
Jer oH npopaboras npodeccopom B yHuBepcurere Janajnoii Txxopmkuu, CIIIA (College of
Science and Mathematics, University of West Georgia). Bukrop Anamuuk paboraer mpodec-
copom B yausepcutere FOxnoit Kamudopuuu, CIIA (Engineering Department, University of
Southern California), Cemen fxy6osuu — mnpodeccop B yuusepcurere [lopro, ITopryranus
(Faculty of Science, University of Porto), I'amuna ['punkesnd 1o yxoia na mexcuio paborasa
B BurebckoMm rocymapcTBEHHOM YHUBEPCUTETE.

C 1978 r. Oser Uropesuy paboTaj HaJ MACIHITAOHBIM IIPOEKTOM II0 COCTABJIEHUIO MHTE-
rpaJibHbIX TabJinil, OoJiee TOJIHBIX, YeM y ['pajmreitna u Peikuka, BbIYUCI/ISAS U TPOBEPss
BPYYHYIO TBICSYN CJIOXKHBIX HHTErPasioB. Pe3ybraTtoMm 310l paboThl cTaJl TPeXTOMHUK «H-
TepaJIbl U Psifibl», co3anublit B coasroperse ¢ A. I1. IlpyaaukossiM u FO. A. Bperakoseim. Ha
PYCCKOM SI3BIKE TPEXTOMHUK «VIHTepaJibl u psifibl» BKroUaeT B cebst Tom 1: DyremenTapHbIE
dyukuun (1981), Tom 2: Cnenuanbubie dyuknun (1983), Tom 3: JonosHuresnbHbie TiaBbl
(1986). C 1986 mo 1992 rr. Beimen natutoMunk «Integrals and Series» Ha aHIVIHIICKOM $I3bI-
Ke, IIEPBbIE TPU TOMa KOTOPOI'O IIPEJICTABJISIIIN IEPEBOJ, TPEXTOMHUKA «VIHTepasbl U psajbly, a
JIBa IPYTHUX OBLIN MOCBSIIEHBI IPSIMOMY U obpaTHOMYy IpeobpasoBanuio Jlammaca. B 1986 roxy
FO. A. BpbIukoB BBIIEIUT U3 TPEXTOMHUKA « IHTEpasIbl 1 psijibly» MaJEHbKUH CIIPABOTHUK JIJIsT
cTyieHToB « TabJiuiibl Heonpeie/IeHHbIX HHTErpaioBy. OH IIepeBejieH Ha aHTJIUICKHI 1 HeMerl-
kit s1361ku. B 1988 1. BhIIIes mepeBos mepBoro ToMa «HTepabl 1 psi/ibly HA HEMEIKU S3bIK
¢ komMmeHTapusimM, a B 1991 1. nmepsbie jBa TOMa ObLIN U3/aHbl B TOKMO Ha AIMTOHCKOM $si3bIKE.
AJtropuTMBbI M3 KHUT' OBLIM BIIOCJIEJICTBUN UCIIOJb30BAHBI IIPU CO3JaHUU (DYHKIUI CHCTEMBI
Mathematica.

B 1990 r. O. NI. MapuyeB 3amuTuii JOKTOPCKYIO jauccepranuto 1mo Teme «DyHKIuu ru-
[IEPreoOMEeTPUIECKOr0 THIIA U HEKOTOPhbIe MX IIPUJIOXKEHUsI K MHTErpajbHbIM 1 guddepeniim-
AJIBHBIM YPaBHEHUSIM». 3aIuTa cocrosiach B Menckom yrusepcurere num @. [uepa, TIIP,
POIHOM YHUBEPCHUTETE €r0 JAaBHEr0 KOJLJIErn U coaBTopa, mpodeccopa X.-F0. I'mecke. D1o ObLI
OJIMH W3 MEPBBIX CJIyYaeB 3aIUThI JTJOKTOPCKON JTMCCEPTAIIMA COBETCKUM yUYEHBIM 38 PyOeKOM.
Kpowme Toro, O. 1. Mapuues cuenasi jokjia Ha KoHdepennnu B Jleimure. Jokia BbI3BaI
uHTEepec y upejcraBuresist ameprukanckoii kommanun Wolfram Research Inc. (WRI), koropast
HCKAJIa CIEIUAJUCTA 110 BBIYUCJIEHUIO HHTEIPAJIOB.

Paborast Hai cocrapyienneM TabJnI HHTEIPAJIOB 1 0000IIEHIEM PEe3YIbTATOB CBOUX UCCJIe-
nosanmii, O. 1. Mapu1iep cTpeMmiicss aBTOMATH3UPOBATH AJITOPUTMbI BBIYHCJIEHUST HHTETPa-
JioB. B 1980 rosy y HEro nosiBUjiach Takasi BOSMOYXKHOCTh: COBMECTHO ¢ DpHcToM JlaBuioBudem
KpynuukoBbiM 0H Hava pean3aiuio 9TOH WU, UCIOIb3Ysl OIHOIOJIH30BATEIbCKYIO MAIIIH-
Hy qis mHKeHepHbiXx pacaeroB MUP B HoBocubupcke. Bmecre onn pazpaborasu nmporpaMmmy
MHTErPUPOBAHUsI, OCHOBAHHYIO Ha IPUMEHEHUH TEeOPEMBI O CBepTKe ¢ JByMst G-(pYyHKIUSIMU
Meiiepa. Yepes HECKOJIBKO JIET B IIEPUOJL TIEPECTPONKHU MOSBUIACH BO3MOXKHOCTH OTKPBITH Jia-
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60paTOpUIo0 KOMIIBIOTEPHOI areOpol pu Kadeape reopun dyukiuii u Oser Mropesud Bmecre
€O cBOMM ObIBIIUM acrupanToM Bukropom CaBBrueM ATaMYUKOM CO3JAJM IIPOTOTHUI CHCTeE-
MBI aBTOMATHYECKOI'O0 UHTErPUPOBaHUs B cpejie KoMmibioTepHoil ajirebpsr REDUCE.

Kaxk pesysbrar, B 1990 r. Oster Uropesua Mapuues u Bukrop CasBud AnaMuuk ObLIN
npuriantensl B [lammeiin, CIIA ans aemoncrpamun BosmoxkuHocrein cucreMbl REDUCE B
koMmrraauio Wolfram Research Inc. Ilociie memoHcTpamum cBoeit mporpamMMbl 10 BBIMHCJIEHUIO
nurerpasioB B cucreme REDUCE, Creden Bobdpam npeaioKui IpoaInTh UX BU3UT, YTOOBI
peaim30BaTh COOTBETCTBYIOIHUE aaropurMbl B cucreme Mathematica.

C 1992 mo 1997 rr. O. 1. Mapuues akrusuo padoran B Wolfram Research Inc., cocpe-
JIOTOYMBIIUCH Ha 3aJa9aX CHMBOJILHOIO MHTEIPUPOBAHUS W YHUCJIEHHOIO aHan3a (OyHKIINH
Meiiepa, koropas wucrnoib3yercd B Mathematica nmon nvenem MeijerG — ojiHOIT M3 caMbIX
CJIOKHBIX W YHUBEPCAJBbHBIX CIEIUaJIbHBIX QPYHKIMHI, peajn3oBanubix B Mathematica.

[Ipexx e wem Hamucarh nporpamMmy jist peanmsaruun G-gyaknuu Meitepa, O. 1. Mapu-
4eB 110 crenuagbHoMy 3aka3y Credena Bosbdpama pazpaboras nporpaMMbl J1jisi BBITUCJIEHUST
HEOIIPEJEICHHBIX NHTEI'PAJIOB, KOTOPBIE MOT'YT OBITh IIPEICTABJIEHBI Y€PE3 JIIUITUICCKNE WH-
TerpaJsibl WK JApyrue crenuasbible yHKiuu (DyHKIUE MHIEPreoMeTpUIecKoro THIIA, TaKue
kak G-byukuun Meiiepa).

O. 1. Mapuues yiyumas u pazpabarsiBai dyHKnun cucrembl Mathematica takue, kak:
Integrate (c momorpio Kemm Poyd, v Maprun, Asnekcest Bouaposa, Bukropa A namyu-
ka, Isunesa Jluxrbsay), FunctionExpand u PowerExpand (¢ Agamom CrprkeboncKn), Series
u Limit (¢ sumenom Jluxrbmay), BellY (¢ Asnekcangpom ITasmukom u Isnom Makponais-
1oM), ContinuedFractionK (¢ Hapanzom ITyxom u Maiikiom Tporrom) u ppyrue. Bosbinyio
[OMOIIb B HAIUCAHUU KOIA JJjis BbluncjeHus yHKiun MeijerG emy okasaJsi IVIABHBII pa3-
paboruuk B 0b6JiacTH BbIUmcauTebHON MaTremMaruku B Wolfram Research Inc. JIxxeppu Keii-
nep (1953-1995), rparudecku morubmimii B aBrokaracrpode. Anna, yxena Osera Vropesuua,
B 1991-1997 rr. Takxke paboTasia B KOMIAHUE U IIOMOTaJa €My TECTUPOBATH MHTEI'DAJIBI.

Bxmag Outera Uropesuda MapuueBa B pa3pabOTKy 3/IeMEHTaAPHBIX U CIEIUAJIbHBIX MaTe-
MaTHIecKuX (YHKIW 1 onepanuii ¢ HUMH (pa3jindHble Ipeodpa30oBaHusl, WHTErPHPOBAIIE,
muddepennuposanre (BrJoUas jipobHoe)) B cucremy Wolfram Mathematica siBisiercst uc-
TOPUYECKUM HpOpbiBoM. Muorue u3 dopmyin MapudeBa MMEOT KOHIENTYAJbHbIE OTJIMIUS
OT OIYyOJIMKOBAHHBIX B JATEpPaType (GopmMysi. A UMEHHO, OH ydes MHOTOJUCTHOCTH (PYHKITHAI
KOMILIEKCHOT'O TIEPEMEHHOI'0 U MPAaBUJIBHO (DOPMAaIN30Ba COOTBETCTBYOMME (DOPMYJIbI, ITO
OTKPBLJIO BO3MOXKHOCTb HX KOPPEKTHON peajiM3allui B CHCTEMaX KOMIIBIOTEPHON aredphl,
npexJje Bcero, B cucreme Mathematica. Hampumep, nsBectrabie Kiaaccudeckne pOpMyJIbl pa3-
aoxkennit dyukuuii In(zy), (zy)® 6bun ucpapieHbl JOOABIEHIEM TIONPABOK, 3aBUCSIIUX OT

m—arg(z)—arg(y)

5 ], rje [t] — Hambosiblee 1esi0e YUCIO HE IIPEBOCXojsIee t. DTO MO3BOJIH-

JIO YUCJIEHHO IIPOBEPATH Bce (opmysibl, mpeacTaBiasgemble B Mathematica. Takwe monpaBkm
BBI3BAHBI T€M, YTO apryMeHTbl arg(x),arg(z),... BCeX IEePEeMEHHBIX T,Y,... u (MYHKIUH B
KOMIIBIOTEPHBIX CUCTEMaX 3aKJIOUeHbl 0T —7r Jjio +7: —nw<arg(z)<m, —w<arg(y)<m, etc. Pe-
asmszanus pyskiuii MeijerG, 6osiee obmieit dynkiun FoxH, a Tak»kKe UX MHOI'OYUCIEHHBIX
CJIy9aeB, OIEPATOPOB JIPOOHOIO MCUYMCJIEHUsI, aJIOPUTMOB CUMBOJIBHOI'O UHTEIPUPOBAHUS —
9TO MHCTPYMEHTBI, KOTOPBIMHU €KEIHEBHO IOJIb3YIOTCS MUJLITHOHBI JIIOJAEH — OT MIKOJIHLHUKOB
JI0 MACTUTBIX yUICHBIX.

MaputueB nmpeBpaTiyi aOCTPAKTHYIO TEOPHUIO B PabOIUil MHCTPYMEHT, ITOKA3aB CUCTEMHYIO
[MPUHAJJIEXKHOCTD CJIOXKHEHUIIUX BBIYUC/IsieMbIX HHTerpasioB. OH MPOIEMOHCTPUPOBAJI, UTO
OHU B CBOEM IIOJABJISIIONIEM OOJILINUHCTBE SIBJIAIOTCS JIUIb YACTHBIMU CJIYIasIMU JIPYTHX
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«CYTEPUHTETrPAJIOBy OT «CylnepdyHKIUil», BEITUCICHTE KOTOPBIX BO3MOXKHO U€PE3 T€ XKE «Cy-
nepdYHKIUT> WU UX GaCTHBIE CJIy9Ian.

Orpomuyto posb B xuzau OJjiera ropesuua Mapuuesa coirpadjia ero pabora B 1984-1987 .
Haj MoHOrpadueit «/HTErpa bl U MIPOU3BOAHBIE IPOOHOTO MOPSIKA U HEKOTOPBIE WX IIPHUJIO-
JKeHHsi» cOBMecTHO ¢ AnaroseMm Asekcanjposudem Kunbacom (momnenrom kadeapbl Teopun
dbyuximit BI'Y, riae paboran Mapuves) u npodeccopom PocToBekoro rocyiapcTBeHHOIO yHU-
Bepcurera Credanom I'puropresudem Camko. Cpen CrienuaancToB 3Ta MOHOpAMUS TTOJTY TH-
Jia, 3aCiIy>KeHHOe Ha3BaHue «Bubjust npobHOTO ucducjieHus ». depe3 maTh JIeT PACIIUPEHHBIH
BapuadT KHuru (¢ gonoiaauTeababiMu 300 cTpanunamu) GbLI IIepeBe/ieH Ha aHIVINHCKUil sI3bIK,
a B 2025 r. KHUTA ObLIA NIEpEBeJIeHA Ha, KUTANCKNN S3bIK 11podeccopoM KadeIpbl MaTeMaTUKN
[Tamxaiickoro yuuBepcurera HammumaoMm Jlu m nepeunsgana B Kurae. D10 m3maHume I0I0JI-
HeHO GostbIuM pazjeiaoM «O630p JAPOOHOTO MCUUCIEHUS M €r0 KOMIBIOTEPHON peasn3alnu
B Wolfram Mathematica», sanucanabim O. U. Mapuderbim u 9. JI. HIumkuHoi.

B 2018 ., B coasTopctie ¢ FO. A. Bporukossim u H. B. Casuiienko Kak pe3ysibraT MHOTO-
JIeTHel pabOThI, a TAKXKe C UCIIOJIb30BaHUEM TeKCTa, HarmmcanHoro A. A. Kujgbacom Ha ocHOBe
apxuBHbIX MaTepuaysoB A. I1. I[Ipyauukosa, ObLIT BBIMYIIEH CIPABOYHUK IO MPEOOGPA30BAHUIIO
Mejunaa Ha aHTIHIACKOM SI3BIKE.

B mocienaune 15 jger O. WM. MapuueB ObLI 3aHAT peaju3aliueil HECKOJbKHUX IIPOEKTOB.
B 2025 r. na caiire Wolfram Functions npencrasiensr okoso 307 000 dbopmyst, OnuchbIBarOIIIX
cBoiicTBa pyukmmii, 6omee 31 000 dpopmyst miist 500 OCHOBHBIX BEPOSITHOCTHBIX PACIIPeIeIeHuit
(Wolfram Blog). Pemenus gersipex (u3 14) ocrasmmxcst o Pamanypkana 3a/1ad 0CyIecTBIIe-
Ho OJsierom Uropesndyem MapudeBbIM € ITOMOIIBIO HAIIMCAHHBIX UM IPOIPAMM JIJIsI BBIUUCTIE-
HUSI TIEMHBIX Ipobeit ContinuedFractionK B 6iore «After 100 Years, Ramanujan Gap Filled».
BosbmmacTBO (bopMyst, peacTraBieHHbIX Ha caiite Wolfram Functions BHenpeHBI B cucremy
Mathematica ¢ ucrnosibzoBanreM cuMBOJIBHOTO sizbika, Bosibdpam MathematicalFunctionData
u EntityValue (muis1 Bepcun 10.3 BHespenue 6b110 npousseseno [Tako Ixaitrom u Maiikiom
Tporrom).

Hacnenne nayanoii ckypiytesHoctu OJgera Uropesnaa MapudaeBa — OT pydHOIO BBIYHC-
JIEHUsI WHTETrpaJjoB 110 co3manus caiira Wolfram Functions — yumT: MaremaTnka He TEPIINT
KOMITPOMHUCCOB. MapudeB mokasaj HaM, 9TO 38 KaXKJIbIM BBIUUCIUTEbHBIM [IPUEMOM CTOUT
rryboKasi Teopusi, a 3a CJIOXKHOCTBIO — 3JIETAHTHOCTD.

[Moznpasiisisi Ostera UropeBuda ¢ 0buieeM, OT BCell YN KEJIaeM €My KPEIKOTO 370P0-
Bbsl, OJIANOTIOJIyYHsI U HOBBIX TBOPUYECKUX JIOCTUKEHMIA!

Acxabos C. H., Kapanemsany A. H., Kpasuenxo B. B.,
Mapuescxuti U. K., Mypasnux A. B., Pozosun C. B.,
Caodvikos T. M., Cumnux C. M., Tenuwes II. I'., Huwxuna 3. JI.
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MUXANWJI JIbBBOBIY I'OJIBIMAH (13.04.1945 — 05.07.2025)

5 wmiosrg 2025 1. ymen u3 xkusnu Muxawnn JIbBo-
Bu4 [osibMan — 3aMedaTesIbHbI MATEMATUK U OJIeCTsI-
U TIearor, CIeIUAIUCT B 00IacT Teopun (OyHKITHO-
HaJbHBIX TPOCTPAHCTB, ONTUMAJIBHBIX BJIOXKEHUU IPO-
crpancTB quddepeHnupyeMbix (QyHKIINN, UHTErPaJIb-
HBIX HEPABEHCTB, CIEKTPaJbHOI Teopun juddepen-
IUaJbHBIX OIepaToOpoB. Ero KoHUYMHA cTaja TIKeaon
YTPATOI JIJIsT €r0 POJHBIX, APYy3eil, KOJJIer U yIEeHUKOB.

Muxann JIsBoBua pomumics 13 ampenss 1945
B Mockse. Ero pomurenn oxkoHdman reorpaduaeckuit
dakyaprer MI'Y. Ero nex, Muxani Mcaakosu4 L'oba-
man (Muxann Vcaakosud JIubep), 6bL1 0fHUM U3 KPyII-
HbIX jesdTreneil Poccuiickoil conmali-JieMOKpaTuIecKoi
paboueii naprun (PCIPII). Beicrynan nporus Ok-
Tsi6pbcKoit peBosronuu 1917 1. Paccrpensa B 1937 r.,
nocmepTHO peabuautuposan. Jlercrso Muxania JIbBo-

BUYa IPUILJIOCH HA TPYJHBbIE IIOCJEBOCHHBIE TOJIBI.
Jo 1955 r. cembsa u3 4-X UeIOBEK IOTH/IACH B KAMOpPKe B 9 KB.M. HA JIECTHHYIHOW KJIETKE
6e3 Kakux-jinbo yI00CTB.

B 1963 1. on oxomumi ¢ 3omoToit Memasnio mkoay Nel28 8 Mockee u moctynmt Ha Husn-
gecknit paxyabreT MOCKOBCKOro rocymapcreeHnoro yunpepcurera umerau M. B. Jlomonocosa,
KOTODBIi 3akoH4IMI B 1969 1. 1 cTasi aciupaHTOM MaTEMATHIECKOTO OTIE/IeHUs 3TOro (haKy/ib-
rera. B 1972 r. 3amuTnii KaHIuIaTcKyo guccepraiuio «O0 HHTErPaJIbHBIX MTPEICTABICHIAX W
psnax Oypbe muddepeniupyeMbix (hyHKIUH MHOIUX [IEPEMEHHBIX» TI0J] pYKOBOACTBOM Bura-
auvupa Astekcargaposuda MibuHa, a B 1988 1. — mokTopckyro jguccepramuio «VcciaenoBa-
HUE POCTPAHCTB JinddepeHnpyeMbIX (DYHKIINNE MHOIUX [EPEMEHHBIX C 0OODIEHHON TJIajI-
KocThio». B 1991 1. mosyuwmn 3Barmne npodeccopa. C 1974 mo 2000 rr. M. JI. Tonbmaman moce-
JIOBATEJIbHO 3aHUMAJI JIOJZKHOCTU ACCUCTEHTA, JIOIeHTa, Tpodeccopa, 3aBeLyomero kadeapoi
BBICIIEH MaTeMaTuku MOCKOBCKOrO MHCTUTYTA PAIUOTEXHUKU, DJIEKTPOHUKU U aBTOMATHUKI
(rexumueckoro yuupepcurera). B 2000 1. on cras npodeccopom Poccuiickoro yHuBepcureTa
npy 661 Haponos (PY/IH).

Cpenu HanboJiee BaXKHBIX HAYUIHBIX JocTrzkeHuil Muxania JIbBOBIYa OTMETHM €10 UccJjie-
JIOBAHWS, CBSI3aHHBIE C ONTUMAJIBHBIM BJIOYXKEHUEM ITPOCTPAHCTB C OOODIIEHHOI TUIAKOCTBIO,
TOYHBIE YCJIOBUSI CXOIMMOCTHU CIIEKTPAIbHBIX PA3JIOKEHUN, ONMMCAHUST WHTErPAJIBHBIX U TUd-
depeHIabHBIX CBOICTB 0000IIEHHBIX MOTEHINAIOB Tulia beccesis u Pucca, TouHble oneHKN
JIJIST OIIEPATOPOB HAa KOHYCAX U ONMCAHUE ONTUMAJIBHBIX IPOCTPAHCTB COMEPXKAIIUX KOHYCBHI
dyuknuii co croiicrBamu monoronnoctu. M. JI. Togpamanom omybiukoBano 6osiee 150 Ha-
VYHBIX CTaTell B IEHTPAJBHBIX OTEUYECTBEHHBIX U 3aPyOEKHBIX MATEMATHICCKUX U3TAHUIX.
OH sBjsteTcst JiaypeaToM KOHKypca npasureiberBa Mocksbl, jtaypearom npemuu PY/IH B 06-
JIACTH HAayKW W WHHOBaImil, jaypearom npemuun PYJIH B obyracty Hay9IHOrO PyKOBOICTBA
aCIUPAHTAMU.
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ITox pykoBogcrBoM Muxauia JIpBosudua B PY/IH 3amumeno 11 guccepranuii Ha concka-
HU€ YIEeHOH CTEIeHW KAHIUIaTa (PU3MKO-MATEMATHIECKNX HAyK. Kro yIeHWKu BeIyT aKTUB-
HYIO IPOdreCCHOHAJIBHYIO IesITeIbHOCTh B BEAYIINX YHUBEPCUTETAX W HAYUIHBIX HHCTUTYTAX
Poccun, Kazaxcrana, Dduonun, Pyarmer, Kosymbun, Monrosmu. Muxamn JIbBoBua Heos-
HOKPATHO ObLI IIPHUIJIAIIEHHBIM JIEKTOPOM U IPULJIAIIEHHBIM IIPOGECCOPOM B YHUBEPCUTETAX
Poccun, T'epmanun, [Isemun, Beankobpuranun u ap., IPUIJIAIIEHHBIM JTOKJIAITAKOM Ha MHO-
IUX MEXK/IYHAPOIHBIX KOH(MEPEHIINIX.

Muxann JIbBoBud losibaMaH ObLI HE TOJIBKO NMPEKPACHBIM MaTeMaTHKOM M I1€JarOoroM
(0 MaTeMaTHKe U ee MPEHoJaBaHui OH TOBOPHJI BCEI/Ia ¢ OTPOMHBIM YBJICUCHHUEM ), HO W U€JI0-
BEKOM BBICOYAIIIEl KyJIbTYPbI U 3PYIUINN, IIyOOKO 3HAIOIIIM HCTOPHIO, INTEPATYPY U UCKYC-
CTBO, UEJIOBEKOM OYE€Hb CBETJIBIM, JTOOPBIM W OT3BIBUMBBIM. TaKUM OH M OCTAHETCSI B CepIIlax
€ro POJIHBIX, JPY3eil, KOJJIET U YIEHUKOB.

9. I Baxmueapeesa, O. B. Becos, B. U. Bypenxos, E. H. anraxos,

T. E. Jlenucosa, A. H. Kapanemasanu, I. 2K. Kapwweura, A. I. Kycpaes,
I I Mazapuna-Unvses, A. B. Mypasnux, K. FO. Ocunenxo, B. M. Casuwun,
C. M. Cumnux, A. JI. Cxybavescruti, E. O. Cuskxosa, B. /[. Cmenanos,

B. M. Tuxomupos, E. II. Ywarosa, 9. JI. [Huwkuna
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1. Tlepuonmueckoe u3manue «BianukaBKa3cKuii MaTeMaTUIECKUl KYypHAJI» MyOJIMKyeT
OpWTIMHAJIbHbIE HAyJHBIE CTATBA OTEUECTBEHHBIX U 3apyOeyKHBIX aBTOPOB, COJEPXKAIINAE HO-
BbI€ MaTEMaTUIECKUE PE3YJIbTATHI 10 (DYHKIMOHAJILHOMY U KOMILJIEKCHOMY aHaJIn3y, ajareope,
reomerpun, auddepeHnuaabHbIM ypaBHEHUSIM 1 MaTeMaTndeckoil ¢pusuke. [1o 3akasy pemgax-
[IMOHHON KOJIJIEIMH Ky PHAJ Tak:Ke IyOInKyeT 0630pHble cTaThbu. 2KypHAJ [IpeIHA3HAYEH JIJIs
HAyJYHBIX PaOOTHUKOB, IpeIoaBareieil, aClUPaHTOB U CTYIEHTOB cTapmux Kypcos. Ilepuo-
JIMIHOCTb — YETHIPE BBIIYCKa B T0Jl. «BirajmkaBka3cKuii MaTeMaTUIecKuii KypHaj» 1myosiu-
KyeT CTaTbU HA PYCCKOM U AHIVIMHCKOM SI3bIKax, 00beMOM, KaK IPaBUJIO, He Hojiee 2 yCJIILJL.
(17 crpanur dpopmara A4). Paborol, npesbimaormnye 2 yeiI.ILJIL., IPUHAMAIOTCS K 11y OInKaInm
o crernuajibHoMy pertennto Pejkosernn xkKypaasa. Cpok paccMoTpeHust craTeil 0ObITHO He
npesbimaer 8 Mecsnes. [Ipu moaroroBke crareil JIst YCKOPEHHUsT MX PACCMOTPEHUsT W ITyOJIH-
KaIlUU CJIeIyeT CODJII0ATh MPABUJIA JIJIsi ABTOPOB.

2. K nybaukarnun 8 BM2K npuHuMaroTcst craTbu, CojieprKaliiue HOBbIe pe3yJibTaThl B 00/1a-
CTU MaTeMaTHKU U CTaThbu 0030pHOr0 Xapakrepa. CraTbu, paHee OIyOJMKOBAHHBIE, & TAKIKE
[PUHSITBIE K OIyOJIMKOBAHUIO B JIPYTUX YKYPHAJIaX, PEIKOJIIerneil He paccMaTpuBaioTcs. Pe-
3yJIBTATBI MHBIX aBTOPOB, MCIIOJb30BAaHHDLIE B CTATHE, CJIEIyeT MOJKHBIM 00Pa30M OTPA3UTD
B cChlIKaxX. Hampapjisist cTaTbio B 2KypPHAJI, aBTOPBI T€M CAMBIM ITOJITBEPAKIAIOT, ITO JIJisi Hee
BBITIOJTHEHBI yKa3aHHbIE TPEOOBAHUS.

3. Hanpapiisist cTaThio B KypHAJI, KAXK bl 13 ABTOPOB HOJATBEPK/IAET, YTO CTATbsl COOTBET-
CTBYeT HAWBBICIIAM CTAHIAPTAM ITyOJIMKAIIMOHHON STUKH JJIsT aBTOPOB U COABTOPOB, pa3pado-
ranabiM COPE (Committee on Publication Ethics), cm. http://publicationethics.org/about.

4. Bce marepuajibl, TOCTYIUBINNAE [ IIyOJUKAIIUU B YKypHAJIE, MMOJJIEXKAT PECUCTPAIMN
C yKa3aHUeM aThl MOCTYILIEHUsT PYKOIIUCH B PEIAKIIUIO KypHaJsa. Perrerue o mybJmKanum,
OTKa3e B IyOJMKAIIMU WJIA HAIPABJICHUN PYKOIUCH ABTOPY I JOPAOOTKH JIOJI2KHO OBITH
[IPUHSTO IJIABHBIM PEIaKTOPOM M COODIIEHO aBTOPY He Mo3aHee 4 MeCsIeB CO JIHS IMTOCTYILIEHUsT
pyKomucu B penakimio KypaaJa. [logpobuee cMm. B pasnese PenensupoBanue.

5. Illpunsareie k nydaukamnuu B BM2K crarbn mpoxogaT pegakiinoHHy IO OATOTOBKY, ITOCTIe
Yero OKOH4YATeIbHBIN MakeT cratbu B ¢opmare PDF narpasiisiercs aBTopy Ha KOPPEKTYDY.

6. YcoBueM myOUKaIUu CTaTeil, IPUHSTHIX K [I€YATH, sIBJISETCS MMOJIUCAHINEM aBTOPAMU
JIOTOBOPa O Iiepejiade aBTOPCKUX IIpaB. BJlaHK J0roBopa MOXKHO CKA4YaTh I10 CCBIIKE.

7. IlonHoTeKkcTOBBIE Bepcuu CTaTel, MyO/JIMKyeMbIX B »KypHaJe, padMemniaorcsa B arepre-
Te B CBOOOJIHOM JIOCTyIIe Ha odunuaabHOM caiite xKypHasa http: //www.vlmj.ru, a Takzke Ha
caiitax Hayunoit ssrekrpornoit 6ubsmoreku eLIBRARY.RU, O6mepoccuiickoro Mmaremarude-
ckoro noprajia Math-Net.Ru u Hay4anoit snexkrponnoit oubsmoreku «KubepJlenunkay.

8. Crarbu »KypHasia pedepupytorcs u usjekcupyiores B Scopus (Elsevier), zbMATH
(Springer), MathSciNet (AMS), Russian Science Citation Index (Web of Science), EBSCO,
P2>KMar (BUHUTU PAH), Math-Net.Ru, PUHII (eLibrary.Ru).

9. Ilybsiukamuu B KypHaJe JJisi aBTOPOB OECILIaTHBI.
IloaroroBka m mpejicTaB/ieHNEe PYKOMUCHU CTAaTbU

1. Bce maTepuaibl IpeIoCTaBISIOTCS B PEIAKIIUIO B 9JIEKTPOHHOM BHe. PyKomch J0/KHA
OBITH TINATEJHLHO BhIBEPEHA. Bee cTpaHuIlbl pyKOIMCH, BKIIOYasi PUCYHKH, TaOJIMIBI U CIIMCOK
JINTEPATYPBI, CJIEIyeT IPOHYMEPOBATD.

2. Pabora mokHA OBITH MMOATOTOBIEHA HA KOMIIBIOTEPE B M3JaTe/bCcKoil cucteme LaTeX.
MairmuHonucHbIe PyKOIIMCH U PYKOIIMCH, HaOpaHHble Ha KOMIIBIOTEPE B CHCTEMAaX, OTJIMIHBIX
or TeX, ne paccmarpupatorcs. Paiisbl crarbu *.tex u *.ps (*.pdf) BeicbUIAtOTCS B ajpec
PeIaKIny 10 3JIEKTPOHHOI moure rio@smath.ru.
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3. B Tekcre crarbu ykasbiBaercs uuieke YK, HazBanue paboThl, 3aTeM CJIEIYIOT WHUITH-
aJibl U (haMUIMU ABTOPOB, IPUBOJASTC AHHOTAIMU HA PYCCKOM U AHIVIMACKOM s3bIKax (00be-
MoM He Meree 200 CJIOB, JIOCTATOYHYTO JIJisi IOHUMAHUsI COJIEPYKAHMSI CTATBH ), JAIOTCS CIICKH
KJIIOUEBBIX CJIOB HA PYCCKOM U AHIVIMICKOM $3BIKaX, a TakKxKe Kojbl corsiacHo Mathematics
Subjects Classifications (2010). dasee B daiine npusosgarces nmosnocrbio Pamuiust, mst, Or-
YeCTBO KaryKJOI0 aBTOpa, JOJKHOCTB, IMOJIHOE HA3BAHUE HAYJIHOI'O YUPEXKIEHUsI, MOUTOBBIN
aJIpec ¢ WHIAEKCOM IIOYTOBOIO OTIEJIEHHUsI, HOMeDP TejiedpOHa ¢ KOJOM TOpOJa WU HOMED MO-
ouwipHOTO TestedoHa, ajgpec snekTpornoil mourer 1 ORCID.

4. JlaToit OCTYIIEHUS CTATbU CUUTAECTCS JIaTa MOCTYILIEHUs JIEKTPOHHON KOIUHU CTATbU
Ha odurnma bl e-mail xkypaasia. TekcT 3/IeKTPOHHOTO COODIITEHNS HOJI2KEH ObITh 0POPMIIEH
KaK COIPOBOJIUTEJIBHOE ITUChMO, U3 TEKCTa KOTOPOIO SICHO CJIEJLYET, UYTO aBTOPbI HAIIPABJISIOT
CBOIO CTaThbIO BO BiragukaBka3ckuit MaTeMaTndeckuii »KypHayi. Heobxomnmo ykasaTh aBTopa,
OTBETCTBEHHOIO 32 IMEPEIUCKY C PeIaKIuei.

5. B aHHOTAIIMM HE JIOMYCKAETCsl MCIOJIb30BAHUE I'POMOBJIKUX (POPMYJI, CCBLIOK HA TEKCT
paboThI MJIM CIIUCOK JIUTEPATYPHI.

6. Ilpu moxroroske (aiisa crarbu ocoboe BHUMaHHUE CJIEAyeT OOPaTUTh Ha HEXKeJaTelb-
HOCTb UCIIOJIb30BaHUsT HOBBIX (BBOJMMBIX ABTOPOM IIpU HAGOpE) KOMAHIHBIX MOCJIEI0BATE b
HOCTeil, 0ocobeHHO ¢ napamerpamu. CreryeT UCob30BaTh B OCHOBHOM CTaHIAPTHBIE CPEJICTBA
makpomnakera LaTeX. Takxke kpaiiHe HexKeIaTeIHHO UCIIOIB30BATH 03 HEOOXOIMMOCTH 3HAKH
pobeia.

7. Crarbu, comepKaliie PUCYHKH, PACCMATPUBAIOTCS TOJIBKO TOCJE COIVIACOBAHUS C Pe-
JIaKIHell TEXHUIeCKUX BOITPOCOB MIOJINOTOBKY PUCYHKOB. UepHO-0ejible pUCYHKH JOJI?KHBI ObITH
noarorosiensl B popmare EPS (Encapsulated PostScript) Takum obpasom, arobbl obecriedn-
BaTh aJeKBATHOE BOCIIPUSITHE UX IPHU IOCEIYIOIMEM ONTHYECKOM YMEHBIIEHUU B JIBa Pasa.
[Ipu ucnosib3oBaHNM PUCYHKOB HEOOXOMMO MOAK/IIOUINTh nakeT epsfig. Tloanucs K pucysky
JIOJI2KHA OBITH IEHTPUPOBAHA I10J PUCYHKOM U COCTOSITH M3 CJIoBa «Puc. » ¢ MOC/IeIy FOIIM
HoMepoM. Homepa prCyHKOB JIOJIZKHBI UMETh CKBO3HYIO HYMEPAIUIO 110 TeKCTy ctarbhu. [losc-
HEHUsI K PUCYHKY CJIeJyeT IPUBOIUTEL B TEKCTe CTaThbu. Tab/IMIbl COITPOBOXKIAIOTCST 0TGOPMa-
THPOBAHHON CJIeBa HAMIUCHIO « Tabsuiay ¢ mocsemyiomumM nomepom. Homepa tab/ur 1012KHbBI
UMEeTh CKBO3HYIO HYMEDAIIUIO 110 TEKCTY cTarTbu. [losicHeHus K TaOJuIe IMPUBOJASATCS B TEKCTE
cratbu. ['paduku BBIIOJHAIOTCS B BUIE PUCYHKOB.

8. Crucok JinTepaTyphl HOJXKEH COIEPXKATh TOJBKO T€ UCTOYHUKM, HA KOTOPBIE MMEIOTCS
CCBLIKM B TEKCTE PADOTHI, PACIIOJIOKEHHbBIE B MOPsiJiKe UTUpoBanusi. CChIJIKU Ha HEOITYOJIMKO-
BaHHBbIE PabOTHI, PE3YJIBTATHI KOTOPBIX HCIIOJB3YIOTCS B JOKA3aTEIbCTBAX, HE IOIYCKAIOTCS.
Crmcok iuTeparyphl [Iev9aTaeTcs B KOHIIE TEKCTa CTAThu, 0POPMJIEHHBIE B COOTBETCTBUU C IIPa~
BWJIAMU U3JaHUsI, HA OCHOBAaHUU TpeboBaHUil, mpemycMorpeHHbIx AeficTBytomumu ['OCTamu.
B Hem nosmKHBI OBITH yKa3aHBL: JJI CTaTbell — aBTOp, [OJTHOE HA3BAHWE CTATbU, YKYPHAJI,
IO/l U3JIaHUsI, TOM, HOMED (BBIILYCK), CTPAHUIbI HAYa/Ia U KOHIA CTAThU; JIJIs KHUI — aBTOD,
[IOJTHOE Ha3BaHUe, TOPOJ, U3IATEJILCTBO, IO U3daHus, obiee KojimuecTBo crpanut]. Ccblikn
HA JINTEPaTypy B TEKCTE JIAIOTCA B KBAJIPATHBIX CKODKAX.

9. Crucok JiuTeparypbl MOJTHOCTHIO yOJUpyeTcsi HA aHIVIMICKOM S3bIKE, ITPUBOJIUTCS 110JI-
HOCTBIO OTIEJbHBIM OJIOKOM B KOHIIE CTATBU, IOBTOPsisl CIINCOK JIUTEPATYPBI K PYCCKOSI3BIU-
HOIl YaCcTH, HE3aBUCHMO OT TOIO, UMEIOTCsl WM HET B HEM HHOCTPAHHBbIE MUCTOYHUKU. Hcim
B CIIMCKE €CThb CCBLJIKN Ha WHOCTPAHHBIE ITyOJIMKAINN, OHU [TOJTHOCTHIO IOBTOPSIFOTCS B CITACKE,
roropsmeMcs B pomanckoMm ajidasure. Crucok References mcrosibsyercs Mexx1yHapOIHBIMI
6ubsmorpaduveckuvu 6azamu (Scopus, WoS u 1p.) /s yuera IUTUPOBAHKST aBTOPOB.

IIpumeuyanue: 60jiee MOAPOOHYIO MHMOPMAITHMIO MOXKHO HAiTH Ha OMUINAJILHOM CaiiTe
)KypHasia http: //www.vlmj.ru.



BJIAJINMKABKA3CKUI MATEMATUYECKUN >KYPHAJI

Tom 27

Breinyck 3

Tnasubiii pegakrop A. I'. Kycpaes

3aB. pegaknueit B. B. Kubusosa

SaperucrpuposBan B PeepasibHoit ciry»kbe 110 Ha30py B cdepe cBs3H,
nHAMOPMAIIMOHHBIX TEXHOJIOTHI U MACCOBBIX KOMMYHUKAIUIA.
Caugierenberso o peructparuu [T Ne @C77-70008 ot 31 mast 2017 1.

Ilonnucano B neuars 24.09.2025. Jara Berxona B cseT 29.09.2025.
Dopmar 6ymaru A4. lapu. mpudra Computer modern.
Ve, .1 17,09. Tupazx 100 sk3. Iena cBobogHast.

YupeaureJb:
®DemepasbHOE TOCYIAPCTBEHHOE OIOYKETHOE YUPEXKICHIEe HAYKN
DeepabHbIil HAYIHBIN TIEHTDP «BiagmkaBKka3cKuil HAy IHBIA IEHTD
Poccuiickoit akanemun Hayk» (BHIL PAH)

Nz marens:
FOxkwub1it Mmaremarmyeckuit nucruryt — duanan PI'BYH OHIL
«BiragukaBka3ckuit Hay4uHbII [eHTp Poccuiickoil akaieMun HayK»

A npec uznaress:

362025, Bnagukaska3, yi. Baryruna, 53

Orneuarano UII Ionanosoit A. FO.
362000, r. Biragukaskas, nep. [laBmosckuit, 3.






